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covers o f smooth toric  surfaces and Hirzebruch surfaces and going fu rther to con­

sider curves on double covers o f Hirzebruch surfaces. Results specifically address 

surjectiv ity  as well as computations o f corank.
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Chapter 1 

Introduction

In  this paper, we expand on the body o f knowledge amassed in  the past 20 years 

concerning Gaussian maps. The defin ition o f the general Gaussian map is given 

in  Wahl, “ In troduction  to  Gaussian Maps on an Algebraic Curve” , page 304 [23]. 

W ahl considers two line bundles £  and M  on a smooth projective curve X  and 

uses the kernel o f the natura l m utip lica tion  map (g-c,M '■ H Q(X,  £ ) ® H ° ( X ,  A i )  —> 

H ° ( X , £  ®  A4))  to construct a Gaussian map $ x ,c,m  ■ ker^c,M — 7£(£,A4) —> 

H ° ( X ,  <g> £  <g> M ) .  In his paper [23], he discusses the crite ria  for surjectiv ity  o f

th is map, i.e. given the above definitions and i f  the genus o f X  is g, i f  the degree 

o f £  and the degree o f A i  are greater than or equal to 2g +  2  and the degree of 

£  plus the degree o f M  is greater than or equal to 6 g +  3, then the Gaussian map 

is surjective. F inally, as W ahl tells us in  his paper “The Jacobian Algebra o f a 

Graded Gorenstein S ingu larity” [24], i f  AT is a nonhyperelliptic curve o f genus g 

greater than or equal to  3 and K x  is the canonical divisor o f X ,  <&x ,k x  is surjective 

means the “cone over (the canonical embedding of) X  adm its only equisingular 

deformations.” Thus, the study o f the surjectiv ity  o f $ x , k x has some interest for 

studies in deform ation theory. However, applications to deformation theory are 

not considered in th is paper.

1
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In  1988, C iliberto , Harris, and M iranda [3] studied the Gaussian map for curves 

X .  I f  X  has genus g greater than or equal to  10 w ith  g not equal to 11, then 

the map $ x ,k x '■ ^ 2H 0( X , K x )  —> H ° ( X , K ® 3) is surjective. D u flo t and M iranda 

[5] in 1992 followed, considering the Gaussian map on surfaces and curves on sur­

faces, more specifically smooth curves on the Hirzebruch surface, F*. The most 

direct contribu tion to  the constructions presented in this paper begins w ith  this 

D u flo t/M iranda  paper.

Glenn Murray, firs t in  his thesis ([17], 1994) then later in  his paper ([18], 1998) 

studied the D u flo t/M iranda  [5] results, but broadened the perspective to  include 

smooth toric  surfaces in  general.

In  her 1994 paper [4], D u flo t took the discussion o f the Gaussian map in to  the 

area o f double covers of complex projective varieties. Using X  a double cover of 

a projective variety and T  a line bundle on X ,  she studied the Gaussian map 

: A2H ° ( X ,  T )  -> H \ X ^  < g> ^).

In this thesis, we begin in Chapter 2 w ith  defin itions and examples o f smooth toric  

surfaces, in particu la r the Hirzebruch surfaces defined using a four vector fan, and 

apply these defin itions in  Chapter 3 to develop the tools we need to  explore the 

Gaussian map. A  summary o f the results o f the D u flo t/M iranda  paper [5] is in ­

cluded in  Chapter 4. M urray ’s conclusions [17] are summarized in Chapter 4 as 

well. Theorem 10.4 is one o f the main results o f Murray.

Chapter 5 presents some new work on surjectiv ity  o f various m u ltip lica tion  maps

2
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on Hirzebruch surfaces needed for application of the D uflo t results, specifically 

Theorems 5.2 and 5.4, and Chapter 8  presents new work necessary for analyzing 

Gaussian maps for double covers o f Hirzebruch surfaces using again the methods 

of Duflo t, specifically Proposition 8.2. D u flo t’s work on double covers [4] is sum­

marized in  Chapter 9.

Chapters 10 and 11 are predom inantly my work, incorporating the earlier work 

from  Chapters 5 and 8  w ith  the background theory o f D uflo t [4] and D u flo t/M iranda  

[5] and applying i t  to specific situations. Chapter 10 computes coranks o f Gaussian 

maps for a canonical d ivisor on the double cover o f a smooth to ric  surface. For 

example, one o f the results we prove in th is thesis is:

Corollary 10.10: I f  S' is a smooth to ric  surface, 7r : X  —> S is a double cover of 

S branched along a smooth curve D , w ith  the line bundle L  such tha t 2L  =  D,  

K s the canonical divisor, and K s +  L  and 2 K s +  L  are ample, then

corank $ x ,k x = 4 0  — 5n +  7K s  • L  +  L 2 +  h°(S, O s {L  — K s)),

where n  +  2  is the number o f vectors in the fan defining S.

Chapter 11, again predom inantly orig inal work, begins the study o f the relationship 

between Gaussian maps on double covers o f smooth toric surfaces, using the case of 

Hirzebruch surfaces, and Gaussian maps on curves on these double covers, following 

the theory in it ia lly  explored in D u flo t/M iranda  [5].

3
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Chapter 2

Sm ooth Toric Surfaces, 
Introduction and General 
N otation

In  th is chapter, we define smooth to ric  surfaces and in particu lar, Hirzebruch 

surfaces. We w ill also discuss some elementary facts about these surfaces. The 

chief references for this chapter are Fulton [7], G riffiths and Harris [8 ], and Harris 

[9],

2.1 Definitions

By defin ition from  Fulton [7], a fan is a collection of strongly convex rationa l 

polyhedral cones in  a real vector space, meeting along faces. A  strongly complex 

rationa l polyhedral cone is a cone w ith  apex at the orig in generated by a fin ite  

number o f ra tiona l vectors. We shall restrict our discussion to  Z 2 and construct a 

general fan from  n  +  2 vectors w ith  in it ia l side the vector (0 , 1 ), term inal side the 

vector ( 1 , 0 ), and intermediate vectors arrayed counterclockwise between these two, 

labeling the vectors consecutively {(a*, For any two consecutive vectors,

we also require tha t the determ inant o f the ir 2 x 2  m a trix  is 1 :

4
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=  1 .
1

bi—l b{

Thus, no vector is a scalar m ultip le  o f another and any two consecutive vectors 

form  a basis for Z 2. See Figure 2.1.

Figure 2.1: F a n

2.2 Construction of Complex M anifolds from Fans

From a fan, we can construct a complex m anifold M  as a quotient space o f n +  2 

d isjo in t copies o f C2, M  =  C2 f j  C 2 f j  • • ■ f j  C2/  ~ . The equivalence relation, ~ , 

is defined as the equivalence relation generated by:

x,

V%J \Vi

x,

and x 0, yQ are such tha t x% y l  and x T0 ysQ make sense; p ,q , r , s  are defined by

-l

=  A r \  0  <  i  <  n  +  1 .
p q

r  s,

&i~ l

bi—l bi
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In  the above equations, ( ^ )  is a point in  the i th C 2 o f the d is jo in t union, called <C2, 

for 0  <  i  <  n +  1 .

Add itiona lly , the equivalence relation for comparing elements o f C2 to  C 2 is

X i ) ~  H I  Xj
V i)  \ V j )  \V j

x f  Vi
x j  v l

where 0  <  i, j  <  n +  1 and

=  A ~ l Ai

Note: the m a trix  A i 1 takes the vector (di,bi ) of the fan back to  (a0,b0), then A j  

transforms (a0,b0) to (a,j,bj).

For convenience o f notation, define the equivalence class o f (* ')  =
Xi

Vi

Xi 0
, and is defined

. Vi .
0

i

Again, our in tention is to construct a complex m anifold M  from the above fan, w ith  

M  as a quotient space of n +  2 d is jo in t copies o f C2, M  =  C2 ]J  C 2 ]J  ■ • • ]J  C 2/  

The manifold M  has the quotient topology.

Let q : C2 ] j  C2 ] j  ■ • • ]J  C 2 —> M  be the quotient map and U  C M  w ith  U =

{a e M  | <7- 1 ( {a } )  has exactly n +  2 elem ents}.

Lemma 2.1 Let £ e M .  Then:

6
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a. i f £  =  

points.

b. i f £  =  

and

Xi

Vi

Xi

0

t  q(Ci)  and Xj /  0 , yi ^  0, then q HO contains exactly n + 2

: g(C?) and x t ±  0 , then q H O  =  (C o )’ (x°» )} where Co) e C i

0

yi+ i.  y i+ 1  .

(%0) e q  and ( J J  e C?+1.

g(C?+1) and yi+1 ±  0 , then q HO =  { ( J/l+1), (y °+1) }  where

d. i f f
0

0
>9 HO =  { © , • }  where Q . e<Cf.

U
*■ ■* i

Note tha t U  is open. Clearly U  ^  M .  To compute M  — U, we firs t need the 

following defin ition:

Xi
1 (o’) £ C?} U {

0
D e fin it io n  2.2 Let Ci =  {

0 .  Vi+l .

T h e o re m  2.3 M  — U  =  Co U C\  U ... U Cn where:

0
{

a. CiDCj  =  < 0

0

} i f  the vectors {a^b i ) and (a j ,b j ) are adjacent, j = i + l

i+ i
i f  the vectors {ai,bf) and (a j ,b j )  are not adjacent 

b. each Ci is isomorphic to P1

Note: we may say tha t M  — U  is equal to the union of n  +  2 Pl ! s arranged in a 

cycle where P j f l  P j is a single point i f  and only i f  i  and j  are consecutive.

7
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Definition 2.4 Ui =  <7 (C2).

L e m m a  2.5 (a.) Ui is open in M.

(b.) let ipi : C2 —> U  be the map defined by <Pi(l)
a

b
e Ui. Then the map

V i ,

V>i Vi
v T H U i n U j )  ^  v j ' W i n U j ) ,  

where ip~l (Ui D Ufi) C C2 and <p~l (Ui f l  Ufi) C C2; is biholomorphic.

(c.) M  is Hausdorff.

L e m m a  2.6 In  the chart (C2, ipi), Ci is defined by j/j =  0. In  the chart (C2, (f i+i ),  

Ci is defined by Xj+i — 0. Also, we have:

Ci n Uj =

Xi

0

0

Vi+1

Xi eC}

yi+i eC} j  =  i  +  1 

3 +  i , i  +  1

2.3 Simple Vector Fan Construction: A Three Vector Fan

Consider n  =  1, a three vector fan. The fan {(a j,& j) } 2_ 0 is composed o f in it ia l and 

term inal vectors, (0,1) and (1 ,0), and one intermediate vector. Using the required 

determ inant, the intermediate vector is computed to  be ( - 1 , - 1 ) .  We have the 

m anifold C2 JJ C2 C2/  where ~  is defined as follows:

ViJ W i

x l  Vo 

Vo

and

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Also, with i =  l , j  =  2 the equivalence relation for comparing elements of Cf to

C l  is

^  PA = p i K
i i j )  \ V j )  v M  yf

where 0  <  i , j  <  n  +  2  and
f a  p \  ( a ,_ i a,- ,

I =  A j A* w ith  A j =  I 1 and
\ 7  t )  \ bj -1 p

( —1 -
Ai  =  I . So, A [  takes the vector (a1} b\) o f the fan back to (a0 , 60)? then

\ 6* - l P
A 2 transforms (ao,60) to (0 2 , 62), yie lding

^A ^ P i12/11 
2/2 /  U r 1 2/?

^ 1 1 2/1
-1

^ 2

2/2

This construction yields a manifold tha t is biholomorphic to  P2.

2.4 Four Vector Fans

When n  =  2, the fan { ( a i , 6 i) )L o  is composed of four vectors, the in it ia l and 

term inal vectors, (0,1) and (1, 0), and two intermediate vectors. Using the required 

determ inant, the intermediate vectors are computed to be (—1 , 0 ) and (k , —1 ) or 

alternatively, (—1, k) and (0, —1). W ith o u t loss of generality, we shall use the first

9

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



fan combination, considering k — 0  then k >  0 .

2.4.1 k = 0 :  P 1 x P1

We have the m anifold C 2 U  C2 C2 ]J  C 2/  ~ , where ~  is defined as follows:

and

Specifically,

So> i f  ©  is in C° ’

and

x 0 x ,

2/o / UJ °  W i

X, xP0 2/o 
x r0 2/o

- l
V Q

\r

'o  - 1  

1 0

- 1  0  ^  

0  - 1 /

0  1 

- 1  o,

Qi—i Q*i 

bi~ i bi

- l

- l

- l

0  1

- 1  0,
- 1  0  

0  - 1 .

0  - 1

1 o

x 0

yo

x 0

2/o

x Q

2/o

yo
Xn

Xq1

y o 1 

yo 1
x 0

is in  C2, 

is in C2,

2/3

XA  ■ ■ rn2 is in 'Ln.

Additiona lly , the equivalence relation for comparing elements o f C2 to  C 2 is

x

Vi yj

X ?  2/i 

x ]  y-

10
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I . So, A i 1 takes the vector (a i,6 i) o f the fan back to  (a0,b0), then A j
\b i—i bi J

transforms (ao,&o) to (a j ,b j ).

This construction yields a manifold tha t is biholomorphic to P1 x P1.

2.4.2 H irz e b ru c h  Surfaces, Fk

We define the Hirzebruch surfaces, F*, by the four vector fan, (0,1), (—1,0), (k, —1} 

and (1,0) where k >  0. (Note tha t i f  k =  0, then F 0 =  P 1 x P1.) Therefore, we 

have the manifold M  =  C2 [J  C 2 JJ C2 JJ C2/  ~ , where ~  is defined as follows:

and
- l

Specifically,
- l

- l

- l

11
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Additionally, the equivalence relation for comparing elements of C? to C? is

Xi  \  l  X j \  I X j

Vi
*4

VjJ W j

xT y[ 
x ]  yf

where 0  <  i , j  <  n +  2 and
a  (3 

J  s .

A j  1A i w ith  A j
a j - i  a j

bi

A i  =
d i —l 

bi—x bi

and

' j - i

There is a holomorphism, 7r, describing F* as a P1 bundle over P1. We describe ir 

in  the follow ing way:

7T : F fc —>■ P1

X q

yo

X \

y \

X2

2/2

A  [1 : yQ], 

A  [1 : x x], 

A  [y2 : 1 ],

12
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*3 '  [x3 : 1].
2/3

Given [a : b] e P1, we want to compute 7r_1({[a  : b}}), the fibre o f 7r over [a : b].

-K-1( { [ a : b \ } )  =  {ZeFn \ K ( 0  =  [a-.b}} (2.7)

L e m m a  2.8 a. I f  a ^  0. Then

II

'̂cT

. q.

i X q

1 ( ? )  £ O  U  {

b
a

b
.  o, _ \  a / 0

the latter a single point.

b. TT-UilO : ! ] } )  =  {
X2

1 (xo2) £ C i}  u  {
0

0 0

Note n ^ { [ l  : 0 ]}) =  {
X q

1 (Xo ° ) ^ } U {
0

}  =  C0
0 0

l
Define s : P -> Ffc such tha t n o  s =  id by:

s([a : 6]) =
b
a

0

0

where(b) e Cg, and a ^ O

(2.9)

i f  a =  0

Note s(Px) =  C3.

Verifying tha t n o s =  id, we have (n o s)([a : b]) =  n
0

b
=  [1 : -  [a : b] i f

a /  0  and (n o s)([a : b]) — n
0

0
=  [0 : 1 ] =  [0 : 6] i f  a =  0 .

13
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2.5 Rational Normal Scrolls

Recall the defin ition o f a rationa l normal curve from Harris [9]: A  rationa l normal 

curve C  C Pd is the image of the map vd : P1 -> Pd given by

ud : [Xo.Xx] [ X ^ X t l X u . . . ,XQX t \ X ^

up to a change of coordinates. I t  is the common zero locus o f the polynomials 

F i j ( Z )  — Z{Z j  — Z i^ \Z j+ \  for 1 <  i  <  j  <  d — 1. We w ill explore th is defin ition.

Consider the basic case where d — 2, so tha t C  C P2. Then

v2 : P1 -> P2

^ - . [ X o i X j ^ l X l X o X u X f ]

C  then is the common locus o f F ( Z )  ~  Z \  — Z§Z2-

Consider the case where d =  3, so tha t C c P 3. Then

uz : P 1 -»  P3

^3 : [X o , * ! ]  ^  [Xq, X q X i,  X 0X 2, XJ5] 

Then C  is the common locus of:

F0(Z)  =  Z j  -  Z 0Z 2

F \ {Z )  =  Z \ Z 2 — Z qZ z

14
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F2{Z)  =  Z 22 -  Z xZ z.

In  general, then, we have the following theorem:

Lemma 2.10 I f  Qi is the zero locus of  F f iZ ) ,  then the zero locus of  Q i , Q j , i  ^  j ,  

is C l i l i j ,  where Uj is a line. (i.e. The intersection of  any two of  the above quadrics 

yields the union of  C  and a line, l i j . )

Next we consider the rationa l normal curve where d >  3.

D efinition 2.11 A rational normal curve, C of  degree d is defined by

C  ±  { X ^ X t ' X u . ^ X o X t ' i X * I f X c X i je P 1},

up to a change of  coordinates.

Lemma 2.12 I f  d >  3 and C  is a rational normal curve o f  degree d, with vd : 

P 1 —>■ Pd given by

ud : [ X 0, X 1] l X t , X t l X x, . . . , X QX i ~ \ X * \ .

Then C is the common locus of

F i (Z )  =  Z (  — Z i_ \Z i+ i ,  1 <  i  <  d — 1

Fd(Z)  =  Z \ Z d- \  — ZaZd.

Harris [9] also describes rationa l normal scrolls in the following way. Let l , k  e Z + , k  <  

I, n  =  k +  l +  1. Given A, A ' are complim entary linear subspaces in  P" o f dimensions 

k and I respectively, and tha t A, A ' are d isjo in t and span P". Chose two rationa l 

normal curves, C  C A and C'  C A' w ith  an isomorphism (j) : C  —> C ' . Given p e C,

15

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



then 0(p) e C ' . Then we can define

sKi = IJ P 0(p),
peC

the union o f lines jo in ing  points o f C  to  C ' , as the rationa l normal scroll, Sk,i- The 

lines p  0 (p) are the lines o f the ru ling  o f Sk,i.

Consider a specific rationa l normal scroll,

S,,N =  {[Vro , n , - , V lv +2]| Y, e C, V i} C P "+ 2,

constructed in  the following way. Choose C  =  {[F 0, F i, 0 ,..., 0]| [F0 ,F i]  e P1}. Let 

A =  C. Choose A ' =  {[0 ,0 , F2, ..., TV+2]I Ft’s not a ll zero}. Note tha t there are 

exactly N  + 1 F j’s in A'. Then choose C'  =  {[0 ,0 , sN, sNt , ..., t N]\ [s, t] e P1}. 

Clearly, C' C A'. We can now define an isomorphism 0 : C —>• C'  by 0([s, t, 0 ,..., 0]) =  

[0 ,0 , sN,s Nt , . . . , s tN~1, t N\. Let p e C ,  <j)(p) e C'. Then

s i ,n  = |J P 0 (p)-
p t C

We can exp lic itly  define the lines p  0(p) as follows. Let A , B e  P iV+ 2 where A  =  

[p], B  =  [g], p ,q e C N+3. Then A B  =  {[up  +  vq]\ [u , v] e P1}. So

[Fo, ...F jv+2] e Si,N

B K ^ e P 1, [p] =  [X o, X 1 , 0 , . . , 0 ], [g] =  [0 , 0 , X 0N, X 0w- 1X 1, . . . ,X 1yv] 

such tha t

[F0 , . . . ,F n+2] =  [ u X o ^ X u v X ^ v X F - ' X u . ^ v X ? ] ,  and

16
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Si,K =  UuX„ ,  u X ^ v X ^ v X f - ' X u <O T]| [a, a] 6 P 1, [X 0, X t] e P1}.

Note tha t C  is obtained by setting v =  0 and C'  is obtained by setting u — 0.

Consider p — [ l , A, 0, ...0] t  C  w ith  A e <C. Define oo =  [ 0 , 1 , 0 , 0 ]  e C. From 

our defin ition above, 0 (p) =  [0,0 ,1, A , XN] e C'  and 0(oo) =  [0 , 0 , 0 , 1 ]  e C'. 

Define VA e C,

C \  =  {[a , uX, v, v X , uA^JI [u, v] e P1} =  p <j>{p)

So, for example,

C0 =  { [ u , 0 , u , 0 , 0 ] |  [u,v]  e P1} =  0 0(0)

Coo =  {[0, u, 0, [u,v] e P1} =  oo 0(oo)

W ith  0 <  A <  oo, these are the lines of the ru ling  o f S\tN, which compose the ra­

tiona l normal scroll. Note specifically tha t VA, C  /  C \ , C ' C \ , bu t CC\C\  =  {p }  

and C 'n C A =  {4>{p)}-

Consider the case N  =  1,

S j,! =  { [ u X 0, u x 1, v X 0, v X i ] }  I [u,v] e P1, [X0, X x\ e P1}.

The Segre embeding, a : P1 x P1 —> P3, is defined by

a( [u , v\, [A 0, A j ] )  =  [uX q, u X  j ,  vX q, vX i }.

Thus SM =  ^ (P 1 x  P1).

17
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Similarly,

Sh2 =  { [ u X ^ u X u v X l v X o X u v X l ]  | M e P 1, [X 0, X 1] e P 1}.

Considering specific restrictions on the components, we have the follow ing theorem: 

Theorem  2.13

Si,2 = {[io, Yi,y2, r3, y4] e p5 | i f  -  r2r4 = o, -  yqy3 = o, y m  -  y0n  = o}.

For values o f N  greater than 2, we have the follow ing theorem:

Theorem  2.14 For N  >  3,

ShN =  { [Y0,Yu Y2...,YN+2] e P N+2

I Y 2+ 2 -  Yi+ lYl+3 =  0, 1 <  i  <  N  -  1; Y3Yn+i -  Y2YN+2 — 0; I 0I 3 -  YiYi  — 0}- 

Theorem  2.15 S itn  is an algebraic variety.

Theorem  2.16 is biholomorphic to S i,fc+i.

The details follow. Define (p : C(j U  ... I I  C | ~ 5* ^* :+3

J =  [ l , y o , x o , x 0y 0, . .. ,x 0yo+1]
W o /

$ ( X l \  -  r« . ~ 1 -  - fc+1i(yi) =

£ (  J =[x2V2,x2,y^+ l , . . . , y2, \ ]
V2

F \ X3 ) =  [^3, 1, ^3+1y3, ^ 32 / 3 , ^ 3^ 3 ,  2/3]
\U3 J

18
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Then (*0  ~  if f  & (Xi) =  <p(Xj) and there exists a map <p : F fc ->■ Pfc+3 defined' 2H' 'Vi' ' 2/* '•2/j '

exp lic itly  as:

V?(
x 0

2/o
) =  [ l , y o ,x o ,x 0y o , - , x o y o +x] =  ( p \ Q )

\2/o/

<P(
X i

2 / i

i Xi
) = [j/i,iiyi,l,xi,...,xf+1] = <p

y i

¥>(
2/2

) =  [322/2, ®2 , V2 + \ V 2 , - - . 2/2 , 1 ] =

¥>(
^3

ys
) =  [z3, 1, x *+1ys, x *y3, x3y3, 2/3 ] =  ft ^- / M

y3

Theorem  2.17 Im  ip =  Si,k+i

PROOF: C: Clearly im  p  C 5 i ifc+1 since

x 0

yo
) — [i>yo>^ 0 ) ^oyo, xqVq ]

has u =  1 , u =  x 0, ^ 0  =  1, X \  — yo in  •S'l.fc+i- Also

<P(
Xi

y 1
) =  [y i.x iy i, M i ,  ••■,^+13

has u =  y i , v  =  l,X o  =  1 , A i  =  Xi in Si,fc+i- Continuing

<P(
X2

y i
) = Ny2,^2,y2+1,y2, •••>y2,1]

19
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has u - x 2, v -  1,Xq =  y2, X i  =  1 in  S 'i^+i- F ina lly

¥>(
ya

) =  [x3 , 1 , x % y 3, x \ y 3, . . . ,x3y3, y3]

has u =  1 , v =  2/3 , X 0 =  x 3, X x =  1 in S i tk+i-

D: We need to  show tha t in S Q  im<^. Let p e Si^+i -  Then there exists 

[u, v], [Wo, W i] t  P1 such tha t

p =  [uX Q, uX ^ vX " ,  v X » - l X x, ..., v X ? ] .

I f  u X 0 7  ̂ 0, then

_  X x v X 0N v X t ' X i  v X ? . _ ,  
A O  U a q  u X  0 A o

- x 0u u
X l
X 0

N - 1

I f  u X o =  0, then either u =  0 or W0 =  0. Consider firs t i f  u =  0. Then

N

p =  [0, 0, v X » ,  v X 0N- l X u ..., v X ? ]  =  [0, 0 , ! *  * ]  =  <p(
A 0 Ag

X \
X 0

Instead, i f  X q =  0, then

p  =  [0, u X x, 0 , 0 ,  u W f ] =  [0 ,1 ,0 ,..., 0, - x f - 1] =
XL ^ x

V *■
N - 1

I f  v X \  0, then
_  mA0 u X i v X g  v X ?

p ~  1’ ^ x [ ’ ^ x [ - 1

u X o u X "  X q ~ 1 Xo ,

v X »  ’ u W f - 1 ’ X xN ’ X " " 1 ’ X x ’ j

20
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=  <p{
vX

u
N=T1

Xa
X i

)•

p =  [uXo, u X  1, 0 , 0 ]  =  [ ^ ,  1 , 0 , 0 ]  =  <p(

I f  v X \  — 0, then either v — 0 or X \  =  0. Consider firs t i f  v =  0. Then

)■
^  [ 0 

Finally, i f  X \  =  0, then

2kXi

0

p =  [uXo, 0, v X ? ,  0 , 0 ]  =  [1,0, —Xq , 0 , 0 ] =  <p(
U

Consider <p(Ci) C S i^+ i- By defin ition, 

Ci =  {
Xi

0
X l ' e C > }  U {

0

Vi+1

0

Vi+1

Therefore

<P(C0) =

f

x 0
<p(

0
~

0
<p(

< .  y i  .

) =  [1 ,0, xo, 0 , 0 ]  w ith  X 0 =  1 , X i  =  0 , u =  1, v =  x Q 

) = [y\, 0 , 1 , 0 ,..., 0 ] w ith  X 0 =  l , X i  =  0 ,u  =  y i , v  =  x x

which is equal to a line o f the ru ling  o f S i^ + i, specifically, the line 0  d>(0 ).

We have

¥>(Ci) =  t

*

Xi

0"
0

.  2/2 .

) =  [0,0, l , X i ,  . . . , X i + 1 ] w ith  Xo =  1, X i  =  x i,  u =  0, v — 1 

) =  [0, 0, y£ + \ y2, 1] w ith  X 0 =  y2, X : =  1 , u =  0, v =  1
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which is equal to C'  C 5i, fc+i-

Also

<p{C2) =

f
%2

<p(
0

-
0

<p(

s, . y3 .

) =  [0, x 2, 0 , ..., 0 ,1] w ith X 0 =  0, X i  =  1, u =  x 2, v =  1 

) =  [0 ,1,0 , 0 ,  y3\ with X 0 =  0, X x =  1, u =  1, v =  y3

also equal to a line of the ru ling o f Si^+ i ,  specifically the line oo </>(oo).

F ina lly

<p{Cz) =

/

Xi

0

0
<P(

.  y ° .

) =  [x3, 1, 0 , 0 ] w ith  X 0 =  x 3, X i  =  1, u =  1, v =  0

) =  [l,?/o, •••,0] w ith  X 0 =  1, X i  =  y0, u =  1, v =  0

which is equal to  C  C S \ ^ + i -  Therefore, ip(Ci) C S i ^ + i ,  0 <  % <  3

Next we w ill show tha t S \ ^  is rational. F irs t, we need tha t S \ ^  is b ira tiona l to 

P 1 x P 1. There exists a relation

P1 x P1 -4 Si JV

( K r ; ] ,^ ,^ ] )  4  [uX 0, u X 1, v X ? , v X * r- 1X 1, . . . , v X * r}.

However, th is is not well defined, since

([Au, Au], [ f iXo, f iX i ] )  4 [X ^uX 0, X f r n X u X ^ v X * 1, Ai iNv X ^ ~ l X u  . . ,  \y ,Nv X ^ ] ,

which is not necessarily equal to  [u X q, u X i , v X ^  , v X q ~ 1X \ ,

22
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Define Vo =  {[1, x] e P*|x e C }. Define a map

P 1 x Vo 4  ShN

F ( [u , u], [1, x]) =  [u, U X ,  v, vx, vx2, ..., v x N].

This map is well defined, as F([Au, An], [ l , x ] )  =  F([u ,  n], [1, x]). A dd itiona lly , i t  

is 1-1, since i f  [ u ,u x , v , v x , v x 2, . . . ,vxN] =  [u, ux, v, vx, vx2, ..., vxN], then Xu =  u, 

Xv =  v, and there exists x ^  0 such tha t A ux  =  ux. I f  u ^  0, then x =  x, so 

[1 , x] =  [1,5], and [An, An] =  [u,v]. I f  u =  0, then u =  0 and either v =  0 or 

i j / 0 .  I f  v ^  0, then x =  x, so [ l , x ]  =  [ l , x ]  and [0, n] =  [0, n]. I f  v =  0, then 

F([0 , 0], [1,#]) =  [0, ...,0], not an option. Therefore [u,v\  =  [u,v]  and [1, x] =  [ l ,x ] .

Define V2 =  Sl M i n  { [o 0, o i, ...aN+2] e PAr+3 |a2 ^  0}. V2 is open in Shk+1 by 

defin ition. Then consider

v2 4  p 1 x y0

G([ip, -0X, 1, X, X 2, ..., x N) =  ([ip, 1], [1, x]) 

where ip — %-i  and x — This is clearly well defined, and we have already
vX q o

proved tha t every element of V2 can be w ritten  uniquely in  the form

[ip,ipx, l , x , x 2, . . . , / ] .

F  and G are inverses since

G(F([ ip,  1], [1, x ])) =  G([u, ux, v, vx, vx2,..., nxw])

=  G([ip, ipx, 1 , x, x 2, . . . ,xN}) =  ([ip, 1 ], [1 , x])
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and

F(G([ip,  ipx, 1, x, x 2, ..., x ^ ]) )  =  F{ [ i ) ,  1], [1, x]) =  [u, ux, v, vx, vx2, ..., v x N]

=  1 , x, x 2,..., x ^ ].

Therefore P1 x P1 is b ira tiona l to  S\

Next we w ill show tha t P1 x P1 is b ira tiona l to P2. We can define a map from 

P1 x  P 1 to P2 using the Segre embedding and projecting from  P3 to P2 for example 

w ith  ([«, v\, [X 0 , ^ f i ] )  ^  [uX q, uX i , vX i ], but the resulting composite map is not 

1 - 1 . Instead, consider a map from the open subset V0 x V0 o f P1 x P1 to Vo x Vo- 

Then define /  by

Vi x Vi X- P2 

/ ( [ 1 ,« ] , [1 ,X , ] )

This is clearly well defined and one-to-one. Define V02 C P2 by

^ ^ { [ l . u . X J K ^ X O e C 2}.

We can now define a map g by

Vq2 4  Vb x I/0

Again, g is clearly well defined, and g and /  are inverses since 

f ( g ( [ l , v , X 1})) =  f ( [ l , v } , [ l , X l }) =  [ l , v , X 1]

24

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



and

So P 1 x P 1 is b ira tiona l to  P2, and therefore Spjv is b ira tiona l to P2, which shows 

tha t Si tv is rational, by defin ition.

Xi

Vi

By Theorem 2.16, we know tha t A  Pfe+3, w ith

Also, i f  k >  2 , there is a projective mapping Pfc+3 A  P5, w ith  [a0 ,a i,  . ..,0 ^+2] A  

[a0, 0 1 , a2, 0 3 , cifc+i, afc+2]- We can form  the composite map, (f> =  n o <p,

Ft A  P5

Specifically,

and

Xi

Vi

x Q

2/o

[a0, O i,a2 , 0,3, ajt+i, ajt+2]-

) =  [1 , ?/0, Xq, XqJ/O) XqIJq, XqUqfc+11

Xi

2/i

3̂2

2/2
) = [X2V2, X2,y%+\y%, 2/2,1],

0 (
3̂3

2/3

) =  [x3, 1 ,3;3+1r/3,3 :3 2 /3 , 3 :3 2/3 , 2/3 ]

This composite is smooth, algebraic, and one-to-one.
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2.6 F i as a Blowup of P 2 at a Point

Next, consider F i. We w ill show tha t F i is a blowup of P2 at one point, or equiva­

lently 5 i ,2 is a blow up of P2 at a point. To discuss this further, we need to c la rify 

what we mean by a blowup.

From Harris [9], we can describe blowing up P" at a point as follows. Assume 

p =  [0, . . . ,0 ,1] e Pn and H  =  { [x ,0 ]| x e C " _1 and x  /  0} =  P "-1 . Consider the 

function

<p : Pn -  {p }  -> H

given by projection onto H  from  p. To exp lic itly  compute a form ula for <p, form  

a line I from  p through a second po in t q w ith  q ^  p, i.e. q =  [z0, ..., zn]. The 

points o f the projection w ill be where the line I intersects H .  Then l(p, q) =  

{ [v x ,v z n +  u]|[u,t>] e P 1}. To be contained in the intersection, the last coordinate 

from I would have to  be zero, hence vzn +  u — 0 and v =  —j r .  So I D H  —Zn

[“ (zo, - , * n - i ) . 0 ]  =  [z0, . . . ,zn- 1, 0 ]. Therefore

) Zn\) [ZO; • ■ • j Zn—1 1 0 ] •

The graph o f <p is, by defin ition, { ( 9 , p{q)) \ q e P”  — {p } } .  Then the blowup of Pn 

at p  is, by defin ition,

P" =  {(g , p(q)) \ q e Pn -  { p } }  U {p }  x H  C Pn x  H

From there, we have tha t 7r : P" —>• P" is, by defin ition,

n(q, <p(q)) =  q, V? e Pn -  {p } , and
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tt(p , h ) =  p, V/i e H.

So, 7r is the restriction to  P71 of the projection onto the first coordinate,

P". Our defin ition o f 7r also leads to  the defin ition o f the exceptional divisor:

7T_1( {p })  =  {p }  X H  =  E.

Lemma 2.18

P" =  {([^o ,2 ;i,...,2 n ],[w o ,^ i,...u ;n_ i]) e P "x P ” _1| ZiWj-WiZj =  0,0 <  i  <  j  <  n - 1 }

In  general, for p e T  where p =  [po,..-,pn], a — (a0, . . . ,a n) ±  0, and H a =  

{ [ 2 0 , ■■■Zn] e 1^1 aozo +  +  anzn =  0} w ith  p ^  H a, we have a map <pp, projection

from  p to  H a, defined as follows:

<pp : Pn -  {p }  -> H a

<Pp(q) =  l(p,q)CiHa

Consider the line from  the po in t p and through another po in t q ^  p, w ith  q — 

[z0,. . . ,zn]. The point o f the projection is where th is line intersects H a. Then 

l(P:q) =  { [vPi +  uzi]\[u,v] e P \ 0  <  i  <  n } .  Since pp(q) =  l(p, q) 0  H a, then 

«o(^Po +  uz0) 4- ax{vpx 4- uzi)  +  ... 4- an(vpn +  uzn) — 0, by defin ition o f H a. Or, 

uE”_0ajPj +  uT,'j=0ajZj — 0. We know tha t the aj 7  ̂ 0 and tha t p is not an element 

o f H a, so E a,jPj 7  ̂ 0. Therefore, v — resulting in

 y
<pP(q) =  [Sfl p ^ aJzJ + uzi]-

Since u is a constant, consider whether u =  0. This results in [ 0 , 0 ] ,  not an 

option. So «  7  ̂ 0. The graph o f <pp(q) is, by defin ition, {(q,<pp(q))\ q t  P71 — {p } } .
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Then we can define the blowup o f P" at p by

K P =  {(«, < f M ) \  { P }  x H a C T T x H a

Then, tt : P ^  ->  P \  w ith

7r(g, <pP(<?)) =  9, Vg e P" -  {p } , and 

7r(p, fi) =  p, Vfi e H a.

Also

^ ( p )  =  M  X =  E.

L e m m a  2.19 Given any p e P" and any hyperplane H a C P", with p ^  H a, there 

exists a projective automorphism Ta v : P" —> P" such that T(p) =  [0, 1] and

T ( H a) =  H . Ta!P induces an isomorphism between P£p and P71.

L e tp  e P71 where p -  [p0, ...,p „], a =  (a0, ...,an) /  0, a n d f /a =  {[z0, ■■■zn] e Pn | a0z0+  

. ..+anzn =  0} w ith p  ^  H a, as defined above. Define fi/a =  { (z 0 , zn) e Cn+1| aoZo+ 

... +  anzn =  0} and p =  (p0, ■■■,pn), such tha t p ^  f f Q. Under the canonical map 

(£7i+i z ^  ancj ^  ^  ^  ^ a bagjg for Then t>i, ...,vn,p

is a basis for C "+1, since p ^  H a. Define

T^p : C " +1 C ” +1 as

Ta,p(pi) — ej 

Ta,p(p) Cn + l
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W e  w i l l  s h o w  t h a t  th e  p r o je c t iv e  a u to m o r p h is m

TatP : P" - *  P"

defined by

T a M )  =  f i Z i * ) ]

satisfies the statement o f the lemma. Clearly, Ta>p is a projective linear iso­

morphism. Consider T „)P([p]) =  [TaiP(p)] =  [0, ...,0 ,1]. Let w e H a, w ith  w =  

[iuo, ...,wn] e P” and (w0,..., wn) e <Cn+1. Since a0^o +  +  o,nwn =  0 (as w e  H a),

then (wo,...,wn) e H a. Therefore T0 iP[wo, wn\ =  [Ta,p{w0, ...,wn)} =  [a iT aiPui +  

... +  otnTapvn\ since v\, . ..,vn is a basis for H a. And [a iT 0)Pv i T  ... +  a nTafPvn] =  

[« !, (*2, a n, 0] from the defin ition o f Tap̂{vi) above. Also by defin ition,

[ a i , a 2, ..., a „ , 0] e H.

Returning to  the discussion o f P" from Lemma 2.18, we have tha t

im  0 =  { ( [ 2 ], [re]) e P" x Pn_1| ZiWj — WiZj =  0,0 <  i  <  j  <  n  — 1}.

For ease o f notation, we w ill denote the Segre embedding by a. Then by the 

Segre embedding (see e.g. Harris, [9]), we can embed P" x  P” - 1  in to  P ^ , so tha t 

P" ^  P *  where N  =  (n +  l ) ( n )  -  1.

Consider the case where n  =  2 . So

P5 A  Im  e C P2 x P 1
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with

I m  9 =  { ( [zQ,z u z2], [ t u o .w i] )  e P2 x  P! | z0w x -  zxw0 =  0 } .

T h e  S eg re  e m b e d d in g ,

p 2 x  p 1 4  p 5,

is  g iv e n  b y

o ( [ z 0 , Z X, Z 2] , [ w 0 , W X})  =  [zqWq,ZqWi , Z XW 0 , Z XW X, Z2Wo, Z2Wi ].

I f  ( [ 2 0 , Z i,z2], [two, u / i ] )  e im  9, th e n  z0w x =  zxwQ, so

a ( im  9) =  im  (a o 9) C H  =  { [ x 0, x x, x2, x3, x4, x3] e P 5 | x i  =  x2} =  P 4 

w h e re  7t([:eo, %i, x2 , %3 , x4, x 5])  =  [x4,x 5,x o ,x i ,x 3].

N e x t ,  w e  w i l l  s h o w

im (7 r o a o 9) =  Sx>2

=  {[To, Yx, y2, y3, y4]|y32 -  ™  =  0, y xy2 -  y0y3 =  0 , y xy3 -  r 0F4 =  o}.

D: R e c a ll  w e  s h o w e d  p re v io u s ly  t h a t

Si ,2 =  { [ « « ,  ut, vs2, vst, vt2] e P4 | [u, u ], [s , t ]  e P 1 x P 1}-

I f  [u s , ut, vs2, vst, vt2} e Sx,2, d e fin e  z0 =  vs,zx =  vt ,z2 =  u ,w 0 =  s, a n d  wx =  t.

T h e n  7r o a o 9([vs, vt, u\, [s , t}) =  [u s , ut, vs2, vst, vt2] e Sx,2.

C_: L e t  [z2wo, z2wx, zqWo, z0wx, zxwx] =  n o a o 9([z0, zx, z2], [ iu 0, wx]). R e c a ll  zQwx =

zxwq- I f  w0 0 , th e n  d e fin e  u  =  z2, t  =  wx,v  =  a n d  s =  wo. T h e n
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us - z2WQ,ut =  z2w x,v s 2 =  =  z0w 0,v s t  -  -  zqWi , and v t 2 =

ZQ_ 2 _  z a a ^ j  =  Z \ W i .
Wo I  Wo 1 1 1

I f  w 0 =  0, then w x ^  0, so define u — z2, t  =  u) \ ,v  =  and 5 =  0. So 

[z2w0, z2Wx, z0w 0, z0w i ,  zxWi] =  [ 0 ,u t ,Q ,0 , v t2] e S ^ .

Therefore, we can fina lly  conclude tha t SXt2 is a blowup of P2 at a point.

In  summary, we have considered rationa l normal scrolls, resulting in

F 0 ^  P1 x P 1 ^  Su  C P3 

F i ^  5 i i2 C P4

Also
— ito<joQ
P2 =  S i l2.

In  general, we have tha t for k >  2,

P*: ^  Su + i c  P*+3.

Finally, we have described Si,w, for IV >  1, as an algebraic subset o f F N+2.
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Chapter 3

Divisors on Smooth Toric 
Surfaces

In  this chapter, we collect standard facts we w ill need about divisors. A  general 

reference is G riffiths and Harris [8 ]. Also included are some basic facts about forms.

3.1 Divisors on Compact Complex Manifolds

F irs t we shall consider divisors in general, using p rim arily  G riffiths and Harris [8 ]. 

Let M  be a compact complex m anifold of dimension n. We can define a divisor 

on M  as a form al fin ite  Z-linear sum of closed irreducible subvarieties o f M  of 

codimension 1 , i.e.

D  =  Y ^  “ vV,
v

where V  stands for a closed irreducible subvariety o f M  o f codimension 1. The 

additive group of divisors is denoted by D iv (M ) .

Suppose V  is an irreducible hypersurface. Let p e V  be defined by a — 0 near p (a 

an irreducible holomorphic function) and let b be a meromorphic function on M  

defined near p. We call a the local defining function for V  near p. By defin ition,
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the order of b along V  is

ord VyV(b) =  L

where L  is the largest integer such tha t b =  aLh near p and h is re lative ly prime 

to  a near p. Note tha t th is does not depend on the choice o f p and L  =  0 for all 

bu t fin ite ly  many V.

I f  be H ° (M ,A 4 ) ,  then we can define the divisor (b) by

d iv (6 ) =  (b) =  ^ o r d v {b) • V, 
v

where M.  is the sheaf o f meromorphic functions on M .  Any divisor o f th is  form  is 

called a principal divisor on M ,  w ith  the set o f principal divisors on M  denoted as

P D iv ( M )  =  {d iv {b ) \b  e H ° {M ,  M ) , b  ±  0}.

Let M *  be the m ultip lica tive  sheaf o f meromorphic functions on M  not identically 

zero, w ith  O* the subsheaf o f nowhere zero holomorphic functions. Then we can 

identify a divisor D  on M  w ith  a global section o f the quotient sheaf A i * /O * .  

This identification is described as follows. A  global section /  t  M *  jO *  is given by 

specifying an open cover {U a} o f M , and for a ll a, f a e A4*(Ua) such tha t f a is 

not identically zero in Ua and for all a, /3 such tha t Ua f l  Up ^  0, ^  e 0 * (U a f l  Up). 

For each closed, irreductib le subvariety V  o f codimension 1, choose a  such tha t 

Ua n U p ±  0. Then

y ^ o r d v ( fg )  ■ V  e D iv (M )  
v

is a well defined divisor since for any V  on M ,  then ordv ( f a) =  ordv ( fg )  for all 

a, j3 such tha t V  n  UQ 7  ̂ 0 and V  f l  Up ^  0, and given f a, o rd v ( fa) =  0 for all but
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fin ite ly  many V.

On the other hand, i f  D  =  av V  6 D iv (M )  and there exists an open cover {U a} 

o f M , V  has a local defining function fy ,a e 0 ( U a). I f  f a =  Yiv fv\a 6 ■Ad*(^a)> 

one obtains a global section o f M *  j O * . The / Q’s are local defining functions on 

D.  Thus, we have the following theorem:

T h e o re m  3.1 There is an isomorphism

v .  /O * )  ->• D iv (M )

given as follows: I f  an element of H 0( M , M * / O * )  is defined by the functions f a 

on UQ as above, then v takes this element to o rdy ( fQ) • V.

The cohomology group, H 1(M , O*), is defined by

H l (M , O*) =  {{gaf}\ |gap € 0 * (U a n Up), Va, 13 and {ga0}  is a cocycle}.

By defin ition

gap : Ua f l  Up —> C*

is holomorphic for a ll a , j3 and nowhere zero. Also \gap] denotes the cohomology 

class o f the collection of functions {gap}- In  order to be a cocycle, the functions 

gap satisfy the two conditions:

9a f) ' 9 Pa —  f )

9a 0  ' 9P~i ' 9-ya 1 -

A dditiona lly , two cocycles, {gap} and {g'ap}, are equivalent i f  there exists an el­

ement, {A:7} e C 0(U ,O *),  such tha t d ( {k y}){g 'aj3} =  {gap}- To understand this
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equation, consider the cochain complex

C \ U ,  O ')  4 C l {U, O ')  4 C 2{U, O ')  4 ...

Now { k 7} e C°(U, O*) means V7 , : Uy ->• C and k7 is holomorphic and nowhere

zero. By defin ition, d({&7})  =  {&7 ,y} where kys ■ D Us —> C is defined by 

kys =  Note tha t { k 1(5}  is a one-cocycle. Verifying, k^sh-y =  =  1» and

k  aks: k  — h.h^hiL — 1 
— ksku  fc7

To summarize, {gap} =  {g'af3}  if f  V-y, 3A:7 : t / 7 C and fc7 is holomorphic and 

nowhere zero such tha t Va, /3, ^fg'ap =  gap on Ua r\Up.

Given a divisor D  =  ^2v a v V  on M , together w ith  an open cover {U a}  and 

local defining functions fv,a of D,  defined as f a =  Ylv  fv \a ’ th en f f e associated 

cohomology class [D] is defined as

{{9a0 =  f Q/ f 0}} =  [ D ] e H l (M , O' ) .

This describes a homomorphism

[ ]  : D iv (M )  ->• H l {M , O*),

[D\ =  *[}2,a v V \ =  t9a^  =  4 *///? ]•
v

I f  the fa  s are the local defining functions on D  =  Yhiai^ i  an(  ̂ the 4  s are the 

local defining functions on D  =  biVi, then the local defining functions for D - k D  

are f afa- The map [ ] is a homomorphism since [D  +  D] =  [ ^ j ^ \  =  [gap][9a&]- This
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gives us

H ° (M ,  M * / 0 * )  H \ M , 0 * )

= l »  II

D iv (M )  A  H l ( M , 0 * )

Also we have the long exact sequence in cohomology associated to the short exact

sequence 1 O* -> M *  A  M * / 0 * -> 1 :

0 -> H ° (M ,  O ')  -> H ° (M ,  A T )  A  H ° (M ,  M * / 0 * )  A  H l (M , O ')  -)• ...

Let h e H 0( M , M * / O * ) .  By defin ition, there exists an open cover Ua of M  

and meromorphic functions ha e A T ,  such tha t V a , e  0 * (U a D Up), and 

p ( {h a})  =  h. Note: {h a} e C°(U, A T )  Then 5(h) =  [j£ ].

We can now construct the diagram

H ° (M ,  M * / 0 * )  ~ A  H l ( M , 0 *)

= 1 *  II

D iv ( M )  A  H \M ,< D * )

This diagram commutes since, given h e H ° ( M , M * / 0 * ) ,  by defin ition v(h) =  

Y^v (.0T^ v h a)V. Therefore, [v(h)\ =  \Lv (ovdvha) V ] — [ ^ ]  by proof o f theorem 

3>1) and [j£ ] =  5(h).

Often we w ill refer to an element o f H l (M , O*) as the equivalence class o f a line 

bundle on M  using the standard identification of the set o f line bundles up to
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isomorphism w ith  the cocycles defined by the transition functions o f the line bun­

dle. We can form  a group w ith  the divisors modulo the set o f principal divisors, 

D iv ( M ) /P D iv ( M ) .  To summarize,

Theorem  3.2 There exists an injective homomorphism of groups

(f) : D iv ( M ) / P D iv ( M )  H l {M , O*)

given by 4>(D +  P D iv ( M ) )  =  [D]. I f  M  is a projective variety, this is an isomor­

phism.

3.2 1-Forms, n-Forms, and Canonical Divisors

By defin ition, the canonical line bundle, K M , on a complex rc-dimensional m ani­

fold, M , is the n th exterior power of the dual bundle to the holomorphic tangent 

bundle, i.e. K m  =  AnT * (M ) .  On a coordinate chart w ith  coordinates ( z i , ...,zn), 

i t  is spanned by the nonvanishing section dz\ A ... A dzn.

Le t’s compute the transition  functions for th is line bundle. Suppose (4>j,Oj) and 

((j>k, Ok) are two coordinate charts on M ,  where O j and Ok are open in  Cn and 

4>j : O j —» M , (j>k : Ok -> M .  Then

(j>~1 o cj>j : O j n O k ^  O j n O k C  C ".

and the composition (j)f1 o 4>j is biholomorphic. Then

=  ( ( 0 k 1 °  & j ) i ( z u ~ ; Z n ) ,  o  <j>j)2 { z i ,  . . . , z n ) , . . . ,  o  4 > j ) n ( z U  . . . , Z n ) ) .
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The composite (f)k l o <pj gives a coordinate change from  {zx, ...,zn) to (wx, ..., 

on O j n Ok

(z i, . . . ,z n) — > (wx,. . . ,w n)

where wt =  (<f)k o (j)j)i(zx, ..., zn). Then

. d w i  dwi dwt
dwi =  —— dzx 4- —— dz2 +  • • • +  — dzn 

OZ\ OZ2 ozn

So

, dw\ dwi  v . dw2 , dw2
dwi A • • • A =  (—— dz\ -\ h —— dzn) A (—— dzx H---------h —— dzn) A •

9 z i  <9z„ a z i  <9zn

. , d w n <9iynA(-t—dzi + ■ • • + ——dzn)
OZ\ UZn

F ir s t ,  le t  us  c o n s id e r  th e  n  =  2 case. T h e n

. dwx , 9 rc i  , . , <9u;2 , , dw2 , .du/i A dw2 = (-5—azi + ——dz2) A (——dzx +  ——dz2)
UZ\ UZ2 (JZ\ UZ2

,dw\  , dw2 , . ,dw\  , dw2 , , ,dwx , dw2 , N ,dwx dw2
=  ( ^ — d z i A ^ — d z i )  +  K — d z i A — d z 2) +  ( ^ — d z 2A — d z ! )  +  ( — d z 2A —  

d z i  <9zt d z 2 <9z2 oz 1 <9z2 d z 2

,dwxdw2., , , s .dwxdu)2,/ , , N= (-5 — -s— )(dzi A dzx) + (— ■—— ){dzx A dz2)OZ\ UZ\ UZ\ UZ2

dwxdw2. ( , * , , d w i d u ; 2

+W &7 )(lfa2 A ̂  + ( W (<b2 A ̂
s in c e  /iOi A ... A f nan =  ( / 1  • • • / „ ) ( a  1 A ... A a„),

d w id u ; 2 dwxdw2. , ,  ,
=  ( ^ 7 a i7 )(dZl A d Z 2 )+ (s r ^ ){dZ2 A ^

s in c e  dz* A  dz^ =  0,

d w id u ; 2 dwxdw2 u  .

=  W  85T ) ( ‘<21 A d22) ~ ( a i r  & r )(<fal A d22)
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since a A b =  - b  A a,

dw idw 2 dwxdw2 ,
=  (-5 — « A dzv

U Z \  O Z 2  O Z 2 O Z \

Jwz(dzi A  dz2),

w h e re  =  d e t [ ^ ^ ] a/3 =

d w \ d w \  
d z \  d z 2

du>2 dW2 
d z \  d z 2

R e tu r n in g  t o  th e  g e n e ra l case

,dw\ , dw\  , dwi  .
dw 1 A  • • • A  dwn =  ( —— +  • • • +  —— dzii +  • • • +  —— dzn)

dzx dzi, dzn

,dw2 , dw2 9w2 , r 9 w n dwn dwn
A (  —— dz\~\-• ■ ■ + -̂ — dzi2+ ‘ • *+ ~ ^— dzn)A - • * A (—  • ' + 7 ;  "I-* * ^  ^ n )

a z i  a z j2 a z n oz 1 a z *n a z n

r / <9u»i , A <9iu2 , A A dwn . r / 9 ru i d w 2 3 ^
=  (-7:— dzx A  —— A  ... A  —— dz{)\ +  ( - — dzi A  —— dz2 A  ... A  —— dz2)\ +  ...

dzi dzi dzi dzi dz2 az2

{fdwi dwn
-  +  [ ( ^ n 71 dzn n)]'

U s in g  th e  d is t r ib u t i v e  la w  c o m b in e d  w i t h  th e  p r o p e r ty

f \d  1 A  ... A  fndn — ( / 1  ■ ■ ■ / n ) ( n  1 A  ... A  ( in ) ,

w e  h a ve

,dw\ dwn. ,
dwx A  ■ • • A  dwn =  ( - ------------ -Tj— Ja Z ij A  • • • A  a 2 in

-BM i,2, ^  in

y ie ld in g  n n s u m m a n d s . S in c e  dz^ A  • • • A  dzin =  0 , w h e re  ij =  cr(j), i f  ( ? i , .. ., in ) is
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not a perm utation o f 1 , n  (i.e. there is a repeated index), then

dwi dw2 dwn
dwx A  • • • A  dwn = y  - ------------------------    dzc( 1) A  • • • A  dza(n).

“  O Z a ( i )  O Z a {2) O Z a {n )

A dditiona lly , from  the property aAb =  —bAa, d z ^ A -  ■ - Adza^  =  (—l ) sgn adzi A 

• • • A  dzn, so we have

dw\ A  ■ • • A  dwn — Y . ( ~ i y gn,Ti r ^ P ^  ' '  ’ A ‘ ‘ ' A dZn'c azCT(i) 0 2 ^(2) ÔCT(n)(JCOrj,

Recall the defin ition o f the determ inant of an n  x n  m atrix , A,

detA  — ^   ̂( 1) ® % 1,0(1)% 2,a  (2) ‘ ‘ ’ % n ,c (n )

creS„

Let =  Xittr(i) , and we see tha t

dw i A ... A dwn =  Jwz(z i , ..., zn)dzi A ... A dz„,

where

Jwz{z i,  •••) ^n) — det
' d{way  
. d (zp ) . a/3

d w \ d w i dw \ dw  i
dz\ dZ2 dz3 dz„

dW2 dW2 dW2 dW2
dzi dz2 dz3 dz„

dw„ dW n dw„ d w n
dz\ d z i &Z3 9 z n

Therefore, the coordinate change is effected by the Jacobian, Jwz,

dw\ A ... A dwn =  Jwz{z\ ,..., zn)dz\ A ... A dzn
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For an example, consider the line bundle on Pn, AnT *(P n). Let Z 0, . . . ,Z n be 

homogeneous coordinates on P". Define Ua — { [Z 0, . . . ,Z nJ e Fn\Za ^  0}. Recall 

the map

<j>Zl : Ua 4  C "

given by

[Zc.... zn\ ft' A f i , h.) = .... ez,
^ a  " a

w ith  wia  =  -f1, /  0. Then consider the map 0« 10a> given by:

0 /3  0 a ( ^ 0 , 0 ,  • • •, UJq q,, . . . ,  W n , a )  ( ^ 0 , 0 )  ••• ) ^ n , / ? )

where

'  ^

wi,0
:

W0,a i =  a

Therefore

dw ij j =
dw ft iCk 

{ w 3 , a ) 2

iVQyQdwita Wi)CtdujpiQ  ^

i — a

Then define

u p  =  diwô a A • • • A dw0tp A • • ■ A du;n, .̂

Substitu ting and expanding the wedge product (the dwp>a are a ll elim inated when 

wedged w ith  the term  in  the a t/l position) yields

cj/3 =  — . 2n ( w p  a d w § ^ a  A ... A d w p j0l A ... A W p t a d w n â ^

where is in the a 4/l position. Using properties o f the wedge product and
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juxtaposing terms to  move dw ^a to the (3th position yields

UJp =  / W /3 ’a ) 2 n ( ~ 1) /3 °  1 d W o <a  A  A  A  ■■■ A  d w n ,a

w ith  dwpja in  the a th position, and dwa<a does not appear. So

up =
( - l ) P - a

( w 0,a ) n+1

and

Uff — JctpUfx

where Ja0 =  (^ ) „ + i  • So Kpa is defined by { Jap} on Ua n  Up

Following the definitions, we can construct the transition functions for the line 

bundle corresponding to  the divisor —(n +  1)H0 w ith  H 0 =  {[0, Z x, ..., Z n}} C P". 

Consider the divisor is D  =  —(n +  3)H0. In  th is instance, the H 0 is given in  Uj ( if  

j  0) by setting f o j  — w0j  equal to 0. Now H 0 f l  Uq =  0, thus set / 0,o =  1- Then

' fo,t

(W0,a )- {n+1) P =  0

Consider Jap as defined above. I f  a  ^  f3, then

(  - ] \ P - a ( w O,0 'm + l _  (  i \ g - a ( «>o,a\ - ( n + l)  g  / n
. n . \  ) \  wo,a > \  )  \  Wo p ) H  7 -

JaP =  ( - 1  f - a {w0,a) - n~l =
, /? =  0 .

I f  a  =  (3, then Jaig — 1. So Jap =  (—1 Y ~ agap- Therefore the line bundles defined

by Jap and gap are isomorphic. Thus, Kp* =  — (n +  1 )H 0 as line bundles. We w ill
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compute K s  for S a smooth toric  surface in section 3.5.

3.3 Properties of Intersection Numbers

An in-depth discussion o f intersection numbers is unnecessary for our discussion. 

However, we w ill need three key properties o f intersection number which charac­

terize intersection numbers in  the projective case. Given divisors D u ...,Dn on M ,  

M  a complex manifold, the intersection number (D\ ■ ... • Dn) is an integer. The 

relevant proposals, from  Barth, Peters, and VandeVen ([1], pg. 83), are:

1. The integer (D\ • ... • Dn) is symmetric and m ultilinear as a function o f its 

arguments.

2. (D\ • ... • Dn) depends only on the linear equivalence classes o f the Di.

3. I f  D x, ..., A i  are effective divisors tha t meet transversely at smooth points of 

M ,  then

{Di ■... • Dn) =  # (D i  n ... n Dn).

3.4 Divisors on Sm ooth Toric Surfaces

Returning to the discussion o f fans, consider the fan constructed in Chapter 2 

w ith  vectors {(a*, defining a complex manifold, M .  We w ill now look more

specifically at a smooth to ric  surface, S. Using the Ui charts from  th is fan, we can 

construct a picture o f the toric  surface containing a cycle o f n + 2 P 1 ’s. We shall call 

these projective lines CVs, so tha t, as before, G, is the x* axis in Ui (equivalently 

yi+ 1 axis in t /j+ i)  or yi =  0 in Ui (equivalently x i+x =  0 in Ui+ i ).
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T h e o re m  3.3 (see, e.g., Murray [18], Lemma 2) Any divisor on S is linearly 

equivalent to a unique integer linear combination of curves C i , ..., Cn. (i.e. P ic(S )  

is freely generated by the curves C\, ...Cn.)

Consider the meromorphic function x, on S. Now

n + l

d iv (x j) =  ajbi -  dibj)C j
j= 0

since

ordcj {x i)  =  djbi -  aibj

because Xi =  y ^ bi~aib]x f j on Ui f l  Uj (for some e Z) and Cj is defined on Uj by

yj — 0. Let i  =  0. Then (£°) =  (°) and

div(rr0) =  ^ 2 ^ 0 .
3 = 0

n + l

n . ^

Sim ilarly
n + l

since

d iy(yi) =  -  a jb i- i )C j
3=0

ordcjiVi) =  o-i-ibj -  djbi-1

because yi =  y°j'~lbj~ajb'~l x ] J on U, D Uj (for some et] e Z ) and Cj is defined on Uj 

by yj =  0 . Let i  =  0 , then ( £ £ )  =  (J) and

n + l

div(?/o) =  '5Zbj Cj.
i =o

Now, we know tha t d iv (6 ) =  0 in Pic(S ),  or in other words d iv (6 ) is linearly 

equivalent to 0. So

aoCo +  +  an+\C n+\ ~  0.
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Since Oq =  0 and an+i =  1 from  the above, we have

ciiCi +  ... +  dnCn +  Cn+l ~  0, or 

Cn + 1 ~  d \C  i ... dnCn.

Also

boCo +  ••• +  bn+\C n+\ ~  0.

B u t 60 =  1 and bn + 1 =  0 from  the above, so we have

Co ~  —b\C\ — ... — bnCn.

By the defin ition o f divisors o f meromorphic functions, we know tha t div(xo?/o) =  

cdiv(xo) +  ddiv(yQ). Substituting,

71+1 71 +  1 71+1

d i v K ^ )  =  c d jC j +  d ^ 2  bjCj =  ^ { c d j  +  db^C j.  (3.4)
j =0 j =0 j =0

As an example, consider F*,. We have, by defin ition, tha t (^°) =  ( i)> (b j) =

Co1) - ill) =  ( i ) > and ©  =  © •  This y ields C° ~  and C3 ~  Cx -  k c 2.

3.5 Com putation of the Canonical Divisor for a Toric Sur­

face

Recall in itia lly , we defined fans in terms of (**). We defined Ui =  q(C2), w ith

(j>i 1 : Ui —> C2. Specifically, we defined a map fa : C2 —> Ui by f a ^ )  =
X i

J  =
Vi

eU
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such tha t 0  V i  is biholomorphic, w ith

07V i(Xi) = (^ )  = l xlyi
3 x ViJ \V jJ

P q =  A - 'A ,  and A,  =  “ M ,  A  =  T ' 1 “ * | ■ Then:
r  s )  \ b j - 1  bj I  \ b i - 1  bi j

A j 3A t =
bj dj  \  /  ttj—l Ui \  | d{—\bj bi—\CLj Clibj bidj

 ̂ bj—i Uj_iJ \bi—i btJ  \^o,j—ib{— i bj—icii—i dj—ibj bj—id^

For ease o f notation, we shall use (X j ,y j ) versus (A3) and continue the use o f the
yj

exponnents p, q, r, s u n til later in the computations. As a ll the exponents are de­

pendent on i , j ,  the subscripts on the exponents w ill be om itted.

So

and

Then

Xj =  x \y \

yj =  A v l

Define

dxj =  xp (qyqt l )dyl +  y?(pa£ l )dxu 

dVj =  x ri ( sy r l )dVi +  y : ( r x ^ ) d Xi.

ui j  — d x j  A d y j

{xPi { q y r x)dVi +  yqi { p xT x)dxi ) A +  y t ( rxri~ x)dxi)

(■x i(Qyqi~ x)dy i A x l  (sy*_1) % )  +  A ysi(.xxr x)dxi)
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+{V i (p r i i  l )d x t f \  x rt {sy l  l )dyt) +  (y -(P ^  )d x l A y - ( r x rl )d x t)

Since dxi A dxi =  0, we have

(xPi(q y qi l )dXi) +  {y l ip x f  A ^ s y -  1)d?/i).

Using the properties / ia i  A / 2O2 =  7 1 / 2 (0 1  A a2) and a A 6 =  —b A a yields

j + r - 1  o + J - h

( p s - g r ) ^ 7- 1y?+ i  A d y i) .

So

Wj =  (ps -  g r ) ( ^ +r_1^ +s“ 1)(dx i A dyi)

J i j  — ( d x  1 A  d y i )  — J i jU J i

where J ij =  (ps — dr-)(x^+r_1p f+s_1). Note ps — qr  is the determ inant of the m atrix  

P Q 1 =  4̂ A*. By defin ition, since the det Aj  = de t A j =  1, then ps — qr — 1.

The canonical divisor, K M , is defined by { J i j } -

Next we w ill work out the transition functions for the line bundle corresponding 

to  the divisor D  — - C 0 -  C i -  ... -  Cn+1. Recall Uj f l  Cu — 0 unless v =  j  or

Xj
v =  j  — 1. Consider first u =  j .  Then Uj  D Cj =  {

Vi

e Uj  | yj  =  0}. So Cj  iis

defined by yj  =  0 on Uj.  I f  v — j  — 1, then Uj  f l  C j - 1 =  {
Xi

Vi

e Uj | Xj =  0 } and

C j - 1 is defined on Uj  by Xj =  0. I f  Uj  f l  C „ =  0, then take as the equation for C„
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on Uj f v j  =  1. Then the transition functions for the line bundle corresponding to 

—Co — C\ — ... — Cn +1 are, by defin ition:

_  r ( l ) ( l ) . . . ( ^ ) ( ^ ) - ( l )  j

9,1 l ( i ) . . . ( i i ) f e ) . . . ( i ) ( i )

on Ui n  U j , where the Xj in the numerator is in the (j  — l ) s* position, the yj is 

in the j th position, the Xi in the denominator is in the (i — l ) st position, and the 

yi is in the i th position, consistent w ith  the equations for the curves Cu described 

above, w ith  l ’s in the remaining positions (where Uj D Cv =  0). Therefore

„ _  _  x jVj  _  xPi + r y qi + s  _  ^ + r - i „ , g+s- i  _  T
y i j  — [ J — — — y*Xjy j x ^ i

on Ui f l  Uj. Since the transition functions for the two line bundles are the same, 

then

K s =  - C 0 - C i - . . . - C n+1. (3.5)

As an example, consider F*. We have

K Fk =  - C 0- C 1- C 2- C 3 =  - C 2- C 1- C 2- ( C l - k C 2) =  —2C\ +  (k — 2)C2. (3.6)

3.6 Com puting Intersection Numbers

In  this section, we follow the exposition in M urray [15].

We computed the canonical divisor for a to ric  surface, K s =  —Co — C\ — ... — 

Cn + 1 =  -C o  -  Cn + 1 -  Ci. Also, we have tha t C0 =  -  6 jC j and Cn + 1 =
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-  Xw=i Substitu ting, we get the additional formula

n n  n  n

k s =  +  ' 'T 'b iC i =  ~  ^
i= l i= l t~ l i= l

We also know tha t a divisor for a general to ric  surface is linearly equivalent to a 

divisor D  =  m iCi- (see Theorem 3.3) Since we have tha t m 0 =  m n+i =  0, 

then D  =  YH=i m iC i■ We have seen tha t the curves Ci form  a cycle, so the ir 

intersection numbers are:

‘  C f  i f  3 = 1

1 i f  j  =  i  ±  1 

0  otherwise.

Let D '  =  be another divisor. Then

Ci ■Cj = <

D i y  =  ( J 2  m C i )  ■ ( £  m\C,)
i= l  i—1

=  (rr i iC i +  1712C2 +  ••• +  m nCn) • (m \C \  +  +  ... +  m'nCn)

-  m im \C \  +  m im '2C i • C2 +  ... +  m\m'nC\ • Cn +  • C\ +  m 2rri2C% +  ■■■

-sr m 2'rin'nC2 • Cn +  ... +  m nm \C n • C\ +  m nm 2Cn ■ C2 +  ■..'mnTn'nC^l

n n

=  rmm'iC? +  2  n t i- im 'i 
i= 1 i= l

applying the crite ria  above. Since K s  =  — CQ — C\ —... — Cn+i =  X )”=1(oi +  fci —l)C i,  

substitu ting, we have

D - / f 5  =  - E m ^ - 2 E m -
1=1 i= i

We next compute the self-intersection numbers of the Ci s. Recall from  our earlier
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discussion of divisors
n + l

d iv(x i)  =  a,jbi — dibj)C j.
j= o

Equivalently,

n + l

^  ^ ^ j ^ j  — ^  ^ ^i i bj CLjbi—\)C j  ~f“ (ai — i bj ciibi—i^C{
j=o j / i

— (ui—i bj ajbi—i 'jCj “I- Ci 
1

since a ^ ib i  — ajfej_! =  1. Therefore

Ci — cbiv{xi} (^ i—i bj o,jbi—\)C j.
m

Since K s =  —Co -  C\ — ... -  Cn+i, we can substitute for C j, y ie ld ing

ATs =  Co C j ... d iv(x i)  T  ^  (̂c?~ibj cijbi—i^C j ... Cyj-i-i.

We can now compute C% • Ks,  s im plify ing using the equation for the intersection 

numbers:

Ci - K s =  C i-  { -C o  -  C i -  ... -  d iv{x i)  +  a ^ b j  -  a j b ^ C j  -  ... -  Cn+ i) 
&  i 

— Ci * C7j_i Ci - d iv (x i)  T  Ci • ^   ̂(ti? - - 1 ̂ j ctjbi—i^C j Cj * C i+ i

=  —1 — 0 +  (aj_i6i_i — • Ci-1 +  (ai_i6j+i — aj+i&j_i)Ci • Ci+1 — 1

=  —2  +  (a j_ i6 i+ i — Oi+i6;_ i).

Since C, =  P 1 and projective lines are rational, we know the ir genus is zero. 

Therefore, g(C i) =  0 Also, we have the following theorem:
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T h e o re m  3.7 (Genus formula fo r  smooth curves on a surface) (see e.g. Griffiths 

and Harris [8], page f l l )

I f  S is a smooth surface, C  a smooth curve on S, then

9(C)  =
K s ■ C  +  C ■ C

+  1.

Hence, we have tha t

thus

-2  — C f  +  Ci • K s  — C f  H— 2  +  (a i- ib i+ i — Oj+ i 6 j_ i) ,

For example, consider Fj,. From our earlier discussion o f intersection numbers, we 

have

'  C f  i f  j  =  i  

1 i f  j  =  i  ±  1 

0  otherwise.

This yields

Then

C j - C j = <

C j ■ C i =  C f =  k,

C 1 -C 2 =  1,

and

C2 • C2 =  C | =  0 .
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3.7 Fundamental Theorems

In  this section, we w ill collect some im portan t theorems tha t we w ill be using la ter 

in  the paper: we have already used the firs t theorem. References include Barth, 

Peters, and VandeVen [1] and G riffiths and Harris [8 ].

D efinition 3.8 hl (M , IF) =  dim H l (M , F ) ,  where M  is a manifold and T  is a 

coherent sheaf of O M -m °dules on M .

Definition 3.9 Assume S is a smooth connected surface, then

1. the geometric genus, pg(S) =  h2{S,Os),

2. q(S) =  h l (S, Os),

3. x (S ) =  h°(S, Os) -  h \ S ,  Os) +  h2(S, Os) =  l -  q(S) +  pg(S),

4- the arithmetic genus, pa(S) =  x {S )  — 1 =  Pg{S) — q{S).

Theorem  3.10 (Genus formula fo r  smooth curves on a smooth surface)(see e.g. 

Griffiths and Harris [8], page 471)

I f  C  is a smooth curve on a smooth surface S, then the genus of the curve, g(C)  

is given by
g { c )  =  K ^ C ^  +  1

Theorem  3.11 (Adjunction Formula I, see e.g. Griffiths and Harris [8], page 

146)

Suppose M  is an n-dimensional complex manifold, V  a smooth hypersurface, [V] 

the corresponding line bundle on M ,  then

N y  =  [ - V } \ v
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T h e o re m  3.12 (Adjunction Formula I I ,  see e.g. Griffiths and Harr is  [8], page 

147)

Suppose M  is an n-dimensional complex manifold, V  a smooth hypersurface, [V] 

the corresponding line bundle on M , then

K v =  ( K m  ® [V})\ v-

Theorem  3.13 (Riemann-Roch fo r  line bundles (or divisors) on a surface S)(see 

e.g. Griffiths and Harris [8])

I f  S is a smooth connected surface, E  a line bundle on S, then

x [ e )  =  E I^ M  +  1 + M s ) =  ^ M  +  x { s ) .

Theorem  3.14 (Noether’s formula, see e.g. Barth, Peters, and VandeVen [1], 

page 26)

I f  S is any compact, connected complex surface, then

x(S ) =  1 -  q(S) + p , ( S )  =  i ( c ? ( S )  +  C8(S)),

where c ^S ) is the f irs t  Chern class o f S, and c2(S) is the second Chern class of S.

Remark: By defin ition, c*(S) =  c ,(T (5 )) where T (5 ) is the holomorphic tangent 

bundle o f S. Thus C j(5) =  Kg  for a surface.

Theorem  3.15 (Riemann-Roch fo r  a rank 2 bundle over a surface S ) (see e.g. 

Duflo t/M iranda [5])

I f  S is a sm ooth  surface and  €  is a vec to r bundle over S then  

x (£ )  =  2X(0S)  -  +

53

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



where the d ’s are the Chern classes of  6.

Theorem  3.16 (Kodaira-Serre Duality)  (Griffiths and Harris [8])

Let S be a smooth surface. Let E  be a vector bundle on S, K s  the canonical divisor. 

Then, i f  E* is dual to E , there are non-canonical isomorphisms

H ° (S ,E )  “  H 2{S, E * ® K s),

H 2(S, E )  =  H°(S, E * ® K S),

H 1(S, E )  ^  H \ S , E * ® K s).

Corollary 3.17 I f  S is a smooth surface, E  a divisor on S, then there are non- 

canonical isomorphisms

H°(S, O (E ))  “  H 2(S, 0 ( K s -  E )),

H 2{S, O(E))  “  H°(S, 0 (K S -  E)),

H ' iS ,  0 ( E ) )  “  H \ S , 0 ( K s -  E )).

Corollary 3.18 I f  S is a smooth surface and E  =  0,$ ® O (E )  =  Llg(E) fo r  E  a 

divisor on S, then since T (S) <g> K s  — f ig ,  there are non-canonical isomorphisms

H°(S , Dl(E))  “  H 2(S, (Q5 ® 0 (E)Y ® K s)

=  H 2(S ,T(S )  ® 0 ( - E )  ® Ks)

=  H 2( S , n l ( - E ) ) ,

H 1(S,Q1s( E ) ) = H \ S , D l ( - E )),

^ ( S ^ K E ) )  =  H ° (S ,^ s ( -E ) ) .
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Corollary 3.19

pg(S) =  h2(S ,O s ) =  h°(S ,O s ( K s)).

3.8 Invariants for a Sm ooth Toric Surface

Invariants for a general smooth to ric  surface, S, include:

1- x (& s )  =  h°(Os) — h l (Os) +  h2(Os) =  1. Since a to ric  surface is rational, 

hl (Os) =  0 for a ll i  >  1, and h°(O s ) =  1, thus x (0 s )  =  1.

2. Pa(S) =  x (O s)  - 1  =  0.

3. q ( S ) ± h 1(O s) =  0.

4. pg{S) =  h2(O s ) =  h°(K s) =  0, where K s  is the canonical divisor, by Kodaira- 

Serre dua lity  3.16.

T h e o re m  3.20 I f  S is a smooth toric surface defined by a fan of n +  2 vectors, 

then K g  =  10 — n.

PROOF: This is proven in Oda [19].

Thus we can use Noether’s form ula (Theorem 3.14) to  compute C2 (S):

x(S)  =  X ( c U S )  +  c2(S)).

Since x (5 )  =  1 and c2 =  Kg =  10 — n, substitu ting yields:

_  (10 -  n) +  c2(S)
12

so

C2(5) =  2 +  71.
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As an example, consider the invariants for F^:

q(¥k) =  h1{OFk) =  0,

Pg(¥k) =  h2(OFk) = 0 ,

Pa(Ffc) =  0,

* (F k) =  x ( 0 Fk) =  1 -  q(Ffc) +  pg(F*) =  1. 

Furthermore, computing,

c ,(F t )2 =  K l  =  4 * -  4(4 -  2) =  8

and

c2(Ffc) =  4.
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Chapter 4

Cohom ology Com putations w ith a 
Sm ooth Toric Surface

In  this chapter, we w ill compute some cohomology groups, H l (S, O (D ))  and 

H t (S ,Q1(D )),  for a divisor D o n a  smooth to ric  surface, S, w ith  i  =  0,1 ,2 . We 

w ill also define and compute some cases o f H Q(S,Q}(log D )) .  General references 

for this section are Oda [19], D u flo t/M iranda  [5], Saito [20], and M urray [17].

4.1 Hirzebruch Surfaces, 2 =  0

In  the case where S =  F fc, k >  0, n  =  2, suppose D  =  m 0 =  m 3 =

0. Recalling the construction o f Ffc using a four vector fan, specifically w ith  vectors 

(0,1), ( -1 ,0 ) ,  (A;, - 1 ) ,  and (1,0), and the resulting equivalences for coordinates x 0 

and y0,

V x x in f / i

B o II — 1 k
^2 2/2 in u 2

Z 3D3 in u 3
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x i  in Uj

y° = < 2/2 1 in U2
X3 1 in  U3.

(4.2)

So the monomial

x di V i C

x l v t  = 2°y2k~d in U 2

in Uj

(4.3)

x f  dy l  in U3.

Recall th a t ©  =  (?), ©  =  ( q1) , ©  =  (_ \) , and ©  =  (J). Combining this

To be a section o f 0 (D ) ,  x^yd needs to satisfy

D  +  div(xoyo) >  0) i*1 Ui

Since D  =  X © )  m iUh 1710 =  m 3 =  0, we have D  =  OCo +  m i 0 i + m 202 +  O0 3 - 

We can combine these to  get restrictions on c and d, specifically:

(0 +  d)Co T  (m i — c)C i -T (m 2 +  ck — d)C2 T  CC3 ^  0.

This gives us

w ith  the divisor equation d iv ^ y ^ )  =  Y^j=o(caj  +  dbj)Cj (3-4), we get

d iv (x ly d) =  dCo — cC\ +  (ck — d)C2 +  cC%.

d >  0

m j — c >  0 so m i >  c

m 2 -\- ck — d >  0

c >  0.
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Combining these inequalities yields

0 <  d <  m 2 +  ck

0 <  c <  m\.

This yields parts 1 and 2 of the following:

L e m m a  4.4  (see Duflo t/M iranda [5])

1. H ° (F*, 0{m ,\C \  +  m 2C2 )) is zero i f  either m i or m 2 +  m \k  is negative.

2. I f  m \ and m 2 +  m ik  are nonnegative, then H°(¥k, 0 ( m iC i  +  r ^ C ^ ))  is the 

linear span of <  c <  m i, 0 <  d <  m 2 +  ck}. Note that this is a set of 

independant monomials.

3. H ° (Fit, Q }(m iC i  +  m 2C2)) is zero i f  either m i or m 2 +  m ik  is negative.

4- I f  m i > 0  and m 2 +  m ik  >  0, then H ° (¥ k ,H l (m iC i + m 2C2)) =  X  © T ®  M ,

where

X { m i , m 2) = <  { x l0yJQdxo\ 0 <  i  <  m i — 2,0 <  j  <  m 2 +  ik  +  k — 1 } >  

y ( m i ,  m 2) = <  {x^y^dyol 0 <  a  <  m i, 0 <  j3 <  m 2 +  k a  — 2 } >

and

M ( m i ,  m 2) =

<  { x l0y™2+kl+k~l (yodxo +  kx 0dy0) \ 0 <  i  <  m i — 2, m 2 +  k i +  k — 1 >  0} >  . 

For the proofs of 3 and 4, refer to D u flo t/M iranda  [5].
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Note tha t sometimes one of more o f the sets X ( m x, m 2), y { m x, m 2), or A 4 (m i,m 2) 

w ill be empty. For example, M.  is zero i f  m i <  2.

Corollary 4.5 I f  m i  > 0  and m 2 >  0, then

k
dim H ° ( Ffc, 0 ( m xCi +  m 2C2)) =  (m i +  l ) ( - m i  +  m 2 +  1) =  +  m 2C2).

PROOF: Let m i >  0 and m 2 >  0. Since 0 ( m xC x +  m 2C2)) = <  |0 <

c <  m i,0  <  d <  m 2 +  ck}  > , to  accurately compute the dimension, we need 

to  consider the different possibilities for c and d. I f  c =  0, then 0 <  d <  m 2, 

and we have m 2 +  1 in  the basis count. I f  c =  1, then 0 <  d <  m 2 +  k, adding 

m 2+ k + 1 to the basis count. The maximum value for c is m i, y ie lding an inequality 

0 <  d <  m 2 +  m xk or a dimension o f (m i +  l) m 2 +  M lC ^ i  c) +  (m i +  1) =  

(m i +  l) ( m 2 +  1) +  fc(mi+2)(mj) =  (m i +  l ) ( | m i  +  m 2 +  1). Hence

k
dim  H ° (Fn, C?(miCi +  m 2C2)) =  (m x +  l ) ( - m i  +  m 2 +  1).

z

Also
/ n  \ {m xC i +  m 2C2) (m xCi +  m 2C2 — K pk

x ( m xC x +  m 2C2) =  ^ —  -------------------------- k~) +  1

by Riemann-Roch, Theorem 3.13,

m \k  +  m xk +  2m i +  2m2 +  2m xm 2 =  _ +

1 k
— 7;k m x(m x +  1) +  m xm 2 +  m x + m 2 +  l  =  (m x -I- l ) ( - m i  +  m 2 +  1). 

z z

Corollary 4.6 1. I f  m x > 2  and m 2 +  A: — 1 >  0 then

. . .  . , m R m i — 1),
dim X { m x,m 2) — m 2(m i — 1) H   k.
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2. I f  m i  > 0  and m 2 >  2, then

, m A m \  +  1)
dim  ^ ( m 1,m 2) =  (m2 — l) ( m i +  1) 4- k   ---------.

3. I f  m i  > 2  and m 2 +  k — 1 >  0, then

dim M . ( m i ,m 2) =  m i — 1.

4. Therefore, i f  m \ >  2 and m 2 >  2, f/ien

dim H Q{Vtl (m iC \  +  m 2C2)) =  2m 1m 2 +  km \  — 2.

PROOF: Since X  = <  {zo^Gteol 0 <  i  <  m i  — 2, 0 <  j  <  m 2 +  +  1) — 1} > , to

have an accurate count for X , we need to consider m i >  2 and m 2 +  k — 1 >  0. 

Then

dim  X  =  (m 2-\-k) +  (m2 +  2k) +  ... +  (m 2- \ - k ( m i - l ) )  =  m 2( m i - l )  +  m i^ ------

Since y  = <  {x^y^dyQ\ 0 <  a  <  m i,  0 <  /3 <  m 2 +  ka  -  2} > ,  consider m i >  0 

and m 2 >  2. Therefore

dim  y  =  (m 2 — 1) +  (m 2 — 1) +  k 4- (m 2 — 1) +  2fc +  ... +  (m 2 — 1) +  m xk

/ w m i( m i  + 1 )
=  (m 2 -  l ) (m !  +  1) +  k   --------

Finally, since M  —< { x %ay™2+kl+k~l (y^dxQ +  k x 0dy0)\ 0 <  i  <  m i -  2, m 2 +  k i  +  

k — 1 >  0} > , to get an accurate count, consider m \ > 2  and m 2 +  k — 1 >  0. In 

th is case,

dim  M, =  m i — 1.
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To conclude, i f  m i >  2 and m 2 -  2 >  0, then

dim  +  m 2C2))

=  m 2(m I -  1) +  m i(? ‘ - i l fc  +  (m , -  l)(m , +  1) +  k m ' (m ' + 1 ) +  m, -  1
z z

=  2 m im 2 +  — 2.

However, we can extend part 4 o f the above theorem a b it:

Theorem  4.7 I f  m i >  1 and m2 > 1, then

dim / / ^ ( f t ^ m iC i +  m 2C2)) =  2 m im 2 +  Arm  ̂ -  2.

PROOF:

Case 1: Let m i =  l , m 2 >  2. Then dim  A  =  0 and dim  M  — 0. Also, dim  

y  =  2(m 2 — 1) +  k =  2m 2 +  A: — 2. Since i / ° ( F fc,Q J(m iC i +  m 2C2)) =  A © T ©  A4, 

we have tha t d im  +  m 2C2)) =  2m2 +  A: — 2 =  2m \m 2 +  km \  — 2 i f

m i =  1.

Case 2: Let m 2 =  I , m i  >  2. Then dim  X  =  (m i — 1) +  A;, d im  y  =

^.m i(m i+i)̂  anj  ^  __ m i _  j  Therefore d im (A  © y  ©  M )  =  m i — 1 +

A; +  +  m i _  i  — 2mi +  km \  — 2 =  2 m im 2 +  Ajm^ — 2, i f  m 2 =  1.

Case 3: Let m x =  l , m 2 =  1. Then dim  X  =  0, d im  y  =  k, and dim  A4 =  0, 

y ie lding dim  (X  © T  © M )  =  A:, consistent w ith  the equation dim  id ° (0 1(m iC i +  

m 2C2)) =  2m xm 2 +  A:mf — 2 and the stated conditions.

4 .2  G e n e ra l T o r ic  S u rfaces , i  =  0

We w ill be using the basis Cx, ...,Cn for the Picard group o f a smooth to ric  sur­

face and the fans defined in chapter 2, {(a j, . Since (ao,b0) =  (0,1) and
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(an+i,b n+i)  =  (1,0), m 0 =  m n+i =  0, every a divisor D  is linearly equivalent to 

m \C \  +  ... +  m nCn. The basis for th is discussion is largely M urray [15].

We w ill now compute H x( M ,0 ( m \C \  +  ... +  m nCn)) and H x(M ,Q } (m \C \  +  ... +  

iTT'nCn)) for a divisor D  — m \C \  +  ... +  m nCn on a general to ric  surface. F irst, 

consider creating a polygon from  the fan. The la ttice  enclosed by th is polygon 

defines dimension o f H 0(O (m iC i +  . . .+ m nCn)), hence i t  is called the H ° ( 0 ( m iC \  +  

... +  m nCn)) polygon or the H °  polygon associated w ith  the fan and the divisor 

D  — m \C \  + .. .  +  m nCn. Consider a monomial XqUq. Using the equivalence relation 

from  chapter 2,

(;j ~ (!•)«(?) = (2 f ,\ y o / W i j  W i j  \ x q Vo

where x pQ Vo an(l  Vo make sense, and

p q \ _  I a i~1 a i '

C  s j  \ b i - i  bi

Then xo =  x fy -* ,  yo =  x^ 'y^  where

A  B \  _  ( p  q \  I a,_i a,

C D )  [ r  s )  \ b i - i  6,.

Therefore, we get x ^  =  {x^'^1 y (̂ i )c(x\ i~l y^i )d. Since C i- i  meets Ui, defined by 

Xi =  0, and Ci meets Ui, defined by y, =  0, th is translates in to  a requirement tha t

m i - 1  m i  (  a i - 1  a i \ c (  b i - i  f i i \ d  _  n n + a i c + b i d
x i Vi \ x i a i  ) Vi  iJi ) ~  x  1 Ui

must be a polynom ial. Or,

rrii +  OjC +  bid >  0, i  =  0 ,1 ,..., n + l ,

where we assume mo =  m n+j  =  0. Then for i  =  0, i  — n  +  1, OjC +  bid >  0, so
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since (“ “ ) =  (°), d >  0 and since (“ "+)) =  Q ,  then c >  0. Let the axes be c =  0 

and d =  0 (horizontal and vertical axes, respectively.) Thus, the polygon w ill be in 

the first quadrant. We w ill use these inequalities and restrictions on the monomial 

powers in  the fan to  define the polygon.

In  our F t example, n  =  2. We use the fan (°), (^)1), and (J). The inequalities 

are:

0 <  c <  m i  

0 <  d <  ra2 +  kc

I f  m i >  0 and m 2 >  0, the polygon is a quadrilateral. The sides are defined by 

end points (0, 0), (m i,  0) on the c-axis, (0, m 2) on the d-axis, and (m i,m 2 +  km{).  

Comparing the polygon to the fan (below), one can see tha t the sides o f the polygon 

correspond to the duals o f the rays o f the fan (i.e the inward po in ting normal vectors 

o f the sides of the polygon correspond to  the rays o f the fan, in  counterclockwise 

order). See figure 4.1 below.

2.5

0.5

0.80.2 0.4 0.6 10

0 .5 -

0.5-0.5

-0 .5-

F igure  4.1: The Fn fan  and resu lting  po lygon
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Note th a t a ll edge vertices o f the polygon are integers, since m i, m 2 , and k are in ­

tegers. Com puting the number of la ttice  points enclosed by the polygon (including 

edge points), results in a to ta l o f (m i +  l) ( m 2 +  1) +  \h m \{ rn \  +  1) la ttice  points, 

exactly the dimension o f H ° (¥ k: Q l (m iC \  +  m 2C2)) computed in  corollary 4.6.

We also need to  consider the cases where m i =  0 or m 2 =  0. I f  m i =  0 and m 2 >  0, 

the polygon degenerates in to  a line on the d-axis, length m 2 and D  =  m 2C2 and 

m 2 +  1 la ttice  points. I f  m 2 =  0 and m i >  0, the polygon degenerates in to  a 

triangle w ith  vertices (0,0), (m i, 0), and (m i,m i -1- km  1), and D  =  m \C \.  The 

number o f la ttice points enclosed in th is case, then, is ^km 3(m i  -I- 1). (see figure

4.2 below) I f  both m i =  0 and m 2 =  0, the result is the single po in t (0,0) and 

D  — 0. Therefore, a quadrilateral results specifically when both m i and m 2 are 

s tric tly  positive, w ith  0 < c < m i , 0 < d < m 2, and d <  m 2 4- kc.

2

0!

1 60 0.2 O' 08

Figure 4.2: Degenerate polygon

As another example, consider a fan constructed w ith  5 vectors, meeting the crite ria  

set down in  the firs t chapter. Vectors meeting tha t crite ria  are: (£°) =  (°), (£)) =

to1)’ (9 = (-i)> ©  = t-/)’ and ©  = O’ 0ur divisor is defined with D  =

moCo +  m \C i  +  m 2C2 +  m 3C3 +  m^C^. However, as before, we have m 0 =  m$ =  0, 

leaving D  =  m iC i +  m 2C'2 +  m 3C3. Again, we w ill use m* +  <2jC +  bid >  0. We 

get two sides on the c,d  axes from (£°) =  (°), d >  0 and since ( ^ )  =  (J), then
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c >  0. A dditiona lly , from  ( “ j )  =  ( q1), we get tha t c <  m ^  From % =  2, we get the 

requirement tha t n i2Jr k c —d >  0 and from  i  =  3, we have tha t m 3 +  ( k + l ) c —d >  0. 

Therefore, the constraining inequalities are:

0 <  c <  m i,

0 <  d <  m 2 +  kc, 

d <  m 3 +  (k +  l)c .

Assuming m 2 >  m 3, the polynom ial formed has vertices (0,0), (m i, 0), (0, m 3), (m 2 — 

m 3, k (m 2 -  m 3 ) +  m 2), and (m i, knrti +  m 2), shown in figure 4.3 below.

Figure 4.3: The five vector fan and resulting polygon

Again, note tha t the inward pointing normal vectors to the sides o f the polygon 

correspond to  the vectors from  the fan, in  counterclockwise order. The equations 

for the edges o f the polygon are:

c =  d =  0

c =  m i 
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d =  (k +  l ) c  +  ra3 

d =  kc +  m 2.

Note tha t all edge vertices o f the polygon are integers, since m i, m 2 , m 3 , and k are 

integers.

D e f in it io n  4.8 (Lazerfeld [13]) Let M  be a smooth surface and D  a divisor on 

M . Then D  is very ample i f  there exists a closed embedding M  C P of M  into  

some projective space P =  P ^  such that D  =  O m  =  O pn{1)\m ■ Also, D  is ample 

i f  D®m is very ample fo r  some m  >  0.

The polygon construction and correlation w ith  the ampleness defin ition results in 

the following lemma:

L e m m a  4.9 (see e.g. Murray [18] Lemma 3) Let M  be a smooth toric surface 

given by a fan  {(o j, Take mo =  m i+ i =  0 and let D  =  X a = i be a

divisor on M . Then the following are equivalent:

1. The divisor D  =  m \C \  +  ... +  m nCn is ample.

2. The divisor D  =  m jC i +  ... +  m nCn is very ample.

3. The H ° (M ,  0 { m \C \  +  ... +  m nCn)) polygon has n  +  2 vertices.

4 . For each i  =  1,..., n, we have 0 <  m iC f +  m i - i  +  m j+ i, m  1 >  0 and m n >  0. 

The equivalence o f 1 and 4 is called the Toric Nakai Criterion, by Oda [19].

For example, i f  n  =  3, taking the 5 vector fan as before, we have C \ — k,C% =  

— l , C f  =  —1. Then we have the crite ria  D  =  m jC i +  m 2C2 +  moCo +  is

ample i f  m \  >  0, m 3 >  0 and:

m \k  +  m 2 >  0,
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- m 2 +  m x +  m 3 >  0,

- r a 3 +  m 2 >  0.

Note tha t th is correlates w ith  the crite ria  above required for the polygon to  be 

nondegenerate.

As another example, for the Hirzebruch Surface using the fan (“), ), ( ^ ) ,  and

(J ), we have tha t m 0 =  m 3 =  0, so th is crite ria  resolves into:

Corollary 4.10 A divisor linearly equivalent to m xC x +  m 2C2 on a Hirzebruch 

surface is ample i f  and only i f  i t  is very ample i f  and only i f  m i  > 0  and m 2 >  0.

PROOF: From Lemma 4.9, above, we have tha t the divisor on a Hirzebruch sur­

face is ample i f f  i t  is very ample if f  m x >  0, m 2 >  0, m xC ]  +  mo +  m 2 >  0 and 

m 2C f +  m \  +  m 3 >  0. From our earlier discussion o f intersection numbers (Section 

3.6), we have C\ • C x =  C \ — k ,C i  ■ C2 =  1, and C2 • C2 — C2 =  0- Combining 

th is w ith  m 0 =  m 3 =  0 yields mifc +  m 2 >  0 and m x >  0. However, i f  m x >  0 

and m 2 >  0, then m xk +  m 2 >  0 must be true. Therefore, a Hirzebruch surface is 

ample i f  and only i f  i t  is very ample i f  and only i f  m i >  0 and m 2 >  0.

Glenn M urray [17] computes several 0th cohomology groups, given in the following 

theorem:

Theorem  4.11 [17] Let S be a smooth toric surface given by a fan  {(a(, b i ) } ] ^  

and D  =  Ym=i m iCi be a divisor on S. Then

1. H°(S , 0 ( m xC i  +  ... +  m nCn)) = <  { x c0Pq\mt +  aic +  bid >  0, c >  0, d >  0, fo r  

I =  l , . . . , n }  > . Note that this is a set of independant monomials, which may 

be empty.
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2. H°(S, Q }{m iC i +  ... +  mnCn)) =  X  ® y  ® M  where

X  —<  {x o ^d xo l i ,3 >  0, mi +  at (i +  1) +  btj  >  1 i f  at ±  0), I =  1,..., n }  > ,

y  = <  {x%y$dyQ\ a,/3 >  0 , mt 4- a,Q! >  0 i f  bt =  0,

m t +  a;a +  5;(/3 +  1) >  1 i /  bt ±  0 , 1 =  1,..., n }  > ,

and 

M  = <  { 7 x l0y30dx0 +  8x l̂ l y l~ l dyQ\ ( i , j , 8, j )  e 1 } >  

where 1  is the set of (i , j , 8, 7 ) e Z 4 such that 

(a) 78 ^  0, 

7 ai +  8bi =  0 /o r  one or two values of I ^  l0, ln+1 call them l\ ,  12, 

(c) i  >  0, j  >  0 ,

(d) mi +  at (i +  1) +  bij >  1 fo r  I ^  l x, or I ±  l2

(e) m t +  at(i 4- 1) +  btj  >  0 fo r  I =  l u or I =  l 2,

( f )  neither x ly 30dx0 nor x l(f l y l~ i dyo is in  H ° (M ,  ^ ( D ) ) .  

Note that this is a set of independent monomials, which may be empty.

Note: In  the case o f F*, w ith  the usual four vector fan, the above results would 

be refined. Using the vector definitions (“ “ ) =  ( j ) ,  (“ j)  =  (~q ),  ( 9  — ( - 1)> and

©  =  (o)we see that:

1. I f  m i and (m 2 +  m ik )  are nonnegative,

H°(¥k, 0 {m \C i  +  m 2C2)) —<  {xpyolO <  c <  m \,0  <  d <  m 2 +  ck} >

since m \ +  (—l ) c +  (0)d >  0 implies m i >  0 and m 2 +  k c +  (—1 )d >  0 implies

m 2 +  kc >  d and both c, d >  0.
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2. Again, given the vector fan values above, we see for X  tha t m i +  (—l ) ( i  + 1) +  

(0 ) j >  0 yields m i —2 >  i  and m 2 +  k ( i  +  l )  +  ( — l ) j  >  1 yields m 2+ ik  +  k — 1 >  

j .  For m i +  ( - l ) o ;  >  0 yields m x >  a  and m 2 +  ka  +  (—l)(/?  +  l )  >  1 yields 

m 2 +  ka  — 2 >  /3. F inally, for M ,  we see tha t m i +  (—l ) ( i  +  l )  +  (0 ) j >  1 yields 

m i — 2 >  i  and m 2 +  k { i  +  l )  +  (—l ) j  >  1 yields m 2 +  k i  +  k — 1 >  j  >  0. Hence 

i f  m i >  0 and m 2 >  1 — k, then H°(¥k,  f i ^ m iC i  +  m 2C2)) =  X  ©  y  © M ,  

where

X  = <  [x^yldxQ] 0 < i < m i - 2 , 0 < j < m 2 +  ik  +  k — 1 } >

= <  {xq?/o^o| 0 <  a  <  m x,0 <  /3 <  m 2 +  k a  — 2} >

and

Ad = <  {x o i/^ 2+fcl+fe_1(2/oda:o +  A:a;odyo)| 0 <  i  <  m x — 2,m 2 +  k i  +  k — l  >  0} >  . 

O f course, these results were stated earlier in  Lemma 4.4.

Additiona lly , we have the following two lemmas, from  M urray [17] and [18], the 

analogs of Corollary 4.5 and Corollary 4.6 for a general toric  surface:

L e m m a  4.12 (Murray [17] Theorem 1.21)

Let S be a smooth toric surface given by a fan  {(a ,, b i)}1) ^ ] . Take mo =  m ;+! =  0 

and let D  =  be a divisor on S. I f  D  is ample, then

h0(O (D ))  =  \ d - { D - K )  +  1 =  x (O s (D)).
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Note: if n — 2 and D  is ample, m\ >  0 and m 2 >  0, then we can compute

h0( O { m \ C \  -\-m2C2)) =  — (m iC i+  m2Cr2)(miC,i+  m2C2 — (—Co — C*i — C2 — C3))-I- 1

— ~ z { m \ C \  +  m 2C 2)(C o  +  {my  +  l ) C i  +  {m2  +  1)C 2 +  C3) 4- 1

— - { m iC iC 0 +  m \{m \  +  l ) C i  +  m \{m 2 4- l ) C 2C i 4- m \C \C z  4- 7712C2C0 
z

-\-m2{m i  4- 1)C2C 1 4- m 2{m 2 +  1)C2 4- 7712C2C3 ) 4- 1.

Again, from  our discussion o f intersection numbers, we have tha t C 2 =  k, C\ • C2 — 

1, and C f =  0. Therefore

k k k
m i  4- m 1m 2 +  m 2 4- - m l  +  - m i  4- 1 =  (m i +  l ) ( - m i  +  m 2 +  1).

z z z

In  fact, h ° {m iC i  +  m 2C2) =  (m i +  l ) ( f m i  +  m 2 +  1) i f  m x or m 2 equals 0, as we

have already seen (Corollary 4.5).

Note: Recalling some of the basic theorems restated in Section 3.7, we have tha t 

x {D )  =  \ D { D  — K )  +  l + p a by Riemann-Roch. Since pa{S) =  0, then h0{O {D )) =  

X ( D ) .

L e m m a  4.13 (Murray [18] Corollary 1) Let S be a smooth toric surface given by 

a fan  {(m , Take m 0 =  m l+i =  0 and let D  =  ^ ”=1 be an ample

divisor on S. Then

h°{r ts {D ))  =  D 2 - n  =  X{n ls{D)).
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Note: if n =  2 and D  is ample, then

+  m 2(72)) — (777-1C 1 + 7n2(72)2 —  2

=  m \C l  +  2 m im 2C,iC 2 +  m |C f -  2 =  m \k  +  2m im 2 -  2, 

consistent w ith  Corollary 4.6.

4.3 Com putations for i  — 1,2; Hirzebruch Surfaces

Given the computations for i f ° ( F fc, C?(.D)) and i f ° ( F fc, fP (D )) ,  we can now com­

pute H 2. We w ill use Kodaira-Serre duality, Corollary 3.17. For our purposes, we 

can restate th is theorem as

h2( S ,0 {D ) )  =  h0{S ,O {K s -  D)).

For a Hirzebruch surface, F fc, w ith  the usual four vector fan, we use the vector 

definitions ©  =  (J), ©  =  ( - 1), ©  =  (_*), and ©  =  (J), and m 0 =  m 3 =  0. 

We know from  Section 3.5 tha t KYk =  —2Ci +  (k — 2)C2. Using Kodaira-Serre 

duality, Corollary 3.17, we get

h2{F *, O^rmC, +  m 2 C'2)) =  h°(F *, 0 ( - ( m !  +  2)C i +  (fc -  m 2 -  2 )C 2)).

From Lemma 4.4 and the above, we have the follow ing corollary:

C o ro lla ry  4 .14 (Duflo t/M iranda [5]) I f  m  1 >  —1 or m 2 +  &mi >  — k — 1,

/72(Ffc, 0 ( m iC i +  m 2C2)) =  0.

PROOF: From Lemma 4.4, item  1, we have tha t H ° (Ffc, G(aC\ +  6C2)) is zero i f  

either a or b +  fca is negative. From Kodaira-Serre duality, Corollary 3.17, as ap-
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plied above, we know H 2{F*, 0 { D ) )  9* H ° (¥ k, 0 { K Fk -  D )) .  So H 2(¥k, 0 { m xC i +  

m 2C2)) ^  H ° (¥ k, 0 ( { - m 1 -  2)CX +  (k -  m 2 -  2)C 2)). Then i / ° ( F fc, 0 ( ( - m i  -  

2)C i +  (A; — m 2 -  2)C2) — 0 i f  —m i — 2 < 0 o r A ;  — m 2 — 2 +  (—m i — 2)k <  0. There­

fore, we have tha t H 2{¥k, 0 ( m iC i+  m 2C2)) =  0 i f  m i >  —1 or m 2 +  A:mi >  —k — 1.

Similarly, we can use Kodaira-Serre dua lity  (Corollary 3.18) w ith  the defin ition o f 

hl above, w ith  S a surface, yielding

h 2(S ,n1(D)) =  h ° ( S ,n \ - D ) ) .

Thus

h2(¥k,Q l (m 1Ci +  m 2C2)) =  h°(¥k, Q } ( - m iC \ ~  m 2C2)).

This combined w ith  Lemma 4.4 leads to

C o ro lla ry  4.15 (Duflo t/M iranda [5]) / / m i  >  1 or m 2 +  km \  >  1, then

H 2(¥k,Q 1(m 1C 1 +  m 2C2)) =  0.

PROOF: From Lemma 4.4, item  3, we have tha t H ° (¥ k,Q 1(aCi +  bC2)) is zero i f  

either a or b +  ka is negative. From the above, we have tha t h2{¥k,Q } {m iC \  +  

m 2C2)) =  h?{¥k, Q } ( - m xC x -  m 2C2)). Then H ° (F k, -  m 2C2)) =  0

if  —m i <  0 or — (m 2 +  mi/c) <  0. Therefore, we have tha t H 2(¥k,Q }{m \C \  +  

m 2C2)) =  0 i f  m i >  1 or m 2 +  k m x >  1.

Next we w ill use Riemann-Roch to determine h 1. Recall the basic intersection 

numbers computed earlier, C 2 — k ,C x • C2 ~  1, and C \ — 0. We know tha t

X(D) = h°(¥k,D)  -  hl (¥k, D) + h2(Ffc,D).
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So

x { m iC i+ m 2C2) =  /i°(F fc, 7n,1C i+ m 2C2) - / i 1(Ffc, m iC i+ m 2 C 2 )+ /i2(Ffc, m iC i+ m 2 C 2).

Using Riemann-Roch for divisors D o n a  surface {x {D )  =  D ( D  — K ) / 2 +  1 + p 0)> 

th is is equivalent to

t r< \ \  ( ^ iC i  +  m 2Cf2)[(m i +  2)C i +  (2 +  m 2 — /c)C2]+  m 2C2) = -----------------------^ ^ i '— i  +  i  +  Pa

mi(mi + 2)Cf + m i(2 + m2 -  k ) C i C i  +  m2(mi + 2)C2Ci + m2(2 +  m2 -  &)Cf +  ̂+  ^

m i (m i +  2)& +  2m x +  m !m 2 — fcmi +  m 2m i +  2m 2 
=  § + 1 + p *

= (mi + 1) + (mi 4- mim2 + m2) + 1 + pa.

Since the arithm etic genus o f F*, is zero, pa =  0,

x(m iC i +  m2C'2) - ^A:mi(mi +  1) +  (mi +  m im2 +  m2) +  1.
Li

From Corollary 4.5, i f  m i >  0 and m 2 >  0, we have tha t

k
dim  H 0(O (m iC i  +  m 2C2)) =  (m x +  l ) ( - m i  +  m 2 +  1).

Also, from  Corollary 4.14, we have tha t i f  m \  >  —1 or m 2 +  km \  >  — A: — 1, then

m \C \  +  m 2C2) =  0.

Again, since

x ( 0 (m iC i +  m 2C2)) =
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h ° ( 0 ( m xC x +  ^ 2^ 2)) ~  h 1( 0 ( m xC x +  m 2C2 )) T  h2( 0 ( m xC x +  777.2 0 2 )), 

we have tha t i f  m x >  0 and m 2 >  0,

x ( 0 ( m xC x +  m 2C2)) =  ] -k m x(m x +  1) +  (m i +  m im 2 +  m 2) +  1
Z

k
=  (m i +  l ) ( 2 m i +  m 2 +  1) -  ^ ( O ^ i C i  +  m 2C2)) +  0.

Therefore h l ( 0 ( m xC x +  m 2C2)) =  0, and we have the following lemma:

L e m m a  4.16 I f  m x > 0  and m 2 >  0, then H l ( 0 ( m xC x +  m 2C2)) =  0.

Recall Riemann-Roch for a rank 2 bundle E over a surface S, Theorem 3.15. In 

the case o f F*, we w ill use

T h e o re m  4.17 (see e.g. Du flo t/M iranda [5]) Let S =  F*, and E =  f2pfc(D ), then 

Ci(E) =  K  +  2D  and 02(E) =  4 +  K -  D  +  D - D .

Now K ? k =  —2Ci +  (k — 2)C 2. I f  D  =  m xC x +  m 2C2, we see that:

K Fk-c 1(Sl)?i {D )) =  K Fh- ( K Fi +  2D)

— (—2Ci +  (k — 2)C2) • (—20*1 +  (k — 2)C 2 +  2 (m iC i +  m 2C2))

=  (—2Ci +  (A: — 2)C2) • ((2m i — 2)C i +  (2m 2 +  A; — 2 )0 2)

=  —2mxk — 4m i — 4m2 +  8.

A lso

c ? ( ^ k ( ^ ) )  =  (^ F fc +  2 0 ) 2 

=  (—20*1 +  (A: — 2)C2 +  2(m xC x +  m 2C'2))2
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and

— ((2m j — 2)C i +  (2m2 +  k — 2)C2)2 

=  4m \k  — Amik  +  8mi?n2 — 8m! — 8 m 2 +  8,

c2( t t lFk{D )) =  4 +  K Fk- D  +  D - D  

=  (—2C*i +  (k — 2)C2) • (m iC i +  m 2C2)) +  (m iC i -F m 2(72)2 

=  m \k  +  2m im 2 — miA; — 2m \ — 2 m 2.

So

c2( f4 fc( £ ) ) - 2 c 2( ^ ( Z ? ) )

=  (4m2 A; -  4m i A: +  8m im 2 -  8m i -  8 m 2 +  8) -  2(m 2A; +  2 m im 2 -  m i A: -  2m i -  2 m 2) 

=  2m2 A; +  4 m im 2 — 2m \k — 4m i — 4m2 +  8.

Substitu ting in to  Riemann-Roch from  Theorem 3.15, we get

x (^ F fc {D ))  =  +  ^ 2^ 2))

0/>1 x —2m \k  — 4m i — 4m2 +  8 2m \k +  4 m im 2 — 2m \k  — 4m i — 4m2 +  8 
=  2 ( 1 ) -  +  -

=  m \k  +  2 m im 2 — 2

=  {m iC i  +  m 2C2)2 — 2

From Theorem 4.7, i f  m i >  1 and m 2 >  1, we have

dim  / / ’0(f21(m iC 'i +  m 2C2)) =  2m \m 2 +  km \ — 2.
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Also, from  Corollary 4.15, we have tha t i f  m i >  1 or m 2 +  km \  >  1, then

t f 2 ( F f c ^ m i  C i +  m 2C 2)) =  0.

Again, from  D u flo t/M iranda  [5], since

X ^ K C i  +  m ^ ) )

=  / i° ( flp jb(m iC i 4- m 2C2)) — /C(S/Ffc(m iC i +  m 2C2)) +  / i2(f2jpfc(m iC i +  m 2C2)), 

we have tha t

m 2/c +  2 m im 2 — 2 =  2 m im 2 +  fcm2 — 2 — / i1 (C2pfc (m iC i +  m 2C2)) +  0.

Thus, i f  m i >  1 and m 2 >  1, h1(f2pfc(m 1C i+ m 2C2)) =  0, and we have the following 

lemma:

L e m m a  4.18 / / m i  >  1 and m 2 >  1, £/ien //^F fc , ^ ^ ( m iC i  +  m 2C2)) =  0.

4.4 Theorem s for i  =  1,2; General Toric Surfaces

We have already extensively used Kodaira-Serre duality, Theorem 3.16, in  the last 

sections computations for Hirzebruch surfaces. In  th is section, we w ill state two 

theorems based on duality.

T h e o re m  4.19 (Oda, [19], Corollary 2.9, page 77)

I f  S is a smooth toric surface and D  is an ample divisor, then

h 1(S ,O s (D ))  =  h2(S ,O s (D ))  =  0.

We w ill also be using M urray [17] Lemma 2.10,
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T heo rem  4.20 [17 ] I f  S is a smooth to r ic  surface and D  is ample, then

h 1{S,Sl1s(D )) =  0, 

h2(S,121(D)) =  0.

Note: From Lemma 4.9, D  is ample i f  m iC f  4- i +  m i+1 >  0,1 <  i  <  n, m i > 0  

and m n >  0.

4.5 (log D ) :  Definition and Discussion

The following discussion is excerpted from  Saito [20].

T h e o re m  4.21 [20] Let M  an n-dimensional complex manifold, and V  C M  be 

a hypersurface of M  defined by an equation h(z) =  0, where h is holomorphic on 

M . Let uj be a meromorphic q-form on M ,  which may have poles only along V . 

Then the following fou r  conditions fo r  u  are equivalent:

1. hco and h dco are holomorphic on M .

2. hui and dh A uj are holomorphic on M .

3. There exists a holomorphic function g(z ) and a holomorphic (q — l ) - fo rm  £ 

and a holomorphic q-form rj on M  such that:

(a) dim c V  D {zeS : g(z) =  0} <  n — 2

(b) gu  =  f  A f  +  rj.

4. There exists an (n — 2)-dimensional analytic set A  C V  such that the germ 

of u> at any point p e V  — A  belongs to ^  A +  LlqMp, where LlQMp denotes 

the module o f germs of holomorphic q-foms on M  at p.
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The proof is in  Saito, [20].

This leads to  the following defin ition:

D efinition 4.22 [20] A meromorphic q-form on M  is called a q-form with loga­

r ithm ic pole along V  or logarithmic q-form i f  i t  satisfies the equivalent conditions 

of 4-21. Let hp =  0 be a reduced equation fo r  V , locally at p e V . A meromorphic 

q-form is logarithmic along V  at p i f  hpu  and hpdui are holomorphic.

We denote

^ M P(l°g  V )  =  {germs of logarithm ic g-forms at p },

n«,(iog v) = u„MSi,„,p(iog v).

Theorem  4.23 (Saito [20]) I f  M  is a complex manifold, V  a smooth hypersur­

face of M  defined by an equation h(z ) =  0 where h is holomorphic on M ,  then 

SlqM (log V ), q =  0 ,1 ,..., n are coherent Om-modules.

Saito defines the residue morphism as follows:

D efinition 4.24 I f  to is a meromorphic q-form on a complex manifold M  and 

there exists a holomorphic function g(z), a holomorphic (q — 1 )-form  £, and a 

holomorphic q-form rj on M  such that g u  =  ^  A ^  +  77, then the residue morphism, 

res, is a sheaf homomorphism:

res : ^ ( l o g  V )  ->• O v

res 1 j.
U I-)- - f .

9

This leads us to the residue exact sequence for logarithm ic g-forms:
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T h e o re m  4.25 (see e.g. Saito [20] page 276)

I f  M  is a complex manifold and V  is a smooth hypersurface on M ,  then the sequence

o -4 nqM -4 nqM(iog v)^>Ov-> o

is exact.

Apply ing  th is  short exact sequence to a general surface Y, D  a smooth curve on 

Y,  and any divisor £  on F , we get the short exact sequence

0 -> n\r(E) ->• V}y{log D ) (E )  ->• 0 { E ) \ d -> 0. (4.26)

Recall the standard short exact sequence

0 ->  O y ( - D ) { E )  -> O y {E ) 0 ( E ) \ d -> 0. (4.27)

Next we w ill construct the long exact sequences from the short exact sequences

4.26 and 4.27, respectively:

0 H°(Y ,  f ^ ( £ ) )  -> H°(Y , V}Y(log D ) (E ) )

-► H °{Y , 0 { E ) \ d ) -)• H \ Y ,  Q 'y iE ))  -> ... (4.28)

and

0 H °(Y , O y {E  -  D ))  -)■ H°{Y , O y {E ))

-> H ° (Y ,O y (E ) \d ) H 1( Y , O y ( E - D ) )  -> ... (4.29)

This leads us to the following theorems:

T h e o re m  4.30 I f  Y  is a smooth surface, E  a divisor, D  a smooth curve on Y ,

80

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



and h x( Y , t t Y (E) )  =  0, then

h°(Y , Q}y {log D ) ( E )) -  h°(Y, O y (E ) \d ) +  h°(Y, n xY (E)).

Since x (E  -  D )  =  h° (Y, O y (E  -  D ) ) -  hx (Y, O y (E  -  D ) ) +  h2 {Y, O y (E  -  D ) ) , and 

h2(Y, O y (E  — D )) =  h°(Y, O y ( K y +  D  — E)  by Kodaira-Serre dua lity  (Corollary 

3.17), we have:

T h e o re m  4.31 I f  Y  is a smooth surface, E  a divisor, D  a smooth curve on Y , 

and hx(Y, O y (E ))  =  0, then

h°(Y, O y (E ) \d ) =  h°(Y, O y (E ))  -  X (E  -  D )  +  h°(Y, O y ( K y +  D - E ) ) .

PROOF: I f  h l ( Y , 0 Y(E))  =  0, then the sequence

0 -> H ° {O y { E - D ) )  -> H°(Y , O y {E )) -> H°(Y , O y {E ) \d ) H X(Y, O y { E - D )) 0

is exact. Thus

h0(O Y(E  -  D ))  -  h°(Y, O y {E ))  +  h°(Y, O y {E ) \d -  h l {Y , Oy {E  -  D ))  =  0. 

Therefore

h°(Y, O y (E ) \d =  h x(Y, O y (E  - D ) -  h0(OY (E  -  D ))  +  h°(Y, O y (E)).

T h e o re m  4.32 I f  Y  is a smooth surface, E  a divisor, D  a smooth curve on Y , 

h l ( Y , 0 Y(E ))  =  0 and hx{Y,V}Y {E))  =  0, then

h ° (Y ,n xY(log D )(E ) )

=  h°(Y , n^(£?)) +  h°(Y, O y (E ))  -  X (E  - D )  +  h°(Y, O y ( K y +  D - E ) ) .
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4.5.1 Calculating fi^ log D ): Sm ooth Toric Surfaces

Again, we w ill be using the basis C \ , ..., Cn for the Picard group o f a smooth to ric  

surface and the fans defined in  Chapter 2, {(a*, b j) } " ^ 1. Since (ao,b0) =  (0,1) and 

(an+ i,bn+i ) =  (1,0), m 0 =  m n+i =  0, every divisor D  is linearly equivalent to 

m iC i +  ... +  m nCn.

T h e o re m  4.33 Let S be a smooth toric surface defined by a fan of n +  2 vectors

as above and E  an ample divisor, D  a smooth curve on S, then

h°(S, (log D )(E ) )  =  E 2 — n +  D -  E  — g (D ) +  1 +  h°(S, O s ( K s +  D -  E )) ,

where g (D ) is the genus of D.

PROOF: From Theorem 4.32 above, we have tha t

/ i° (S , f^ ( lo g  D )(E ) )

=  h°(S, t f s (E ))  +  h°(S, O s (E )) -  X (E  -  D )  +  h°(S, O s ( K s +  D - E ) ) .

Since E  is ample, Theorems 4.12 and 4.13 show tha t

X m E ) )  =  h ° (S ,V s (E))

and

x (Os(E)) =  ha(S,Os(E)).

Thus

h ° (S ,n ls (log D )(E ) )  =  x ( n 1s(E ))  +  x ( O ( E ) ) - x ( E - D )  +  h0(S ,O s (K s  +  D - E ) ) .
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B u t x i^ s ( E ) )  — E 2 — n  by Lemma 4.13 and x i@ s{E ))  =  E<"E +  1 by Lemma 

4.12. Hence

h \S ,Q }s {\og D ) (E ) )

=  E 2 - n + E (E ~  KA  +  l - (E ~  D ) (E  ~  K s  ~  D )  - 1  +  h°(Y, O y ( K y +  D - E )) 
2 2

= e > - „  + 1(e ’ - e . k s) - e 2 - e - k ° - 2E0 d  + d - Ks  + d2
Z z

+  /Z°(r, C>y(Ky +  D  -  E ))

=  E 2 — n +  E -  D  — (g (D ) -  1) +  h°(Y, O y ( K y +  D -  E )).

4.5.2 Calculating flp^log D ): Hirzebruch Surfaces

For a specific example, we w ill address Hirzebruch surfaces, F*, w ith  D  ~  aC \  +  

0C 2, a  >  0, ft >  0 and E  ~  m iC i +  m 2C2. We are using the same basis for Pic F*, 

and the same fan to define F*, as usual.

Theorem  4.34 Let F fc be a Hirzebruch surface, with D  ~  a C i +  $C 2, a  >  0, $ >  0 

and J51 ~  m iC i +  m 2C2.

1. I f  m i >  l , m 2 >  1 and a  >  m \  +  2, P +  k >  m 2 +  2, then

/ .» (F * ,n ^ ( lo g  D ) ( E )) =  E 2 -  1 +  ± E ( E  -  K Ft).

2. I f  m i >  1, m 2 >  I ,  and a  <  m i  +  2 or k a  +  f3 <  m 2 +  k m i +  k 4- 2, then

h°(¥k, f% ( lo g  D )(E ) )  — E 2 D  • E  — g (D ) -  1, 

where g {D ) is the genus of D.
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PROOF: I f  E  =  m iC i + m 2C2, then E  is ample i f  m \  > 0  and m 2 >  0 by Corollary 

4.10. Thus Theorem 4.33 says i f  m i >  1 and m 2 >  1,

A°(F*, ! 4 ( lo g  D ) ( E ) )  =  E 2 - 2  +  E - D -  (g ( D ) -  1) +  h°(Ft , O f , ( K f ,  +  D - E ) ) .

We know tha t K ^ k +  D  — E  =  (—2 +  a  — m i,  k — 2 +  j3 — m 2). I f  d  >  m i +  2 or 

(3 +  k >  m 2 +  2, then by Theorem 4.12

/>°(F*, Of,(A:f, +  D - E ) )  =  x(Of,(A’f , +  D - E ) )

( K f „  +  D -  E ) ( D  ~ E )  

2

( y F, +  g ) P  D - E  ( K F k + D ) E  E *

2 2 2 2

. s ( b ) _ d . £  +  £ ( ^ .

Adding th is to the above yields

h°{F*. nt,(log £>)(£)) = £ 2 + -  ATFl).

I f  d  <  m i +  2 or ka  +  (3 <  m 2 +  km \ +  k +  2, then—2 +  d  — m i <  0 or fc(—2 +  d  — 

m i)  +  A; — 2 +  /3 — m 2 <  0, thus fo0(F*., Oyk(KYk +  D  — E ))  =  0, by Lemma 4.4. 

Thus

h°(Ffc, f i^ O o g  D )(E ) )  =  E 2 - 2  +  D - E -  g (D ) +  1.

Note: The remaining cases can be analyzed using Lemma 4.4 (part 2) to compute 

h°(¥k, OYk(KYk +  D  — E )) ,  but we do not do th is here.
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Chapter 5

M ultiplication M aps

In  this chapter, we w ill explore m u ltip lica tion  maps on Hirzebruch surfaces and 

toric  surfaces and surjectiv ity  of these maps. We w ill be using results about the 

surjectiv ity  o f m u ltip lica tion  maps in our la ter discussion o f Gaussian maps. This 

chapter also includes the firs t o f our orig inal work. The orig inal theorems o f this 

chapter are Theorems 5.2 and 5.4.

5.1 General Definition

D e fin it io n  5.1 In  general, given a smooth projective variety X  with line bundles 

T  and T  on X ,  the mult ipl ication map

p :  H ° { X , F ) ® H ° ( X , X )  H \ X , X ® f F )

is defined by with

p(s <S>t) =  st 

where s and t  are sections of  T  and T  respectively.
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5.2 M ultiplication Map, Hirzebruch Surfaces

Note: We w ill be using the m u ltip lica tion  map in our proof o f the surjectiv ity  o f 

the Gaussian map, Chapter 8.

Consider

H ° ( Ffc, 0 ( m xC x +  m 2C2)) =  H%(mu m 2)

w ith  basis

{:To2/o|0 <  c <  m i, 0 <  d <  m 2 +  ck}  

i f  m i >  0 and m 2 +  m ik >  0, zero otherwise.

The m ultip lica tion  map, in the above coordinates, is

p : H%(mx, m 2) ® H%(rhx, m 2) H l ( m x +  m i,m 2 +  m 2)

(^§2/o) ® (x lvo) ^  x o+°yo+d 

where m i, m x >  0, m 2 +  m xk >  0, m 2 +  rhxk >  0.

Note: i f  m i <  0 or rh i <  0 or m 2 +  m i A; <  0 or m 2 +  m i A:, 0, then the domain of 

the m u ltip lica tion  map is zero.

Proposition 5.2 I f m x, rnx >  0, m 2,m 2 >  0, then the mult ipl ication map 

p  : / / ° ( m i ,m 2) ® H °( rhx, rh2) ->• H®(mx + r h x, m 2 +  rh2)
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is surjective.

PROOF: Assume m i,  rhi >  0, m 2 >  0 and m 2 >  0. Then m\  +  rh\ >  0. Since 

m 2 >  0, m 2 >  0, m 2 +  rfi2 >  0. Consider M , N ,  N  >  k M  >  0, such tha t

0 <  AT <  m i +  m i,

0 <  N  — k M  <  17l2 +  777.2-

Since m i , r h i  >  0, there exists a c, c such tha t 0 <  c <  m\  and 0 <  c <  rhi  w ith  

c T c =  M .  Then

0 <  N  — k(c +  c) <  m 2 +  777,2

which implies

0 <  N  — kc — kc <  m 2 +  7772.

Thus

0 <  N  <  (m 2 +  kc) +  (777,2 +  kc).

Now since m 2 >  0, m 2 >  0, k >  0, and c, c >  0, both m 2 +  kc >  0 and m 2 +  k c >  0. 

Then there exists d, d such tha t

0 < d < m 2 + kc,

0 < d < m 2 + kc,

and

0 < d + d < (m2 + kc) + (m2 + kc)

w ith  d +  d =  N .  So £o2/ox o2/o =  x o+cyo+d =  an^ the m u ltip lica tion  map is

surjective.
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Next consider the multiplication map with the following definition:

Definition 5.3 Mult ipl ication maps

fa({mx, m 2) (m x,rh2)) : H°(Wk, Ql (m xC x +  m 2C2)) <£> H ° ( F fc, G(rhxC x +  rh2C2))

->■ # ° (F * ,  ^ ( ( m i  +  rh i )C x +  (m 2 +  m 2)C 2))

are defined as

Note: Again, this is instrum ental in our proof of the surjectiv ity  of the Gaussian 

map, Chapter 8.

Using th is defin ition, we have the following theorem:

Theorem  5.4 I f m x, m 2 >  2 and rhx,rh2 >  0, the mult ipl ication map

f i { {m x, m 2) (m x, rh2))

is surjective.

PROOF: Recall the definitions o f X ( A ,  B) ,  y (A ,  B),  and M ( A , B )  (4.4) defining 

a basis for ^ ( ^ ( A ,  B )).

Case 1, “pure dxp” :

Consider the basis element in X { m x +  rhx, m 2 +  rh2). We know m x +  rhx >  2. 

Assume m 2 +  rh2 +  k >  1. (Otherwise, X { m x +  rhx, m 2 4- rh2) =  0). Choose M , N  

such tha t

x ^ y o d x 0 t  X ( m x +  rhx, m 2 +  rh2) C  H ° ( F k,Q 1( (m 1 +  m x)C x +  (m2 +  rh2)C2))
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=  H l i & d m  i +  r f i i )C i  +  (m 2 +  rn2)C2)),

so tha t

0 <  M  <  m i  +  r i l i  — 2 

0 <  N  <  m 2 +  rn2 +  M k  +  k — 1.

We need to find i, c such tha t 0 <  i  <  m i  — 2,0 <  c <  rhi, and i  +  c =  M .

Case la : M  <  m i  — 2.

Choose c =  0 ,z =  M . Since rhi >  0, 0 =  c <  m ^  Also, since i  =  M  and

0 <  M  <  m i  — 2, 0 <  i  <  m i  — 2.

Case lb : m i  — 2 <  M  <  m i  +  m i — 2

Choose c =  M  — m i  +  2 >  0, i  =  m i  — 2. Then m i +  m i >  M  +  2 or rhi >  

M  — (m i — 2) =  M  — i  and rhi >  c. Since i  =  m i — 2, and m i >  2, then

0 <  z <  m i — 2.

In any case, there exists i  and c such tha t 0 < i < m i  — 2,0 <  c <  m i, and

1 +  c =  M .  Next, we focus on finding d and j  w ith  d +  j  =  N  such tha t

0 <  j  <  m 2 +  i k  +  k — 1 and 0 <  d <  rh2 +  ck.

Case lc : N  < m 2 +  ik  +  k — 1

Choose j  =  N  and d =  0. Then 0 — d <  rh2 +  ck, since m 2 >  0, k >  I ,  and c >  0. 

Also 0 <  j  <  m 2 +  i k  +  k — 1 since j  =  N  <  m 2 +  ik  +  k — 1 and m 2 +  i k  +  k — 1 >  0.

Case Id : N  >  m 2 +  ik  k — 1

Choose j  =  m 2+*fc+A; —1, d =  N  — (m2+ i k + k  — 1). Then j  >  0 since m 2 >  2, i  >  0,
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and k >  1, so 0 <  j  =  m 2 +  ik  +  k — 1. Also N  — (m2 +  i k  +  k — 1) >  0, so d >  0.

Since N  <  m 2 +  m 2 +  M k  +  k — 1, then

N  — m 2 — ik  — k +  1 <  m 2 +  m 2 +  M k  +  k — 1 — m 2 — i k  — k +  1

— m 2 +  M k  — ik  =  m,2 +  ( M  — i )k  =  m 2 +  ck 

and 0 <  d <  ck. So

Xq2/q £ H 0( O ( m i , m 2)) 

x l0yJQdx0 e H ° ( Q l (mi ,  m 2))

and

j l ( x l0y30dx0 <g> x cQy*) =  Xo+cyo+d^ o  =  dx0.

Therefore / i is onto X ( m \  +  m i , m 2 +  m 2)-

Case 2, “pure dy0” :

Consider the basis element in y ( m \  +  m 1,m 2 +  % )•  We know m\ +  m i >  0. 

Assume m 2 +  m 2 >  2. (Otherwise, + m i ,m 2 +  m 2) =  0). Choose M , N  such 

tha t

x ! f y o d y 0 e y ( m x +  m x, m 2 +  m 2) C  +  rhi)Cx +  ( m 2 +  rh 2) C 2) ) ,

so tha t

0 <  M  <  m i  +  rfi i,

0 <  N  <  m 2 +  m 2 +  M k  — 2.

We need to find a, c such tha t 0 < a < m i , 0 < c < m i ,  and a  +  c =  M .
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Case 2a: M  <  m j

Choose c =  0 ,a  =  M .  Since rh\ >  0, 0 =  c <  rh i. Also, since a  =  M  and 

0 <  M  <  m i,  0 <  a  <  nri\.

Case 2b: m\ <  M  <  m i  +  rhi

Choose c =  M  — m i ,  a  =  m i- Since m i +  rhi >  M ,  rhi >  M  — m i  =  c. Also

m i >  0, so 0 <  c <  m i. Since m i >  0 and a  — m i, 0 <  a  =  m x.

These two cases have shown tha t there exists a  and c such tha t 0 <  a  <  m i , 0 <

c <  rhi,  and a  +  c =  M .  Next, we find d, and w ith  d +  ft — N  such tha t

0 <  (3 <  m 2 +  ak  — 2 and 0 <  d <  m 2 +  ck.

Case 2c: N  <  m 2 +  ak  — 2

Choose /3 =  N  and d =  0. Then 0 =  d <  m 2 +  ck, since m 2 >  0, A: >  1, and

c >  0 from  the above two cases. Also (3 =  N  <  m 2 +  a k  — 2 and N  >  0, so

0 <  P <  m 2 +  a k  — 2.

Case 2d: N  >  m 2 +  ak  — 2

Choose (3 =  m 2+aA; —2 and d =  N  — (m2+ a k  — 2). Then (3 >  0 since m 2 >  2, a  >  0

from the above cases, and A; >  1, so 0 <  /? =  m 2+aA:—2. Also TV— (m 2+aA:—2) >  0,

so d >  0. ( I f  d =  0, case 2c applies.) Since N  <  m 2 +  m 2 +  M k  — 2, then

iV — m 2 — a k  +  2 <  m 2 +  m 2 +  M k  — 2 -  m 2 — a k  +  2

=  m 2 +  M k  — a k  =  m 2 +  (M  — a)A; =  m 2 +  ck 

and 0 <  d <  ck. So

x c0yo e H 0{O { rh i , rh 2))
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XovSdyo 6 H ° { Q 1{m u m 2))

and

f i { x ^ d y 0 <g> x c0Vq) =  x%+cy$+ddyQ =  x ^ y * d y 0.

Therefore (i is onto y ( m i +  m i, m 2 +  m 2).

Case 3, mixed case:

Consider the basis element in M { m \  +  m 1,m 2 +  m 2). We know m\ +  rhi >  2. 

Assume m 2 +  m 2 +  fc >  1. (Otherwise, M ( m i  +  m i, m 2 +  m 2) =  0). Choose P , Q 

such tha t

x oVo(wo) e -M (m i +  m i , m 2 +  m 2) C  H%(Q,l ( (m i  +  m i)C i +  (m 2 +  m 2)C 2)), 

w ith

ic0 =  y o ^ o  +  k x 0dy0

so that

0 <  P  <  m i  +  ffi\ — 2,

Q =  m 2 T  m 2 T  k P  T  k — 1 >  0.

Case 3a: P  <  r r i\  — 2.

Choose c =  0 , i  =  P. Since rd\ >  0, 0 =  c <  m i. Also since i  =  P, and 

0 <  P  <  m i  — 2, then 0 <  i  <  m\  — 2.

Case 3b: m i — 2 <  P  <  m\ +  rfi\ — 2.

Choose i  =  m j — 2, c =  P  — m i +  2. Since m i >  2, 0 <  i  =  m* — 2. Also,
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m i  ~  2 <  P  <  m i +  rhi ~  2, so 0 <  P  — m \  +  2 <  m i and 0 <  c <  rh\.

In  any case, there exists i  and csuch tha t 0 <  i  <  m i —2,0 <  c <  rh\, and i + c  =  P. 

Next, we focus on finding d and j  w ith  d + j  — Q  such tha t 0 <  j  <  m? +  i k  +  k — 1 

and 0 <  d <  rh2 +  ck.

Case 3c: Q <  m 2 +  ik  +  k — 1.

j  =  Q ,d  =  0. Then 0 =  d <  rn2 T  ck since m 2 >  0 , k  >  l , c  >  0. Also 

0 <  j  <  +  k i  +  k — 1 since Q =  m 2 +  m 2 +  /cP +  /c — 1.

Case 3d: Q >  m 2 +  ik  +  k — 1.

Choose j  =  m 2+i/c+A;—1, d — Q —(m2+ i k + k —1). Then j  >  0 since m 2 >  2, z >  0, 

and k >  1, soO <  j  =  m 2 +  ik  +  k — 1. Also d >  0 since Q =  m 2 +  rh2 +  k P  +  k — l  

and m 2 +  rn2 +  k P  +  k — 1 >  m 2 +  ik  +  k — 1 since m 2 >  0 and P  >  i  (from  the 

above). Since Q  — m 2 +  m 2 +  A:P +  /c — l  =  m 2 +  7fi2 +  /c(c +  i) +  A: — 1, then 

d =  Q — (m2 +  ik  +  k — 1) =  m 2 +  ck and 0 <  d =  m 2 +  ck. So

argj/o e H 0( O ( m i , m 2)), 

x Wo(wo) e ^ ° ( ^ 1( ^ i , ^ 2 ) ) ,

and

f r{xt0y30w0 ® xly$) =  ( ^ ^ ( P 0j/ ^ 2+fcl+fc_1)(u;o) =  x ^ y ^ ( w 0).

Therefore j l  is onto Ad (m i + m i , m 2 +  m 2).
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5.3 M ultiplication M aps, General Toric Surfaces

This section is incomplete. Its  completion w ill be part o f fu rther work at a la ter 

date.

Let S' be a smooth toric surface given by the fan {(a ,, &2)}" jj,1 w ith  D  =  

a divisor on S, for i  =  1 ,2 ,..., n.[17] Consider

H°(S, 0 { m \ C i  +  m 2C2 +  ... +  m nCn)) =  m 2, ..., m n)

w ith  basis {^o2^oI771! +  a«c +  bid >  0, i  =  1,..., n }  and c, d >  0 (Theorem 4.11).

The m u ltip lica tion  map, in terms of the above basis, is defined as

fj,n : H ° ( m i , m 2, . . . ,mn)<8>H°(mi,m2, . . . ,mn) ->• / f ° ( m i+ m i ,m 2+ m 2, . . . ,mn+ m n)

(5.5)

and is given by

K s /o ) ® {x qVo) *-»■ 4 +cvd0+d.

From an unpublished manuscript by Fakhruddin [6], we have the following theorem:

T h e o re m  5.6 [6] Let S be a smooth projective toric surface, C an ample line 

bundle on X ,  and M. a line bundle on S which is generated by global sections. 

Then the mult ipl ication map H°(S,  C) <8> H°(S, A i )  —>• H ° (S , C ® A i )  is surjective.

The proof is straightforward, along the lines o f the proof o f Proposition 5.2, but 

uses the geometry o f the i f 0-polygons more explicitly.

Thus, we have the following theorem:
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T heorem  5.7 [6 ] The m u lt ip l ica t ion  map

ptn : H 0(m u m 2, ...,m n) ® i / 0(m i,m 2, ->• i / 0( m i+ m i,m 2+ m 2. ...,m n +  m n)

given by

(xoVo) ® ^  x o+C2/o+d

*s surjective, i f  m \C \  +  m 2C2 +  ... +  m nCn is ample and rh\C\ + r h 2C2 +  ... +  rhnCn 

is generated by global sections.

Next we w ill consider the following:

D e f in it io n  5.8 Multipl ication maps, /x „((m i, m 2, ..., m n)(rhi ,  rh2, ..., rhn)),

f in : H°(S,  +  m 2C2 + . . .  +  m nCn)) ® H°(S,  0 { r h \C i  +  rh2C2 + . .  4- rhnCn))

—>• H°(S,  f l 1 ( (m i  +  rh\)C\  +  (m2 +  rh2)C2 +  ... 4- (m n 4- rhn)Cn)) 

are defined as

u  hui

We would like to  prove an analog of Theorem 5.4 for general toric  surfaces. For 

th is  purpose, we state the following theorem from  Maclagan and Sm ith [14]:

T h e o re m  5.9 [14] Assume C C  K  and dimRpos(C) — r. I f m  — Z/C and the sheaf 

T  is m-regular, then the natural map

H ° ( X , F ( p)) ® H ° ( X ,  Ox (q) -> H ° ( X , T ( p +  q))

is surjective fo r  all p  e m  +  NC and all q  e NC. In  particular, the sheaf .F(p) is 

generated by global sections.

We would like to use th is theorem to  show tha t f in is surjective and believe i t  is
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entirely appropriate, but at th is time, I do not fu lly  understand it ,  hence cannot 

prove i t  is applicable to the analysis o f the m ultip lica tion  map, /i, in  D efin ition 

5.8. Therefore, th is is an item  for fu rther exploration.
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Chapter 6

Double Covers, w ith Exam ples

6 .1  T h e  D o u b le  C o v e r  C o n s tru c t io n  in  S u rfa c e  T h e o ry

In  this section, we w ill discuss double covers for surfaces, specifically looking at 

the relationship between line bundles and one-forms on a covering space and the 

base space o f a double cover. We w ill be using largely as reference Barth , Peters 

and VandeVen [1].

Let Y  be a smooth projective surface and £  be a line bundle on Y  such tha t 

£®2 =  £  <S> £  has a section s. Then D  C Y  is the divisor corresponding to  the 

zeroes o f the section s. Let L  be the to ta l space o f £  w ith  p  : L  —> Y,  the line 

bundle projection. Then the pullback bundle p*£  is a line bundle on L . [ l ]

p *£  -

p*L  -

i p  T 1 

L

L

i p

Y

£ (6.1)

By defin ition, p*L  — {(a , b) t  L x  L \  p(a) — p(b)}.  Now, there is a section t of 

p*£  defined by t(e) =  (e, e) e p * L , where e e L  and t  is a section o f p*£  since p  is 

defined by p(a, b) =  p(a).  Define X  =  {z  t  L\  (p*s — t 2)(z) =  0}. Then X  C  L.
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Define 7r : X  —> Y  as p\x-

Another way o f viewing double covers is as follows. I f  you have L,  a locally free rank 

one C?y-module and a section s o f C®2, you can form  an CV-algebra on Oy  © L ~ x 

and define X ,  the double cover o f Y  as Spec(C>y <g> L ~ l ), up to  isomorphism.

Locally, X  is defined by an equation s =  t2. Assume characteristic not equal to  2, 

over a point o f Y  where s /  0, one has 2 points of X .  Over a po in t o f Y  where 

s =  0 we have only one point o f X .  Then {s  =  0} C Y  is the branch divisor, D.  

D  is a divisor, non-negative, in the linear system of C®2.

So double covers o f Y  are determined by a line bundle £  and an effective divisor 

D  in the linear system determined by £ 02. I f  the divisor D  is locally defined by 

s =  0, then the double cover is locally defined by t 2 =  s.

P ro p o s it io n  6.2 Let Y  be a smooth compact surface and C be a line bundle on 

Y  such that C®2 has a global section s, not identically zero. Then there exists a 

surface X  and a map n : X  —> Y  such that

1. O y (D )  =  C®2.

2. D  is the divisor on Y  corresponding to the section s.

3. D  is an effective divisor in the linear system of C®2.

4 . X  is smooth at x 0 i f  and only i f  s is smooth at tt(xo). Thus X  is smooth i f f  

D  is smooth.
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So singularities o f X  correspond to  the singularities o f the branch locus o f D.

We call th is together w ith  the map n : X  —> Y  the double covering o f Y  branched 

along D,  determined by the line bundle £.[1]

L e m m a  6.3 (Barth, Peters, and VandeVen [1]) Let it : X  —> Y  be the double 

covering o f Y  branched along a smooth divisor D  and determined by the line bundle 

C, i.e. C®2 =  O y {D) .  Then

1. K x  =  ?t* { K y ® C ) .

2. 7T* & x  “  O y ® C ~ 1.

L e m m a  6.4 (see e.g. Duflot  [4]) Let it : X  —» Y  be the double covering of  Y  

branched along a smooth divisor D  and determined by the line bundle C, i.e. £®2 =  

O y (D). Then

'K*Pllx  =  Qy © (Qy( logD)  ® £ -1).

6.2 A Simple Example: P 1 x P 1 as a Double Cover of P 2

Consider the map it : P1 x P1 —» P2 defined by

7r([a, 6], [c, d}) =  [ac, ad +  bc^

We can see th is map is well defined by considering

7t(A[a,b\, ix[c, d]) =  7r([Aa, Xb], [/xc,/id])

.. Xfiad +  Afibc . ad +  bc , n
=  [A/xac,  --------- , A/iodj =  Afi[ac, — - — , od]

Z Li
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We w ill compute 7r_1[Z0, Z 1; Z 2] for every [Z0, Z x, Z 2\ e P2. Suppose ([a, b], [c, d]) e P ' x

P1 is such tha t 7r([a, 6], [c, d]) =  [Z0, Z x, Z 2\. Then

Case 1: Let [Z0, Z\ ,  Z 2] — [1, Z x, Z 2\ e t/o(P2) be a fixed point.

Case la : I f  Z \  /  Z 2, let D  be any fixed complex number such tha t D 2 =  Z 2 — Z 2. 

Clearly Z\  +  D  /  Z x — D  since D  /  0. Therefore

^ ( [ I j  Z\  +  D\,  [1, Z i  — D])  =  [1, Z u Z 2\,

7r ( [ l ) Z\  — D\,  [1, Z\  +  D ]) =  [1, Z\,  Z 2}.

Also, i f  7r([a, b\, [c, d]) =  [1, Z\,  Z 2\, then either ([a, b], [c, d]) =  ([1, Z\  +  D],  [1, Z\  —

D])  or ([a, 6], [c, d}) =  ([1, Zx -  D],  [1, Z x +  D}).

Case lb : I f  Z \  =  Z 2, then

7T([1, Z x], [1, Z x\) =  [1, Z X, Z 2] =  [1, Z x, Z 2]

and i f  7r([a, b\, [c, d]) =  [1 , Z X, Z 2\, then ([a, 6], [c, d}) =  ([1, Z x], [1, Z x]).

Case 2: I f  [0,1, Z 2] e (P2 -  U0(P2)) n  Ux(F2), then

tt( [2, Z 2], [0 ,1 ])  =  [0 ,1 , Z 2]

tt([0 , 1], [2, Z 2]) =  [0,1 , Z 2] 

and i f  n ([a, 6], [c, d}) =  [0,1, Z 2], then

( M , [ c , d ] )  =  ([2, Z 2], [0,1]) or ({a,b],[c,d}) =  ([0,1], [2, Z 2]).

Case 3: The only remaining point in  P2 is [0,0,1] and

*- '({[<), 0, 1]}) =  {([0, 1], [0 , 1])}.
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Therefore, by defin ition, 7r : P1 x P1 —> P2 is a covering map, specifically a double 

cover, branched along the smooth quadric defined by Z \  =  Z 2 in U0.

6.3 The Relationships between Cohomology on X  and Co­

hom ology on Y

We first state some general theorems about sheaf cohomology w ithou t proof. Refer­

ences include G riffiths and Harris [8], Harris [9], and Barth, Peters, and VandeVen 

[ 11-

T h e o re m  6.5 (An application of  the Leray Spectral Sequence)

Let 7T : X  —» Y  be a double cover branched along a smooth divisor D  and determined 

by C, with T> =  C®2. Let T  be a sheaf on X . Since it has f in i te fibers, the Leray 

spectral sequence fo r  it degenerates, and

W i Y n + f )  ^ H l (X, J=)

fo r  every i  >  0.

T h e o re m  6.6 (The Projection Formula, applied to Double Covers)

Let 7r : X  —> Y  be a double cover branched along a smooth divisor D  and determined 

by C, with V  =  C®2. I f  J- is a sheaf on X  and Q is a locally free Oy-module of  

f ini te rank o n Y  (i.e. a vector bundle on Y ), then

® 7t*Q) =  <g> Q

as sheaves.

101

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



For example, if Q is a locally free sheaf on Y  and T  =  Ox , then

7T»7T*£/ =  7r * ( O x  ® 7T*g) 9* 7Tf O X ®  Q =  ( O y  © jC"1) ® Q =  Q ® { £ - '  ® 0).

Now, let £  be a locally free sheaf on Y.  By Theorem 6.5 above,

H l ( X , 7T*(0)) “  7r*7r*(g)) “  LP(F, Q) ® LT(F, C r x ® £).

Hence we have the follow ing theorem:

T h e o re m  6.7 I f i r i X —t Y  is a double cover branched along a smooth divisor D,  

D  =  2L, G a divisor on Y ,  and E  =  n*G, then

H \ X ,  Ox { E )) ^  W (Y ,  O y {G)) © W {Y ,  0 Y{G -  L)).

Also i f  7T : X  —> Y  is a double cover branched along a smooth divisor D,  D  — 2L,

G  a divisor on Y,  and E  =  ty* G , then

W i X ^ x i E ) )  ^  W i Y n ^ i E ) ) )

^ H \ Y M ^ lx ® O x { E ) ) )

“  F P (y ,7 r* (^  ® 7T*C>r (G)))

^ # ‘ ( ^ 7 ^  ®C ?y(G ))).

Now, by Lemma 6.4,

7r»f2^ =  f iy  © (riy(log  D )  <g> £ _1).
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Therefore

H l ( X , Q xx (E))  “  /T (T , f iy (G ))  ® W i Y ^ y (log D ) ® G (G  -  L)),  

which we state in the follow ing theorem:

Theorem  6.8 I f i r ' . X —t Y  is a double cover branched along a smooth divisor D,  

D  =  2 L,  G a line bundle o n Y , E  — 7r*G, then

H l ( X , ^ { E ) )  *  H l {Y, f ly (G ))  © IP(Y,  O y (G -  L)  ® fiJ,(log(£>))).

6.4 Double Covers of Hirzebruch Surfaces

Again, let D  be a smooth irreducible curve on ¥ k and n  : X  —> F fc be a double cover 

o f F fe, branched along D , X  is uniquely determined by D , up to  isomorphism, and 

X  is smooth. Let L  be a line bundle on Ffc, 2L  =  D,  and L  be linearly equivalent 

to  aCi+f3C2,  so tha t D  is linearly equivalent to  2aCi +  2f3C2- Since D  is a smooth 

curve, a,(3 >  0.

We know tha t K x  =  +  L)  =  Tr*((a — 2)Ci +  (f3 +  k — 2)G2).

Lemma 6.9 (Barth, Peters, and VandeVen [1], page 237; pages 273-274)

a) Pg( X )  =  Pg(¥k) +  h°(Ffc, K Fk +  L)  =  0 +  h°(¥k, (a -  2)CU (/? +  fc -  2)C2).

b) I f  D \ , D 2 are two divisors on Ffc, then

■ 7t*(.D2) =  2{D\ ■ D 2).

Thus,

c) c , ( X f  =  K \  =  (^(A T f. +  L ) f  =  2(ATF> +  L f  =  +  2K Ft -L +  L- L)  =

16 +  4 K Fk ■ L  +  2L ■ L, since K p k =  8.
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Also

d) C2 (X )  =  2c2(F^) +  2(L  • K y k) +  4(L  • L ) =  8 +  2L-  KYk +  4L  • L , since C2(F^) =  4.

e) x ( X )  =  2X (Ft ) 4- | ( L  ■ K Fk) +  \ ( L  ■ L)  =  2 +  i ( L  • f f F.)  +  | ( i  ■ £ ).

Lemma 6.10 Let X  be defined as above.

1. I f  a  >  2 and /3 +  k > 2 ,  then q ( X ) =  0.

S. I f  a  =  1, then q {X )  — 0 V/? >  0.

3. I f  a  =  0, t/ien <?(X) =  ft — 1 V/3 >  1.

PROOF: By our definitions, we have tha t L + K i? k =  ( a —2)Ci +  ( 0 + k  — 2)C2. Then 

x (X )  =  2 +  | ( L  • +  L  • L ) and pg( X )  =  /i° (F fc, A f*  +  L ) by Lemma 6.9 above.

By Corollary 4.5, i f  a  —2 >  0 and (3 +  k — 2 >  0, then h°(F fc, L  +  X p J  =  x { L  +  K-pk). 

By Theorem 3.13, th is is equal to | ( L  +  A " fJ ( I/)  +  1. Hence pg( X )  =  x ( X )  +  1- 

Therefore q (X )  =  0 i f  a  >  2 and /3 +  k >  2.

Now suppose a  =  1. Then pg( X ) =  h°(F*, L + X f J  =  h°(—lC \  +  ({3+k — 2)C2) =  0 

by Lemma 4.4. We know tha t q (X )  =  1 — x (^ 0  +  0 and x ( ^ 0  =  2 +  | ( L  ■ K pk +  L  ■ 

L)  — 2 + | ( l ,  /5)( (—2, A:—2)+(1 , /?)) = =  2 + ^ ( —k —/?+&—2+/3) =  1. Hence, q (X )= 0 .

Now consider a  =  0. Again pg{ X )  =  0 by Lemma 4.4. Also x ( ^ 0  =  2 +  

|(0 , /? )(-2 , 0  +  f c - 2 )  =  2 - 0 .  Hence, 9(X )  =  1 -  ( 2 - / 5 )  +  0 =  0 - 1 .

6.4.1 D eterm ining the Kodaira D im ension of X

Let 7r : X  —> T  is a double cover branched along a smooth divisor D, D  =  2L, K x  

the canonical divisor and K x  =  i r *{KYk +  L).  Also let t >  0. Then le t’s compute
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H °(X ,  t K x ).

H ° ( X ,  t K x ) =  H ° ( X , t i r * { K Y +  C)) by Lemma 6.3

=  H ° ( X , n * ( t K Fk +  t £ ))

=  H ° ( F k, w * ( t K Fk+ t Q )

=  H ° ( ¥ k, ( K Fk ® £ ) ‘ ® i r*Ox )

=  H ° ( Ffc, f*TFfc +  tC) © t K Fk +  ( t -  1 )£).

Since t K Fn +  t £  =  t (a  — 2)C\ +  t(f3 +  k — 2))C2, we can compute exactly the 

dimension o f the summand above corresponding to  this divisor, i f  a  and (3 are 

large enough. Indeed, i f  A >  0 and B  >  0, then

ft°(F t , 0 ( A C t +  B C 2)) =  (A +  1 )(B  +  1) +  M ( ^ + 1 ) .

Thus, i f  a  >  2, (3 +  k — 2 >  0 (recall t >  0), then

A°(F*. 0 ( t K Fh +  (£ )) =  (t(a -  2) +  l)(«(/3 +  *  -  2) +  1) +  ~  2)t«(c» -  2) +  1) _

Com puting the coefficient of f2 in th is formula, we get

(a - 2 ) ( 0  +  k - 2 ) + k ( a ~ ' 1)2 = ( a - 2 ) ( P - 2 + k- a ) .

This coefficient is zero (given the conditions above) i f  and only i f  a  =  2 or 

/? — 2 +  =  0. Note tha t i f  (3 — 2 +  | a  =  0 then /3 =  2 — |a .  B u t f3 >  2 — k,

so 2 — |ct; >  2 — A; or |  <  A;. So f  <  1 or cr <  2. Thus, i f  a  >  2, X  is o f general type.

I f  a  =  2 and (3 +  k — 2 ^ 0 ,  then X  has Kodaira dimension 1.
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Chapter 7

The Gaussian Map

In  th is chapter, we w ill define and discuss the Gaussian map. P rim ary references 

are Wahl ([23], [22]), G riffiths and Harris [8], and D u flo t/M iranda  [5].

7.1 Gaussian Maps on Projective Varieties

Once again, consider the m ultip lica tion  map where X  is a smooth projective variety 

and T  and Q are line bundles on X ,  defined as follows:

p : H ° { X ,  F )  ® H ° { X ,  Q) H ° ( X ,  T  <g> Q)

given by

p(s <8> t) =  st.

D e fin it io n  7.1 Given the mult ipl ication map, p, then kerp  =  7Z(!F,Q) [23].

Given an open set U  C X ,  let T  be a generator o f J-\u- Let a  =  ° i ® Ti £ ^ (.T7, Q)- 

Then we can write cr, — f { T  locally for som e f i  e Given a generator S

of Q\u, then we can w rite  r* =  giS locally for some gi e H°(Ou)- (Note tha t
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J2 fi9i  =  0-) Then we can define the Gaussian map

fidgi -  gidff) ® T ® S e  H 0̂  ® F  ® Q).

This is well defined, proof in W ahl [21], page 123.

I f  F  ~  Q, then A 2H ° ( F )  C F { F ,  F )  by identify ing a  A t  w ith  o ® t  — t ® o ). Then 

we restrict the domain o f t °  A2H ° ( X ,  F ) .  We w ill w rite  =

$X,T-

: A 2H ° { X ,  F )  -> H ° { X ,  Qlx  ® F 2)

is given by, i f  a  =  f T  and t  — g T  locally,

® x , A a  A T) =  (f d9 ~  gdf)  <S> T  <g> T[23].

We can verify th is w ith  the following computation:

=  \ { [ { f d g  -  gd f ) ® T  ® T ] +  [ { - g d f  -  f d { - g )) ®  T  ® T})

=  - ( 2 f d g  -  2gdf)  ® T  ® T  =  (f d g  -  gdf)  ® T  ® T.

Hence, we have shown tha t the following diagram commutes:

77(JF, J -) 

\ (7.2)
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and

im  <&x ,f  =  im  $ x ,t ,t - 

I f  C , M ,  and M  are line bundles, then there is a commutative diagram:

n ( C , M ) ® H ° ( f f )  H \ Q } ® C ® M ) ® H ° { A f )

I  a i  fi

K I C , M  0 A') '*' ‘4''“ ' H " m '  0 £0.M 0.4)
(7.3)

where the horizontal maps are defined using Gaussian maps as indicated and the 

vertical map, fi, is a m u ltip lica tion  map, as defined in Section 5.2. The map a is 

defined by

(Y  Oi ® Ti)  ® hT '  A  ^ ( c r ,  0  h T i ) .

To see tha t the diagram is commutative, and using the notation and defin itions 

from  earlier in the section, i f  hT '  is a local representation for an element o f H ° (A/-),

(Y  <*i ® Ti) ® hT '  * x 'ĉ ® %d ' Y i f i d g i  -  gidfi) ® T  ® S ® h T 1.

Also

Y ( ai ® hTi ) h Y ( f i d9i ~  9idf i )  ® T  ® S ® T

since

® ^ r *))

=  Y ^ id^hgi) ~  (h9i)df i ) ® T  ® S ® T  

=  Y ^ hdgi +  9idh) -  h gidfi) ® T ®  S ® T '

=  lh Y ^ idgi ~  gid f i ) +  ® T ® S ® T ' ,

but Y l ( f i9 i )  =  0.
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By definition of the multiplication map, /},

^ 2 { f i d g i  -  gtdfi) ® T ® S ® h T '  A h  X  (/<<*& -  gidfi) ® T ® S ® T ' .

So

( X  ^  ® a )  ® h T ' * x x & ° " ° a h ^ ( f i d Q i  ~  9idfi) ® T  ® S ® T '

and

( X ®  Ti) ® * 0* & C'M h X ( / i %  -  Qidfi) ® T ® S ® T ' .

Note the na tu ra lity  o f the Gaussian maps for /  : X  —> Y, f * Q , and / * £ ,  i.e. there 

exists a commutative diagram:

n { g , g )  * Y4 *  H ° ( n 1Y ® g ® g ) )

I  I  (7-4)

K ( f * g ,  f * g )  H 0 (n ix  0 ̂  g 0 f Q )

7.2 Gaussian Map, Curves on a Surface

Consider a surface S and any curve C on 5, w ith  D  defined as a divisor on C, 

the line bundle associated to  the holomorphic 1-forms on C. This is the canonical 

line bundle on C. Then the Gaussian map for th is data is:

4>c ,d  ■ A 2 H°(C,  O( D) )  -> H°{C ,  0 ( 2 D )  ®  «£,)•

By the Ad junction  Formula (Theorem 3.12), i f  C  C 5, we have a relationship 

between the canonical divisor on S and the canonical divisor on C:

K c  =  (K s ®[C})\c,
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or

Oc (K c)  =  (Os{Ks) ® O s( C ) ) \ c ,

or

>1 _  rn 2

In  other words,

Q}c =  Oc{Kc) =  Os(Ks +  C) |c-

There is a commutative diagram (from D u flo t/M iranda  [5], page 449):

A2 H°{S,Os(Ks +  C)) 0S'^ I+C //°(5,C>(2A:S +  2 C ) ® ^ )

4, a

I  res H\C,Q}s{2Ks +  2C)\c ) (7.5)

l b

A2 H°(C, Oc(Kc))  0C4 C f f° (C , 0 ( 2 K C) 0  ^ ) [ 5 ] ,

(7.6)

where res, a, and 6 are defined below.

The restriction map, res, on the exterior product comes d irectly  from  the exact 

sequence of sheaves (G riffiths and Harris [8], pg 139)

0 ^  Os{E -  C) ^  Os{E) ^  Os(E)\c ^  0 (7.7)

Setting E =  Ks  +  C and using the Ad junction  Formula to identify  Oc(Kc)  =
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n h  =  O s { K s +  C ) \c  yields

0 -> O s ( K s) O s ( K s +  C ) ^ Q 1c ^ O .  (7.8)

The associated long exact sequence in cohomology on S is

0 -> H°(S,  O s (K s ) )  -> H°(S,  O s ( K s +  C))  A  H°(S,

H ' i S M K s ) )  H \ S , O s ( K s +  C))  -> H l (S ,& c ) ->

H 2(S ,O s ( K s

(7.9)

The map, res, is the map on A2 induced by r  in  the above long exact sequence.

Thus, i f  ^ ( S i O s i K s ) )  =  0, then res is onto. So,

L e m m a  7.10 I f  S is a smooth surface, C a curve on S and q(S) =  0, then res:

A2 H ° ( S , O s ( K s +  C))  -» A2 H°(C,  Oc ( K c )) is onto.

PROOF: H l (S, O s { K s)) =  H \ S ,  Os ) by Kodaira-Serre duality, and H l (S, O s) =  

q(S). By assumption, q(S) — 0, hence the map res is onto.

Note: i f  q(S) =  0, then S is called a regular surface.

The vertical maps a and b are derived as follows: Taking E  — 0 in the short exact 

sequence 7.8 yields

0 —> O s { - C )  -)■ Os ->■ Oc  -> 0  (7.11)

w ith  O c =  Os\c-
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I f  we tensor the short exact sequence 7.11 w ith  Os{2Ks  +  2C) ® f ig,  recalling tha t 

f i s ( —) =  Os(—) ®  1^5 , this results in the sequence

0 ->• f i s (2 K s +  C ) -> f i s (2K s +  2C)  -> f i s {2K s +  2C)\c  - *  O.

Since tensor and extension by 0 commute,

Oc  ® O s (2 K s +  2C) ® f i s =  O c ®  f i s ( ^ s  +  2C) =  ^ ( 2 K s +  2C)\c .

The associated long exact sequence is

0 H ° ( S ,  n ' s ^ K s  +  C ) )  -> H ° ( S ,  n ' s t f K s  +  2C ) )  -> H ° ( S ,  12 (̂2K s  +  2 C ) \ c ) ->

H 1 (S, n ' s ^ K s  +  C ) )  -> i f 1 (5, S^(2Xs + 2C)) -> H 1 ( S ,  Q ^ K s  +  2C)|c ) ->

ir2(5,n^(2Xs +  c ))  - > ...

(7.12)

Now +  2C)\c) =  t f° (C , n^(2ATs +  2C )|c ). This yields the map a:

a : H°(S , f is (2Ks +  2C)) ->• t f° (C , ^ (2 A T S +  2C )|c ).

From the above, we have the following:

L e m m a  7.13 The map a : H°{S, ^ ( 2 K s +  2C)) ->• t f° (C , Q ^(2K 5 +  2C)\c ) is 

surjective i f  H 1(S,f is(2Ks +  C)) =  0.

This follows d irectly  from the long exact sequence 7.12.

Let T (C ) be the one dimensional tangent vector bundle for C  in  S, a sub line 

bundle o f T (S )|c , the two dimensional tangent vector bundle to  S. Add itiona lly , 

le t Nc/s  be the one dimensional normal bundle for C  in  S. By the Ad junction  

Formula, Theorem 3.11, N q/ S =  O s (—C)\c-
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Then the normal bundle sequence for N c/s is

0 —> T (C ) —> T (5 ) |c  Nc/s  —■► 0, 

where T (s )|c  — T(C') ® Nc/s  locally. Taking the dual of the sequence yields

o-+N*c/s-+(T(s)\cy ^ n c y -> o

Recall f i i,  =  T (S )*, and f i j ,  =  T (C )*. So f i^ |c =  (T (S )*)|C> and the dual and 

restriction commute, yie lding the sequence

0 —» N q/S —¥ f ig jc  —¥ 0.

Next, we tensor th is sequence w ith  Os{2Ks +  2C)\c- Now 

Os(2Ks +  2C)\c =  Os(2Ks +  C)\c 0  Os(2Ks +  C)\c =  Qb 0  Qh =  ( f£ ) 02, 

so the tensoring yields the exact sequence

o n*c /s  ® (fi^ ) 02 ->• 0 ( f i c ) ® 2 -> ® ( a h ) * 2 -> o.

Also

N*c/s <0 ( V b r  =  O s{ -C ) \c  0  Os(2Ks +  2C)\c =  Os(2Ks +  C)\c

f i s l c  ® ( f ic )®2 =  Ws 0  Os{2Ks +  2C))\c =  +  2C)\c

yielding the exact sequence

0 —>■ Os(2Ks  +  C) \c  f is (2 A s  +  2C)\c  —> (fie )® 3 0-
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The associated long exact sequence on C  is

0 H°(C,  O s (2 K s +  C) \ c)  H ° ( C , n s ( 2 K s +  2C)\c ) A  H°{C ,  ( f^ ) ® 3) ->

H \ C , O s {2K s +  C) \ c)  ^ H 1( C , n ls (2K s +  2C)\c ) H \ C ,  ( f^ ) ® 3) ->

H 2(C ,O s ( 2 K s +  C ) \c ) - > . . .

(7.14)

which yields the b map

b : H°(C, n xc (2K s +  2C)\c ) -» H°(C, (J^)®3).

Combining th is map w ith  the long exact sequence 7.14 yields

L e m m a  7.15 The map b : H ° ( C , Ql?(2R',s +  2C')|c) —>■ H°(C,  (f^s)®3) is surjective 

i f  H \ S , O s {2 K s +  C))  =  Q and H ° { S ,O s ( - K s )) =  0.

PROOF: Using the long exact sequence 7.14 above, b is surjective i f  H 1 (C, O s (2 K s +  

C) \ c)  =  0. In  addition, using the exact sequence 7.7 w ith  E  =  2Ks  +  C , we see 

tha t since the sequence

. . .HX(S, O s (2 K s +  C))  -> H l (C, O s (2 K s +  C) \ c ) -► H 2(S, O s (2 K s)) ...

is exact, H l (C, O s (2K s+ C ) |c ) =  0 i f  H x(S, O s (2K s+ C ) )  =  0 and H 2{S, O s (2 K s)) 

0. Kodaira-Serre dua lity  (Corollary 3.18) says H 2(S, Os{2Ks) )  =  H°(S, O s ( - K s ) ) .  

Hence the map b is surjective i f  H ’1(5, O s (2 K s + C ) )  =  0 and H°(S, O s (—K s )) =  0.

Recall the commutative diagram 7.6. We can now state the follow ing lemma: 

L e m m a  7.16 Given a surface S and any smooth curve C  on S. I f  

1. <f>s,Ks+c ■ A 2 H°(S, O s ( K s +  C))  ->• H°(S,  0 ( 2 K s -\-2C) (g ifi^) is surjective,
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S. H 1(S, ^ 5 (2 ^ 5  +  C )) =  0, and

3. H 1(S,Os(2Ks +  C ) ) ^ 0  and H°(S,Os{ - K s)) =  0.

then fa , k c '■ A 2 H °(C , O c { K c )) -»■ H °(C , 0 { 2 K C) ® surjective.

PROOF: Item  2 yields surjectiv ity  o f the map a and item  3 yields surjectiv ity  of 

the map b. Since the map 4 s ,k s + c  is surjective by item  1, then the map $ c ,k c is 

also surjective.
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Chapter 8

Surjectivity of the Gaussian Map

In D u flo t/M iranda  [5], conditions for the surjectiv ity  of $ f k ,D  are given. In  this 

chapter, we use th is result to  prove conditions for surjectiv ity  o f the more general 

Gaussian map, $Fk,Di,D2- To do this, we must first re-examine m u ltip lica tion  maps. 

O rig ina l work in th is chapter is Proposition 8 .2 . The reference for th is chapter is 

predom inantly D u flo t/M iranda  [5].

8.1 M ultiplication Maps on Hirzebruch Surfaces

Recall the m u ltip lica tion  map, Defin ition 5.1,

/ / ( (m i,m 2), (m i,m 2)) : H°(¥k, (mi,m2)) 0  H°(Ffc, {mu m2)) 

-> H°{Ffc, (mi + mi,m2 + ra2)).

We have defined the kernel o f th is map as

ker 11 =  (m i, m 2))-

We have the following proposition:

Proposition  8.1 (Duflo t/M iranda, [5])

116

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



I f  m 2 >  1 and m i >  1, then the Gaussian map,

:^ ((m b m2),(m i,m 2)) ^  H ° (¥ k, f l 1(2 m i,2 m 2))

is surjective.

PROOF: This is a direct translation o f Theorem 4.5 o f D u flo t/M iranda  [5], stated 

using a different basis for Pic(Ffc), m iC i +  m 2C2.

8.2 Gaussian Maps for Hirzebruch surfaces

The main result for th is section is:

Proposition 8.2 The Gaussian map,

$Fk ,m1c 1+ m 2C2 ,m 1c 1+ rn2c 2 ■ 7 7 ( ( m i , m 2) ,  (m 1,7n2)) -> H ° {¥ k, n 1 (m i +  r h i , m 2 +  rh2)) 

is surjective i f  m i , r h i  >  1 and m 2,rh2 >  1.

PROOF: We w ill be constructing two commutative diagrams using the Diagram

7.3. For s im p lic ity  o f notation, the F*. subscripts w ill be om itted. Consider the 

following:

Diagram 1

K { { 1 ,1), (m i,m 2))

T ai

n(( l , l ) , ( l , l ) )  ® H ° (m i -  l , m 2 -  1)

<f>2 <8> id

+ l,m 2 + 1))

II
p i ° ( $ 2  ®id)

+  l , m 2 +  1 ))

W °(0 1(2, 2)) ®  H ° (m i  -  1, m 2 -  1)
(8.3)
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D ia g r a m  2

n { { m l , m 2), (rnu m 2)) ^  / ^ ( f i ^ m i  +  rnu m 2 +  m 2) )

t a2 II
7^((m 1,m 2), (1 ,1 )) ® H ° (m i  -  l , m 2 -  1) / ^ ( ^ ( m i  +  rnu  m 2 +  m 2))

$ i  ® i d \  fi-2

m i +  1, m 2 +  1)) ® H °(rh i  — 1, m 2 — 1)
(8.4)

Here $ 1  =  <I)Ffc,Ci+C2,miC,i+m2C2) ^*2 =  4>Fa.,Ci+C2) and 4>3 =  ^>Ffc,miCi+m2C2,m1Ci+m2C2- 

F irst, we w ill show tha t i f  m i >  l , m 2 >  1, then

7 l( ( l ,  1), (m b m 2)) ^  H ° (Q 1(m i +  l , m 2 +  l ) )

(the firs t line o f D iagram 1) is surjective.

Let m i >  l , m 2 >  1. In  Diagram 1, $ 2 <g) id  is surjective by Proposition 8.1. From 

the supposition, m i >  l , m 2 >  1 , which meets the crite ria  for fix to  be surjective 

by Proposition 5.4. Therefore, Diagram 1 shows tha t

7£((1,1 ), (m i,m 2)) ^  ^ ( Q ^ m i  +  l , m 2 +  1 ))

is surjective i f  m i >  1 , m 2 >  1 .

Next let m i >  l , m 2 >  1 and m i >  l , m 2 >  1. From Diagram 2, we have tha t 

$  <® id  is surjective by the above argument i f  m i >  l , m 2 >  1. From the suppo­

sition, m i >  1, m 2 >  1 and rh\ >  1, m 2 >  1, , so f l2 is surjective by Proposition 5.4.
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Therefore the Gaussian map

$F*1m1Ci+maC2,miC1+ni2c2 : , m 2) , {rhx, m 2)) ->• iy ° ( f i1("»i + r h i , m 2 +  m 2))

is surjective i f  m \,rh \  >  1 and m 2, m 2 >  1-

8 .3  G a u s s ia n  M a p s  o f  G e n e ra l T o r ic  S urfaces

Recall the m u ltip lica tion  map, 5.5, defined as

/ i : H l { m i , m 2, . .. ,m n) ® H l ( m i , r h 2, ...,rnn) -»• -hrrii, m 2 +  m 2, ..., m n +  m „),

We define the kernel o f th is map as

ker // =  lZ ( (m \ , m 2, (m i,m 2, ..., ra „)).

We would like to  prove the su rjec tiv itiy  o f the Gaussian map on the kernel o f this 

m ultip lica tion  map, bu t firs t, we need to prove a version o f Proposition 8.1 for 

general to ric  surfaces using a lemma from  M urray [17]:

L e m m a  8.5 I f  D  =  m iC i +  m 2C2 +  ... +  m nCn is ample, then

7Z ( (m i,m 2, ..., m n), (m i, m 2, ..., m n)) A  i / ° ( f i 1(2m i, 2m2, ..., 2m „)) 

is surjective.

This would require surjectiv ity  o f m u ltip lica tion  maps

H°(S , I l \ j {m \C \  +  ... +  M nCn) &  H°(S, rh iC i +  ... +  m nCn)

-»  H°(S, (m i +  m i)C i +  ... +  (m n +  m n)Cn),
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and a suitable replacement for D iagram 1 in the last section. We hope Macla- 

gan/S m ith  [14], restated here as Theorem 5.9, w ill help solve our firs t problem. 

This proof w ill be le ft for completion in future work.
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Chapter 9

Gaussian M aps for Double Covers

In  this chapter, we w ill explore double covers in general, establishing theorems tha t 

we w ill la ter use w ith  toric  surfaces, Hirzebruch surfaces and curves on Hirzebruch 

surfaces. The prim ary reference for th is chapter is D uflo t [4].

9 .1  G a u s s ia n  M a p  w it h  L in e  B u n d le s

Consider smooth projective varieties X  and Y  o f the same dimension w ith  X  a 

double cover o f Y  o f degree 2 w ith  smooth branch locus D,  and the covering map 

7r : X  —»• Y;  the line bundle C t  P ic (Y )  is such tha t O y (D )  =  £®2. Recall from  

Lemmas 6.3 and 6.4 tha t

1. 7T*Ox =  @Y © £  *

2. 7r * (K y  <3> C) =  K x

3. 7T»f)^ =  f ly  © (£ _1 <g> f ly  (log D )).

Recall the discussion o f Gaussian maps from  Section 7.1. Given the map 7r : X  

Y . Let Q be a line bundle on Y. Consider the following Gaussian map:

A 2H ° (X ,  n*Q) * ^ 4 °  t f° (X ,(7 r*£ )2 ® f ^ ) .  (9.1)
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Using the discussion and isomorphisms o f Section 6.3, we may identify  w ith

the bottom  row of the follow ing diagram:

A 2H ° (X ,  tt*G) H ° ( X , ( n * g ) 2 0 Q1x )

4 =  4 =

A 2H°(Y, g  0  7u O x ) H °{Y , g 2 0  TT.fijf)

1 =  4 -

A 2H°(Y , g )  © A2H°(Y , g  0  C~l ) 0  (H°(Y, Q) 0  H°(Y , g 0  £ - ' ) )

H °(Y , g 2 0  f l y )  ©  H°(Y, g 2 0  f i ^ lo g D )  ® C - 1).

(9.2)

For ease o f reference, we w ill refer to the various components o f the lowest map of 

th is diagram as follows. Let:

U0 =  A 2H°(Y,g),

w 0 =  a 2h ° ( y ,  g  0  £ _1),

Vx =  H u(Y,g) 0  H°{Y,g 0  C - 1),

and

Ao =  H \ Y , g 2 0  9}Y),

A ,  =  H°{Y,g2 0  ( logD ) 0  £ ~ l ).

We have the following theorem from  D uflo t [4]:

T h e o re m  9.3 (Duflot [4]) Given the Gaussian map

A 2H °(Y , g) © A 2H°(Y , g 0 C ~ 1) ®  (H ° (Y , g) 0  H ° (Y , g 0  C - 1))

C/2® Q ^ ) ©  H°(Y , g2 0  f ly  (log D ) ®  £ - 1),
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then we have:

$ x , i r g \ v 0 '■ Vq —■y A 0 

*&x,n*g \ vi ■ V\ —> A\

$ x ,-k*q\w0 '■ Wo —> A 0,

and

^x,7r*a|v0 — ^ r e ­

consider the map

B  : H °(Y , Oy ® ^ 2 ® O y ( - D ) )  -> H°(Y , Q1 ® Q2)

induced by the short exact sequence

0 - *  O y { - D ) 4  0 y 4 0 f l - ^ 0 .  (9.4)

Recall tha t O y {D) =  C®2, so O y ( - D )  =  C~2.

T h e o re m  9.5 (Duflot [4]) Given the the map B  : H°(Y ,  ®  Q2 ® O y (  — D ))  —►

H°(Y, Q1 ® G 2), and the map

* x , * - g \ Wo ■ A 2H ° ( Y ,  g ® £ , - 1) ->  H ° ( Y ,  g 2 ®  Q ly )

then

$x,7r*elwo =  B  o $ Y,g®c-1-

Since the above sequence is exact, we know from the corresponding long exact 

sequence in cohomology

o -> h ° (y , l ~2 ® a ],  ® g 2) A  h °(y , n j,  ® g 2) ->. . .

123

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



th a t the map B  is injective. Combining this w ith  our earlier discussion o f Gaussian 

maps, we find tha t

rankfcx.^fflw ,, =  rank$y iff®£- i

and

rank$x,7r*s|vb =  rank$yi!?.

Taking the residue short exact sequence 4.25

0 —̂  f ly  —y f ly  (lOg D )  —̂  &£) —̂  0,

and tensoring i t  w ith  Q2 ® £ ~ x yields

0 —>• f ly  ®  Q2 ®  £ ~ x —¥ f ly  (log D ) ® g 2 ® £ ~ x —> O d ® g 2 ® £ ~ x —> 0.

Similarly, tak ing the short exact sequence 9.4 and tensoring i t  w ith  g 2® £ ~ x yields

o ->  Oy ( - d ) ® g 2 ® c ~ x A o Y ® g 2 ® c r x 4 o D ® g 2 ® c ~ x ->• o.

Therefore

... -> H °{Y , g 2 ® £~x) 4  H°(Y , o D ® g 2 ® £ ~ x)

-4  H x{Y ,g 2 ® £ ~ 3) -> H x(Y ,g 2 ® C ~ X)... (9.6)

is exact.

Let

n G m c - »: h ° {y , g ) ® H°(Y , g ® c ~ x) ^  H°(Y , g 2 ® £ ~ x) 

be the m u ltip lica tion  map as indicated in  the following discussion.
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We also have the following proposition:

P ro p o s it io n  9.7 (Duflot, [4]) There is a commutative diagram of exact sequences 

R { G , G ® £ - 1) H ° { Y , G ) ® H ° { Y , G ® C - 1) tlg'9̂ 12 H 0{Y,G2 ® C ~ l )

• I  ® q ,g ® c - '  1 § x ,-k *q \v 1 I ? '

H°{Y , D l ® G 2 ® C - 1) H°(Y , Ql (\og D ) ® G 2 0  C,~l ) -> H °(Y , O d ® G 2 ® C~l ).
(9.8)

Moreover, i f  fJ-gtg®c~1 surjective, and H l (Y, fly- ® G2 ®  £ -1 ) =  0, then this is a

commutative diagram of short exact sequences.

The proof of the proposition is in D uflo t [4].

This also leads to the following corollary:

C o ro lla ry  9.9 (Duflot [4]) I f  Hg,g®c~x is surjective, and H x(Y,GL\,®G2®C>~1) = 0 ,  

then the snake lemma gives an exact sequence

0 —> ker 1 —> ker $x,n*g\vi —> ker r  —»

cok <bg,g®c-1 ->■ cok $x,**g\vi cok 0.

A  fu rther result is tha t ker r  =  H°(Y , G2 ®  £ ~ 3) since 9.6 is exact. And

c o k  r  =  H 0( Y , O D ® g 2 ® £ - 1 )/hn r  =  H ° ( Y , O d  8>g2 ® C - ^ / k e r  S *  im  S C  H 1 (Y, Q2 <S> C ~3).
(9.10)

Note tha t im  6 =  H l {Y,G2 ® £ ~ 3) i f  H X{Y,G2 ® C~l ) =  0.
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Thus

Corollary 9.11 I f ^ g tg®c~l is surjective, H x(Y ,Q y® G 2® £ ~ x) =  0, and H X(Y,G2® 

£ ~ x) =  0, then coker r  =  H X(Y, Q2 <g> £ -3 ).

PROOF: Let f ig%g®c~1 be surjective, H X(Y, Sly ® Q2 ® £ ~ x) =  0. Since H X[Y, Q2 ®  

£ -1 ) =  0, then im  5 =  H X(Y,Q2 <g> £ -3 ), and equality follows d irectly  from  9.10 

above.

From the above corollary and Corollary 9.9, we now have have

... —> cok *&g,g®c~' ~ * c°k  ^x,ir*g\v\. —•* H X(Y, Q2 0  £  3) —> 0. (9.12)

This leads us to a additional corollary:

Corollary 9.13 I f  is surjective, H X(Y, Sly <g> Q2 ® £ _1) =  0, H X(Y, Q2 <g>

£~l ) = 0, and $Y,g,g®c-1 is surjective, then cok $x,ir*g\vi — H l (Y,Q2 ® £~3).

PROOF: From the sequence 9.12 and the given suppositions, we have a short ex­

act sequence. The surjectiv ity  o f $g,g®c-> in the sequence yields cok $x,n*gWi — 

H X(Y,G2 ® £ ~ 3).

Then:

Corollary 9.14 I f  Hg,g®c-X surjective, H X(Y, Sly ® Q2 ®  £ -1) =  0, H X(Y, Q2 ® 

£ ~ x) =  0, and §Y,g,g®c~l and $Y,g are surjective, then

corank &x,n'g =  h l (Y, Q2 ® £ ~ 3).
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Chapter 10

Gaussian Maps for the Canonical 
Divisor o f a Double Cover

In this chapter, we w ill expand our discussion o f Gaussian maps for double covers 

to  look specifically at the canonical divisor K x ,  paralleling some o f the theorems in 

chapter 9. We w ill also discuss the canonical divisor w ith  our two specific surfaces, 

smooth to ric  surfaces and Hirzebruch surfaces. The theorems and corollaries in 

th is chapter are m ostly original, except as cited.

10.1 General Discussion

Again consider smooth projective surfaces X  and Y  w ith  X  a double cover o f Y  

o f degree 2 w ith  smooth branch locus D , and the covering map 7T : X  —> Y;  the 

line bundle C e P ic (Y )  is such tha t O y (D )  =  C®2. Recall the Diagram 9.2. We 

know 7r*G =  K x ,  i f  G =  K Y +  L.

This yields the diagram of identifications:
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A 2H 0( X , O ( K x ))

1=

A 2H ° ( Y , 0 { K Y +  L ) ® i r * 0 x ) 

1 =

A 2H°(Y , 0 ( K y  +  L ))  © A 2H°(Y , 0 { K Y))

<D(Ky +  L ))  ® H °(Y , 0 ( K y ))) * 4 x H°(Y , 0 ( 2 K y  +  2L)  ®  f i j , )

@H°(Y, 0 { 2 K y  +  L )  ® riy ( lo g Z ))).

Again, for ease o f reference, we w ill use

V0 =  A 2H 0(Y ,O ( K y +  L)),

W0 =  A 2H ° ( Y ,O (K y )),

V, =  H°(Y , 0 { K y +  L ))  ® H°(Y , <D{Ky )), 

A 0 =  H ° (Y ,Q 1y (2K y  +  2L)),

A i  =  H°(Y, 0 { { 2 K y +  L )  ® ^ ( l o g  £>))).

From Theorem 9.3, we have tha t, given the Gaussian map <&x ,k x  then we have the 

following maps:

(10.1)

®X,Kx IV0 : Vo A 0

$ x ,k x  |vi : V i  —> A \

$X,Kx | Wo : Wo —> Ao,

and

$ X , K x  |Vo =  $ Y , K y + L -
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This leads directly to the following theorem:

T h e o re m  10.2 Given smooth surfaces X  and Y  with X  a double cover of Y  

with smooth branch locus D , and the covering map n : X  —> Y ;  the line bun­

dle L  e P ic (Y )  is such that O y (D )  — 2L. I f  H ° ( Y ,K y )  =  pg(Y ) =  0, then

corank § x ,k x =  corank <&ytKY+L +  h°(Y ,Q 1(\ogD)  ® 0 ( 2 K y  +  L)).

PROOF: Since H°(Y , K y )  =  pg(Y)  =  0, Wo =  Oand Vi =  0. Thus Ai/\m<&x ,Kx Ivy =  

A i  and A 0/<&x ,k x \w0 =  A)-

10.2 Gaussian Map for Double Covers of General Toric 

Surfaces

Let 5  be a smooth toric  surface, defined by a fan o f n  +  2 vectors as usual. Let 

7T : X  —̂ S be a double cover o f S branched along a smooth curve D,  such tha t 

D  ~  2ot\ +  ... +  2a nCn, a i are constant, and a* >  0, i  =  1, The line bundle 

L  satisfies 2L  =  D. Hence, L  ~  a.\ +  ... +  a n.

Since pg{S ) =  0, we have the following corollary to Theorem 10.2:

C o ro lla ry  10.3 I f  S is a smooth toric surface, ir : X  —> S be a double cover of S 

branched along a smooth curve D , with the line bundle L  such that 2L  =  D, then

corank $ x ,k x =  corank ®s,k s+l  +  h°{S, ^ { l o g D )  ®  O s {2K s +  L)).

From M urray [15], we have
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T heo rem  10.4 I f  S is a smooth to r ic  surface and K $  +  L  is ample, then

corank <&s,k s+l =  0.

Combining th is theorem w ith  the previous corollary yields:

Corollary 10.5 I f  S is a smooth toric surface, ir : X  S is a double cover of S 

branched along a smooth curve D , with the line bundle L  such that 2L  =  D , and 

K s  +  L  is ample, then

corank <&x ,k x =  h ° (S ,n 1(\ogD)  ® 0 $ {2 K s  +  L )).

Now we compute h°(S ,Q 1(log D )  <g> O s(2K s  +  L ))  using Corollary 4.5 results. 

Apply ing Theorem 4.32, w ith  E  =  2K s  +  L, D  =  2L  yields:

Theorem  10.6 I f  S a smooth toric surface and L  is as defined above, 

h 1{S ,O s {2 K s +  L ))  =  0 and h \ S , n 1s {2 K s +  L ))  =  0, then

h°(S,nls(log 2 L ) {2 K S +  L))

=  h°(S, f t^ (2 K s +  L ))  +  h°(S, O s (2 K s +  L ))  -  X (2 K s -  L )  +  h°(S, O s (L  -  K s )). 

Combining Corollary 10.3 w ith  Theorem 10.6 yields:

Theorem  10.7 I f  S is a smooth toric surface, X ,  L  are as defined above, 

hl {S,Os{2Ks +  L )) =  0, and h1(S,nl {2Ks +  L ))  =  0, then

corank $ x ,k x

-  corank $ s,k s+l  +  h°{S, +  L ))  +  h°(S, O s (2 K s +  L))

- x (2 K s - L )  +  h \ S , O s { L - K s)).
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Theorem 10.7 combined w ith  M urray ’s theorem about surjectiv ity  o f the Gaussian 

map (Theorem 10.4) yields:

T h e o re m  10.8 I f  h1(S ,Q 1(2 K s +  L ))  =  0, h1(S ,O s (2K s +  L ))  =  0, a n d K s +  L  

is ample, then

corank <&x ,k x

=  h°(S, t t ls (2 K s +  L ))  +  h°(S, O s (2 K s +  L ))  -  x (2 K s -  L) +  h°(S, O s (L  -  K s)). 

Combining Theorem 10.8 w ith  Lemmas 4.12 and 4.13 gives:

C o ro lla ry  10.9 I f  K s +  L  is ample and 2K s  +  L  is ample, then

corank $ x ,k x

=  x (O s (2 K s +  L))  +  2K s +  L))  -  X (2K s — L) +  h°(S, O s (L  -  K s )).

We w ill now use these to compute specific values for the corank. Since we have tha t 

X(2K s+ L )  =  I ( 2 K s+ L ) { K s + L ) + l m d X { 2 K s - L )  -  i ( 2 ^ 5 - L ) ( ^ 5 - T ) + l f r o m  

3.10 and 2K s  +  L ))  =  (2K s  +  L )2 — n  from  4.13, expanding, we get tha t

x (O s (2 K s +  L ) )  +  x ( ^ ( S ,  2K s +  L ))  -  X (Os (2 K s -  L))

=  1- { 2 K S +  L ) ( K S +  L)  +  1 -  i ( 2 K s -  L ) ( K S -  L) -  1 +  (2K s +  L ) 2 -  n 

=  \ { 2 K 2 + 3 K s - L  +  L 2) -  \ { 2 K 2s - 3 K s - L  +  L 2) +  (4K 2 +  4 K S ■ L  +  L 2) — n
z z

=  4 K 2s +  7K s - L  +  L 2 - n

=  4(10 -  n) +  7K s ■ L  +  L 2 -  n

by Theorem 3.20

=  40 -  5n +  7 K S • L  +  L 2.
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Hence

C o ro lla ry  10.10 I f  X ,  S, and L  are as above, K s +  L  and 2K s  +  L  are ample, 

then

corank $ x ,k x =  40 — 5n +  7 K S ■ L  +  L 2 +  h°(S, O s (L  — Ks))-

10.3 Gaussian Map for Double Covers of Hirzebruch Sur­

faces

Let 7r : X  —̂  Ffc be a double cover o f F*, branched along a smooth curve D , such 

tha t D  ~  2aC\ +  2/3(72, a  >  0,/3 >  0. The divisor L  satisfies 2L  =  D. Hence, 

C, ~  a C i  +  /3C2-

We w ill address specifically Corollary 10.10 for Hirzebruch surfaces:

C o ro l la ry  10.11 I f  X , ¥ k, and L  are as described above, and a  >  5, /3 +  2k >  5 

and /3 +  2 — k >  0, then

11 3
corank $ x ,k x =  39 +  ~^KYk ■ L  +  - L 2.

PROOF: We w ill use Corollary 10.10. To have K p k+ L  =  (—2 + a )C i  +  (k — 2+0)C2  

and 2K ?k +  L  =  (—4 +  a )C i  +  (2k — 4 +  /3)C2 ample using Theorem 4.10, we need 

a  >  5 and /3 +  2k >  5, which we assume. Then Corollary 10.10 says

corank $ x ,k x =  30 +  7KFk ■ L  +  L 2 +  h°(¥k, OYk(L  — K pk)).

We have tha t L  — K y k =  (a. +  2)C i +  (/3 +  2 -  k )C 2- Using Lemma 4.5, since
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a >  5, a  +  2 >  0. By supposition, /3 +  2 -  A: > 0, therefore we can compute

fc°(Ft , O f , (£  -  /fF ,)) = x ( L ~ K )  =  \ ( L -  K?„)(L -  2ATF,)  +  1

= i(L 2 -  3L ■ ffF, + 2A-{.t) + 1.

Substitu ting th is in to  the above yields:

corank § x ,k x =  30 +  7K Fk ■ L  +  L 2 +  \  {L 2 — 3L  ■ K Fk +  2/Cpfc) +  1
z

=  30 4- 7 K Fk ■ L  +  L 2 +  \ l 2 -  ■ K Fk +  (10 -  2) +  1
z z

by Theorem 3.20,

=  39 +  ^  +  2 ^ 2'

A lternately, we can w rite  th is as:

3fc 11
c o r a n k  <&x ,k x  =  4 1  +  ( — a 2 +  3 a /3  — —  a /c  — 1 1 a  — 1 1 /3 ).

z z

Remark: even i f  /3 +  2 — A: <  0, we can s till compute h°(¥k, 0 Fk(L  — A'f*)) using 

Lemma 4.4, bu t we do not do th is here.
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Chapter 11

Corank of the Gaussian map for 
“Large” divisors

In  this chapter, we consider only double covers o f Hirzebruch surfaces. We w ill 

consider the Gaussian map for double covers o f Hirzebruch surfaces and the curves 

on double covers, specifically addressing the requirements for su rjectiv ity  as well as 

com puting corank o f the Gaussian map. The theorems and lemmas in th is chapter 

are orig inal work, though of course based on the earlier work o f D u flo t/M iranda

[5] and D uflo t [4].

Let 7r : X  —> Ffc be a double cover o f F& branched along a smooth curve D ,  such 

tha t D  ~  2aC\ +  2f3C2, a,j3 >  0. The line bundle £  satisfies £ ®2 — D. Hence, 

£  ~  olC \ +  /3C2-

11.1 Achieving a Range of Coranks

Consider a general divisor Q ~  M \C \  +  M 2C2 on F fc.

L e m m a  11.1 In  the above situation, i f  M i  >  a  and M 2 >  f3 (i.e., Q is “large" 

compared to £ ) ,  then:

1- $x,Tr*g\v0 =  $F fc,0 : Vo —> A ) is surjective. Thus, corank $ x ,7r*e =  corank
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$ X , i r * g \ v i -

2. fx : M 2) <g> i f 0(M i -  a, M 2 -  /3) -> H ° (2 M X -  a, 2M 2 -  P) is surjective.

3. H \ F*, Q1x {2M l -  a, 2M 2 -  /3)) =  0.

H \ W k, 0 Yk{2M x -  Q,2 M 2 -  /3)) =  0.

5. $ f k,G,G-c is surjective.

PROOF: Item  1 follows from  Proposition 8.1, since $ x , ^ g \v0 — $Fk,MiCi+M2c2 and 

M \ > a  >  0, M 2 >  P >  0, hence M x >  1, M 2 >  1. Item  2 follows from Proposition 

5.2 since M \ >  a  >  0, M 2 >  P >  0, therefore M i — a  >  0, M 2 — P >  0. Item  

3 follows from Lemma 4.18 since 2 M X — a  =  M x +  M x — a > 0  and 2 M 2 — P =  

M 2+ M 2—P >  0. Item  4 follows from Lem m a4.16, since 2 M x—a  — M i + M x— a  >  0 

and 2M 2 — /3 =  M 2 +  M 2 — /3 >  0. Finally, item  5 follows from  Proposition 8.2 

since M i,  M 2 >  1, M x — a  >  0, and M 2 — P >  0.

Combining Lemma 11.1 w ith  Corollary 9.14 yields:

T h e o re m  11.2 I f  X , £ , and Q are as above, and M x — a  >  0 and M 2 — P >  0, 

then

corank § x ,k'{mum2) = / i1(Ffc,0 (2 M i -  3q, 2M 2 -  3/3)).

We would like to  compute the corank of the above Gaussian map more precisely. 

C o ro lla ry  11.3 I f X , £ ,  and Q are as above, and >  a  and >  P, then

corank $ x ,**(MuM2) =  0.

PROOF: Since M x >  >  a  and M 2 >  >  P, then by Theorem 11.2

corank $ x ,tv' ( m um 2) =  ^ ( F *, 0 ( 2 M X -  3a, 2M 2 -  3/3))
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and hl (Ffe, 0 { 2 M \  -  3a, 2M2 -  3,5)) =  0 by Lemma 4.16.

On the other hand, the corank above is not always zero. For example, suppose tha t 

X  is a double cover o f F 3 , branched along a smooth curve D  linearly equivalent 

to  14Ci +  2C2; thus the line bundle £  is equal to 7C\ +  C2. Now, suppose tha t 

Q ~  8 C 1 +  3C2. Then, the conditions o f Theorem 11.2 are satisfied.

For sim plicity, we w ill w rite  h1(W3,0 ( a C i  +  hC2)) as /il (a, b) from  now on. We 

compute h } (—5,3) as follows:

We know tha t

h l ( - 5,3) = - x ( —5,3) + h ° ( - 5,3) +  h2( - 5,3) = - * ( -5 ,3 )  + 0 + h°(3, -2),

using Kodaira-Serre dua lity  (Theorem 3.17, note K y3 =  —2C\ +  C2) and Lemma

4.4, part 1. Now,

x(_5,3HLMKzM + 1 = ^ i 2  + 1 = 14,

and using Lemma 4.4, part 2, we compute

fi°(3, —2) =  15.

Thus,

corank 4 >x,7r*(8,3) =  1 -
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11.2 Curves on Double Covers of Hirzebruch Surfaces

Recall tha t 7r : X  ¥ k is a double cover o f F*, branched along a smooth curve 

D, D  =  2aC i +  2/3C2, w ith  a,/3 >  0. The line bundle £  satisfies £ <gl2 =  D. 

Hence, £  ~  a C i  +  f3C2. Let G be a smooth curve on F*, w ith  Q ~  m \C i  +  m 2C2 

and m i , m 2 >  0. Assume tha t ir*Q is a smooth curve on X ,  and let E  =  7t*Q =  

7r*(m iC i +  m 2C2).

We refer again to  the basic diagram from Chapter 7, 7.6:

A 2{ H ° ( X ,O x ( K x  +  E ) )  * X̂ > +E H ° ( X , t f ( 2 K x  +  2E))

I  a

i r e s  H ° { E ,Q 1x { E , (2 K x  +  2 E ) \ e )) (11.4)

l b

A 2H ° ( E , n lE) H ° (E ,  ( f ^ ) ® 3)

Now, K x  +  E  =  n * (K p k +  L  +  E)  =  7r*(mi +  a  — 2, m 2 +  /3 +  k — 2). App ly ing

11.3 to K x  +  E  =  7r*(KFfc +  L  +  E )  =  7r*(mi +  a  — 2, m 2 +  /3 +  k — 2) yields:

Lemma 11.5 I f 2 m \  > a  +  4 and 2m2 >  /3 +  4 -  2k, then $ x ,k x +e is surjective.

Next, note tha t Theorems 6.8 and 6.7 say tha t

H l {X , Q}x  (2K x  +  E ))  S  H 1 (F*, f t 1 (m i +  2a -  4, m 2 +  2/3 +  2/c -  4))

0 # 1 (Ffc, f l 1 (log £>) ® 0 (m i +  a  -  4, m 2 +  /3 +  2k -  4))

and

H l (X , O x {2 K x  +  E )) ^  H \ F fc, 0 { m x +  2a -  4, m 2 +  2£ +  2A; -  4))
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® H 1(¥k, 0 ( m i  +  a  -  4 ,m 2 +  P +  2/c -  4)).

Also, the long exact sequences 4.28 and 4.29 say tha t

0 ! (log D )  <g> C9(mi +  a  -  4, m 2 +  (3 +  2k — 4)) =  0

if

and

H 1(¥k, f i ^ m i  +  ol — 4 , m 2 +  f t  +  2k — 4 ) )  — 0, 

i / 1 (F fc , C>(mi +  a  — 4 , m 2 +  /3 +  2k — 4 ) )  =  0

H 2(¥k, 0 { m x -  a  -  4 , m 2 -  /? +  2k -  4 ) )  -  0.

Lemma 11.6 / /  m \ +  a  — 4 > 1 and m2 +  (3 +  2k — 4 > 1, and m x — a  — 4 > —1 

or m2 -  +  2fc -  4 +  A:(mx — a — 4) > —k — 1, then

H \ X , Q 1x (2K x  +  E ))  =  0

and

H \ X ,  O x (2 K x  +  E ))  =  0.

PR O O F: The firs t two inequalities m x +  a  — 4 >  1 and m 2 +  (3 +  2k — 4 >  1 imply, 

using Lemmas 4.16, 4.18 and Corollary 3.18, tha t

i / 1 (Ffc, f t 1 (m i +  a - 4 , m 2 +  /? +  2 f c - 4 ) )  = 0

=  H 1(¥k, f21(2m i +  a  — 4, 2m 2 +  /3 +  2k — 4))

and

/ / 1(Ffc,e>(m i +  2 a - 4 , m 2 +  2/? +  2A ; - 4 ) )  =  0

138

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



=  H \ Ffc, 0(171! +  a - 4 , m 2 +  /3 +  2 k -  4)).

The second two inequalities, m i — a  —4 >  —1 or m 2 — (3 +  2k — 4-\-k (m i — a  — 4) >  

—A; — 1, im ply, using Corollary 4.14, tha t

H 2(F t, 0 ( m \  — a  — 4, m 2 -  (3 +  2/c — 4)) =  0.

Now, —K x  =  n*(2 — a ,2  — k — (3). Also by Theorem 6.7,

H ° (X ,  0 ( - K x )) =  H °(  F fc, 0 ( 2 - a , 2 - k -  f3)) © i / ° ( F fc, 0 (2  -  2a,2  -  k -  2/3)).

This leads us to  our next lemma:

Lemma 11.7 I f  a  >  2 or (3 +  ka  >  k +  2, then

H 0( X , O ( - K x )) =  0.

PROOF: I f  2 — a  <  0 or 2 -  k — f3 +  k(2 — a) <  0, then 2 — 2a <  0 or (2 — k — 

2(3 +  k (2 — 2a) <  0. Thus, Lemma 4.4 tells us tha t

H °{  F fc, 0 (2  -  a ,2  -  k -  /?)) ® H ° (¥ k, 0 (2  -  2a, 2 - k -  2/3)) =  0.

Hence, i f  2 — a  <  0 or (2 — k — (3) +  k (2 — a) <  0, then H ° (X ,  0 ( —K x )) =  0.

Finally, the above Lemmas 11.5, 11.6, and 11.7 together w ith  Lemma 7.16 yield: 

Theorem  11.8 I f

2m\ >  a  +  4 and 2m2 >  (3 +  4 — 2k 
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A N D

m i >  5 — a and m 2 >  5 — f3 — 2k

A N D  

m i >  a  +  3 or m 2 +  km \ >  (3 +  ka  +  A; +  3, 

A N D  

a  >  2 or (3 +  ka  >  k +  2,

then $e,Ke surjective.

We w ill now compute the genus o f E , using the formula from  equation 3.10:

E - E  +  E - K x  Tr*G-Tr*G +  TT*G-K*(KFk +  L)
g (E ) =     +  1 =     i-------- +  1

=  G - G  +  G - K Fk +  G - L  +  1 

=  2 g ( G ) - 2  +  G - L  +  l  

=  2g(G) +  G ■ L  -  1.

One can use the inequalities o f Theorem 11.8 and the genus formulas above to  get 

curves o f many large genera w ith  surjective Gaussian maps on double covers of 

Hirzebruch surfaces. Note tha t the a  >  2 inequality means the double covers are 

a ll of general type.
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Chapter 12

Conclusion

Following in the footsteps o f Wahl, C iliberto , Harris, M iranda, D uflo t, and Murray, 

we have explored the Gaussian map on smooth toric  surfaces and the ir double 

covers. O ur new results concern Gaussian maps on double covers o f smooth toric  

surfaces, and more specifically, Hirzebruch surfaces. D u flo t’s analysis for Gaussian 

maps o f double covers in general showed the need to study m u ltip lica tion  maps 

and cohomology of sheaves o f logarithm ic differentials and we needed to  do some 

computations of these la tte r cohomology groups (Chapter 4). Necessary for our 

analysis of Gaussian maps, we have shown surjectiv ity  for various m ultip lica tion  

maps on Hirzebruch surfaces (Chapter 5). We have used the results o f Chapter 5 

to  prove surjectiv ity  o f many Gaussian maps on Hirzebruch surfaces, more general 

than those considered in D u flo t/M iranda  (Chapter 8). F inally, we have gone on to 

consider fu rther the Gaussian map for double covers o f smooth to ric  surfaces and, 

again, more specifically, double covers o f Hirzebruch surfaces in Chapters 10 and 

11.
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