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ABSTRACT
THE HAUSDORFF DiMENSION OF THE NONDIFFERENTIABILITY SET OF
A NON-SYMMETRIC CANTOR FUNCTION

Each choice of numbers a and ¢ in the segment (0, %) produces a Cantor set C,c by
recursively removing segments from the interior of the interval [0, 1] so that intervals
of relative length ¢ and ¢ remain on the left and right sides of the removed segment,
respectivelv. A Cantor function @, is obtained from C,. in much the same way that
the standard Cantor function. ®. is obtained from the Cantor ternary set. When a =
c= l, C',. is the Cantor ternary set. C, and @, is the standard Cantor function, .
The derivative of ® is zero off (. and the upper derivative is infinite on C': the set .V =
{r € C | the lower derivative of ¢ is finite} has Hausdorff dimension (ln2/1n3}% In
this paper. similar results are established for .V*. the nondifferentiability set of ®,.
The Hausdorff dimension of .V* is the maximum of the real numbers satisfying the
following equations: r(In(l/c))* = In((a + ¢)/c) In((a/c)* + 1). and r(ln(1/a))? =

In((¢ + ¢)/a)In{(c/a)® + 1).

Jeremy Morris

Department of Mathematics
Colorado State University
Fort Collins, Colorado 80523
Spring 1999
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1 Introduction

The goal of this thesis is to compute the Hausdorff dimension of the nondifferentiabil-
itv set of a non-symmetric Cantor function. This Cantor function is obtained from a
non-symmetric Cantor set in much the same way that the standard Cantor function is
obtained from the standard Cantor ternary set. In 1993. Richard Darst computed the
Hausdorff dimension of the nondifferentiability set of the standard Cantor function.
and the methods used in this thesis are essentially generalizations of those used by
Darst.

One purpose for our goal in this thesis is to get a feel for the size of the relevant
nondifferentiability set within the set of all real numbers. We will therefore introduce
the topic of Lebesgue measure. which is essentially a generalization of the concept of
length to more complicated subsets of the real numbers. The Lebesgue measure ofa
disjoint collection of intervals. for example, is simply the sum of the lengths of all the
intervals. By generalizing the method of adding up the lengths of intervals contained
in a set. Lebesgue measure provides a way to compare the sizes of various subsets of
the real numbers.

One shortcoming of ordinary Lebesgue measure, however, is its inability to distin-
guish various sets of Lebesgue measure zero. A set of Lebesgue measure zero is one
which contains no intervals and therefore has zero length in the generalized sense.
A variety of interesting subsets of the real numbers have this property, including
the set of all rational numbers and the standard Cantor ternary set. Though these
sets have the same Lebesgue measure, they are indeed very different sets. One big
difference. for example, is the fact that the set of all rational numbers is countable
and the Cantor ternary set is uncountable. If we limited our measurement of size to

Lebesgue measure, we would run into similar problems, for we shall see that all of the

N
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Cantor sets of interest in this thesis have measure zero, as do any of their subsets.
We rherefore need another way to compare their sizes.

One such way to successfully comnpare sets of measure zero is to compare their
Hausdorff dimensions. Hausdorff dimension is a concept that generalizes the more
intuitive concept of dimension which we apply to simple geometrical shapes. For
example, we think of a line as having dimension one, a square as having dimension
two. and a solid cube as having dimension three. While one might think that sets
of Lebesgue measure zero will always have dimension zero, we will see that this
is often not the case. Many fractal sets such as the standard Cantor ternary set,
for example. have positive Hausdorff dimension. Certain proper subsets, such as the
nondifferentiability set of the associated Cantor function, will have positive Hausdorff
dimension strictly less than the fractal sets that contain them. This is the method
we will use to measure and compare sizes of the sets of interest.

This thesis will be organized into four sections. In the first section following the
introduction. we begin by presenting some of the basic definitions and theorems from
measire rheorv. which lead to the intuitive concept of Lebesgue measure described
above. We will then introduce the topic of Hausdorff measure. which leads to the
precise definition of the Hausdorff dimension of a given set. To conclude the section,
we will present some tools which allow us to more easily compute the Hausdorff
dimension of sets, and we will finish with some simple examples.

In the second and third sections, we first define the non-symmetric Cantor func-
tion of interest and discuss some of its important properties. The main property of
concern is differentiability of the function, so we will state and prove a theorem which
characterizes the points of differentiability of the Cantor function. This theorem will
give us enough insight into the structure of the nondifferentiability set of the function

to arrive at a candidate for its Hausdorff dimension, and we will conclude the third

3
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section with the main result of the thesis: a verification that this candidate really is
the correct Hausdorff dimension of the nondifferentiability set. This nondifferentia-
bilitv set will be referred to as N* throughout the thesis.

The final section of the paper will be a brief summary of the results presented. It

will also include a few ideas for further research.

2 Preliminaries

To begin our discussion. assume that we are working in some underlying set .X. For
subsets 4 and B of X. we will use A\B to denote the set of all elements that are
contained in A but not in B. and A° to denote the set .X\ A, the complement of
X in 4. We will use P(4) to denote the power set of A, that is. the collection
of all subsets of 1. The following definition describes a special subcollection of sets

contained in P(.X). The following is a summary of the material found in [4].

2.1 Algebras and Sigma Algebras

Definition 2.1 Let .M be a subset of the collection P(X). We say that M is an

algebra of subsets of X if the following three conditions hold:
1. The empty set is contained in M.
2. If A is contained in M. then A° is also contained in M.
3. If A and B are contained in M, then AU B s contatned in M.

Note that by induction. property two in the above definition implies that any finite
union of sets in the collection M will also be in M. Also, by DeMorgan’s Law. AN B
= X\ (A€ U B°), so finite intersections of sets in M are also in M. In fact, any
finite number of unions. intersections, and complementation of sets in M will always

produce a set in M.
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We say that an algebra M of subsets of X is a sigma algebra if it has the following
additional property: If A, A, As, ... is a countable collection of sets contained in
M. then the union U;>, 4, is also contained in M. Using the same logic as above, we
see that countable intersections of sets in a sigma algebra are also contained in the

sigma algebra.

Example. The collection {§), X} is a sigma algebra of subsets of .X. The collection

P(.X) is also sigma algebra of subsets of X. =

Example. Let M be the collection of all subsets of N (the set of nonnegative
integers) that are either finite or have finite complements. Then M is an algebra of
subsets of R but not a sigma algebra of subsets of R, since the even integers can be
obtained as a countable union of singleton sets of integers. On the other hand, the
collection V" of subsets of R that are either countable or have countable complements
is a sigma algebra of subsets of R and therefore an algebra. (Here, countable means

either finite or countably infinite.) =

Example. The coilection of all open subsets of K is neither a sigma algebra nor an

algebra of subsets of R since complements of open sets are not always open. u

While the above example shows that not every collection of subsets forms an
algebra or a sigma algebra, every collection of subsets can be extended to give an
algebra or a sigma algebra. Specifically, consider any collection M of subsets of .X.
Define A to be the intersection of all sigma algebras containing the collection M.
(Note that .V is nonempty since P(X) is a sigma algebra that clearly contains M.)
[t is easy to show that  is itself a sigma algebra, and it is clear that A is therefore
the smallest sigma algebra containing M. We will refer to AV as the sigma algebra

generated by M.
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Example. The sigma algebra generated by the open subsets of R is called the
Borel sigma algebra. The sets contained in this sigma algebra are called Borel

sets. =

2.2 DMeasure

In this section. we seek a way to assign a “size” to a subset of R". We seek a function
that takes subsets of R* and somehow assigns nonnegative real numbers (or possibly
positive infinity) to them according to how “big” they are. There are some obvious
properties that such a function should have. For example, if A is a subset of B,
then B should be assigned at least as big a number as A. It also seems logical that
the empty set should be assigned a size of zero. Finally. the size of the union of a
collection of sets should be no bigger than the sums of all their sizes individually. All

of these ideas are summarized in the following definition.

Definition 2.2 Let X be a set. and let u be a function defined on all subsets of X
that tukes values in [0. x<]. We say that p is an outer measure on .\X if the following
properties hold.

1. u(@)=0.

2. If A and B are subsets of X with A C B, then p(A) < u(B).

3. For every countable collection {Ai}i>1 of subsets of X, we have

p (U Ai) < ().

i>1 i>1

The second and the third properties listed in the above definition are called mono-

tonicity and countable subadditivity, respectively.
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The most intuitive example of an outer measure is given by Lebesgue outer
measure on R. There are several ways to construct this outer measure. but we
will focus on the method that is discussed in [4]. The reader is referred there for
justifications of the facts contained in the following discussion.

Let A denote Lebesgue outer measure on R, the function to be constructed. We
first define A([a.b]) = b — a for any closed interval [a, b] so that the outer measure of
an interval is simply its length. We then extend the definition of A in a natural way
so that it can be used to compute the measure of unions of closed intervals, and then
of anv open set in general. Finally, for any subset A of R, we define the Lebesgue

outer measure of A as follows:
MA) = inf{\MG) | 4 C G. G an open set}

We note that Lebesgue outer measure on R for n > 2 is obtained in the same way.,
except that we start by defining the outer measure of an n-cell as the product of the
lengrhs of irs sides. and then proceed from there. We also note that Lebesgue outer
measure on R'. R2. and R® are simply extensions of the concepts of length, area, and
volume. respectivelv. For example, the outer measures of familiar objects in the plane
like triangles and circles will be their areas. and the outer measure of a solid sphere
in R will be its volume.

One other intuitive property that we would like Lebesgue outer measure (and
indeed anv outer measure) to have is that of additivity when considering a collection
of disjoint sets. In other words, if {4, 43, A3,...} is a collection of disjoint subsets
of B". it seems logical to assume that

MU =D M)

i>1 i>1

holds. Unfortunately, the above relation does not hold for an arbitrary collection

of disjoint subsets of R®. It does, however, hold for a class of subsets called the

7
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Lebesgue measurable subsets of R*. This collection of subsets can be shown to
be a sigma algebra of subsets of R* that contains the Borel sets, and we say that a set
is Lebesgue measurable if it belongs to this class of sets. The Lebesgue measurable
subsets are characterized by the following Theorem (called Carathéodory’s Theorem),

whose prouf can be found in [4].

Theorem 2.3 Let A be a subset of R*, and let \ denote Lebesgue outer measure on

R". Then A is Lebesque measurable if and only if, for every subset E of R*. we have
ME) = MENA) + AMEN A).

Though outer measures will be sufficient for the purposes of this paper, we will now

give a formal definition of the concept of measure for the sake of completeness.

Definition 2.4 Let X be u set. and let p be a function defined on a sigma algebra
M of subsets of X and taking values in [0, 20]. We say that p is a measure on X if

the following properties hold.

1. p(0) =0.

(S

. If A and B are contained in M with A C B. then p(4) < u(B).

3. For every countable collection {A;}:>, of disjoint sets contained in M, we have
p (U Ai) =) uld).
i>1 i>1

Note that the above properties are nearly identical to those of an outer measure,
except for the third property. This strengthened property is called countable addi-
tivity. It is also worth mentioning that for any outer measure x on a set X, we can

obtain a measure by restricting s to a sigma algebra of subsets of .X' analagous to
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the Lebesgue measurable subsets above. This class of sets is called the p-measurable
subsets of .X. (See [3] for details.)

To conclude this section. we recall that one shortcoming of Lebesgue measure is its
failure to distinguish the sizes of various sets of measure zero. For example, consider
the standard Cantor ternary set C obtained by starting with the unit interval [0, 1] and
recursively removing middle thirds of the resulting intervals. This set is uncountable
and can be shown to have Lebesgue measure zero. But the countable set @ N [0,1]
of all rational numbers between zero and one can also be shown to have Lebesgue
measure zero. Thus. despite the fact that C is clearly “bigger” than QN [0. 1] in the
sense of cardinality, Lebesgue measure has failed to distinguish the two sets. How can
we measure two such sets in a way that distinguishes them? The key lies in choosing

the right measure. which is discussed in the following subsection.

2.3 Hausdorff Measure and Dimension

The concept of dimension is very common in the everyday world of R3. We think of
simple sets of points. such as a line, a plane, and a solid cube as being one, two, and
three dimensional. respectively. If we were asked to describe the difference between
these three sets of points, we might even appeal to the concept of dimension in our
answer. As we will see. the concept of dimension can be used to distinguish a vast
class of sets and to compare their sizes. To begin our discussion, we will need a variety
of definitions and theorems. We note that all information in this subsection is taken

from [3]. and the reader is referred there for proofs of many of the theorems.

Definition 2.5 Let E be a nonempty subset of R*. The diameter of E, denoted |E|,
is defined by
|E| =sup{l|lz — yll : z,y € E}.
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where || - || denotes the standard Euclidean norm in R*. By conventiorn, we define

0] = 0.

Definition 2.6 Let E be a subset of R*. let & be a positive real number, and let
{Ai}is1 be an at most countable collection of subsets of R*. We say that the collection
{Ai}i>1 is a d-cover of E' if
Ec{JA and |A| <6 foralli> 1.
>1
The key to finding the dimension of a set E contained in R" is examining the
values of so-called “Hausdorff sums” associated with various d—covers of £. and then
determining what happens as J approaches zero. Specifically. given a positive real
number 5 and a d—cover {A,}:>1 of E, the associated Hausdorff sum has the form
pBIENE
i>1
The infimum over all such Hausdorff sums is an important quantity. and is denoted
HA(E) = inf ) A"
>l
where the infimum is taken over all —covers {A;}i>1 of E. Note that Hj can be
viewed as a function which assigns a number in the set [0. ] to every subset of R".

As the next lemma shows. H; is in fact an outer measure on R".

Lemma 2.7 Fir any two positive real numbers s and d. Then Hj is an outer measure

on R".

Proof: We must show that H}(0) = 0, and that monotonicity and countable
subadditivity hold. As a d-cover of the empty set, we can simply take the empty set,

whose diameter is zero, and the result is immediate. The monotonicity condition is

10
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equally trivial since if 4 C B, then every d-cover of B is also a d-cover of A. Thus,
all that remains is to verify that countable subadditivity holds.

Take any countable collection {4, 4,, ...} of subsets of R*. We may assume that
H2(A,) is finite for all i. for otherwise the sum 3~ H3(4,) would be infinite and the
subadditivity condition would clearly be satisfied. Let ¢ > 0 be given. Then by the
definition of 3, we can find, for each i, a d-cover {Uij}j>1 of A, such that

Uyl* < H3(A) + =
Z| T < Hi(4d) + o
121 -
Therefore. the collection {{7;}ij>1 is a o-cover of the union of all the 4;s, so we obtain
e (U .4,) ST T < e+ T HiA.
>1 1 j>1 i>1

Since € > 0 is arbitrary, the lemma is proved. =
Now. consider the effect of letting § approach zero in the quantity H3(E'). For a
fixed set E. the quantity H3(E) increases monotonically as ¢ approaches zero. so a

limiting value exists in the nonnegative extended real numbers and is denoted by

H*(E) = lim Hj(E) = sup Hz(E).

d—0t >0

Note that H*(E) is defined for every set E contained in R*. so H* can also be viewed
as a function which takes any subset of R® as an argument and assigns it a number
in the interval [0. 5c]. We will refer to the function #* as s-dimensional Hausdorff
outer measure on R". as is suggested by the following theorem. We note that from

here until the end of the section, all sets are assumed to be subsets of R".
Theorem 2.8 The function H* described above is an outer measure on R".

Proof: Again, we must verify the three defining properties for an outer measure.

First. since the collection which contains only the empty set is a d-cover of the empty

11
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set for all 4 > 0. it is clear that H*(#) = 0. The monotonicity condition is also
easily verified since if A C B, we have Hj(4) < Hj(B) by Lemma 2.7, and letting
o approach zero yields the desired inequality. Thus, we need only verify countable
subadditivity.

As before. take any countable collection {4, Az,...} of subsets of R". and con-
sider any positive real number d. By Lemma 2.7, we have

H; (U 4) <D HIA) S DA,
i>1 i>1 i>1

But the above relation holds for all & > 0, so letting  approach zero yields the
subadditivity condition. =

We will now describe some critical properties of s—dimensional Hausdorff outer
measure that lead to the definition of dimension, or more specifically, Hausdorff di-
mension. For any fixed set E, we can view H*(E) as a function of the positive variable
s. It is casv to show that this function is nonincreasing as the value of s increases,
but a much stronger deduction can be made about H*(E). [t turns out that H*(E)
assumes either the value zero or the value infinity for all positive real numbers. except
for at most one real number. This special real number is intimately related to the set
E and will constitute our definition of the dimension of E. The preceding discussion

is summarized in Theorem 2.10, but first we need a lemma.

Lemma 2.9 Let n be a positive integer, and let d be any real number strictly greater

than n. Then HA(R®) = 0.

Proof: Let [, = [0.1] x [0,1] x - -- x [0, 1] denote the standard unit cube in R". For
each positive integer m, let A7, denote the regular cover of /, consisting of m™ closed
cubes each having side length 1/m. Thus, two cubes in A, will intersect at most on

their boundaries, and each cube will have diameter /n/m.

12
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Next. fix any positive real number 4, and choose m large enough so that the
diameter of each cube in the collection NV, is less than 4. Then we have

HEL) < S JAl = nPmre,

AEN T

Since m approaches infinity as J approaches zero. we see that the above inequality
implies that H¢(I,) = 0. But all of R* can be expressed as a countable union of
closed unit cubes. all of whose d-dimensional outer measures are zero by an argument

analagous to that above. Therefore, it follows from countable subadditivity that

HYYR') =0. =

Theorem 2.10 Fizr any subset E of R*. Then there ecists a unique nonnegative real

number ~ such that both of the following conditions hold.
1. H*(E) =x for all 5 satisfying 0 <s <.
2. HY(E) =0 for all 5 satisfying s > 7.
This number ~ is called the Hausdorff dimension of the set E. We write
+ = dimp ().

Proof: Define X = {s > 0| H*(E) = 0}. Our first observation is that by the above
Lemma. X is nonempty and bounded below and therefore has an infimum, call it 7.
If ~ = 0. then H*(E) = 0 for all positive real numbers s, and 7 is clearly the only
number which satisfies both conditions one and two in the theorem. Assume, on the
other hand, that ~ > 0 holds. Clearly, for any real number s strictly greater than
gamina. we have H*(E) = 0, for otherwise, v would not be the infimum of the set X.
Thus. condition two is verified.

Choose any positive real number s satisfying s < 7, and note that we can then

choose a real number ¢ such that s < t < . Our next claim is that for sufficiently

13
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small . we have H.(E) > 0. Indeed, if this were not the case, it would follow that
H'(E) = 0. contradicting the fact that v = inf X. Fix a positive real number ¢ < 1
which is small enough so that H4(E) > 0 holds, and let {U;};>, be any d-cover of E.
Then we have

ST =Y UL 2 87 ) U 2 0T H(E).

>l >1 i>1
Since the above holds for all J-covers of E, we take the infimum over all such covers to
obtain H2(E) > 6*~*H.(E). Letting & approach zero therefore shows that Hj(£) = oc,
which verifies condition one.

Since ~ satisfies both conditions one and two. it is immediate that there cannot

exist another real number which satisfies both conditions simultaneously. =

The above theorem shows the existence of a number which we have chosen to call
the dimension of a set. but we have yet to decide whether this number really does
allow us to compare the sizes of two different sets. In other words. if we have a set
4 that is contained in another set B, we would expect the dimension of A to be less
than or equal to that of B. The following theorem confirms that Hausdorff dimension

does indeed have this property.
Theorem 2.11 Suppose that A is a subset of B. Then dimy(A) < dimy(B).

Proof: Let ~ be the Hausdorff dimension of the set B, and choose any real number
d strictly greater than ~. Then by the definition of Hausdorff dimension, we have
HY(B) = 0. But A is a subset of B, so by the monotonicity property of outer measures,
we have

Hi(4) < HYB) =0.
We claim that this implies that dimg(4) < d, for if we had dimg(4) > d, the

definition of Hausdorff dimension would imply that H%(4) = oc, a contradiction.

14
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Thus. since d > v is arbitrary, it follows that dimy(A) < v = dimy(B). =

As it turns out, the Hausdorff dimension of simple subsets of R®, such as points,
lines. planes. and solid cubes. coincides with our intuitive definition of dimension.
But Hausdorff dimension is much more general in the sense that it can be applied to
any subset of R*. In particular. we shall see that sets can indeed have non-integer

Hausdorff dimensions.

2.4 Computational Tools of Hausdorff Dimension

In this subsection. we explore techniques for computing the Hausdorff dimension of
some familiar sets. To begin, suppose that we have some set £ contained in R* and
a candidate value ~ for the Hausdorff dimension of E. The usual procedure is to
show that ~ is both an upper bound and a lower bound on the Hausdorff dimension
of E. In other words, we would first show that dimg(E£) < v and then show that
dimg(E) > ~. In most cases. proving that a number is an upper bound is much
easier than proving that it is a lower bound, as is illustrated by the following example

and discussion.

Example. Consider the unit interval / = [0, 1]. According to our intuition, this

set is one-dimensional. so we take one as our candidate for its Hausdorff dimension.

To proceed. let M, be the following collection of intervals: [0, 1], [, 2]..... [21,1].

tpitlntn
Thus. for each positive integer n, M, is a cover of [ having n intervals of equal length
dp =n~t.
Choose any real number d > 1. We will now form the Hausdorff sum associated
with the real number d and the cover M,,. Since M,, is a d,-cover of I, the infimum

over all such covers is bounded above by the previously mentioned Hausdorff sum, so
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we obtain

HE(N) < D A =0t

A€M,

Letting n approach infinity in the above inequality, we see that H4(I) = 0. It follows
that the Hausdorff dimension of I is bounded above by d, and since d > 1 is arbitrary,

it is bounded above by one. =

In the previous example. we showed that dimg(/) < 1, but we have yet to show
equality. The computation above was aided by the fact that to show HY4(I) < M for
some real number M. we need only find one specific d-cover of [ whose associated
Hausdorff sum is less than or equal to M. To get a lower bound. we need to somehow
turn the inequality around, which requires us to show that every d-cover of [ has its
associated Hausdorff sum greater than or equal to M. This can be extremely difficult
when using the direct approach. so we will appeal to some theorems.

First. let us deal with the difficulty of having to prove a statement about every
cover of the set in question. Is there a way we could narrow the class of sets we need

to consider in computing Hausdorff sums? The next theorem addresses this question.

Theorem 2.12 Let A be a subset of R*. In computing the Hausdorff outer measure

of A. it is sufficient to consider covers consisting only of
1. closed subsets of R*. or
2. open subsets of R*.

Proof: The proof of part one is trivial, since the diameter of any set is the same as
the diameter of its closure. Thus. in any Hausdorff sum, we can replace each set in

the cover with its closure and not change the value of the sum.

16
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To prove part two, fix two positive real numbers s and d, let ¢ > 0 be given, and
take any o-cover Uy, Us, ... of A. For each i, define
w; = | Blz.d),
e,
where J; is a positive real number chosen smaller than d so that (|Ui] + 26;)* <
|U|® +€/2'. and B(r,d;) is the open ball in R* of radius J; and centered at z. Clearly,
I}, is an open set containing U; with diameter no bigger than |U;| + 2d;. Thus, since
J; was chosen less than d. the collection {W;.W,,...} is a 20-cover of 4 consisting of
only open subsets of R*. and we have

ST <SP v/ e Y

>l >l 121

Uil®.

Now. since € > 0 is arbitrary, and since {U; }.>1 is an arbitrary d-cover of A, the above

inequality vields

* < Hi(A)-

>,

121

Let G and G* represent the analogues of Hj and H* which result from using only
open subsets of R* in covers. Then taking the infimum of the left hand side of the
above inequality vields
Gas(A) < H(A).
Letting 0 approach zero vields G*(A) < H*(A).
To finish the proof, we must show that H*(4) < G°(4). But this is trivial since
everv cover of A using open sets only is also a cover of A with no restrictions. This

completes the proof. =

A second tool for simplifying lower bound calculations provides a way of relating
Hausdorff outer measure to another known, “easier” outer measure. The idea is

contained in the following Theorem.

17
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Theorem 2.13 Let A be a subset of R*, let u be an outer measure on R* such that
w(A) > 0. and let 5 be a positive real number. If there erist positive reul numbers c

and € such that
u(U) < U
for all open (or all closed) sets U with |U| < ¢, then the Hausdorff dimension of A is

bounded above by s.

Proof: Let {L’}i>, be any d-cover of A using all open (or all closed) sets in which
0 < €. Then by the above inequality we have
O<pu(d)<p (U Ui) < Zﬂ(Ui) < CZ \Uil®.
i>1 i1 i>1
Thus. taking the infimum over all such d-covers, using Theorem 2.12. and letting J

approach zero. we obtain

H(A) > e tp(d) > 0.

[t follows that for any real number ¢ less than s, we have H‘(.4) = >c. which implies
that the Hausdorff dimension of 4 is bounded abuve by ¢. Since ¢ > > was arbitrary,

the theorem follows. =

2.5 Some Examples

In this subsection, we will use the computational tools from the preceding example
to help us compute the Hausdorff dimension of some familiar sets. We will begin by

showing that the Hausdorff dimension of the unit interval is bounded below by one.

Example. Let I denote the unit interval [0,1] in R. In Example 2.4, we showed
that dim([0. 1]) < 1. We will now show that dimg([0, 1]) > 1, which will complete

the proof that the unit interval has Hausdorff dimension one.

18
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Let \ denote Lebesgue outer measure on R Let U be any subset of R that has
diameter iess than or equal to one, and choose a positive integer k such that 2-(+1) <
1L} < 27%. (We will use Theorem 2.13.) In the same notation as in Example 2.4,
consider the cover Max of [. which consists of 2% closed intervals of length 27%. Then
the set L can intersect at most three of the intervals in the collection M, so it
follows that

MU)<3-27F =627+ < 6|U|.

Since the above equation holds for any subset ', Theorem 2.13 implies that dimg (/) >

l. =

Example. Let 4 be any countable subset of R*. Then we can enumerate the points
of A in a (perhaps finite) sequence {a;};>;. Now. consider the cover M of A which
consists of all the singleton sets {a,}.{as}..... Since every set in M has diameter
zero. M is a d-cover of A for any positive real number J. Thus, for any positive real
numbers s and d. we have H3(A) = 0, and it follows that the Hausdorff dimension of

Aiszero. =

As our next example., we will compute the Hausdorff dimension of the non-
symmetric Cantor set mentioned in the introduction; we begin by constructing this
set. Choose any positive real numbers e and c satisfving 0 < a,c < %, and set
b =1— (a + c¢). The Cantor set in question will be denoted by C,. and will be de-
scribed as the intersection of a recursively defined sequence of sets Co,,CL.C2,,....
where C'Y_ is the entire closed interval [0, 1]. In general, C%_ will consist of the union
of 2 disjoint closed intervals, which we will call stage & black intervals. For k > 1,
we obtain CK by taking the “left ath” and “right cth” of each stage k — 1 black in-
terval. Specifically, if [z, r + J] is a stage k — 1 black interval, we remove the segment

(z+ad. z+(1—c)d) to obtain two corresponding stage k black intervals. We will refer
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to the closure of such a removed segment as a stage k complementary interval.
Thus. we have defined

oo

Cac = [ Ci-

n=1
To begin our dimension calculation, note that
H*(Cuc) = supinf ) | |Uil*,
>0 5

where the infimum is taken over all d-covers {U;}i>1 of Cyc. We know that a number
~ is the Hausdorff dimension of C,. if it is the unique nonnegative number such that
HA(Che) = 0 for all d > v and HY(C,e) = o for all d < 7. Thus, the Hausdorff
dimension is the “cut-off’ value of d that is neither too large nor too small. To find
this special number. we will consider, for each j, a cover {Uij}i>1 of Cquc, and we
will insist that the diameters of these sets shrink to zero as j approaches infinity. A
natural choice in the case of our Cantor set is to let {U;;}i>1 be the collection of the
27 distinct black intervals at stage j in the construction of C,.: we will denote this
collection of stage j black intervals by M.

Now. let us examine the Hausdorff sum associated with the cover M. There are 2/
total intervals in the collection: one interval of length a’, j distinct intervals of length
a’~le. C(j.2) (j choose 2) distinct intervals of length a’~%¢*...., and C(j,j) =1
interval of length ¢/. By the Binomial Theorem, the combined length of these intervals
is (a + ¢)’. and the associated Hausdorff sum is given by

J
ST =) ] ChL @) = (@t + ).
rem, i=0
Thus, the “cutoff’ value for d appears to be the number ~ that satisfies a” +¢” =1
because any strictly larger value of d produces Hausdorff sums tending to zero as j
approaches infinity, and any strictly smaller value of d produces Hausdorff sums tend-

ing to infinity as j approaches infinity. We therefore choose the number 7 satisfying
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a’ + ¢ = 1 as our candidate for the Hausdorff dimension of C),.. and we note that its
existence and uniqueness follow from the Intermediate Value Theorem and the Mean

Value Theorem applied to the function f(z) = a* +¢*.

Theorem 2.14 Fira and ¢ in the interval (0, %), and let ~ be the unique real number

satisfying a” + ¢ = 1. Then the Hausdorff dimension of Cy. is bounded above by .

Proof: To prove this result, we will restrict our attention to the collection M; of
stage j black intervals mentioned above. Setting d; = max{a’.c’}. we see that M, is
a d,-cover of C, for each positive integer J, and we have

Hi (Cu) € D H|* = (a* + ).

[eM,

Thus. if d is any real number greater than v. we see that HYC,e) = 0 by letting j

approach infinity in the above relation. =

To show that the Hausdorff dimension of C,. is also bounded below by ~ requires
more work since we have to make a statement about every cover of C,. instead of
specific covers like M. Our first goal, therefore, is to narrow the class of covers that
we need to examine. The following Lemma gives a relationship between arbitrary

covers and covers which involve only black intervals in the construction of Ci.

Lemma 2.15 Let C,. denote the Cantor set constructed above, and let T be the
collection of all black intervals in the construction of Cy., together with the empty set.

Define, for each subset A of Coc and each z > 0,

pi(A) =inf Y U,

i>1
where the infimum is taken over all at most countable -covers {Ui}tis1 of A, where

U, € T for all i. Similarly, define
p(4) = Jim p5(4).
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Then p° is an outer measure on the collection of subsets of Cy.. Furthermore, there

erists a constant R > 0 (depending on z) such that
H* > Ry’ (2.16)

Proof: Routine checks show that p* is an outer measure on the collection of subsets

of C,.. Now, choose a positive integer N large enough so that
L := max{eV.cV} < b,

and let R = 27V, (Recall that 6 = 1 — (@ + ¢} is the relative length of the removed
segments at each stage in the construction of Cy..) Next, take any A C C,, choose
0 > 0. and consider any d-cover {U;} of A, where U; C Cq for all i. (We note
here that in computing the Hausdorff dimension of A, it is sufficient to use only
d-covers involving subsets of C,..) Next, we note that we may assume that A has
uncountably many elements, for if A were at most countable. it would follow that
pi(4) = H3(4) = 0. so that any choice of R would satisfy (2.16). We may also
assume that {; contains at least two points for each i, since otherwise we would have
{L; = 0. so the set would have no affect on the associated sums.

As a result of our assumptions, we see that for each i. there exists a largest
nonnegative integer k(i) such that U; is a subset of one of the 2¥*) black intervals at
the k(i)th stage in the construction of C,; suppose that this particular black interval
has length L,. Since k(i) is maximal, U; cannot be contained in either of the two stage
k(i) + 1 black intervals which are subsets of the interval of length L;, so it follows
that {U;| > bL;, and we have

LL; <bL; < |Ug|.

Now, consider the collection of stage k() + :V black intervals which are subsets of the

original interval of length L;. Clearly, there are 2¥ intervals in this collection, each
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having length less than or equal to LL;. Let {S;, }f:_l denote this covering collection,
and note that for each i. the associated collection forms a d-cover of L. It follows
that {S,,}., is a d-cover of . and we have

'_)N
PEVESHEAEDIETELDS
9]

i>1 j=1 i>1

-
~

U,

Finally, if we take the infimum over all d-covers {U;} and let § — 07 in the above

equation. we obtain (2.16). =

Note that the above Lemma implies that if we can show that p(Cy) > 0. then
H4(C,e) > 0 so that d is a lower bound on the Hausdorff dimension of Cy.. It is easier
to show that pu4(C,.) > O since we only need to consider black intervals instead of
arbitrary sets in our covers. However, we must still consider the possibility that a cover
of C,. contains black intervals from a variety of different stages in the construction
of C',.. The next Lemma shows that any cover involving only black intervals can be

refined to a cover involving black intervals at the same stage.

Lemma 2.17 Let j and k be positive integers. let L be any black interval at stage )
in the construction of Cs., and let A denote the collection of stage j+k black intervals
contained in L. Then if v is the unique real number such that a” + ¢* = 1, we have
L=
IeA
Proof: First. we note that the collection A contains 2k distinct black intervals.
More specifically, if i is any integer chosen so that 0 < i < k. there are C(k, ) distinct
black intervals, each of length |L|a‘c*~*, which are contained in A. (As before, C(. 1)
denotes the binomial coefficient “k choose i.”) Thus, we have
k
S =1Ll Y Clk, ™ ™ = |L["(@” + )" = |LIT,
IeA i=0
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which completes the proof. =

We will now use the two lemmas above to show that the Hausdorff dimension of

C,. is bounded below by the number ~.

Theorem 2.18 Fiz a and ¢ in the interval (0, %), and let ~ be the unique real number

satisfying ” + ¢” = L. Then the Hausdorff dimension of Cac is bounded below by ~.

Proof: To begin, let {;},>, be any countable cover of C,. consisting only of black
intervals in the construction of C,.. By the geometry of these black intervals, we can
expand each of our black intervals I; slightly to obtain a corresponding open interval
G, = [,UKk, of diameter less than or equal to two, where R; N Cye = @. Thus,
the collection {G,},> is an open cover of the compact set C,., SO we can extract
(by relabeling if necessary) a finite subcover {G1, G2, Gs,...,G,}. But for each j, we
have G, N Cyc C [}, so it follows that the finite collection N* = {[\, 1, I5,.... I} of
black intervals is also a cover of Cl,.

Next. note that each of the black intervals [ in the collection M occurs at some
stage, say k;, in the construction of Cq.. Let m be the maximum of all the &,s, and
let .M, denote the collection of all stage m black intervals contained in [; for each
j = 1.2.....n. Clearly. the collection M = M, UM,U---UM, is a cover of Cy., and
we claim that M is precisely the collection of the 2™ distinct stage m black intervals.
Indeed. if this were not the case, there would be at least one stage m black interval
[ that was not a subset of a black interval in the collection M, so all the points in
C,. N I would not be contained in any of the intervals in M, contradicting the fact

that M is a cover of C,.. Fixing § = 2 and applying the previous lemma to [; for

each j = 1.2,...,n, we obtain
n n
S 3= Y 2@+ =1
>t j=tL j=1 [eM;
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Recalling from Lemma 2.15 the definition of the outer measure y, we now take the
infimum over all d-covers of C,c involving only black intervals to obtain p7(Cqc) >
p;(Cye) > L. Therefore, by Lemma 2.15, there exists a real number R such that

H(C,e) > R > 0. so that dimyg(Cyc) > 7. The Theorem follows. =

As it turns out. the Hausdorff dimension of simple subsets of R, such as points,
lines. planes, and solid cubes, coincides with our intuitive definition of dimension. But
Hauscdorff dimension is much more general in the sense that it can be applied to any
subset of R*. Sets can even have non-integer dimensions, as the set C,. demonstrates.

[n the next section. we continue our work with the set C,. by defining its associated
Cantor function. Our ultimate goal will be to find the Hausdorff dimension of the set

of points at which this function is not differentiable.

3 The Non-symmetric Cantor Function

[n this section. we will construct a Cantor function ®,. based on the Cantor set
C,. which was described in the preceding section. We will then discuss some of its
main properties. particularly those related to its differentiability. As we will see,
the nondifferentiability set of ®,. is a subset of the underlying Cantor set C,, so
determining the differentiability of ®,. at any particular number r depends on locating
its position using black intervals in the construction of C,.. We therefore begin by
describing a system of locator sequences analagous to the ternary expansions of
numbers used to locate points in the Cantor ternary set. To simplify the notation.
we will use ® to denote the Cantor function ®,. from this point until the end of the
thesis.

First. all stage k black intervals will be represented by finite sequences of zeroes

and twos of length k, where zero means “left” and two means “right.” More precisely,
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let [ represent any stage k black interval. Then the first digit in the locator sequence
of [ is zero if [ is a subset of the left-hand stage one black interval and two if [ is
a subset of the right-hand stage one black interval. Assuming that the first j digits
of the locator sequence have been determined, where j < k. there will exist one and
only one stage j black interval of which [ is a subset; call it [;. Note that there are
exactly two stage (j + 1) black intervals contained in [}; call the one on the left /),
and the one on the right [;. Then the (j + 1)st digit in the locator sequence of [
is zero if [ is a subset of [;; and two if [ is a subset of ;. It is convenient to also
represent complementary intervals by locator sequences. The locator sequence for the
complementary interval between [;; and [); will be identical to that of  in the first
k — 1 digits. with a one in the kth position.

[t is also convenient to represent specific points in the Cantor set C;. using locator
sequences. Each point x in C,. can be uniquely represented by an infinite sequence
of zeroes and twos extending naturally from the sequences corresponding to black
intervals. Specifically, for any positive integer k,  is an element of exactly one stage
k black interval. Thus. we mayv define the locator sequence of £ so that the first k
digits of the sequence agree with the locator sequence of the appropriate stage k black

interval. We then identify z with its locator sequence as follows:
= (z(1), £(2), z(3), -..)

Next, we will define the Cantor function ¢ associated with the Cantor set Coac-
We will first define @ on the complementary set K, which will denote the union of all
of the complementary intervals in the construction of C,.. For any z € K, let A;n
denote the collection of stage n black intervals “to the left” of x. Specifically, [ € Az
if and only if all points in [ are less than or equal to x. Note that for each z, there is

a smallest nonnegative integer n such that A., is nonempty; call this integer n(z).
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Now, define

b)) = Y. -—”'—, for all z € K,

where n is any integer greater than or equal to n(x). A simple induction argument
shows that @ is well-defined, and it is clear from its definition that ¢ is increasing on

the complementary set K.
Lemma 3.1 The function ® is uniformly continuous on the complementary set K.

Proof: Let ¢ > 0 be given. Choose a positive integer .V large enough so that

e (55)" ()

choose § = min{a”, ¢V}, and take any z,y € K satisfying |z — y| < d. Also suppose

without loss of generality that r < y. Now, consider the collection of all endpoints of
stage .V complementary intervals I, such that each point of / is greater than or equal
to y. Out of this finite list of endpoints, let y’ denote the minimum. Similarly, let x
be the maximum of all the stage .V complementary interval endpoints less than or
equal to r. Then, since § was chosen to be the minimum length of all stage V black
intervals. it follows that there can be at most one black interval between z’ and y'.

Thus. since the maximum length of this interval is max{a".c"}, we have

B(y) - B(x) < B(y) - 0(2)

< we{(:2)" 5] )

€

A

which completes the proof. =

Combining the above lemma with Problem 7 on page 88 of [4], it is easy to see that

there is a unique continuous extension of ® (which we will also call ®) to the entire
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unit interval [0, 1]. It is easy to show that this continuous extension is also increasing,
and that ®(0) = 0 and ¢(1) = L.

Next. we turn our attention to the nondifferentiability set of the function ¢, which
we will denote by N*. We recall that a function is differentiable at a point if and only
if its right and left derivatives exist and are equal at that point. In addition, each one-
sided derivative exists if and only if the corresponding upper and lower derivates are
equal. We will therefore describe the set N* by comparing upper and lower derivates
from the right and from the left at various points in [0, 1]. Upper derivates of our
function will be denoted by ®* and &~ from the right and from the left. respectively:
and lower derivates will be denoted by ¢, and ®_.

Our first observation concerns points contained in complementary intervals in
the construction of C,.. Clearly, N* is contained in the Cantor set C,. since b is
constant and therefore differentiable on the open set [0. 1]\ C,. At the endpoints
of complementary intervals. however, the derivatives from the right and from the
left must be examined separately. As the proof of the next theorem demonstrates.
rhe upper left and upper right derivates at endpoints of complementary intervals are

never equal.

Theorem 3.2 Let t be the endpoint of a complementary interval in Coc. Then @ is

not differentiable at t.

Proof: Since ¢ is the endpoint of a complementary interval, that means that there
exists a positive integer ng such that for all n > nq, there is a unique stage n black
interval I, of which ¢ is an endpoint. For each n > ny, let ¢{(n) denote the other

endpoint of the interval I,. Then by the definition of ®, we have

®(t(n)) — 2(¢) _ || _ 1
t(n) -t ILia+c)®  (a+c)*
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Thus, if ¢ is the right endpoint of a complementary interval, we see thai ®*(t) = oo,
and since it is obvivus that ®(t) = 0, ® is not differentiable at ¢. Similarly, if ¢ is
the left endpoint of a complementary interval, we have ®~(¢) = oc # 0 = ®*(¢), so

again P is not differentiable at {. =

To continue our characterization of the points in N*, we must consider points in
C,. that are not endpoints of complementary intervals. Let .N* denote the set of
all nonendpoints in C, such that & is not differentiable from the right. and let N~
denote the set of all nonendpoints in C,. such that ® is not differentiable from the
left. Clearly N* and .V~ are contained in N*, but it is still unclear if there are
nonendpoints in .V* that don’t belong to either set. The next Theorem helps us

answer this question.

Theorem 3.3 For any x € C, that is not the endpoint of a complementary interval.

we have 7(r) = ¢~ (r) = x.
Proof: Consider any nonendpoint £ € C,., with locator sequence
r = (z(1).2(2),z(3)....).

For each positive integer n let z(n) denote the position of the nth zero in the locator
sequence of r. Also note that the length of the stage z(n) black interval containing x
is acM

Next, define a sequence I, of complementary interval endpoints decreasing to

as follows:
£ = (2(1),z(2),...,z(z(r) — 1),0,2,2,2,...) forn=1,2,....

Note that there is one stage z(n+ 1) black interval of length a®c***!)=" between .,
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and r,. Thus, we have

B(rn) — P(z) > B(zn) — P(znt)

ancz(n+l)—n

(a + c):(n+l) .

We also note that r and r, share the same black interval until stage z2(n + 1) — 1, so

Iy — I S anc:(n+l)—(n+l).

Combining these observations, we see that

b(r,) — P(z) arcs(rtl)-n
T -z T arEhr)-(nFl(g + ¢)3(ntl)
c

which approaches infinity as n approaches infinity. It follows that ®7(z) = oc.
To show that ¢~ (z) = x. we let t(n) denote the position of the nth two in the
locator sequence of r. The proof follows by reversing the roles of a and c in the above

argument and replacing every z(n) with {(n). =

As a result of the above theorem, the upper derivates of any nonendpoint in Coe
are equal. Thus, if ¢ is a nonendpoint in C,, then ¢ is contained in .V* if and only
if either ®,(t) is finite or ®_(t) is finite. In other words, ¢ is contained in .V* if
and only if ¢ is contained in either N* or N~. We therefore arrive at the following

decomposition of the nondifferentiability set N*.

N* = N* U N~ U {complementary interval endpoints in C,.} (3.4)
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In the next section. we will compute the Hausdorff dimension of the set N* by
making use of the above decomposition. We will see that the countable set of com-
plementary interval endpoints can be more or less ignored. so our efforts will focus
on the sets V™ and .V~. To obtain the appropriate coverings of these sets, our main
tool will be the following theorem, which characterizes the points of V™ in terms of

their locator sequences.

Theorem 3.5 Let & denote the Cantor function associated with the Cantor set C,..
Let N* denote the set of nonendpoints in C,. at which ¢ is not differentiable from
the right. and set r = In((a + ¢)/c)/ In(1/c). Then

. z I
I. Ift € N, then limsup-(—il(i—) >k

n—oc ~ n')

s(in+1
20 1If limsup(—rjr—)

n—  2(n)

>r~! thente N7,

where z(n) denotes the position of the nth zero in the locator sequence of t.

Proof: 1. Take any nonendpoint ¢t € Cy.. and suppose that

lim sup Hn+l) <r L (3.6)

n—oo z(n)
We will show that ®_(t) = 2c. Now by (3.6), there exists a real number ¢ > 0 and a

positive integer mq such that

z(n+1 -
r‘l—(—(er)2q>0 for all n > mq. (3.7)
So. consider any positive integer n > myg, and choose a real number u, satisfying

0 < u, < distance(t, K,),

where A, is the complement in [0, 1] of the z(n)th stage in the construction of Cc.
31

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Next, take any point £ € (¢, ¢ + u,). Then the locator sequences for r and ¢ will
agree out to the z(n)th positions, and there exists a positive integer ng > n such that
z(ne) is the first position in which the sequences disagree. So we have the situation

described below:

Thus. since £ and ¢t share the same stage z(ng) — 1 black interval, we have
I —t<gholgEino)=no, (3.8)
Now. choose points =’ < r and ¢’ > t which have the following locator sequences:

= (t1).£(2).....t(z(no) = 1),2,0,0,...)

Clearly. ¢’ < r'. and at stage z(ng + 1), there is one black interval of length

a™Ftmorl)—ne herween ¢’ and r’. Thus, we have

B(x) —b(t) = ¢() - ()

atecs(ro+l)—no
(a + C)z(no-i-l) i

Combining Equations (3.8) and (3.9), we obtain

®(r) — B(t) > ge-3(no) (a + c) —z(no+1)

r—t
(a+c)
a+ ¢\ %"
o) e

a+c qz(n)
c

~lz(ng)-z(no+1)

1

v
+ 6

forallt <z <t+ u,.
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But the above holds for all n 2> mg, so we see that ®,(¢) = ¢, which completes the
proof of part one.

2. Take any nonendpoint ¢t € C,., and suppose that

. z 1
limsup Hntl) >rt

n—oc z(")

(3.10)

Then by (3.10) there exists a subsequence {nt} of the positive integers. a real number

g > 0. and a positive integer mg such that

. e+ 1) <-g<0 for all £ > my. (3.11)
z(nk)

Next. we define two sequences of points, u(n) and w(n), such that u(n) decreases
to ¢ and w(n) increases to t. The points u(n) and w(n) are defined below in terms of

their locator sequences:

w(n) = (8(1),4(2).....tz(r) = 1),2,0,0....)

w(n) = (6(1),4(2),--.r....t(z(n +1) = 1),0.0.0,...)

Clearly, w(n) < u(n). Now, note that there is one stage z(n) complementary interval

of length ba"~'c*(™)~" between t and u(n), so that
u(n) —t > ba" e, (3.12)

Similarly. there is one stage z(n+1) —1 black interval of length a®c***!="~! between

w(n) and u(n). Thus. we have

®(u(n)) — ®(t) < ®(u(n)) — B(w(n))

ancz(n+l)—n—l

(a + c):(n-H)—-l °

(3.13)
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Thus. combining Equations (3.12) and (3.13) we obtain, for all & > my,

@(u(nk)) - (D(t) < ac""("k) (a +c l-z(ng+1)
u(ng) —t - b

a+c\afa+c)  me-smerl)
()5 ()
—q3(ng)
%(a:c> <a.+c> by (3.11)
¢
< (i(a-i-c)'
- b c

It follows that ®_(t) < 2a/b< oc.,sothatte N*. =

c

I

To handle the set V™, we introduce a “complementary” Cantor function ¥. This
second function is simply the Cantor function of the related Cantor set Cc,, which is
constructed in the same way as C,. except that the roles of a and c are reversed. In
considering the way that ® and ¥ are defined, it is clear that there is a relationship
between right differentiability of ¥ and left differentiability of ®. The details are
summarized in the following lemma, which will allow us (later in the thesis) to easily
compute the Hausdorff dimension of N~ once we have determined the dimension of

N7

Lemma 3.14 ds above. let ® be the Cantor function associated with C,., and let ¥

be the Cantor function associated with Ce,, and consider any £ € [0. 1]. Then

{. The number r is contained in the Cantor set C,. if and only if the number
1 — I is contained in the Cantor set C.,. Moreover, if the condition is satisfied,
then the numbers £ and 1 — T have complementary locator sequences in their

respective Cantor sets.

2. The number r is a nonendpoint in C,. if and only if 1 — T is a nonendpoint in

Cea-
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3 P(r)=1-¥(1 —x)

4 The Hausdorff Dimension of N*

[n this section. we are at last ready to compute the Hausdorff dimension of .V*, the
nondifferentiability set of the Cantor function ¢ described in the preceding section.
Recall that by (3.4). the nondifferentiability set .V° can be written as the union of
three sets: .V* (the set of all points at which @ is not differentiable from the right).
V- (the set of all points at which ¢ is not differentiable from the left), and the set
of all endpoints of complementary intervals in the construction of C,.. which we will
denote by F. We will begin by focusing our attention entirely on the set N7 after
arriving at a candidate value for its Hausdorff dimension, we will give a detailed proof
that our candicdate value is indeed the Hausdorff dimension of .V*. At the end of this
section. we will at last turn our attention to the sets N~ and F and arrive at a value
for the Hausdorff dimension of the entire nondifferentiability set .V".

Throughout this section, the symbol C(m, n) will denote the binomial coefficient

“m choose n.”

4.1 A Candidate for the Hausdorff Dimension

As before. let C,. denote our non-symmetric Cantor set. let ® be the associated
Cantor function. and let .V* be the set of all nonendpoints of C,. at which ¢ is not
differentiable from the right. We seek a candidate value for the Hausdorff dimension
of the set V7.

We proceed by analogy to the standard Cantor ternary set, which we denote by

C. We will first describe a procedure for “guessing” its Hausdorff dimension, and then
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apply this procedure to N*. First, recall that
HY(C) = supinf Y _ [,
>0 35
where the infimum is taken over all d-covers {U;} of C. We know that a number + is
the Hausdorff dimension of C if it is the unique positive number such that H*(C') = 0
for all d > v and H4(C) = x for all d < 7. Thus, to find the “cut-off point,” that
is. the value of d that’s neither too large nor too small, we first consider a sequence
{{U,}} 2, of covers of C. whose diameters shrink to zero, and examine the associated

Hausdorff sums

Z iL},I“.

>l

In the case of the Cantor ternarv set C. a natural choice for the jth cover is the
collection of 27 black intervals at the jth stage in the construction of C. For a real

number d > 0, the Hausdorff sum associated with d is then given by

2

Y3 =237 = (2/3%).

=1
The “cut-off” value for d is the number such that 2/3% = 1. since any larger value
produces sums that tend to zero as j approaches co, and any smaller value produces
sums that tend to infinity as j approaches oc. This value of d is In2/1n 3, which can
be shown to be the Hausdorff dimension of C.

We will now use the same procedure to find a candidate for the Hausdorff dimen-
sion of N~. By our characterization of the points in N* (Theorem 3.5), we know
that in order for a point ¢t to be in N*, there has to be “sufficient space” between

successive zeroes in the locator sequence of ¢. In particular. we must have

. z(n +1) In(l/c)  _
limsup === > e =T
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where z(n) is the position of the nth zero in the locator sequence of ¢t. Now, consider a
collection E,. consisting of 2'~! stage u; black intervals. Specifically, a stage u, black
interval is in E; if and only if all points in the interval have locator sequences with a
zero in the ith position and twos from the (i + 1)st position up to the u;th position.

Note that each E, consists of the following collection of intervals:

C(j — 1.0) intervals of length a’/c*™/
C(j - 1,1) intervals of length a?~'c®~U~Y

C(j - 1.j — 1) intervals of length ac* ™

Next. consider for some positive integer j the collection {E}, E .1, Ej+a. ... }. Roughly
speaking. Equation (4.1) says that the above collection will cover V™ if u; is chosen
~sufficiently larger” than j. We therefore set u;/j = r~'. Using the binomial theo-
rem and performing several simplifications. the Haunsdorff sum associated with this

collection becomes

k-1
YIE = 3.3 Clk - 1) [ab e *I)T

k>j k>j i=0
v k
- Sl @
a’ +c7 ‘ c
k>3
8] k
= s+ ()]
a’ + 7 c
k>3

Observe that the kth term in the last summation above is that of a geometric series.

If the common ratio is chosen to be greater than one, the series will diverge; if it is
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chosen to be less than one. the series will converge, and the above sum will therefore
approach zero as j approaches infinity. The “cutoff” therefore appears to be a cummon

ratio of uvne. so we will insist that

i (&))" =1

Taking logs and rearranging this equation reveals that our candidate for the Hausdorff

dimension of .V7 is a real number satisfying the equation

__rln [1+(g—)7] N
= AR (4.2)

We close this section by showing that the number ~ defined above exists in the

interval (0. 1) and is unique.

Lemma 4.3 Let f(x) = z{ln(1/c)]* — In[(a + c)/c] In[l + (a/c)*] for each real number

r. Then the equation f(x) = 0 has a unique solution in the segment (0, ).

Proof: Before we begin the proof, we note that Equation (4.2) is equivalent to the
equation f(~) = 0. so proving this lemma will indeed show that the number v defined
by (-1.2) exists and is unique.

To begin, we first observe that f(r) is continuous and differentiable on the interval

0. 1}. and that by our choices of a and ¢, we have
f(0) = —In[(a +¢)/c]In2 < 0, and
£(1) = In(1/e)]* - [In((a + ¢)/c)]* > O.

Thus, by the Intermediate Value Theorem, f(z) = 0 has a solution in the interval
(0,1). To show that the solution is unique, we use the Mean Value Theorem. For any

real number z, we have
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' 1\1? a+c a (afc)*
rj=[ln| - - - —
rer=[m(3)] -m () m (@) o
Now, if @ < ¢, we clearly have f'(z) > 0 since the above equation shows that f'(z) is
the sum of two positive numbers. If, on the other hand, a 2 ¢, we still have f'(x) > 0

because In[(a + ¢)/c] and In(a/c) are both nonnegative, and each is less than In(1/c).

This shows that the solution to f(x) = 0 is indeed unique. =

4.2 Computation of an Upper Bound

[n this subsection. we will show that the number v described above is an upper bound
on the Hausdorff dimension of N+, the set of all points at which the Cantor function

® is not differentiable from the right. We recall that

[ft € .V*, then limsupM >rh (4.4)

n—oc  2(M)
where r = In (22£) /In (%) . Recall also that the Hausdorff dimension of the set .V™
is the unique real number a such that H*(N*) = 0 for all real numbers d strictly
sreater than «. where H? denotes d-dimensional Hausdorff outer measure. To verify
that ~ is an upper bound on the Hausdorff dimension of N ™. it is therefore sufficient

to prove the following theorem.

Theorem 4.5 Let ~ denote the unique real number satisfying 0 <7 <1 such that

[+
In(1/c)

Then for any d > v we have H}(N*) =0.

Proof: We first use algebra and properties of logarithms to obtain

In(@” +c7)

Tm9 ¢ (49
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D(-)ﬁ[l(‘
L In (a?** + c"7F)
n(z) = In(a” +¢7)

Clearly. 1 is a continuous, decreasing function of x with n(0) = 1. Choose any € > 0

small enough so that
rrt—4d>1, (4.7)

where d = (1 = n(e))(r~' = 1), and set d = v + €. Define a sequence of sets

where the values of ux will be specified later. Also define

o <]
E>* = ﬂ U Er = limsup E.
m=1 k>m k—oo
We will later choose ux > k so that
Uk = é

holds fur & sufficiently large. Note that if (4.8) holds, then by (1.1) it follows that
NTC E>=.

Next. note that the (k — 1)st stage in the construction of C, consists of 2k—1 black
intervals, with C(k — 1, 1) intervals of length a*~'~*c* for i =0, 1,....k — 1. Thus, Ex

can be covered by the following collection of intervals:

C(k — 1.0) intervals of length a¥¢**~*

C(k — 1,1) intervals of length ak—1cue—(k=1)

C(k — 1,k — 1) intervals of length ac** ™"
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Thus. we can guarantee that H¢(E®) = 0 by choosing ux so that
k-t N .
atelee R (g 4 )kt = Z C(k — 1,i) [aF*et*loe 01" < k2 (4.9)
1=0
holds for & sufficiently large. Taking logs and rearranging (See Lemma 1.14 below).

Equation (1.9) becomes

V- (1o B < 1.
L +7( k)_k, (4.10)

where d; = dlna + 2Ink — In(a? + ¢4)]/[vkIn(1/c)]. Then if we eventually choose
e > k. we see that (4.10) will follow from the truth of

u

r'l-*-l)'k—()°<r‘l-*--1—+<5k—d< k
Ck -k

(4.11)
Now. chouse a positive integer .V large enough so that the following equations hold:

A 1 4§ .
|0k + <1 fork >N (4.12)

ok +rt=0>1 fork>N (4.13)

Such a choice for .V is possible by (4.7) and the fact that 0y — 0 as k — .

At last. it’s time to choose values for u; in such a way that (4.8) and (4.9) both
hold for & sufficiently large. Choose ux = k + 1 for k < N. If k£ > .V, then choose u
to be the smallest integer satisfying (4.11). Note that ux > & then holds by (4.13).

Thus. since ug > k is the smallest integer satisfying (4.11), we have

up — 1

k

<r"1+%+6;;—5 for £ > N.
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But this implies that

1 1
= -t _ ) - .
r 5+(0k+k)+k
)
< rl-d+-+- by (4.12
< r +t1t] y (4.12)
)
— - _ 7
= r 2

for all £ > V. Thus. (4.8) holds, and since (4.11) also holds, we see that (4.10) and
therefore (-.9) also hold. It follows that H¢(N*) < HYE®) =0. =

Lemma 4.14 Equations (4.9) and (4.10) are equivalent.

Proof: ‘e begin by taking logs of both sides of (4.9) and dividing both sides of the
resulting equation by ~kIn(1/c) to obtain
dina  dkin(})  dueln () L k=) In(a®+c) _ 2lnk
() k() km()  F om() k(D)

c

(4.15)

Canceling like terms. rearranging, and using our definitions of 1 and Ji. we see that

the above equation becomes

(& 1) _ d 16

5o+ L e e £ —=
S T I

k
Next. since d = v + €. we rearrange and use (4.6) to rewrite the above equation as
G+ 1+t =1+ < (1 - L;Tk) < i‘ki (4.17)
8d

Finally. we add and subtract a factor of r~! above to obtain (4.10). =
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4.3 Computation of a Lower Bound

In this subsection. we will complete the proof that the number v defined in Equation
(4.2) is the Hausdorff dimension of the nondifferentiability set .V* by showing that
- is also a lower bound on the Hausdorff dimension of N*. We begin by making the
following observation: if the d-dimensional Hausdorff outer measure of N ™ is strictly
greater than zero for some positive real number d chosen strictly less than v, then
the Hausdorff dimension of N* must be bounded below by d. To see that this is true,
suppuse we have chosen a number d strictly less than 7 such that the d-dimensional
Hausdorff outer measure of V™ is positive. Then if d were not a lower bound on
the Hausdortf dimension of .V*. that would mean that its Hausdorff dimension were
strictly less than d. which. by the definition of Hausdorff dimension. would indicate
that the d-dimensional Hausdorff outer measure of .V* were positive infinity. But this
would then imply that d is an upper bound on the Hausdorff dimension of .V, which
would clearly contradict the result of the previous section. Therefore, to show that v
is also a lower bound on the Hausdorff dimension of N7, it is sufficient to prove the
tollowing theorem.

We note that lemmas referenced in the proof of the following theorem follow its

proof.

Theorem 4.18 Let ~ denote the unique real number satisfying 0 < 7 < 1 such that

__rinf(8)" +1]
T TTI(1e)

Then for any d < v we have HYN) > 0.

Proof: Define
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Recall also that
_rinf() + 1
- In(L/c)

~

By Lemma +.36. we can choose a real number to, 0 < to < 1, such that

1
0< ma.x{ } < ton(te) < tn(t) < 1 whenever £, <t < 1.

T+r2

Now. choose any real number ¢ such that tg < t < L, and define

d=~t. v=rs, and &=s""tn(t),

where 5 is chosen so that

2

0< ma.x{ 1} <tp(t) <s< 1. (4.19)

2+r'2

Since tn(t) > 2/(2+r) and s~ > 1, it follows immediately that

l-< —. 4.20
§ 2r-l+1 ( )

To prove the theorem. we will construct a subset £, of V™ with
HYE,) > 0. (4.21)

[t will then follow that H4(.V*") > 0. We will again apply Lemma 2.15 to narrow the

class of covers we need to consider to sets in the collection 7, where
T = {black intervals in the construction of C,.}U {0}.
Lemma 2.15 shows that there exists R > 0 such that

H! > Ry, (4.22)
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where g is the outer measure similar to Hausdorff outer measure, except that only
sets in the collection T are used in covers (see the statement of Lemma 2.15). We

will establish Equation (4.21) by finding positive constants P and Q such that
pi(N*T) > PQ. (4.23)

Now. let us describe the set E,. It will correspond to a sequence 0 < ky < u; <

ks < us < ... of positive integers as follows:
E, = {z = (z(1),2(2),2(3),...) | z(ki) = 0 and £(m) =2 for k; <m < u;, ¢ 2 1},

where r = (z(1). £(2).£(3)....) is the relevant code expansion of r € Cy. It is easy
to show that C,. is closed and contains no endpoints of complementary intervals in
the construction of C,.. Now. when k; < m < u;, we call m a fixed choice for Ey;
otherwise. m is a free choice. Let F(p,q) denote the number of free choices m with

p < m < ¢. and note the trivial equality
F(O lil) = (kz —Uj1 = 1) + F(O. ki—l): t Z 2. (424)

We are now ready to specify our definition of u; and k; (which of course depend on
t). First. we choose k; = 1. Next, generate successive values of u; and k;,, using the

recursive formulas below:

u;, = U—lki +r;, : > 1 (425)

F(O.k) —u;— 1+ (1 = &kizi +qu€(i + 1) = si0q, 21 (4.26)

In particular. we choose u; so that r, = [v~'k;] — v~ 'k;, and we choose ki, to be the
largest integer such that 5, < 1. Clearly, 0 < r; <1 holds for : > 1, and Lemma 4.38

shows that u, > k; and 0 < 5, < 1forall: > 1.
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Next, we note that we can rewrite {4.26) as
FO.k_y) =y =1+ (L =Eki+quéi=s,, 22

Solving the above equation for F(0,k;_,) and substituting into Equation (4.24), we

obtain
F(O' kl) = fkl - quf‘ + Si, t Z 2? (4'27)

which will be needed for future computations. Finally, to assure that E, is well-defined
and does what we want it to do. we must have k;, > u, for all : and E, C .V*. These
facts are verified as Lemmas 4.39 and 4.42, respectively.

Next. let {{a,.h},>1 be any at most countable cover of E, using only intervals
in 7. Since E, contains no endpoints of Cy, {(a;,b;)};>1 is an open cover of £, and
since E, is closed and bounded (and thus compact), we can extract (by re-indexing if
necessary) a finite subcover {(a;.b;)}7—, of E, such that [a;. b;]N E; # Ofor1 <j<n.
Let the term m-interval describe any black interval among the 2™ black intervals
at the mth stage in the construction of C'y.. and let w be the largest value of m for
which one of the covering intervals {(a;,b;)}}_, is an m-interval. We wish to verify
that

> (b —ay)¢ > PQ, (4.28)
jzl
where P = (1 + (a/c)¢)™? and Q = (1 + (a/c)*)™".

To begin. choose any positive integer i such that u;, k; > w, and consider any value
of j such that 1 < j < n. Let A,, be the collection of all u;-intervals intersecting E,,
and let B;,, be the collection of all u;-intervals intersecting E; and contained in [a;, bj].

We claim that Equation (4.28) will follow if (4.29) and (4.30) below both hold (See
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Lemma 4.43).

dorzQ (4.29)
I€Ay,
(by—a)i2P > (4.30)
I€B,.,

Next. we seek a more definite way of expressing the sums appearing in (4.29) and
(1.30). First. to each positive integer g we will assign a nonnegative integer p(g) as
follows: p(y) is the largest positive integer such that kyg) < g, or. if no such positive
integer exists. we set p(g) = 0. Let m denote the nonnegative integer such that the
interval [a,.b,] appears at the mth stage in the construction of C,.. Then (4.29) and

(4.30) are cquivalent to (4.31) and (4.32) below. respectively (See Lemma 4.43).

=TT O ) e aan

s p [l . (Q)“] F{mk,) (g)d(i—P(m)) (l)"“"""‘) (4.32)

c

Detine
B(g.h) = F(g. ks) + qv€(h — p(g)) — v€(up — g) for integers g, h with 0< g < k.

Then by Lemma 4.49. Equations (4.31) and (4.32) are equivalent to Equations (4.33)

and (4.34) below. respectively.

[+ ()] "0 (433)
[1 + (%)d] o < p! (4.34)
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Since {+.19) implies that £ < 1, we see that s; — v€r, > —rér; 2 —r, so we have

@O 2 O] -e

which verifies (4.33). To verify (4.34), we will first bound the quantity B(rmn, ). Note

that by Lemma 4.50. we have
B(m, i) < B(up(m): i), (4.35)

so since p(m) < i. it suffices to bound B(u;, i) for all j < i. So choose any j < &.

Then by (4.25) and (4.26) we obtain
B(u,.i) = F(u,. k) + qu§(i — p(u;)) — v&(u: — u;)
= F(0. k) — F(0.u,) + qu€(i — j) —vE[(v ' ki + 1) = (v 'k, +r,)]

= F(0.k;) — F(0.k)) + qu€(i — j) — &(ki — kj) — vE(ri —ry)

Sk, — k) — que(i — j) + (8 — ;) + qué(i — J) — §(ki — k;) — v&(ri = 1j)
={(s,—>3,)—vE{r,—r))

<2

so that

which verifies (4.34).

Finally. since (4.33) and (4.34) hold, we see from the discussion above that (4.28)
also holds. and since the positive constants P and @ are independent of our cover,
(1.28) holds for any cover of E, using intervals from 7. Taking the infimum over all

such covers. Equations (4.22) and (4.28) yield

pd(E) > PQ = HYNY)>HYE) > RPQ >0,
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which proves the theorem. =

Lemma 4.36 There ezists a number ty, 0 < to < 1, such that 0 < max {. 7%} <

ton(ty) <tn(t) <1 forty <t < L.

Proof: First. let us consider the case where a < c. Then tr(t) is clearly an increasing
function of t which approaches one as ¢ approaches one. Thus, the lemma is trivial.

Now. suppose that ¢ > c. For ease of notation, set M = a/c. We note that n is a
decreasing, continuous function of ¢, with (1) = 1. Therefore, since ¢,r < 1, we can

choose a number £, 0 < ty < 1, such that
L—rtgn(t) >0 fortg <t<1. (4.37)

Consider the function f(¢) = tn(t). Using the definition of v and ordinary differenti-
ation rules. we have. for tf <t <1,

i = o |- ~t M ln M
= (Mt + D) In(Mt + 1)
M

> n(t)[1 — rtqn(¢)]

> 0,

where the last inequality follows from (4.37). It follows that f is strictly increasing
on the interval [t}, 1]. Thus, since f(1) = 1, we can choose a number to, ty < to < 1,

such that

1
0 < mz: -,
max{2 2471

} < tan(te) < tn(t) < 1

for all t such that t(, <t < 1. =
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Lemma 4.38 In Equation (4.25), u; will always be an integer greater than k,, and

in Lyuation (4.26). such a choice for kiy, is always possisle.

Proof: Since u, = [v~'k,]. it is clear that u; is always an integer. Also, since
v =rs < L. it follows that v~ 'k, > ki, so that u; > k; as claimed.

To verifv the claim for k., note that by Equation (4.19), we have tn(t) < s =
€ < 1. so that

0<l-€<1

Thus. if we choose k,.; to be the largest integer making the left hand side of (4.26)

strictly less than one. it is clear that such a choice will make 0 < s, < 1true. =

Lemma 4.39 With our choice of k,, the successive values of k; and u, generated by

(4.25) and (4.26) will satisfy kioy > u; for 1 2> 1.

Proof: We first verify the claim for i = 1. Since uy = v~! + r; and F(0.k) =0

Equation (4.26) becomes
(L—uy) + (1 = Eka+ (2qu€ - 2) = 52 (4.40)

Also. combining (4.19) and (4.20) vields

1 1 1

< - 441
2r-1+1 sl l vt4n (441)

O0<l-€<
Next. since 2qv€ — 2 < 0 and s» > 0, Equation (4.40) implies that

(1 —uy) + (1 —E)kz > 0.
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Therefore,

ka > (uy —1)(1 =€)~ (since by (4.19). 1 -=£>0)

v

(1 — &)~ (since uy > ky = 1)
> v+ by (4.41)

= u.

We now verify the claim for i > 2. By Equations (4.26) and (4.27), we have, for

all 1 > 2.
(1 =k —w) = (1 =8Ekiv — (1= 8u,
= .s‘,-+l+u‘-+1—F(0.kl)—ql/&(i-i-l)-—(l—f)ui

= sis +Suy+ 1 — Ek; + qu€i — 5; — qu€(i + 1)

v

f(uz - kl) - ([!/f

Y

&(1 —qv). (since u; > k; )

But | — & > 0 and 1 — gv > 0. so it follows from the previous string of inequalities

that k,—; > u, holds forall : > 2. =

Lemma 4.42 The set E, is contained in the nondifferentiability set N™.

Proof: Take any point = = (£(1),2(2),z(3),...) € E;. Let z(n) denote the position
of the nth zero in the above code expansion of z. Choose a subsequence {n;}Z, of
{n}>, such that

z(n;))=k; fori=1.2,....

a1
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This is always possible since £(k;) = 0 for all i. By the definition of E;, we have

1)

. ~(n+ . i u;
limsup ——— > limsup litn sup —

n—sac Z(IL) i—roc z(nl) t—roC kx
-1

2(ny + 1)

v

v

v

the last inequality following from (4.25). Since »~! > r~1, it follows from our charac-

terization of the nondifferentiable points of ® that r € V™. =

Lemma 4.43 Equation (4.28) follows from Equations (4.29) and (4.30).

Proof: Assume that (4.29) and (4.30) hold, and note that the sums in both cases

are Hnite. Qur first claim is that

> Y uEe Y (4-44)

1=l ,EBjul IGAul
To see this. note that everv u,-interval, u, > w, that intersects £’ must intersect one
of the covering intervals [a J,b,-] since they cover E. Also, this u;-interval can only

intersect one of the covering intervals by the geometry of the intervals in 7. Thus,

Au, € | Bju.,

1=l

where the above union is disjoint. This establishes (4.44), and we therefore have

S -tz bi—e)t = Y P Y U (by (430))
=1

3=t Jj=1 1eB,;,,

2 P ) 11" (by (444)
IE€A,,

PQ, (by (4.29))

-

\Y

which verifies the claim. =
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Lemma 4.45 Equations (4.31) and (4.32) imply Equations (4.29) and (4.30).

Proof: This will take some work. We first seek a more definite expression for the
sum appearing in Equation (4.29). Suppose (more generally than in (4.29)) that for a
nonnegative integer g (not necessarily equal to any u;) we let A, denote the collection
of all g-intervals that intersect E,. We seek a definite expression for the associated

“Hausdorff sum”

>

IeA,

To begin. recall that for each positive integer h. p(h) is the largest nonnegative
integer such that kp, < h. or. if no such integer exists p(h) = 0. We claim that
z 1] = (a® + cd)F(Oyy)adp(y)Cdly-p(a)—l'"(ﬂvy)l (4.46)
IeA,
Verification of (4.46). Note first that, by the definition of E;, there are exactly
2F(0.9) djfferent intervals contained in A,, and that this is also the number of terms
in the binomial expansion of the right hand side of (4.46).
We proceed by induction on g. The cases g = 0 and g = 1 are trivial to verify,
so suppose that (4.46) holds for some g > 1. Since k; = 1, this yields three cases:

kotyy S 9 < Up(g): Uptg) S 9 < Kp(g)+1 — 1, OF g = kp(g)r1 — 1.

L. If kyy < g < up, and = € E, then r(g+1) = 2. Thus. only the “right cth” of
the intervals in A, will be included in A,,. So we have
Do =ty
1€AG+1 IeAq
Also, since in this case g+1 is a fixed choice for E, we have F'(0, g) = F(0,g+1),
and it is easy to see that p(g + 1) = p(g). Using the inductive hypothesis and

the above equality, it is easy to verify that (4.46) holds for g + 1.
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2. If upy; < 9 < kpy)-1 — L and r € E, then (g + 1) conld be either 0 or 2. So
the collection A, has twice as many intervals as A,, and they consist of the
“left aths™ and the "right cths” of the intervals in A,. Thus, we have

Do = (et +ef) YU
[€A 1 €A,
As in the previous case. it is easy to see that p(g + 1) = p(g): however, in this
case. g + L is a free choice for E, this time, so that F(0,g+ 1) = F(0.9) + 1.

As before, combining all this information verifies that (4.46) holds for g + 1.

3. If g = kpgy+1 — 1. the verification of (1.46) for g + 1 follows the exact same
pattern as the previous two, this time using the fact that F(0.g+1) = F(0.g).
plg + 1) =ply) + L. and

> Hrt=at Y0t

Ié.A.,H lEAg

Similarlv. we seek a more definite expression for the sum appearing on the right
hand side of (4.30). To do this. suppose (more generally than in (4.30)) that we
have any two nonnegative integers g and h with A < g. Choose any h-interval I,
which intersects E, and suppose this interval has length L. Let th’ denote the
collection of all g-intervals intersecting E; which are also subsets of [,. We seek a

definite expression this time for the associated “Hausdorff sum”

>

I53%
We claim that
Z 1114 = Li(a? +cd)F(hvg)ad[p(y)-p(h)]cd[(a—-h)—(p(y)—p(h))-F(h~y)l (4.47)
IEB,‘J'”
o4
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Choose an arbitrary nonnegative integer g. It is enough then to show that (4.47)
holds for all A < g. We will proceed by induction on k; specifically, let P(h) be the
proposition that for all h-intervals intersecting E;, Equation (4.47) holds.

Verification of (4.47). Choose an arbitrary nonnegative integer g. [t is enough then
to show that (4.47) holds for all A < g. We will proceed by induction on h; specifically,
let P(h) be the proposition that for all h-intervals intersecting E:, Equation (4.47)
holds. For A = 0. [y = [0.1], and (4.47) reduces to (4.46), which has already been
verified. So suppose that P(h) holds for some h, 0 < h < g. We wish to verify P(h+1).
Choose any (h + 1)-interval which intersects E., and call it [4.;. Once again, we have

the following three cases: kpn) < h < tpn), b = kpnye1 = L. OF upny < h < Ky — 1.

1. If kyny < h < upn) and & € Ey, then z(h + 1) = 2. Thus. [h4, is the “right
cth” of some h-interval. call it [,, that intersects E,. Also. since r(h+1) = 2, it
follows that every g-interval intersecting E, is contained in /, if and only if it is
contained in [,. . Combining the above observations with the trivial facts that

F(h+ l.g) = F(h.g), p(h + 1) = p(h). and the induction hypothesis, we have

DRI GEE NI

IEB.‘J"?” [eB;h)
_ Lﬁ(ad + Crl)F(h,y)ad[p(y)—p(h)lcd[(y—h)—(p(y)-p(h))—F(h.g)l

= AL% (g4 + HA)FUb+10) gdlp@)=pih+ U] dllg=h=L)~(ple)p(h 1)~ Flht L]

Thus. since L{_ | = c¢*L{, this verifies (4.47) for A + L.

(V]
H

I[fh = kyny+1 — 1 and z € E, then z(h + 1) = 0. In this case, F(h+1,9) =
F(h,g). but p(h + 1) = p(h) + 1. A pearly identical analysis to the one above
again verifies (4.47) for A + 1.
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3. If upny < h < kpny+1 — | and x € E,, then z(h + 1) could be either 0 or
2. {A quick check shows that, in this case, F(h + 1,9) = F(h,g) — | and
p(h + 1) = p(h).) Thus, [4,, could be either the left ath or the right cth of an

h-interval intersecting E,; call this h-interval [j.

Now. by the induction hypothesis, Equation (4.47) holds for our particular
h. and note that the collection ijh) can be split into two disjoint parts. the
intervals contained in the left ath of 7, (call this subcollection D;) and the

intervals contained in the right cth of [, (call this subcollection D). Thus,
th) e D[ U Dg.

Clearly. there exists a finite sequence z(1).£(2)..... z(h) such that

[t is also clear that the locator sequences of any D, or D, intervals can be
obtained by adding on exactly the same collection of length gy — 1 + 1 sequences
to the ends of the sequences (x(1),.r(2),...,z(h),0) or (z(1),x(2).....x(h),2).

respectively. Thus. there exists a number M such that

> "= Lia*M, and

IeDy
> = Lic* M.
1€D2
Thus, from the above, we see that Z 1% = LM (a® + c*). Thus, since (4.47)

res
also holds for our particular choice of k, we have

M= (a*+ cd)F(h.g)—ladlp(g)-p(h)lcd[(y—h)—(p(ﬂ)-p(h))-F’ (h.g)] (4.48)
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We will now verify that (4.47) holds for A + 1.
Case A. [, is the right cth of [,. Then thﬂ) = D,, and combining with (4.48)
we have

STt = Lictat + () F(h9) =1 gdllp(a)=p()] cl(g=h)=(plg) = ()~ F(hg)

leb.;hfl)

— L‘,f+l(a“ + Cd)l’(h+l,y)a'l£v(y)—p(h+l)lcd[(y—h-l)-(p(y)—p(h+l))-F(h+Ly)l’

which verities (14.47) for A + 1.
Case B. [,., is the left ath of I,. Then B(gh+l) = D,, and a similar set of

equalities again verifies (4.47) for A + 1.

With Equation (4.47) verified. we proceed to prove the Lemma. First, let us show
that Equation (4.31) is equivalent to Equation (4.29). To see this. set ¢ = u,. Then

have F(0.¢) = F(0.u,) = F(0.k,), and p(g) = i. so that (4.46) becomes

z |1|d — (ad+c«l)F(D,k,)adicd[u.—i—F‘(O.k‘)I

[€A,
EIGIRNONOR

Thus. the left hand sides of (4.29) and (4.31) are equal, which shows that they are
equivalent.

Finally, we will show that (4.32) and (4.30) are equivalent. For convenience of

47 Flmiki) d(i-p(m)) [ 1 —d(u, —m)
u=l= (] OE)
c c c

notation set
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For our generic [a,, b;], Ly is of course b; —a;, and B{" = Bj,,, and we have F(m,u;) =
F(m,k,). Thus, taking h = m and g = u; in (4.47) and using (4.32), we have
Z |I|zl - (bJ _ a,)“(ad + cd)F(rn,kg)ad[i—p(m)]Cd[(u‘—m)-(i—p(m))-F(m.k.)]

I€B,,,
= (b, —q M,

which establishes the claim. =

Lemma 4.49 Equation ({.31) is equivalent to Equation (4.33), and Equation (4.32)

is equivalent to Equation (4.34).

Proof: First, set

and note that

_ diln(a/c)  du; In(1/c)

~r$ - Il .
F(0, k) + stiln(a/c)  vtuiln(l/c)
lnk lnk

Ink Ink

= F(0,k)+
= (Ek; — qu€i + s;) + rtgn(t)i — rtu;n(t)
= (ki + 3;) — v€u,

= (ki +s:) —vE(v ki + 1) by (4.25)

= & — UE(rir

where the second equality follows from (4.27) and the definition of ~. This shows that
Equations (4.31) and (4.33) are equivalent. Similarly, we have
B(m,i) = F(m.k)+rtqn(t)(i — p(m)) — rtn(t)(w; —m)

d(i — p(m)) In{a/c) B d(u; —m)In(1/c)
Ink Ink ’

= F(m, k) +
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which shows that Equations (4.32) and (4.34) are equivalent. =

Lemma 4.50 B(m. i) < B(tpm), i)

Proof: Ve have two cases to consider; either kpmm) < m < Upen) OF Upm) < M <
kp(m)rl‘
In case kpomy < m < tym). we clearly have F(m.k;) = F(upm). k) so we see that
B(m.i) < Blupimy.t) == —§viu; - m) < —€v(u; = tpm))

< m < Up(m),

which is clearly true.
In case Uppmy < M < Kpim)+1: We have F'(upm), ki) — F(m. ki) = F(upim)y. m) =
M — Wpy(m,. 50 that
B(m.:) < Blupim).t) <> F(upim).m) — F(m. k) — v€(m — upim)) >0

= (m — uym)(1—v§) >0

which is clearly true since (4.19) implies that £ < 1. Combining the above cases proves
the lemma. =
4.4 The Hausdorff Dimension of N*

In this subsection, we will compute the Hausdorff dimension of the nondifferentiability
set V*. which is the main result of the thesis. All of the hard work has essentially
been done in the preceding subsections, where we showed that 7 is the Hausdorff

dimension of the set N+, for we will see that the Hausdorff dimension of N* is simply
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the maximum of ¥ and a closely related number we will call ¥. The number ¥ is
defined in the same way as ~ except that the roles of ¢ and ¢ are reversed. We will
see that ¥ accounts for the set .V~ of points where ¢ is not differentiable from the

left. The details are summarized in the following theorem.

Theorem 4.51 Let & denote the Cantor function associated with the Cantor set
C,.. and let N* be the associated nondifferentiability set. Let v and 7 be the unique

numbers. 0 < ~.% < 1. such that

Then dimy(N*®) = max{~.%}.
Proof: By Theorem 4.18. we have
HYNT)=0 foralld > ~. (4.52)

Now. recall that .V~ is the set of all nonendpoints in C,. where ¢ is not differentiable
from cthe ieft. To compute the Hausdorfl measure of V™. we turn our attention tu
the Cantor function ¥ associated with the Cantor set C,,. (Recall the definitions
of ¥ and C., from the discussion preceding Lemma 3.14.) Let N™ be the set of
all nonendpoints in C., at which ¥ is not differentiable from the right. Applying
Theorem 4.18 to ¥ and .V*, and remembering that this will reverse the roles of @ and
c. we see that

HYNT)=0 foralld> 7.

But by part three of Lemma 3.14, it is easy to see that V™ =1 — N+, so that

HYNT ) =HI (A - NT)=HYNT) =0 foralld > 7. (4.53)

60

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Finally, we let F denote the countable set of interval endpoints in C.c and use the

decomposition described in (3.4) to obtain
HIYN®) S HANT) +HEYNT )+ HYF) =0

for all d > max{~.5}. It follows that dimy(NV*) < max{~v,7}.
To finish the proof, we will show that dimg(N*) > max{y,7}. First, by Theo-

rem 4.5, we see that
HYNY) > HYNT) >0 foralld <.
Similarly, if apply Theorem 4.5 to ¥ and use Equation (4.53), we get
HYN®) > HANT) = HYNT) >0 foralld < 7.
Combining these results, we conclude that
HYN') >0 for all d < max{~.7}.

Now. consider any real number d' < max{~v.3}. Then we can choose a number d
satisfving ¢’ < d < max{~.3}, and combining with the above inequality, we see that

HY(N*) = x. It follows that dimg (V) > max{v,%}. =

We note that the above result gives us the Hausdorff dimension of N* as the
maximum of two real numbers. v and 7. Clearly, these two numbers are equal if a = ¢
so that the Hausdorff dimension of :NV* is just their common value. A natural question
to ask if ¢ and c are not equal, then, is whether it is possible to determine which of
these two numbers is larger. The answer turns out to be simple: If e is strictly greater
(less) than c, then = is strictly greater (less) than #. This fact leads to the following
theorem, which gives us a more definite way of expressing the Hausdorff dimension

of the set N*.
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Theorem 4.54 Let Co..®.N*,v and 7 be as in Theorem 4.51. Then the Hausdorff

dimension of N* is given by the unique real number a satisfying
a+c 4 +c®
: In (min(a.«:)) In ((min(z.c))")

[ (stem) |

Proof: We begin by defining the following functions:

flz) = [m (é)]; —In (“j“) i (1+(2)")
o= ()] e (22 m o+ 2

Note that f(r) is the same function that was defined in the statement of Lemma 4.3.

and that in the proof of that lemma we showed f’(x) > 0 for all real numbers r. Our
first observation is that this implies that g’(x) > 0 also holds for all real numbers r.
This is true because we know that f’(x) > 0 for all constant values of a and ¢ such
that 0 < a.c < % in particular, f’(z) > 0 still holds if the values of a and c are
reversed in the function f(c). But reversing the values of a and ¢ in f(z) gives the
function g(x). Next. we note that by using properties of logs and canceling like terms.

we can rewrite f(z) and g(z) as follows.

f(z) = zln(c) In(a + ¢) — In(a® + ¢*) In((a + ¢)/c)

g(z) = zln(a) In(a + ¢) — In(a® + ¢F) In((a + c)/a)

Note that by the definition of the number v (see Theorem 4.51 above), we have
f(~) = 0. which is equivalent to writing

. 7In(¢)In(a+c)
(@™ +¢") = @+ 00
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Thus. using properties of logs and canceling like terms, we have

g(%) = ~In(a)ln(a +c) —In(a” +¢”) In[(e + c)/q]
~In(c) In(a + ¢) In[(a + ¢)/a]
In[(a + ¢)/c]
N (ln(a) In(e + ¢) In[(a + ¢)/c] - In(c) In(a + c) In[(a + c)/u])
o In[(a + ¢)/c]
= F/[tr;—(f:—z);—i] - [In(e) In(a + ¢) — In(a) In(c) — In(c) In(a + ¢) + In(a) In(c)]
~{In(a + ¢)? a

- In[(a + ¢)/c] I (Z) '

= ~In(a)ln(a +¢) -

Note that the sign of g(~) is entirely determined by the factor of In(a/c) that appears
in the last equality above. We therefore consider two cases. First, if a > ¢ holds. then
g(~) > 0. and since we know that g(¥) = 0 (by the definition of ) and that g'(r) >0
for all z. it follows that v > % holds. On the other hand, if @ < c holds, a similar
argument shows that ¥ > 7.

To finish the proof., we combine the observations above with Theorem 4.51 to
conclude that if @ > ¢, then + is the Hausdorff dimension of .V*, while if a < <. then
% is the Hausdorff dimension of .V*. Recalling the definitions of v and ¥ given in the

statement of Theorem 4.51. the theorem follows. =

5 Summary

In this thesis. we have seen that Hausdorff dimension is a useful tool in comparing
the sizes of various subsets of the real numbers, particularly those which cannot be
distinguished by ordinary Lebesgue measure. We discovered that the class of Cantor
sets denoted by C,. have varying non-integral Hausdorff dimensions between zero and

one. The Cantor function associated with each Cantor set has a nondifferentiability
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set which is properly contained in the Cantor set that that generated it. We showed
that the Hausdorff dimension of each nondifferentiability set is also a real number
between zero and one, but less than or equal to the dimension of the underlying
Cantor set. One question that could be asked at this point is whether or not similar
observations hold for other Cantor sets and functions.

One Cantor set very similar to those described in this thesis arises from the tent

mapping

wpy < (el for 0<z<af(atc)
(e = (1/c)(1-z) for af(a+c)<r< 1.

where @ and ¢ are positive real numbers strictly less than one-half. Note that C}, =
[0.a] U [1 — c. 1] is precisely the set of points which are mapped into the interval
[0.1] by £(r). Thus. we can ask which subset of C,. gets mapped into [0, 1] by the
iterated map £(¢(x)). [t turns out that this subset consists of the same four intervals
comprising C?2.. except that the positions of the two rightmost intervals are reversed.
Letting #* denote the iterated map t2t2---2t (n times), it can be shown that #* maps
a set similar to C™ into the interval [0, 1] for each positive integer n. Continuing this
process vields a Cantor set C which is precisely the set of real numbers x such that
t"(x) is contained in the interval [0,1] for all positive integers n. Perhaps methods
similar to those discussed in this thesis could be used to construct a Cantor function
corresponding to C and to compute the Hausdorff dimension of its nondifferentiability

set.
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