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ABSTRACT

CY CLO TOM IC CO SET ASSOCIATION SCHEMES

For any abelian group G  and subgroup A of A u t{G ), let {C*} be the  A-orbits in G. 

The cyclotomic coset scheme is the com mutative, non-symmetric association scheme 

w ith point set G  an d  i th relation { (x ,y )  : x y ~ l is in Cj}. This scheme adm its the 

semidirect product of G  by A as a group of autom orphism s and is a  generalization of 

cyclotomic association schemes.

We develop the theory  of the cyclotomic coset scheme with particular atten tion  

to  its character table. We give constructions for the  character table and a  formula 

for its inverse. If A contains the pth power m ap for a  prim e p not dividing |G | then 

the  character tab le is integral modulo powers of prim e ideals 7r over (p). T he mod tt1 

character table is used to  construct all factors m odulo p l of scheme elements. We use 

the  mod 7r character tab le  to link the set-ness property  of scheme elements to  their 

character values.

We show th a t th e  techniques for the study of difference sets and related structures 

persist in this new context. Cyclotomic coset schemes provide new tools to  exploit 

the faithful spectrum . We apply this theory to  a conjecture of John Dillon on cyclic 

difference sets w ith classical param eters. We also com pute and use faithful idempo- 

tents modulo 2 to prove th a t a counter example to  D illon’s conjecture m ust be a  mod 

2 sum of cosets of nontrivial subgroups of G.

Ann Cushman 
D epartm ent of M athem atics 
Colorado S ta te  University 
Fort Collins, Colorado 80523 
Summer 2001
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1 In trod u ction

The study of combinatorics is, a t  its heart, an integral study. In combinatorics we 

consider structures like sets (difference sets, codes), arrangem ents of sets (designs, 

association schemes), and so on. These combinatorial objects are described using the 

language of algebra (groups, vector spaces, m atrix algebras), and  studied using the 

tools of algebra.

The dilem m a is th a t the fa rther one ventures into th e  algebraic realm  and the use 

of fields, on the one hand, the m ore powerful the tools are and the easier solutions to  

the corresponding equations become. On the other hand, for com binatorial applica­

tions we require not just integrality, bu t ‘set-ness’ of solutions. We seem to be poised 

between C and its simplified algebra and Z and its com binatorial applicability.

This dissertation is m otivated by the need to find a com putational context in 

which the tools of algebra (group theory, complex characters, finite field theory) can 

be applied to  combinatorial s truc tu res while m aintaining as much control of integrality 

as possible.

In our study of abelian difference sets it became clear th a t the use of a  multiplier 

group A is critical and should be applied as early in the  process as possible. In this 

way, we restrict our attention from the beginning to  group ring elements fixed by 

the m ultiplier group. The n a tu ra l way to do this is to  pass from group elements to 

orbit sums under A as our basis elements. Thus we are led to consider an association 

scheme based on G  and A.

This dissertation is in three p arts . Following prelim inary m ateria l in chapter 2, 

the first p a rt (chapter 3) gives th e  combinatorial se ttin g  for the  association scheme 

C(G, A). In the first part we give definitions of difference sets and related structures

2
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and multipliers, then  discuss standard techniques used to  study abelian difference 

sets. These include in particular: group homomorphic images, complex characters, 

and the embedding of a  cyclic group in a quotient of finite fields. These axe powerful 

and fruitful techniques.

On the other hand, we consider difficulties caused by using these techniques when 

we try  to m aintain integrality or ‘set-ness’ through th e  solution process. We also 

bring up in this context some conjectures of Dillon [Di], P o tt [Pott], and H am ada 

(cf. [Xi]) about difference sets which are examples of these difficulties.

As a final illustration  we describe a difference set context for the factorization 

of certain group ring elements and discuss problems th a t  arise when using algebraic 

techniques to find such factorizations.

In the second p a rt of the dissertation (chapter 4) we define the cyclotomic coset 

association scheme C(G, A) as a subalgebra of the integral group ring Z G  w ith basis 

consisting of ‘orbit sum s’ of elements of G under a subgroup A of A ut(G ). The 

association scheme C(G, A) is the setting in which we will connect the algebraic and 

combinatorial properties of the group ring elements we wish to  study.

C(G, A) is shown (Theorem 4.45) to  be a generalization of cyclotomic association 

schemes (the case th a t  G  is the additive group of a finite field). We work out some 

basic properties of these schemes as G  and A vary, and  especially of their character 

tables. The character table P(G, A) of the scheme C(G, A) is the link between the 

combinatorial s tructures (defined as integral group ring elem ents fixed by a m ultiplier 

group) and the  algebraic techniques (character and field methods).

We show th a t th is character table is invertible (Corollary 4.39) and give a  for­

mula for its inverse. We also show (Theorem 4.29) th a t  in an im portant special 

case the entries of P (G , A) are actually integral m odulo the powers of certain  prim e

3
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ideals. (Later we will see th a t these prime ideals are the only relevant ideals when 

considering these special cases (Definition 5.42).) We also discuss properties of these 

character tables we can use in recursive constructions and  illustrate these properties 

by computing specific examples.

The last part (chapter 5) is where we re tu rn  to  the question of abelian difference 

sets (and their relatives), and  place them  in the context of the cyclotom ic coset 

association scheme. We show that the algebraic tools are preserved by transla ting  

them  into the scheme context. In particular, the  scheme builds in the  m ultiplier, 

group homomorphic im age techniques have their analogues (Theorem 5.3), the group 

character values are given by the spectrum  (defined in section 5.1), the trace function 

is com putable (Theorem  5.7) directly from the character table P , and  the  larger field 

context in at least one very general case is shown to  be inessential (Theorem  5.13).

We translate the conjectures from chapter 3 into the language of th e  scheme 

and see that their key features are highlighted in th a t context. In particu la r the 

tricky set-ness condition of Dillon’s conjecture can be brought into play w ithin the 

scheme (Proposition 5.37). We compute faithful idem potents mod 2 and use these to 

give necessary and sufficient conditions (Theorems 5.29, 5.35) for counter examples 

to  Dillon’s conjecture. T he th ird  part concludes w ith a  return  to the factorization 

question. We consider in some detail the key algebraic issues th a t make th is a difficult 

problem in the num ber ring and give an explicit algorithm  for finding all m od p k 

factors of a scheme elem ent (Theorem 5.48).

4
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2 P relim inaries

2.1 Association Schemes

In chapter 4 we define a  specific class of association schemes which can be applied 

to  certain  com binatorial questions. In this section we give the basic definitions and 

theorem s for general association schemes and their ch arac ter tables th a t we will need. 

The standard  reference is the 1984 text by Bannai an d  Ito  [BI]. Brouwer, Cohen and 

Neumaier [BCN] (1989) also have many fundam ental results on association schemes, 

though they concentrate on the symmetric case. W here th e  terminology in this sub­

ject varies we will follow Bannai and Ito.

D e f in itio n  2.1 [BI, p. 52] Let X  be a set o f size v , and define relations

TZi : 0 < i < d as subsets o f X  x X .  Then (X , {IZi}) is a d-class a s s o c ia tio n

sc h e m e  i f  and only i f  the following conditions are satisfied:

1. IZo =  {(r, x) | x  E X }

2. The disjoint union  u f=07Zt is X  x X

3- (z, y) E IZi i f  and only i f  (y , x) E lZi> fo r  some i'

j .  For (x.y)  E lZk , the size o f the set {z E X  \ (x, z) E TZl, (z , y ) E 7Zj} is 

constant, independent o f the choice o f ( x , y ) .  D enote this constant bypf j .

( The integers are called the s t r u c tu r e  c o n s ta n ts  o f the scheme.)

The scheme is c o m m u ta t iv e  i f  p ^  =  fo r  all i, j ,  and k, and s y m m e tr ic  i f  in 

property 3, IZi =  TZi> fo r  all i.

I t is convenient to  replace the relations TZi w ith th e ir matrices:

5
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D e fin itio n  2.2 Define the i th a d ja c e n c y  m a t r ix  .4* o f the scheme (X , {1Zi}) by

, a \ /  1 i f  {x..y) e 'R n
(^)<*.y) =  |  o else.

Using th e  adjacency m atrices we get an equivalent m atrix  definition of the scheme.

L e m m a  2 .3  [BI, p .53] Let A 0, . . .A d  be a set o f v x v  (0 , 1)—matrices. Then the 

set {>li} are adjacency matrices for an association scheme i f  and only i f  the following 

m atrix conditions are satisfied:

1. A 0 =  I

2. Y!i=o Ai =  J  (the all o n e’s matrix)

3. A J  = A {>

4- AiAj = T,LoPijAk

The scheme is commutative i f  and only i f  A iA j =  A jA i fo r  a lii and j ,  and symmetric 

i f  and only i f  A j  = Ai fo r  all i.

We will also use the notation  (AT, {v4j}) for a  scheme defined by adjacency matrices. 

The lemma above implies th a t the adjacency m atrices At generate a matrix algebra 

(called the B o se -M e sn e r  algebra if the scheme is sym m etric), which is a (d + 1) 

dimensional subalgebra of M a tv{C).

We will be especially interested in the character table of certain commutative 

association schemes. We define the character table as in [BI, Ch. 2].

Since the matrices Ai are a set of commuting, norm al matrices, they can be 

simultaneously diagonalized (by a unitary  m atrix). This gives a decomposition 

C* =  © I=o Vi into common eigenspaces Vt of A 0, . . .  Ad- Choose the Vt to be maximal 

so th a t if i ^  j  then the eigenvalue of Ak  on Vt is different from the eigenvalue of A k 

on Vj for some k. Then:

6
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L e m m a  2 .4  [BI, p. 59] r  = d.

D e fin itio n  2.5 The c h a ra c te r  ta b le  P  o f the association scheme (X , {^4j}) is the

D e fin itio n  2 .6  Define the v a len c ies  ki o f the scheme to he ki :=  p” . /c, is the

number o f y  G X  such that (x ,y)  6  IZi fo r  fixed x  € X .

Define the m u ltip lic itie s  of  the scheme to be m * := dim{Vi).

Note that \X \ = ^2 kx =

P ro p o s i t io n  2.7 [BI, p .62]

P(i,o) 1; and P(o,i) ~~ k j.

P ro p o s i t io n  2 .8  [BI, p .63]

1. (First Orthogonality Relation)

{ d - \ - \ ) ' x { d +  1) m atrix with (i, j ) -e n tr y  defined to be the eigenvalue o f A j on Vi.

R e m a rk  The character table P  is also sometimes called the firs t eigenm atrix o f the 

scheme. Also, some authors define the (i, j)-en try  of P  to be the eigenvalue o f Ai on

2. (Second Orthogonality Relation)

d

£=0

7
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P r o p o s i t io n  2.9 Let (X i, {i?t}) be an association scheme with adjacency matrices 

Bi, and (X 2, {/?,}) be an association schem e with adjacency matrices Bi. Denote the 

Kronecker product o f matrices by <g>. T hen  (X \  x X 2, { B t ® B j } )  is an association 

scheme, called the p r o d u c t  schem e.

P ro o f: Check the m atrix  properties in Lemma 2.3. The first three properties are

clear, and th e  fourth follows from the relation  (M i ® M2)(M3 ® M4) =  M L A/3 ® M 2Mj 

for g . ■

The d irec t product scheme is com m utative (resp. symmetric) if and only if the 

original schemes are com m utative (resp. sym m etric).

2.2 Character Theory

Group character theory is a  powerful technique for the study of com binatiorial struc­

tures including association schemes (chapter 4) and difference sets (chapters 3 and 

5). This section contains the  notation, definitions and results th a t  we will apply in 

future sections. The m aterial is taken from [CR, Sections 10 &c 31], except where 

otherwise noted.

In w hat follows, G is a  finite group, w ritten  multiplicatively, and K  is a  field.

A / / - r e p r e s e n ta t io n  o f  G with representation space M  is a homomorphism 

T  \ g T ( g )  into G L ( M ) .  T  has c h a r a c te r  \  defined by x(<?) =  tr {T{g))- Two 

representations with representation spaces M  and M '  are e q u iv a le n t if M  =  M '  as 

G-spaces. Equivalent representations afford the same character. The representation 

(and its corresponding character) is c o m p le x  if K  < C. In th is case, M  =  C" for 

some n, an d  \  maps G  ► C. The representation (and its corresponding character) 

is i r r e d u c ib le  if M  has no nontrivial G -invariant subspace. We will denote the 

irreducible characters of G by Irr(G).

8
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A representation is f a i th fu l  if T ( g ) =  T ( 1) implies g =  1 . The t r iv ia l  or p r in c i­

p a l representation m aps ^ 1 for all g €  G.

The re g u la r  r e p r e s e n ta t io n  of G  maps g to  a perm utation m atrix  T(g)  having 

a  1 in row i and colum n j  if ggx =  g3 and zero otherwise.

The g ro u p  r in g  K G  is the set of all form al sums Ylgec a99 w^ere ag €  K ,  with 

multiplication defined by extending the group m ultiplication linearly to  all of K G .

The basic facts ab o u t characters which we will need are collected below. These 

are taken from [CR, Section 31] unless otherw ise noted.

L e m m a  2 .1 0  [CR, p .221-222] Let x  be a complex character o f G. Then:

1- x(<7_1) =  x(g)-

2. I f  x  is an irreducible character, so is x  defined by x(g) = x(g)

We will be working prim arily with abelian groups so we define the character table 

of a group as follows:

D e fin itio n  2 .1 1  [CR, p .225] The c h a r a c te r  ta b le  y(G ) o f a group G  is an ar­

ray with rows indexed by the distinct irreducible characters Xi ° f  C  and columns by 

elements gg o f G. The (Xi i9 j ) entry is Xi(9j)-

T h e o re m  2 .12 [CR, p .222](Character Orthogonality)

1. For Xii Xj irreducible characters,

^ 2 x i ( 9 ) X j ( 9 )  =  \ G \ S i j

g€G

e *(»> - {if1 i r 1
X € /r r ( G )  V

9
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Using this theorem  it is easy to  show:

C o ro lla ry  2 .13  (Inversion Formula)(cf. [Pott, p .17])

Let G be an abelian group and. A  =  ^2,geC agg €  C G . Then

as = t ^ [  5 1  x{ A) x{ g~ l )
1 ' x e ' r r ( G )

C o ro lla ry  2 .1 4  Let x  and p  be irreducible characters and define

e* :=  \ k Y , 3 X ( 9 ~ l )
1 1 gee

Then:

tn ( e )  = {  1 lf v = X  
^  x) \  0 else

D e fin itio n  2 .15  Define the f a i th fu l  c h a ra c te r  ep to be ep \= ^2 over all fa ith fu l 

irreducible characters X-

L e m m a  2.16 I f  G  = Zv the cyclic group of order v, then ep = ^2gS<y f g9 with

1 <b(v)

Here <p is the Euler (f-function, p. is the Mobius p-function, and o(g) is the order of 

g in G.

P ro o f: The inversion form ula implies that ep = Y2ge c a99 wifh ag —

where the sum is over all th e  faithful characters x  o f G. Let s(w)  be the sum of all the 

primitive w th roots of unity. Then since G  is cyclic, ag- 1 =  i ^ w j s (w )̂  f°r w — °(9)- 

Mobius inversion gives the sum  of the roots of unity and  we get the statem ent in the 

Lemma. ■

10
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D e fin itio n  2 .1 7  [Is, p .23] Let x  be a character o f  G. Then

ker (x)  := {g e G  \ x { g ) =  x ( l)}

L e m m a  2 .18  [Is, p .24]

I f  N  < G , then the irreducible characters o f G / N  are in  one-to-one correspondance 

with the irreducible characters o f G  which are trivial on N . Explicitly, i f  x  is a 

character o f G and N  C ker (x )  then x  is constant on cosets o f N  in G and the 

function x  on G /N  defined by x ( g N )  =  x(g) is a character o f G / N .  x  E I r r (G )  i f  

and only i f  x  €  I r r ( G / N ) .

L e m m a  2 .1 9  [CR, p. 266] Let x  be a character o f H  fo r  H  < G. Let

x G{<*) =  *  ( y ~ l a y)
1 1 y e G

fo r  oc in G where

"i."
Then \ G is a character o f G called the in d u c e d  c h a r a c te r .

L e m m a  2 .2 0  [Is, p. 16,30]

1. G is abelian i f  and only i f  all irreducible representations are l in e a r  (having 

representation space M  = C ).

2. Let G be abelian and let G* =  I rr (G) .  Then G * is an abelian group under 

function composition and G = G*.

The first sta tem ent in the lem m a above allows us to  identify irreducible represen­

tations with their characters when the group is abelian.

D e fin itio n  2 .21  [CR, p .37] For a finite group G  the smallest integer v satisfying 

gv =  1 for all g €  G is called the e x p o n e n t  o f  G  and will be denoted exp(G).

11
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L e m m a  2 .2 2  [CR, p .37] Let G be abelian, with exp(G)  = v, and let x  be any 

irreducible complex character o fG.  Then x(o)  =  Cv where Qv is a v th root o f unity.

A complex character x  ° f  G is extended to  the in tegral group ring Z G  by 

x ( E « s/ )  =  £  agX(g)- In case G  is abelian of exponent v, the complex character 

value of any A  E Z G  is in the number ring Z[(vj where G  is a v th root of unity. In 

the next section we will summarize some basic results abou t this num ber ring.

2.3 Number Theory

In this section we collect the notations, definitions and  results from algebraic number 

theory that will b e  needed in future sections. All m ateria l in this section is taken 

from Ireland and Rosen [IR] unless otherwise noted.

We begin w ith finite fields.

Let GF(q)  denote the finite field w ith q = pe elem ents for some prim e p, and let 

GF{q)* denote its  m ultiplicative group.

T h e o re m  2 .23  [IR, p .80] GF{q)* is a cyclic group o f size q — 1 .

We will call a  a  p r im it iv e  e le m e n t of G F ( q ) if G F ( q )* =  < a >.

The tra c e  f u n c t io n  from GF(qn) to GF(q)  will be denoted tr%n and is 

defined by: tr%n(or) =  a  +  a q +  . . .  a ?n_1 for all a  E G F ( q n).

P ro p o s i t io n  2 .2 4  [IR, p. 158-159] Let a  E GF{qn), and a E GF{q).

1. t r f ( a )  E GF(q) .

2. t r f ( aa )  =  a ( t r f ( a ) ) .

We will always take Qv to be a prim itive v th root of unity. We will use several facts 

abou t the num ber ring D  :=  Z[C„] which we sum m arize below.

12
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T h e o re m  2 .25 [IR, p. 177] Every prim e ideal o f D  is maximal.

T h e o re m  2 .26  [IR, p. 180] Every nonzero ideal in  D  can be written uniquely as a 

product of prim e ideals.

If an ideal k  is a  factor of an ideal I  in the sense of Theorem 2.26 we say k  lies 

a b o v e  I.

T h e o re m  2 .27  [IR, p .196] Let let gcd(v ,p ) =  1, let ap be the map x  >—* xp, and let 

n  be a prime ideal ofZ[Qv\ containing p. Then ctp ( k )  =  7r .

D efin itio n  2 .28  [IR, p. 194] T h e v th cy c lo to m ic  p o ly n o m ia l $ v(x) is II(x  —£“) 

where the product is taken over all a such that 1 <  a < v and gcd(a, v) = 1 .

T h e o re m  2 .29 [IR, p .l94[ <&v(x) G Z[x).

We plan to  use powers of the prime ideals tt lying above (p) in Z[QV\ for the case 

gcd(v.p) =  1. Calderbank and Sloane [CS] give a nice exposition of this topic which 

we summarize below.

T h e o re m  2 .30  [CS] Let p be a prim e not dividing v. Then the ideal (p) factors 

into prime ideals as (p) = K i K 2 . . .  7rg in  Z[QV]. The Ki are ( f i (Q) ,p)  for the g distinct 

irreducible divisors f i {x)  of  (x ) in Z/{p)[x}.

We can consider (x v — 1) as an element of Z/{p)[x\  and also of Z / { p e)[x}. The 

monic irreducible divisors of (xv — 1) in Z/(p)[x] are in one to one correspondance 

w ith the monic irreducible divisors of {xv — 1) in Z / ( p e)[x\. Explicitly:

T h e o re m  2.31 [CS, Theorem 1] I f  f ( x )  is a m onic irreducible divisor o f x v — 1 in 

Z/(p)[x],  then there is a unique irreducible polynomial f ^  (x ) (the eth h e n se l lif t  o f 

/ )  which divides x v — 1 in Z / (pe) and which is congruent to f { x )  modulo p.

13
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T h e o re m  2.32 [CS, Theorem 4] Let p be a prim e not dividing v. Let f  be a fac tor

o f $ v(x) mod p, so that ix =  (f(Cv),p) "is a prim e ideal above (p ) in Z[Cvj- Then

7Te =  ( f (e)( Cv ) , p ) -

The binomial theorem  implies th a t (f ( x ) ) p = f { x p) + p h ( x ) .  We can use th is to 

recursively compute the eth hensel lift from the (e — l ) s£.

L e m m a  2.33 Let f ( x )  be a divisor o f x v — 1 mod p and let j ( x )  =  f^e~^{x) .

Let s = p ~ l mod v and define h(x) =  ^((j {x ) ) v — j ( x p)).

Let g(x)  = j (x )  + p(h(xs) m o d ( j , p e~l ). Then g(x)  =  f ^ { x )

P ro o f :  Computing, we get g(x) = f ( x )  mod p, and  if j ( a )  = 0 mod pe_1, then

g ( a p) =  0 mod pe. So g divides x v — 1 mod pe m

14
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3 C om binatorial C on text

In this chapter we describe the  combinatorial setting for th e  association schemes th a t 

we introduce in chapter 4. T h a t setting is the study of elem ents of the group ring 

R G  w ith ‘nice’ combinatorial properties. In particu lar th e  elem ents we wish to study 

correspond to  subsets (or m ulti-sets) of the group G  and  hence will have (0 , 1)- (or 

a t least positive integer)- coefficients. They also satisfy certa in  group ring equations. 

In section 3.1 we define difference sets and related struc tu res  and  give some basic 

theorem s about them. The m ultiplier conjecture and  Theorem  3.14 motivate our 

study of cyclotomic coset association schemes in chapter 4. since every equivalence 

class of a  difference set in G fixed by a multiplier group A m ust have a member in 

the scheme C(G,A).

In section 3.2 we consider some of the standard  techniques used to  study abelian 

difference sets. These include in  particular: group hom om orphic images, group char­

acter m ethods, and constructions involving finite fields. We discuss a recent paper of 

G aal and Golomb [GG] in this context, and give a general theorem  of No about finite 

field constructions [No] in some detail.

In section 3.3 we describe problem s that arise when using algebraic techniques to  

study com binatorial structures. T he difficulty is th a t our com binatorial structures are 

usually defined as sets, yet the  m ost powerful algebraic techniques do not m aintain 

even integrality.

Finally in section 4, we discuss some open questions in  th is area (in particular a  

conjecture of Dillon) th a t highlight the interplay between the algebra and the com­

binatorics. We also discuss the  combinatorial context for the  factorization of certain 

group ring elements. The G ordon Mills Welch construction gives a  key example of 

this kind of factorization.

15

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



In chapter 5 we revisit th e  techniques from section 2 and the problems from 

sections 3 and 4 in the context of the  cyclotomic coset association schemes.

3.1 Difference Sets and Related Structures

We now focus on elements of the integral group ring whose combinatorial properties 

force them to satisfy certain group ring equations. O ur prim ary examples are dif­

ference sets. In this section we summarize some basic definitions and results about 

difference sets (and similar objects). These can be found in any standard reference 

on the  subject. We use [Pott] whenever possible. (There are more comprehensive 

references (eg. [BJL]), but the m onograph by P o tt is th e  m ost recent.)

D e fin itio n  3.1 [Pott, p. 11] Let G be a group o f order v, written multiplicatively. 

Then a (v, k, A) d iffe ren ce  s e t  is a k-elem ent subset D  o f G satisfying the ‘difference 

condition’: For each non-identity element g 6  G, there are exactly A representations 

g = x y ~ l fo r  x , y  6  D. It is usual to define the additional parameter n  :=  k  — A. 

Difference sets with n  =  0 or n  =  1 are called t r iv ia l .  A difference set is also called 

a b e l ia n  (resp. n o n -a b e lia n . or c y c lic j  i f  the group G is abelian (resp. non-abelian 

or cyclic).

R e m a rk  The definition together with a simple count implies that the relation 

k (k  — 1) =  X(v — 1) must hold among the parameters o f a difference set.

The formal sum YLdeD d an  element of the integral group ring Z G. We follow 

the standard conventions:

1. For any subset S  C G, w rite S  ~~ Y lse ss  as an element of ZG.

2 . For an element A  = Y l ag9 ^  7LG, define A (t) =  'fZ ag9t- 

(More generally, if a  is any m ap on G write A a =  aga {9)•)

16
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This allows us to  write th e  equivalent group ring definition:

L e m m a  3.2 [Pott, p. 10] I f  D  6  L G  represents a k-elem ent subset o f G then D  is a 

(v, k, A) difference set i f  and only i f  D  satisfies the difference set equation in LG :

= n 1G +  AG (3.3)

The group ring form ulation makes it easier to  define structures related to  difference 

sets by simply giving th e  group ring equation the structu re  must satisfy. We list two 

additional such definitions below for future use. These and similar examples can be 

found in [Pott, ch 1],

D e fin itio n  3 .4  R  is an  (m, n, k, A) - re la tiv e  d iffe re n c e  s e t  in G relative to the 

normal subgroup N  o f G , i f  and only i f  R  corresponds to a k-set and satisfies the 

integral group ring equation

R R {~1] = k l G + A(G  -  N )  (3.5)

where m  = \G/N\  and n  =  |iY|.

D e fin itio n  3.6 R  is an ( m . n . k ,  A1?A2) d iv is ib le  d iffe re n c e  se t in G. relative to 

a normal subgroup N  o f  G, i f  and only i f  R  corresponds to a k-set and satisfies the 

integral group ring equation:

R R {~1) = ( k -  Ai) 1G +  (Ai -  X2) N  +  A2G  (3.7)

where m  = \G/N\  and n  =  |iV|.

If D  is a (v, k, A) difference set, then so is any shift g D  for any g G G and  any 

automorphic image r {D)  for any r  6  A ut(G ). Difference sets obtained in th is way 

from D  are said to be e q u iv a le n t to D.

17
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R em a rk  I f  D is a (v , k, A) difference set in  G , then the complement G — D  is a 

(v, v  — k, v — 2k -f- A) difference set.

There is a connection between difference sets and designs:

D efin itio n  3.8 A  sy m m etr ic  (v , k, A )-design is an incidence structure with a set 

o f v  points and v blocks o f  size k, such that any two distinct points lie in exactly A 

com m on blocks.

L em m a 3.9 (cf. [Pott, p. 13].) The set o f points given by G, and the set o f blocks 

given by { g D \g  e  G} is a symmetric (v, k, A)-design with G acting transitively on 

the blocks i f  an only i f  D  is a ( v ,k , \ )  difference set in G.

D efin itio n  3 .10 [Pott, p .27] A  m u ltip lier o f a difference set D is a group auto­

m orphism  r  which satisfies r (D ) = gD  fo r  som e g G G. (T hat is, the automorphism  

acts as a shift on the difference set.) I f  in addition, r (D )  =  for some t, then 

we say  r  (or som etim es ju s t t)  is a num erical m u ltip lier . The set o f multipliers o f 

a difference set D  fo rm s a group under function  composition, called the m u ltip lier  

g ro u p  o f D.

M ultipliers are trem endously useful in the s tudy  of difference sets. A key reason 

for th is  is contained in th e  theorem below.

T h eo rem  3.11 [Pott, p .31] I f  a difference set D  has a m ultiplier r, then there is at 

least one translate Dg o f  D  such that r(D g)  =  D g.

In  fact, it has been shown (cf [Pott] p.31) th a t  if gcd(v , k) =  1 then there is some 

shift g D  of an abelian (v , k , A) difference set D  fixed by all multipliers.

18
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Since we study difference sets only up to  equivalence, w ithout loss we only consider 

sets fixed by the m ultiplier group. This is the inspiration for th e  autom orphism  group 

A in the definition of cyclotom ic coset association schemes given in chapter 4.

There are several ‘m ultiplier theorem s’ which give m ultipliers of abelian difference 

sets in term s of their param eters (v ,k ,X ).  Many of these m ultiplier theorem s are 

attem pts to  prove the fam ous ‘multiplier conjecture’ :

C on jectu re 3 .12  (Hall)(cf. [Pott, p.29]) Every divisor o f n  = k  — \  which is rela­

tively prim e to v  is a (numerical) multiplier o f any abelian (u. k, A) difference set.

The first m ultiplier theorem  is due to Hall and Ryser (1951).

T h eorem  3 .13  (cf. [Bau, p .8]). I f  p is a prime dividing n  and gcd(p,v) =  1, and i f  

p > X then p is a num erical multiplier of any abelian (v , k , A) difference set.

The additional m ultiplier theorems a ttem pt to  weaken th e  condition th a t p > X. 

The one we will use is due to  M arshall Hall:

T h eorem  3 .14  (cf. [Bau] p .54) Let D be a (u, k , A) difference set in an abelian group 

G. Let n 0 be a divisor o f n  satisfying gcd(n0, v) =  1 with n Q > X. If, fo r  every prim e  

p dividing n a there is an integer j p with p]p =  t modulo v, then t is a (numerical) 

multiplier o f D.

E xam p le 3 .15  Let v  = 2d — 1, k  =  2d~l , and X = 2d~2 fo r  d  >  2, so that n  =  2d~2. 

Then use n a = n  in Theorem 3.14 to get t = 2 as a numerical multiplier.

This means any (2d — 1, 2d~ l , 2d~2) difference set in  an abelian group G has an elem ent 

D  o f its equivalence class fixed  by the multiplier group A = <  a  : <r(x) = x 2 >. Hence 

D  is in the cyclotomic coset association scheme C (G ,A ) defined in  chapter 4-

The difference-set-like structu res mentioned above have th e ir own multiplier the­

orems very similar to  those for difference sets.
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Finally, we note th a t while there are families of ( v ,k ,  A) difference sets with 

gcd(v, n) >  1 there are no multiplier theorems for these sets. For this reason we 

concentrate on the case gcd(v, n ) =  1.

3.2 Established Techniques

In this section we describe standard  general techniques used to  study abelian differ­

ence sets, focusing on th e  case gcd(v,n) =  1. In addition to  group homomorphic 

images, classical cyclotom y and character m ethods, we describe a tool introduced by 

Gaal and Golomb [GG] th a t we will reconsider in chapter 5. C onstruction techniques 

involving finite fields whose multiplicative group has G  as a  homomorphic image are 

also summarized. In chapter 5 we show th a t this larger field context is inessential.

The m ost basic technique for studying difference sets is sim ply ‘bru te force/ If we 

are looking for (v , k, A) difference sets in some group G, we te s t all A:-subsets in G  for 

the property and s tudy  those. This approach is refined using m ultiplier theorems.

If it is known th a t  some group automorphism r  is a  m ultiplier of a difference 

set, we only consider members of the equivalence class fixed by r  so we need only 

test Ar-subsets th a t are  unions of orbits under r  (or show th a t there are none such). 

This approach alone is sufficient to rule out param eter sets, or even to  construct all 

(equivalence classes of) difference sets when the order of r  is large relative to v.

The next refinement is to  study all possible group hom om orphic images of a dif­

ference set in G  under m aps from G to its quotient groups G /H .  Homomorphisms 

of groups naturally  ex tend  to  homomorphisms of the corresponding group rings. Ap­

plying such a  hom om orphism  r  of G  to the group ring equation  (3.3), we obtain:

t {D )t { D ^ )  =  n  • l c  +  A • (t (G)) (3.16)

So group hom om orphic images of difference sets satisfy group ring equations in
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the  (quotient) group ring sim ilar to  (3.3).

(Some authors ( [BJL]) use the term  ‘difference list’ for a  group ring elem ent satisfying 

3.16 since these group ring  elements are not required to  represent sets.

E x a m p le  3 .1 7  /Is an illustration o f this technique we summarize B a u m ert’s exposi­

tion [Bau, III. C] o f this technique fo r  cyclic groups.

In case G = Z v =<  x  | x v =  1 > , G /H  =  Z w, solving (  3.16) am ounts to finding  

all solutions to the system  o f diophantine equations:

w  — 1

i=0
=  k

u;— 1

£*?i=0
= n + Xv

w
w - l

t=0

Xv
w 3 =

This is done fo r  each w \ v ,  in  order to find the possible homomorphic images

w - l

D w := ^  btx  *
i = 0

o f D  into the various quotient groups Z w o f Z v.

The typical strategy in  b o th  exhaustive searches and non-existence proofs for a 

given G and param eter se t (v , k , A) is to solve the difference list equation  ( 3.16) for 

(all) possible hom om orphism s r  and then to  search the intersection of the pre-images 

of these solutions for difference sets in G, or to  show th a t the intersection of such 

pre-images is the em pty set.

This is an extrem ely com m on technique because it is so useful. G roup homomor­

phic images were used as early  as 1955 by Bruck [BJL, VI.6] and also by Turyn [Tur]. 

For current applications of th is technique see for example Smith [DS] (and also Bacher 

[Bac]) in exhaustive enum erations of (511,256,128) difference sets, Iiams (1999) [Ii]
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in settling some open cases for (non)-existence, and Gaal and G olom b (2000) [GG] 

in an exhaustive ennum eration of (1027, 512, 256) cyclic difference sets.

The next general technique is to  apply group representations. If G  is abelian, all 

representations are linear, and are therefore group characters. T he systematic use 

of group characters in the s tudy  of abelian difference sets goes back a t least to the 

key paper by Turyn (1965) [Tur]. The general idea is contained in the  following well- 

known lemma, which follows from the fact th a t  group characters ex tend  to group-ring 

homomorphisms.

L e m m a  3 .1 8  Let G be abelian with exp(G ) = v. Suppose D  £  Z G satisfies (3.3). 

Suppose a  =  x{D ) :=  x (d ), where x  z5 any nontrivial irreducible character o f

G. Then i f  a  is the complex conjugate o f a , a  £ Z[Q] satisfies act =  n.

Lemma 3.18 is used with results from algebraic number theory  to  prove various 

m ultiplier theorems, to rule out certain param eter sets, and in exhaustive enumera­

tions and constructions.

A m ajor drawback of this technique is the  required knowledge of all number ring 

elements of given absolute value y/n. Turyn, for example required the  following 'self- 

conjugacy’ condition where one can find all a  satisfying a d  =  n.

D e f in itio n  3 .19 A n integer n  £  Z is s e lf -c o n ju g a te  modulo v  i f  all prime ideals 

above n in  Z[£v] are invariant under complex conjugation.

Under th is condition Turyn showed th a t the group character approach could be 

used quite successfully. The condition of self conjugacy, however is a  strong condition 

on v  and  n  which rules out m any interesting param eter sets. As recently as 1999, 

Schm idt [Sc, p.32] discusses th is problem an d  notes that “the probability  that n  is
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self-conjugate modulo v decreases exponentially fast in the num ber of distinct prime 

divisors of n  and  of v."

Along these lines, Gaal and Golomb [GG] recently used a discrete Fourier trans­

form in their exhaustive search for cyclic ('210 — 1, 29,2 8)-difference sets. A fter solving 

the difference set equation in all group homomorphic images (to quotient groups of 

order 3, 11, 31, and using these to  quotient groups of order 33, 93, and  341), their next 

step was to  te st the intersection of the pre-im ages of these solutions for the difference 

set condition. In their case, the difficulty was th a t the usual tests for the difference 

set property are prohibitively time consuming for a  group of this size.

Gaal and Golomb applied the following additional test: For each pre-image se­

quence { a i} ^ 1, they com puted a  ‘single Discrete Fourier Transform Value1

A = 'j>2aie - ' /=Tj3? (3.20)
o

as a complex number. They then checked (using floating point com putation with 

tolerance) w hether its C-norm A  A  was y/n.

Under the expectation th a t “non-difference set candidates fail th is  test with high 

probability” the  number of sequences which must be further tested  was considerably 

reduced, enough so that they were able to  exhaustively ennum erate all (2 10 — 1 , 29, 28) 

cyclic difference sets. A sharpened variation of this idea is presented in section 5.2.

Next we consider a  series of difference set construction techniques based on finite 

fields.

An early approach to difference set construction was “cyclotomy.” The set of all 

N th- power residues in GF{q) was examined for the difference set condition for various 

N  and q. This was inspired by the best known example - due to  Payley (1933) where 

N  =  2 and q is a  prime conjugate to 3 m od 4.
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T h eorem  3.21 (cf. [Pott, p .39]) Let v = An — 1 be prime. Then the set o f quadratic 

residues modulo v form  a {An — l ,2 n  — 1, n  — 1) difference set in Z v .

E xam ple 3 .22 Let n  = 2 in the theorem above. The set o f squares mod 7 are 

{1,2,4}. These fo rm  a (7 ,3 ,1 ) difference set in  Z7 (written additively).

There are several theorems on cyclotomic difference sets in finite fields dating 

from the 1960!s. The 1965 m onograph by S torer [St] is the standard  reference. The 

cyclotomy approach has likely been exhausted however, and most researchers in the 

subject have abandoned cyclotomy in favor of the approaches described below.

Let q be a power of a prime. Whenever v  =  (qn — l )/(<7 — 1), one can realize the 

cyclic group Z„ as a  quotient group Z v =  G F {qn)m/G F {q )’ and use the finite field to 

construct difference sets with the  classical param eters:

,qd - l q d- ' ~  I / " 2- ! ,
(3 -23)

These constructions follow a  couple of sim ilar patterns. In the first, one finds a 

m ap from G F{qn) to  GF{q) w ith certain specified properties. Then the kernel of the 

m ap is shown to be a (cyclic) difference set w ith  the  param eters (3.23) above.

The oldest such construction is due to  S inger(1938):

T h eorem  3 .24  (cf. [Pott, p .36].) Let a  be a prim itive element o fG F {q n). Then the 

set D  =  { a £ : f ( a l) =  0, for 0 <  t <  ^fy- } is a union o f G F {q)' cosets in G F{qn) 

that form  a cyclic difference set with parameters (3.23).

Difference sets constructed th is  way are called S in ger d ifference se ts .

In 1962, Gordon, Mills and Welch gave a  s truc tu re  theorem for Singer difference 

sets which resulted in the construction of a  new infinite family of difference sets w ith 

the classical param eters (3.23). A different form ulation appears in section 3.4: here, 

we use the ‘tw isted trace’ form.
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T h eo rem  3.25 (Gordon-M ills-W elch) [Pott, p. 79]. Let a  be a prim itive elem ent o f 

G F (qn) . let s | d and let r  be such that gcd(qs — 1, r )  =  1. Then the set:

{ a 1 : tr f(tr£ (< * ‘)r) =  0, 0  <  i < (gd -  l ) / ( 9 -  1)}

is a union o f G F {q)’ - cosets o fG F (q n) that fo rm  a cyclic difference set with param­

eters (3.23).

These basic constructions have been successively generalized. For example we 

have the ‘cascaded GiWW-sequences given by K lapper (cf. [No]) defined in a  sim ilar 

way by the maps

/ (a £) = t i f  { tr£ [(tr£ (a ‘))T }

for A: | m, m |n ,  1 < u  < qk — 1 , I < r < q — 2, gcd{u , qk — 1) =  1 , gcd(r, qm — 1) =  1, 

and a  a  primitive elem ent of G F (qn).

The second p a tte rn  in these construction techniques is to find a  m ap from G F {qn) 

to  itself. Recently, several authors (M aschietti [MA], Xiang [Xi], Dillon and Dob- 

bertin  [Xi], and others) have had some success in showing th a t th e  images of certain  

g-to-l maps on G F (q d) are difference sets w ith th e  classical param eters (or their 

complementary param eters.)

D efin itio n  3 .26  A  g-to-1 m ap  r  is a map from  G F (q n) to G F (q n) where the preim ­

age o f any element in  Im (r )  has exactly q elements.

This approach was inspired by the paper by M aschietti [MA] which gave a connection 

between cyclic difference sets w ith the classical param eters (for q =  2 ) and geom etric 

constructions which can  be described by such maps.

As an example of such a construction:

T h eo rem  3 .27 (D illon and Dobberton) [Xi]

Let k be a positive integer with k < n  and g cd (k ,n ) =  1. Then the nonzero elem ents
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in the image o f G F (2 n) under the map x  i—> x e +  {x -F l ) e +  1 where e =  22k — 2k +  1 

fo rm  a difference set with parameters (3.23) in G F (2n)*.

We finish off this section by giving the most recent and very general theorem due 

to  No [No]. This follows the first of the  two p atterns given above, and requires a  few 

definitions:

D efin ition  3 .28  A function f  : G F (q n) —> G F (q ) is d -h om ogen eou s i f

f{ y x )  = ydf{ x )  fo r  all x  €  G F(qn), y  G G F(q).

D efin ition  3 .29  A function f  : G F (q n) —> G F(q) is balanced  i f  

l / _1(0)| =  | / - l (x)| -  1 fo r  all x  G G F (q Y .

D efin ition  3 .3 0  A function f  : G F (q n) —> G F{q) is difference-balanced  i f  the

function  gT{of) :=  f ( a t+T) — /(a* ) is balanced fo r  all 1 <  r  < qn — 2 (where a  is a 

prim itive element in G F (qn).)

No proved the following as his M ain Theorem:

T h eorem  3.31 [No] Let f  be a d-homogeneous function  mapping G F (q n) —> GF(q) 

fo r  gcd(d,q — 1) =  1. I f  f  is difference balanced, then the set of integers defined by

D = { t \ f ( a t) = 0 ,  0 < t <  j z r r )

form  a cyclic difference set with parameters (3.23)

No observes th a t the maps used for the Singer, Gordon-Mills-^Welch, and cascaded 

GM W  sequences m entioned above are d-homogeneous and difference balanced (using 

heavily the fact th a t the trace function itself has these properties) and then  finds other 

such maps leading to  a  new infinite family of cyclic difference sets w ith param eters

(3.23). We show in chapter 5 th a t the larger field context of GF(qn) in No’s Theorem 

is inessential.
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3.3 Algebraic Methods vs. Combinatorial Requirements

Certain difficulties repeatedly axise in the study of group ring elem ents such as dif­

ference sets. These difficulties are primarily due to the interplay between the combi­

natorial description of the objects and the algebraic m ethods used to  study them.

In this section and the next, we highlight some of these difficulties. First we 

note that staying close to  the  combinatorial context often leads to  a proliferation of 

cases: a ‘com binatorial explosion.’ In the remainder of the section we discuss the 

delicate balance between the powerful algebraic character techniques and the subtle 

combinatorial requirements of integrality and set-ness.

The algebraic tools useful to  the study of abelian difference sets fall into two 

broad classes: the use of group homomorphic images (this includes the finite field 

approaches) and  the application of complex group characters.

First consider the group homomorphic image approach, which is the more com­

binatorial of the two classes. The typical use of group hom om orphic images was 

described in the last section. Note th a t this approach essentially am ounts to  com­

puting possible distributions of a  difference set in a group G am ong the cosets gH: 

a  counting problem. Integrality (and set-ness) can be preserved during  this process. 

The difficulty in group hom om orphic image techniques is with the ‘com binatorial ex­

plosion.’ One is often overwhelmed by the number of cases to consider and by the 

requirement th a t pre-images of solutions arising from different subgroups H  of G fit 

together as a  set in the larger context of ZG.

The more algebraic of the  two methods is the use of complex group characters. 

As mentioned in the last section the idea is to apply a  group character to  a  group 

ring equation like 3.3 and then  solve the resulting equation (S<5 = n ).

If we apply a complex character and work in the algebraically closed field C the
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algebraic problem is com pletely solved, bu t we also com pletely lose track of integrality 

and thus also set-ness.

The usual solution is to  stay closer to  the com binatorial context and work in the 

num ber ring Z[C„] where v = exp(G). This makes sense, since for all A  in Z G  and 

any complex character \  ° f  G, the character value x (A )  is in Z[(v\.

There are still problem s with the num ber ring approach however. In the number 

ring for example, solutions d to W =  n, viewed as character values, have pre-images 

in (£Z[QV))G by the inversion formula (Corollary 2.13). Thus, coefficients are not ju st 

0  and 1 and so the set-ness problem is not completely solved.

O ther problems lie w ith  the number ring itself. Z[QV\ is not a UFD in general, so 

when solving problem s th a t are essentially factorizations (like 88 =  n) we must work 

w ith  ideals and not w ith  elements. But com binatorial questions require discussion 

of specific elements. O n this issue, Schmidt [Sc] observes ;the required complete 

knowledge of cyclotom ic integers of prescribed absolute value . . .  is a  problem of 

algebraic number theory  far beyond the scope of our present knowledge/

A ttem pts to  deal w ith  these issues often lead to  restrictive conditions on the 

param eters of the difference sets th a t can be studied. As we saw in section 3.2, 

for example, Turyn used the self-conjugacy requirem ent to  avoid the difficulties of 

working in Z[£v\ in th e  general case.

In section 5.4 we will see specific difficulties th a t arise when we a ttem pt to  use 

the  number ring to  factor certain group ring elements.

The overall problem  is this: The closer we stay to in tegrality  and the com binatorial 

context the more in tractib le  the com putations become. O n the other hand, the closer 

we move toward the algebraic realm (and C) the more difficult it is to retain  integrality 

and set-ness.
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3.4 Problems

In th is section we present some conjectures th a t are still outstanding, followed by 

a discussion of the difference set context for factoring certain  group ring elements. 

We also introduce some of the difficulties encountered when trying to  factor in the 

num ber ring.

T he conjectures below share two critical features. F irst, their sta tem ents link 

specifically algebraic properties to  purely combinatorial objects, and second, they do 

not seem to be particularly am enable to  the established techniques - in particular 

neither can be settled by group hom om orphic image techniques.

T he first is a  conjecture of Jo h n  Dillon. This conjecture is an especially good 

illustration  of the difficulties encountered in passing inform ation between the  algebraic 

and combinatorial realms. On th e  one hand, if you drop the com binatorial condition 

of set-ness (or even of set size) there  are counter-examples. On the o ther hand the 

usual character techniques don’t  clearly distinguish between faithful and nonfaithful 

characters as this conjecture requires.

C o n je c tu r e  3.32 (Dillon) [DiJ

Let D  be any (2m — l ,2 m-1,2 m -2) cyclic difference set. ( These are the classical 

parameters (3.23) with q = 2). Lei Z v =< x >. Identify the group ring T,j(2) 

with polynomials mod (xv — 1), so that D is a polynomial in  x . Then the m inim al 

degree annihilator o f the polynomial D  in  R  (the check  p o ly n o m ia l ) has a prim itive  

polynomial o f degree m  over Z / (2) as a factor.

Equivalently, by Theorem 2.30 there is a faithful representation g> such that 

<p(D) ^  0 m od7r where 7r is a prim e ideal above (2) in Z[C„].

From the second statem ent, it is clear th a t Dillon’s conjecture cannot be settled 

using either group homomorphic image techniques (since th e  characters of interest
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are faithful), or by complex characters (since we are to  work m odulo a prime ideal 

over (2 )).

A second conjecture relates directly to the p-rank of difference sets and is due to 

Hamada. We first need to  define p-rank of a group ring element:

D e f in itio n  3 .33  Let A  be any element o f the group ring R G  and let ^ (A ) be the 

image o f A under the regular representation (so that ^ (A ) is a (0 ,1)-matrix). Then  

the p - ra n k  o f  A is the rank o f the matrix 'I'(A) over the field  G F{p).

If A corresponds to  a  difference set, then the image of A under vk is the incidence 

m atrix  of the sym m etric design obtained from A. Thus the  definition above corre­

sponds to  the more usual definition of p-rank for a difference set as the p-rank of the 

incidence m atrix of the design.

C o n je c tu re  3 .34  (Hamada, 1973)(cf [Xi]) Let D  be a difference set with parameters

(3.23) where q =  p e. Then the p-rank o f D is at least (p^ ~ -  )c +  1 with equality i f  

and only if  D is a ‘Singer ’ difference set.

For q = 2 this conjecture was proven by Hamada and O hm ori in 1975.

The p-rank is of com binatorial interest for several reasons. For example, since 

the p-rank of an element is fixed under shifts and  autom orphism s of the group, the 

p-rank can be used to show th a t difference sets given by different constructions are 

inequivalent.

We will note in chapter 5 th a t the p-rank of an element D  can  easily be com puted 

if the value of </?(£>) is known modulo a prime ideal n  over (p) for all representations 

<p of Z v. As with Dillon’s conjecture, this information is lost under homomorphic 

images.
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O ur next conjecture stem s from an observation of P o tt. P o tt observed [Pott, 

p. 75] th a t while there are some examples of non-abelian difference sets w ith the  

classical param eters (3.23), there is n o  abelian, non-cyclic example known. The field 

approach described in section 3.2 only gives constructions for difference sets in cy c lic  

groups, or (in the case of cyclotomy) in the additive group of G F(q). (There are 

o ther constructions for difference sets in abelian, non-cyclic groups (in particular for 

elem entary abelian groups) b u t these constructions are for the case th a t gcd(v, n) > 1 

which fails for the classical param eters.)

C o n je c tu r e  3.35 There are non-cyclic difference sets with parameters(3.23).

Given the  number of open questions about difference sets w ith param eters (3.23), 

along w ith the relative abundance and usefulness of these sets, there is great interest in 

knowing all difference sets (up  to  equivalence) w ith these param eters. A classification 

would be ideal, but seems to  be a  long way off. Exhaustive ennum erations have been 

done for v = 2£ — 1 for all 2 <  t < 10 with little use of the faithful characters. Searches 

for t  > 10 will likely require far more information from  the faithful characters.

C o n je c tu r e  3.36 No efficient method for exhaustively enumerating (cyclic) differ­

ence sets with perscribed param eter set can ignore the fa ith fu l characters.

In  the remainder of this section we discuss a  com binatorial context for the factor­

ization of group ring elements.

E x a m p le  3 .37  The difference set equation D D ^~1̂ =  (k — A )lc  +  AG displays D  and  

£>(-U as factors o f the group ring element (n  — A )lc  +  AG.

P roduct constructions can  be viewed as factorizations of the object constructed. 

For exam ple Ionin [Io] gives conditions on the param eters of a  relative difference set
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R  in G (relative to  a subgroup N ), and a difference set D  in N  so th a t the group ring 

product R D  is a  divisible difference set in G  relative to  N .

An even more striking example is the Gordon-Mills-Welch Theorem. We saw 

th is construction in section 3.2 as a  composition of tw isted trace  functions. The 

formulation below is (largely) due to  Pott [Pott, p .75]. Instead  of using the trace 

trace map, th is version emphasizes the factorization of the Singer difference set into 

the product of a  relative difference set and a difference set in a  subgroup of G.

T heorem  3 .38  (Gordon Mills Welch) Let t = sr, v = 2£ — 1 and w =  2s — 1. Then:

1. Any Singer (2£ — 1, 2£-1 — 1, 2£_2 — 1) difference set can be expressed in the group 

ring 1LZV in factored form  as

Dy =  DyjR.

Dw is a S inger  (25 — 1,2s-1  — 1,2s-2  — 1) difference set and R  is a relative 

{v/w, w, 2st~t , 2s£-2£) difference set.

2. I f  Dw is any  (2s — 1, 2s-1 — 1, 2s"2 — 1) difference set, then D v defined by

Dy  =  DyjR

for R  as above is also a (2£ — 1, 2£_1 — 1, 2£_2 — 1) difference set. Furthermore, 

Dv is equivalent to Dv i f  and only i f  D w is a cyclic shift o f  D w.

Note a few key properties in the examples above:

•  Each factor satisfies some group ring equation. For these exam ples the product 

of an element and  its image under the autom orphism  x  * x ~ l is specified.

•  The factors (an d  their products) are integral. They axe also fixed by a multiplier 

group. For com binatorial applications the factors represent sets.
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•  At legist one of the factors may be supported entirely  in a subgroup of G. (This 

can be used to ensure the set-ness of the product.)

One approach to this problem is to use group characters and try  to  find factor­

izations of elements 5 = x (D )  in the number ring Z[C„]. The difficulty we encounter 

is w ith divisibility in Z[C„]. The number ring is a  Dedekind domain, not a  UFD, and  

so we can uniquely factor the ideal (<5) but not the elem ent S itself.

Using the ideal factorization approach, we suppose th a t (6) = I XI 2 . . .  I t for some 

prime ideals I k in Z[(v\. Then we seek an ideal /  which is a product of some subset of 

{ /i, I 2, ■ ■ ■ It} and which is also principal (thus corresponding to a group ring element). 

This is not an easy problem in general.

In chapter 5 we will re tu rn  to  th is question, using special properties of the group 

ring element to  be factored in order to find further conditions on the possible ideals 

considered. We will also give an algorithm to find all factors of the element m odulo 

some power of a prime p, avoiding the complications of the number ring completely.
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4 The A sso c ia tio n  Schem e C(G, A)

In this chapter we define the cyclotomic coset association schemes C(G. A) constructed 

from an abelian group G  and a subgroup A of the autom orphism  group of G. These 

schemes are a  generalization of bo th  cyclotomic association schemes (as defined by 

[BM], etc.) and of the cyclotomy m ethods of Storer [St]. These schemes also build 

in certain com binatorial conditions. In particular, A can  be viewed as the m ultiplier 

group of a difference set. Any difference set satisfying th e  m ultiplier conjecture m ust 

have a  member of its equivalence class in the scheme C(G, A) where A is generated 

by the multiplier(s).

In section 1 we define the scheme C(G , A), first as a  m atrix  algebra (as in chapter 

2). and then as a  subalgebra of the integral group ring Z G. We also define cyclotomic 

and translation schemes in this context. We also give a  basic construction of the 

character table P (G , A) of the scheme.

In section 4.2 we work out some properties of these schemes, concentrating on 

those which will be useful for applications to combinatorics. The semidirect product 

group G  x A of G  w ith A is used to help interpret how changes in G and in A affect 

the scheme C(G, A) and its character table.

Section 4.3 contains properties of the character tab les P (G , A) of C(G, A) over 

Z[C„] and also modulo certain  prim e ideals. One aim is efficient com putation of the 

character table for applications. A formula for the inverse of P  is also given.

In section 4.4 we describe special cases for G and for A: in particular the cyclotomic 

association scheme case (where G  is the additive group of G F (q )) and the integral 

group ring case (where A is the identity). We apply properties from this chapter to  

the example C(ZV, A) where v =  2 U — 1 and A is the m ultiplier group < a : x  ►—*■ x 2 > .
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4.1 Definition of C{G,  A) and P{G.  A)

Let G be any finite abelian  group and let A be a  subgroup of A ut(G ). Then A acts on 

G  as a  group of perm utations. Label the orb its of th is action Cq =  {lc}< C i , . . . .  C j . 

We call these orbits th e  A -cyclo tom ic c o se ts  of the  scheme. We generally suppress 

the A when it is clear from the context and  sim ply refer to  the cyclo tom ic  c o se ts  

of the scheme. (The te rm  cyclotomic coset is taken from the difference set context.)

L em m a 4.1 Define relations IZi for  0 <  i < d by

Tll = { ( a ,P ) \ a . , f 3 e G , a r l e C l}

Define the matrices -4j fo r  0 <  i <  d with rows and columns indexed by a given 

ordering of the elem ents o f G by:

. . .  /  1 i f  a/3~l G Cx
( A W )  =  |  0 else

Then the relations IZi (and thus also the m atrices A{) satisfy the conditions given in  

chapter 2 fo r  a com m utative association scheme.

Proof:

•  aTZoQ for all a  G G  since a fi~ l = 1G if and  only if a  = (3.

•  The disjoint union u f=07Zi = G x G  since the Ci p a rtitio n  the elements of G.

•  To see th a t a lZ i0  if and only if j3TZyo. for some i ' , note th a t the autom orphism  

r  : x  x "1 perm utes the cyclotomic cosets so th a t a /?-1  G Ci if and only if 

0 a ~ l G r(C i) = C v .

•  For the fourth property, we need to  show th a t the  num ber of g E G  such th a t 

<yg~{ G Ci and g/3~l £  Cj is constant for a(3~l G C* (and then we may denote
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th is constant p^.)

To check this note th a t a(3~l G Ck if and only if a /?-1  = c for some c G C*. 

This happens if an d  only if a g ~ lg(3~l =  c for all g G G. So the number of g G G  

w ith ag~ l G Ci and  g~lfi G Cj is the number of solutions to  c = CiCj for fixed 

c €  Ck,  and any c* €  Ci, Cj G Cj.  This number is independent of the choice of 

q  and 0.

•  and finally, since G  is commutative. "

D e f in itio n  4.2 Define the c y c lo to m ic  c o s e t  a s so c ia tio n  s c h e m e  C(G, A) to be 

the scheme defined in Lem m a 4-1-

C(G, A) is defined for abelian groups G  and any subgroup A of Aut(G ). If G  

were not abelian, all th a t  would be lost in the above is com m utativity. For non- 

abelian groups there is th e  related construction of the c la ss  a lg e b ra  in which the 

autom orphism  group A is the set of all inner automorphisms of G  (those given by 

group conjugation).

We also note th a t ‘cyclotomic coset schem e’ is our term inology and should not be 

confused with the special case of cyclotomic association schemes (cf. [BCN], [BM], [GC]) 

described below.

R e m a r k  The third property in Lemma 2.3 implies that the schem e C(G, A) is only 

sym m etric when the autom orphism  i h j -1 is in A. (This condition restricts char­

acter values o f elements o f  such a scheme to numbers satisfying Turyn’s definition o f 

self-conjugacy given in chapter 3.) Since cyclic difference sets never have —1 as a 

m ultiplier (cf. [Bau, p.60]), the schemes fo r  such applications are never symmetric.

We must also point o u t here th a t the cyclotomic cosets Ci  of C ( G , A )  are formal 

sums of orbits under A and  always have (0, l)-coefficients when viewed as elements of
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the  integral group ring ZG . O rbit sizes may vary among divisors of |A|. This is one 

property th a t distinguishes C(G, A) from cyclotomic association schemes.

C(G, A) has been defined as an  association scheme and thus via Lemma 2.3 as a 

subalgebra of M at„(Z). We usually prefer to view C(G, A) as a  subalgebra of the group 

ring ZG generated by the  cyclotomic cosets. In particular, th e  structure  constants 

Pij of the scheme have a  nice interpretation in the group ring.

P ro p o s i t io n  4 .3  C(G, A) is isomorphic to the subalgebra o f  "LG generated by the 

cyclotomic cosets Cx. The structure constants are the coefficients o f Ck in the 

group ring product C iC j.

Proof: Using the conventions from chapter 3, for any subset S  C G let S  also

denote the formal sum in the group ring of the elements of S. Then each cyclotomic 

coset Ci is fixed in ZG  under the automorphism group A, as is any product of the C,: 

therefore, C XC3 =  Yli=o aXJCk- Let these Ci generate a subalgebra of Z G. Under the 

mapping C t <-> A*; this subalgebra is (additively) isomorphic to  the m atrix algebra 

C(G, A), and since p =  the number of solutions to  c =  CiCj for fixed c £  Ck, 

any c* £ Cix cj £  Cj, th is  is also an algebra isomorphism. In addition, the argument 

above shows th a t the s tru c tu re  constants p are the coefficients of Ck in the group 

ring product CiCj. m

In what follows, when we view C as a subalgebra of ZG, we will refer to the formal 

orbit sums Ci as elements of the scheme.

Next we place C(G, A) in the context of cyclotomic association schemes and trans­

lation schemes.

D efin itio n  4 .4  (cf. [BCN. p. 65]) A n association scheme defined on a set X  o f points 

and a set o f relations { }  is called a t r a n s la t io n  a s s o c ia t io n  sc h e m e  i f  X  has
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the structure o f  an abelian group and the elements o f  the scheme satisfy the condition 

xR iy  => x z R ty z  fo r  all z E X .

Lem m a 4 .5  C(G, A) is a translation scheme.

Proof: In C{G, A) the definition of a translation  scheme is simply the condition

th a t a/3-1 E Ci => E Ci for all 7  E G. m

The term  “ cyclotomic scheme” has already been used (cf. [BCN], [GC], [BM]), 

for the special case th a t G  is the additive group of G F (q ): The definition below is 

from [BM]:

D efin ition  4 .6  Let q be a prim e power, e a divisor o f (q — 1) and a a prim itive root 

in G F(q). Define relations R q =  { ( x ,  x) x  E G F (q)} and

Ri =  { ( x ,  y) \ x, y  E G F(q), x  — y  E <  a e > a 1-1} for 1 <  i < e

The association scheme (G F{q ), {/2i}) is called the cy clo tom ic  sch em e o f  c la ss  e  

on  G F(q).

In some of the  literature (eg. [GC]) on cyclotomic schemes it is also noted  th a t 

more generally, the  orbits of a  group under an autom orphism  group form a  scheme. 

However, the focus in these papers is the special case of the cyclotomic association 

scheme.

Brauer, Cohen and Neumaier give the following connection between translation  

schemes and  cyclotom ic schemes:

T h eorem  4 .7  [BCN. p .66]

A ny translation association scheme with a prim e number of points is a cyclotomic 

association scheme.
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We make the connection between a cyclotomic coset scheme w ith  a  prime number 

of points and  a cyclotomic scheme on G F(p) explicit since we will use the character 

table construction from [BM] in section 4. The subgroup < a e > in Bannai and 

M unemasa’s definition has index e in G F (p )m and therefore order /  =  (p — l) /e .

L em m a 4 .8  Let p  be prime, and let A be the unique automorphism  group of order 

f  = (p — l ) / e  the additive group o f G F {p). Then the cyclotomic association scheme 

o f class e on G F{p) is C (ZP, A).

We will see in the  last section of this chapter th a t in general, cyclotom ic schemes 

for any GF{q) are a  special case of cyclotomic coset schemes where G  is the elementary 

abelian group of the  additive s tructu re  of GF(q).

The character tab le  for the scheme C(G, A) is of particular interest and will be 

denoted P (G , A), or ju s t P  when G  and A are clear from the context. The general 

definition of the character tab le of an  association scheme given in chap ter 2 is some­

what unwieldy for our purposes. There are, however, several a lte rn a te  constructions 

of P (G , A) in our case which we can use instead. The first requires a  lemma:

L em m a 4 .9  Fix an irreducible character \  o f G and form  the vector \  by 

( X)g : =  xid ) using the same ordering as the indices in the adjacency matrices Aj .  

Then the vector \  is an eigenvector fo r  each A j with eigenvalue x(C j-) :=  $Z7ec , x(7 )-

P roof: Let /? =  a 7 .  T he o - th  row of Aj  has a 1 exactly a t positions labelled by

{ 0 7  | 7 - 1  €  C j }  (since (3 runs over C  if and only if 0 7  runs over G,  an d  a/3-1  G Cj  if 

and  only if a(a~f )~l G Cj  if and only if 7 - 1  G Cj. ) This means th e  m atrix  product 

A jX  has Q-th entry

X(<*)x(7) =  X(a)( 5 3
7 eCj, 7 ec,/
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(since 7 -1  € Cj <=> 7  €  Cj'.)

x ( a )  is the a - th  entry of the vector x  and the sum 5 2 - ,e c x ( t )  *s the corresponding 

eigenvalue. ■

Recall th a t the  (i, j)-en try  of the m atrix P  was defined in chapter 2 to be the 

eigenvalue of the m atrix A j on the maximal common eigenspace Vt.

L e m m a  4 .1 0  Label the columns o f  P  by the cyclotomic cosets Cj o f C(G, A).

The i th eigenspace Vi may be represented by some irreducible character \ i  o f G and 

the (f, j ) -e n tr y  o f P  is Xi{Cj>).

P ro o f :  T he character table of G  gives us \G\ linearly independent eigenvectors. We

group these into the maximal common eigenspaces Vi. (Two irreducible characters x  

and x  are in the same eigenspace if and only if x{C )  =  x (C )  for all cyclotomic cosets 

C  in C). The eigenvalue of A j on Vi will be ^ 7eC, Xi(7 ) =  X iiP j')  by Lemma 4.9. 

Therefore, (P )ij =  Xi(Cj>). m

E x a m p le  4 .11  Let G be the cyclic group Z 23 = <  x  \ x 23 =  1 >  and let 

A23 = <  cr | a (x ) = x 2 > .

For this example, we can compute

A u t(G ) =  A23 X  ©23 where ©23 is < r 23 | r 23(x) =  x ~ l >.

Since ©23 permutes the non-identity cyclotomic cosets under A transitively, the orbit 

sum s o f G under  A can be written as

Co =  1

Cj =  X  +  x2 +  x4 +  x 8 4- x 16 +  x9 + X 18 +  X 13 4- X 3 +  X 6 + x 12

C _ 1  =  T~2z {C\)

(Here we follow the standard difference-set practice o f labelling cyclotomic cosets
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by an element o f the coset. For cyclic groups an exponent o f  the generator is used. 

In  this example they are chosen to reflect the action o f t .)

There are d +  1 =  3 maximal common eigenspaces. The trivial eigenspace rep­

resented by Xo '• x  i—► 1 has eigenvalue \Cj\ on each Aj .  We next choose (somewhat 

arbitrarily) x i  : x  l—*■ C23 as a representative fo r  the eigenspace V\. X i has character 

values X i ( l )  =  15 X i ( C i )  =  a  — C23 +  C23 +  • • • +  C23 > ani  ̂ X i ( C - i )  =  where a  is 

the complex conjugate o f a.

The autom orphism  which interchanges C\ and C _  1 also acts to swap the two non­

trivial eigenspaces. We choose the character x - i  '■ x  to represent the last

eigenspace. Then
Co c u Ci

Xo 1 11 11
Xi 1 Q: a

X -i 1 a a

P ( Z 2 3 , A 23 )  —

Since we will use this example again, we note here that a  +  a  =  —1, and  qq  =  6. 

Another feature o f this particular example should be pointed out. The orbits o f G  

under A partition the non-identity elements o f Z?z into the set o f squares and the set 

o f non-squares. Since  ‘23 =  3 mod 4, C\ (the set o f squares) is a (2 3 ,11,5)-Payley 

difference set (see Theorem 3.21), with n  = a a  =  6.

As a contrast to  the /V£/‘-power construction exemplified above, and  also because 

we will need th is character table in a future example, we include the following:

E xam ple 4 ,12  Let G  =  Z89 = <  y \ y 89 =  1 > and let A89 = <  a  \ cr(y) = y 2 > .

As in example 4-1L  we seek an automorphism group which will permute the (non­

identity) cyclotomic cosets. A u t(Z 89) = Z 88 and  |A| has order 11, so we seek an 

automorphism o f order 8. Let ©gg = <  r  | r{y)  =  y 12 >. T hen  we can check that 

Aut(G ) =  A8g x@8g. A s in the first example, 0 8g permutes the non-iden tity  cyclotomic
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cosets under Agg transitively, so the orbit sum s o f  G under A89 can be written as 

images o fC \ under ©89. Let A  :=  y + y 2 + y 4 -{-y8 + y 1 6 + y 3 2 + y 6 4 + y 3 9 + y 7S+ y 6 7 + y45. 

Then Cq = 1 and
C l = A  C - i  =  t 4(A)
C 3 =  r (  A) C _3 =  r 5 (A)
C9 =  r 2(A) C _ 9 =  t 6 (A)
C27 =  r 3( A) C  —27 =  r ? (A)

Choose a representative \ i  f or e.a.ch Vj as in the firs t example

to get P (Z 89, A8g) —

1 C_! C -  3 C -  9 C - 2 7 C i c 3 C g C 27

Xo 1 11 11 11 11 11 11 11 11
Xi 1 P t {(3) r 2{0) r 3(P) r \ 0 ) r%8) t6(P) r 7{0)
X3 1 t (/3) r 2(P) r 3(0) t4(0) TS{0) t 6(0) r 7{0) 0
X 9 1 t 2(P) t 3(0) t 4(0) r 5(0) T*(0) r 7{0) 0 r (0 )
X 27 1 t 3(0) t 4(P) t 5(0) t6(0) r 7{0) 0 r (0 ) r 2{0)
X-l 1 t \ 0 ) t 5(P) r 6(0) r 7(0) 0 t (0) r 2 (0) r 3 {0 )
X —3 1 tHP) t6(/3) r 7{0) 0 r{0 ) t 2(0) t 3{0) r 4(0)
X-9 1 t 6(P) r 7{0) 0 < 0 ) r 2{0) t 3(0) r 4(0) T5(0)
X —27 1 t 7(P) P t (0) r2{0) r 3{0) r 4(0) r 5(0) r 6(0)

=  x i ( C i ) and t [0 ) denotes the Galois m ap  8̂9 C89 applied to 0 .

Both of the examples above illustrate the (particularly  nice) case th a t G =  Z v 

for p  prime. Recall th a t for th is case C(G, A) is a cyclotomic association scheme. A 

special construction for P  in th is situation is given in [BM] and appears in section 

4.4. Note especially th a t all the  non-identity cyclotom ic cosets are the  same size in 

th is special case. We will include a n  example which is not a cyclotomic scheme below.

Another view of this construction of P  will be useful. We can get from a character 

tab le x(G ) of G  to  a  character tab le  for the scheme C(G, A) by taking row sums of 

an  appropriate block matrix.

Arrange the columns of a  character table x ( ^ )  f°r G  into blocks corresponding to 

orb its under the autom orphism  group A. Form the (d+  1 ) x |G| m atrix  by taking row
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sums of the blocked m atrix. The above lemmas show th a t  there will be only (d +  1) 

distinct rows in this m atrix, and these (d 4-1) rows can be taken to be th e  m atrix P.

E x a m p le  4.13 4 s  a contrast to the cyclotomic case we include the sm all example 

P (Z i5, A) where A = <  a  : x  *—* x 2 >. The cyclotomic cosets are:

Cq = 1 ,

C5 = x 5 +  x 10

C3  =  X 3 +  X 6 +  X 12 +  X 9 

Ci = x  +  x 2 +  x 4 + x 8 

C - 1 =  x 14 +  x 13 +  x 11 4- x '

Using the construction discussed above, we find the d +  1 distinct rows o f  the 5 x 1 5  

m atrix described above and compute the (xi-.C j)-entry o f P  as X i(C j-i)

1 C5 c 3 C —i Cl
Xo 1 2 4 4 4
X5 1 - 1 4 - 2 - 2
X3 1 2 - 1 - 1 - 1

Xi 1 - 1 - 1 7 7
X-i 1 - 1 - 1 7 7

where 7  =  C15 +  Cfs +  C15 +  C15- (Note the orbit o f size 2. This is not a cyclotomic 

association scheme.)

In the next section we will see the action of A on the character group G* of G  which 

groups characters into orbits corresponding to the m axim al common eigenspaces of 

the A i.

4.2 Properties of C(G: A) and P{G, A)

In this section we work out some properties of C(G, A) as G  and A vary, and the 

corresponding properties of its character table P.
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To make this second task  easier we first show th a t  the character table P (G , A) is 

embedded in the group character table of the sem i-direct product group C? =  G x A 

of G  with A. This gives an additional construction for P (G , A).

Recall th a t for A <  A u t(G ) we define

Q :=  G  x  A = <  gX : g £ G , A £  A, A xgX =  X{g) >  .

Since G is normal in Q, G  is a  union of conjugacy classes in Q. The definition implies 

th a t the conjugacy classes comprising G in G are exactly the orbits of G  under the 

autom orphism  group A.

T h e o re m  4 .14  Let Q = G  x  A, let x  be an irreducible character o f G and let g £ G. 

Let Cg be the cyclotomic coset containing g in C(G, A). Then the induced character 

Xg satisfies:

X g (9)  =  ( | A | / | C , | ) x ( C s ) .

(and thus the {x ,C g>) entry x(G g) o f P  is (|Gs |/ |A |) x e (^))- 

P ro o f:

The induced character is defined (Lemma 2.19) as:

=  ̂i.v~lav)where * (0) = { lf flŝ  G
1 1  yeg ^

for a  in Q

Since G is normal in G, for g £  G  we have y ~ 1gy €. G  for all y  £  Q. Also, if y 

and yi are in the same coset of G /G  then y~ xgy  =  y f 1g y i■ Because G /G  =  A we can 

choose elements of A as a  transversal for G/G. Then we may compute

xe(g) =  j g r l G | £  x(A -'sA ) =
' ' AeA A€A

Since this is a sum over the whole group A we get x g {9 ) — x ( |A |/ |C 5| - Cg) =  

m / \ C g\)X(Cg). m
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R e m a rk  xe ( l)  =  I A| f ° r  anV irreducible character x  o f G.

The semidirect product construction gives us an action  of A on the character group 

G * of G  tha t is com patible w ith  the action of A on G:

L e m m a  4 .15  [Is, p. 78] Let x  be an irreducible character o f G and  7  be an element 

o f Q. Define x 7 to be the m ap  x 7(Q;) =  x (7 Q7 _1) f OT a  £ G. Then:

1 . x7 is also an irreducible character o f G.

2. (x71)72 =  X7172; and

3. Q permutes the irreducible characters o f G by x  l—*■ X7 with G acting trivially: 

so A =  Q /G  perm utes the irreducible characters o f G.

Note that the definition of Q implies tha t x A(#) =  x ( ^ _ 1(p)) f°r 9  €  G.

D e fin itio n  4 .1 6  Let x  be an irreducible character o f G . Define the i n e r t i a  g ro u p  

o f  x in  Q to be Ig (x) :=  { 7  €  G | X7 =  x}

L e m m a  4 .17  [Is, p .82] Ig (x )  is a subgroup o f Q containing G.

To see how P {G , A) is em bedded in the character tab le  x (0 )  for Q = G  >3 A we need 

to  know when the induced character x G is irreducible. Then we have the ( x ,C ~l ) 

entry  of P  given by a  m ultiple of an  irreducible character of Q.

L e m m a  4 .18 [Is, p. 95] I f  x  is an irreducible represen ta tion  f o r G ,  then \ g is irre­

ducible i f  and only i f  Ig (x ) — G
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Since G is abelian, G  is isomorphic to  its character group G* by some isomorphism 

X *—► gx- Then there is a  stabilizer in A of x  if an(l only if there is a stabilizer in A of 

gx if and only if IC^J <  |A|.

Explicitly, S ta b \(x ) :=  {A € A | x X =  x }  is isomorphic to S ta b \(g \) .  Thus:

C orollary  4 .19  Let x  be an irreducible character o f G. Then x g is irreducible i f  and 

only i f \ C g x \ =  |A|

Next we consider w hat happens to the scheme C (G ,A) and m ore importantly, to 

its character table P (G , A) when we pass from G  to  the quotient group G / H .

Let H  < G  w ith A (H)  =  H.  (This is always the case when A is generated by 

numerical multipliers.) Then, since A acts on G,  A also acts on G / H  by A{gH) = 

A(g)H.  The condition A (H) = H  ensures th a t H  < G  x  A and th a t the map is well 

defined.

T h eo rem  4 .20  Let H  < G with A(H ) =  H . Let t) be the natural map 77 : G ► 

G / H .  Then a cyclotomic coset C  in C {G ,h) maps under 77 to a cyclotomic coset 

in C(G/H,  A) and the character table P ( G / H ,  A) is embedded in the character table 

P (G , A).

P roof: g and g' are in the same cyclotomic coset in C(G,A) if and  only if there is

a A € A with g' =  A(^). Then g'H  =  T j ( g ' )  =  v iMd))  =  A(<7) i /  =  A (gH)  so that g'H 

and  g H  are in the same cyclotomic coset in C ( G / H , A)

Since H  < G  , representations of G / H  are representations of G  th a t are trivial 

on H.  Thus the character table of P ( G / H , A) is embedded in the  character table of 

P (G , A) just as the group character table for G /H  is embedded in th e  group character 

tab le  for G. m
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E x a m p le  4 .21 For G  the cyclic group Z 15, H  =  Z 3 . and  A = <  x *—► x 2 > we have 

the character table
Co C:

Xo 1 4
Xi 1 - 1

Compare this to the character table in example 4-13 and its characters Xo and Xs 

which are both trivial on H  =  1 U C5

R e m a rk  Theorem 4-%0 can also be seen as a consequence of the embedding o f 

P(G,  H) in the character table of the semidirect product group Q since (G  >1 A ) / H  = 

{G/H)  x A

Also note th a t if H  < G  with A(H)  =  H,  the scheme C{H , A|h ) is a s u b sc h e m e  

of C(G,  A) : The relations are a subset of the relations TZi for the full scheme. The 

character table for th e  subscheme is also embedded in the character table of the full 

scheme.

E x a m p le  4 .22  Again consider example 4-13, and H  =  Z 5 =  1 U C3.

The character table P{Z$, A |//) is in the example ju s t  above. Compare to the result 

o f deleting the columns in example 4-13 corresponding to C 5 . C - 1 ,  and C \.

We will also need to  take direct products:

T h e o re m  4 .23  F o r G , K  abelian groups and A, T subgroups o f Aut{G) and A u t { K )  

respectively, the product scheme:

C{G , A) x C {K , T) is the scheme C{G x K , A x T).

The character table P {G  x K , A x T) of the product schem e is the Kronecker product 

P {G , A) <g> P{K,  T).
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P ro o f :  The direct p roduct of association schemes is an association scheme by

Proposition 2.9. For this particular product, the Kronecker p roducts of the adjacency 

m atrices Ai  from the scheme C(G,  A) with those from C(K.  T) a re  indexed by elements

of G  x K  grouped into o rb its formed by the autom orphism  group A x  T under the

action (A, 7 )((s, k)) =  (A(g), 'r(k)). m

E x a m p le  4.24 Let G  =  Z23 x Z89 = <  x, y \ x 23 = y 89 =  1 > .

A23 = <  a  | x  1—► x 2, y y  >, and 

Agg = <  a  | x  t—> x, y  1—> y 2 > .

We computed P23 =  P (Z 23, A23) in example ^ . 1 1 . and P89 =  P (Z 8g, A89) in exam ­

ple 4 -1 2 .

P (Z 23 x Z89, A23 x A89) is the 27 x 27 Kronecker product o f  these matrices.

P 39 11PS9 H P 89

p39 OiPsg a P 89

■f"89 « P 39 aPsg

We will work with th is  example again so we give the colum n labels explicitly. 

The colum n labels are o rb its of under the autom orphism  group A23 x  A89. T he 

vertical bars below show the  blocks from the Kronecker product. In terms of the m ap 

t  : y  1—► y 12 from example 4.12, these labels are:

1 V r ( y )  . . .  r 7(y)  | x  x y  r ( xy )  . . .  r 7( xy)  \ x ~ l x ~ l y  r ( x ~ l y)  . . .  r r ( x ~ l y)
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For the rest of this section we consider the effect of enlarging or shrinking the 

autom orphism  group A.

If A is a  subgroup of some larger subgroup T of Aut(G ), then the  scheme C(G.  T) 

can be thought of as “those elements of C{G. A) which satisfy fu rther restrictions 

imposed by the additional autom orphism s in r . ” In the difference set context. A might 

be the standard m ultiplier group, while T represents the inclusion of an  additional 

‘extraneous’ multiplier.

L e m m a  4 .25  I fT  < A. then C(G, A) is the result o f fusing classes from  C(G,T).

P ro o f :  This is just since G  (and G") sp lit into fewer orbits under the  larger auto­

m orphism  group A. ■ Such a scheme is called a fusion  sch em e .

R e m a r k  Here we are viewing C(G,  A) as a subalgebra o f "LG. In  the matrix ver­

sion o f the scheme, the fu sion  o f classes Ci and Cj is equivalent to summing the 

corresponding adjacency matrices A t and A j .

E x a m p le  4.26 Return to the situation o f  example 4-12 and let A ' be the product 

Aggx <  r A : y i—» y ~ l > . The nine Agg—cyclotomic cosets condense to five A '—cosets 

with the character table below. (W e have replaced Ti{(3) by Pi.)

1 C i C s Cg C 2 7

Xo 1 22 22 22 22
X i 1 P  +  P ~ l 0 \  +  0 l 1 02 +  02  1 03  +  03  1
X 3 1 0 i  +  p r l 02 +  02 1 03 +  03  1 P  +  0 - 1
X 9 1 02 +  02  1 03 +  03 1 0  +  0 ~ l 01 +  0 i 1
X 27 1 03 +  03  1 0  +  0 - 1 01 +  0 \ 1 02 +  02 1

We can get from P (Z 8g, Agg) to P {Z89, A') by summing columns corresponding to the 

fused  classes. (Also, note that since the automorphism y  hh► y ~ l is in  A' all entries in 

P  are real. )

49

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



In the example above, we moved from one autom orphism  group (A8g) to  a  larger 

one (A'). More often, for applications we do the opposite. We want to  build up 

schemes C(G,  A) from ‘smaller’ schemes C(Hi,  T,), and while we may have G  =  H\  x 

• • • x H s , the  automorphism group A we really need in the application is a proper 

subgroup of Ti x x Ts.

For T <  A the above lemma shows th a t  C(G,  T) is a refinement of C(G,  A), also 

known as a  fission schem e. A given cyclotomic coset C  from C(G,  A) splits into 

some num ber t ( C ) cyclotomic cosets in C(G,  T) We can com pute this number.

T h eo re m  4 .2 7  Let T <  A. Then the cyclotomic coset C  in C(G,  A) splits into t ( C ) 

cyclotom ic cosets C \ , .. .C t(C) o f equal size in C(G.F).  t (C)  =  [A : S tabA( a ) ] / [ r  : 

S tab r(a )]  fo r  any fixed a  G C .

P roof: C  is a  conjugacy class in the sem idirect product group G x A with size

\C\ =  [G x A : Stabc>iA(a)] =  [A : S tabA(a)] (since G acts trivially by conjugation 

on elem ents of G in G  x  A). Let C\ be the  orbit of a  under the subgroup T and let 

C \ . . . . C t be the orbit of C\  under A. Since these orbits C x are conjugate under A 

they all have the same size and so t(C)  =  \C \/\C \\ where |C i| =  [ r  : S tab r(o )]. ■

E x a m p le  4 .2 8  Returning to the context o f  example 4-24? let G  =  Z 03 x ^ 89- 

A =  A23 x A89 and now let T = <  7  : 7 (xy) =  (xy)'2 >. Then T <  A.

Consider the T —cyclotomic coset Cxy containing (xy).  The element x y  is stabilized 

only by the identity in both A and T so t (Cxy) =  l l 2/ 11 = 11 . This implies that the 

column labelled by C(Iy) in example 4-%4 w itl split into 11 columns whose sum  is the 

original column.

On the other hand, the element y is stabilized by A23 in  A and the identity in V 

so t (Cy) =  11/11 =  1 so this column will no t split.
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Continuing in  this way. we see that only the columns labelled by r l{ xy ) and 

r t ( x ~ 1y) will split (each in to  11 columns). The fin a l m atrix  P{G,T)  will thus have 

(16) (11) +  11 =  187 columns (and  187 rows.)

The isomorphism o f G w ith G* and the action o f  A  o f G* given in Lem m as 4-35 

and 4-15 give us a sim ilar splitting fo r  the rows o f P .

We will com pute this exam ple modulo a power of a  prime ideal in section 4.4.

4.3 Computations with P(G,  A)

In th is section we work out some properties of the  m atrix  P(G.  A) which are useful 

in com putations and com binatorial applications. T here are two m ain ideas in this 

section. F irst we consider a  situation  where the entries of P  are integral. Secondly 

we work out a  formula for th e  inverse of P.

In general, we expect the entries of P{G, A) to be in Z[(v] where v  is the exponent 

of the abelian group G,  since these entries are characters of G  applied to formal sums 

of elements of G. These entries, in fact, tu rn  out to  be integral modulo powers of 

certain  prime ideals in Z[£L,].

T h eorem  4 .29  Let v =  ex p (G).  Let p be a prim e not dividing v , and let n  be a 

prim e ideal lying above (p) in  Z[QV\ . Suppose A contains the automorphism a where 

<j(g) =  gp for all g €  G. Then entries in P(G , A) are integral modulo any positive 

power ofw.

P roof: Since every character x  m aps g to a  v th ro o t of unity, x(C t ) is a  sum of v th 

roots of unity, and this sum  is fixed by the m ap a . T his means each entry  Pij of P  

is fixed by o  acting on Z[Qv\ by Cu •—> C£- So p ^  is in the fixed ring of the subgroup 

of the  Galois group of Z[C„] th a t  fixes all prime ideals 7r dividing (p ) (and any power
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of those prime ideals). Therefore mod 7r*, py is actually in the subring Z /(pfc) of

D efin ition  4 .3 0  Let P^k denote the m atrix P  with entries taken modulo irk .

E xam p le 4.31 We compute the m atrix from  example 4-11 modulo 1r11, where tt is a 

prim e ideal over (2) in  1 \C,2s\- By Theorem 2.30, the ideal (2) factors into the prime 

ideals 7Ti7r2 in Z[C23] • W e  compute 7r =  7 ^  =  ( / ( G ) ?  2) where f ( x )  is the factor 

x 11 -+- x 10 +  x6 +  x° +  x 4 +  x 2 +  1 o f  ^ 23(-*-) mod 2 .

By Theorem 2.32, the ideal 7T11 is generated by ( / (11)(G)^ 2U) where / (11) is the 

hensel lift o f f  from  Z /(2 )  to Z /(2 U ).

We compute / (ll)(x) =  x 11 -t- 1559x10 +  1556x9 +  2044x8 486x7977x6 +  981x5

+493x4 +  4x3 + 1561x2 +  1558x +  2047. The element a  fro m  example 4-11 Is fixed by 

the map C23 *-* C%3 - Modulo 7T11, a  =  489 and a  =  —490 (both in  Z / ( 2n )). We get:

Co C — 1 Ci
Xo 1 11 11
Xi 1 489 -4 9 0

X-i 1 -4 9 0 489

Note that modulo 2 11, a  + a  = —1, and q q  =  6  as expected.

A similar com putation can be easily done for the m a trix  P (Z 89, A89) where 

Z89 = <  y > , and A8g = <  y y 2 >. The first fa ith fu l1 row o f P (Z$q, A8g) is:

[1 > 0 , P l i  0 2 , 0 3 , 04 , 05 , 0 6 , 07 ] =

[1, -5 4 4 , -1 1 1 ,3 2 3 , -161 ,91 , -6 2 0 , 84, 937]

The numbers a , a  and the 0i can now be substituted, in to  example 4-^4 to 9et the 

character table P7rii(Z (23x89), A23 x A89).
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One advantage of working modulo a  power of a prim e tt over (p) is th a t we may 

now do integer arithm etic (modulo pk). and avoid the  difficulties of working in Z[(v\. 

We will see applications for this in chapter 5.

The second key property of P(G, A) we consider is the invertibility of P  over 

where v  =  exp(G).  The proof is collected in a  few lemmas:

D e f in itio n  4.32 Let P  be the matrix P  with all entries replaced by their complex

conjugates.

L e m m a  4 .33 P  = M P  fo r  some permutation m atrix  M .

P ro o f :  Recall from chapter 2 that if <p is any irreducible character of the abelian

group G, then the character Tp{g) =  <p(g) is ano ther irreducible character. To get 

from P  to  P  we swap the  rows of P  corresponding to  and tp. m

E x a m p le  4.34 This is visible in all the character tables given so far.

Now we show th a t the automorphism group A groups the characters of G  into the 

m aximal common eigenspaces V  used in the definition of the m atrix P. The action 

of A on G* is determ ined by the action of A on characters of G in the group G x A .

L e m m a  4.35 Let A act on the character group G * o f G by x X(q) =  \ '( ^ _1(<7)) as in 

Lem m a 4-15. Then x  and x  are in the same A-orbit i f  and only i f  x  and x  have the

same eigenvalue on each adjacency matrix A  ofC(G,  A).

P ro o f :  Suppose there is a A in A such th a t x  =  Xx■ Then x(C ) =  x(A_1(C)) =

XA(C') =  x(C)  for all cyclotomic cosets C  in C. T hen x  and x  have the same eigen­

values on all the adjacency matrices of the scheme.
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On the other hand, suppose there is no such A. Define

xi := X] *A and := *A
A<EA A € A

Xi 7̂  Xi- Let g G G. T hen g £  C  for some cyclotomic coset C.

Xi(9 ) =  I > A(S ) = X x ( » - ' ( s ) )  =  |§ T X ( C )
A 6 A  A S A  ' '

x.(ff) =  E i ‘ (9) =  £ * < v ‘(s)) =  {Ajx(C)
A S A  A S A  ' '

Since x(C ) =  x(C ) f°r cyclotomic cosets C\ Xi(<7) =  Xi(^) f°r aU 9•. a contradiction. 

■

R e m a r k  The ‘tw ist’ x X(9 ) =  x ( ^ - 1(p)) was required for the relation (x Al)A2 =  XAlA2 

so that characters are in the same A-orbit in G* i f  and only i f  they are conjugate in 

Q under this action.

Recall from section 2.1 th a t  := dim Vi, the  dimension of the i th eigenspace Vu 

so th a t m, is the num ber of characters in the  i th eigenspace.

C o ro lla ry  4 .36  There is a permutation o f the list m i so that m i = \Ci\.

P ro o f :  Lemma 4.35 gives a  mapping of the  C* to  the eigenspaces Vi m

C o ro lla ry  4 .37  Let D y  be the diagonal m atrix  with i tlx entry mi and let D  be the 

diagonal matrix with i th en try \Ci\.

Then P TD y P  = \ G \ D

P ro o f :  Apply the Second O rthogonality Relation (Theorem 2.8) to  C(G,  A) with

ki = \Ci\. m
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C orollary 4 .3 8  There are permutation m atrices M  and M  so that 

P TM D M P  = \G \D

Proof: Corollary 4.36 implies tha t there is a  perm utation m atrix  M  such th a t

D y  =  M D  m

C orollary 4 .3 9  P  is invertible overC  with inverse j ^ D ~ lP TM D M .

Proof: D  is a  diagonal m atrix  with non-zero entries. ■

R em ark Taking determ inants in the form ula  P TM D M P  =  \G\D. we see that the 

only denom inator required to find the inverse o f P  is |G |. In key applications we work 

with the m atrix  P  modulo ideals above a prim e not dividing |G |. In those cases P  

remains invertible.

4.4 Special Cases and Some Character Tables

In this section we discuss the com putation of the  m atrix  P(G,  A) in some special 

circumstances. We begin w ith the extrem al cases for A.

Lem m a 4 .4 0  I f  A contains only the identity  automorphism, then P{G,  A) =  y(G ): 

the group character table fo r  G.

Proof: Just use th e  construction in section 4.1. All orbits under A consist of single

elements of G. m

Lem m a 4 .41  / /  A =  A u t(G ) then P{G, A) has integer entries.

Proof: Let v =  exp(G).  Then for A  G 'LG and \  any irreducible character of G,

y(A) £ Z[C„]. O n th e  o ther hand, if A  is fixed by A then y(A) is fixed by every 

element of G alqiQiCv)). Therefore, y(A) €  L[QV} f lQ  =  Z. ■
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Example 4.42 A n  easy example here is:

1 C x
Xo 1 22

X i 1 - 1

which is a fusion scheme o f the scheme in example 4-11.

The next examples relate to the special case of a  cyclotomic association scheme 

of class e on G F ( q ) as defined by [BM] and others.

The definition and the first case (for q prim e) was given in section 4.1. The 

cyclotomic association scheme of class e of GF(p)  is C(ZP, A) where A is generated 

by the autom orphism  corresponding to m ultiplication by the elh power of a  primitive 

element of GF(p) .

In this case the character table has a particularly  nice form. Bannai and Mune- 

m asa give the following theorem  (restated in term s of C(G,  A)):

T h e o re m  4 .43  [BM] I f  G  =  Zv and A is the subgroup o f Aut (Zp) o f index e (and  

size f  — (p — l ) /e ) ,  then the character table o f the scheme is

P(G,  A) =

(  1 / / • • • /  \
1

Po
1

Po is an e x e circulant m atrix called the p r in c ip a l  p a r t  of P  with first row 

[Voi Vi, ■ • ■ — i]• The T]i are ‘Gaussian periods’ defined by the equation:

\ /

V i=  x w
0e<ae>al~l

fo r  \  an irreducible character o f Z p.

R e m a rk  Let A u t ( Z p) =  A x T. T must be cyclic, generated by some 7 , so we can 

write ^  = Y ( p 0)
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Example 4.44 The character tables in examples 4-11 and 4-1% both have this form .

In the more general case:

P ro p o sitio n  4 .45  Let p  be prim e and q =  pl . Let a  be a prim itive element ofGF(q)  

and let A be the autom orphism  o f the additive structure o f GF(q )  given by x  i—> x a e. 

Let A = <  A > . Then the cyclotomic association scheme o f class e on GF(q) is

c (z ; , a ).

Proof: Since the additive structure of GF{q)  is isomorphic to  Z lp, multiplication by 

a e gives an autom orphism  r  of order /  =  (p£ — l) /e .  A is the  subgroup of A u t(Z p) 

generated by r .  This gives the correspondance between cosets of <  a e > in GF{q)  

and orbits of A on Z p. The subgroup coset <  a e > a 1 in GF{q)  corresponds to  the 

cyclotomic coset generated by a 1 under A in C(Zp. A). ■

Bannai and M unem asa give a  nice connection between the charac ter tables of class 

e on GF(q)  and on G F ( q s):

T heorem  4 .46  [BM] The character table fo r  the cyclotomic association scheme of 

class e on GF{qs) is
(  1 \

1

: h
V 1

with principal part Po = ( — l ) s~lPq . where Pq is the principal paid o f the character 

table of class e on G F ( q ) (and f  =  (qs — l) /e ) .

E xam ple 4 .4 7  Example 4 -H  is a cyclotomic scheme o f order 11 on G F {23). Now 

let G  =  Z| 3 and A = <  A : A(a, b) =  (—3a +  6, —5a +  26) >  . I t  is easy to check that 

A has order 48 as an automorphism  o f G so C(G,A)  is the cyclotom ic association
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scheme o f class e =  11 on G F {232) with character table:

/ I  48 48 \
[ 1 - 1 1  12 I 
\  1 12 - 1 1  /

Comparing the principal part o f this matrix with the principal part o f  the m atrix in  

example f . l l  and using the relations a a  =  6 and a  + a  = —I.we note:

as in the theorem above.

Now we pu t the m achinery of th is chapter to work to  finish building the character 

table P(G, A) modulo 7ru  where G  is the cyclic group of order v  =  2 11 — 1 

generated by 2 , A is the  autom orphism  group <  a  : cr(z) = z 1 > , and  n  is a prime 

ideal over (2)’ in Z[C„].

We com puted in previous examples the character table 

P  = P{Z(23x89), A23 X A89) m odulo 7TU where tt =  ( / ( C2047), 2).

Here we collect the relevant notation:

G  =  Z(23x89) =< X ,y  : x 23 = y 8g =  1, 2 =  xy  =  y x  >

A23 = <  x  y—> x 2, y 1—> y  >

Ag9 = <  x  t—> x, y  h-> y 2 >

A u t(Z 23) =  A23 x A w here A = <  x  »—► x -1 > . A23 has order 11 and  A  has order 2. 

Aut(Z%f) =  A89 x T where T = <  r  : y y 12 > , Agg has order 11 and  r  has order 8.

In example 4.24, we com puted the column labels of P  in term s of r:

1 y  r { y )  . . .  r 7 ( y )  \ x  x y  r ( x y )  . . .  r 7(xy)  \ x ~ l x ~ l y r ( x ~ 1y)  . . .  r 7( x ~ l y)

The 16 cyclotomic cosets given by r l(xy)  and r l (x~ly) each split (as in example 4.28) 

into 11 cyclotomic cosets under A. These 11 cyclotomic cosets are in all cases cyclically
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perm uted by the autom orphism  7  : (xy)  » (x y )1428. (The rem aining cosets do not 

split.) The rows of P  have labels similar to  those of the columns, split in the same 

way and are also perm uted in the  same way by the  automorphisms r, 7 , and  1  w  r 1. 

(To see this, replace x  by * x : (x  >-*• £23, y *-* 1) and y  by x v ■ (x *-* 1, V Csg)-)

In practice, we compute an  entire row of P  mod 7T11 and use the autom orphism s 

7 , r , and x  1—► x -1  to  com pute the remaining rows. Here as an illustration, we give 

the first row of the  circulant 11 x 11 m atrix corresponding to the (xy)  colum n and 

XxXy row of P  to  be:

[143,517,916,1005, 300, -3 7 5 , 496, 347, 779,117, 75],

The row sum of th is  m atrix is (489)(—544) m od 2U as expected.
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5 The C yclo tom ic Schem e in th e  C om binatorial 
C on text

Returning to  the topic of chapter 3, suppose our goal is to  study group ring elements 

like difference sets with certain specified com binatorial properties. Now we may use 

the tools from a cyclotomic coset association scheme. Further, we change emphasis 

and s ta rt by form ulating desired properties algebraically. Then we work back to group 

ring elements, and finally to  subsets of G.

in section 5.1 we define the  spectrum  of an elem ent A of a cyclotomic coset scheme. 

This spectrum  will be a vector w ith  coordinates in a number ring R,  and carry all 

the character inform ation necessary to determ ine A. In section 5.2 we translate 

the methods from chapter 3 into the association scheme framework and see th a t 

none of the s tandard  techniques are lost. In  particular, the m ultiplier group of a 

difference set is built in from the very outset, group homomorphic image techniques 

have their analogues, and all the character inform ation is available. We also see from 

the translation of No’s theorem  th a t  the overlying field in some constructions is not 

essential. In section 5.3 we show how working m odulo tt1 for some prim e ideal ir of R  

can help resolve some of the conflicts caused by using algebraic techniques to study 

sets. We show th a t  if two sets have the same representations modulo 7r they are, in 

fact the same set.

Finally, in section 4, we resta te  conjectures from chapter 3 in the cyclotomic coset 

scheme context. T he factorization underlying the Gordon Mills Welch construction 

has a  very satisfying theory mod 7r. We will give an  algorithm to find all factors 

of a given subset of a cyclotomic coset association scheme into sets. An additional 

advantage is th a t this algorithm  completely avoids the difficulties associated with 

working in the num ber ring.
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5.1 Spectrum

In th is section we define the spectrum  «S(.<4) for any element of th e  cyclotomic coset 

scheme C{G,h) .  We will view C(G,  A) as a  subalebra of ZG.  In th is case, scheme 

elements are Z-linear combinations of the  cyclotomic cosets of C.

Let A  6 C(G,  A) and let x  and x  be irreducible characters o f G.  We saw in 

lem m a 4.35 th a t x ( A )  = x(A)  whenever x  and X are in the same A-orbit. Hence the 

set {x(-<4)} where x  runs over all the orbit representatives of G* under A is a complete 

set of irreducible characters of the group ring element A.

By the inversion formula (Corollary 2.13), the original group ring element A  is 

recoverable from this set of data.

Given an element A  of the scheme, let A  be the characteristic vector of A  under 

the same labelling as th a t used in the character tab le  P  of C, so th a t  A  gives the 

coefficients of the cosets C, for A. Then if we replace A  by its characteristic vector the 

m atrix  product P  • A  gives this com plete set of irreducible characters as an ordered 

list in vector form.

D e f in itio n  5.1 The e x a c t  s p e c t ru m  «S(A) (relative to the m atrix P )  o f A is defined 

to be the vector P A

E x a m p le  5.2 The exact spectrum o f any cyclotomic coset Cg is the column o f P  

labelled by Cg.

In corollary 4.39 we saw th a t th e  m atrix  P  is invertible over C  so the element 

A  is recoverable from its exact spectrum  by m atrix  m ultiplication. This essentially 

restates the inversion formula in m atrix  form, so we view P  as a  transition  m atrix 

between group ring elements fixed by A and their set of values on all the  irreducible 

characters of G.

61

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



It is useful to  divide the exact spectrum  of a group ring element into two parts: 

the  faithful and the non-faithful.

Recall th a t a group character \  ° f  G  is f a i th fu l  if x(<?) =  x ( l)  implies that g =  1. 

Since A(l) =  1 for all A € A, faithful characters are mapped to  faithful characters 

under the action of A on characters of G. Therefore the m atrix P  can be divided into 

rows labelled by faithful characters (the faithful part PF of P ) and  rows labelled by 

non-faithful characters (the non-faithful p a rt P c  of P ).

This means th a t the spectrum  of any element of the scheme can also be divided 

into two pieces: the faithful p art S F and th e  non-faithful part Sc-

The main reason we make this distinction is th a t we can com pute th e  non-faithful 

p art S c  (A) of the spectrum  of A  corresponding to  a subgroup H  fixed by A from 

knowledge of its homomorphic image into G / H .  This is formalized in the lemma 

below. The condition A(H) = H  is satisfied whenever A is generated by numerical 

multipliers. On the other hand, homomorphic image information tells us nothing 

about the faithful part of the spectrum .

L e m m a  5 .3  I f  H  < G with A (H )  =  H , then the non-faithful portion o f the spec­

trum  corresponding to H  can be computed entirely within the homomorphic image 

C(G/H,  A).

Proof: Suppose 7  is an entry in Sc{A) .  T hen  7  =  x (^ ) where x is some non-faithful 

character of G.  Since x  is non-faithful, it is triv ial on some subgroup H  of G. If the 

subgroup H  satisfies A (H)  =  H  we can apply Theorem  4 .2 0 . Let 77 m ap G  1—► G / H  

in the usual way. Then x (-A )  =  x l 7? ^ ) ) -  Note particularly  that 77(A) is in the smaller 

scheme C(G/H,  A). ■

A primary use of the exact spectrum  is to  examine algebraic properties of a group
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ring object A  in an organized way. We consider some properties which can be checked 

using the exact spectrum  below.

G roup ring eq u ation : Since group characters extend to  group ring homomor- 

phisms, when we apply an  irreducible complex character ip of G  to  equations such as 

(3.3) and (3.5) we ob ta in  a  condition on the C- norm  of the image of the group ring 

object. For example, the  difference set equation (3.3) becomes

=  v ( D M D )  =  n  +  A(p(G)) =  n

(when p  is not the triv ial character). Given an exact spectrum  S  we can easily 

compute the C-norm  of all its entries. This means th a t if D  is a  A;-set. then D is a 

(v, k, A)- difference set if and only if a a  =  n  for all entries a  in the spectrum.

E quivalence: Recall th a t a  difference set D  is defined to be equivalent to  a set D 

if D = g ■ t (D)  where r  is an automorphism of G,  and g 6  G.  These equivalence 

relations are more easily recognized in the exact spectrum  «S(D) th an  in the original 

group ring context.

In particular, if r  is an automorphism of G, then  r  perm utes the cyclotomic cosets 

of G  as well as the orb it classes in G*. In this case, the ordered entries of P (r(D ))  

will be the corresponding perm utation of the entries of <S =  P D . Further, since we 

are considering only elements of the group ring fixed by the autom orphism  group A, 

shifts gD  of G  are irrelevant.

A d d ition a l sy m m etry : An element A  of C(G, A) may be fixed by automorphisms 

outside the (multiplier) group A. This symmetry will be reflected in the fact tha t A  

is an element of the fusion scheme C(G, T) where A is a subgroup of T.

Striking examples of this are the Payley difference sets described in chapter 3 

which are known to  have a large multiplier group. Here we give the general theorem
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for N th-power residue difference sets due to Lehmer:

T h e o re m  5 .4  (  [Bau, p. 125])

The N th power residues themselves are (the only) multipliers o f a non-trivial N th 

power residue difference set.

This means th a t in the case of a  Payley difference set D  (where N  =  2 and G  is 

the cyclic group of prime order 4 n  — 1), D  is fixed by every autom orphism  in A ut(G )  

except the map x  >—> x ~ l .

Thus the non-trivial spectrum  of a Payley difference set is two-valued, visibly 

reflecting this symmetry.

The second (and perhaps m ore interesting) major use for the spectrum  is to  en­

code partial algebraic inform ation about a desired element of C and then use P ~ l 

to  examine the set of elements in C having this property. We will have more to  say

about this in the last two sections of this chapter.

Finally, it is im portant to  stress th a t the exact spectrum  of an element A  as a 

vector over Z[(v] uniquely determ ines an  element in the group ring. Under certain  

conditions we will see th a t much less information is needed.

5.2 Established Techniques Revisited in C

We now reconsider the basic techniques for the study of abelian difference sets dis­

cussed in section 3.2, using the m achinery we have built up: namely the cyclotomic 

coset scheme and th e  spectrum .

The first thing to  note (and a  key point) is that the association scheme builds in 

the multiplier of a  difference set. O nly sets fixed by A come under consideration, and  

character values in Z[QV\ are also fixed by A (viewed as a  subgroup of Ga/<o>(Q[Cu])-) 

This actually forces the character values into a  smaller num ber ring th an  Z[QV\.
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The lowest level technique for studying difference sets m entioned in section 3.2 

was the brute force m ethod  in which one searches am ong subsets o f G  for (all) those 

w ith the required com binatorial property. The analog of bru te force from the  spectral 

point of view is to  search among P ~ lS  over (all) possible exact spec tra  S  with the 

required algebraic properties (eg. C - norms) for group ring elem ents corresponding 

to  sets. This tu rns th e  problem into one of linear algebra over a  num ber ring. We 

give a small exam ple to  illustrate this.

E x a m p le  5 .5  Let G  =  Z5, A5 = <  x- ►—> x 1 > . Suppose we seek all multisets A  in 

C(G,  A5) satisfying the group ring equation =  4 +  12G (an example o f the dif­

ference list equation( 3.16)). The character table P ( Z s ,  A5) appears in  example 4-21. 

Since A  is integral, so are Xo(-d) and Xi (A) .  Xo(-4) =  \A  +  12(5) =  8 (since y0 

m ust be positive), and  Xi(^4) =  ± \ /4  =  ± 2 . Computing  A  =  P ~ XS ( A )  we see that A  

is integral i f  and only i f  Xi (A)  = —2 so we have the unique solution A  =  2(x +  x2).

The group hom om orphic image approach described in chapter 3 translates very 

well into the cyclotomic coset scheme. Recall in th a t approach, one first computes all 

possible images r { D )  of a difference set D  with given param eters into the quotient 

group G / H  for all norm al subgroups H  of G.  One then a ttem pts  to  lift these solutions 

to  a  solution of the difference set equation in ZG.

The hardest p art o f th is approach is in the lifting. If there  are several homomorphic 

images any lift m ust be compatible with all the images simultaneously.

In the cyclotomic coset scheme context, we first solve the hom om orphic image 

equation t(£ )) t(Z )(-1)) =  n  +  A( r ( G) )  in the  (smaller) schemes C ( G / H ,  A) for all 

H  <  G  which satisfy A { H)  = H.  By Lemma 5.3 each such homomorphic image fills 

in the portion of the  non-faithful spectrum  of D  in C{ G,  A) corresponding to  G / H .

65

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



If A is generated by a numerical m ultiplier then the condition A (H ) — H is  satisfied 

for all H  < G  and so the entire non-faithful spectrum can be generated in this way.

E x a m p le  5 .6  Let D  be a (15,8,4) cyclic difference set. D  has multiplier group A15 

generated by the map x  >—+ x 2 by example 3.15. This means D  is in  A15) with

character table given in example 4-13.

S(D) =  [xo(£>),Xs(Z)) ,X3(£') ,x i(0) ,x - i (£>)]r -

In the example ju s t above we found  Xo =  8 and X3 =  —2. Similarly we can find  

Xs =  2. This fills in  the non- fa ith fu l portion o fS (D ).

The spectral d a ta  generated from  group homomorphic images can be used with 

linear algebra to  avoid the bookkeeping problems associated w ith keeping track of the 

intersections of the pre-images of th e  solutions for each H  < G.

Note th a t the faithful spectrum  carries all the inform ation th a t is inaccessible 

from group homomorphic images. In  the example above, \ \ { D )  and cannot

be com puted using group homomorphic images.

The next technique from section 3.2 (and perhaps the most general and powerful) 

is the application of group representations. This is exactly the point of the spectrum. 

The spectrum  displays all the relevant character inform ation simultaneously, and 

turns com putations such as character inversion into linear algebra.

Gaal and Golom b’s search for (1023, 512, 256) -cyclic difference sets was described 

in section 3.2. A fter finding all possible homomorphic images, (in our context, the 

non-faithful spectrum ), the size of the resulting search space forced them  to use 

additional character information. T heir discrete Fourier transform  (equation 3.20), 

is really the evaluation of a  faithful character of the cyclic group < x  > applied to  

the group ring element ^ a jX 1. T his is a single entry in the (faithful) spectrum of
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^2 diX1. We can compute th is  transform  by tak ing  the dot-product of a  single row of 

the character table P  w ith the  characteristic vector A  of each case y )  a tx ‘.

G aal and Golomb evaluated the C-norm of their discrete Fourier transform s using 

floating point com putation w ith tolerance. But floating point com putation  can be 

slow. Section 5.4 shows how to  replace it in this instance with com putation  modulo 

pe. Moreover, e may be chosen interactively to  reduce the num ber of extraneous 

solutions produced.

Next we address constructions involving the  tower of finite fields 

K n :=  G F (q n) C K  :=  G F (q)  C :=  G F(p)

where p is prime and q =  p e.

In section 3.2 we described the technique of realizing the cyclic group Z v as a 

quotient group K * /K * when v = (qn — 1 )/{q — 1). In the field context, one then 

uses well known properties of the trace map (and  generalizations of the trace map) 

to  construct difference sets. The trace m ap can be computed in the scheme.

The m atrix P (Z V, < x  x p >) taken m odulo any prime ideal tt over (p) does 

give the (absolute) trace of elements of K n as we will see below, b u t only of those 

elements belonging to the subgroup Zv of K *.

We can, however, retrieve the complete trace m ap from K n to K  in this context 

if we move to the larger scheme C(ZV>, A') where v' = qn — 1 and A' is the subgroup 

of A u t{Z v>) generated by th e  m ap x  i—> x q.

T h eo rem  5.7 Let A = <  a  \ <r(x) = x q > be a subgroup o f A u t(Z v>) fo r  q = pe and 

v' =  qn — 1 . Let x  be a fa ith fu l representation o f  Z v> Fix (3 € G F (qn)*. Then

= ]£ | (^ )(* C )
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where C is the cyclotomic coset in C containing the image o f [3 under the correspon- 

dance GF(q)* =  Z v>.

P ro o f: The faithful representation x  ° f  Z v> m aps the generator x  of Z v- to some

C satisfying £v' — 1 =  0. The prime ideal tt is ( / ( C ) ,  p) where /  is a  (primitive) 

irreducible polynom ial of degree e x n  over G F (p). Let a  be a  roo t of f ( x )  mod p. 

W ithout loss of generality, we may let G F (qn)* = <  a  >. Then (3 =  a 1.

Let Zv> =< x  > so that x v' — 1 =  0. Let C  be the cyclotomic coset containing x l , 

and let k be the  order of a  on the subgroup of Z v- generated by x l so th a t (x l)qk =  x l . 

Then we have C  =  x l +  (xl)q +  . . .  +  (xl)qk~l . (Note th a t \C\ divides n.)

Computed m odulo 7r, x(C) =  a 1 4 - (a ‘)q +  . . .  +  (a l)qk~l =  (Pn)(X,c)- 

On the other hand , tr qn (a1) = a 1 + a iq +  . . .  +  a iqn This implies 

t r f  =  * (a ‘ +<&  + . . . +  a 'qk- 1) =  ^  • ( P .) (x,c) ■

We will discuss more applications for the  m atrix  P  taken m odulo tt in the next

section.

Next we tran sla te  the recent theorem by No described in chapter 3 into the context 

of C(ZV, A) for v  =  (qn — 1 )/(q  — 1). This transla tion  will imply th a t  the  larger field 

context is not essential to the constructions.

So let v  =  (qn — 1 )/{q  — 1), and let K n =  G F {qn), as above. Let /C* = <  2 > .

Then we have <  > =  K* (and < zp~l > =  Z v as a  subgroup of K*).

This gives us a cannonical representation of th e  elements in K * /K *: 

z 1 =  zjv+k = zjv z k for 0  <  k < v — 1, and 0  <  j  < q — 2 .

We take the set of z k as (cannonical) coset representatives of K * /K * .

L e m m a  5 .8  d-homogeneous functions f  : K n —> K  correspond to functions  

f : Z v -» K .
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P roof: Let /  : K n —► K  be d-homogeneous, and  write f ( z l) =  f ( z :’vz k) =  zjvdf ( z k). 

Define f  : Z v —> K  by f { z k) =  f ( z k). Similarly, given f  : Z v —> K  and  any natural 

num ber d, we can extend  /  to /  by defining f ( z jvz k ) = zjvdj ( z k). m

D efin itio n  5 .9  A  function  f  : Z v —> K  is v-b alan ced  i f

( q - l ) \ f - l (0 )\ = \ f - 1 ( K ' ) \ - l .

L em m a 5 .10  /  : K n —► K  is d-homogeneous and balanced i f  and only i f  its restric­

tion f  is v-balanced.

P roof: Since /  is d- homogeneous, f ( z l ) =  f { z jvz k) = zjvdf ( z k ) =  f { z k ).

This means th a t f ( z ' )  = 0 if and only if f ( z k) =  0. In this case, 

i / _1(°)l =  \ f ~ l (0 )\(q -  1), since 0 <  j  < q -  2 .

Now fix a  G K * . Then z^v+k e  / -1 (Q) if and  only if zjvdf { z k) =  a . Since 

zjvd e  K*. this happens if and only if f { z k ) =  (a ) ( z jvd). This is if and  only if f { z k) ^ 0  

and  f { z k) 7  ̂ 0 if an d  only if zk €  f ~ l (K*).  So | / - 1(a ) | =  \ f ~ l (K*)\.  T hen  since /  is 

balanced, the condition | / _1(0)| =  | / _ 1(a;)| —1 forces (q— 1 ) | / - 1(0)| =  \ f ~ l ( K ’ )\ — 1. 

■

D efin itio n  5 .11  Let Zv = <  x >. A fu n c tio n  f  : Z v —> K  is u-d ifferen ce balanced

i f  gT{xl) '•= f ( x l+T) — f { x l) is v-balanced fo r  all r  with 1 <  r  <  v — 1.

L em m a 5.12  A fu n c tio n  f  : K n —> K  is d-homogeneous and difference balanced i f  

and only i f  the corresponding f  is v-difference balanced.

P roof: Fix r  and  i. Then pT(xl) =  f ( x 1+T) — f { x l) =  x^vd[f (xk+T) — f ( x k )] So gT is 

d-homogeneous and  difference balanced if and  only if gT is v-difference balanced. ■

Putting  all th is together we get a  tran sla tio n  of No’s Theorem:
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T h eo rem  5.13 [No]

Let v  =  (qn — 1 ) / (q — 1), and K  = GF(q).  I f  f  is a v-difference balanced function 

from  Z v to K , then the set D  =  {t | f { x l) = 0 ,  0 < t < u — 1} 

is a cyclic difference set with the classical parameters (3.23 ).

In his paper, No uses the trace  function as the prototypical d-homogeneous 

difference- balanced function. (The kernel of the trace m ap gives the Singer dif­

ference sets.) He then uses various twists and sums of trace  maps to  write other 

d-homogeneous difference balanced functions and therefore some new difference sets.

The translation of his theorem  into the cyclotomic coset scheme for the cyclic 

group Z v implies th a t the use o f the field GF(qn) is not nessesarily essential to the 

construction.

R em ark  A method to construct a v —difference balanced function  fo r  any cyclic 

difference set with the classical parameters would give a unified construction fo r  these 

difference sets.

5.3 P(G,  A) and Sets

In this section we retu rn  to  the issues raised in section 3.3, now viewing them  in terms 

of the cyclotomic coset association scheme C. In the next section we will apply results 

from this section to  the questions raised in section 3.4.

We begin by considering conditions on the exact spectrum  of an element of 

C(G,  A) th a t we can use to  reduce the amount of spectral inform ation needed to 

uniquely determine scheme elements.

The idea is this: Suppose we are given some vector A  =  (q i, Q'2, • • • , a s)T with 

q , G Z[Cu] . (s  is the number of cyclotomic cosets in the scheme). We want to answer 

the question: W hen is A  a  spectrum  of some (integral) A  G C{G , A)?
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The easiest statem ent is th a t  A  is a  spectrum  if and only if A  is in the Z- column 

span of P (G , A).

We can push this a little  further in some cases. F irs t, suppose A contains an 

autom orphism  a  which corresponds to  a  numerical m ultiplier a(g) = gl for all g. 

Then character values m ust also be fixed by a. Thus:

P r o p o s itio n  5 .1 4  Let A  G C(G,  A). I f  the map g g l €  A, then all entries a t in  

the spectrum o f A  m ust be fixed by the map Qv in Z[CV]

Now, let G = <  x  >  be cyclic and let 7  G A ut(G ). T hen  7  must m ap n - > x ‘ for 

some i and 7  acts on Z[QV\ in the same way: 7 (Cu) =  Q- Thus, 7  also permutes the 

rows of the m atrix  P. Let the  action on the rows be described by the equation

If A  is a  spectrum , then  7  must act on A  exactly as it acts on the rows of P. 

Specifically:

D e fin itio n  5.15 Let G be cyclic. A  =  ( 0 7 ,  Q2> • • ■ 1 &S)T £  (^[Cu])s satisfies the sp in  

co n d itio n  (relative to P )  i f  and only i f  7 ( 0 ; )  =  a-y(i) fo r  all 7  G Aut{G ).

L em m a 5.16 Let G be cyclic and let A  =  ( 0 7 ,  Q 2 , . . .  , o s)T £  (^[G ])s • I f A  is the 

spectrum o f an integral elem ent o f C(G, A) fo r  a cyclic group G. then A  must satisfy  

the spin condition relative to P .

P roof: If A  is a  spectrum  then A  =  P A  where A  is an  integral vector. Then 7  acts

on P A  exactly as it does on P , so A  m ust satisfy the spin condition. ■

R e m a r k  The lemm a above is not an ‘i f  and only i f  ’ condition since the formula fo r  

P ~ l also involves inverting  |G |. The point o f the lem m a is that we can recover an
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(integral) element A ofC  fro m  m inim al information about its complex representations 

together with the spin condition.

E x a m p le  5.17 As an illustration, let G = Z$g and consider the m atrix P  given 

in  example j . l l ■ The exact spectrum o f an elem ent o f C(Zgg,  A$g) contains nine  

character values. We can reconstruct an (integral) elem ent o f the associated scheme 

with ju s t  two: one from  each orbit o f  T on rows o f P .

There is a second way to  address integrality questions. This technique avoids the 

difficulties of working in Z[C„], a t the expense of introducing extraneous solutions to 

equations such as (3.3). T he idea is to  use Theorem 4.29 (on th e  integrality of PKt), 

and  work modulo 7r£ for an  appropriate  prime ideal tt in Z [(v\ ■

W e  need to make two additional definitions regarding the  spectrum  of an element 

in C.  As in Theorem 4.29 in w hat follows let v — exp(G),  let p be a  prime not 

dividing v, and suppose A contains the pth power m ap a(g)  =  gp.

In section 5.1 we defined th e  spectrum  S ( D ) of an  elem ent D  E C(G,  A) to  be 

S ( D )  =  P  • D. Just as in Theorem  4.29, if we take any character value of D  in S ( D )  

m odulo 7r£ for any prime ideal t t  above p  in Z[C„], the result is an  integer modulo p l . 

This is easily computed for all characters at once by the  m atrix  com putation P ^ D .

D e fin it io n  5.18 The m o d  7rl sp e c tru m  S^t^D)  o f  D  is defined to be 

: =  P ^ t D .

D e fin it io n  5.19 Given P^tD, replace each entry o f the m od  7r£ spectrum S nt(D) by 

its valuation ovenr (as an en try  between 0 andt) .  The result is the valuation  v ec to r  

uv t ( D ) .

We m ust note here th a t th e  valuation of some character values of D over 7r in Z[(v] 

m ay in fact be greater th an  t ,  b u t we will be working only m odulo tt1.
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The mod 7r£ spectrum  makes it easy to  prove the statem ent below: one of the few 

tools we have that combines algebra w ith integrality (aj 6  Z) and  bounded coefficients 

(set-ness if the bound is 0 <  a* <  1).

T h eo rem  5.20 Let v =  exp(G),  let p be a prime not dividing v, and let t be an 

integer with p£ > M . Let A contain the map a  : g i—► gp for all g E G  . Then 

any element o f the Z-schem e C(G, A) with coefficients bounded by 0 <  a* < M  is 

completely determined by its mod tt£ spectrum.

P roof: The formula in chapter 4 implies th a t the inverse of P  exists m od tt1

whenever p  does not divide |G |. Let D  E C w ith coefficients 0 <  a* <  p£ — 1.

Then ( D  mod p£ ) = D. Let o denotes the  m atrix  product m odulo p£. Since D  has 

integral coefficients, D  mod pl =  D mod it1 = P~tl o (Snt(D))  a

C orollary  5.21 Let C satisfy the conditions in Theorem 5.20. Then any set in C 

is completely determined by its mod tt spectrum. I f  p =  2 each mod tt spectrum  

corresponds to exactly one set. In particular, difference sets are determined by their 

mod tt spectra.

R em ark  The case p  =  2 is an important special case o f the classical parameters, in 

particular, it is the case fo r  Dillon’s conjecture.

C orollary  5.22 Let C satisfy the conditions in Theorem 5.20 fo r  p = 2. Then i f  D \ 

and D 2 are sets in C with uk (Di)  =  u ^ D f )  fo r  all primes tt over (p) then D \ =  D 2. 

Hence, any set is determined by its valuation vector D ).

C orollary  5.23 Let C satisfy the conditions in  Theorem 5.20 fo r  p = 2. I f  D  is a set 

in C with the faithful portion o f v-n(D) =  0 mod n  then D  is completely determined  

by its valuations mod tt on the non-faithful representations.
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There are m any advantages of working m odulo tt1. One is th a t  we can avoid the 

problems associated w ith solving 8 8  =  n  in the number ring Z[C„]. It is easy to write 

down all solutions to  8 8  =  n  modulo tt‘ since 8  and  8  are integers m od tt£, and as long 

as we are looking for sets we will not lose any solutions. The downside is that we will 

introduce extraneous solutions which are not Z-solutions, but solutions only modulo 

p l. Finding these solutions is easier though, because the m atrix  Pvt is also an integer 

m atrix w ith an integral inverse whenever gcd(\G\,p) = 1.

We will apply th e  ideas from this section in the next:

5.4 Problems Revisited

In this section we re tu rn  to  the open questions mentioned in ch ap te r 3 and examine 

them in the context of the cyclotomic coset association scheme.

The conjecture of Dillon (Conjecture 3.32) can be re-stated in the context of the 

scheme C(G,  A) where G  is the cyclic group Z v —< x  >, v =  2£ — 1. and where A is 

the multiplier group <  cr : x  •—* x 2 > given by Theorem 3.14 for (2d — 1. 2d_1, 2d~2) 

difference sets.

The conjecture ( 3.32) is th a t there is no (2£ — 1, 2£_1, 2£_2) difference set D  such 

that ip{D) =  0 m od tt for every faithful representation of Z v (and any fixed prime 

tt over (2) in Z[Cu])-

We can choose D  from its equivalence class so th a t cr(D) =  D.  Then a counter­

example to  Dillon’s conjecture would be an element D  of the scheme C whose mod tt 

spectrum  S n(D)  is 0 on all faithful representations ip of C. Note th a t since p =  2 and 

S V(D) is integral, for this case S n(D) is a  (0, l)-vector.

Dillon’s conjecture has been verified for all values of t from 3 to  10 by exhaustive 

enumeration. (The case t = 8 was done by Cheng [Ch] in 1986, t = 9 was done 

by Smith [DS] and also Bacher [Bac] in 1994, and the case t =  10 by Gaal and
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Golomb [GG] in 2000.)

E xam ple 5 .2 4  Consider t =  5. There are only two equivalence classes o f {31,16 .8)

difference sets, Singer and Payley (cf. (Pott, p.92(). The spectrum  o f these difference

sets have one non-faithful character (the trivial character) and six  faithful characters. 

Their mod 7r spectra are:

Singer : [ 0  1 0 0 0 0 0 ]
Payley : [ 0 1 0 1 0 1 0 ]

Neither spectrum is 0 on all the faithfuls. (Note also the extra sym m etry in the Payley

spectrum.)

Since Dillon’s conjecture is concerned w ith elements having faithful character val­

ues congruent to  0 mod n, a  counter- example must be in the  m od 2 kernel of the 

idempotent ep of Definition 2.15. We com pute this idem potent m od 2:

D efin ition  5 .25  Let v  =  P i'p ^2 • • • p^ 3 ■ Define the squ are free  p art v0 o f  v to be

vo =  P 1P 2  ' ' ' P s  •

D efin ition  5 .26  Let G be an abelian group o f order v and let o(g) be the order o f g 

in G. Define FG:={g £  G \ o(g) =  z;0}

T heorem  5 .2 7  Let G be cyclic, o f odd order v. Let e = ^ZgeFa g- 

Then mod 2, eF =  e.

Proof: In Lemma 2.16 we had  eF = ^ a gg where

1 0(y) f t  w

We first note th a t  p(o(p)) is zero unless o{g) is square free. Then, since v is odd, 

4>(v)/ 4>(o(g)) is even unless th e  factorization of o(g) contains every prime dividing v. 

So the coefficient of g is odd  if and only if o(g) = v0. ■
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L em m a 5 .28  Let B  be in the integral group ring Z G  fo rG  cyclic o f odd order v , and 

let tt be a prime ideal over (2) in  Z[C„]. x ( B )  =  0 Tnod tr for all faithful characters \  

o f G i f  and only i f  Be  =  0 mod  2.

Proof: The product B e  is in the integral group ring, with x( Be )  = x (B ) m od 2 for

all faithful characters. ■

T h eo rem  5 .29  Let D  €  ZG fo r  G cyclic o f  odd order v, and let tt be a prim e ideal 

over (2) in  Z[£„]. Then x(F>) =  0 mod n fo r  all fa ith ful characters x  o f G i f  and only 

i f  fo r  all g £  G the size o f the set 

Dg — {h  G Fg  | h = d~lg fo r  some d 6 D } is even.

P roof: The coefficient of g in the group ring  product De is the number of solutions

to g =  hd  for h € FG, d G D. m

C orollary  5 .30  I f  D is a counter example to Dillons conjecture, then 

|D  n  Fc | =  0 mod 2.

Proof: Since D fl Fc  =  D^~1̂ n  Fq, this is ju s t the theorem above for g =  1. ■

There is a second form ulation for the m od 2 idempotent which will give us another 

necessary and sufficient condition for a  difference set to be a counter exam ple to 

Dillon’s conjecture.

D efin itio n  5.31 Let G be cyclic o f odd order v  =  p ^ p ^  • • 'Ps* ■ Let Ai be the sub­

group generated by elements o f  order pi. D efine E  :=  f i f e  — ^

L em m a 5 .3 2  E  is a fa ith ful eigenpotent. That is:

1. E 2 = v q E  where v0 =  FI Pi os above.
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2 . x ( E )  =  0 i f  and only i f  x  is a non-faithful character.

Proof: For (1), compute (pi — A f) 2 = pi(pi — Ai) in the group ring.

For (2), since A* are cyclic, if x  is faithful then  x(j4,-) =  0 for all i. If x  is non-faithful, 

there is some At in the kernel of x  so th a t for th is i, x(Ai)  =  pt . Thus

t t? \ T T  r a \ /  v o  if X is faithful
x( ) 1 J x (Pi i) ^  q if x is non-faithful ■

So ju st as with the idem potent eF we have:

L em m a 5 .33  Let B  be in the integral group ring  ZG f o r G  cyclic o f odd order v. and 

let tv be a prime ideal over (2) in L[QV). x ( B )  =  0 mod tv fo r  all faithful characters x  

o f G  i f  and only if  B E  =  0 mod 2.

L em m a 5.34  E  = v0 +  53 S'* A, fo r Si G ZG.

P roof: JF =  — Aj). M ultiplying this ou t we get

e=v0+ 2̂ ( - i)iti n  piAJ
:TC{1.. .£} i € T . j € T c

Also, since the A* are subgroups, H ie/ ^  =  f°r some S  £  'LG. m

T h eo rem  5.35 Let D  €  L G  fo r  G cyclic o f odd order v, and let tv be a prim e ideal 

over (2) in  Z[Cu]- Then x ( D )  =  0 mod tv  fo r  all fa ith fu l characters x  o f G i f  and only 

i f  D  is a mod 2 sum o f Aj cosets.

P roof: D E  = 0 mod 2 if and only if D  = D(Y1 SiAi) = ^2 BiA-i m od 2 by the

above lemma for some B { £  "LG. 53 BiAi is visibly a sum of Aj-cosets. ■

C orollary  5.36 A (2d — 1, 2d-1, 2d~2) cyclic difference set D is a counter-example to 

D illon’s conjecture i f  and only i f  D is a mod 2 sum  o f Aj cosets.
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W hat makes proving Dillon’s conjecture hard  is the im portance of the setness 

(and set-size) requirements. As a  trivial example, any group ring element divisible 

by 2 has zero spectrum  mod 7r for any prime n  over (2 ).

On the o th er hand, the setness theorem 5.20 in section 5.3 allows us to say a few 

things.

P r o p o s i t io n  5 .3 7  A counter-example to D illon’s conjecture is completely determined  

by its character values mod tt on homomorphic images.

P ro o f: We know from Theorem  5.20 th a t any set is com pletely determ ined by its

m od 7r spectrum . We also know from Proposition 4.20 th a t th e  entire non-faithful 

spectrum  can be generated from group homomorphic images into G /H  for subgroups 

H  of G. m

R e m a rk  A counter example to Dillon’s conjecture would be in  the kernel o f the 

faithful part Pp o f the m atrix Pn over GF(2) . Since sets in this context are determined 

by their mod n  spectrum, understanding this kernel should be enough.

R e m a rk  D illon’s conjecture is true in case all the nontrivial divisors w o f v are 

self-conjugate, since then the non-faithful spectrum of D is also forced to be 0 mod tt 

which would im ply D  =  0.

Next we res ta te  the question of p-rank of difference sets in term s of C.

A theorem of MacWilliams and  Mann gives the A -rank of th e  group ring element 

.4 (where the A -rank  of A is defined as the dimension of the ideal generated by A  in 

KG) .

T h e o re m  5 .3 8  (M acW illiams and Mann, 1968)(cf. [Pott, p .25]) L e t G  be an abelian 

group of order v  and K  a field o f characteristic p  not dividing v, and containing v th
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roots o f unity. Then the K-rank o f A  is the number o f  characters x  o f G such that 

X(A) *  0.

For K  = GF(p) ,  th is rank is clearly visible in the m od tt spectrum  ^ ( A )  where 

7r is any prime ideal over (p). Since (<S,r(A ))t =  Xi{A)  mod w as \ i  runs over orbit 

representatives of G * under A,

to  com pute this rank  we sum up the orbit size of Xi f°r * such th a t 

(^ (A ))*  7̂  0. (These orbit sizes are given by the first row of P.)  Thus, questions 

about the p-rank of group ring elements can be resta ted  as questions about the kernel 

of Pv over GF(p).  T he  p£-rank is given in the same way by the S nt for any t. so the 

m od 7r£ spectrum  actually  carries much more inform ation than the p-rank.

Recall from chap ter 3 th a t P o tt noted th a t am ong difference sets w ith the classical 

param eters (3.23), no abelian but non-cyclic example is known. One reason for th is 

lack of knowledge is th a t  the technique used to  study difference sets w ith param eters 

(3.23) is to  focus on the  quotient GF(qn)m/GF(q)*  which restricts a tten tion  to th is 

(cyclic) group. O n th e  other hand, the cyclotomic coset scheme C( G. A) and its 

m atrix  P  can be bu ilt for any abelian group G  and autom orphism  group A. hence 

the techniques involving the cyclotomic coset scheme do not limit us to  the study of 

cyclic groups. The classical param eters come with a numerical m ultiplier so the A is 

given to  us in the non-cyclic context as well.

Also mentioned in section 3.4 was the exhaustive ennum eration of (cyclic) dif­

ference sets with given param eter set - especially for those w ith param eters (2£ — 

1, 2t_1, 2t-2 ). All the  searches done for 2 <  t < 10 m ade extensive use of homomor­

phic images, and little  to no use of faithful characters. The m atrix  Pp  on the other 

hand, can be used to  thoroughly investigate the faithful characters.

For the rest of th is  section we retu rn  to  the question of factorization raised in
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chapter 3. We will coniine ourselves to  factorizations in the scheme C(G,  A). From 

the difference set perspective we are ju s t asking th a t the  factors be fixed by the  same 

multiplier as the difference set. This property is obeyed by all the factorizations 

m entioned in section 3.4. We begin by formally defining divisibility:

D e f in itio n  5 .39  Let D  €  C(G,  A). Then we say A \D  in  C i f  (and only if)  D  =  A B  

fo r  A, B  £ C.

R e m a rk  Implicit in the definition is that the factors m ust be integral.

There seem to  be two avenues to approach questions of factorization in C(G,  A). 

Both approaches involve some serious difficulties. The first approach is to transform  

questions about factorization in the scheme C to  questions about factorizations of 

ideals in Z[C„].

The second approach is to  find elements of C th a t are  factors of the given element 

only ‘m od pe’ for an appropriate prime p. This avoids the num ber ring difficulties 

of the first approach, b u t a t the expense of finding ‘extraneous’ factors th a t aren’t 

factors over Z.

The following simple lemma follows from the definition, the fact that group char­

acters extend to group ring homomorphisms and the inversion formula:

L e m m a  5 .40  I f  D,  A , and B  € C(G, A) then D — A B  i f  and only if 

cp(D) =  ip(A)cp(B) fo r  all representations <p ofC(G,  A).

The lemma illustrates one difficulty w ith factoring arb itra ry  elements C( G , A). If 

(p{D)  =  0 for some representation <p of C r (G, H ) then  <p(A) is left unconstrained by 

this condition. This is illustrated in the example below.
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E xam p le 5 .41  In  ZZ 2 let D  =  (1 +  x ). The representation ip : x  >—> — 1 has 

<p{D) =  0. Let A  = (t +  1 — tx).  One can check that (—D ) A  = D so we have A \D  

fo r  any < £  Z. The representation with zero value on D  allows us to fin d  divisors o f 

D with arbitrarily large coefficients; a situation we naturally wish to avoid.

Now suppose th a t we are given D  G C(G,  A) satisfying a  group ring equation  like 

(3.3), where <p{D) is nonzero for all representations of C, and th a t we seek some 

(or all) factors A  of D  in C(G,  A).

Using the  number ring approach, suppose th a t p ( D )  =  0  for some irreducible 

character <p of C(G, A). We seek a  G Z[QV] w ith a  \ 0  in Z[£„]. Since Z[(v] isn ’t a  UFD 

in general, we work w ith ideals. As ideals of Z[Cu], (0) =  / f 1 2 ' ' ' where the

ideals / : are maximal. The condition a  divides 0  forces (a )  =  I { 1 I J2~ ■ ■ • I 3S° 

with ji < ki for all i.

In the applications we are particularly interested in (difference sets w ith  the clas­

sical param eters( 3.23)), th e  number ring elements 0  =  <p(D) we wish to factor satisfy 

0 0  =  pe for some prime p  not dividing v  and e > 1. We will take this simplifying 

assumption.

D efin itio n  5.42 An ideal I  C Z[£«] is s tr ic t ly  over (p ) (or SOp)  i f  fo r  any prime 

ideal n in Z[£v] , whenever 7r |I  , then 7 r | ( p ) .

We will say an element a  G Z[(v] is SO p i f  the principal ideal (a) is SOp.

P r o p o s itio n  5.43 A n ideal I  o f Z[£„] is SO p  i f  and only i f  I  is the product I”I;=17r®' 

where the 7Ti are the prim e ideals lying above (p) in Z [£„] and  e* >  0.

Proof: Since Z[£„] is a  Dedekind dom ain any ideal /  factors com pletely into a

product of powers of prim e ideals. The definition forces these ideals to be th e  prime 

ideals over (p). ■
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P ro p o sitio n  5 .4 4  a  £  Z[QV\ is SO p i f  and only i fY\g{ot)  =  ± p £ fo r  som e positive 

integer t , where the product is taken over all g €  GaLij(Q(Cu))

P ro o f: For any a  £  Z[QV], the product n # ( a ) =  an in teger-

So if an ideal tt divides (a )  then the ideal Z D (a ) divides (m). ■

C orollary 5 .45  I f  (313 =  pe then 0  is SO p.

To summarize th e  above discussion, we seek ideals /  which are

1. SOp.

2. Principal, so th a t  I  = (a) corresponds to  a single element.

3. Have valuation ^ ( / )  <  vVi((/?)) for all i.

We will discuss each of these properties below. We start w ith SOp:

We have criteria  above for an ideal to  be SO p. However, the first doesn 't guarantee 

principal ideals, an d  the  second requires generating the entire Galois group. It is 

possible to  check th is  property  using a  m atrix  m odel th a t doesn’t  require explicitly 

generating the G alois group:

The m ap »—► M v :=  (the companion m atrix  of $„) is an  isomorphism of Z [£„] 

into M at0(t,.)Z[Cv] (where 4> is the Euler 0 -function). If we m ap an element

a = X>i(C) •-» H aiMi ='■ M(a)
then the principal ideal (a )  is the column space (over Z) of M(a) .

R e m a rk  More generally, i f  I  = <  Q i , . . .  , a t >,  then I  can be represented as the 

column space o f the augmented matrix M { I )  := [M (a i) |M (a 2) • • • |M(c*£)]

T h eorem  5 .46  A n  ideal I  o f  Z[C«] is SO p  i f  and only i f  the invariant factors o f 

M ( I ) consist only o f  powers o f p.
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Proof: The diagonal form of M ( I ) displays the Z-module corresponding to /  as a

direct sum of cyclic modules. ■

R e m a rk  We already know the maximal (prime) ideals iti above (p ) in Z[(v\ from  

Theorem 2.30. They are given by 7T* =  (/i(Cu)iP) where f i (x )  is a fac tor o f $ v(x ) over 

GF(p).  These ideals are not principal in general, however. When tt, is not principal, 

the principal ideal (/i(Cu)) will not be SOp.

Next we discuss principality and valuations:

It is a  result of num ber theory th a t given v, there is some integer h(v),  1 <  h(v) < 

oc (called the ‘class num ber’ of Z[£„]), such th a t, for any ideal I  C Z[(v], the ideal
f h ( v ) is guaranteed to  be principal. Also, if (p ) =  n  then  7 rf' is principal for 

ki =  1 for all i.

If D  is a  group ring element element satisfying the difference set equation (3.23), 

then (/?) =  (ip(D)) is principal. If (3 is SO p  then (0) =  '• This is where the

valuations enter the picture. The divisibility question becomes: Find k't < k, so tha t
j./

the product ideal 7ri * is (still) principal.

Q u estion  5 .4 7  Let p  be prime, not dividing v. What are (m inim al) sets {Â , k'2, . . .  k's} 

o f integers fo r  which the product 7 r f‘ is principal in Z[(v\

The remarks above imply th a t the set kj = 1 for all i gives a principal ideal. Also, 

note th a t the Singer difference sets give us a  set with some ki =  0, and that Dillon’s 

conjecture is relevant to  this question.

We get a  more satisfying answer to  the factorization questions if we shift to  the 

second approach to  factoring in C(G,  A). By working modulo tt1, we can find all the 

candidates for factors w ith bounded coeffiecients. First we give the algorithm for
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finding all factors of a scheme element modulo p l. (The algorithm  appears in the 

proof.)

T h e o re m  5 .48  Let D  6  C(G,  A) where exp(G) = v, p is a prim e not dividing v, 

and A contains the map a  : g i—► pp for all <7 € G. Suppose D  has valuation vector 

unt(D) = ( di , d 2 , ■ ■ - ds)T . Then any element A  o f C with valuation vector 

v-ftt (A) =  (ai, a?,, ■.. as)T with 0 <  a* <  d, is a divisor o f D  m od p l .

Proof: If D  has the  given valuation vector, then the m od t t £ spectrum  of D  is

Jv (.D ) = (uipdl, U2pd2. . .  u spds) where the Ui are units m od p l for all i. Similarly the 

mod 7r£-spectrum  of A  is given by S wt (.4) =  (u\pa i, u'2pa2. . .  u'spa’ ) where u' are units 

mod pl and al < di for all i.

Then one com plem entary factor is B  defined by

S A B )  =  ( u l ( u [ ) - V ^ a\ u 2 (u/2 ) - V 2 - a 2 .. . u t( u [ ) - lpd- a').

Since P  is invertible (and integral) mod 7r£ we have th a t A  :=  P~tl o S nt(A)  and 

B  :=  P ~ l o«Sr t(B ) (where o represents m atrix m ultiplication m odulo p£). Both A  

and B  have integral entries and hence are elements of the  scheme C. Also, since 

<p(Z?) =  ip(A)(p(B) for all representations <p of C(G,  A) we m ay apply Lemma 5.40 

and we are done. ■

For com binatorial applications, we may wish to find all factorizations over the 

integers of a  given element where the factors arise from SETS, or, more generally, we 

may wish to  find all factors A  having bounded coefficients 0 <  a* <  M  (hence arising 

from multisets). A factor of D  having these bounded coefficients m ust appear as a 

factor of D  modulo pL where p l <  M.

E x a m p le  5 .49  Let D  be the (15 ,8 ,4) difference set C 3 +  C \(see  example ^.13). D  

has mod 1r valuation vector i'-k(D) = [1, 1, 1, 0 , 1]T fo r  a prim e  7r over (2) in Z[Cis]-
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A ny scheme element A  w ith valuation vector vv (A)  =  [ai, a2, 03 , 0, where the a* 

are all 0 o r 1 will be a divisor o f D  mod 2. There are 16 such divisors.

We test each o f these 16 mod  2 factors to see whether it divides D  over 1L. There 

were 4 survivors, corresponding to 1, D, C5 , a n d C - i . Therefore, these are the only 

Z- factors corresponding to sets. The factorization D  = C5C_ 1 is the Gordon Mills 

Welch factorization.
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6 Looking Further

In this dissertation we have seen tha t the cyclotomic coset association scheme is a 

valuable tool for th e  study of abelian difference sets and similar structures having a 

multiplier group. In particular:

•  The m ultiplier is built in to  the scheme, so less information is required. Charac­

ters in the same A- orbit are redundant.

•  The prim ary algebraic too l for working in the scheme (the character table P) 

is reasonably easy to  com pute in the num ber ring Z[£„] and especially modulo 

7r4 when n  is a prime ideal above any prim e p  not dividing v whenever the 

autom orphism  taking group elements to  their p th powers is in A.

•  The s tandard  techniques are still available to  us:

Group homomorphic images, complex characters and field techniques all have 

their analogues in the scheme C.

In particular, the  trace function trqn is easily com puted from the character table 

P(G , A) where G  =  G F ( q n)* and A is generated by the autom orphism  x  i—► x q.

•  The larger field GF(qn) in trace based constructions is inessential.

•  In some special (but not rare!) cases we get additional tools for handling the 

tricky com binatorial issues of integrality w ith  bounded coefficients and set-ness. 

In particular we can reconstruct sets from m od ir information alone.

•  There is an easy algorithm  for finding (all) factors of a given elem ent of the 

scheme mod pk .
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The m ethods discussed in th is dissertation thus have applications to  the study 

of abelian difference sets and also open up some new avenues for discussion. Issues 

we would particularly like to  resolve (and for which the scheme m ay be the best 

approach) include:

•  Given any cyclic difference set with the  classical parameters, find a ^-difference 

balanced function.

•  Give conditions on the character values of integral elements in the  Z- column 

space of the m atrix P (G , A). Give conditions on the character values of sets 

using the m atrix  P'K.

•  Settle Dillon’s conjecture.

•  Find non-cyclic difference sets with th e  classical parameters.

•  Use the m od pl factorization with the S O p  property answer the  ideal factoriza­

tion question posed in section 5.4.

•  Decide w hether the only integer factorization of a Singer difference set into a 

product of sets is given by the Gordon Mills Welch factorization.
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