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ABSTRACT OF DISSERTATION

GAUSSIAN MAPS FOR DOUBLE COVERS OF SMOOTH TORIC SURFACES

This dissertation will expand on the results in Duflot, Gaussian Maps for
Double Coverings, (Manuscripta Mathematica 82, 1994), considering both double
covers of smooth toric surfaces and Hirzebruch surfaces and going further to con-
sider curves on double covers of Hirzebruch surfaces. Results specifically address

surjectivity as well as computations of corank.
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Chapter 1

Introduction

In this paper, we expand on the body of knowledge amassed in the past 20 years
concerning Gaussian maps. The definition of the general Gaussian map is given
in Wahl, “Introduction to Gaussian Maps on an Algebraic Curve”, page 304 [23)].
Wahl considers two line bundles £ and M on a smooth projective curve X and
uses the kernel of the natural mutiplication map (uc a1 HY(X, L)@ HY (X, M) —
HY(X,L ® M)) to construct a Gaussian map ®x o m @ kerpcy = R(L,M) —
HY(X,QL ® L M). In his paper [23], he discusses the criteria for surjectivity of
this map, i.e. given the above definitions and if the genus of X is g, if the degree
of £ and the degree of M are greater than or equal to 2g + 2 and the degree of
L plus the degree of M is greater than or equal to 6g + 3, then the Gaussian map
is surjective. Finally, as Wahl tells us in his paper “The Jacobian Algebra of a
Graded Gorenstein Singularity” [24], if X is a nonhyperelliptic curve of genus g
greater than or equal to 3 and Kx is the canonical divisor of X, ®x g, is surjective
means the “cone over (the canonical embedding of) X admits only equisingular
deformations.” Thus, the study of the surjectivity of ®x k, has some interest for
studies in deformation theory. However, applications to deformation theory are

not considered in this paper.
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In 1988, Ciliberto, Harris, and Miranda [3] studied the Gaussian map for curves
X. If X has genus g greater than or equal to 10 with g not equal to 11, then
the map ®x k, : A°H(X, Kx) — H%(X, K$®) is surjective. Duflot and Miranda
[6] in 1992 followed, considering the Gaussian map on surfaces and curves on sur-
faces, more specifically smooth curves on the Hirzebruch surface, Fy. The most
direct contribution to the constructions presented in this paper begins with this

Duflot/Miranda paper.

Glenn Murray, first in his thesis ([17], 1994) then later in his paper ([18], 1998)
studied the Duflot/Miranda [5] results, but broadened the perspective to include

smooth toric surfaces in general.

In her 1994 paper [4], Duflot took the discussion of the Gaussian map into the
area of double covers of complex projective varieties. Using X a double cover of

a projective variety and F a line bundle on X, she studied the Gaussian map

@X,}‘ : AZHO(X,f) — HO(X,.7:2 ®Qg()

In this thesis, we begin in Chapter 2 with definitions and examples of smooth toric
surfaces, in particular the Hirzebruch surfaces defined using a four vector fan, and
apply these definitions in Chapter 3 to develop the tools we need to explore the
Gaussian map. A summary of the results of the Duflot/Miranda paper [5] is in-
cluded in Chapter 4. Murray’s conclusions [17] are summarized in Chapter 4 as

well. Theorem 10.4 is one of the main results of Murray.

Chapter 5 presents some new work on surjectivity of various multiplication maps
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on Hirzebruch surfaces needed for application of the Duflot results, specifically
Theorems 5.2 and 5.4, and Chapter 8 presents new work necessary for analyzing
Gaussian maps for double covers of Hirzebruch surfaces using again the methods
of Duflot, specifically Proposition 8.2. Duflot’s work on double covers [4] is sum-

marized in Chapter 9.

Chapters 10 and 11 are predominantly my work, incorporating the earlier work
from Chapters 5 and 8 with the background theory of Duflot [4] and Duflot/Miranda
[5] and applying it to specific situations. Chapter 10 computes coranks of Gaussian
maps for a canonical divisor on the double cover of a smooth toric surface. For

example, one of the results we prove in this thesis is:

Corollary 10.10: If S is a smooth toric surface, 7 : X — S is a double cover of
S branched along a smooth curve D, with the line bundle L such that 2L = D,

K the canonical divisor, and Kg + L and 2Kg + L are ample, then
corank ®x g, = 40 — 5n + 7Kg+ L + L* + h°(S, Os(L — Ks)),

where n + 2 is the number of vectors in the fan defining S.
Chapter 11, again predominantly original work, begins the study of the relationship
between Gaussian maps on double covers of smooth toric surfaces, using the case of

Hirzebruch surfaces, and Gaussian maps on curves on these double covers, following

the theory initially explored in Duflot/Miranda [5].
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Chapter 2

Smooth Toric Surfaces,
Introduction and General
Notation

In this chapter, we define smooth toric surfaces and in particular, Hirzebruch
surfaces. We will also discuss some elementary facts about these surfaces. The

chief references for this chapter are Fulton [7], Griffiths and Harris [8], and Harris

[9]-

2.1 Definitions

By definition from Fulton [7], a fan is a collection of strongly convex rational
polyhedral cones in a real vector space, meeting along faces. A strongly complex
rational polyhedral cone is a cone with apex at the origin generated by a finite
number of rational vectors. We shall restrict our discussion to Z? and construct a
general fan from n + 2 vectors with initial side the vector (0, 1), terminal side the
vector (1, 0), and intermediate vectors arrayed counterclockwise between these two,
labeling the vectors consecutively {(a;, b;)}%y. For any two consecutive vectors,

we also require that the determinant of their 2 x 2 matrix is 1:
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ai—1

biv b

Thus, no vector is a scalar multiple of another and any two consecutive vectors

form a basis for Z2. See Figure 2.1.

LN B S e S s S A S5 W B S S — o B p A

24

Figure 2.1: Fan

2.2 Construction of Complex Manifolds from Fans

From a fan, we can construct a complex manifold M as a quotient space of n + 2
disjoint copies of C?2, M = C*[JC?]]---11C?/ ~. The equivalence relation, ~,

is defined as the equivalence relation generated by:

o)~ G G- )
Yo Yi Yi TH Y5
and zo, yo are such that 2§ y{ and zj y5 make sense; p, g, r, s are defined by

—1
P q a;—1 G4

= A7 0<i<n+1
r S bi—l bi
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In the above equations,(zf) is a point in the i** C? of the disjoint union, called C?,

for0<i<n+1.

Additionally, the equivalence relation for comparing elements of C? to C? is

Ti Zj Z; zf y;
~ - W I
Yi Yj Y T,y
where 0 < 4,7 <n+1 and

a B

= A;lAl
v 6

Note: the matrix A; ' takes the vector (a;, b;) of the fan back to (ag, bo), then A;

transforms {ag, bo) to (a;, b;).

x.
For convenience of notation, define the equivalence class of (z:) = ' =
Yi
Zi . . . .
, and is defined as the equivalence class of the origin of the ** C2.
Yi 0

i

Again, our intention is to construct a complex manifold M from the above fan, with
M as a quotient space of n+ 2 disjoint copies of C?, M = C2[[C*[]--- ][ C?/ ~.

The manifold M has the quotient topology.
Let g: C2JJC%]]---]JC? — M be the quotient map and U C M with U =

{a € M | ¢g71({a}) has exactly n + 2 elements}.

Lemma 2.1 Let £ e M. Then:
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a. if € = ’ € ¢(C?) and x; # 0, y; # 0, then ¢~ (€) contains ezactly n+2

Yi
points.
b if € = i € ¢(C?) and z; # 0, then ¢~*(€) = {(}), ([21)} where () e C?
0 1

and (I?x) e CZ ..

0 -
c. iff &= € (C%,,) and yiy1 # 0, then ¢71(§) = {(y’gll), (y:il)} where
‘ Yit1
(%) €Cand ([°) € CEyy.

0
d. if & = . ,q71(€) ={({),} where (§), e CZ.

Note that U is open. Clearly U # M. To compute M — U, we first need the

following definition:

T; 0
Definition 2.2 Let C; = { ' | (f)") e C?} u{ | (yil) e C2}-
0 Yi+1

Theorem 2.3 M —U =CyUC; U...UC,, where:

0
{ } if the vectors {a;, b;) and (a;,b;) are adjacent, j=i+1
a. CiﬂCj = 0
i1
0 if the vectors (a;, b;) and (a;,b;) are not adjacent

b. each C; is isomorphic to P!

Note: we may say that M — U is equal to the union of n + 2 P!’s arranged in a

cycle where P} NP} is a single point if and only if ¢ and j are consecutive.
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Definition 2.4 U; = ¢(C?).

Lemma 2.5 (a.) U; is open in M.

a
(b.) let @; : C?* — U; be the map defined by ¢;(5) = € U;. Then the map
b
05 i,
1 ‘Pj_l%‘ -1
o; (UinUj) ~— »; (UinUj),
where ¢ (U; NU;) C C? and goj"l(Ui NU;) C C?, is biholomorphic.
(c.) M is Hausdorff.

Lemma 2.6 In the chart (C%, p;), C; is defined by y; = 0. In the chart (C?, ¢;11),

C; is defined by x;.1 = 0. Also, we have:

PR

T . .

{ | z; eC} j=1

0

CiﬂUj=§ [ 0 .

{ | yiy1 €C} j=1i+1
| Yi+1

L(2) j#4,i+1

2.3 Simple Vector Fan Construction: A Three Vector Fan

Consider n = 1, a three vector fan. The fan {(a;, b;)}2, is composed of initial and
terminal vectors, (0,1) and (1, 0), and one intermediate vector. Using the required
determinant, the intermediate vector is computed to be (—1,—1). We have the

manifold C?2 [JC2[[C?/ ~, where ~ is defined as follows:

. . D .9
@)~ G oG =G
Yo Yi Yi Ty Yo

and
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P g a;— a;

T 8 bi—l bi

So, if (;3) is in C3,
-1 ,1 1
T T
(- (50)- () ows
Yo Zo Yo Ty Y1
0,.—1 —1
()-(5) - () -
Yo Zy Yo Zo Yo Y2

Also, with i = 1,7 = 2 the equivalence relation for comparing elements of C? to

And

C2 is
()~ G- (G- (%)
R )= R
Y Yj Yj Ty Y;
. a B . . aj-1
where 0 < 4,7 < n+ 2 and = A; A; with 4; = and
v 0 bi—1 b
a;—1 @
A= . So, A7 takes the vector (aj, b)) of the fan back to (ao, by), then
bi—1 b

A, transforms (ag, by) to (as, be), yielding

()~ )= () = ()
Yo it y? 7! Y2

This construction yields a manifold that is biholomorphic to P2.

2.4 Four Vector Fans

When n = 2, the fan {(a;, b;)}3_, is composed of four vectors, the initial and
terminal vectors, (0,1) and (1, 0), and two intermediate vectors. Using the required
determinant, the intermediate vectors are computed to be (—1,0) and (k, —1) or

alternatively, (—1, k) and (0, —1). Without loss of generality, we shall use the first

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



fan combination, considering & = 0 then £ > 0.

2.4.1 k=0: P! x P!

We have the manifold C? [[C2[[C?[] C?/ ~, where ~ is defined as follows:

()~ ) e ()= ()
Yo Vi Yi x4 Y5

and

Specifically,

So, if (3?) is in C,

Yo
Zo Yo ! T3\ . . 2

~ = is in Cj.
Yo Zo Y3

Additionally, the equivalence relation for comparing elements of C? to (Cf is

T; z; Z; xd yiﬁ
~ A4 =\ .0
Yi Y Y; z; Y

10

and
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L. « B -1 , aj—1 Qj
where 0 < 4,7 < n+ 2 = A7 A; with 4; = and A; =
Y ) bj—l bj

a;—1 4

bi-1 b
transforms (ao, bo) to (a;, b;).

. So, A;! takes the vector (a;, b;) of the fan back to (ao, bo), then A;

This construction yields a manifold that is biholomorphic to P! x P!,

2.4.2 Hirzebruch Surfaces, F;

We define the Hirzebruch surfaces, Fy, by the four vector fan, {0, 1), (—1,0), (k, —1)
and (1,0) where k > 0. (Note that if £ = 0, then Fo = P' x P'.) Therefore, we
have the manifold M = C?[JC?[[ C2]] C?/ ~, where ~ is defined as follows:

. ) D4
o)~ G e G = ()
Yo Yi Yi Ty Yo

and
-1
P q _ -1 a4
r S8 bi—l b,
Specifically,
-1
0 -1 0 1
1 0 -1 0
-1
-1 k -1 -k
0 -1 0 -1
-1
k1 0 —1
-1 0 1 k
11
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-1
()~ (5) - (%) mes
Yo ZoYo Y3

Additionally, the equivalence relation for comparing elements of C} to C3 is

) ) ] Y .0
Yi Y Yj z;y

o a f 1 . aj-1 @
where 0 < 1,7 < n+ 2 and = A]- A; with A; = and
Y ) bj_l bj
A = ai—1 G
bi_y b

There is a holomorphism, 7, describing Fy as a P! bundle over P*. We describe 7

in the following way:

7w Fp = P!
Lo
-1) [1 . yo],
| Yo
Z1
— [1 : .’171],
| Y1 ]
To -
— [yz : 1],
= y2 =
12
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[ma] 5 [z : 1]
Y3

Given [a : b] € P!, we want to compute 7~ *({[a : b]}), the fibre of 7 over [a : b].
7 ({la: 0]}) = {€ €Fn | 7(§) = [a: b]} (2.7)

Lemma 2.8 a. Ifa#0. Then
Zo T . b
=t 7 1(T) eenut) ¢ 11 (5) ech
the latter a single point.

I9 0
b. 7r"({[0=1]})={[ } l(”oz)fC%}U{[ } }-
0 0

3

Zo

0
Note 7r‘1({[1:0]})={[ } | (%O)GC%}U{{()} } = Co.
0
1
Define s : P! — Fy such that 7 o s = id by:

¢ - 1

(e

where(?) € C2,and a # 0

(2.9)
ifa=20

o O eloe

Note s(P!) = Cs.

0:|=[1:-Z]=[a:b]if
b

a

Verifying that m o s = id, we have (mos)(fa: b)) == [

0} =[0:1]=[0:b]ifa=0.
0

a # 0 and (wos)([a:b])=7r|:

13
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2.5 Rational Normal Scrolls

Recall the definition of a rational normal curve from Harris [9]: A rational normal

curve C C P¢ is the image of the map vy : P! — P given by
vg @ [Xo, Xi] = [XE X8 X0, ., XoXTE, XY,
up to a change of coordinates. It is the common zero locus of the polynomials
F,j(Z)=2;Zj — Zi_1Zj41 for 1 <1 < j < d—1. We will explore this definition.
Consider the basic case where d = 2, so that C C P2. Then
vy i Pt — P?

Vo . [Xo,X1] — [Xg,XOXI’XIZ]

C then is the common locus of F(Z) = Z? — ZyZ,.

Consider the case where d = 3, so that C C P3. Then
vy P! > P3

V3 : [X(),Xl] — [Xg,XgXl,XOX%,X?]

Then C is the common locus of:
Fo(Z) = Z12 —_ ZOZ2

Fl(Z) - Z1Z2 - Z()Z3

14
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FQ(Z) = Z22 - le;;.
In general, then, we have the following theorem:

Lemma 2.10 If Q; is the zero locus of F;(Z), then the zero locus of Q;,Q;,% # J,
is CUl;j, where l;; is a line. (i.e. The intersection of any two of the above quadrics

yields the union of C and a line, l;;.)

Next we consider the rational normal curve where d > 3.

Definition 2.11 A rational normal curve, C of degree d is defined by
C = {X& X Xy, ooy Xo X1, XTH{ X0, X1] € P},

up to a change of coordinates.

Lemma 2.12 If d > 3 and C is a rational normal curve of degree d, with vq :

P! — P? given by
va : [Xo, X1] = [XE X&' X1, .., Xo XT71, X1
Then C is the common locus of

F(2)=2}-Z;1Z;11,1<i<d-1

1)

Fi(Z) = 21241 — ZoZy.

Harris [9] also describes rational normal scrolls in the following way. Let ,k e Z*,k <
I,n=k+1+1. Given A, A’ are complimentary linear subspaces in P* of dimensions
k and [ respectively, and that A, A’ are disjoint and span P". Chose two rational

normal curves, C C A and C' C A’ with an isomorphism ¢ : C — C'. Given p e C,

15
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then ¢(p) € C'. Then we can define

Sk,l = U mv

peC

the union of lines joining points of C to C’, as the rational normal scroll, Sg;. The

lines p ¢(p) are the lines of the ruling of S .

Consider a specific rational normal scroll,
SI,N = {[Yba}/l; "',YN+2H }/z € (C, VZ} C IPN+27

constructed in the following way. Choose C = {[Y;, 13,0, ...,0]| [Yo, Y1] € P'}. Let
A = C. Choose A' = {[0,0,Y5, ..., Yni2]| ¥i's not all zero}. Note that there are
exactly N+1Y;’s in A’. Then choose C' = {[0,0, sV, s™t,..., stV =1, tV]| [s,t] € P'}.
Clearly, C' C A’. We can now define an isomorphism ¢ : C — C’ by ¢(]s, t,0,...,0]) =
[0,0,sV,sNt,...,stN "1 tN]. Let pe C, ¢(p) e C'. Then

SiN = U p o(p)-

peC

We can explicitly define the lines p ¢(p) as follows. Let A, B ¢ PN+2 where A =
[p], B = [q], p,q € C¥*3. Then AB = {[up + vdq]| [u,v] e P'}. So

[Y0,..Ynyo) € Siv &

3 [u,v] € P!, [p] = [Xo, X1,0,...,0], [g] = [0,0, X, X&' X1, ..., XV

such that

[Yo, ..., Yaga) = [uXo, uXy, v Xy, vX 1 Xy, ..., vX7], and

16
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Sin = {[uXo, uXy, o XY, v XY 71X, v XY )| [u,v) € PP, [Xo, X1 € P}

Note that C is obtained by setting v = 0 and C' is obtained by setting u = 0.

Consider p = [1,,0,...0] ¢ C with A € C. Define oo = [0,1,0,...,0] ¢ C. From
our definition above, ¢(p) = [0,0,1,},...,A¥] € C’ and ¢(c0) = [0,0,...,0,1] ¢ C".
Define VA € C,

Chx = {[u, uA, v, v, ..., vAN]| [u,v] e P'} = p ¢(p)
So, for example,
Co = {[u,0,v,0,...,0]| [u,v] € IP’I} = 0 ¢(0)

Co = {[0,,0,...,v]| [u,v] e P'} = o0 ¢(c0)

With 0 < A < oo, these are the lines of the ruling of S; x, which compose the ra-
tional normal scroll. Note specifically that VA, C # C,,C' # C,, but CNCy = {p}
and C'NCy = {¢(p)}.

Consider the case N =1,
S11 = {[uXo, uzi,vXo,vX1]} | [u,v] € P!, [Xo, X1] e P'}.
The Segre embeding, o : P! x P! — P2, is defined by
a([u, v], [Xo, X1]) = [uXo, uX1, vXq, vX1].

Thus Si; = o(P! x P?).

17
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Similarly,
S12 = {[uXo, uX1,vXE,vXo X1, vX?] | [u,v] € P!, [Xo, X1] € P'}.

Considering specific restrictions on the components, we have the following theorem:

Theorem 2.13
Sio={[Yo, 1, Y5, Y3,Yy] e P | Y7 — VoY, = 0, V1Y, — VY3 = 0, VY3 — YoV, = 0}.

For values of N greater than 2, we have the following theorem:

Theorem 2.14 For N > 3,
Sinv = {[Yo, Y1, Ya..., Yvyo] € PV¥2

| Y2y = Yis1Yis =0, 1 <i <N —1; Y3Yyy — YVo¥nyo =0; YYs - V1Y, =0}
Theorem 2.15 S y is an algebraic variety.
Theorem 2.16 Fy is btholomorphic to Sy x41.

The details follow. Define ¢: C2]]...[[C3 — P**3 by

- [ o
(10( ) - [1’y0’$0,x0y0’""xoy(§+l]

Yo
~{Z1
90( ) = [y1,$1y1,1,331,...,x’1€+1]
hn
)
(,0( ) = [3322/2,332,y§+1, ey Y2, 1]
Y2
Sz
‘P(yj) = [:L‘Sa1,$§+1y3,$§y3,..,,;L‘Sys,yB]

18
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Then () ~ (%) iff 3(5') = &(}’) and there exists a map ¢ : Fy — Pk+3 defined

Yi Yj

explicitly as:

To (2o
¢ ) = [1, Y0, To, ToYo, ...,zoy(’)““] = (p( )
Yo
Yo
I e
hn
Y1
) (z,
QO( ) = [$2y2,$2,y§+1,y§, ceey Y2, 1] = (p( )
Y2
Y2
T3 [z
QO( ) = [1'3, 1,$§+1y3,$§y3, ...,$3y3,y3] = (p( )
y3 y3

Theorem 2.17 Im ¢ = S; 4,11

PROOF: C: Clearly im ¢ C S 441 since

Zo

o( ) = (1, Yo, Tos ToYo, - ToyE ']
Yo
has u = 1,’U = CE(),X() = 1,X1 =1 in Sl,k+1- Also
I
SO( ) = [ylyxlylalazla'-'vx,f+l]
Y1

hasu = y;,v =1,Xp =1, X; = z; in S} 44+1. Continuing

T2
@( ) = [mzyz,xz,y§+l,y§,...,y2,1]
Y2
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has u = T,V = 1,X0 = yz,Xl =1lin Sl,k+1- Finally

Z3
(10( ) = [x37 1ax§+1y3ax§y3a "'7x3y37y3]
Y3

has u = 1,’0 = y3,X0 = £E3,X1 =1in Sl,k—H-

D: We need to show that in Sy 441 C imyp. Let p € Sy,41. Then there exists
[u, v], [Xo, X1] € P! such that

p = [uXo, uXy, v XY, v X1 X, ., 0 X) ]

If uXy # 0, then

— [1 5_1 UXéV vXév—le UXIN] _ ( %Xév—l )
P= "Xo uXo uXe 7 Xo v % '
[

If uXy = 0, then either u = 0 or Xy = 0. Consider first if u = 0. Then

Xl XN Xy
p=100,0,0XY, vX" X1, .., 0XM) =[0,0,1, 2, S =o(] *° ).
X() XO O
Instead, if Xy = 0, then
N vV, N-1 0
p=1[0,uX1,0,..,0,vX"] =[0,1,0,...,0, =z '] = ( ).
u %XlN—l

If vX, # 0, then
UX() uX1 'UXéV ’UX{l
vX v X vX, T vX

UXQ u Xév Xév_l XO
X u XN X XX

p=]

= 1]
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u
=p(| " ).
Xo
X1

If vX, = 0, then either v = 0 or X; = 0. Consider first if v = 0. Then

X, {
p= [UXOaquaO)---aO] = [_117(),70]:()0( )
Xi 0
Finally, if X; = 0, then
v LXg !
p = [uXy,0,vX{,0,...,0] = [1,0,5X5V—1,0,...,0] =o(| * ).
0

Consider ¢(C;) C S1k+1. By definition,

= ™| 1 (5) ect ug

0
eC?,}.
, (yi+1> +

0 Yit+1
Therefore
(2]
(,0( ):[1’()’:170,0’---’0] with Xo =1,X; =0,u=1,v =12
0
©(Co) = ¢ - . .
90( ):[yl,O,l,O,---,O] with XOZ]-’Xl:O’u:yl’v:xl
Y |

which is equal to a line of the ruling of Sj k1, specifically, the line 0 ¢(0).

We have
¢ -
o( o ) =[0,0,1,z1,...,z5*"] with Xo=1,X; =z, u=0,v=1
(C1) = 3 % (()) 3
o ) =10,0, 5" e, 1] with Xp =y, X1 = L,u=0,v=1
Y2
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which is equal to C' C S g+1.

Also
( [ A
M)
o( ) =1[0,25,0,...,0,1] with Xg=0,X; =1, u=2,v=1
0
e(C) =9 ¢ . 1
o( )=[0,1,0,...,0,y3] with X =0, X, =L,u=1Lv=1y;
Ys3

\ - -
also equal to a line of the ruling of S; k1, specifically the line oo ¢(00).

Finally
T3
o ) =[3,1,0,...,0] with Xo =123, X; =1,u=1,v=0
0
d@hj LO:
o( ) =1, 0, .., 0] with Xo=1,X1 =y,u=1,v=0
L w )

which is equal to C C Sy 41. Therefore, ¢(C;) C Sik4+1, 0 <3< 3

Next we will show that S; y is rational. First, we need that S; y is birational to
P! x P!. There exists a relation
P' x P! 4y S
([u, v], [Xo, X1]) A [uXo, uXy, v X, v X1 X0, . v XYY
However, this is not well defined, since

([Au, Av), [uXo, nX1]) S MpuXo, ApuXy, Ao XV, Mo XX, L Mo XY,

which is not necessarily equal to [uXO,qu,vXéV,vXév_le, e VXN
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Define V, = {[1, z] ¢ P*|z € C}. Define a map

IPI XVOQSLN

F([u,v],[1,2]) = [u, uz,v, vz, vz?, ..., vz™].

This map is well defined, as F([Au, Av},[1,z]) = F([u,v],[1,z]). Additionally, it
is 1-1, since if [u, uz, v, vz, v2?, ..., v2"] = [4, 4%, 0, 0%, 052, ..., 02", then Au = 4,
Av = ¥, and there exists z # 0 such that Auz = 4Z. If u # 0, then z = %, so
1,z] = [1,%], and [Au, Av] = [4,0). If w = 0, then 4% = 0 and either v = 0 or
v#0. Ifv#0,then z = Z, so [1,z] = [1,Z] and [0,v] = [0,2]. If v = 0, then

F([0,0],[1,z]) = [0, ..., 0], not an option. Therefore [u,v] = [&, ] and [1, 2] = [1, Z].

Define V2 = Sl,k:—H N {[ag,al,...aN+2] € ]P’N+3|a2 7/: 0} Vz is open in Sl,k+1 by
definition. Then consider

v, S P x W

G([, vz, 1, 2,22, ..., z"] = (¥, 1],[1, 7))

where ¢ = 7’;&_—1 and r = % This is clearly well defined, and we have already
VAo

proved that every element of V, can be written uniquely in the form
(¥, ¥z, 1, 2,22, ..., 2V).
F and G are inverses since
G(F([%,1),[1, z])) = G([u, uz, v, vz, v2?%, ..., vz"))

= G([¢, vz, 1,7,2°% ..., 2"]) = ([¥, 1],[1, 2])
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and
F(G([w’ ’I’Z}‘T’ 172:,:1“2, 71"N])) = F([w, l]a [1,$]) = [u,U:L','l),U.'II,UJJQ, ---aUxN]

= [, vz, 1,3, 2%, ..., z"].

Therefore P! x P! is birational to S y.

Next we will show that P! x P! is birational to P2. We can define a map from
P! x P! to P? using the Segre embedding and projecting from P? to P? for example
with ([u, v], [Xo, X1]) = [uXo, uX1,vX1], but the resulting composite map is not
1-1. Instead, consider a map from the open subset Vj x Vg of P! x P! to Vg x V4.
Then define f by

Vo x Vo L P2

£, o), [1, X)) o (1,0, X4).

This is clearly well defined and one-to-one. Define V2 C P? by
V2 ={[1,v, X1])|(v, X;) € C}.
We can now define a map g by
V25 Vo xVy

(1,0, Xa] ¥ (1, 9], [1, X4)).

Again, g is clearly well defined, and g and f are inverses since

f(g([laUaXl])) = f([l’v]y [1’X1]) = [17U?X1]
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and
g(f([1,v],[1, X1])) = g([1,v, Xu]) = ([1, v}, [1, X1]).

So P! x P! is birational to P2, and therefore S; y is birational to P2, which shows

that Sy v is rational, by definition.

x.

By Theorem 2.16, we know that Fy <y PH3 with B [ao, a1, ..., Gk43)-
Yi

Also, if k > 2, there is a projective mapping P+ 5 P5 with [ao, a1, ..., ax42) >

[ag, a1, ag, as, ak+1, ak+2)- We can form the composite map, ¢ = 7 o ¢,

F, < P°
> [ao, a1, ag, A3, Gkt 1, ko).
Yi
Specifically,
To
o( ) = [1, Yo, Zo, ToYo, Toyh, ToyE ]
Yo
[ ]
T k o k+1
&( ) = [y, 2191, 1, 21, 27, 277
B 7
T2
9( ) = [Z2y2, T2, y5 T, U5, 2, 1],
L Y2
and
Z3
&( ) = (23,1, 25+ y3, 28y, 733, 3]
Ys

This composite is smooth, algebraic, and one-to-one.
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2.6 F; as a Blowup of P? at a Point

Next, consider F;. We will show that F; is a blowup of P? at one point, or equiva-
lently S; 2 is a blow up of P? at a point. To discuss this further, we need to clarify

what we mean by a blowup.

From Harris [9], we can describe blowing up P" at a point as follows. Assume
p=1[0,..,0,1] ¢ P" and H = {[z,0]| z ¢ C*"! and z # 0} = P*~'. Consider the
function

p:P"—{p} > H

given by projection onto H from p. To explicitly compute a formula for ¢, form
a line [ from p through a second point ¢ with ¢ # p, i.e. ¢ = [20,...,2,). The
points of the projection will be where the line [ intersects H. Then [(p,q) =
{[vz,vz, + u]|[u,v] e P'}. To be contained in the intersection, the last coordinate
from | would have to be zero, hence vz, + u = 0 and v = —%. SolnNnH =

[—%(zo, ey Zn_1),0] = [20y -+, Zn-1,0]. Therefore
([0, - 2n]) = (20, s Zn—1,0].

The graph of ¢ is, by definition, {(q, ¢(q))| ¢ € P* — {p}}. Then the blowup of P"

at p is, by definition,

—

Pr = {(q,0(q)) qeP" — {p}}U{p} x HCP" x H

From there, we have that 7 : Pr — P" is, by definition,

7(q,0(q)) = ¢, Vg e P* — {p}, and
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m(p,h) = p, Vh e H.

So, 7 is the restriction to P* of the projection onto the first coordinate, P* x H —

P™. Our definition of 7 also leads to the definition of the exceptional divisor:

m'({p}) ={p} x H=E.

Lemma 2.18

Pr = {([20, 215 ++» 2n), [wo, W1, - wWn_1]) € P*XP" 1| zw;—w;z; = 0,0 < i < j < n—1}.
In general, for p € P" where p = [po,....,pn), @ = (ag,...,an) # 0, and H, =
{[20, ---2n] € P"| apz0 + ... + anzn, = 0} with p ¢ H,, we have a map ¢y, projection
from p to H,, defined as follows:

(pp:Pn—{p}—_)Ha

ep(q) = U(p,q) N H,

Consider the line from the point p and through another point ¢ # p, with ¢ =
[26y ..., 2n). The point of the projection is where this line intersects H,. Then
Up,q) = {[vp; + uz]|[u,v] € P,0 < 7 < n}. Since v,(q) = I(p,q) N H,, then
ag(vpo + uzg) + a1 (vpr + uz1) + ... + ap(vp, + uz,) = 0, by definition of H,. Or,
v} oa;p; +uZl_ga;z; = 0. We know that the a; # 0 and that p is not an element

—uXa;z; . .
of H,, so Xa;p; # 0. Therefore, v = 'E}zT;;,L"L’ resulting in

—u
—Xa;z; + uzil.

©p(q) = [m

Since u is a constant, consider whether v = 0. This results in [0,...,0], not an

option. So u # 0. The graph of ¢,(g) is, by definition, {(q, ¢p(q))| g € P* — {p}}.
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Then we can define the blowup of P" at p by

——

Pr, = {(q,¢p(q)) g e P" — {p}} U{p} x H, CP" x H,

—

Then, 7 : Py, — P*, with

(g, 0,(q)) = q, Vg e P* — {p}, and

n(p,h) =p, Vhe H,.

Also
7' (p) = {p} x H. = E.

Lemma 2.19 Given any p € P* and any hyperplane H, C P*, with p ¢ H,, there
ezists a projective automorphism Ty, : P* — P* such that T(p) = [0,...,0,1] and

T(H,) = H. T,, induces an isomorphism between ]P’Ag; and P,

Let p € P" where p = [po, ..., pu), @ = (a0, -, @) # 0, and H, = {[20, ...2n) € P*| ag2o+
.ta,2, = 0} withp ¢ H,, as defined above. Define H’; = {(20; -y zn) € C*T| agzo+
. + anz, = 0} and § = (py, ..., pn), such that p ¢ H,. Under the canonical map
C*t! - P, z — [2] and H,— H,. Let vy, ..., v, be a basis for H,. Then v, ..., p, P

is a basis for C**!, since p ¢ H,. Define

Top: C*— C** as
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We will show that the projective automorphism
Top: P — P°

defined by
Tun([2)) = [Tup(2)]

satisfies the statement of the lemma. Clearly, T,, is a projective linear iso-
morphism. Consider Ty ,([p]) = [ﬁ;(p)] = [0,...,0,1]. Let w € H,, with w =
[wp, ..., wn] € P* and (wy, ..., wn) € C**1. Since agwo + ... + anw, = 0 (as w € H,),

then (w, ..., wy) € I’-.\T; Therefore T, p[wo, ..., wy] = [i;,(wo, ey Wn)] = [alﬁ;vl +

oo + an T, pvy] since vy, ..., Uy is a basis for Hy. And [oqTopvr + .. + 07T, pv,) =

[a1, aq, ..., an, 0] from the definition of i“:,/p(vi) above. Also by definition,
[a1,ag, ..., an,0] € H.
Returning to the discussion of P® from Lemma 2.18, we have that
im 8 = {([2], [w]) € P* x P"7!| z;w; — w;z; = 0,0 < i< j <n-—1}.

For ease of notation, we will denote the Segre embedding by ¢. Then by the
Segre embedding (see e.g. Harris, [9]), we can embed P* x P*~! into PV, so that
Pr =% PV where N = (n+1)(n) — 1.

Consider the case where n = 2. So

P2 <% Im 6 C P2 x P!
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with

Im 6 = {([20, 21, 22, [wo, w1]) € P2 x P!| 2wy — 21w = 0}.

The Segre embedding,
P2 x P' < P,

is given by
o([20, 21, 22], (o, w1]) = [20w0, 20W1, 21Wo, 21W1, Z2Wo, ZoW1].
If ([z0, 21, 23], [wo, w1]) € im @, then zyw, = 21wy, s0
- . 5 m
o(im #) = im (0 00) C H = {[zg, z1, T2, T3, T4, T5) € Pl = 22} = P
where w([xo,ml,zg,a:g,x4,x5]) = [$4,$5,$0,$1,$3]-

Next, we will show

im(rooof) =5,
= {[Yo, Y1, Y2, Y3, Y4]|YY — YaY, = 0, V1Y, — YoY; = 0, Y1Y3 — VoY, = 0}.

D: Recall we showed previously that
S1o = {[us, ut,vs®, vst, vt?] € P* | [u,v)], [s,¢] € P! x P'}.

If [us, ut,vs?, vst,vt?] € Sy, define zp = vs, 21 = vt, 2 = u,wo = 5, and w; = t.

Then 7 o g o O([vs, vt,ul,[s,t]) = [us, ut, vs?, vst, vt?] € S 5.

C: Let [z2wo, 2ow1, 20wo, ZoW1, Z1Ww1) = 7 © 0 0 O([20, 21, 22], [wo, w1]). Recall 2w, =

ziwe. If wg # 0, then define u = 25, = wy,v = 2, and s = wy. Then

wp?
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uS = oWy, ut = zowWi, Vs = -;’%w?, = zoWo, vst = Lwowy = Zwi, and vt =

20 ,,2 _ 20w —
wOUJ wo w1 Z1wq.

If wy = 0, then w; # 0, so define u = 29,1 = wy,v = f;, and s = 0. So
[ZQ’LU(), ZoWh, 2oWop, 2oW1, zlwl] = [0, Ut, 0, O, th] € 51’2.

Therefore, we can finally conclude that S, 5 is a blowup of P? at a point.

In summary, we have considered rational normal scrolls, resulting in

¢ o
Fo=P' xP' S, CP

@
F, &8, CP
Also
—~ mogof
P2 = 51’2.

In general, we have that for k > 2,
2 k+3
Fp = Sy g1 © P

Finally, we have described S; v, for N > 1, as an algebraic subset of PN+2,
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Chapter 3

Divisors on Smooth Toric
Surfaces

In this chapter, we collect standard facts we will need about divisors. A general

reference is Griffiths and Harris [8]. Also included are some basic facts about forms.

3.1 Divisors on Compact Complex Manifolds

First we shall consider divisors in general, using primarily Griffiths and Harris [8].
Let M be a compact complex manifold of dimension n. We can define a divisor
on M as a formal finite Z-linear sum of closed irreducible subvarieties of M of

codimension 1, i.e.
D= E aVV,
%

where V stands for a closed irreducible subvariety of M of codimension 1. The

additive group of divisors is denoted by Div(M).

Suppose V is an irreducible hypersurface. Let p ¢ V be defined by a = 0 near p (a
an irreducible holomorphic function) and let b be a meromorphic function on M

defined near p. We call a the local defining function for V' near p. By definition,
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the order of b along V' is
ordy,(b) = L

where L is the largest integer such that b = a“h near p and h is relatively prime
to a near p. Note that this does not depend on the choice of p and L = 0 for all

but finitely many V.

If be H'(M, M), then we can define the divisor (b) by
div(b) = (b) = Y ordy(b) - V,
v

where M is the sheaf of meromorphic functions on M. Any divisor of this form is

called a principal divisor on M, with the set of principal divisors on M denoted as
PDiv(M) = {div(b)| be H'(M, M),b # 0}.

Let M* be the multiplicative sheaf of meromorphic functions on M not identically
zero, with O* the subsheaf of nowhere zero holomorphic functions. Then we can
identify a divisor D on M with a global section of the quotient sheaf M*/O*.
This identification is described as follows. A global section f e M*/O* is given by
specifying an open cover {U,} of M, and for all «, f, € M*(U,) such that f, is
not identically zero in U, and for all a, 8 such that U, NUz # 0, % e O*(UyNUg).
For each closed, irreductible subvariety V' of codimension 1, choose a such that

UsNUg # #. Then
> ordy(fa) - V € Div(M)
Vv

is a well defined divisor since for any V' on M, then ordy(f,) = ordy(fs) for all

a, 8 such that VNU, # 0 and V NUs # 0, and given f,, ordy(fs) = 0 for all but
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finitely many V.

On the other hand, if D = ", ayV € Div(M) and there exists an open cover {Ua }
of M, V has a local defining function fya € O(Ua). If fo =[] friy € M*(U,),
one obtains a global section of M*/O*. The f,’s are local defining functions on

D. Thus, we have the following theorem:

Theorem 3.1 There is an isomorphism
v: H(M, M*/0O*) = Div(M)

given as follows: If an element of H°(M, M*/O*) is defined by the functions fq

on U, as above, then v takes this element to ), ordy(fs) - V.

The cohomology group, H!(M, 0*), is defined by
HY (M, 0%) = {[gag] |9ap € O*(Ua NUp),Ver, B and {gas} is a cocycle}.

By definition
Gap : UaﬂUB - C

is holomorphic for all a, 8 and nowhere zero. Also [g,s] denotes the cohomology
class of the collection of functions {gns}. In order to be a cocycle, the functions

Jop satisfy the two conditions:
Gap * 98a = 17

9ap * 967 * Gya = 1.

Additionally, two cocycles, {gas} and {g,4}, are equivalent if there exists an el-

ement, {k,} ¢ C°(U,0*), such that d({k,}){g.s} = {gap}. To understand this
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equation, consider the cochain complex
coU, 0 S o u, 00 S u,0m) S ...

Now {k,} e C°(U,0*) means Vv, k, : U, — C and k, is holomorphic and nowhere

zero. By definition, d({k,}) = {k,s} where ks : U, NUs — C is defined by

ky
ks

kys = 7’2—} Note that {k,s} is a one-cocycle. Verifying, k,sks, = %;‘- =1, and

ky ks k
— 22 % Ry
k,ﬂskg,,k,,,y = Es Fu Fy 1.

To summarize, {gas} = {94p} iff Vv,3k, : U, — C and k, is holomorphic and

nowhere zero such that Va, 3, %‘;g;[, = gop 00 U, NUp.

Given a divisor D = Y, avV on M, together with an open cover {U,} and
local defining functions fv,, of D, defined as fo = []y fy'%, then the associated

cohomology class [D] is defined as
{95 = fa/ fs}] = [D] e H'(M, O%).
This describes a homomorphism
[]: Div(M) — H' (M, O"),

[D] =D avV] = [gag] = [fa/ fs]

If the f,’s are the local defining functions on D = ), a;V; and the fa’s are the
local defining functions on D = 3, 5;V}, then the local defining functions for D+ D
are f, fa. The map [] is a homomorphism since [D + D] = [%}%’;] = [9gap)|dap)- This
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gives us

H(M, M*]O%) H'(M, 0%
>y n
piv(M) L HY\(M, 0%
Also we have the long exact sequence in cohomology associated to the short exact
sequence 1 = O* — M* B M*/0O* — 1:

0 — HY(M,0") — H (M, M*) B HY (M, M*/O*) & H' (M, 0*) - ...

Let h ¢ H'(M, M*/O*). By definition, there exists an open cover U, of M
and meromorphic functions hy, € M*, such that Va,ﬂ,%‘; e O*(U, NUg), and

p({ha}) = h. Note: {hy} € C°(U, M*) Then 6(h) = [%‘;]

We can now construct the diagram
HY(M, M*)0") =25 HY (M, 07)

=l I

1,

Div(M) HY'(M,0%)

This diagram commutes since, given h ¢ H'(M, M*/O*), by definition v(h) =
Y-y (ordvh,)V. Therefore, [v(k)] = [Ev(ordvhs)V] = [%;] by proof of theorem
3.1, and [22] = &(h).

Often we will refer to an element of H'(M, 0*) as the equivalence class of a line

bundle on M using the standard identification of the set of line bundles up to

36

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



isomorphism with the cocycles defined by the transition functions of the line bun-

dle. We can form a group with the divisors modulo the set of principal divisors,

Div(M)/PDiv(M). To summarize,

Theorem 3.2 There exists an injective homomorphism of groups
¢ : Div(M)/PDiv(M) — H'(M,0")

given by ¢(D + PDiv(M)) = [D]. If M is a projective variety, this is an isomor-

phism.

3.2 1-Forms, n-Forms, and Canonical Divisors

By definition, the canonical line bundle, K, on a complex n-dimensional mani-
fold, M, is the n'* exterior power of the dual bundie to the holomorphic tangent
bundle, i.e. Ky = A"T*(M). On a coordinate chart with coordinates (21, ..., 2n),

it is spanned by the nonvanishing section dz; A ... A dz,.

Let’s compute the transition functions for this line bundle. Suppose (¢;, O;) and
(¢x, Ox) are two coordinate charts on M, where O; and O are open in C" and

¢;: Oj = M, ¢ : O — M. Then
$rlodi: O;NO— O;NO CC.
and the composition ¢, ' o ¢; is biholomorphic. Then
o' 0 65((21, -1 20))

= ((¢;' o ®)1(215 -, 2n), (¢;1 0 @;)2(215 0y Zn)s ovy (qb,:l © @j)n(21, .-y 2n)).
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The composite ¢;' o ¢; gives a coordinate change from (21, ..., zn) t0 (Wi, ..., Wn)

on Oj N O
¢5, 'o0;
(215 ey Zn) — (Wi, .oy Wn)
where w; = ((b,:l o ¢;)i(215 .1 zn). Then
ow; ow; ow;
- ¢ i e dz,
dw; 5, dz, + 578 dzg+ -+ a7, z
So
Ow Jw Ow, Ow,
- (—— —dz, —d ...+___._dn/\...
dwi A -+ A dw, (821 dz; + -+ 77 dz) A ( 9 2 + o7, Zn)
ow ow,
n dz,
A( B dz;+ -+ + 57 Zn)

First, let us consider the n = 2 case. Then

Owy Own YA (%dzl + Qu;idzz)

dwy A dwy = (a—m'dzl + a—z2d22 o7, B2,

Owl Owg 8w1 3w2 8’(1}1 a'lUQ awl BQUQ
= (St da A2 T g N 222 I 2o n T 2 42y )+ (St dzy A2 d
= (821 dzi A\ Bz, d21)+( Bz, dzi A\ £ d22)+( 57 ) 921 21)+( P K2 52, Z2)

ow, Ows Ow; Ows
97s o Wdz1 Adzy) + ( 5, 0% )(dz1 A dzo)

Ow, Ow,

8w1 81[)2
2 L2V (dzm A d
+( (922 6z1 )(dZZ A dzl) + ( 622 322 )( “2 Zz)

since flal A A fna'n = (fl o 'fn)(al ARSRA aﬂ)?

Owy Ows Ow; Ow,
= (Lo T 002y 42y A d
92, B )(dzy Adzg) + ( D7 03 )(dz2 A dzy)

since dz; A dz; = 0,

8w1 6’(1)2 awl a"—U2
=(——= — (—= ANd
57 0% Ydz1 A dz) (az2 5 Wdz A dzs)
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sincea Ab=—-bAa,

_ awl 8w2 6w1 aUJ2
- 821 622 822 821 )(dzl A dZQ)

- sz(dzl A dZQ),

Owi Owi

e T, ) = Gl = | B 2
bn Oz
Returning to the general case
. 611)1 8w1 0w1
dwy A -+ ANdw, = (az1 dzy + -+ o2 dz;, +++ + a7, dzp)
Ows owy Ows ow, Oowy, ow,
- e —=dz, 4 ——=dzy )\ - A d coed—dz, - dz,
A( o7, dz,+ +6zi2 i+ +8zn dz,) (821 21+ +3zin dz;, + +32n Zn)
8101 6’(1}2 Own awl 8w2 3wn
= dz; A d e N — dz; N dzo N ... d
| 0% “ 0z AN 0z dz)] +( 0z, “ 029 2 A 029 )]+
ow, owy,
" —dz, A ... dz,)].
+ [( o7 dzpy A ... A 97 Zn)]

Using the distributive law combined with the property

flal AN fnan = (fl : "fn)(al AN a‘n)a

we have

6w1 Gwn
d e Ndwy, = coo —dz, Ae-ANdz
wy A Wy, E (Bzil aZin)dz, Ndz;,

(inyeensin)e{1,2,...,n}

yielding n® summands. Since dz;; A --- A dz;, = 0, where i; = o(j), if (41, ...,1,) is
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not a permutation of 1,...,n (i.e. there is a repeated index), then

Bwl a’wg ) 6wn
0251 020(2)  O2o(n)

dw, A - ANdw, = Z dz,,(l)/\-'-/\dzg(n).
oeSy

Additionally, from the property aAb = —bAa, dzg) A+ - - Adzgmy = (=1)*" 7dz, A

-+« Adz,, so we have

3w1 3w2 8wn

dw A~ Adwy =Y _(=1)"°

o€Sh

. dzy A --- Ndz,.
320(1) 320(2) 8za(n) "

Recall the definition of the determinant of an n X n matrix, A,

detA = Z(—l)sgn 7T1,0(1)T2,0(2) * * * Lno(n)

ogeSy

Let a‘Z“’" = T; (), and we see that

o (i)
dw1 VANTRA dwn = sz(Zl, ceey zn)dzl AN.LA dZn,

where

0(z5)
oun Owy Oun Sun
021 029 Bz3 ' Bz
Jws Owo Swo dwo
621 322 623 o azn
. [17]
Owp,  Jwy dwp Swy
Oz Oz Oz3 te Bzn

Therefore, the coordinate change is effected by the Jacobian, J,,,,

dwy A ... A dwyp = Jyo (21, oy 2n)dzy A oo A dzy.
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For an example, consider the line bundle on P*, A"T*(P"). Let Z,...,Z, be
homogeneous coordinates on P". Define U, = {[Zy, ..., Zy] € P*|Zy # 0}. Recall

the map
-1
6 U Cn
given by
¢zl 4 Za  Zn, . _
(Zo, .., Za) * ('Zﬂ"""z_""’z“) = (Wo,ar s Dayas -+» Wnia)s
a « o]

with w; o = —ZZ—;—, Zo # 0. Then consider the map ¢gl¢a, given by:

05 Da(Wo,ar s Daas ooy Wn,a) = (W08, -, Wp By -+, Wn,8)

where
Wi, .
2 £
W3,a #
Wi g =
L i=q
W3,
Therefore
wB,adwi,a'wiz,adwﬂ,a i # a
(wﬁ.u)
dwi,ﬂ =
—dwg o .
: 1=«
(wﬁ.a)z
Then define

wg = dwo’g/\"'/\dw[g,g/\"'/\dwnyg.

Substituting and expanding the wedge product (the dwg, are all eliminated when

wedged with the term in the a!® position) yields

-1

__72_71(

Wg,adWoa N ... NdWga A ... A\ Wg o0Wn o)
(wg,a

Wwg =

where dwg, is in the o' position. Using properties of the wedge product and
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juxtaposing terms to move dwg o to the ™ position yields

—(wp,a)"!

(W5.)7 (=1)72 dwg o Ao Adwgg A oo A dwng
e

wg =

with dwg 4 in the ot position, and dw,, does not appear. So

(-1

W = (Wp.0)™

Wo,

and

Wg = Jagwa

where J,5 = (——n;—f So Kp» is defined by {Jus} on U, NUp .
B~ wg.a) B

Following the definitions, we can construct the transition functions for the line
bundle corresponding to the divisor —(n + 1)Hy with Hy = {[0, Z1, ..., Z,]} C P™.
Consider the divisor is D = —(n + 1)Hp. In this instance, the Hy is given in U; (if

j # 0) by setting fo; = wp,; equal to 0. Now Ho N Uy = 0, thus set foo = 1. Then

’

(L)~ g, 550

o = (an) (n+1) = (#ﬁ)—(nﬁ-l) a=0

fos
(wo’a)—(nﬂ) ;9 =0

\

Consider J,s as defined above. If  # 3, then
(1ot = (~1)P e (8e) ) g0

(_l)ﬂ\a((wo‘:)vﬂl B =0.

If a = B, then Jog = 1. So Jug = (—1)?~®gag. Therefore the line bundles defined

Jag = (=1)°7%(wga) "' =

by Jag and g,p are isomorphic. Thus, Kp» = —(n + 1)Hj as line bundles. We will
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compute K for S a smooth toric surface in section 3.5.

3.3 Properties of Intersection Numbers

An in-depth discussion of intersection numbers is unnecessary for our discussion.
However, we will need three key properties of intersection number which charac-
terize intersection numbers in the projective case. Given divisors Dy, ..., D, on M,
M a complex manifold, the intersection number (D; - ... - D,) is an integer. The

relevant proposals, from Barth, Peters, and VandeVen ([1], pg. 83), are:

1. The integer (D; - ... - D,) is symmetric and multilinear as a function of its
arguments.
2. (Dy - ...- D) depends only on the linear equivalence classes of the D;.

3. If Dy, ..., D, are effective divisors that meet transversely at smooth points of
M, then
(Dy-...-Dy) = #(DyN...N Dy).

3.4 Divisors on Smooth Toric Surfaces

Returning to the discussion of fans, consider the fan constructed in Chapter 2
with vectors {(a;, b;)}; defining a complex manifold, M. We will now look more
specifically at a smooth toric surface, S. Using the U; charts from this fan, we can
construct a picture of the toric surface containing a cycle of n+2 P!’s. We shall call
these projective lines C;’s, so that, as before, C; is the z; axis in U; (equivalently

Yiy1 axis in Uj4q) or y; = 0 in U; (equivalently z;; = 0 in Usy,).
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Theorem 3.3 (see, e.g., Murray [18], Lemma 2) Any divisor on S is linearly
equivalent to a unique integer linear combination of curves Ci, ...,Cy. (i.e. Pic(S)

is freely generated by the curves Ch,...Cy.)

Consider the meromorphic function z; on S. Now

n+1
diV(.’L‘i) = Z(ajbi — a,-bj)C'j
=0
since
Ordcj (.’L‘z) - ajbi - aibj
because z; = y;jbi_aibj :c‘;” on U;NU; (for some d;; € Z) and C; is defined on U; by

y; = 0. Let i = 0. Then (‘;3) = (0) and

1

n+1
div(zg) = Z a;C;
7=0
Similarly
n+l1
div(y,-) = Z(ai_lbj - Cljbi_1)Cj
7=0
since

ordg, (¥:) = ai-1b; — a0,

a;_1b;—a;b; - i .
because y; = y; 7"~ g on Uy NUj (for some ey; € Z) and Cj is defined on Uj

by y; = 0. Let i = 0, then (§*!) = (g) and

0
n+1
div(ye) = Y _ ;C;.
j=0

Now, we know that div(h) = 0 in Pic(S), or in other words div(b) is linearly
equivalent to 0. So

aoco + ...+ an+1C’n+1 ~ 0.
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Since ap = 0 and ap4; = 1 from the above, we have

alC'l + ...+ anCn + Cn+1 ~ O, or

Cn+1 ~ —a1C1 — e — anCn.

Also

boCo + ... + bn+1Cn+1 ~ 0.

But by = 1 and b, = 0 from the above, so we have

C() ~ —blCl T oeee T ann

By the definition of divisors of meromorphic functions, we know that div(z§yg) =

cdiv(zg) + ddiv(yg). Substituting,

n+1 n+1 n+l
le(:E(c)yg) = CZ ajCj + dz bjCj = Z(caj + db])C] (34)
3=0 =0 j=0

As an example, consider F,. We have, by definition, that (ZS) = ((1’), (‘Z:) =

(W) () = (¥), and (§2) = (;). This yields Co ~ C3 and C3 ~ Cy — kCy.

3.5 Computation of the Canonical Divisor for a Toric Sur-

face

Recall initially, we defined fans in terms of (;') We defined U; = ¢(C?), with

1

x;

¢! : Uy — C2. Specifically, we defined a map ¢; : C2 — U; by ¢; (zz) = eU;
Yi
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such that ¢;'¢; is biholomorphic, with

o) = (5) = (49),
Yi Y; T, Y;

P q a aj—1 G a;—1 a;
= A; 1A, and A; = , A= . Then:
T S8 bj_l bj bi_1 bi
A‘IA. _ bj —aj a;—-1 Q; . ai_lbj - bi_la]' aibj — biaj
j A= =
—bj-1 aj-1 bi—1 b aj_1bi1 — bj_1ai1  aj_1b; — by,

For ease of notation, we shall use (z;,y;) versus (;j) and continue the use of the
exponnents p, q,r, s until later in the computations. As all the exponents are de-

pendent on i, j, the subscripts on the exponents will be omitted.

So
T = -Tfyg
and
Yj = L;Y;-
Then
dz; = f (gy{ " )dyi + y{ (pa}~")da,
dy; = o} (sy;~")dys + v} (ra] ™) dz.
Define

w; = dz; A dy;
= (20(qy{ " ")dy; + y{ (px?~")dz;) A (f (sy; V) dy; + yi (raf " )dz;)

= (2% (qu? Ndys A 7% (sys N dys) + (@ (qud Ddys A yi(rz ) dz;)
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(2 (pr? ) dmi A ol (sy ) dys) + (yf (pe? ™ )da; Ay (raf ) das).

Since dx; A dz; = 0, we have
= (22 (qy!"dys A ys (rz ™ )da;) + (vf (pz? ™ )da: A 7 (syf ™" )dys).-

Using the properties fia; A faag = fifa(a1 Aag) and a A b= —b A a yields
= y¥(pe? ") o (sy: ") (da; A dys) — of(qyf " )ys (raf ") (dzs A dys)

= (ps) (2P My T (das A dys) — (gr) (@ T (da A dys)

= (ps — qr) (a2 1y T (dxi A dy).

1

So

w; = (ps — qr)(x’.’“_ly;’“_l)(dazi A dy;)

Jij = (dl‘l A dyi) = J,-jwi

where Ji; = (ps—gqr)(z?*"'yf™*""). Note ps—gr is the determinant of the matrix

p
1 = AJ._IAi. By definition, since the det A; =det A; = 1, then ps — qr = 1.

r s
The canonical divisor, Ky, is defined by {J;;}.

Next we will work out the transition functions for the line bundle corresponding

to the divisor D = —Cy — C; — ... — Cpy1. Recall Uy;NC, = 0 unless v = j or
x.
v = j — 1. Consider first v = j. Then U; NC; = { T le U; |y; =0}. S0 Cj is
Yi ]
x.
defined by y; =0on U;. f v = j—1, then U; NCj_, = { " | eU; |z; =0} and
Yj

Cj_y is defined on U; by z; = 0. f U; N C, = @, then tak-e as the equation for C,
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on U; f,; = 1. Then the transition functions for the line bundle corresponding to

—Cpy — Cy — ... — Cpy are, by definition:

on U; N U;, where the z; in the numerator is in the (j — 1)* position, the y; is
in the j** position, the z; in the denominator is in the (¢ — 1)% position, and the
y; is in the i* position, consistent with the equations for the curves C, described

above, with 1’s in the remaining positions (where U; N C, = 00). Therefore

ot . p+7, g+s
(i1 Tl % Y e
1

;Y5 ZiYi ZiYi

Gi; =

g+s—1 _
Y; = Jyj

on U; NUj. Since the transition functions for the two line bundles are the same,

then

KS = —C() - Cl — .. — Up4tt. (35)

As an example, consider Fy. We have

KF, = —Cy—C1—Cy—C3 = —Cy—C1—Cp—(C1 —kCy) = —2C1 +(k—2)Cs. (3.6)

3.6 Computing Intersection Numbers

In this section, we follow the exposition in Murray [15].

We computed the canonical divisor for a toric surface, Kg = —Cy — C; — ... —

Crns1 = —Co — Cpy1 — > 1, C;. Also, we have that Co = — > 1, b;C; and Cpyq =
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—>°% , a;iCi. Substituting, we get the additional formula

n n n n
KS - ZaiCi + ZbiCi s ZCz == Z(a,- + bz - 1)0,
=1 i=1 i=1 =1
We also know that a divisor for a general toric surface is linearly equivalent to a
divisor D = "% m,;C;. (see Theorem 3.3) Since we have that mg = my 1 = 0,

then D = Y, m;C;. We have seen that the curves C; form a cycle, so their

intersection numbers are:

C? ifj=1

2
Ci-Ci=4q1 ifj=i+l1
0 otherwise.

Let D' =Y , miC; be another divisor. Then

i=1
D-D' = (Z m;C;) - (Z m;C;)
i=1 i=1
= (Mm1C) + meCy + ... + mpCy) - (MiCy + myCa + ... + m,,Ch)

= mm|C? + mym}Ci - Ca + ... + mum,,C1 - Cp + mam}Cy - C1 + mamiyCy + ...

+maml,Cy - Cp + ... + Myum,Cy, - C1 + mympCy - Cy + ..mymi,C2

n n
§ : 12 } : !
== m,mzcz + 2 mi_lmi
=1 i=1

applying the criteria above. Since Ks = —Co~Ci—...—Cny1 = 3o (ai+b;—1)C;

substituting, we have

D-Ks= —imin - 2im,~.
i=1 i=1

We next compute the self-intersection numbers of the C;’s. Recall from our earlier

49

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



discussion of divisors

n+1
div(z;) =) (a;bi — aib;)C;
7=0
Equivalently,
n+1
Z( — a;;)C; = Z ai—1b; — a;bi_1)Cj + (ai—1b; — a;b;_1)C;
j=0 J#l

= Z(ai_lbj - ajbi_l)Cj + C;
J#1

since a;_1b; — a;b;_; = 1. Therefore

Ci = diU(.’Ei) - Z(ai_lbj — ajbi_l)Cj.

J#1
Since Kg = —Cy — C; — ... — Cry1, we can substitute for C;, yielding
KSZ—CQ—Cl—...—dZU +Z a;— 1b a] i— 1)C o = Upnitas
J#l

We can now compute C; - Kg, simplifying using the equation for the intersection

numbers:

C KS = C ( Co Cl — . d’L'U($,) + Z(ai_lbj — ajbi_l)Cj — .. — Cn+1)
i#1

= —Ci . Ci—l - Cl . div(xi) + Ci . Z(ai_lbj — ajbi_l)Cj - Cz : Ci+1
J#1
=1 -0+ (a;—1bi-1 — a;_1b;-1)Ci - Ciz1 + (@i—1bi1 — 0i410,1)C; - Cigy — 1

= -2+ (ai_1bi+1 - ai+1bi—l)'

Since C; = P! and projective lines are rational, we know their genus is zero.

Therefore, g(C;) = 0 Also, we have the following theorem:
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Theorem 3.7 (Genus formula for smooth curves on a surface) (see e.g. Griffiths
and Harris [8], page 471)

If S is a smooth surface, C a smooth curve on S, then

Ks-C+C-C
= +

1.
2

9(C)
Hence, we have that
—2=C?+C; Ksg=C}+ -2+ (ai-1biy1 — ais1bi_1),

thus

Cz2 = —(ai—lbi—{-l - ai+1bi_1).

For example, consider Fy. From our earlier discussion of intersection numbers, we
have
C? ifj=1
Ci-Ci=<1 ifj=i+1
0  otherwise.

This yields

Ciz = —(@j—1bit1 — aiy1bio1).
Then
Cl . Cl = 012 = kl,
C1 : Cg - 1,
and
Cp-Cyp=C2=0.
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3.7 Fundamental Theorems

In this section, we will collect some important theorems that we will be using later
in the paper: we have already used the first theorem. References include Barth,

Peters, and VandeVen [1] and Griffiths and Harris {8].

Definition 3.8 hi(M,F) = dim H'(M,F), where M is a manifold and F is a

coherent sheaf of Opr-modules on M.

Definition 3.9 Assume S is a smooth connected surface, then

1. the geometric genus, py(S) = h*(S, Os),

2. q(S) = h'(S, 0s),

8. x(S) = h%(S, Os) — hl(S,Os) + h*(S, 0s) =1 — q(S) + pye(S),

4. the arithmetic genus, p.(S) = x(S) — 1 = p,(S) — ¢(S5).
Theorem 3.10 (Genus formula for smooth curves on a smooth surface)(see e.g.
Griffiths and Harris [8], page 471)

If C is a smooth curve on a smooth surface S, then the genus of the curve, g(C)

is given by

Ks-C :
g(C)==2 ;Oc-i—l.

Theorem 3.11 (Adjunction Formula I, see e.g. Griffiths and Harris [8], page
1/6)
Suppose M is an n-dimensional complex manifold, V' a smooth hypersurface, {V|

the corresponding line bundle on M, then

Ny =[-V]lv.
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Theorem 3.12 (Adjunction Formula II, see e.g. Griffiths and Harris [8], page
147)
Suppose M is an n-dimensional complez manifold, V a smooth hypersurface, [V]

the corresponding line bundle on M, then
Ky = (Kny @ [V])|v.

Theorem 3.13 (Riemann-Roch for line bundles (or divisors) on a surface S)(see
e.g. Griffiths and Harris [8])

If S is a smooth connected surface, E a line bundle on S, then

E(E - Ks)

x(B) = EEZKs) gy g5y = HEZKS)

5 + x(5).

Theorem 3.14 (Noether’s formula, see e.g. Barth, Peters, and VandeVen [1],
page 26)
If S is any compact, connected complex surface, then

L (&(S) + ca(9)),

X(5) = 1-q(8) +5,(5) = 15

where c¢1(S) is the first Chern class of S, and cy(S) is the second Chern class of S.

Remark: By definition, ¢;(S) = ¢;(T(S)) where T(S) is the holomorphic tangent
bundle of S. Thus ¢?(S) = K% for a surface.

Theorem 3.15 (Riemann-Roch for a rank 2 bundle over a surface S) (see e.g.
Duflot/Miranda [5])

If S is a smooth surface and € is a vector bundle over S then

_ KS . 01(5) n C%(E) — 202(8)

x(£) = 2x(05) = = .
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where the ¢;’s are the Chern classes of €.

Theorem 3.16 (Kodaira-Serre Duality) (Griffiths and Harris [8])
Let S be a smooth surface. Let E be a vector bundle on S, Kg the canonical divisor.

Then, if E* is dual to E, there are non-canonical 1somorphisms
H°(S,E) = H*(S, E* ® Ks),
H*(S,E) = H°(S, E* ® Ks),
H'(S,F)~ H'(S,E* ® Ks).

Corollary 3.17 If S is a smooth surface, E a divisor on S, then there are non-

canonical isomorphisms
H°(S,0(E)) = H*(S,0(Ks — E)),

H*(S,O(E)) = H(S, O(Ks - E)),
H'(S,0(B)) = H'(S,0(Ks — E)).

Corollary 3.18 If S is a smooth surface and E = Q% ® O(E) = QL(E) for E a

divisor on S, then since T(S) ® Ks = QL, there are non-canonical isomorphisms
H°(S,Qg(E)) = H*(S, (% ® O(E))’ ® Ks)
= H*(S,T(S) ® O(-E) ® Ks)
= H2(Sv Q.ls'(_E))a
HI(S’ Q.IS'(E)) = HI(S’ Q.IS‘(_E))a
H*(S,Q5(E)) = H(S,Q5(-E)).
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Corollary 3.19
pg(S) = h*(S, Os) = h°(S, Os(Ks)).

3.8 Invariants for a Smooth Toric Surface

Invariants for a general smooth toric surface, S, include:

1. x(Os) = h%(Os) — h'(Os) + h?(Os) = 1. Since a toric surface is rational,
h*(Og) =0 forall i > 1, and h%(Og) = 1, thus x(Os) = 1.

2. pa(8) = x(Os) =1 =0.
3. q(S) = hl(OS) =0.

4. py(S) = h?(Os) = h°(Ks) = 0, where Ks is the canonical divisor, by Kodaira-
Serre duality 3.16.

Theorem 3.20 If S is a smooth toric surface defined by a fan of n + 2 vectors,
then K2 =10 —n.

PROOF: This is proven in Oda [19)].

Thus we can use Noether’s formula (Theorem 3.14) to compute co(S):

L(@(8) + calS)).

x(S) = 12

Since x(S) = 1 and ¢? = K% = 10 — n, substituting yields:

(10 — n) + co(S)

1=
12

SO

ca(S)=2+n.
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As an example, consider the invariants for Fy:
(I(]Fk) = hl(OF)c) = Oa

py(Fk) = hZ(OFk) =0,
pa(IFk) = 0,
X(Fk) = X(OF,,) =1- Q(Fk) +pg(]Fk) =1.

Furthermore, computing,
a(Fp)? = Kf =4k —4(k—-2) =8

and

C2(]Fk) = 4.
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Chapter 4

Cohomology Computations with a
Smooth Toric Surface

In this chapter, we will compute some cohomology groups, H*(S, O(D)) and
H(S,QY(D)), for a divisor D on a smooth toric surface, S, with ¢ = 0,1,2. We
will also define and compute some cases of H°(S,Q'(log D)). General references

for this section are Oda [19], Duflot/Miranda [5], Saito [20], and Murray [17].

4.1 Hirzebruch Surfaces, : =0

In the case where S = Fy, £ > 0,n = 2, suppose D = Z?:o m;C;, with mg = m3 =
0. Recalling the construction of Fy using a four vector fan, specifically with vectors
(0,1),(-1,0), (k,—1), and (1,0), and the resulting equivalences for coordinates zy

and yo,

yl_l in U1
z0= 9 z3'yk inUj (41)

z8ys  in Us
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T in U1

Yo=494 v, nU (4.2)
z; inUs
So the monomial
xdy; ° in Uy
ziyd = zyoyd in U, (4.3)

Recall that (§°) = (7), (3) = (), (i) = (£), and (3) = (;)- Combining this
with the divisor equation div(z§yd) = 3277, (ca; + db;)C; (3.4), we get

3=0
div(mgyg) = dCy — cCy + (ck — d)Cy + ¢Cs.
To be a section of O(D), z5yd needs to satisfy

D + div(ztyd) > 0, in U; Vi.

Since D = Z?:o m;C;, with mg = m3 = 0, we have D = 0Cy +m C; +moCs+0Cs.

We can combine these to get restrictions on ¢ and d, specifically:
(0 + d)Co + (m1 - C)Cl + (m2 + ck — d)CQ +cC3 > 0.

This gives us

d>0
m —c>0som; >c
me+ck—d>0

c>0.
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Combining these inequalities yields
0 < d < mg + ck

0<c<m.

This yields parts 1 and 2 of the following:

Lemma 4.4 (see Duflot/Miranda [5])
1. H(Fy, O(m,Cy + myCy)) s zero if either my or my + myk is negative.

2. If my and my + mik are nonnegative, then H°(Fy, O(mC; + maCy)) is the
linear span of {z§yé|0 < ¢ < m;,0 < d < mg+ck}. Note that this is a set of

independant monomials.
3. H%(Fy, Q(m,C) + myCy)) is zero if either my or my + mqk is negative.

4. Ifm1 Z 0 and mg+m1k Z O, then HO(IFk,Ql(mlCl +m202)) = X@y$M,

where
X(my, mg) =< {xf)yédxol 0<i<m —20<j<mg+ik+k—1}>

V(mi,my) =< {zdyldye 0 < a < my,0 < B < my +ka—2} >

and

M(ml) mZ) =

< {xgyg’”k”k‘l(yodxo + kzodye)| 0 < i <my —2,ma+ki+k—12>0}>.

For the proofs of 3 and 4, refer to Duflot/Miranda [5].
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Note that sometimes one of more of the sets X (my, my), Y(my, my), or M(my, mz)

will be empty. For example, M is zero if m; < 2.

Corollary 4.5 If m; > 0 and my > 0, then

k
dim HO(]Fk, (’)(m101 + mQCQ)) = (m1 + 1)(§m1 + mo + 1) = x(m101 + mQCQ).

PROOF: Let m; > 0 and my > 0. Since H(Fi, O(m1C + maCa)) =< {z§yd|0 <
c < my,0 < d < my+ ck} >, to accurately compute the dimension, we need
to consider the different possibilities for ¢ and d. If ¢ = 0, then 0 < d < mg,
and we have my + 1 in the basis count. If ¢ = 1, then 0 < d < my + £, adding
mo+k-+1 to the basis count. The maximum value for ¢ is m;, yielding an inequality
0 < d < my + mik or a dimension of (my + 1)mg + k(3 2 c) + (my + 1) =

(my +1)(ma + 1) + k('"l—+;)(—"i) = (my + 1)(Emy + my + 1). Hence
E— k
dim H°(F,, O(m,C; + meCh)) = (my + 1)(’2“7”1 +my +1).

Also
(mlC'l + mzC2)(m16’1 + m202 — KFk

x(mi1Cy + maCy) = 9

)+1
by Riemann-Roch, Theorem 3.13,

. mfk + mik + 2my + 2mg + 2mims
B 2

+1

1 k
= §km1(m1 + 1) + mime +my +mo + 1= (m1 + 1)(§m1 + mo + 1).
Corollary 4.6 1. Ifm; > 2 andme+k —12> 0 then

my(my — 1)

5 k.

dim X (my,my) = ma(my — 1) +
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2. If my > 0 and mg > 2, then

m (m1 + 1)

dim Y(my,mg) = (mg — 1)(my + 1) + k 5

3. Ifmy>2andmy+k—12>0, then

dim M(ml,mg) =m; — L.

4. Therefore, if m; > 2 and mq > 2, then
dim HO(Ql(mlcl + mQCQ)) = 2m1m2 + kmf - 2.

PROOF: Since X =< {zhyldr,| 0<i<my; —2,0<j<my+k(i+1)—1} >, to
have an accurate count for X, we need to consider m; > 2 and my + k —1 > 0.

Then

ml(ml - 1)

5 k.

dim X = (mo+k)+(me+2k)+...+ (ma+k(my—1)) = ma(my —1)+

Since Y =< {xg'ygdyol 0<a<m,0<B<me+ka—2} >, consider m;y >0

and my > 2. Therefore

dimY =(my—1)+(me—1)+k+(ma—1)+2k+ ...+ (my — 1) + mik

1
= (mg — 1)(m1 +1) + kC”Lm;—“L—)
Finally, since M =< {2y ™+ (yodzo + kzodyo)| 0 < i < my — 2, ma + ki +

k —1 > 0} >, to get an accurate count, consider m; > 2 and mo+k —12>0. In
this case,

dimM=m1—1.
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To conclude, if m; > 2 and mg — 2 > 0, then

dim HO(Ql(mlCZ'l + mQC’Q))

my(my — 1)
2

my (m1 + 1)

-1
2 + my

=my(m; — 1) + E+(mg—1)mi+1)+k

= 2mymy + km? — 2.

However, we can extend part 4 of the above theorem a bit:

Theorem 4.7 If m; > 1 and my > 1, then
dim HO(Ql(ml(Jl + mQCQ)) = 2mimo + kmf - 2.

PROOF:

Case 1: Let m; = 1,mp > 2. Then dim X = 0 and dim M = 0. Also, dim
Y =2(mg—1)+k = 2my+k—2. Since H'(F, ' (m1C1 +moCs)) = XY DM,
we have that dim H°(Q!(m,C; + myCy)) = 2my + k — 2 = 2mymy + km? — 2 if
my = 1.

Case 2: Let my = 1,m; > 2. Then dim X = (m; — 1) + 2Dk dim Y =
kUMt and dim M = m, — 1. Therefore dim(X @ Y & M) = m; — 1 +

milm D g 4 gPUAD |y — 1= 2my + km? — 2 = 2mymy + kmi — 2, if my = 1.
2 2 1 1

Case 3: Let m; = 1,my = 1. Then dim X = 0, dim )Y = k, and dim M = 0,
yielding dim (X ® Y ® M) = k, consistent with the equation dim H°(Q'(m,C; +
myCy)) = 2mymgy + km? — 2 and the stated conditions.

4.2 General Toric Surfaces, : =0

We will be using the basis C1, ..., C, for the Picard group of a smooth toric sur-

face and the fans defined in chapter 2, {(a;,b;)}"¢. Since (ag,by) = (0,1) and
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(@ns1,bne1) = (1,0), mg = mpyy1 = 0, every a divisor D is linearly equivalent to

myC1 + ... + mpCr. The basis for this discussion is largely Murray [15].

We will now compute H(M,O(m,Cy + ... + m,C,)) and H' (M, Q' (miCy + ... +
m,Cy)) for a divisor D = m;C; + ... + m,C, on a general toric surface. First,
consider creating a polygon from the fan. The lattice enclosed by this polygon
defines dimension of H°(O(m,C;+...+m,C,)), hence it is called the H°(O(m,C,+
.. + mpCy)) polygon or the H® polygon associated with the fan and the divisor

D =miCy+...4+m,C,. Consider a monomial z{y¢. Using the equivalence relation
0Yo g

()~ G = () = ()
Yo Yi Yi x4 Yo

where z§ y{ and z{) y§ make sense, and

from chapter 2,

-3
V)
o

7

L
o

o)

Then zo = z8yZ, yo = z{'yP where
-1
A B Db q ;-1 G

C D TS bi-1 b
Therefore, we get zSyd = (z07'y®)e(z0*y?)¢. Since C;_, meets U;, defined by

z; = 0, and C; meets U;, defined by y; = 0, this translates into a requirement that

m, 1M (i1, aiye( bim1, bivd mz—1+ai—lc+bi-1d m;+a;c+b;d
Y 1»( yzz) ( yzl) Ty Y; T '

must be a polynomial. Or,
m; +a;c+b;d>0,i=0,1,...,n+1,

where we assume my = myp4; = 0. Then for ¢ = 0,: =n+ 1, a;c+ bid > 0, so
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since (%) = (9), d > 0 and since (§**') = (g), then ¢ > 0. Let the axes be ¢ =0
and d = 0 (horizontal and vertical axes, respectively.) Thus, the polygon will be in
the first quadrant. We will use these inequalities and restrictions on the monomial

powers in the fan to define the polygon.

In our Fy example, n = 2. We use the fan ((1)), (‘01), (_kl), and ((1)) The inequalities
are:

0<c<m
O§d§m2+kc

If mi > 0 and my > 0, the polygon is a quadrilateral. The sides are defined by
end points (0, 0), (m1,0) on the c-axis, (0, mz) on the d-axis, and (mq, mg + km;).
Comparing the polygon to the fan (below), one can see that the sides of the polygon
correspond to the duals of the rays of the fan (i.e the inward pointing normal vectors
of the sides of the polygon correspond to the rays of the fan, in counterclockwise

order). See figure 4.1 below.

Figure 4.1: The F,, fan and resulting polygon
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Note that all edge vertices of the polygon are integers, since m;,mo, and & are in-
tegers. Computing the number of lattice points enclosed by the polygon (including
edge points), results in a total of (my + 1)(ma + 1) + $kmy(my + 1) lattice points,

exactly the dimension of H°(Fy, 2*(m;Cy + mCy)) computed in corollary 4.6.

We also need to consider the cases where m; = 0 or mg = 0. If m; = 0 and my > 0,
the polygon degenerates into a line on the d-axis, length my and D = m,C, and
my + 1 lattice points. If my = 0 and m, > 0, the polygon degenerates into a
triangle with vertices (0,0), (m;,0), and (mi,m; + km,), and D = m;C;. The
number of lattice points enclosed in this case, then, is Zkm,(m; + 1). (see figure
4.2 below) If both m; = 0 and my = 0, the result is the single point (0,0) and
D = 0. Therefore, a quadrilateral results specifically when both m; and my are

strictly positive, with 0 < ¢ <m,,0 < d < my, and d < my + ke.

Figure 4.2: Degenerate polygon

As another example, consider a fan constructed with 5 vectors, meeting the criteria

set down in the first chapter. Vectors meeting that criteria are: ({°) = (%), (}!) =

bo 1 b
(5): ) =

(%), () = (), and (§*) = (;). Our divisor is defined with D =
mCy + mCy + maCs + m3Cs + myCy. However, as before, we have my = my = 0,

leaving D = mCy + myCy + m3Cs. Again, we will use m; + a;c + b;d > 0. We

get two sides on the ¢, d axes from (Zg) = (%), d > 0 and since (Z:) = (), then
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¢ > 0. Additionally, from (§') = ('), we get that ¢ < m;. From i = 2, we get the
requirement that my+kc—d > 0 and from ¢ = 3, we have that mz+(k+1)c—d > 0.

Therefore, the constraining inequalities are:
0 S c S my,
0 <d<my+ ke,

d<mgz+ (k+1)c

Assuming my > mg, the polynomial formed has vertices (0, 0), (1, 0), (0, m3), (me—

ma, k(my — m3) + my), and (my, kmy + mz), shown in figure 4.3 below.

Figure 4.3: The five vector fan and resulting polygon

Again, note that the inward pointing normal vectors to the sides of the polygon
correspond to the vectors from the fan, in counterclockwise order. The equations

for the edges of the polygon are:

c=m
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d=(k+1)c+mg
d = kc+ ms.
Note that all edge vertices of the polygon are integers, since m;, mq, ms, and k are

integers.

Definition 4.8 (Lazerfeld [13]) Let M be a smooth surface and D a divisor on
M. Then D is very ample if there exists a closed embedding M C P of M into
some projective space P = PV such that D = Oy = Opn(1)|y. Also, D is ample

if D®™ s very ample for some m > 0.

The polygon construction and correlation with the ampleness definition results in

the following lemma:

Lemma 4.9 (see e.g. Murray [18] Lemma 3) Let M be a smooth toric surface
given by a fan {(a;,b;)}y. Take mg = mi1 = 0 and let D = >, m;C; be a

divisor on M. Then the following are equivalent:
1. The divisor D = m;Cy + ... + m,C,, is ample.
2. The divisor D = mCy + ... + m,C,, is very ample.
3. The H'(M,O(mCy + ... + m,Cy)) polygon has n + 2 vertices.
4. For each i =1, ...,n, we have 0 < m;C? + m;_1 + mipq, my > 0 and m, > 0.

The equivalence of 1 and 4 is called the Toric Nakai Criterion, by Oda [19].

For example, if n = 3, taking the 5 vector fan as before, we have C? = k,C2 =
—1,C% = —1. Then we have the criteria D = m,C) + meCy + m3Cs + myCy is

ample if my > 0, m3 > 0 and:

mik +mg > 0,
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—mg +my +m3 > 0,
—mga + my > 0.

Note that this correlates with the criteria above required for the polygon to be

nondegenerate.

As another example, for the Hirzebruch Surface using the fan (%), ('), (*), and

((1)), we have that mg = m3 = 0, so this criteria resolves into:

Corollary 4.10 A divisor linearly equivalent to mC; + moCy on a Hirzebruch

surface is ample if and only if it is very ample if and only if m; > 0 and my > 0.

PROOF: From Lemma 4.9, above, we have that the divisor on a Hirzebruch sur-
face is ample iff it is very ample iff m; > 0, my > 0, m;C% + mg + mo > 0 and
myC2 +my+m3 > 0. From our earlier discussion of intersection numbers (Section
3.6), we have C, - C; = C? = k,C; - C, = 1, and Cy - Cy = C2 = 0. Combining
this with mg = m3 = 0 yields mk + my > 0 and m; > 0. However, if m; > 0
and my > 0, then mik + mq > 0 must be true. Therefore, a Hirzebruch surface is

ample if and only if it is very ample if and only if m; > 0 and my > 0.

Glenn Murray [17] computes several 0** cohomology groups, given in the following

theorem:

Theorem 4.11 [17] Let S be a smooth toric surface given by a fan {(a;, b))}

and D = %", mC be a divisor on S. Then

1. H°(S,O(m,Cy + ... + m,Cy)) =< {x§yd|my + aic + byd > 0,¢ > 0,d > 0, for
I =1,..,n} >. Note that this is a set of independant monomaials, which may

be empty.
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2. H(S, Q' (miC1+ ... + mpCy)) =X &Y & M where
X =< {ziyddxo| 4, >0, my+ (i +1) +bj >1ifa #0),1=1,..,n} >,

Y =< {z§yddyel &, 8> 0, mi+a >0 if by =0,

my +ala+bl(ﬁ+ 1) >1ifb #0,0l= 1,...,TL} >,
and

M =< {yzhyidze + 0™ y] dyol (i,5,6,7) e T} >
where T 1is the set of (1,5,0,7) € Z* such that
(a) 76 #0,
(b) va; + 6b, = 0 for one or two values of I # ly, lny1 call them 1y, [y,
(c)i>0,5>0,
(d) mi+a(i+1)+bij>1 forl#1, orl#l
(e) my+a(i+1)+bj>0 forl=1, orl=ly,
(f) neither iyldze nor zi yi~ dy, is in H(M,QY(D)).
Note that this is a set of independent monomuals, which may be empty.

Note: In the case of Fy, with the usual four vector fan, the above results would
be refined. Using the vector definitions (%) = (9), (%) = (7)), (©2) = (%), and

bo 1 b 0 by
(z:) = (é)we see that:

1. If m; and (my + myk) are nonnegative,
H°(Fy, O(miC) + maCy)) =< {xgyglo <c<m,0<d<mg+ck}>

since m; + (—1)e+ (0)d > 0 implies m; > 0 and mg + kc+ (—1)d > 0 implies
my + ke > d and both ¢,d > 0.
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2. Again, given the vector fan values above, we see for X' that m; +(—1)(i+1)+
(0)j > 0 yields m;—2 > i and my+k(i+1)+(—1)j > 1 yields mo+ik+k—1 >
j. For ¥, my+(—1)a > 0 yields my > o and mo+ka+(—1)(8+1) > 1 yields
my+ka—2 > (. Finally, for M, we see that m;+(—1)(i4-1)+(0)j > 1 yields
my—2 > iand my+k(i+1)+(—1)j > 1 yields mo+ki+k—1 > j > 0. Hence
if my > 0 and my > 1 — k, then HY(Fi, Q' (m,C1 + maCh)) = X )Y &M,

where
X =< {zbyldro)] 0<i<m; —2,0<j<mg+ik+k—1}>

Y =< {2898 dye| 0 < o < my,0 < B < my + ka — 2} >

and

M=« {xf)y(')””k”k—l(y0d$0+kxody0)| 0<:< m1—2,m2+ki+k—1 > 0} > .

Of course, these results were stated earlier in Lemma 4.4.

Additionally, we have the following two lemmas, from Murray {17] and [18], the

analogs of Corollary 4.5 and Corollary 4.6 for a general toric surface:

Lemma 4.12 (Murray [17] Theorem 1.21)
Let S be a smooth toric surface given by a fan {(a;, bi)}?jol. Take mg = myy; =0

and let D =3, mC; be a divisor on S. If D is ample, then

R(O(D)) = 3D (D ~ K) +1 = x(Os(D)).
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Note: if n = 2 and D is ample, m; > 0 and my > 0, then we can compute
1
hO(O(mlol +m2C’2)) = 5(771101 +m202)(m1C'1 +m2(]2 — (_CQ —Cl —CQ —Cg)) +1

1
= §(m1C'1 + m2C2)(C'0 + (m1 + 1)01 + (m2 + 1)02 + 03) +1
1
= §(m1C100 + ml(ml + 1)012 + ml(mg + 1)0201 + mlchg + mQCQC()
+m2(m1 + ].)C’ch + m2(m2 + 1)022 + mQCQC;}) + 1.

Again, from our discussion of intersection numbers, we have that C? = k,C,-C, =

1, and C2 = 0. Therefore

k k k
my + mims + Mo + 5m% + Eml +1= (m1 + 1)(57711 + mo + 1)

In fact, h°(m;Cy + meCsy) = (my + 1)(§-m1 + mg + 1) if m; or my equals 0, as we

have already seen (Corollary 4.5).

Note: Recalling some of the basic theorems restated in Section 3.7, we have that
x(D) = 1D(D - K)+1+p, by Riemann-Roch. Since p,(S) = 0, then h°(O(D)) =
x(D).

Lemma 4.13 (Murray [18] Corollary 1) Let S be a smooth toric surface given by
a fan {(a;,b;)} . Take my = myy; = 0 and let D = Y, mC, be an ample

divisor on S. Then

W' (Qs(D)) = D* ~ n = x(Q(D)).
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Note: if n = 2 and D is ample, then
hO(Ql (m1C1 + TTZQCQ)) = (m16'1 + m202)2 -2

= me’f + 2mymoC1Cy + m%C'?2 — 2 =mik +2mim, — 2,

consistent with Corollary 4.6.

4.3 Computations for ¢ = 1,2; Hirzebruch Surfaces

Given the computations for H°(Fy, O(D)) and H®(F, Q'(D)), we can now com-
pute H?. We will use Kodaira-Serre duality, Corollary 3.17. For our purposes, we

can restate this theorem as
hz(S, O(D)) = hO(S, O(Ks — D)).

For a Hirzebruch surface, Fy, with the usual four vector fan, we use the vector
definitions (32) = (1), (3.) = (1), (52) = (%)), and (§2) = (;), and mo = mg = 0.
We know from Section 3.5 that Kg, = —2C; + (kK — 2)C;. Using Kodaira-Serre

duality, Corollary 3.17, we get
hQ(Fk, O(m1Cy + moChy)) = ho(]Fk, O(—=(mq1 + 2)C1 + (k — my — 2)Cy)).

From Lemma 4.4 and the above, we have the following corollary:

Corollary 4.14 (Duflot/Miranda [5]) If my > =1 or mg + km; > —k — 1,
HQ(F]C, O(m16’1 + mQCQ)) = 0.

PROOF: From Lemma 4.4, item 1, we have that H°(F,, O(aC,; + bCs)) is zero if

either a or b + ka is negative. From Kodaira-Serre duality, Corollary 3.17, as ap-
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plied above, we know H*(Fy, O(D)) = H°(Fy, O(KF, — D)). So H?*(Fy, O(mC; +
maCs)) = HYFk, O((—my — 2)C) + (k — my — 2)C3)). Then H°(Fy, O((—mq —
2)Cy+ (k—my—2)Ca) = 0if —my —2 < 0 or k —mg— 2+ (—my —2)k < 0. There-
fore, we have that H2(Fy, O(m,C, +m2Cs)) = 0if my > —1 or ma+km, > —k—1.

Similarly, we can use Kodaira-Serre duality (Corollary 3.18) with the definition of

ht above, with S a surface, yielding
R*(S, Q' (D)) = h°(S, Q' (—D)).

Thus
h2(1Fk, Ql (m1C1 + mQCg)) = hO(Fk, Ql(—mlCl — mQCQ)).
This combined with Lemma 4.4 leads to

Corollary 4.15 (Duflot/Miranda [5]) If mqy > 1 or mgo + kmy 2> 1, then
HQ(JF/C, Ql(mlcl + mQCQ)) =0.

PROOF: From Lemma 4.4, item 3, we have that H°(Fy, Q!(aC; + bC,)) is zero if
either a or b + ka is negative. From the above, we have that h?(Fy, Q'(m,C| +
myCs)) = hO(Fy, Q' (—mC1 — mpCy)). Then HO(Fy, Q'(—miCi — meCy)) = 0
if —m; < 0 or —(my + mik) < 0. Therefore, we have that H%(Fy, Q' (m,C; +

meCs)) =0if my > 1 or mg + kmy > 1.

Next we will use Riemann-Roch to determine hA!'. Recall the basic intersection

numbers computed earlier, C? = k,C; - Cy = 1, and C? = 0. We know that

x(D) = h*(Fi, D) — h'(Fg, D) + h*(Fy, D).
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S50
X(m101+m2C2) = ho (Fk, mlCl—i—mgCg)—hl (]Fk, m1C1+m26’2)+h2(]Fk, m101+m202).
Using Riemann-Roch for divisors D on a surface (x(D) = D(D — K)/2 + 1+ p,),

this is equivalent to

(m101 —+ mQCQ)[(ml + 2)01 + (2 +my — k‘)Cg]

X(m101 +m2C2) = 5

+ 14 p,g

my(my + 2)012 + my (2 +mg — k)C1Cy + ma(my + 2)CoC1 + m2(2 +ma — k)Cg
_ 5 +1+p,

my(my + 2)k + 2m; + myms — kmy + mamy + 2m
:1(1 ) 1 122 1 2my 2+1+;Da

1
= §km1(m1 + 1)+ (my + mima +ma) + 1+ p,.

Since the arithmetic genus of Fy, is zero, p, = 0,
1
x(m1(71 + mQCQ) = Ekml(ml + 1) + (m1 + mimg + mz) + 1.

From Corollary 4.5, if m; > 0 and m, > 0, we have that

. 0 k

dim H (O(m1C1 -+ mng)) = (m1 + 1)(§m1 + mo + 1)
Also, from Corollary 4.14, we have that if m; > —1 or mg + km; > —k — 1, then
Hz(IFk, m;Cy + mQCQ) = 0.

Again, since

X(O(mlcl + mQC’g)) =
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hO(O(mlcl + m202)) - hl((’)(mlCl + mZC'Z)) + hz(O(mlCl + m2C'2)),

we have that if m; > 0 and my > 0,
1
x(O(mlCl + mQCQ)) = 5](3777,1 (m1 + 1) + (m1 + myme + mz) +1

k
= (ml + l)(—2—m1 + Mo + 1) - hl(O(mlcl + mQCQ)) + 0
Therefore h'(O(m;C; + maCy)) = 0, and we have the following lemma:

Lemma 4.16 If m; > 0 and my > 0, then H}(O(m,C; + m»yC3)) = 0.

Recall Riemann-Roch for a rank 2 bundle £ over a surface S, Theorem 3.15. In

the case of Fy, we will use

Theorem 4.17 (see e.g. Duflot/Miranda [5]) Let S = Fy, and € = Qf, (D), then
()= K +2D and () =4+ K -D+D-D.

Now KF, = —2C) + (k — 2)Cy. If D = m;C; + m,Cy, we see that:
KF, - ¢1(Q%, (D)) = K, - (KF, +2D)

= (=2Cy + (k = 2)Cy) - (-2C) + (k — 2)Cy + 2(m1C; + myCy))
= (—201 + (k) — 2)02) . ((le — 2)01 + (2m2 + k — 2)02)
= —2mik — 4m; — dm, + 8.

Also
4 (QF, (D)) = (KF, + 2D)*

= (=2C + (k — 2)Cy + 2(m,Cy + moCy))?
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= ((2m, — 2)C1 + (2my + k — 2)Cs)?

= 4m?k — 4myk + 8mym, — 8m; — 8my + 8,

and
c2(QF, (D)) =4+ Kp,-D+D-D
= (=2C) + (k — 2)C3) - (m1Cy 4+ maCs)) + (miCr + maCy)?
= m2k + 2mymy — mik — 2my — 2ma.
So

G (Q (D)) — 2¢2(QF, (D))
= (4m2k — 4m 1k +8mymy — 8my — 8my +8) — 2(mk +2mymy —mik — 2m; — 2my)
= Zm%k + dmime — 2mik — 4m; — 4mo + 8.

Substituting into Riemann-Roch from Theorem 3.15, we get

X(Q, (D)) = x(Q, (mi1C1 + m2Cy))

—2mik — 4mq — dmgq + 8 + 2m3k + 4mymg — 2myk — 4m; — 4my + 8
2 2

= 2(]_) —
= mfk +2mimg — 2
= (m101 + m202)2 -2

From Theorem 4.7, if m; > 1 and my > 1, we have

dim H°(Q!(m1C; + myCs)) = 2mymy + km? — 2.
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Also, from Corollary 4.15, we have that if m; > 1 or mg + km; > 1, then
HY(Fi, QY (m,Cy + myCy)) = 0.
Again, from Duflot/Miranda [5], since
X(QF, (m1Cy + maCy))

= hO(QF, (miC1 + maCy)) — B (O, (myCy + maCa)) + K (Q, (M1 C1 4+ maCy)),

we have that
m%k + 2m1m2 —-2= 2m1m2 + km% —-2-— hl (Qiﬂk(mlCl + mgcz)) + 0.

Thus, if m; > 1 and my > 1, ' (Qf, (m1C1+maCs)) = 0, and we have the following

lemma;

Lemma 4.18 Ifm; > 1 and my > 1, then H'(Fi, Qf, (m1C1 + myCy)) = 0.

4.4 Theorems for i = 1,2; General Toric Surfaces

We have already extensively used Kodaira-Serre duality, Theorem 3.16, in the last
sections computations for Hirzebruch surfaces. In this section, we will state two

theorems based on duality.

Theorem 4.19 (Oda, [19], Corollary 2.9, page 77)

If S is a smooth toric surface and D is an ample divisor, then
h'(S, 0s(D)) = h*(S, Os(D)) = 0.
We will also be using Murray [17] Lemma 2.10,
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Theorem 4.20 [17] If S is a smooth toric surface and D is ample, then
h'(S,Q5(D)) =0,

(S, QL(D)) = 0.

Note: From Lemma 4.9, D is ample if m;C? +m;_; +m;4; >0,1<i<n,m; >0

and m, > 0.

4.5 Ql(log D): Definition and Discussion

The following discussion is excerpted from Saito [20].

Theorem 4.21 [20] Let M an n-dimensional complez manifold, and V C M be
a hypersurface of M defined by an equation h(z) = 0, where h is holomorphic on
M. Let w be a meromorphic q-form on M, which may have poles only along V.

Then the following four conditions for w are equivalent:
1. hw and h dw are holomorphic on M.
2. hw and dh N w are holomorphic on M.

3. There ezists a holomorphic function g(z) and a holomorphic (g — 1)-form &

and a holomorphic q-form n on M such that:
(a) dim ¢V N {zeS:g(z) =0} <n-—2
(b) gw=2LANE+1.

4. There exists an (n — 2)-dimensional analytic set A C V such that the germ
of w at any point p € V — A belongs to % A Qj’\;’; + Q4 ,» where QY , denotes

the module of germs of holomorphic q-foms on M at p.
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The proof is in Saito, {20].

This leads to the following definition:

Definition 4.22 [20] A meromorphic q-form on M is called a g-form with loga-
rithmic pole along V' or logarithmic q-form if it satisfies the equivalent conditions
of 4.21. Let h, = 0 be a reduced equation for V, locally at p e V. A meromorphic

q-form is logarithmic along V at p if hyw and hydw are holomorphic.

We denote
Qf,,(log V) = {germs of logarithmic g-forms at p},

Qf,(log V) = Upem 2y, ,(log V).

Theorem 4.23 (Saito [20]) If M is a complex manifold, V a smooth hypersur-
face of M defined by an equation h(z) = 0 where h is holomorphic on M, then
Q,(log V),q=0,1,...,n are coherent Opr-modules.

Saito defines the residue morphism as follows:

Definition 4.24 If w is a meromorphic q-form on a complez manifold M and
there exists a holomorphic function g(z), a holomorphic (g — 1)-form &, and a
holomorphic g-form n on M such that gw = %? A&+, then the residue morphism,

res, is a sheaf homomorphism:

res : Q%,(log V) — Oy

res

W —

€.

@ |+

This leads us to the residue exact sequence for logarithmic g-forms:

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Theorem 4.25 (see e.g. Saito [20] page 276)

If M is a complez manifold and V' is a smooth hypersurface on M, then the sequence

res,

0— Q% - Q¥ (log V) — Ov =0

18 exact.

Applying this short exact sequence to a general surface Y, D a smooth curve on

Y, and any divisor E on Y, we get the short exact sequence

0 — Q5 (E) — Q) (log D)(E) — O(E)|p — 0. (4.26)
Recall the standard short exact sequence

0 = Oy(—D)(E) = Oy(E) — O(E)|p — 0. (4.27)

Next we will construct the long exact sequences from the short exact sequences

4.26 and 4.27, respectively:
0 — H(Y,Qy(E)) = H*(Y,Qy (log D)(E))

5 HO(Y, O(E)|p) — H'(Y,QL(E)) — .. (4.28)

and

0— HO(Ya OY(E - D)) — HO(Yv OY(E))
— HYY, Oy(E)|p) — HYY,Oy(E - D)) > ... (4.29)
This leads us to the following theorems:

Theorem 4.30 If Y is a smooth surface, E a divisor, D a smooth curve on Y,
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and h' (Y, (E)) = 0, then
(Y, (log D)(E)) = h°(Y, Oy (E)|p) + K (Y, Qy (E)).

Since x(E — D) = h(Y, Oy (E — D)) — B (Y, Oy (E — D)) + h*(Y, Oy (E — D)), and
R (Y, Oy(E — D)) = h%(Y, Oy (Ky + D — E) by Kodaira-Serre duality (Corollary
3.17), we have:

Theorem 4.31 If Y is a smooth surface, E a divisor, D a smooth curve on Y,

and h'(Y, Oy (E)) = 0, then
(Y, Oy (E)|p) = (Y, Oy (E)) — x(E — D) + h°(Y, Oy(Ky + D — E)).
PROOF: If h!(Y, Oy(E)) = 0, then the sequence
0 — H(Oy(E-D)) — H(Y, Oy (E)) — H°(Y, Oy (E)|p) = H'(Y,Oy(E-D)) = 0
is exact. Thus
h°(Oy (E - D)) = K°(Y, Oy (E)) + h°(Y, Oy (E)|p — h'(Y, Oy (E — D)) = 0.
Therefore
RO(Y, Oy (E)|p = (Y, Oy (E — D) — h°(Oy(E — D)) + h°(Y, Oy (E)).

Theorem 4.32 If Y is a smooth surface, E a divisor, D a smooth curve on Y,

R} (Y, Oy(E)) = 0 and h'(Y, Q% (F)) =0, then
h*(Y, Qy (log D)(E))

= WY, QL(E)) + h*(Y,Oy(E)) — x(E — D) + h°(Y, Oy (Ky + D — E)).
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4.5.1 Calculating QL (log D): Smooth Toric Surfaces

Again, we will be using the basis C}, ..., C,, for the Picard group of a smooth toric
surface and the fans defined in Chapter 2, {(a;, b;)}*}. Since (ag, by) = (0,1) and
(@ns1,bns1) = (1,0), mg = mp4 = 0, every divisor D is linearly equivalent to

miCy + ... + m,C,.

Theorem 4.33 Let S be a smooth toric surface defined by a fan of n + 2 vectors

as above and E an ample divisor, D a smooth curve on S, then
h%(S,QL(log D)E)) =E*~n+D-E—g(D)+1+h%S,0s(Ks + D — E)),

where g(D) 1is the genus of D.

PROOF": From Theorem 4.32 above, we have that
h*(S, Qs (log D)(E))

= h°(S,Q%(E)) + h°(S, Os(F)) — x(E — D) + h°(S,0s(Ks + D — E)).

Since F is ample, Theorems 4.12 and 4.13 show that
X(Q5(E)) = h°(S, Q5(E))

and

x(0s(E)) = h°(S, Os(E)).

Thus
h*(S,Q5(log D)(E)) = x(2s(E))+x(O(E)) —x(E - D) +h°(S, Os(Ks+ D — E)).
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But x(QL(E)) = E* — n by Lemma 4.13 and x(Os(E)) = ﬁgl{—” +1 by Lemma

4.12. Hence
h°(S,Q5(log D)(E))
E(E-K E-DWE—-Kg—D
=FE*—n+ ( 5 S)+1—( I 5 5 )—1+h0(Y,Oy(Ky+D—E))
2_E-Kg—2E-D+D-Kg+ D?
:Ez—n+%(E2—E-K5)—E PR +DAs

+h°(Y, Oy(Ky + D — E))

=FE*—n+E-D-(g(D)-1)+h(Y,0v(Ky + D — E)).

4.5.2 Calculating Qf (log D): Hirzebruch Surfaces

For a specific example, we will address Hirzebruch surfaces, Fy, with D ~ aCy +
BCy, & > 0, B > 0 and F ~ mC, + myCy. We are using the same basis for Pic Fy

and the same fan to define Fy, as usual.

Theorem 4.34 Let Fy, be a Hirzebruch surface, with D ~ aC,+BCya&>0,8>0
and E ~ m1C1 + myCs.

1.Ifm >1my;2>1 and 6 > my + 2,8+ k > my + 2, then

B (F,, Ok, (log D)(E)) = E* — 1+ %E(E _ Kg,).

2. Ifm >21,my>1, and a <my +2 orkd+5<m2+km1+k+2, then
h‘o(]Fk’Qi?k(log D)(E)) :E2+D'E_g(D)_ 1,

where g(D) 1is the genus of D.

&3
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PROOF: If E = m;C; +myCy, then E is ample if m; > 0 and m, > 0 by Corollary
4.10. Thus Theorem 4.33 says if m; > 1 and mg > 1,

h°(Fy, O, (log D)(E)) = E* —2+ E- D —(g(D) — 1) + h’(Fx, Of, (KF, + D — E)).

We know that Kp, + D — E = (—2+a—-my,k—2+5-my). f&>m;+2or
B+ k > my + 2, then by Theorem 4.12

h‘O(Fkv OFk(KFk +D - E)) = X(OFk(KFk +D - E))

(K, +D—-E)}D-E)

= 1
5 +
. 2
_(KR+D)D_D-E_(Kp+DE E*
2 2 2 2
- K
=g(D)—D-E+-E(E—F’“),

2

Adding this to the above yields
1
h®(Fx, O, (log D)(E)) = E* + §E(E — KF,).

Ifa<m +2orkda+pB<my+km +k+2 then—2+&—m; <0or k(—2+a&-
my) +k — 24 B —my < 0, thus h°(Fy, Op (K5, + D — E)) = 0, by Lemma 4.4.
Thus

h(Fi, O, (log D)(E)) = E*—2+D-E—g(D) + 1.

Note: The remaining cases can be analyzed using Lemma 4.4 (part 2) to compute

h°(Fx, OF,(KF, + D — E)), but we do not do this here.
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Chapter 5

Multiplication Maps

In this chapter, we will explore multiplication maps on Hirzebruch surfaces and
toric surfaces and surjectivity of these maps. We will be using results about the
surjectivity of multiplication maps in our later discussion of Gaussian maps. This
chapter also includes the first of our original work. The original theorems of this

chapter are Theorems 5.2 and 5.4.

5.1 General Definition

Definition 5.1 In general, given a smooth projective variety X with line bundles

F and F on X, the multiplication map
p: H(X,F)® H' (X, F) = HY(X,F® F)

is defined by with
u(s®t) = st

where s and t are sections of F and F respectively.
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5.2 Multiplication Map, Hirzebruch Surfaces

Note: We will be using the multiplication map in our proof of the surjectivity of

the Gaussian map, Chapter 8.

Consider

HO(IFk, (9(m101 + mng)) = H,?(ml,mz)

with basis

{z5yd|0 < c < my, 0 < d < my+ck}

if m; > 0 and my + m1k > 0, zero otherwise.

The multiplication map, in the above coordinates, is
I H,S(ml,mg) ® H,?(Tﬁl,’lﬂg) — H,?(ml + Tﬁl,mg + 77’12)

(z§ys) ® (x5ys) — z§Teyg ™

where ml,’rfll > O, mo + mlk > O, 77'7:2 + mlk > 0.

Note: if m; < 0 or mM; < 0 or my + mk < 0 or my + Mk, 0, then the domain of

the multiplication map is zero.

Proposition 5.2 If my,m; > 0, may, my > 0, then the multiplication map

JI H,S(ml,mg) X H,?(Tril,rrb) —> H,S(ml +'l’fL1,m2 +m2)
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s surjective.

PROOF: Assume my,m; > 0, my > 0 and miy > 0. Then m; +m; > 0. Since

mg > 0,mMe > 0, my + iy > 0. Consider M, N, N > kM > 0, such that
OSMSm1+7ﬂ1)

0< N—-kM <mg+mas.

Since my,m; > 0, there exists a ¢, ¢ such that 0 < ¢ < m; and 0 < é < m; with
c+¢=M. Then
0< N —k(c+é) <my+my

which implies

0§N—kc—ké§m2+7ﬁg.

Thus

0 < N < (mg + ke) + (ma + k).

Now since my > 0,79 > 0, k£ > 0, and ¢, ¢ > 0, both my+ kc > 0 and my+ k¢ > 0.

Then there exists d, d such that
0 S d S mo + kC,

0<d < m,+ ké,

and
0 <d+d < (my+ kc) + (my + ké)
with d +d = N. So z§ydaiyd = z5teyé+d = gMy) and the multiplication map is
surjective.
87
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Next consider the multiplication map with the following definition:

Definition 5.3 Multiplication maps
,&((ml, mg)(rﬁq, Tﬁ,g)) : HO(]F]C, Ql(mlCl + mQCQ)) ® HO(]Fk, O(belcl + TfL2C’2))

— HO(]Fk, Ql((ml + ’Iﬁl)Cl + (m2 + Tflg)Cz))

are defined as

w®h— hw.

Note: Again, this is instrumental in our proof of the surjectivity of the Gaussian

map, Chapter 8.

Using this definition, we have the following theorem:

Theorem 5.4 If my,my 2> 2 and my, Mo > 0, the multiplication map

a((my, ma)(my, my))

18 surjective.

PROOF: Recall the definitions of X' (A, B), Y(A, B), and M(A, B) (4.4) defining
a basis for H°(Q!(A, B)).

Case 1, “pure dzy”:

Consider the basis element in X (m; 4+ My, my + ms). We know m; + m,; > 2.
Assume my + my + k > 1. (Otherwise, X(m; + m, my + my) = 0). Choose M, N

such that

:céwyévdxg € X(ml + Tﬁl, mo + Tﬂ2) g HO(]F]C, Ql((ml + rle)Cl + (m2 + Tsz)Cz))
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= H,(C’(Ql((ml + Tﬁl)cl + (m2 + Tflz)C2)),

so that

0§M§m1+7ﬂ1—2
0<N<myg+my+Mk+Ek—1.

We need to find 7,¢ such that 0 <¢<m; —2,0<c<mj,and i +c= M.

Case 1la: M < m; — 2.
Choose ¢ = 0,7 = M. Since m; > 0, 0 = ¢ < m;. Also, since © = M and

O0<M<m-20<i<m —2.

Case lb: my —2 < M <m;+m; — 2
Choose c =M —m; +2 > 0,i =m; —2. Then m;+m; > M +2or m >
M—-(m —2)=M—iand m; > ¢. Since i = m; — 2, and m; > 2, then

0<i<m —2.

In any case, there exists ¢ and ¢ such that 0 < i < m; — 2,0 < ¢ < miy, and
i+c¢c = M. Next, we focus on finding d and j with d + j = N such that

0<j<mg+ik+k—-1and 0<d< ny+ck.
Casele: N<mo+ik+k—1
Choose j = N and d =0. Then 0 =d < miy +ck, since my > 0, K > 1, and ¢ > 0.

Also0 < 7 <my+ik+k—1sincej =N <mo+ik+k—1land my+tk+k—12>0.

Case 1d: N > mg+ik+k—1

Choose j = mg+ik+k—1,d = N—(mqo+ik+k—1). Then j > Osincemy > 2,1 > 0,
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andk>1,500<j=myg+tk+k—1. Also N—(mg+ik+k—1)>0,s0d > 0.
Since N < my + my + Mk + k — 1, then

N-me—tk—k+1<me+me+Mk+k—-1-—my—tk-k+1

:TﬁQ-FMk—?;k=Tfl2+(M—i)k=TfL2+6k

and 0 < d < ck. So
zgys € H(O(miy, ma))

zhyddzy € HO(Q (my, my))

and

f(ziyldze ® x5yl) = xf)+°yg+dd:v0 = o)yl dxo.

Therefore fi is onto X (my + My, ma + Mo).

Case 2, “pure dyg”:

Consider the basis element in Y(m; + m;, my + my). We know m; + m; > 0.
Assume my + my > 2. (Otherwise, Y(my + mi, my + miy) = 0). Choose M, N such

that
)yl dye € Y(my + miy, my + miy) C HY(QY((my + m1)CL + (Mg + mi2)Cy)),

so that

OSMSm1+Tﬁ1,
0<N<my+my+ Mk -2

We need to find a,c such that 0 < a<m;,0<c <M, and a+c= M.
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Case 2a: M <my
Choose ¢ = 0, = M. Since m; > 0, 0 = ¢ < m;. Also, since « = M and

0<M<m,0<a<s<m.

Case 2b: my < M < mq + iy
Choose ¢ = M — my,a« = m;. Since my + m; > M,m; > M — m; = c. Also

mp>0,500<c¢c<my. Sincem; >0and a=m;, 0 < a=m;.

These two cases have shown that there exists « and ¢ such that 0 < a < m;,0 <
c <my, and o +c = M. Next, we find d and 8 with d + 8 = N such that
0<B8<mg+ak—2and 0<d< my+ck.

Case 2¢c: N <my +ak —2
Choose f = N and d = 0. Then 0 = d < mgy + ck, since my > 0, K > 1, and
¢ > 0 from the above two cases. Also 8 = N < my+ak—2and N > 0, so

0< B <ms+ak—2.

Case 2d: N > my +ak — 2
Choose 8 = my+ak—2and d = N—(my+ak—2). Then 8 > 0since my > 2, >0
from the above cases, and & > 1,800 < 8 = ma+ak—2. Also N—(ma+ak—2) > 0,

sod > 0. (If d = 0, case 2c applies.) Since N < my + my + Mk — 2, then
N—-—my—ok+2<me+mo+Mk—2—-mo—ak+2

=m2+Mk—ak:Tﬁ2+(M—a)k=Tﬁ2+ck

and 0 < d < ck. So

z5ys € H(O(my, ms))
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zdyadyy € H(Q' (my, my))

and

a+c

(xS yedyo ® Teyl) = x5 teys dye = 4" vy dyo.

Therefore [ is onto Y(m, + my, my + my).

Case 3, mixed case:

Consider the basis element in M(m; + m;, my + Ma). We know m; + m; > 2.
Assume my + s + k > 1. (Otherwise, M(m; + m;, my 4+ mMy) = 0). Choose P, Q

such that
.’IJ(I;yOQ(’LUo) € M(m1 + ’Iﬁl,mg + beg) C H,?(Ql((ml + nil)Cl + (m2 —+ TﬁQ)CQ)),

with

wo = YodTo + kxodyo

so that

0<P<m +m —2,

Q=my+my+kP+k—-12>0.

Case 3a: P <m; — 2.
Choose ¢ = 0,7 = P. Since m; > 0, 0 = ¢ < m,. Also since ¢ = P, and

0<P<m;—2,then0<1<m; —2.

Case 3b: m; —2< P<m +m; — 2.

Choose 1 = m; —2,¢c = P—-m; +2. Since m; > 2,0 <t =m; — 2. Also,
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m —2<P<m+m —2,500<P—m;+2<m;and 0<c<m.

In any case, there exists 7 and c such that 0 < ¢ < m;—-2,0 < ¢ < m,y, and i+c = P.
Next, we focus on finding d and j with d+j = Q such that 0 < j < mo+ik+k—1

and 0 < d < my + ck.

Case 3c: Q <mg + ik +k — 1.
= @,d = 0. Then 0 = d < my + ¢k since my > 0,k > 1,¢ > 0. Also

J
0<j<mg+ki+k—1sinceQ=mg+my+kP+k-—1.

Case 3d: @@ > mqg + etk + k — 1.

Choose j = me+ik+k—1,d = Q—(mo+ik+k—1). Then j > O0since mg > 2,7 > 0,
andk >1,500< j=mya+ik+k—1. Alsod > O0since Q =my+my+kP+k—1
and mo + My +kP+k—12>my+ik+k—1since my >0 and P > i (from the
above). Since Q = mo + My + kP +k —1=mg+my+ k(c+1i) +k — 1, then
d=Q— (me+ik+k—1)=my+ckand 0 < d=niy+ck. So

xgyg € HO(O(mla mZ))a

xéyg(wo) € HO(QI (mlv mZ))v

and

fziygiwo ® afyl) = (wSyd(xhyg> ™) (wo) = 28y (wo).

Therefore f is onto M(my + My, my + My).
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5.3 Multiplication Maps, General Toric Surfaces

This section is incomplete. Its completion will be part of further work at a later

date.

Let S be a smooth toric surface given by the fan {(a;, b;)}*%; with D =" m;C;

a divisor on S, for ¢ = 1,2, ...,n.[17] Consider
HO(S, 0(m101 + m2C'2 + ...+ mnCn)) = Ho(ml,mz, ceey mn)

with basis {z§yd|m; + a;c+ b;d > 0,i = 1,...,n} and ¢,d > 0 (Theorem 4.11).

The multiplication map, in terms of the above basis, is defined as

M - Ho(ml) ma, ..., mn)®H0(Tﬂ1, TﬁZ’ ey Tﬁ'n) — Ho(ml +Tﬂ‘1) m2+7ﬁ2a ey mn+mn)
(5.5)
and is given by
(2546) ® (2§98 = 25w+,
From an unpublished manuscript by Fakhruddin [6], we have the following theorem:

Theorem 5.6 [6/ Let S be a smooth projective toric surface, L an ample line
bundle on X, and M a line bundle on S which is generated by global sections.
Then the multiplication map H°(S, £) ® H*(S, M) — H(S, L ® M) is surjective.

The proof is straightforward, along the lines of the proof of Proposition 5.2, but

uses the geometry of the H%-polygons more explicitly.

Thus, we have the following theorem:
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Theorem 5.7 [6/ The multiplication map
Un - Ho(ml, mMma, ..., mn)®H0(7ﬂ1, Mg, ..., rrin) — Ho(m1+m1, mo+ma, ..., mn+rﬁn)

given by

(x5yd) ® (zbys) > zgFeyfte

is surjective, if miCy +maCq+ ... + mpCy ts ample and M, C; +myCy + ... + M, Cy

is generated by global sections.
Next we will consider the following:

Definition 5.8 Multiplication maps, ii,((m1, ma, ..., my) (M1, Mo, ..., My)),
/in . HO(S, Ql(mlCl +m202 +...+ mnCn)) ® HO(S, (’)(rﬁlCl + 77%202 +..+ rrinCn))

— HO(S, Ql((ml + Tfll)C1 + (m2 + Tflg)Cg 4+ ...+ (mn + nin)Cn))

are defined as

Ww@hm— hw

We would like to prove an analog of Theorem 5.4 for general toric surfaces. For

this purpose, we state the following theorem from Maclagan and Smith [14):

Theorem 5.9 [14] Assume C C K and dimgpos(C) = r. If m = ZK and the sheaf

F is m-regular, then the natural map
H°(X, F(p)) ® H'(X,Ox(q) = H*(X,F(p + q))

is surjective for all p e m + NC and all q € NC. In particular, the sheaf F(p) is

generated by global sections.

We would like to use this theorem to show that pi, is surjective and believe it is
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entirely appropriate, but at this time, I do not fully understand it, hence cannot
prove it is applicable to the analysis of the multiplication map, £, in Definition

5.8. Therefore, this is an item for further exploration.
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Chapter 6

Double Covers, with Examples

6.1 The Double Cover Construction in Surface Theory

In this section, we will discuss double covers for surfaces, specifically looking at
the relationship between line bundles and one-forms on a covering space and the
base space of a double cover. We will be using largely as reference Barth, Peters

and VandeVen [1].

Let Y be a smooth projective surface and £ be a line bundle on Y such that
L% = L ® L has a section s. Then D C Y is the divisor corresponding to the
zeroes of the section s. Let L be the total space of £ with p : L — Y, the line

bundle projection. Then the pullback bundle p*L is a line bundle on L.[1]

pL — L
pLydptt  Ip oL (6.1)

L 25 v

By definition, p*L = {(a,b) ¢ L x L | p(a) = p(b)}. Now, there is a section t of
p*L defined by t(e) = (e,e) € p*L, where e ¢ L and t is a section of p*L since p is
defined by p(a,b) = p(a). Define X = {z ¢ L| (p*s — t?)(z) = 0}. Then X C L.
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Define 7 : X — Y as p|x.

Another way of viewing double covers is as follows. If you have L, a locally free rank
one Oy-module and a section s of £22, you can form an Oy-algebra on Oy & L™}

and define X, the double cover of Y as Spec(Oy ® L™!), up to isomorphism.

Locally, X is defined by an equation s = t2. Assume characteristic not equal to 2,
over a point of Y where s # 0, one has 2 points of X. Over a point of ¥ where
s = 0 we have only one point of X. Then {s = 0} C Y is the branch divisor, D.

D is a divisor, non-negative, in the linear system of L£L®2.

So double covers of Y are determined by a line bundle £ and an effective divisor
D in the linear system determined by £®2. If the divisor D is locally defined by

s = 0, then the double cover is locally defined by 2 = s.

Proposition 6.2 Let Y be a smooth compact surface and L be a line bundle on
Y such that £®? has a global section s, not identically zero. Then there ezists a

surface X and a map 7 : X =Y such that
1. Oy(D) = L®2,
2. D is the divisor on'Y corresponding to the section s.
3. D is an effective divisor in the linear system of L%2.

4. X is smooth at xq if and only if s is smooth at 7(xy). Thus X is smooth iff

D is smooth.
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So singularities of X correspond to the singularities of the branch locus of D.

We call this together with the map 7 : X — Y the double covering of Y branched
along D, determined by the line bundle L.[1]

Lemma 6.3 (Barth, Peters, and VandeVen [1]) Let # : X — Y be the double
covering of Y branched along a smooth divisor D and determined by the line bundle

L, ie L% = Oy(D). Then
1. Kx =1 (Ky ® L).
2. m1.0x & Oy @E_l.

Lemma 6.4 (see e.g. Duflot [{]) Let m : X — Y be the double covering of Y
branched along a smooth divisor D and determined by the line bundle L, i.e. L®? =
Oy (D). Then

0% = Q) & (2 (logD) ® L71).

6.2 A Simple Example: P! x P! as a Double Cover of P2

Consider the map 7 : P! x P! — P? defined by
d+b
((a,b), [e,d]) = ae, ““, ba).

We can see this map is well defined by considering

m(Ala, b], ple, d]) = m([Aa, Ab}, [uc, pd))

= [Apac, w, Apbd] = Apfac, gfi;_—bc, bd)
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We will compute 71[Zy, Z,, Z,] for every [Zy, Z1, Z,] € P2. Suppose ([a, b], [c, d]) € P' x
P! is such that n([a, b],[c,d]) = [Zo, Z1, Z2]). Then

Case 1: Let [Zy, 21, Zo) = [1, Z1, Z3) € Up(P?) be a fixed point.

Case la: If Z2 # Z,, let D be any fixed complex number such that D? = Z? — Z,.
Clearly Z, + D # Z; — D since D # 0. Therefore

n([1,Z, + D}, [1,Z, — D)) =1, Zy, Z3),

7([1, Z, — D), [1, Z1 + D)) = [1, Zy, Za).

Also, if 7 ([a, b], [¢c,d]) = [1, Z1, Z,], then either ([a,b],[c,d]) = (1, Z1 + D}, (1, Z, —
D]) or ([av b]v [C’ d]) = ([1, Zl - D]’ [LZI + D])
Case 1b: If Z? = Z,, then

m([1, Z1), [1, Z1]) = (1, Z1, Z3) = (1, Z1, Z2)]

and if 7([a, 8], [c, d]) = [1, Z1, Zu), then ([a, 8], [c, d)) = ([1, Z1], (1, Z1]).
Case 2: If [0, 1, Zy] € (B2 — Uy(P2)) N U, (P?), then

W([Z Z2]’ [0, 1]) = [0» L, ZQ]

W([()’ 1]’ [2a ZZ]) = [Oa 1, ZZ]

and if 7 ([a, b}, [c,d]) = [0, 1, Z;], then

([a, 8], [e. d]) = ([2, Z2], [0, 1]) or ([a, b, [¢,d]) = ([0, 1], [2, Z2)).

Case 3: The only remaining point in P? is [0, 0, 1] and
7r_1({[0, 0,1]}) = {([0, 1], [0, 1))}
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Therefore, by definition, 7 : P! x P! — P? is a covering map, specifically a double

cover, branched along the smooth quadric defined by Z? = Z, in Up.

6.3 The Relationships between Cohomology on X and Co-

homology on Y

We first state some general theorems about sheaf cohomology without proof. Refer-
ences include Griffiths and Harris [8], Harris [9], and Barth, Peters, and VandeVen

1.

Theorem 6.5 (An application of the Leray Spectral Sequence)
Letm: X — Y be a double cover branched along a smooth divisor D and determined
by L, with D = L®%. Let F be a sheaf on X. Since m has finite fibers, the Leray

spectral sequence for m degenerates, and
Hl()/a 77'*]:) = Hi(X) -7:)

for every ¢ > 0.

Theorem 6.6 (The Projection Formula, applied to Double Covers)
Letm: X — Y be a double cover branched along a smooth divisor D and determined
by L, with D = L%, If F is a sheaf on X and G is a locally free Oy-module of

finite rank on Y (i.e. a vector bundle on'Y ), then
(FRrG) 2mF®G

as sheaves.
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For example, if G is a locally free sheaf on Y and F = Oy, then
TG =m(0x @1 G) ¥ mOx®G=(Oy®LN)RG=G8 (L' ®0G).
Now, let G be a locally free sheaf on Y. By Theorem 6.5 above,
H'(X,7*(G)) = H'(Y,mn"(9)) = H(Y,G) ® H'(Y, L™' ® §).

Hence we have the following theorem:

Theorem 6.7 If 7 : X = Y is a double cover branched along a smooth divisor D,

D =2L, G a divisor on Y, and E = 7*G, then
HY(X,0x(E)) = H{(Y, Oy (G)) ® H(Y, Oy (G — L)).

Also if 7 : X — Y is a double cover branched along a smooth divisor D, D = 2L,

G a divisor on Y, and E = 7*G, then
H'(X, Q% (E)) = H'(Y, 7. (% (E)))

> H(Y, m,(Qk ® Ox(E)))
> Hi(Y, 1, (Qk ® 7Oy (G)))
~ Hi(Y, 1,0k ® Oy (G))).

Now, by Lemma 6.4,

Q% = QL @ (U (log D) ® L£71).
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Therefore
H'(X, Q% (E)) = H'(Y, Q) (G)) ® H'(Y,Q} (log D) ® O(G - L)),

which we state in the following theorem:

Theorem 6.8 If7n: X — Y is a double cover branched along a smooth divisor D,

D =2L, G a line bundle on Y, E =G, then

HY(X, Q4 (E)) = H(Y, () ® H(Y, Oy (G — L) ® Q) (log(D))).

6.4 Double Covers of Hirzebruch Surfaces

Again, let D be a smooth irreducible curve on F; and 7 : X — Iy, be a double cover
of Fi, branched along D, X is uniquely determined by D, up to isomorphism, and
X is smooth. Let L be a line bundle on Fy, 2L = D, and L be linearly equivalent
to aCi + BCs, so that D is linearly equivalent to 2a:C +28C,. Since D is a smooth
curve, a, 3 > 0.

We know that Kx = 7*(K¥, + L) = 7*((a — 2)Cy + (B + k — 2)C)).
Lemma 6.9 (Barth, Peters, and VandeVen [1], page 287; pages 273-27/)
a) pg(X) = pg(Fe) + h(Fi, KF, + L) = 0+ h®(Fy, (a — 2)C1, (B + k — 2)Cy).

b) If Dy, Dy are two divisors on Fy, then
7T*(D1) ' W*(Dg) = 2(D1 . Dg)

Thus,

¢) ei(X)? = K% = (" (K%, + L))? = 2(K¥, + L)? = 2(K}, +2K%, - L+ L-L) =
16 + 4KF, - L+ 2L - L, since K¢, = 8.
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Also
d) c(X) = 2¢o(Fi) +2(L-KF,)+4(L-L) = 84+2L- KF, +4L- L, since c;(Fy) = 4.
e) x(X)=2x(Fe) + 3(L-Kr,) + 3(L- L) =2+ (L - KF,) + 3(L- L).
Lemma 6.10 Let X be defined as above.
1.Ifa>2and B+ k > 2, then ¢(X) = 0.
2. Ifa=1, then ¢(X)=0V3 > 0.
3. Ifa=0, thenq(X)=8-1V3 > 1.

PROOQF: By our definitions, we have that L+ KF, = (¢—2)C1+(8+k—2)C,. Then
X(X) =2+ 3(L-KF,+ L- L) and py(X) = h°(Fy, KF, + L) by Lemma 6.9 above.
By Corollary 4.5, ifa—2 > 0 and B8+k—2 > 0, then h°(Fi, L+ KF,) = x(L+ KF,).
By Theorem 3.13, this is equal to 3(L + KF,)(L) + 1. Hence p,(X) = x(X) + 1.
Therefore ¢(X) =0ifa>2and S+ k > 2.

Now suppose o = 1. Then py(X) = h®(Fx, L+ KF,) = h®(-1C1+(8+k—2)C2) =0
by Lemma 4.4. We know that ¢(X) =1— x(X)+0and x(X) =2+ 3(L-Kf,+L-
L) = 2+%(1,8)((-2,k-2)+(1, B)) == 2+3(—k—B+k—2+48) = 1. Hence, q(X)=0.

Now consider @ = 0. Again p,(X) = 0 by Lemma 4.4. Also x(X) = 2+

6.4.1 Determining the Kodaira Dimension of X

Let 7 : X — Y is a double cover branched along a smooth divisor D, D = 2L, K

the canonical divisor and Kx = 7*(KF, + L). Also let ¢t > 0. Then let’s compute
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HY(X,tKx).
H°(X,tKx) = H*(X,tr*(Ky + L)) by Lemma 6.3

= H°(X,7*(tKF, + tL))
= HY(Fy, 77" (tKF, + tL))
= H°(Fy, (KF, ® L)' ® m.Ox)
= HO(Fy, tKF, + tL) ® H(Fy, tKF, + (t — 1)L).

Since tKF, + tL = t(a — 2)Cy + t(B + k — 2))C,, we can compute exactly the
dimension of the summand above corresponding to this divisor, if o and 3 are

large enough. Indeed, if A > 0 and B > 0, then

kA(A+1
h°(Fx, O(ACy + BCy)) = (A+ 1)(B+1) + %
Thus, if & > 2,8+ k — 2 > 0 (recall £ > 0), then

B (Fy, O(tKE, + L)) = (Ha— 2) + 1)(t(B+ k — 2) + 1) + FHL& = 2)(t§a —2)+1)

Computing the coefficient of 2 in this formula, we get

Eﬂ;ﬁ:(a—g)w—ufa).

(@—2)(B+k—2)+ 5

This coefficient is zero (given the conditions above) if and only if @ = 2 or
B—2+§a:O. Notethatifﬁ—2+§a:0thenﬁ-—-Q—%a. But 8 > 2 — k,

s02—%a>2-kor% <k Sog <lora<2 Thus,ifa> 2, X is of general type.

Ifa=2and f+k —2+#0, then X has Kodaira dimension 1.
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Chapter 7

The Gaussian Map

In this chapter, we will define and discuss the Gaussian map. Primary references

are Wahl ([23], [22]), Griffiths and Harris [8], and Duflot/Miranda [5].

7.1 Gaussian Maps on Projective Varieties

Once again, consider the multiplication map where X is a smooth projective variety

and F and G are line bundles on X, defined as follows:
p:H (X, F)® H'(X,G) - H' (X, F®G)

given by

(s ®t) = st.

Definition 7.1 Given the multiplication map, p, then kerp = R(F,G) [23].

Given an open set U C X, let T be a generator of Fly. Let o = > 0;®7; € R(F, G).
Then we can write o; = f;T locally for some f; ¢ H°(Oy). Given a generator S

of G|y, then we can write 7; = ¢;S locally for some g; ¢ H°(Oy). (Note that
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Y. figi = 0.) Then we can define the Gaussian map
Dxrgla) = (fidgi— g:dfi) ®T ® S e H(Q ® F®G).
This is well defined, proof in Wahl [21], page 123.
If F = G, then A2H°(F) C R(F, F) by identifying o AT with (0 ®7—7®0). Then

we restrict the domain of ®x 7 7 to A2H%(X, F). We will write ®x 7 #|rzpox,5) =

Ox r.

dxr: A HY(X,F) = H(X, Q4 ® F?)
is given by, if 0 = fT and 7 = ¢T locally,
Ox r(oAT)=(fdg — gdf) @ T @ T[23].

We can verify this with the following computation:

1
CI)X’]:(U AN T) = (I)X,]:’}'(E(O'(X) T — T®O’))

N ==

([(fdg — gdf) ® T @ T + [(—gdf — fd(~9)) ® T ®T))
= 2(2fdg - 2d)) 8T @T = (fdg - 9af) @T@T.

Hence, we have shown that the following diagram commutes:

R(F, F) PXEF (X, QL @ F?)
N xr (7.2)
A2HO(X, F)
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and

im (I)X’]: = im CI)X,]:’]:.

If £, M, and N are line bundles, then there is a commutative diagram:

R(L, M) ® H(N) L. HY(Q' ® L& M) ® HOWN)
‘a oy
R(L,M®N) Px.cpeN H®Q'®LSIMN)
(7.3)

where the horizontal maps are defined using Gaussian maps as indicated and the

vertical map, i, is a multiplication map, as defined in Section 5.2. The map a is

defined by
(Z 0; ® Ti) ® hT’ Di) Z(Uz ® hTi).

To see that the diagram is commutative, and using the notation and definitions

from earlier in the section, if AT is a local representation for an element of H°(N),

() oi®m) @ AT g > (fidg: — g:dfi) ® T @ S @ hT".
Also
3
Y (oi@hr) TECTRY (fidgi - 9:df)@T®S ST

since

Ox cman(Y_(0i ® hry))
=Y (fid(hg) — (hg)df;) 8T @ ST’
= Z(fi(hdgi +gidh) — hgdf,) QT ®SQT'
= [h Z(fidgi - gidf) + Z(figi)dh] RT®SRT,
but 3 (figi) =0
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By definition of the multiplication map, f,
> (fidgi — 9:dfi) ® T ® S ® AT’ B b > (fidgi — gidf) ®T®S®T'.

S0
(Y oi@m) @ hT Y RS (fidg: - g:df) T ® S QT

and

(Z 0, ®7;) ® hT' ﬂoq,ix—f'M h Z(fidgi —gdf;)®TR®S®T'.

Note the naturality of the Gaussian maps for f : X — Y, f*G, and f*G, i.e. there

exists a commutative diagram:

R(G,6) *rge H(QL ©G 8 6))
! l (7.4)
R(f*G, f*6) Pxggrnd HYQL ® 16 ® £*G)

7.2 Gaussian Map, Curves on a Surface

Consider a surface S and any curve C on S, with D defined as a divisor on C, QF}
the line bundle associated to the holomorphic 1-forms on C. This is the canonical

line bundle on C. Then the Gaussian map for this data is:
¢C,D : A? HO(C, O(D)) - HO(C, O(2D) 3¢ QIC)

By the Adjunction Formula (Theorem 3.12), if C C S, we have a relationship

between the canonical divisor on S and the canonical divisor on C:

Ko = (Ks®[Cl)lc,
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or

Oc(K¢) = (Os(Ks) ® Os(C))lc,

or

Qt = (25 ® 0s(0))lc-

In other words,

Q¢ = Oc(Kc) = Os(Ks + O)lc.

There is a commutative diagram (from Duflot/Miranda [5], page 449):

A2 H'(S, 0s(Ks + C)) Pk ro H°(S,0(2Ks + 2C) ® OL)
la

| res HY(C, Q4(2Ks + 20)|c) (7.5)
Lb

¢C_;§C

A? H'(C, Oc(Kc)) H°(C,0(2Kc) ® Qc)[5),

(7.6)

where res, a, and b are defined below.

The restriction map, res, on the exterior product comes directly from the exact

sequence of sheaves (Griffiths and Harris (8], pg 139)

Setting F = Kg + C and using the Adjunction Formula to identify O¢(K¢) =
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Ot = Os(Ks + C)|c yields
0 — Os(Ks) = Os(Ks+C) = Qp — 0. (7.8)
The associated long exact sequence in cohomology on S is

0 — H°(S,0s(Ks)) = H°(S,05(Ks + C)) & H*(S,QL) —
Hl(S, Os(Ks)) — HI(S, OS(KS + C)) — Hl(S, Qlc) —>
H*(S,05(Ks)) = ...

(7.9)

The map, res, is the map on A% induced by r in the above long exact sequence.

Thus, if H'(S, Os(Ks)) = 0, then res is onto. So,

Lemma 7.10 If S is a smooth surface, C a curve on S and q(S) = 0, then res:

A? HO(S,05(Ks+ C)) = A? HY(C, O¢(K¢)) is onto.

PROOF: H'(S,0s(Ks)) = H'(S, Os) by Kodaira-Serre duality, and H!(S, Og) =

q(S). By assumption, ¢(S) = 0, hence the map res is onto.

Note: if ¢(S) = 0, then S is called a regular surface.

The vertical maps a and b are derived as follows: Taking F = 0 in the short exact
sequence 7.8 yields
0= Os(—=C) > Os > Oc — 0 (7.11)

with OC = Oslc.
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If we tensor the short exact sequence 7.11 with Og(2K s+ 2C) ® {25, recalling that

QL(-) = Os(—) ® Qg, this results in the sequence
0 = QL(2Ks + C) = QL(2Ks + 20) = QL(2Ks + 2C)|c — O.

Since tensor and extension by 0 commute,
Oc ® Os(2Ks +20) ® Q5 = Oc @ QL(2Ks + 2C) = Q§(2Ks + 20)|c.
The associated long exact sequence is

0— H°(S,QL(2Ks + C)) —» HO(S,0L(2Ks + 2C)) — H°(S,QL(2K s + 2C)|¢c) —
H(S,0%(2Ks + C)) = H'(S,0%(2Ks + 2C)) —» H' (S, QL (2Ks + 2C)|c) —

H2(S,QL(2K5 + C)) — ...
(7.12)

Now H°(S,QL(2Ks + 20)|c) = HY(C,Q%(2Ks + 2C)|c). This yields the map a:
a: HO(S, Q_15~(2K5 + ZC)) — HO(C, Q}g(2KS + 20)‘(;)
From the above, we have the following:

Lemma 7.13 The map a: H°(S,Q5(2Ks + 2C)) — H°(C,Q5(2Ks + 2C)|¢) is
surjective if H'(S,Q5(2Ks + C)) = 0.

This follows directly from the long exact sequence 7.12.

Let T(C) be the one dimensional tangent vector bundle for C in S, a sub line
bundle of T(S)|c, the two dimensional tangent vector bundle to S. Additionally,
let N¢/s be the one dimensional normal bundle for C in S. By the Adjunction

Formula, Theorem 3.11, N¢ ¢ = Os(—C)|c.
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Then the normal bundle sequence for N¢/s is
0 — T(C) = T(S)|¢c = N¢ys — 0,
where T(s)|c = T(C) @ N¢ys locally. Taking the dual of the sequence yields
0 — Ngys — (T(S)le)” = T(C)* = 0

Recall QL = T(S)*, and QL = T(C)*. So Qi|lc = (T(S)*)|c, and the dual and
s s

restriction commute, yielding the sequence
0= Ngis = Qsle = Q6 = 0.
Next, we tensor this sequence with Og(2Ks + 2C)|c. Now
Os(2Ks + 20)|c = Os(2Ks + O)|c ® Os(2Ks + C)lc = Qt ® Ot = (Q8)%?,
so the tensoring yields the exact sequence
0 — Ngys ® (26)%2 = Qsle ® (26)%% = Q¢ @ (26)%2 — 0.
Also
Ngis ® (26)%2 = O5(=C)|o ® Os(2Ks + 2C)|c = Os(2Ks + C)lc

Q}g|c &® (Qé)‘gz = (Q}g ® Os(2Ks + 20))|C = Q}S(ZKS + QC)lc

yielding the exact sequence

00— 05(2K5 + C),C — Q};(QKS + 20),0 — (Qé)@)a — 0.
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The associated long exact sequence on C is

0 = HY(C, 05(2Ks + C)|c) = H°(C,QL(2Ks + 2C)|c) = H(C, (Q1L)®%) —
HY(C,05(2Ks + C)|¢c) = HY(C,QL(2Ks + 2C)|c) — H'(C, (25)%%) -
HQ(C, OS(QKS + C)|c) — ...

(7.14)

which yields the b map
b: HY(C,Q5(2Ks +2C)|c) = H(C, (Q5)%°).

Combining this map with the long exact sequence 7.14 yields

Lemma 7.15 The map b: H°(C,Q%(2Ks+2C)|c) — H(C, (2})®3) is surjective
if H\(S,05(2Ks + C)) = 0 and H(S, Os(—Ks)) = 0.

PROOF: Using the long exact sequence 7.14 above, b is surjective if H'(C, Os(2K s+
C)lc) = 0. In addition, using the exact sequence 7.7 with E = 2Kg + C, we see

that since the sequence
...Hl(S, Os(?KS + C)) — HI(C, 05(2K5 + C)|C) — Hz(S, 05(2K3)) — ...

is exact, H'(C, Os(2Ks+C)|c) = 0if H(S, Os(2Ks+C)) = 0 and H%(S, O5(2Ks)) =
0. Kodaira-Serre duality (Corollary 3.18) says H%(S, Os(2Ks)) = H(S, Os(—Ks)).
Hence the map b is surjective if H'(S, O5(2Ks+C)) = 0 and H(S, Os(—K5s)) = 0.

Recall the commutative diagram 7.6. We can now state the following lemma:
Lemma 7.16 Given a surface S and any smooth curve C on S. If
1. ¢psksrc: N H(S,0s(Ks+C)) = H(S,02Ks +2C) ® QL) is surjective,
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2. HY(S,QL(2Ks + C)) =0, and
3. HI(S, Os(ZKs + C)) =0 and HO(S, Os(—Kg)) = (.
then dck. : N H(C,0c(Kc)) = HY(C,O0(2Kc) ® Q) is surjective.

PROOF: Item 2 yields surjectivity of the map a and item 3 yields surjectivity of
the map b. Since the map ¢s k.+c is surjective by item 1, then the map @¢ k. is

also surjective.
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Chapter 8

Surjectivity of the Gaussian Map

In Duflot/Miranda [5], conditions for the surjectivity of ®f, p are given. In this
chapter, we use this result to prove conditions for surjectivity of the more general
Gaussian map, ®r, p, p,- To do this, we must first re-examine multiplication maps.
Original work in this chapter is Proposition 8.2. The reference for this chapter is

predominantly Duflot/Miranda [5].

8.1 Multiplication Maps on Hirzebruch Surfaces

Recall the multiplication map, Definition 5.1,
pu((my, ma), (Mg, min)) : H*(Fx, (M1, ma)) ® HO(Fy, (1, mip))

- HO(Fk, (my + My, mg + mMa)).

We have defined the kernel of this map as
ker u = R((my, ms), (M, mMa)).

We have the following proposition:

Proposition 8.1 (Duflot/Miranda, [5])
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If my > 1 and my > 1, then the Gaussian map,
®F, m1Cy4maCy © R((M1, M), (M1, mg)) = H°(Fx, Q' (2my, 2my))

1§ surjective.

PROOF: This is a direct translation of Theorem 4.5 of Duflot/Miranda {5], stated

using a different basis for Pic(Fy), miCy + myCs.

8.2 Gaussian Maps for Hirzebruch surfaces

The main result for this section is:

Proposition 8.2 The Gaussian map,
BBy 1 Cr+maCavmiy Cr+mia Gy & R((M1, ma), (Mg, mig)) — HO(Fi, Q' (my + 1y, ma+mig))

is surjective if my,m; > 1 and mg, mg > 1.

PROQOF: We will be constructing two commutative diagrams using the Diagram
7.3. For simplicity of notation, the F, subscripts will be omitted. Consider the
following:

Diagram 1

R((1,1), (m1,my)) % HO(Q'(my + 1,mq + 1))
Ta |
R((1,1),(1,1)) ® HO(my — 1,mg — 1) 2228 HO(Q (my + 1,my + 1))

O, @ id \ b

H°(QY(2,2) ® H(my — 1,my — 1)
(8.3)
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Diagram 2

R((m1, ms), (y, Ta)) 3 HY(QY(my + 1y, Mg + 1y))
1T ay |
R((ma, ma), (1,1)) ® HO(rAy — 1,112 — 1) “E8D HOQY(m, + 1y, my + mig))

Q) ®id N\ do

HO(Ql(ml + 1,m2 + 1)) ® HO(Tfll — 1,7’ﬁ,z — 1)
(8.4)

Here (I)l = q)Fk,Cl-f—Cz,m]C]-{—mzCz, ®2 = QFk,C1+sz and (1)3 = q)Fk,mlcl-{—mzCz,rﬁlCr*-TﬁzCz’

First, we will show that if m; > 1,my > 1, then
R((1,1), (m1,mg)) B HO(Q'(my + 1,my + 1))

(the first line of Diagram 1) is surjective.

Let m; > 1, my > 1. In Diagram 1, &, ® id is surjective by Proposition 8.1. From
the supposition, m; > 1,my > 1, which meets the criteria for 4i; to be surjective

by Proposition 5.4. Therefore, Diagram 1 shows that
R((1,1), (m1,me)) B HOQ'(my + 1,my + 1))

is surjective if m; > 1,my > 1.

Next let m; > 1,my > 1 and m; > 1,m,; > 1. From Diagram 2, we have that
® ® id is surjective by the above argument if m; > 1,my > 1. From the suppo-

sition, m; > 1,my > 1 and m; > 1,m, > 1, , so 4 is surjective by Proposition 5.4.
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Therefore the Gaussian map
OF,m1C1+maC i Cy 412 Cs - R((ml, mQ)a (Tﬁl’ m?)) — I"IO(Q1 (m1 + mi, mo + 77’12))

is surjective if my,m; > 1 and mq, my > 1.

8.3 Gaussian Maps of General Toric Surfaces

Recall the multiplication map, 5.5, defined as
p: HY(my,ma, ..., my) @ HY (1, Mg, ..., My) — HY(my +miy, ma+1a, ..., My + 1),
We define the kernel of this map as

ker p = R((my, ma,...my), (M, Ma, ..., My)).

We would like to prove the surjectivitiy of the Gaussian map on the kernel of this
multiplication map, but first, we need to prove a version of Proposition 8.1 for
general toric surfaces using a lemma from Murray [17]:
Lemma 8.5 If D = mCy + myCy + ... + m,C, ts ample, then

®

R((my, ma, ..., my), (M1, My, ..., my)) = HY(Q(2my, 2my, ..., 2m,))

18 surjective.

This would require surjectivity of multiplication maps
HY(S, Qu(miCy + ... + M, C,,) ® HY(S,m,Cy + ... + mi,,Cy)
— H°(S, (my +m1)C1 + ... + (M 4+ myn)Ch),
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and a suitable replacement for Diagram 1 in the last section. We hope Macla-
gan/Smith [14], restated here as Theorem 5.9, will help solve our first problem.

This proof will be left for completion in future work.
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Chapter 9

Gaussian Maps for Double Covers

In this chapter, we will explore double covers in general, establishing theorems that
we will later use with toric surfaces, Hirzebruch surfaces and curves on Hirzebruch

surfaces. The primary reference for this chapter is Duflot [4].

9.1 Gaussian Map with Line Bundles

Consider smooth projective varieties X and Y of the same dimension with X a
double cover of Y of degree 2 with smooth branch locus D, and the covering map
7 : X — Y; the line bundle £ ¢ Pic(Y) is such that Oy (D) = £®2. Recall from

Lemmas 6.3 and 6.4 that
1. 1,.0x =0y @ L!
2. 7T*(KY & L:) = KX

3. mQL =QL & (L7 ® Q) (log D)).

Recall the discussion of Gaussian maps from Section 7.1. Given the map 7 : X —

Y. Let G be a line bundle on Y. Consider the following Gaussian map:

AHY(X,m*G) "X HY(X, (1G)’ ® Q). (9.1)
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Using the discussion and isomorphisms of Section 6.3, we may identify ®x g with

the bottom row of the following diagram:

AHO(X, 7*G) iy HO(X, (7°G)? ® Q%)
= 1=

A2HOYY, G ® m,0x) H(Y,G? @ m.Qk)
1 1=

AZHO(Y,Q) sy AZHO(Y,Q ® E_l) D (HO(Y,Q) ® HO(Y,g ® ﬁ_l)) ‘Pﬁl;c

HY(Y,G?® QL) @ H(Y,G? ® Q) (log D) ® L71).
(9.2)
For ease of reference, we will refer to the various components of the lowest map of

this diagram as follows. Let:
Vo = A2 HY(Y, G),

Wo = A’HYY,G® L),
Vi=H(Y,G) @ H(Y,G® L ™),

and

AO - HO(Y’ g2 ® Q%’)a
A =HY(Y,G*® O (log D) ® L7Y).
We have the following theorem from Duflot [4]:

Theorem 9.3 (Duflot [4]) Given the Gaussian map
ANHYY, Q) N°HY Y, 6 L) @ (H(Y,G) @ H' (Y, G® L))

S (Y, 6 0 0)) @ H(Y, G2 @ Q) (log D) ® L),
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then we have:

Qx rglvy 1 Vo = Ao
Qx gly, VI = 4
Dx glw, : Wo = Ao,

and

Qx glve = Py

Consider the map
B: HY(Y,Qy ® G2 ® Oy(—D)) —» HY (Y, Q' ® G?)
induced by the short exact sequence
0— Oy(-D) 3 0y 5 0p — 0. (9.4)

Recall that Oy (D) = £®2, s0 Oy(—D) = L2

Theorem 9.5 (Duflot [{]) Given the the map B : H(Y,Qy ® G2 ® Oy(-D)) —
HO(Y, Q' ® G?), and the map

xrglwy : APHY(Y,G® L7!) — H(Y,G* @ Q)

then

Pxmglw, = BoPyggr-1.

Since the above sequence is exact, we know from the corresponding long exact

sequence in cohomology
0— HYY,L2@0L®G%) 5 HO(Y,QL @ G2) — ...
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that the map B is injective. Combining this with our earlier discussion of Gaussian
maps, we find that

rank@x,w*g

Wo = rankq)y’g®£—l

and

rank@xm.glvo = rank@Y,g.

Taking the residue short exact sequence 4.25
0— Qy — 0 (log D) — Op — 0,
and tensoring it with G2 ® £7! yields
0N RGRLT 30 (log D)RGRL' - 0OpRGERL = 0.
Similarly, taking the short exact sequence 9.4 and tensoring it with G2® £~ yields

05 Oy(-D)3G* R L' 50, 06°0 L 50,2 L™ = 0.

Therefore
W= HY(Y,GPo L) DS HY (Y, 0p G ® L))
S HY(Y,G*® L) - H(Y, G2 L™)... (9.6)
is exact.
Let

Mg ooc-1 ! HO(Y’ g) X HO(Y’ g® ‘CAl) — HO(Yv g2 ® E—l)

be the multiplication map as indicated in the following discussion.
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We also have the following proposition:

Proposition 9.7 (Duflot, [4]) There is a commutative diagram of ezact sequences

RG,G®L™) = H(Y,G)@H(Y,¢goL) 25" gy .gerc)

I Qg ger- 1 @x gl lr

H(Y,Q'®G2® L) — HY(Y,Q'(log D) ® G2 ® L™!) - H(Y,0p ® G2 ® L71).
(9.8)

Moreover, if uggec-1 is surjective, and H'(Y, 3, ® G2 @ L7!) = 0, then this is a

commutative diagram of short exact sequences.

The proof of the proposition is in Duflot [4].

This also leads to the following corollary:

Corollary 9.9 (Duflot [4]) If g goc-1 is surjective, and H'(Y,Q,®G*QL™!) =0,

then the snake lemma gives an exact sequence
0 — ker ®gggr-1 — ker @x rugly, — ker r —

cok ®g ggr-1 — cok x riglyy, — cok r — 0.

A further result is that ker r & H°(Y,G? ® L£73) since 9.6 is exact. And

cok r = HO(Y,0p 2G> L7 Y))imr = HY(Y,0p @G> @ L) /ker § 2im § C H'(YV,G?> @ £73).
(9.10)

Note that im § = HY(Y,G2 ® £%) if HY(Y,G*® L) = 0.
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Thus

Corollary 9.11 If pgggc- is surjective, H'(Y, Q,@G?@L™) = 0, and H'(Y,G*®
L7Y) =0, then coker r = H(Y, G2® L)

PROOF: Let pggec—1 be surjective, H'(Y, Q) ® G2® L7!) = 0. Since H'(Y,G*®
L) =0, then im § = H(Y,G? ® L7®), and equality follows directly from 9.10

above.

From the above corollary and Corollary 9.9, we now have have
... = cok (I)g,g@,l:—l — cok q)X,W*g|V1 — HI(Y, g2 ® £—3) — 0. (912)

This leads us to a additional corollary:

Corollary 9.13 If ug ger—1 is surjective, H'(Y,QL, ® 2@ L7!) =0, H(Y,G*®

L1 =0, and Py g g1 is surjective, then cok Px mgly, = H' (Y, G2 ® L73).

PROOF: From the sequence 9.12 and the given suppositions, we have a short ex-
act sequence. The surjectivity of ®g ger-1 in the sequence yields cok ®x ruglv, =

HYY,G?® L73).

Then:

Corollary 9.14 If ug ger—1 is surjective, H{(Y,Q, @ G?® L') =0, H(Y,G* ®

L7Y) =0, and Pyggec-1 and Pyg are surjective, then

corank ®x g = 1 (Y,G* ® L7?).
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Chapter 10

Gaussian Maps for the Canonical
Divisor of a Double Cover

In this chapter, we will expand our discussion of Gaussian maps for double covers
to look specifically at the canonical divisor Kx, paralleling some of the theorems in
chapter 9. We will also discuss the canonical divisor with our two specific surfaces,
smooth toric surfaces and Hirzebruch surfaces. The theorems and corollaries in

this chapter are mostly original, except as cited.

10.1 General Discussion

Again consider smooth projective surfaces X and Y with X a double cover of Y
of degree 2 with smooth branch locus D, and the covering map 7 : X — Y; the
line bundle £ € Pic(Y) is such that Oy (D) = £%%. Recall the Diagram 9.2. We
know 7*G = Kx,if G = Ky + L.

This yields the diagram of identifications:
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A2HO(X,0(Kx)) iy H(X, (O(Kx))? ® Q)

= =
A2HY(Y,O(Ky + L) ® mOx) HO(Y, 02Ky + 2L) @ L)
= =

A2H(Y,O(Ky + L)) @ A2H(Y, O(Ky))
®(H(Y, O(Ky + L) ® H'(Y,0(Ky))) 5% H(Y,0(2Ky +2L) ® Q)

®H’(Y,O(2Ky + L) ® O3, (log D)).
(10.1)

Again, for ease of reference, we will use
Vo = A2H°(Y, O(Ky + L)),

Wo = A’H(Y, O(Ky)),
Vi = H(Y,O(Ky + L)) ® H(Y, O(Ky)),
Ay = H'(Y, QL (2Ky +2L)),
Ay = H(Y,0((2Ky + L) ® Q) (log D))).

From Theorem 9.3, we have that, given the Gaussian map ®x g, then we have the

following maps:

(I)X,levo Vo= Ao
(I)X,KX|V1 V= A
Dx ki lw, : Wo — Ao,

and

Ox kxlve = Py ky+L-
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This leads directly to the following theorem:

Theorem 10.2 Given smooth surfaces X and Y with X a double cover of Y
with smooth branch locus D, and the covering map 7 : X — Y, the line bun-

dle L € Pic(Y) is such that Oy (D) = 2L. If H*(Y, Ky) = p,(Y) = 0, then
corank ®x g, = corank Py g, 11 + R°(Y,Q'(log D) ® O(2Ky + £)).

PROOF: Since H(Y, Ky) = p,(Y) =0, Wy = 0and V; = 0. Thus A,/im®x x, |v; =
Al and AO/¢X,Kx|Wo = Ao.

10.2 Gaussian Map for Double Covers of General Toric

Surfaces

Let S be a smooth toric surface, defined by a fan of n + 2 vectors as usual. Let
m : X — S be a double cover of S branched along a smooth curve D, such that
D ~ 2a; + ... + 20,Ch, «; are constant, and «; > 0,7 = 1,...,n. The line bundle

L satisfies 2L = D. Hence, L ~ a1 + ... + .

Since py(S) = 0, we have the following corollary to Theorem 10.2:

Corollary 10.3 If S is a smooth toric surface, m : X — S be a double cover of S

branched along a smooth curve D, with the line bundle L such that 2L = D, then
corank ®x g, = corank ®s ko1 + h°(S, Q' (log D) ® Os(2Ks + L)).

From Murray [15], we have
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Theorem 10.4 If S is a smooth toric surface and Kg + L is ample, then
corank ®g k41 = 0.

Combining this theorem with the previous corollary yields:

Corollary 10.5 If S is a smooth toric surface, m : X — S is a double cover of S
branched along a smooth curve D, with the line bundle L such that 2L = D, and
Ks + L is ample, then

corank ®x g, = h°(S, Q' (log D) ® Os(2Ks + L)).

Now we compute h%(S,Q'(log D) ® Os(2Ks + L)) using Corollary 4.5 results.
Applying Theorem 4.32, with £ = 2Kg+ L, D = 2L yields:

Theorem 10.6 If S a smooth toric surface and L is as defined above,

RY(S,Os(2Ks + L)) = 0 and h'(S,Q5(2Ks + L)) = 0, then
r%(S,Q5(log 2L)(2Ks + L))

= hO(S, Q}g(?KS + L)) + hO(S, 05(2K5 + L)) — X(2K5 - L) + hO(S, Os(L — Ks))
Combining Corollary 10.3 with Theorem 10.6 yields:

Theorem 10.7 If S is a smooth toric surface, X, L are as defined above,

h'(S,O0s(2Ks + L)) =0, and h'(S,Q'(2Ks + L)) = 0, then
corank ®x

= corank ®s ki1 + h°(S, Q' (2Ks + L)) + h°(S, Os(2Ks + L))
~X(2Ks — L) + h%(S, Os(L ~ Ks)).
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Theorem 10.7 combined with Murray’s theorem about surjectivity of the Gaussian

map (Theorem 10.4) yields:

Theorem 10.8 If h!(S,Q(2Ks+ L)) =0, h'(S,0s(2Ks+ L)) =0, and Ks+ L
is ample, then

corank @ x i
= h%(S,Q5(2Ks + L)) + h°(S, Os(2Ks + L)) — x(2Ks — L) + h°(S, Os(L — Ks)).
Combining Theorem 10.8 with Lemmas 4.12 and 4.13 gives:

Corollary 10.9 If Kg + L is ample and 2Ks + L is ample, then
corank P x

= x(0s(2Ks + L)) + x(Q'(S,2Ks + L)) — x(2Ks — L) + h°(S, Os(L — Ks)).

We will now use these to compute specific values for the corank. Since we have that
X(2Ks+L) = }(2Ks+L)(Ks+L)+1and x(2Ks—L) = $(2Ks—L)(Ks—L)+1from
3.10 and x(Q'(S,2Ks + L)) = (2Ks + L)? — n from 4.13, expanding, we get that

x(0s(2Ks + L)) + x('(S,2Ks + L)) — x(Os(2Ks — L))

1 1
= 5(21{5 +L)(Ks+L)+1— 5(211{5 ~L)(Ks—L)—1+(2Ks+L)?*—n

1
(2K% —3Ks- L+ L) + (4K% +4Ks- L+ L%) —n

1

—4K2+ 7Kg - L+ L% —n
=4(10-n)+7Ks-L+L? ~n

by Theorem 3.20
=40 - 5n+7Ks- L+ L%
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Hence

Corollary 10.10 If X, S, and L are as above, Kg + L and 2Kg + L are ample,
then

corank ®x g, = 40 — 5n + TKs - L + L* + h°(S, Os(L — Kg)).

10.3 Gaussian Map for Double Covers of Hirzebruch Sur-

faces

Let 7 : X — Fi be a double cover of Fy branched along a smooth curve D, such
that D ~ 2aC; + 28C,, a > 0,8 > 0. The divisor L satisfies 2L = D. Hence,
L~ O!Cl + ,BCQ

We will address specifically Corollary 10.10 for Hirzebruch surfaces:

Corollary 10.11 If X, F,, and L are as described above, and o« > 5, B+ 2k > 5
and B+2—k >0, then

11 3
corank q)X,KX =39+ ?KFIc L+ '2-L2

PROOF: We will use Corollary 10.10. To have Kf,+L = (—2+a)Ci+(k—2+5)C,
and 2KF, + L = (-4 + «)C; + (2k — 4 + §)C, ample using Theorem 4.10, we need

a > 5 and 8+ 2k > 5, which we assume. Then Corollary 10.10 says
corank ®x g, =30+ 7KF, - L + L? 4+ RO (Fg, OF, (L — KF,)).

We have that L — Ky, = (o + 2)C; + (8 4+ 2 — k)Cy. Using Lemma 4.5, since
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a > 5,a+ 2 > 0. By supposition, 8+ 2 — k > 0, therefore we can compute
1
hO(Fk’ OFk(L - KFk)) = X(L - K) = Q(L - KFk)(L - QKFk) +1

1
= 5(L2 — 3L KF, +2K§) + 1.

Substituting this into the above yields:

1
corank ®x k, =30+ 7KF, - L+ L* + §(L2 — 3L - KF, +2Kf,) +1

1

3
=30+7KF,€'L+L2+§L2——

2L-ka+(10—2)+1

by Theorem 3.20,

11 3

Alternately, we can write this as:

ok 110 118).

3k
corank ®yx g, =41+ (7cx2 + 308 — >

Remark: even if 8+ 2 — k < 0, we can still compute h’(Fy, O, (L — KF,)) using

Lemma 4.4, but we do not do this here.
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Chapter 11

Corank of the (Gaussian map for
“Large” divisors

In this chapter, we consider only double covers of Hirzebruch surfaces. We will
consider the Gaussian map for double covers of Hirzebruch surfaces and the curves
on double covers, specifically addressing the requirements for surjectivity as well as
computing corank of the Gaussian map. The theorems and lemmas in this chapter
are original work, though of course based on the earlier work of Duflot/Miranda

[5] and Duflot [4].

Let m : X — Iy be a double cover of I, branched along a smooth curve D, such
that D ~ 2aC, + 28C,, a,8 > 0. The line bundle £ satisfies £L®2 = D. Hence,
L~ aCy + BC,.

11.1 Achieving a Range of Coranks

Consider a general divisor G ~ M;C + M>C, on Fy.

Lemma 11.1 In the above situation, if My, > o and My > B (i.e., G is “large”

compared to L), then:

1. (I)X,ﬂmg

vo = Pr.g: W — Ao is surjective. Thus, corank ®x .+¢g = corank
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Pxmglvi-

2. p: HY(My, My) ® H'(M; — a, My — B) — H°(2M; — o, 2M;, — j3) is surjective.
3. HY(Fi, QL (2M; — o, 2M, — B)) = 0.

4. H'(Fy, OF, (2M; — o, 2M; — B)) = 0.

5. ®F, gg—r is surjective.

PROQF: Item 1 follows from Proposition 8.1, since ®x r+¢|v, = PF, .M c1+Mc, and

M, >a>0,M; >8>0, hence M; > 1, M, > 1. Item 2 follows from Proposition
5.2 since M; > a > 0,M, > 8 > 0, therefore M; —a > 0,My; — 8 > 0. Item
3 follows from Lemma 4.18 since 2M; —a = M; + M; —a > 0 and 2M; — B =
My+M,—f > 0. Item 4 follows from Lemma 4.16, since 2M; —a = M1+M;—a > 0
and 2M, — B8 = M, + M, — 8 > 0. Finally, item 5 follows from Proposition 8.2
since M, My > 1, M; —a >0, and My — 8 > 0.

Combining Lemma 11.1 with Corollary 9.14 yields:

Theorem 11.2 If X, L, and G are as above, and M; —a > 0 and My — (3 > 0,
then
corank ®x vy aty) = b (B, O(2M; — 3, 2M, — 303)).

We would like to compute the corank of the above Gaussian map more precisely.

Corollary 11.3 If X, L, and G are as above, and 31:\% > «a and %2 > [, then
corank @ x r+(py mp) = 0.
PROOF: Since M; > % > o and M, > % > 3, then by Theorem 11.2

corank @ x o+ (a1, Mp) = hY(Fy, O(2M; — 30, 2My — 33))
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and h!(Fg, O(2M; — 3, 2M; — 30)) = 0 by Lemma 4.16.

On the other hand, the corank above is not always zero. For example, suppose that
X is a double cover of F3, branched along a smooth curve D linearly equivalent
to 14C, + 2C5; thus the line bundle £ is equal to 7C; + C,. Now, suppose that
G ~ 8C; + 3C,. Then, the conditions of Theorem 11.2 are satisfied.

For simplicity, we will write h*(F3, O(aC; + bC,)) as h*(a,b) from now on. We

compute h!'(—5,3) as follows:

We know that

using Kodaira-Serre duality (Theorem 3.17, note Kg, = —2C + C3) and Lemma
4.4, part 1. Now,

— -3,2 45-9—-1
X(_5,3)=_(__§’_§M+1:M+1:14,
2 2
and using Lemma 4.4, part 2, we compute
R%(3,-2) = 15.

Thus,

corank ®x +s,3) = 1.
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11.2 Curves on Double Covers of Hirzebruch Surfaces

Recall that 7 : X — Fy is a double cover of Fy branched along a smooth curve
D, D = 2aC, + 28C,, with o, > 0. The line bundle £ satisfies £®? = D.
Hence, £ ~ aC; + BC,. Let G be a smooth curve on Fy with G ~ m;C; + m2C;
and m;, me > 0. Assume that 7*G is a smooth curve on X, and let £ = 7*G =

™ (m101 + mgcg).

We refer again to the basic diagram from Chapter 7, 7.6:

A2HO(X,Ox(Kx + E)) % fgo(X,Q'(2Kx + 2E))
la
i res HY(E,QV(E,(2Kx + 2F) |g)) (11.4)
L
A2HO(E, QL) ek HY(E, (Q4)%°)

Now, Kx + E = n*(Kg, + L + E) = m*(m1 +a — 2,my + 8 + k — 2). Applying
11.3to Kx + E=7n*(Kr,+ L+ E) =7*(m1 +a—2,ms + f+ k — 2) yields:

Lemma 11.5 If 2m; > a+4 and 2mg > 5+ 4 — 2k, then ®x k, +£ 15 surjective.

Next, note that Theorems 6.8 and 6.7 say that
HY (X, Q4 (2Kx + E)) & H'(Fy, Q' (m; + 20 — 4,my + 26 + 2k — 4))

®H' (Fy, Q' (log D) ® O(my +a — 4, my + B + 2k — 4))

and

Hl(X, Ox(QKX + E)) = Hl(]Fk,(’)(ml +2a —4,mq + 2,B+ 2k — 4))
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@Hl(le,O(ml +a—4,my+ 0+ 2k — 4))
Also, the long exact sequences 4.28 and 4.29 say that
H'(Fy, Q' (log D) @ O(my +a —4,my + B+ 2k — 4)) =0
if
HYFe, Q' (my+a—4,me+ B+ 2k —4)) =0,
H'(Fy,O(mi +a—4,my+ B +2k—4)) =0

and

H*(Fy, O(my —a—4,my — B+ 2k — 4)) = 0.

Lemma 11.6 Ifmi+a—4>1andme+8+2k—42>1, andm; —a—42> -1

ormg—fB+2k—4+k(m —a—4)> —k—1, then
HY(X,Q4(Q2Kx + E))=0

and

H'(X,0x(2Kx + E)) =0.

PROOQOF: The first two inequalities m; +a—4 > 1 and mgo+ 8+ 2k —4 > 1 imply,

using Lemmas 4.16, 4.18 and Corollary 3.18, that
HY(Fy, Q' (my +a—4,mo+ B8+2k—4)) =0

= HY(F:,, Q' (2my + a — 4,2my + B + 2k — 4))
and

HY(Fr,O(my + 20 —4,my +28+2k—4)) =0
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= H'(Fy,O(my + a — 4,my + 8 + 2k — 4)).

The second two inequalities, m; —a—4 > —1 or mg — +2k —4+k(my —a—4) >

—k — 1, imply, using Corollary 4.14, that
H*(Fy,O(my —a—4,mg — B+ 2k —4)) =0.
Now, —Kx = 7*(2 — @,2 — k — 8). Also by Theorem 6.7,
HY(X,0(=Kx)) = H'(F;, 02 — 0,2 — k — 8)) & H'(F;, O(2 — 20,2 — k — 2B)).

This leads us to our next lemma:

Lemma 11.7 If a > 2 or f+ ka > k + 2, then
H’(X,0(-Kx)) =0.

PROOF: If2—a<0or2—-k—8+k(2—a)<0,then2—2a<0or (2—k—
28 + k(2 — 2a) < 0. Thus, Lemma 4.4 tells us that

H(F,, 02 - a,2 — k - B)) ® H*(Fy,, O(2 — 20,2 — k — 28)) = 0.

Hence, if 2—a < 0or (2—k— 8) + k(2 — a) <0, then H*(X,O(—Kx)) =0.

Finally, the above Lemmas 11.5, 11.6, and 11.7 together with Lemma 7.16 yield:

Theorem 11.8 If

2m; > a+4 and 2mqy > B+ 4 — 2k
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AND

my>5—aand my > 55— 8 — 2k

AND

m >a+3ormg+km >08+ka+k+3,

AND

a>2o0rfB+ka>k+2,

then ®g k. s surjective.

We will now compute the genus of E, using the formula from equation 3.10:

_E-E+E-Kx+1_7r*G-7r*G+7r*G-7r*(KFk+L)

9(E) 5 5

+1

—G G+G-Kp+G-L+1
=29(G)-2+G-L+1
~29(G)+G-L—1.

One can use the inequalities of Theorem 11.8 and the genus formulas above to get
curves of many large genera with surjective Gaussian maps on double covers of
Hirzebruch surfaces. Note that the a > 2 inequality means the double covers are

all of general type.
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Chapter 12

Conclusion

Following in the footsteps of Wahl, Ciliberto, Harris, Miranda, Duflot, and Murray,
we have explored the Gaussian map on smooth toric surfaces and their double
covers. Our new results concern Gaussian maps on double covers of smooth toric
surfaces, and more specifically, Hirzebruch surfaces. Duflot’s analysis for Gaussian
maps of double covers in general showed the need to study multiplication maps
and cohomology of sheaves of logarithmic differentials and we needed to do some
computations of these latter cohomology groups (Chapter 4). Necessary for our
analysis of Gaussian maps, we have shown surjectivity for various multiplication
maps on Hirzebruch surfaces (Chapter 5). We have used the results of Chapter 5
to prove surjectivity of many Gaussian maps on Hirzebruch surfaces, more general
than those considered in Duflot/Miranda (Chapter 8). Finally, we have gone on to
consider further the Gaussian map for double covers of smooth toric surfaces and,
again, more specifically, double covers of Hirzebruch surfaces in Chapters 10 and

11.
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