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Abstract of Dissertation

Phenomenological Models of Magnetization Damping

In the last 70 years many models have been published for the relaxation of magnetization 

precession in ferromagnetic materials. Such models are important to predict energy loss for three 

phenomena: the free precession decay, the precession driven by an applied microwave field, and 

the noise of a system in equilibrium. Five models of magnetization damping are typical and were 

selected for this thesis: Landau-Lifshitz (LL) damping, Bloch-Bloembergen (BB) damping, 

Codrington-Olds-Torrey (COT) damping, Gilbert (G) damping and Modified Bloch-Bloembergen 

(MBB) damping. Traditionally, these models have been characterized in the small-signal limit by 

their susceptibility tensors, which relate the complex amplitudes of driving field and the 

magnetization response in a linear manner.

This work categorizes the five damping models according to which field or magnetization 

components drive the damping. The models are compared with regard to their relaxation rate of 

the free decay, the geometrical shape of their trajectory, their susceptibility tensor, their energy 

loss for the precession driven by an external microwave field, and their thermal noise in 

equilibrium. The energy loss of the driven precession is determined both as time-averaged loss 

and as instantaneous loss.

The analyses in this work take advantage of the Smith matrix form of the equations of 

motion for the magnetization precession in the small-signal limit. The Smith matrix form is the 

general form of a linearized system of coupled harmonic oscillators, solved for the external 

driving force. Traditionally, energy loss and noise power spectra have been calculated with the
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components of the susceptibility tensor involving bulky ratios of complex expressions. In this 

work, all calculations are carried out with the real-valued matrices that multiply the magnetization 

and its derivative in the Smith form of the equations of motion. The three main advantages are the 

following: a) The calculations are simpler, b) Many results about energy loss and thermal noise 

are expressed in simple form in terms of a single matrix, the symmetric part of the damping 

matrix, c) The Smith matrix form allows calculation of instantaneous, time-dependent loss, where 

traditionally only time-averaged loss was considered.

The power spectra of field noise as well as magnetization noise are analyzed with the 

fluctuation-dissipation theorem and the Wiener-Khinchine theorem. In this work a classical proof 

of the fluctuation-dissipation theorem is given, which is more elementary than most found in the 

literature and uses Boltzmann statistics and ordinary differential equations.

Michael Andreas Kraemer 
Department of Physics 

Colorado State University 
Fort Collins, CO 80523 

Spring 2006
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Chapter 1 

Introduction
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1.4 Abbreviations 7

1.1 Issues in models of magnetization relaxation

1.1 .a Contrast of phenomenological models of magnetization damping

Microscopic damping mechanisms relax the magnetization vector in a ferromagnetic sample to its 

equilibrium in the direction o f the internal magnetic field. In this way the angle between 

magnetization and field tends to decrease, as magnetic energy is converted into the mechanical 

energy of lattice vibrations and of the electronic system. In the presence of a microwave driving field 

ferromagnetic resonance occurs near the natural frequency of the free magnetization precession. In 

contrast to a system of coupled harmonic oscillators, such as masses connected with springs, a

1
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ferromagnetic sample is a gyroscopic system. That means that the magnetization response to an 

applied magnetic field always has a precessional component, that is one that rotates about the 

direction of the instantaneous field. For small precession angles, the shape of the precession orbit is 

elliptical. The eccentricity of the precession ellipse depends on demagnetizing fields and on the 

polarization of the microwave driving field.

The first mathematical model of magnetic damping was published by Landau and Lifshitz [1935], 

eleven years before the first ferromagnetic resonance experiment by Griffiths [1946]. A modification 

of this model, due to Gilbert [ 1955], is a direct analog of the viscous damping in the simple harmonic 

oscillator. Both the Landau-Lifshitz model and the Gilbert model conserve the magnitude of the 

magnetization vector. Other, non-viscous, magnetic damping models do not constrain the magnitude 

of the magnetization to be constant, and correspond to a more general class of microscopic damping 

mechanisms than the Landau-Lifshitz and Gilbert models. The first model of this kind was proposed 

by Bloembergen [1950] and is called the Bloch-Bloembergen model, because it applies some of 

Bloch’s [1946] nuclear magnetic resonance results to ferromagnetic resonance. The equations of the 

Bloch-Bloembergen model lead to negative loss in a spherical sample for an anti-Larmor polarized 

driving field. This weakness was addressed by several authors and led to multiple modifications of 

the Bloch-Bloembergen model between 1950 and today.

This thesis presents a selection of five magnetic damping models, explains underlying ideas, 

points out differences and checks the compatibility with fundamental laws of physics such as energy 

conservation and the fluctuation-dissipation theorem.

1.1 .b Instantaneous versus time-averaged energy loss

The linearization of the equations of motion for the magnetization in a uniformly magnetized 

sample yields a linear system of ordinary differential equations for the transverse magnetization 

components as a function of time. The linearization is allowed in the small-signal limit, when the

2

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



magnetization components transverse to the static applied field are small compared with the 

saturation magnetization. By linearization, the dimension of the system is reduced from three to two.

In this thesis sufficient and necessary conditions are derived so that the loss is positive in the 

small-signal limit for all possible polarizations of the driving field. Some damping models yield 

negative loss for certain sample geometries and certain driving fields. This is a violation of the law of 

energy conservation, and such models must be rejected as unphysical.

An important issue in the derivation of criteria for positive loss is whether the time-averaged loss 

or the instantaneous loss should be considered. Of course, if the loss is positive at every instant of 

time, then the time-averaged loss is positive as well. The converse is not true, however: There are 

examples when the time-averaged loss is positive, but the instantaneous loss is negative during some 

portions of the precession cycle. The criteria for positive instantaneous loss are consequently more 

stringent than those for positive time-averaged loss. Conservation of energy requires positive loss at 

every instant of time.

1.1.c Isotropy of magnetization damping and of thermal magnetic noise

The fluctuation-dissipation theorem quantitatively describes the relation between the measured 

noise power and the susceptibility in a system of coupled harmonic oscillators. The type of noise 

considered here is due to thermally generated random driving forces, such as the Johnson noise in 

resistors. The random driving forces in the case of Johnson noise are voltages arising from the 

random, thermal motion of the conduction electrons in the resistors. These random voltages are 

uncorrelated between different resistors in the circuit relative to a length scale larger than the mean 

free path ofthe conduction electrons. The magnetic analog of the electric Johnson noise are thermally 

generated, fluctuating magnetic fields. These random magnetic fields can be considered uncorrelated 

relative to a physical length scale larger than 5-10 lattice spacings. This length defines the 

micromagnetic length scale over which the magnetization is a well-defined vector quantity.

3
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By the fluctuation-dissipation theorem, random fluctuation fields are uncorrelated in space as well 

as between Cartesian components if and only if the damping matrix in the linearized equations of 

motion is a multiple of the unit matrix. Hence only damping models that possess a damping matrix 

with this property are consistent with damping mechanisms that are homogeneous and isotropic on 

the micromagnetic length scale. The five magnetic damping models analyzed in this thesis are 

evaluated by this criterion.

1.1 .d Power loss due to magnetic noise

The application ofthe fluctuation-dissipation theorem to magnetic noise yields expressions for the 

spectral density of die noise power. One must carefully distinguish between the signal power of a 

certain physical quantity, which is simply its squared magnitude, and the physical power loss in watts 

that is dissipated in the sample. Therefore one has three powers involved: the signal power of the 

internal magnetic field, the signal power of the magnetization, and the physical power dissipated in 

the sample. For all five magnetic damping models the signal power of the internal magnetic field is 

white, that means its spectral density is independent of the frequency. In contrast, the spectral 

densities of the signal power of the magnetization response and of the physical power loss resemble 

ferromagnetic resonance curves. Both attain a maximum near the Kittel resonance frequency. But 

while the signal power of the magnetization response converges to zero with increasing frequency, 

the physical power loss converges to a small, but positive value that is proportional to the damping 

parameter. As a consequence the total noise power, obtained by integrating the spectral power density 

over all frequencies, is infinite for four of the five damping models examined in this thesis.

An infinite noise power is, of course, unphysical. To avoid this divergence of the noise integral, 

one might assume a cutoff frequency for the spectral power density of the magnetic noise. Another 

way to remove the divergence is to add a small mass term in the equations of motion. This mass term 

forces the spectral power density to converge to zero for increasing frequency.

4
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1.2 Outline of thesis

Chapter 1 of this thesis is the present introduction. It introduces the main issues and outlines each 

of the following chapters.

Chapter 2 derives and solves the torque equation of motion for the magnetization precession, first 

for bulk material and then for a uniformly magnetized ellipsoidal sample, where demagnetizing fields 

are present. The equations of motion are solved in the small-signal-limit, that is for small precession 

angles. In the small signal limit the three full nonlinear equations of motion for the three 

magnetization components reduce to a system of two linear equations for the two transverse 

magnetization components. Transverse here means perpendicular to the static applied field. The 

linear system for the transverse magnetization response is presented

a) explicitly solved for the time derivatives of the magnetization vector,

b) explicitly solved for the driving field, with certain constant matrices multiplying the magnetization 

and its time derivative. This form is called the Smith matrix form in this thesis, after Neil Smith, who 

first wrote the linearized equations of damped magnetic precession in this form. The Smith matrix 

form of the equations of motion is the analog to the equation for the simple harmonic oscillator with a 

viscous damping term. It is useful in the loss calculations in Chapter 4 and the analysis of magnetic 

noise with the fluctuation-dissipation theorem in Chapter 5.

Chapter 3 introduces five phenomenological damping models in chronological order: Landau- 

Lifshitz damping, Bloch-Bloembergen damping, Codrington-Olds-Torrey damping, Gilbert damping 

and modified Bloch-Bloembergen damping. For each model the equations of motion are derived in 

the small signal limit by what drives the relaxation. The geometric shape ofthe trajectory is analyzed, 

relaxation rates of the free precession decay and the susceptibility tensor of the driven precession is 

calculated. It is found that all damping models except the Bloch-Bloembergen model strive to align 

the magnetization vector with its instantaneous equilibrium. In contrast, the Bloch-Bloembergen 

model strives to align the magnetization with the static component of the internal field. As a

5
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consequence, Bloch-Bloembergen damping can lead to negative loss, which is proven in Chapter 4. 

For ellipsoidal samples, the trajectories of the free precession decay are compressed logarithmic 

spirals. The axes along which these spirals are compressed coincide with the transverse principal axes 

of the sample ellipsoid only for the Bloch-Bloembergen and modified Bloch-Bloembergen damping 

models. For the other three models, the compression axes are tilted away from the transverse 

principal axes by a small angle that is a function of the dimensionless damping parameter of the 

respective damping model.

Chapter 4 shows that in the Smith matrix form of the equations of motion all information about 

both instantaneous and time averaged loss is contained in the symmetric part of the damping matrix 

and the antisymmetric part of the stiffness matrix. The conditions for positive loss, both instantaneous 

and time-averaged, for all driving frequencies and all polarizations of the driving field are found to be 

the following:

a) The symmetric part of the damping matrix must be positive definite.

b) The antisymmetric part of the stiffness matrix must be zero, that is the stiffness matrix must be

symmetric.

Chapter 5 examines the phenomenological damping models in the light of the fluctuation- 

dissipation theorem. The fluctuation-dissipation theorem relates the correlations of fluctuating 

physical quantities to their dissipative properties. By the Wiener-Khinchine theorem, the correlation 

matrix of a set of fluctuating physical quantities is the Fourier transform of the power spectral density 

matrix. Therefore, by application of both the fluctuation-dissipation and the Wiener-Khinchine 

theorem, the spectral densities of the noise components can be expressed in terms of the damping 

parameters of the system. The fluctuation-dissipation theorem is developed using the basic 

mathematical theory for the means, variances and covariances of a set of physical quantities with a 

multivariate Gaussian probability distribution. Then the fluctuation-dissipation theorem is used to 

determine the signal power spectral densities of both the noise fields and the magnetization response. 

It is shown that the field noise is white, that means its power spectral density is independent of

6
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frequency. In contrast, the magnetization noise, as the system response to the field noise, is 

frequency-dependent, and reveals a maximum at the Kittel resonance frequency. These results are 

applied to the five damping models that were investigated in Chapter 3. Gilbert damping, Landau- 

Lifshitz damping and Codrington-Olds-Torrey damping are consistent with isotropic field noise. In 

contrast, modified Bloch-Bloembergen damping yields power densities ofthe field noise components 

that depend on the direction in the sample. Therefore, the modified Bloch-Bloembergen damping is 

not consistent with isotropic field noise.

Chapter 6 summarizes the main results of the thesis.

1.3 Units

The Gaussian cgs system of units is used exclusively in this thesis. The magnetic field H is 

expressed in Oersteds (Oe). The magnetization M is expressed in emu/cm3. The corresponding 

magnetic induction B is expressed in Gauss (G). The saturation induction 4jtM, is expressed in 

Gauss, though the saturation magnetization Ms is in emu/cm3.

1.4 Abbreviations

The names of the five damping models are abbreviated:

LL Landau-Lifshitz

BB Bloch-Bloembergen

COT Codrington-Olds-T orrey

G Gilbert

MBB Modified Bloch-Bloembergen
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2.1 Introduction

The magnetic torque equation of motion describes the dynamics ofthe magnetization vector as a 

function of time in a uniformly magnetized^ and saturated sample, which may be subjected to both a 

static and a microwave applied field. This chapter provides an overview of the techniques to solve the 

magnetic torque equation in the ideal case for which no dissipative mechanisms are present, so that 

the magnetic energy loss is zero at every instant of time. This chapter is tutorial in character. It 

develops step-by-step the techniques that will be used in the following chapters to calculate the 

undriven and the driven response of the damped magnetic precession.

The first authors to formulate a magnetic torque equation appear to be Landau and Lifshitz in their 

famous paper Landau-Lifshitz [ 1935] about domain wall motion and magnetization damping. Their 

Landau-Lifshitz equation is a nonlinear equation that contains a damping term. If this damping term 

is omitted, the undamped magnetic torque equation is obtained, which is the subject of this chapter.

Section 2.2 derives the undamped magnetic torque equation of motion from basic physical 

principles. Amazingly, the magnetic torque equation states no more and no less that the 

magnetization vector always precesses about the direction of the internal magnetic field, with an 

instantaneous angular velocity vector that is proportional to the instantaneous internal field vector. 

The precession has Larmor orientation, which means that the precession trajectory is traversed 

counter-clockwise as the reader is facing the total field vector. In an infinite medium, that is, in the 

absence of demagnetizing fields, the precession about a static applied field is circular and oriented in 

the Larmor sense.

Section 2.3 describes the driven precession in an infinite medium. The driving field is an external 

applied microwave field in the plane perpendicular to the static applied field. This plane is called the 

transverse plane. The transverse driving field may have an arbitrary elliptical polarization. The 

analysis of the equations of motion is performed in the small signal limit, where the driving field is

9
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small compared to the static applied field and the magnetization response is small compared with the 

saturation magnetization. In the small signal limit, the system of three nonlinear differential equations 

reduces to a system of two linear differential equations for the transverse magnetization components. 

These equations can conveniently be written in a matrix form that is solved not for the time derivative 

of the magnetization components, but for the components of the external applied microwave field. 

This matrix form of the equations of motion for a system of coupled harmonic oscillators is 

commonly used by mechanical engineers, but has only recently been introduced in Smith [2002] to 

model the magnetic precession response in a ferromagnetic sample. It is called Smith matrix form in 

this thesis and is very useful in loss calculations, as will be shown in Chapter 4.

Section 2.4 treats the driven precession for a sample of ellipsoidal shape. Such a sample has a 

uniform demagnetizing field. The total field consists of the external applied field and the 

demagnetizing field. The equations of motion are formulated in the small signal limit, both explicitly 

solved for the time derivatives of the magnetization and in Smith matrix form. The Smith matrix form 

for an ellipsoidal sample resembles very much the Smith matrix form in an infinite medium. The 

difference is that the external applied field in the infinite medium is replaced by the so-called 

stiffness fields, which are determined by the geometry ofthe sample.

Section 2.5 describes the internal magnetic energy as a sum of a demagnetizing energy and a 

Zeeman energy. As an application, the specific form of the internal energy is derived in the small 

signal limit for an ellipsoidal sample. In this case, the internal energy is a quadratic form, whose 

matrix is the stiffness matrix of the equations of motion.

Section 2.6 determines the static equilibrium of the magnetization response when the external 

applied field is purely static. When, in contrast, the applied field contains a transverse microwave 

component, then the equilibrium is no longer static, but instantaneous (that is, time-dependent). The 

instantaneous equilibrium plays a central role in formulating the equations of motion for the damped 

magnetic precession in Chapter 3.

Section 2.7 summarizes the key results of Chapter 2.

10
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2.2 The undamped magnetic torque equation

The undamped magnetic torque equation, or in short torque equation, is the equation of motion 

for the magnetization response in a ferromagnetic sample, when all fields are considered as spatially 

uniform. Any spatially inhomogeneous fields, which lead to spatially nonhomogenous (or spin wave) 

modes of the magnetization response, are not taken into account in the treatment in this thesis. Only 

the uniform mode response is considered. Therefore the magnetization vector is a function of time 

only, and not of the space coordinates. One obtains a system of three ordinary differential equations 

of first order for the three spatial components of the magnetization vector. In Section 2.2.a, this 

system is derived from two experimental facts:

(i) A magnetic dipole in a magnetic field experiences a torque.

(ii) The angular momentum of an electron is proportional to its magnetic dipole moment.

2.2.a Derivation of the torque equation

The precession of a magnetic moment p. (7) in a magnetic field H(t) is determined by the torque 

p(f) xH(f) on the magnetic moment. The magnetic field comprises not only the external applied

field, but also the demagnetizing fields, the effective anisotropy field, and other fields. For simplicity, 

only external applied fields and demagnetizing fields are considered in this thesis, so that the 

magnetic field coincides with the internal magnetic field Hint (t) . The torque is equal to the rate of

change of the angular momentum, dJ ( t) /d t , so that

In a given material the angular momentum and the magnetic dipole moment are proportional,

(2 .1)

p(r) = 7J (r), (2 .2)

11
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where the proportionality constant y is called the gyromagnetic ratio. The magnetic moment in 

paramagnetic and ferromagnetic materials is associated primarily with the electron spin, with a 

negative gyromagnetic ratio of y  » -1.76-107rad/(Oexs)» -2?r- 2.80 MHz/Oe. Note that the 

gyromagnetic ratio is negative due to the negative charge ofthe electron. To avoid ambiguities about 

the sign we will always write -\y\ instead of y . From Eqs. (2.1) and (2.2) an ordinary differential 

equation for the magnetic moment is obtained,

m o . <«>
A physical sample consists of many magnetic dipoles, so that the torque equation is usually 

expressed in terms of the magnetic moment p(f) per sample volume V . This quantity is called the 

magnetization,

M(t) = p (r)/F , (2.4)

and allows to express the magnetic torque equation in the form

^ H H M ( O x l U r ) .  (2.5)

Note that the torque equation conserves the magnitude of the magnetization vector, because the 

time rate of change of the magnetization vector, d M (t)/d t, is always perpendicular to the 

magnetization vector itself.

In the next section a particularly simple case of the torque equation is considered, where the 

internal field is constant in time. This is the case when the sample is an infinite medium, and when 

the external applied field is static.
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2.2.b The torque equation in an infinite medium

In an infinite medium there are no demagnetizing fields, since no boundary surfaces exist where 

magnetic dipole fields could form. As the simplest case of magnetization precession consider the ftee 

precession in an infinite medium. “Free” means that only a static field is applied in 

z -  direction, but no microwave driving field is applied. Then the internal field in the sample 

coincides with the static applied field,

f  ° 1
Hint (0=  0 = const.

IJV ext J

(2 .6)

In components, the torque equation of motion becomes;

(2.7)

(2 .8)

and

(2.9)dt

The steady state periodic solution of this system is given by

(*) = M *ans cos ( |r 17 0  + w ), (2.10)

M y  ( 0  = M *ans s i n f l r | / 0  + w ) , (2 .11)

and

M z(t) = M long = const. (2 .12)

13
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Here and M long are the constant magnitudes of the transverse and longitudinal magnetization

components, respectively, relative to the static applied field. The magnetization response contains 

two arbitrary parameters: the amplitude M  of the transverse magnetization response, and a phase 

angle y . The magnetization precesses in a circle parallel to the x - y  plane with constant angular 

velocity

This is the natural frequency of the undriven precession in an infinite medium. Figure 2-1 shows that 

the free precession is performed in the Larmor sense, that is, counter-clockwise as the observer looks 

into the static applied field vector.

In the general case of a time-dependent internal field Hmt (t) , the magnetization precesses with

the instantaneous angular velocity vector (t) about the internal field vector. Figure 2.2 

illustrates that at eveiy instant of time; the magnetization trajectory is tangential to an instantaneous 

precession circle in a plane perpendicular to the instantaneous internal field. Since H^, (t) is time- 

dependent, both the plane and the center of the instantaneous precession circle vary with time as well.

Static applied field

Larmor oriented 
precession circle

Magnetization

Figure 2-1: Free precession in an infinite medium, when the applied field is static. In this case the 

internal field coincides with the static applied field. The precession trajectory is a circle, traversed in the 

Larmor sense as the observer looks into the static applied field.

14
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Instantaneous Internal field
precession 
circle (

Magnetization trajectory

Magnetization

Figure 2-2: For a time-dependent internal field the magnetization response follows an instantaneous 

precession circle around the internal field in the Larmor sense. The plane, the center, and the radius of the 

instantaneous precession circle are time-dependent.

2.3 Driven precession in an infinite medium

2.3.a The small signal limit

The torque equation of motion developed in the last section describes the instantaneous precession 

of the magnetization about the direction of the instantaneous internal field. If the internal field is 

static, then the precession is called free precession. But if the internal field contains a microwave 

component, the precession is called driven precession, because the external applied microwave field 

acts as a driving field. The following analysis considers the microwave driving field as small 

compared with the static applied field, and the magnetization response as small compared with the 

saturation magnetization. This set of assumptions is called the small signal limit.
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2.3.b Equations of motion in the Smith matrix form

As in the previous section, the magnetization precession is analyzed in an infinite medium. In such 

a medium, no demagnetizing fields are present, because there are no boundaiy surfaces to produce 

dipole fields. A static field of magnitude is applied in the z-direction, or longitudinal direction.

In addition, in this section a small microwave field ( h ^  (t),hext_y ( t)J  is applied in the x-y plane,

also called the transverse plane. Since there are no demagnetizing fields in an infinite medium, the 

internal field is the same as the external applied field in the sample,

(2.14)

With this total internal field, the torque equation of motion in Eq. (2.5) becomes

= _ \r [ My (r) / ^  - M ^ _ y (/)], (2.15)

= - I ( 0 ~M X , (2.16)

and

= -\r\[M, (<)*„-, (/)*„., (<)]. (2.17)

In the small signal limit, the transverse magnetization components M x (t) and M y (t) are much 

smaller than the saturation magnetization, and will, therefore, be denoted as mx (r) and my ( r ) ,

respectively. Due to the conservation of the magnitude ofthe total magnetization, the z -  component 

of the magnetization vector is equal to the saturation magnetization, to first order in the x -  and 

y -  components.

16

Reproduced with permission o fthe copyright owner. Further reproduction prohibited without permission.



M 2(t) = -m 2x ( t) -m 2y(t)

1
=M. 1- *w.(0"

2

L \ L J (2.18)

tM..

\ m l(t) + m2y(t) 
2 M 1.

Therefore, in the small signal limit, the equations of motion for the transverse magnetization 

components mx(t) andmy (f) reduce to the system,

d m j j ) ^  
dt

and

dmy (t) 
dt

= -V ljn y  ( 0 ^  ~M sK,-y (0 ] (2.19)

: - M[M A«-* (0 -^ (0 ^ ] - (2.20)

With the natural frequency of the free precession, coH = | , from Eq. (2.13), this system is 

written in matrix form as

dmx(t)
dt 

dmy(t) 
dt .

0 -<o,4
\<*>H 0

-\r\Ms
1 ^

-1 0
« ( 0' (2 .21)

Solved for die driving field column vector ( h ^  ( t ) ^ ^  ( t ) J , this equation becomes 

dmx( ty

\r\M s
dt

f °  -11 dt 1 0 1M ) } r w o i
[ i  o j dmy (f) " \r\M s 1 ° , ( 0 J

(2.22)

This is the so-called Smith matrix form of the equations of motion in the small signal limit. The 

matrix

17
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which multiplies the time derivative term in the transverse magnetization response, is called the 

gyroscopic matrix. It is responsible for the precessional motion of the magnetization. The matrix

K:
| y\Ml

(2.24)

which multiplies the magnetization term, is called the stiffness matrix. It measures the stillness of the 

magnetization response to the external applied microwave field. The bigger the components of the 

stiffness matrix, the smaller the magnitude of the magnetization response to a given external applied 

microwave field. Later it is shown that the stiffness matrix determines the natural frequency of the 

undriven precession. With the gyroscopic matrix G and the stiffness matrix K , the equations of 

motion in Eq. (2.22) can be written in matrix form as

g M > + B n ( ( )  = h „ (() . (2.25)

~ * h n (i\
In Chapter 3 this equation will be supplemented by a damping term D----—  on the left hand side

dt

to model the damped magnetization response. The constant matrix D is called the damping matrix 

and depends on the particular damping model.

2.3.c Magnetization response in an infinite medium

The magnetization response to an external applied microwave field will now be determined by the 

so-called method of complex amplitudes. In this method each two-dimensional vector quantity a (7) 

with a harmonic time dependence at some frequency a  is characterized by its complex amplitude a0 

through

18
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a(f) = Re(a0e"8') .  (2.26)

By a suitable choice of the complex amplitude, every possible elliptical polarization of the sinusoidal 

vector quantity can be achieved. For example, to describe a circular polarization in the Larmor sense, 

relative to the direction of the z-axis, one may choose

/  i \

I-* /
(2.27)

0 &

where a0 is the magnitude of a0, and <p is an arbitrary phase angle. Indeed, the components of the 

real vector quantity a(f) are

ax (t) = J = -^ c o s  (a t + <p) (2.28)

and

ay(t) = Re - i ^ e ‘veiM =-^sin(<at + <p). (2.29)
v v 2  J v 2

This is a circular precession in the Larmor sense. Table 2-1 gives the complex amplitude vectors 

corresponding to several special cases of elliptical polarization.

The complex amplitude method is now used to solve the system in Eq. (2.15) by means of matrix 

operations. Both the microwave driving field and the magnetization response are expressed in terms 

of their complex amplitudes. By this procedure, the time dependence is eliminated from the system, 

and a linear system is obtained for the complex amplitudes of the magnetization response. The matrix 

of this system is called the external susceptibility tensor. One starts with dynamic magnetization 

components of the form

M 0  = ReK >e'“ ) (2-30)

and

19
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my(t) = Ke(my0e‘°»), (2.31)

and external applied microwave field components

<232>

and

<2-33>

The equations of motion reduce to a linear system for the complex amplitude components mx0 and

my0:

Type of 
polarization

components of time 
dependent vector quantity

complex
amplitude

Larmor
ax(t)  = -^COs(a>t + <p),

ay ^ = ^ sin^ t+<p^

_̂ 0_ i<p
f l

anti-Larmor
ax(t)  = -^ co s(a > t + <p), ao pXp

4 l J

\

J

linear in x- 
direction

ax ( t)  = aQ cos (cot + <p), 

ay (t)  = 0.

a0e,ip
r n

linear in y- 
direction « r (0  = 0»

ay (f) = a0 cos(oif + <p).

f0>
X

Table 2-1: Complex amplitudes corresponding to special cases of elliptical polarization of the microwave driving 

field.
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Combination of the two terms on the left hand side yields,

K J( 0  (Q jj j

f  Mi  ̂
m x 0

\J ^ex l-yO  J

(2.35)

The solution is obtained by inversion of the matrix on the left side,

' " A
\ m y o J

=\r\Ms
f 0iH - i w ^ ru '
Km  caH j

K - A  \r\Ms
hV  ex'-yO

f  a>H io  Vh. N
2 2 <oh -<d y -m  <aHj hV  e x '- y o j

(2.36)

In short hand notation, one writes

n»o=x(*>)hra,-o> (2.37)

with the susceptibility tensor in an infinite medium,

2 2 (0h -6>
r 03H i03 ^

y-ia  (oHj
(2.38)

The susceptibility tensor /(© ) contains complete information about the magnetization response,

botii about amplitude and phase. After Polder [1948], the susceptibility tensor of the undamped 

magnetic precession in an infinite medium is called the Polder susceptibility tensor. In Table 2-2 the 

complex amplitude of the magnetization response is shown for some special cases of the driving 

field. Notice the following:

• The response to a Larmor polarized driving field is Larmor polarized. The amplitude of the 

response becomes infinite at the resonance frequency coH = \/\ , which is the natural frequency

of the undriven precession. The Larmor response is in phase with the driving field if the driving 

frequency is below the resonance frequency, that is for a < aH. The Larmor response is phase-

shifted by 180° if the driving frequency is above the resonance frequency, that is for a  > coH .

21
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Polarization of 
driving field

Components of driving 
field

Complex amplitude 
of driving field

Complex amplitude of
magnetization
response

Larmor
* « « ( 0  = ^ rCOS(®0>

K
4 i

{  1
\

}

1 r\M s u n  
(oH -(o  4 2 { - i )

anti-Larmor

hexl-y ( t)  = - ^ s m ( c o t )

K
4 l

V\M * K
0)H +(O yj2

|T
j .

linear in x 
direction h*a-* (t) = hocos(6>t),

W 0 = o -
K {  
2 \

r

- h
+ M 1]

1 r \ K  K  f
0 }^ - a  2 ^

, V\M * K
(Off +co 2

r

fl"

u

V

/

T able 2-2: Magnetization response for special cases of the polarization of the driving field in an infinite 

medium.

• The response to an anti-Larmor polarized driving field is anti-Larmor polarized, and is always in 

phase with the driving field. The amplitude of the response is a decreasing function of the driving 

frequency.

• The response to a linearly polarized driving field is not linearly polarized, but elliptically 

polarized. The reason is that a linearly polarized field can be decomposed into a Larmor 

component and an anti-Larmor component of equal amplitudes. However the amplitudes of the 

corresponding Larmor and anti-Larmor components of the magnetization response are not equal. 

Therefore the magnetization response to a linearly polarized driving field is not linear.

In Fig. 2-3 the lossless susceptibility is shown as a function of the applied microwave field frequency

22
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for a static applied field of 2000 Oe in an idealized bulk material with the same saturation 

magnetization as YIG, 4 xMs = 1750 O e . The lossless susceptibility is shown for a Larmor oriented 

driving field, for an anti-Larmor polarized driving field, and for a linearly polarized driving field.

susceptibility (10 '5)
3

bulk YIG
H =2000 Oeext

resonance
frequency

2

linear
1 Larmor

anti-Larmor
0

linear
Larmor1

■2

■3
0 5 10 15

driving frequency (GHz)

Figure 2-3: Susceptibility in an idealized lossless bulk material with the same saturation magnetization as 

YIG, that is with 47tMs = 1750 Oe . The static applied field is 2000 Oe . The susceptibility is understood 

here to be the quotient of the complex amplitudes of the magnetization response and the microwave driving 

field. These complex amplitudes were shown in Table 2-2. For a Larmor driving field resonance occurs at the 

eigenfrequency of the free oscillation. For an anti-Larmor driving field, there is no resonance; instead the 

susceptibility is positive and decreases with the driving frequency. Resonance also occurs for a linear driving 

field, because it has a Larmor component. Positive susceptibility indicates that the magnetization response is 

in phase with the driving field, and negative susceptibility indicates that the magnetization response is 180° 

out of phase with the driving field.
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2.4 Driven precession in an ellipsoidal sample

2.4.a Demagnetizing field in an ellipsoidal sample

In the previous section the magnetization precession was calculated for an infinite medium 

subjected to a static applied field. In the experimental practice, however, and in technological 

applications, one must deal with finite samples of a certain shape. To calculate the magnetic fields 

inside the sample it is necessary to solve the electromagnetic boundary value problem with 

Maxwell’s equations. In general, this is a difficult task. However, simple closed-form solutions have 

been obtained in the case of special sample shapes, such as ellipsoids. Shapes such as thin films and 

rods can be considered as limiting cases of ellipsoids.

When a homogeneous sample is placed in an externally applied DC magnetic field, it becomes 

polarized. The magnetic poles induced at the surface lead to a demagnetizing field inside the sample 

that is opposed to the applied field. The magnetic field inside the sample, or internal field, is then the 

sum of the static applied field and the demagnetizing field. For an ellipsoidal sample, the 

demagnetizing field is determined by the demagnetizing factors Nx, Ny and Nz in the directions of 

the three principal symmetry axes of the ellipsoid. The sum of the demagnetizing factors is always 1. 

The demagnetizing field corresponding to the magnetization M(f) = [A/x (7) ,My (t) ,MZ (t)]r is then 

given by

j* © o

0  JV, 0 M y(t)

oo W O  J
(2.39)

The matrix

( K 0 0  N
N = 0 0

, 0 0

(2.40)
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is called the demagnetizing tensor.

Kittel [1949] has shown that the demagnetizing field of an applied time-dependent field can be 

written in a similar way as the demagnetizing field of an applied static field. In a ferromagnetic 

resonance experiment, if a static field is applied in the z -  direction and a microwave field is applied 

perpendicularly to it with components h ^ x (t) and hext_y (t) , then the internal field in the sample is 

the sum of the external applied field and the demagnetizing field,

'A— (O') J* o o

A— , ( 0 -4?r o o M y(t) ■

, J oo
> ^ . ( 0 ,

In the small signal limit, this reduces to

o o V

M ) )
H* ( 0  = A— , ( 0 -4 n 0  ^  0 • my(() = K -y { t) -* n N ymy(t)

I  , A
feToO

V s J I H ^ - A kN P .  J

In the next section the magnetization response to a microwave driving field is determined in an 

ellipsoidal sample, when the internal field is given by Eq. (2.42).

2.4.b Equations of motion in the Smith matrix form

The last section developed the uniform demagnetizing field in an ellipsoidal sample. The internal 

field is the sum of the static applied field, the transverse applied microwave field, and the 

demagnetizing field. The resulting equations of motion in the small signal limit have the same form 

for the ellipsoidal sample as for the infinite medium. However, the external applied field is replaced 

with the stiffness fields, and the natural fiequency of the flee precession is replaced with the 

geometric mean of the two stiffness frequencies. As for the infinite medium, the equations of motion
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can be either

• solved explicitly for the time derivatives of the magnetization components, or

• written in Smith matrix form, solved for the components of the applied microwave field.

With the internal field in Eq. (2.42), the torque equation of motion becomes in the small signal limit:

^ - -b -K  ( « * - ■ - w j  (243)

-  \ r \K  (t)[-hal_y ( t )  + 4xNymy ( f) ],

d m y (  0 _

-  \y\Ms ( 0  -  4*Njnx (/)],

dt (2 .4 4 )

With stiffness fields defined as

X K = H „ + {N ,-N ,)- i* M ,  (2.45)

and

YH =Hm, + (Ny -N ')-A *M t , (2.46)

the equations of motion in the small signal limit can be written in compact form as

^  = M [ - W ') + W .* _ ,« ] >

and

^ P -  = \ r \ [ ^ r n x( t ) - M shex>_x( t) ] .  (2.48)

These equations may be compared with the equations of motion in an infinite medium, given in Eqs. 

(2.19) and (2.20). The static applied field H „  multiplying the magnetization components mx{t) and 

my(t) has been replaced with the stiffness fields X H andl^, respectively. Solved for the
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components of the applied microwave field, the equations of motion take the Smith matrix form

\r \K

Here

fO - 1' 
1 0

dmx (t)jdt 
dmy (t)/d tj ' \y\Ml

<ox 0 

0 a . .
y  J

(2.49)

(2.50)

and

0 y=\r\YH (2.51)

are the stiffness frequencies corresponding to the stiffness fields X H and YH, respectively. Notice the 

striking similarity to the Smith matrix form of the corresponding Eq. (2.22) in an infinite medium, 

given by

1 - 1  \(dm x{t)/dt
\r\Ms { 1 0 dmy(t)/dt) \y\Ms

1 03 u 0

0 03H  J

M O W  W O '
w ,(0 j  1^ ( 0 .

(2.52)

The anti-symmetric gyroscopic matrix is the same,

' 0  - 1N 
1 0

G =
\y\Mt

(2.53)

In the symmetric stiffiiess matrix, the natural frequency a>H in the two diagonal elements of the

stiffness matrix has been replaced by the stiffness frequencies ax and ay , respectively, so that

/ _ \
K =

\ r \ K 0 03
(2.54)

y  J

The equations of motions in Eq. (2.49) then become, in Smith matrix form,

g c/m(Q
dt

+ Km(r) = ha0 (r),

and will now be solved with the complex amplitude method.
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2.4.c Magnetization response in an ellipsoidal sample

As in the treatment for the infinite medium in Section 2.3.c, a harmonic driving field (t) with 

driving frequency a  and harmonic magnetization response m(f) can be expressed in terms of 

complex amplitudes:

(2.55)

(2.56)

(2.57)

and

my(t) = Re(my0ela'). (2.58)

Substitution into the equations of motion in Eq. (2.49) yields a linear system for the complex 

magnetization amplitudes,

1

I r\M,

CO, -IC O m .

K m y ° J
hV exI-yO

(2.59)

so that

KmyOj
= \y\M,

(2.60)

_ \r\M,
CO,CO„ - C O  x y

my m ext-x 0 
\h < a t-y 0 j

The susceptibility tensor for the complex amplitudes in Cartesian coordinates is therefore given by

coxcoy -c o

f  <ay ico '

v - i ©  co XJ
(2.61)
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From this equation is clear that the magnetization response diverges at the Kittel resonance frequency 

(Kittel [1949]),

(2.62)

As in the case of an infinite medium, the resonance frequency of the driven precession coincides with 

the natural frequency of the undriven precession. This natural frequency is easily determined from the 

Smith matrix form of the equations of motion in Eq. (2.49), when the microwave driving field is set 

to zero.

1 'o  - r ' dmx(t)ld t' 1 '<ox o ' M ) ]
/

J  o , dmy{t)!dt
|

\y \m s ^ { * 1 \I r \M ,

Substitution of the complex amplitude approach

mx{t) = KS{mx0e ^ )  

and

my{t) = Re(/«,0e,av)

into Eq. (2.63) yields the linear system

uon
0 - 1'

1 0 

that is,

mx o

\ m>oj

cox 0 

0  oyj \ m y ° J vOy

' tox -icOo (mx: f° l«>y , ,myo,

(2.63)

(2.64)

(2.65)

(2.66)

(2.67)

This linear system has a nontrivial solution if and only if the determinant is zero:

o /o  -m l = 0 . (2 .68)
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The two solutions for the natural frequency are

0o=±Jaxay . (2.69)

What is the physical meaning of the negative frequency solution? Consider the magnetization 

response for both the positive and the negative frequency solution. For the positive natural frequency,

6)0+ = , the complex amplitude of the magnetization response has the form

(2.70)X X .s.II

with arbitrary real constants c and <p. For the negative natural frequency, o0_ = -yjcoxa)y , the 

complex amplitude of the magnetization response has the form

f  I A

V v

(2.71)

with arbitrary real constants c and q>. Since the complex amplitudes mM_ and my0_ of the negative

frequency solution are complex conjugate to the corresponding complex amplitudes mx0y and my(t¥

of the positive frequency solution, the time-dependent transverse magnetization components are the 

same for both frequencies:

(0 = C0S(V*VV + <p) (2.72)

and

(2.73)

Both the positive and the negative frequency leads to the same physical magnetization response! 

Therefore, the negative frequency solution can be omitted as redundant.
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2.5 Internal energy and stiffness matrix

2.5.a Internal energy in an ellipsoidal sample

The potential magnetic energy in a uniformly magnetized ferromagnetic sample consists of the 

demagnetizing energy due to the static and dynamic demagnetization fields and the Zeeman energy 

due to the static applied field. Since the equation of motion conserves the magnitude of the 

magnetization, the potential energy can be expressed as a quadratic form in the two transverse 

magnetization components alone. Furthermore it is shown in the small signal limit that for an 

ellipsoidal sample, the stifiness matrix in the equation of motion is exactly the matrix by which the 

internal energy is expressed as a quadratic form in the magnetization components. Recall from Eq. 

(2.39) that the demagnetizing field in an ellipsoidal sample can be written as

H^ ( 0  = ^ N - M ( r )  = -4/r
Nx 0 O')
0 Ny 0 
0 0 N „

Since the demagnetizing field is the negative gradient of the demagnetizing energy, the latter is given 

by

(t) = 2 * [N M l  (t)+ N t f  (t) + N M ]  W ] (2.75)

The Zeeman energy corresponding to the static external field H mt in z -  direction is

= (2-76)

The potential energy \3pol (f) is the sum of the demagnetizing and the Zeeman energy, therefore

M O  = 2 (2  2 2 )

Note that the “energies” here referred to are actually volume densities of energies, since the 

magnetization is a volume density (of the magnetic moment) itself. Now it will be shown that in the
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small signal limit, the potential energy can be expressed with the stiffness fields X H and YH in the 

form,

M O -
I X
2 M ,

—ml 1 Y,
2 M

(2.78)

where mx (f) and my (t) are the transverse magnetization components in die small signal limit.

The stiffness fields X H and YH are the same stiffness fields developed earlier in the precession 

analysis. Recall that for an ellipsoidal sample they are given in Eqs. (2.45) and (2.46) by

X H=Hm + *x(N x -N ,)M , (2.79)

and

YH= H „ + 4x(N r -N ,)M ,. (2.80)

The approximation in Eq. (2.78) follows directly from the exact formula in Eq. (2.77) with the 

approximation of the longitudinal magnetization component developed earlier in Eq. (2.18),

2 M l
(2.81)

One obtains the small signal approximation of the internal energy as

Upo, = 2 * ( N X  +Nym2y +NzM 2z ) - H exlM 2

12*[jV>* +Xym2y +NZ (M l-m 2x -m *)]- H J r f ,
(  i m l+ m 2̂  

2 M l

, g .  , 4  , ( N , ^  1 + - * . K  - E J 4 .

(2.82)

~ — m2t + - — ml + 2 n N M ] - H M S. 
2 M.  2 M.  y * s ^  3
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In this equation the time dependencies were not written. The last two terms are constant, and can be 

omitted, since any potential energy, or potential energy density, is only determined up to an additive 

constant. If this constant is dropped, one obtains the potential energy in the simple form given in Eq. 

(2.78).

2.5.b The role of the stiffness matrix

Recall the stiffness matrix,

from the equations of motion in Smith matrix form. With the stiffness matrix, the potential energy for 

an ellipsoidal sample in the small signal limit takes the vector-matrix form

The goal of this section is to show that this connection between the potential energy and the 

stiffness matrix is not a coincidence. Rather, the form of the potential energy in Eq. (2.84) is a 

consequence of the equations of motion in the small signal limit. Recall that these are given by

(2.83)

(2.84)

where m (t) = \jnx (t),my (f)]T is the vector of the transverse magnetization components.

(2.85)

Consider the power transferred into the system by the external microwave driving field,

(2 .86)

This formula is analogous to the rule “power equals force times velocity” in classical mechanics.
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With the equation of motion in Eq. (2.85), the input power can be readily expressed in terms of the 

magnetization response alone,

dt dt
- +

dt

[k  m(f)]-^ ( 0
(2.87)

dt

This equation is more conveniently written, with matrix multiplications instead of inner products, as

dm(t) dm(f)
dt dt dt

K m(t). (2 .88)

The first term on the right-hand side of this equation is zero, because xr A ^ '^ x  = 0 for any anti­

symmetric n x n matrix \ " 'Usym and any compatible (that is n x 1) column vector x . The proof of this 

fact proceeds as follows:

Any scalar xT A^’̂ x  can be considered as a lx l  matrix, which is its own transpose. That is,

*—*anttsym / T *-*antisym \
x A x = x A xl (2.89)

By the rules for taking the transposition of a matrix product, this implies the fiirther connection, 

i ' r ' .  j ' l — V A - " - !  . (2.90)

The last step used the fact that the the transpose of an antisymmetric matrix is its negative. The only

number that is its own negative is zero. Therefore, xr A “ ^ x  = 0, which we set out to prove.

The second term on the right side of Eq. (2.88) can be written as a time derivative because of a

generalization ofthe product rule, [m(t)]r K m (t)j = 2[An(f)/(ii]T K m (Y), which is valid 

because the matrix K is symmetric. This leads to a compact notation for the power into the system,
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K m ^ (2.91)

Since the undamped torque equation of motion dissipates no energy, the input power Pin (t) is equal 

to the time rate of change of the potential energy. Hence in Eq. (2.91) the quantity in braces must be 

the potential energy, and one has, therefore,

u Po,{t) = \  [ m (0 T  K m (f). (2.92)

This representation of the potential energy remains valid if, in order to incorporate 

magnetocrystalline anisotropy into the equations of motion, a more general form of the stiffness 

matrix is used. In fact, the stiffness matrix can be defined as the matrix of second partial derivatives 

of the potential magnetic energy with respect to the magnetization components, evaluated at the

equilibrium [mx,myf  = (0,0 )r in the absence of damping.

K =

d2Upot(mx,my) \

8m2x © ©ii ii
** dmxdmy

my= 0

82Upo,(™X,my) d2Upol(mx,my)
8my8mx dm2y

\ my=0 my- 0

(2.93)

The stiffness matrix is symmetric, because the mixed partial derivatives of the potential magnetic 

energy are equal. To second order in the magnetization components, the Taylor expansion of the 

potential magnetic energy yields,

Upo, (m) = Upot (0 ) + [VUpot (0 )]r m + V K m . (2.94)

Since the potential magnetic energy attains a minimum at the stable equilibrium of zero transverse 

magnetization, the gradient VUpot (0) is zero, and the stiflhess matrix K is positive definite. 

Without loss of generality the potential energy, defined only up to an additive constant, was set to
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zero at the equilibrium. Thus in the small signal limit the potential energy is the quadratic form given 

above in Eq. (2.92).

2.6 Static and instantaneous equilibrium

2.6.a Static equilibrium

If all applied fields are static, one has the usual conditions for magnetostatic equilibrium in which 

the magnetization vector is aligned with the static internal field. In the small signal limit formulation, 

one then takes (?) = h £ “xc) and / ^ ( ? )  = , and solves the magnetostatic equilibrium

problem for m{*"“ic) and ml'y,alic). For the actual dynamic external fields (?) and hext_y (?), one

can do the same analysis, but the resulting transverse magnetization components (?) and

m{y ,) (?) will correspond to an “instantaneous” equihbrium. The actual magnetization components

mx (?) and my (?) will, in general, be different from those of the instantaneous equilibrium, (?)

and tr f^  (?). The time dependencies of mxq) (?) and m(yq} (?) derive from the time dependencies of

he#-* ( 0  and hta_y (?), and have nothing to do with the actual mx (?) and my (?).

To calculate the static equihbrium for a small static transverse applied field )r and a

static applied field in z  -  direction, consider the internal field that will be present at equihbrium. 

This field is given, in components, as

(2.95)

,(static) (2.96)

and

36

Reproduced with permission o fthe copyright owner. Further reproduction prohibited without permission.



<2 9 7 >

For the equilibrium magnetization to be collinear with the internal field in equilibrium, one must have

m (slatte) sAstatic) m (staltc) {.(static)
5s = _*<£=£_ and —----------------------------------------------------------------------------- (2.98)

M s H„ M s Hml

In Fig. 2-4, the x-collinearity is illustrated. The first diagram shows a net x-z magnetization 

vector, formed by the x- and z-component of the equilibrium magnetization. The second diagram 

shows the total x-z-field vector, formed by the x- and z-component of the internal field in 

equilibrium. The similarity of the two right triangles is equivalent to Eq. (2.98). The third diagram

Magnetization in 
static equilibrium

Internal field in 
static equilibrium

t(skSk) ' t-xm,X

Figure 2-4: In static equilibrium, the equilibrium magnetization is collinear with the internal field. The 

triangles formed by the x- and z-components of the equilibrium magnetization (left triangle) and the internal 

field (center triangle) m ust b e  similar. B o th  triangles are sim ilar to  the one  form ed by  the x-com ponent o f  the

static applied field and the stiffness field X  H (right triangle). This shows the role of the stiffness field

as an effective z-direction field for the static equilibrium. The three triangles formed by the corresponding y- 

and z-components are similar as well.
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shows the vector formed by the x-component ofthe static applied field in x-direction and the stiffness 

field X H in z-direction. This right triangle is similar to the first two in the figure.

o**) /,(-■*)_ 4  „N m is,a,ic)
X  _  9,K t—X  X  X

M , "  Hex,- 4 x M Ns  ext s  2

and

•) ^ - 4 T[N>rrifa,‘c)

s ext s z

Solved for the components of the equihbrium magnetization, one obtains,

Therefore, the static equilibrium can also be written in the form

static) ^(sta tic )  ^ (sta tic )

and

^ ( s ta t ic )  ^(.static) static)

~^7=~C=X~

(2.99)

(2 .100)

rrifa,,c) =-----------------------------------= — h ^ T  (2 .101)
H „ + AnM,{Nx - N ,)  X H

and

(2.103)

(2.104)

This form shows that the previously derived dynamic stiffness fields X H and YH also have a clear 

static role. They take the place of the z-direction field when equilibrium is expressed by the external 

field components and instead ofthe internal field components !"c) and
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2.6.b Instantaneous equilibrium

Instantaneous equilibrium is determined in precisely the same way as the static equilibrium, with 

the static applied transverse field J  replaced by the time-dependent applied transverse

field (r)]r , die static equilibrium of magnetization [m(J'a‘,c\m (ys""‘c) replaced by the

instantaneous equilibrium { t ^ m ^  , and the internal static field replace<i

by the time-dependent internal field (OT- Exactly as for the static equilibrium

discussed above, one can express the instantaneous equihbrium in terms of the internal field as well 

as in terms of the external applied field:

m(xeq){t) hM_x(t) hexI_x(t) 
M s Hmt X H

(2.105)

and

< ' { ' )  * - .(> )  * - , ( 0
K  r„

Equivalentiy, one can write

(2.106)

m<-‘9) (t) m{eq> (A
= h ^ x{ t ) - ^ ± ± X H = 0 , (2.107)

and

m(eq)(A nr*>(A
=0. (2.108)

Note that in Eqs. (2.107) and (2.108) the first equality remains valid when not the instantaneous 

equilibria of the magnetization and of the internal field are considered, but the actual quantities. For 

with the stiflhess fields X H and YH defined in Eqs. (2.45) and (2.46), and the relationship in Eq.
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(2.97) between the internal static field and the external applied static field, one obtains

h ,*  ( 0  -  = * ( 0  ~ ( 0  -
s s

= * « -.(0 - ^ ( w » +4'rJv^ )
(2.109)

=h„ J t ) - ^ X l x H 
v s

and, similarly,

K ,y ( 0  - =  K - ,  ( 0  -  ̂ ymy (t) -

= 4 * N p ,)

( 2 U 0 )
= M  "  4*N M l  +4;r^ )

M s

The significance of Eqs. (2.109) and (2.110) will be understood in Chapter 3 in the discussion of 

phenomenological damping models. For each damping model the physical concepts that drive the 

damping yield the equations of motion in terms of the internal field components. Then the internal 

field components hM.x(t), hml_y (r) and HM are expressed by the components (t) and htxt_y (f)

of the external microwave driving field and by the stiffness fields X H and YH. In this way the 

equations of motion can be brought into a form that does not contain any internal field components.

2.7 Summary and Outlook

In this chapter the Smith matrix formulation was introduced as the standard form ofthe equation 

of motion of the undamped magnetization precession in a uniformly magnetized ferromagnetic
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sample. The Smith matrix form represents the linear system of two first-order differential equations 

in a form similar to the simple harmonic oscillator in one dimension. In this form, the equation of 

motion is solved for the external driving field (or driving force) on the right side of the equation. The 

Smith matrix form allows a simple derivation of the instantaneous internal magnetic energy in the 

sample. In Chapter 3, a damping term is added in the Smith matrix form. The form of this damping 

term depends on which particular phenomenological damping model is used. For the damped 

magnetic precession the Smith matrix form is particularly suited to derive the instantaneous loss 

power that is dissipated in the sample. The analysis of loss for the damped magnetic precession is 

carried out in Chapter 4.
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Chapter 3

Five phenomenological models of magnetization damping, 

analyzed and compared in the small-signal limit
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3.4 .c Trajectory of the free precession decay with G damping 90

3.4.d Trajectory of the free precession decay with COT damping 90
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3.4 .e Relaxation rate of the free precession decay 91

3.4.f Comparison of trajectory tilt angles and relaxation rates 94

3.5 Smith matrix formulations of the damped precession response 95

3.6 External susceptibility tensor 101

3.7 Summary comparison of damping models 107

3.1 Introduction

Damping causes the magnetization to relax at every instant toward its equilibrium state of 

lowest magnetic energy in the direction of the internal magnetic field. Damping dissipates some 

of the magnetic potential energy and converts it to heat. Chapter 2 developed the equations of 

motion for the transverse magnetization response without energy dissipation. In order to model 

the damped response, a small damping term can be added to the undamped equations of motion. 

This chapter examines five phenomenological models of magnetization damping. The adjective 

“phenomenological” implies that these models are not derived from the microscopic mechanisms 

of relaxation. Rather, they represent simple heuristic constructions that allow for precession 

decay, or - in the case of the steady state response to a microwave driving field; - microwave 

energy loss. The objective of this chapter is to develop, analyze, and compare five particular 

archival phenomenological models with respect to the underlying physical concepts, as far as 

such concepts exist, as well as the geometry of the magnetization trajectories, the decay rates of 

the undriven precession, and the external susceptibility tensors of the microwave response.

Section 3.2 reviews the fields that are present in a sample of ellipsoidal shape. These are
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the static field that is applied along one of the principal axes, a general elliptically polarized and 

transverse microwave driving field in the plane perpendicular to the static applied field, and the 

demagnetizing fields associated with the magnetization response. This section also revisits the 

concept of instantaneous equilibrium as it relates to the transverse magnetization response. In the 

calculation of this equilibrium, the stiffness fields from Chapter 2 play an important role.

Section 3.3 introduces the five specific damping models that have been developed over a 

span of about 70 years to analyze decay and loss in magnetic systems. In die chronological order 

of their publication, these models are:

a) Landau-Lifshitz (LL) damping (Landau and Lifshitz, 1935)

b) Bloch-Bloembergen (BB) damping (Bloembergen, 1950)

c) Codrington-Olds-Torrey (COT) damping (Cocbington, Olds and Torrey, 1954)

d) Gilbert (G) damping (Gilbert, 1955)

e) Modified Bloch-Bloembergen (MBB) damping (Lax and Button, 1962)

The five damping models may be classified into three categories, depending on “what 

drives the relaxation”.

For field-driven damping, the transverse magnetization response is driven by the internal 

field component perpendicular to the magnetization. This is the case for the Landau-Lifshitz 

damping model.

For viscous damping, the transverse magnetization response is driven by the viscous drag 

on magnetization. The damping is proportional in magnitude to the time rate of change of the 

magnetization. The Gilbert damping model belongs to this group.
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For magnetization-driven damping, the transverse magnetization response is driven by the 

magnetization component perpendicular to some chosen field: the static component of the internal 

field for Bloch-Bloembergen damping, the internal field for Codrington-Olds-Torrey damping or 

the instantaneous equilibrium of the magnetization for Modified Bloch-Bloembergen damping.

Equations of motion are developed in the small signal limit for each of the five models. 

This is done by letting the damping contribution to the rate of change of the magnetization 

depend linearly on “what drives the relaxation”. For each model, the equations of motion contain 

one or two scalar damping parameters which may be given either as relaxation times, relaxation 

rates, or in dimensionless form. The equations of motion are presented in two forms:

(a) one in which the equations are solved for the time derivative of the transverse 

magnetization vector m (t) = (t),my (r)]? in the small signal limit, and

(b) one in which the equations are solved for the externally applied transverse driving field 

components.

Section 3.4 analyzes the precession decay response from a geometrical perspective. For 

each of the five models the trajectory of the damped, undriven, transverse magnetization 

precession decay response is examined. In all cases, the decay response consists of a stretched 

logarithmic spiral in the transverse plane. Moreover, this section examines the decay rate 

formulae that follow from the five damping models. For LL, G and COT damping, the relaxation 

rate changes with the sample shape and is proportional to the arithmetic mean of the Kittel 

stiffness frequencies. For BB and MBB damping, on the other hand, the relaxation rate is 

independent of the sample geometry.
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Section 3.5 presents the equations of motion of the damped precession in the Smith matrix 

form, following the work of Neil Smith in Smith [2002]. The Smith gyroscopic and stiffness 

matrices were already developed in Chapter 2 for the undamped magnetization response. The 

damping matrix is introduced here. The Smith matrix formulation provides a useful way to 

calculate the external susceptibility tensor and the instantaneous and time averaged loss, and to 

obtain correlations between thermal noise components of the internal field. These applications are 

covered in Chapters 4 and 5, respectively.

Section 3.6 develops analytical expressions for the complete transverse magnetization 

response and the corresponding external susceptibility tensors corresponding to the five models. 

While these susceptibility components are well documented in the archival literature, the 

approach here, based on Smith matrices, provides a useful way to develop those response 

functions in simple form.

Section 3.7 summarizes the key results of the chapter.

3.2 Review: Internal field and instantaneous magnetization equilibrium in an 

ellipsoidal sample

Chapter 2 explained the importance of the total internal field for the precessional motion of 

the undamped magnetization response. Recall that at every instant of time, the undamped 

magnetic precession, whether driven or undriven, can be viewed as a circular precession about the 

instantaneous direction of the internal field. This internal field is of equal importance for the 

relaxation of the magnetization vector in the damped response analysis. The relaxation or decay
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seeks to decrease the radius of the instantaneous precession circle, and to align the magnetization 

response with the instantaneous direction of the internal field. This is true for all of the models 

considered here except the BB model.

In parallel with the analysis of the undamped magnetization precession in Chapter 2, this 

Chapter considers the damped precession for an ellipsoidal sample without magnetociystalline 

anisotropy. However the results are easily generalized to include anisotropic materials through 

the inclusion of additional terms in the stiffness matrix in the equations of motion.

Figure 3-1 depicts the magnetization and field components in an ellipsoidal sample, as 

developed in Chapter 2. The sample is subjected to a static applied field of magnitude in the 

z-direction, called the longitudinal direction. This static applied field must be large enough to 

magnetize the sample to saturation, so that the z-component of the magnetization is M s , the 

saturation magnetization. In the plane perpendicular to the static applied field, called the 

transverse plane, there is an additional small time dependent field with x- and y-components 

hext-x (0  and hex-y (t) • This transverse field is taken to be small compared with the static applied 

field. The corresponding transverse magnetization response components mx (t) and my (f) are 

taken to be small compared to M s . This set of assumptions is called the small signal limit.
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Figure 3-1: Internal field and magnetization components in an ellipsoidal sample. Parallel to the z-axis are 

the static external field, the static magnetization and its demagnetizing field. Parallel to the x-axis are the x- 

component of the applied time dependent transverse microwave field, the x- component of the dynamic 

magnetization response, and its demagnetizing field. Parallel to the y- axis are the y-component of the 

applied microwave field, the y-component of the dynamic magnetization response, and its demagnetizing 

field.

Recall from Chapter 2 that the sample also experiences demagnetizing fields. One has a 

static demagnetizing field of magnitude AnNzM s in the negative z-direction, and time-varying 

dynamic demagnetizing fields AnNxmx (7) in the negative x-direction and AnNymy (f) in the 

negative y-direction. The three constants Nx, Ny , and Nz are the demagnetizing factors of the 

ellipsoidal sample in the x-, y- and z-directions, respectively, the directions of the principal axes. 

The internal field, therefore, consists of its static component,
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HirA=Hext- N - 4 a M s , (3.1)

in the z-direction (or longitudinal direction), and the time-dependent transverse components given 

by

Kt-x (0=K t- X (0 - N x ■ (r), (3.2)

and

K * -y  ( 0  =  ( 0 ~ N y  ‘ Ajimy  ( 0  ■ (3.3)

In vector form, one has an internal field

Hmt(0 = Kt-yi*)
v **„ j

(3.4)

Now, consider again the instantaneous equilibrium magnetization condition for a given 

external applied field [hext-x{t) ’hext-y{t)’Hext~f ■ This instantaneous equilibrium condition 

corresponds to a magnetization vector that lines up with the internal field, which includes the 

demagnetizing field of the magnetization vector. In the small signal limit, the corresponding 

values of the transverse magnetization components of the instantaneous equilibrium were shown 

in Chapter 2 to be given by

m™ (t) = ̂ h ext_x(t) 
a h

(3.5)

and

M
(3.6)
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It is important to emphasize that m(xeq> (?) and (?) are not the actual values of the 

transverse magnetization components mx and my at time ?. Rather, m(xq)(?) and m{yq)(?) are 

the values that mx and my would attain, if the system were at static equilibrium. The 

instantaneous equilibrium is of central importance in the damped equations of motion in the small 

signal limit. The next section will demonstrate that for all of the damping models, except for the 

Bloch-Bloembergen model, the equations of motion have the form

= - A ,  [ » ,  (») -  m<*» ( ,) ]  -  B, [m, (t) -  «<•■> (()]  (3.7)

and

(3.8)

with positive parameters A,., Ay , Bx, and By . In these two equations the first terms on the right 

side are precession terms, and describe the elliptical precession of the transverse magnetization 

about its instantaneous equilibrium. The second terms are damping terms, and describe the 

relaxation of the transverse magnetization components toward their instantaneous equilibrium 

values. One can see from the form of these equations that the damping is driven by the 

differences between m (?) and m(x q) (?), respectively, or, in other words, by the difference 

between mx y themselves and what mx y would be in static equilibrium.

Recall also from Eqs. (2.112) and (2.113) that at every instant of time, the internal field 

•» in t = [ A i n t - x ( 0 ’ / j m t - y ( 0 ’ / / m t ] r  is related to the applied field h ^  =  [ h ext_ x ( t ) , h ext_ y ( t ) , H ex tJ  

by the pair of equations,
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(3.9)

and

(3.10)

Notice that in both equations the right and left sides have a similar form. The applied field 

components hext_x (t) and hext_y (t) on the right side correspond to the internal field components 

hmt-x (0  atld hmt-y (0  on the left side, and the stiffness fields X H and YH on the right side 

correspond to the static internal field H mt on the left side. For each damping model the physical 

concepts that drive the damping yield the equations of motion in terms of the internal field 

components. Then the internal field components (r) , hmt_y (t) and Hmt are, through 

application of Eqs. (3.9) and (3.10), expressed by the components (t) and h ^ y  (t) of the 

external microwave driving field and by the stiflness fields X H and YH. In this way the 

equations of motion are brought into a form that does not contain any internal field components. 

Rather, they relate the transverse magnetization response [mx(t),my ( t) J  to the transverse 

microwave driving field (t),hext_y ( t ) J  .

3.3 Damped precession in the small signal limit

This section discusses the physical concepts behind the five damping models. For each 

model, the coupled equations of motion are developed in the small signal limit. This treatment of 

the small signal limit differs from the traditional approach, which starts with the damped
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equations of motion in the full three-dimensional vector form, and then linearizes these equations 

and arrives at a reduced, two-dimensional system for the two transverse components of the 

magnetization response. The advantage of starting with the small signal limit is that the simple 

physical origins of the transverse damping terms are made clear. The reduced 2D system is 

obtained directly from these concepts without the ad hoc postulation of the 3D form.

For each damping model, the total time rate of change of the transverse magnetization 

response, dm (t ) /d t , consists of a precessional part and a damping part.

The precessional part T(f) of dm (t)/dt is given in components by

T, ( ') = ( ')  -  A fA  ( ')]  P - :12)

and

Ty {t) = +\7\[XHmx{ t ) - M & { t ) \  (3.13)

The damping part [<frn(f)/ffr]^ . ^ is now derived for each damping model from the different 

physical considerations indicated in the introduction to this chapter.

3.3.a Landau-Lifshitz (LL) damping, driven by the internal field component 

perpendicular to the magnetization

The first model of damped precession dynamics in a ferromagnetic sample was published 

by Landau and Lifshitz [1935] in their paper “On the theory of the dispersion of magnetic
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permeability in ferromagnetic bodies”, which appeared in English in the “Physikalische 

Zeitschrift der Sowjetunion”. Their model supplemented the undamped torque equation of 

motion, developed in Chapter 2, with an additional damping term that is proportional to the 

component of the internal field perpendicular to die magnetization.

LL damping is field-driven. At every instant of time t, the rate of change of the total 

magnetization vector M(r) due to damping is taken to be proportional to the component of the 

internal field Hint(r) perpendicular to M(7). Since dM.(t)/dt is orthogonal to M (f), the 

magnitude of M(f) remains constant in time and can be taken to be the saturation magnetization 

M s . The geometry of the problem is shown in Fig. 3-2. Here, 6{t) is the angle between (f) 

and M(r). The components of (r) that are parallel and perpendicular to M (f), are named 

(t) and (f ) ,  respectively. The parallel component of Hint (t) is given by

The damping part of dM {t)/dt is taken to be proportional to HiM(r) with a proportionality 

factor . The full LL equation of motion in vector form is then given by

(3.14)

By vector subtraction, the perpendicular component of Hint (t) is then given by

(3.15)

^ > = T ( r ) +V l W l )

(3.16)
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This is the actual form used in the original paper in Landau and Lifshitz (1935). Nowadays, the 

perpendicular component of the total field, which is contained in the brackets of Eq. (3.16), is 

often written as a triple cross product, by application of the vector identity 

a x (b x c) = c(a • b) -  b (a • c ) . In this modem form, the LL equation becomes

^  = -MM(r)xM«)-^M(*MM(»)xlW»)]. (317)
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From this form of the LL equation, it is more obvious than from Eq. (3.16) that c / M ( r ) / dt is 

indeed orthogonal to M ( t ) .  Notice further that the magnitude ratio of the damping term and the

torque term in Eq. (3.17) is given by a ratio parameter

au.
A L L

H | M ( 0 x H m t( 0 |  ~ w f s
(3.18)

int

6(0

m

e(0 ^
(0 ► X

F i g u r e  3 - 3 :  Construction of the LL damping term in the small signal limit. The x-z projection M x_ z « M s of 

the magnetization makes an angle 9(t)  with the static internal field H int. In the small signal limit, the LL 

damping contribution to dmx(t)!dt is approximated by the component of perpendicular

to [mx(t),M sJ  in the x-z plane.

5 5
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This dimensionless ratio is often called the dimensionless LL damping parameter. In terms 

of aLL, the LL equation is

^ l  = - |/ |M (r)x H int( r ) - ^ M ( 0 x [ M ( 0 x H int(t)]. (3.19)

One may obtain the small signal limit form of the LL equation, for the x- and y- 

components only, in two ways. The standard way is simply to expand Eq. (3.19) in component 

form, and then keep only the linear terms in (7), (f), mx(t) and my (t) . A second

way is to work directly from diagrams similar to those in Fig. 3-2 and to work out the component 

equations in the small signal limit directly. This second approach is used now for the LL damping 

model. Consider the diagram in Fig. 3-3 above. The x-z projection Mx_z of the total 

magnetization makes an angle 6{t) with the static internal field Hmt. Consider now a rotation of 

the x-z coordinate system to an x’-z’-coordinate system such that the z’ axis is in the direction of 

Mx_z . While 6{t) <k 90° is true in the small signal limit, the size of the angle is exaggerated 

here for clarity. The x-z projection of the internal field consists of the static component Hinl in 

the z-direction and the time-dependent component hmt_x (t) in the x-direction. These two internal 

field components are now resolved along the x' -direction. Their x’-components are depicted as 

dashed arrows in Fig. 3-3. The x'-component of Hmt is -H ml sin0(7), and the x' -component of 

is r̂nt-x(?) cos 0(f). The x'-component vector of Hjntx_z is the sum of these two 

contributions. By projection of the sum of these two contributions onto the x-axis and 

multiplication by a suitable rate parameter, one obtains the damping term in dmx(t)/d t. The 

reader sees by linearization of the full nonlinear LL equation in Eq. (3.17) that the rate parameter
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is given by the LL damping parameter ■̂ll ■ As a result, one obtains the equation of motion,

= Tx (t) + l hL sin0(f) + hmi_x (t) cos0 (f)] cos 0 (f). (3.20)

The last cosine on the right side is obtained by the projection onto the x-axis. In the small signal 

limit, terms of second or higher order in the transverse magnetization components are neglected, 

so that

cos0(f)«l

and

(3.21)

(3.22)

As a consequence, Eq. (3.20) becomes

dt M.
(3.23)

The corresponding equation for the y-component of the magnetization is

dmy (f)
dt

-  Ty (t) + AU
M .

(3.24)

Recall the intemal-to-extemal field conversions reviewed earlier in Eqs. (3.9) and (3.10), 

which are given by

. (3.25)M .

and
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* m - O M h  - h  M  m’ ^ rint-y I ' )  ~  n ext-y \ r )  ^  • (3.26)

With these relationships, the LL equations of motion in the small signal limit become

(3-27)
M .

and

(3.28)

When the torque terms are written out explicitly, a striking similarity of the damping and the

torque terms can be noticed.

=  ~ \ r \ [ YHmy  ( t )  ~ ^ s K t ~ y  ( t ) ] - J ^ [ X Hmx ( ' )  ( ' ) ] (3.29)

and

= + \r \ [ X Hmx ( t ) - M thtxt_x (f)] -  (0 ~ M K t - y  (0] (3.30)

A simple rearrangement leads to the form

d t
— W e m,

H M . a h

W -  [», (') - (')] - (') - (')]

(3.31)

and
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dmy (t)
dt

m. M,
lH

^uJ h
M, my(t) ~ Y S'h«t-y (0

(3.32)

= +\r\XH [« , (t) -m{: q) ( 0 ] - ^ p - [ * r  (0 -  (')]•

Here, one sees explicitly that at every instant the magnetization components mx (t) and my (t) 

are driven toward their respective instantaneous equilibrium values

M .
mx q)(t) = Y 1~hext~x(t) (3.33)

H

and

rri M (3.34)

Furthermore, observe in the damping terms of Eqs. (3.31) and (3.32) that the coefficients 

of the differences mx( t ) - m ^ ( t )  and my ( t) - myq̂ (?) are not equal! This provides a simple 

view of one of the key differences between the LL and BB (or MBB or COT) models. This 

observation will be given more thought later in the chapter.

Finally, when the damping terms are expressed in terms of the torque terms, one obtains,

(3.35)

and

dmy (t)
dt = ^ ( 0 -

Azx
F K

(3.36)

Recall from Eq. (3.18) that is equal to the dimensionless damping parameteraLi.

One has, therefore,
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dt

and

dmy (t)
= Ty {t) + a u Tx{t). (3.38)

dt y '

In this form, one sees that in terms of the torque, au  also has a simple interpretation. It is the 

mixing ratio |Ty [ ^ for dmx(t)/d t and |^ ( 0 |/ |^ ( 0 |  ®°r dmy ( t) /d t . One also sees that

the damping contribution to dm (t)/dt is given by the vector (*ll [-Ty {<\TX (O T » which is 

perpendicular to the precession contribution \Tx(t),Ty ( t ) ^ . This orthogonality of precession 

vector and damping vector in the small signal limit is illustrated in Fig. 3-4. It will be contrasted 

later on in this chapter with the Gilbert damping, for which the damping vector has a nonzero 

component opposing the precession vector, which leads to a slowdown in the precession.
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 pj LL damping term of dm (t)!dt 
precessional term of dm(t)/dt

cp^ = arctana

Figure 3-4: For Landau-Lifshitz damping, the transverse damping contribution to dm(t}ldt is

perpendicular to the precession contribution. As a consequence, LL damping does not, to first order in the 

damping parameter, slow the precession. This is in contrast to Gilbert damping, which is discussed later in 

this chapter.

The reader is urged to appreciate the utility of this Landau-Lifshitz analysis in terms of 

small components. The small component analysis allows one to see the simple ingredients that go 

into the model, and the simple form of the decay drive terms that come out. Table 3-1 

summarizes the various useful forms of the x-y component forms for the LL equations of motion 

in the small signal limit. The damping terms are cast in terms of internal fields, external fields and 

torques, respectively. For all three, the coefficients of both the x- and the y-damping terms are the 

same.
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Internal field damping terms

y y , = T Jt) + X„ 
dt yKJ LL K,-A<) M mA ')

s

9

External applied field damping terms

dm A t)  . . „ 

dm A t )

9

Torque damping terms

^ ■  = T,(t) + au rx (t).

Table 3-1: Forms of the Landau-Lifshitz equations of motion in the small signal limit.

3.3.b Bloch-Bloembergen (BB) damping, driven by the magnetization component 

perpendicular to the static internal field

Unlike the Landau-Lifshitz damping model, the Bloch-Bloembergen damping does not 

conserve the magnitude of the magnetization vector. It allows for two relaxation processes to 

proceed simultaneously with different relaxation rates. The first process, called transverse
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relaxation, strives to exponentially reduce the transverse magnetization components to zero. Its 

time constant is denoted as T2. The other process, called longitudinal relaxation, strives to 

exponentially decrease the difference between the longitudinal magnetization component and its 

limiting value M s , the saturation magnetization. This longitudinal process has the time constant 

7]. The equations of motion of the magnetization precession with BB damping are consequently 

given as

IrfM  (3.39)

^ W  = - | r |[M (()xH M(f)])i- lA / , ( < ) ,  (3.40)

and

P j P  = -  W[M (')  * H». ( ') ] ,  ( » ) - " . ] •  (3.41)

In the small signal limit, one usually considers only the relaxation of the transverse magnetization 

components and sets M z (t) to M s . The corresponding equations of motion for the transverse 

magnetization components mx (t) and my (/) are given by 

dm A t) m . 1 . .
<3-42)

and 

dmy (t)
^ ( 0 - ^ ( 0 -  (3-43)dt T2

These equations of motion specify a relaxation of the transverse magnetization components
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that is driven by the transverse magnetization components themselves. In contrast to the LL 

damping, no field components appear in the BB damping terms. One can see that this form, with 

the torque terms neglected, gives simple exponential decay with both mx (?) and rny (t) 

proportional to exp(-t/T 2) . The problem here is that for any nonzero driving field components 

Kxt-x ( 0  or hext-y ( 0  > the instantaneous magnetization equilibrium components m^q\ t )  or 

(?) are nonzero as well, and the BB decay is never to the instantaneous equilibrium, but to 

the static internal field. But why should the magnetization vector relax toward the direction of the 

static internal field, instead of the internal field? Rather, if the relaxation is driven by the 

magnetization and not the field, then the magnetization should relax at every instant of time 

toward the internal field (Codrington-Olds-Torrey’s model), or toward the instantaneous 

magnetization equilibrium defined by the external applied field (Modified Bloch-Bloembergen 

model). Both models avoid the unphysical characteristics of the BB damping model and are 

analyzed in 3.3.c and 3.3.e, respectively. With the torque terms written explicitly and with the 

notation 1BB = \IT2, Eqs. (3.42) and (3.43)become

dm̂  =-\r\[YHmy (t) ( ? ) ]  -  l BBmx (?) (3.44)

and

dn̂ -  = (0  ~M ^ - x  { t ) Y ^ Bmy (?), (3.45)

respectively. Notice that the damping terms do not contain the external microwave driving field 

components (t) and h ^ y  (?) at all. This is the algebraic expression of the fact that the
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magnetization always relaxes to the direction of the static field instead of the instantaneous 

equilibrium direction. In Chapter 4 it will be shown that this concept leads to negative loss in 

certain special cases of the sample geometry and the polarization of the microwave driving field.

3.3.c Codrington-Olds-Torrey’s (COT) damping, driven by the magnetization 

component perpendicular to the total internal field

At the 1954 Spring Meeting of the American Physical Society at Washington, D. C., 

Codrington, Olds, and Torrey from Rutgers University gave a contributed paper with the title

F8. Paramagnetic” Resonance in Organic Free Radicals at 
Low Fields.* R. S.-  C o d r in g t o n , J. D. Oijds, a n d  H. C- 
T o r r ey , Rutgers U n iversity ,—We have measured the mag- 
netic resonance line shapes of the solid organic free radicals: 
diphenylpicryl hydrazyl, tri-p-amsylaminium perchlorate and 
tri-p-ami nophenylami ni um perchlorate as a function of 
magnetic field at the frequencies 0.8, 1.5, 4, 8, and 15 Me. 
At 15 Me all show two Lorentz shaped resonances symmetri­
cally disposed about zero field with full widths between in­
flection points of 2.0, 0.68, and 0.33 oersteds, respectively. As 
the frequency is lowered, the resonances merge in each case 
to form a single absorption maximum at zero field. For each 
radical the entire shape is accurately predicted by a set of 
Rloch equations modified so that longitudinal relaxation is 
parallel and transverse relaxation perpendicular to the instan­
taneous field direction. The usual Bloch equations give com­
pletely erroneous results at low frequencies. In every case the 
oscillating field was sufficiently small that no longitudinal 
relaxation effects were observed. For each radical a  single T* 
obtained from the width at IS Me sufficed to reproduce all 
details of the shapes. The resonance lines of these radicals at 
9 300 M c are significantly wider than at 15 Me probably due to 
diamagnetic anisotropy at high, fields.

* Supported by the U. S. Ofl3.ee of Nava] Re»t?areii.

Figure 3.5: Codrington-Olds-Torrey’s abstract in Phys. Rev. 95, 607 (1954).
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“Paramagnetic Resonance in Organic Free Radicals at Low Fields”. The abstract of this paper 

was published in Codrington, Olds, and Torrey [1954] and is photographically reproduced here in 

Fig. 3-5. Unfortunately, this abstract is not accessible from the Physical Review web archives.

In this abstract, Codrington, Olds and Torrey briefly allude to a new damping model that 

consists of “ ... a set of Bloch equations modified so that longitudinal relaxation is parallel and 

transverse relaxation perpendicular to the instantaneous field direction.” They continue, “The 

usual Bloch equations give completely erroneous results at low frequencies.” The COT abstract 

does not give any more than the above words. The full COT equations of motion were first given 

in explicit form by Wangsness [1956], written as

Note that there are two damping terms! The first term is the precession term of the torque 

equation of motion. The second term is a longitudinal damping torque in the direction of the 

internal field Hmt (t) , with relaxation time constant 7]. The third term is a transverse damping 

torque perpendicular to the internal field, with relaxation time constant T2.

The COT damping model is very similar to the LL model, but with reversed roles for the 

magnetization and the internal field. Whereas LL damping is driven by the internal field 

component perpendicular to the total magnetization, the COT damping is driven by the negative 

of the magnetization component perpendicular to the internal field. Figure 3-6 illustrates how, in 

this sense, LL damping and COT damping are reciprocal to each other.

(3.46)
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V*

LL COT

Figure 3-6: The two diagrams illustrate how LL damping and COT damping are reciprocal to each 

other. Left diagram: The LL damping term is proportional to the component (i) of the internal

field that is perpendicular to the total magnetization. Right diagram: The COT damping term is 

proportional to the negative of the magnetization component M ±H (f) that is perpendicular to the

internal field.

Figure 3-7 gives a working diagram for the construction of the x damping term. The x-z 

projection H x z of the internal field defines a z ' -axis that makes an angle q> with the z- axis. 

The left diagram in the figure shows the x ’-z’ coordinate system that is obtained by a rotation of 

the x-z system by the angle <p. In this way the x ’-axis is in a direction perpendicular to the
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projection Hx_z of the total internal field. The x ’-component of Mx_z (?) is now obtained as

M x, (?) = mx {t)cosq>-Ms sin . (3.47)

In the small signal limit, the angle <p is small, so that one has the approximations

COS0>»1 (3.48)

and

sin<jp»<p« tan<p- (3.49)

Substitution into Eq. (3.47) yields the x’-component of the magnetization,

(3.50)

Similarly, one obtains

hint -y (t) (3.51)

One has, then, in the small signal limit the COT response equations

M .m
tii

(3.52)

and

dmAt)
or

int
(3.53)
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int

m

component of M s ± t o  H , ^ )
component of mx (f)_L to Hxz (t)

Figure 3-7: The projection of the magnetization and the internal field into the x-z plane yields the vectors 

Mx_2 (7) and Hx_z (f) , respectively. The dashed vectors are the components of M s and of mx (t)

perpendicular to Hx_z ( t) . Their sum is the component of Mx_2 (t) perpendicular to Hx_z (f) , and is

proportional to the damping contribution to dmx (t)/d t in the COT equations of motion in the small signal

limit.

A purely algebraic derivation of Eqs. (3.52) and (3.53) by linearization of the full nonlinear 

system (3.46) reveals that the COT rate parameter 2^OT is simply the reciprocal of the transverse 

relaxation time T2,
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If one uses the connections from Eqs. (3.2) and (3.3),

K t - x  (0 =  h ext-x (0 -  4xNjnx (0

and

K l  - y  (0 =  K t ~ y  (0 -  4 nNymy ( /) ,

one can reduce the COT equations of motion to the form 

dmx{t) ,
=7;(0-^cOT —  dt xy ’ ^ ° r H,nl

(3.55)

(3.56)

(3.57)

and

dmv(t) , .  M  
— vA1 = Ty { t ) - ^ o T ^dt

(3.58)

The above match the LL equations with the replacement

M,
^ L L  A C O T (3.59)

With this transformation, all results obtained for LL damping go over into corresponding results 

for COT damping. Therefore COT damping may be viewed in the small signal limit as a type of 

LL damping, where the LL damping parameter is inversely proportional to the magnitude of the 

static internal field.

One can also use algebraic replacements, based on the LL results, rather than geometry, to 

obtain the COT equations of motion in the small signal limit. Recall that the COT damping is
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similar to the LL damping with reversed roles of the magnetization and the internal field. 

Therefore, to obtain the COT equations in the small signal limit, one must in the LL damping 

terms interchange mx (f) with hi{A_x (f), my (t) with hml_y (t) and M s with Hmt. Also the LL 

rate parameter ^LL must be replaced by the COT rate parameter . By this procedure one 

obtains the COT equations (3.52) and (3.53) that were derived from geometrical considerations 

above.

3.3.d Gilbert (G) damping, driven by the rate of change of the magnetization

Gilbert [1955] proposed a model of magnetic damping in which the processing 

magnetization vector experiences a viscous drag torque that dissipates energy. The original vector 

form of the Gilbert equation may be written as

^ H r | M ( r ) * M r ) + f ^ M ( () x ^ .  (360)

The processional response from this equation is depicted graphically in Fig. 3-8. The 

diagram is constructed for an instantaneous free decay response in which M(/) is processing 

around Hmt (t) , but is also spiraling in toward Hmt (t) . Because of the spiraling-in response, the 

total dM (t)/dt has a component directed opposite to the precession torque. This amounts to a 

slowing down of the precession response, in addition to the inward decay.
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in te rn a l field,

H i n t  ( 0 d M ( t )

magnetization 
trajectory

magnetization,

M(t)

Figure 3-8: The Gilbert damping torque is proportional to x d M ( t ) / d t , a vector perpendicular to

the magnetization vector as well as to the magnetization trajectory.

trajectory of m (t)

I /  dm (t)/ dt
G damping term of dm(t)/dt 

precessional term of dm(tydt
cpG =  a rc ta n a G

Figure 3-9: For Gilbert damping, the damping contribution to d m { t ) ! d t  is perpendicular to d m (t) / dt

itself, and has therefore a nonzero component opposing the precessional contribution. As a result, Gilbert 

damping slows down the precession.
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Figure 3-9 shows a top view of the precession cone in the small signal limit. Similar to the 3-D 

situation, the time rate of change of the transverse magnetization, dm (t)l d t, has a damping 

component that is perpendicular to dm (t)/dt itself. A linearization of the 3-D Gilbert equation 

in Eq. (3.60) shows that the Gilbert damping term in the equations of motion in the small signal 

limit can be characterized by two fundamental properties:

a) It is perpendicular to dm I dt, such that the static internal field, dmldt and the damping term

of dm / dt form a right-handed system.

b) The magnitude of the damping term of dm ldt is proportional to the magnitude of dmldt 

itself. The constant of proportionality will be called the dimensionless Gilbert damping 

parameter aG. The aG parameter is a direct analog to the LL parameter au  =^ix i \y \m s 

developed above.

The decay geometry for Gilbert damping is significantly different from that for LL 

damping. Recall that the damping torque for LL damping is perpendicular to the precession 

torque and has no effect on the precession response. This point of difference is often 

unappreciated because of the ability to transform algebraically the Gilbert equation into the form 

of the LL equation by a simple replacement of \y\ by \y\j(l + c 4 ) . This transformation and some 

of the corresponding physical implications will be considered shortly. In the small signal limit, 

the Gilbert equations of motion take the form below.

dnix̂  = -\r\[yHf»y (t) - M ^ y  (r)] - aG dm̂  (3.61)

and
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(3.62)

The Gilbert damping term in vector form is aG
dmy (t) dmx (t) 

d t ~ '  dt
. It depends only on the

components of the rate of change of the magnetization, and not on the magnetization itself. It is

orthogonal to the time rate of change of the magnetization
dmx {t) dmy (t)  

dt ’ dt
, but not orthogonal

to the precession term. If Eqs. (3.61) and (3.62) are solved for the derivatives of the transverse 

magnetization components, one obtains

= ~ T ~ j [ Ŷ my {t)~ M sKt-y { t ) ] - ^ ^ \ X Bmx (f)- M shext_x (*)] (3.63)
U l  1  *T“  W q ;  1  "T "  W q

and

wf 1 + CC(~> 1 + Clr}

This system goes over into the Landau-Lifshitz equations of motion through two simple

replacements, namely

(3.65)

and

M
i + « !

(3.66)

In an algebraic sense, therefore, Gilbert damping can be considered to be a type of LL damping, 

where the gyromagnetic ratio decreases with the dimensionless damping parameter. As the reader

may easily show, this equivalence between G and LL damping is valid even for the full nonlinear
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equations of motion and is not limited to the small signal limit. However, in this thesis only the 

small signal limit response of the magnetization is considered.

In spite of the physical inequivalence of Landau-Lifshitz and Gilbert damping, the 

algebraic equivalence allows one to carry over much of the formal algebra to the Gilbert case. 

This includes expressions for the precession frequency and decay rates (to be considered shortly), 

and the Gilbert equation in Smith matrix form. One only needs to take the previously developed 

relations for the LL case and apply the replacements from Eqs. (3.65) and (3.66).

As the damping parameter aG is increased, fundamental physical differences between the 

LL and G damping models become apparent. These differences stem from the fact that the Gilbert 

damping term has a precessional component, which in fact slows the precession. Consequently, in 

the case of Gilbert damping, with increasing aG,

a) the natural frequency of the free precession decay is decreased,

b) the relaxation rate of the free precession decay increases to a maximum value at aG =1 and 

then decreases asymptotically to zero. At the peak relaxation rate the damping is called critical 

damping.

The Gilbert damping model is the only one among the five damping models considered in this 

chapter that exhibits a critical damping phenomenon.
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3.3.e Modified Bloch-Bloembergen (MBB) damping, driven by the magnetization 

component perpendicular to the instantaneous equilibrium of the magnetization

In contrast to the COT damping model, which relaxes the magnetization to the direction of 

the instantaneous internal field, the modified Bloch-Bloembergen damping model relaxes the 

magnetization to the direction of the instantaneous magnetization equilibrium defined by the 

external applied field. These two directions are not the same! As shown in Fig. 3-10, for MBB 

damping one resolves the net magnetization along the x’-direction based on the axis rotation 

angle £ = hat-x (t) /X H. Recall from Fig. 3-7 that for COT damping one resolves the 

magnetization along an x’-direction based on an axis rotation angle q>= hint_x (t)/H int. These two 

angles are not the same. The angle <p depends on mx (?) through hint_x (?), whereas the angle £  

does not depend on mx (?) at all. This results for the following MBB equations of motion in the 

small signal limit,

Notice that the MBB equations of motion reduce to the BB equations of motion in the absence of 

the external applied transverse microwave field, that is for hext_x(t) = hexl_y (t) = 0. The term 

“modified” was originally introduced to underscore the change in form so that mx (?) and my (?) 

relax to their equilibrium values rather than to zero.

(3.67)

and

(3.68)
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X m
tx

x -  component of M s
x -  component of

Figure 3-10: Construction of the MBB damping contribution to dmx { t ) l d t .  The damping term is

proportional to the x component of the magnetization component (dotted arrow) perpendicular to the 

direction [  hx (f ), X H of the instantaneous magnetization equilibrium.

As with the COT model, the small signal limit response of the MBB model may be cast into the 

LL form. One obtains,

dt H
w * ( 0 (3.69)
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and

(t\ \4 r v
(3.70)

dt yh

In this LL form, one sees a major problem. Instead of a single L̂L multiplier for both the x- and 

the y-damping terms, one has two different coefficients that depend on the geometry and on the 

static internal field. Recall also that the COT equations in LL form gave a common multiplier 

ACOTM s / H int. One can view the COT and MBB forms as moving further and further away from 

the original LL formulation with

P-71)
“ int

(3-72)
H

and

> T B'y)= \m B ^ r -  (3.73)

One sees, therefore, that the damping parameters in these models (not to mention Gilbert) 

represent very different physical processes. There has been much discussion over the years about 

“which model is correct”. The point to be emphasized here is that all five models are 

phenomenological in nature. The present analysis shows that the phenomenological bases of the 

LL, COT, G, BB and MBB models are all very different.
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3.4 Trajectories of the free decay of the magnetization precession

Recall from Chapter 2 that the undamped, free magnetization precession in the small signal 

limit follows an elliptical trajectory in the transverse plane. “Undamped” means that no energy is 

dissipated at any instant of time, and “free” means that only a static field is applied, but no 

transverse microwave driving field. When damping is included, the magnetization trajectory is no 

longer a closed elliptical curve, but a compressed logarithmic spiral. The shape of the 

decompressed logarithmic spiral is controlled by a single parameter, the angular decay rate of the 

spiral. The functional dependence of the angular decay rate on the stiffness fields and the static 

internal field is established for each of the five damping models. As a byproduct, the decay 

parameters and relaxation rate of die free decay amplitude are obtained.

3.4.a Trajectory of the free precession decay with BB or MBB damping

Recall from Section 3.3.b that the equations of motion for the free precession decay with 

BB damping in an ellipsoidal sample with stiffness frequencies X H and YH are

= - \r \YHmy ( 0  ~ ^BBmx (O’ (3‘74)

and

= +\r\XHmx(t) -X BBmy (t). (3.75)

Here XBB is the BB decay rate, namely (\/T2)m . Recall that these equations also describe the

free decay with MBB damping, since MBB damping coincides with BB damping in the absence

of a transverse microwave driving field. It will now be shown that the magnetization trajectory is
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a logarithmic spiral compressed along the transverse principal axes of the sample ellipsoid. The 

compression transformation that converts the precession ellipse of the undamped free decay into a 

circle is given by

= mx(t) (3.76)

and

Will the same compression transformation lead to rotational symmetry in the more general Eqs.

(3.74) and (3.75) with the additional BB damping term? After application of the transformations 

in Eqs. (3.76) and (3.77), one obtains

= ~ ^ ] (Dx a)y  (0 - XBB™x (0 (3.78)

and

= y j ^ y  «* (0  ~ ̂ B™y (0  • (3.79)
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Notice that as for the undamped precession, both stiffness frequencies in the transformed system

2 i
are equal to the Kittel frequency \y\ . Notice by comparison with the untransformed Eqs.

(3.74) and (3.75) that the BB damping terms have not been changed through the transformation. 

For the undamped case, ABB=0, the “transformation to rotational symmetry” turns the 

precession ellipses into circles. What are the trajectories corresponding to the damped equations 

of motion in Eqs. (3.74) and (3.75)? They are compressed logarithmic spirals, as illustrated in 

Fig. 3.11. The proof follows below:

undamped precession: 
ellipse circle

transformation to 
circular geometry

damped precession: 
compressed logarithmic 
spiral logarithmic spiral

F i g u r e  3 - 1 1 :  A linear transformation, explicitly given in Eqs. (3.76) and (3.77), transforms the 

precession ellipse of the undamped free precession into a circle. The same transformation converts the 

compressed spiral trajectory of the damped free precession into a logarithmic spiral. This 

transformation is called here “transformation to circular geometry”. It is a linear compression along the 

coordinate axes.
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Step 1: In order to obtain the time dependence of the magnitude

lm ( o |= v [ M o T  + 1my (?)J2 of the transformed transverse magnetization vector, multiply Eq. 

(3.78) by mx (?) and Eq. (3.79) by my (?), and then add the equations. One obtains

mx + (0 dm^  = -XBB j[m* ( ? ) ] 2 + \mx ( ? ) ] 2 J . (3.80)

Now, recognize the left hand side as the time derivative of the quantity

{̂P*wT+P*(o]2}=!l“(or (381)
Eq. (3.80) becomes

“ |m (0 |2 = - Abb |m(0 |2 • (3-82)

This exponential differential equation for the function |m(r)|2 has the simple solution,

|m(r)|2 =|mo|2^ ' ,  (3.83)

where mo is an abbreviation for the magnetization vector m(0) at time t = 0. By taking the 

square root on both sides, one obtains,

|m (/)| = |mo | e~Asst. (3.84)

The magnitude of the transformed transverse magnetization decays exponentially with decay rate 

XBB. Since a compression transformation is a linear transformation, and does not change an 

exponential decay rate, XBB is also the decay rate of the x- and of the y-components of the 

transverse magnetization components mx (?) and my (?).
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Step 2: In order to obtain the trajectoiy in the uncompressed coordinates in polar form, one 

introduces the dynamic polar angle q>(t) ,

mx (t) = |m (f)|cos#>(t) = cos <p{t) (3.85)

my (t) = m(t)jsin^o(t)=moe_;lMf sm<p(t). (3.86)

Substitution of the polar coordinate representation into the first equation of motion in Eq. (3.78)

yields,

-XBB |m01 cos <p(t) -  ̂ | m 01 sin <p{t) =

(3.87)

|m01Sinfl»(0 “ K b K  |C0S fl»(0

After cancellation of the term -ABB |m0|cos^(r) on both sides and of the factor |m0 |sin^(f) in 

the remaining terms, the equation simplifies to

<̂ p -  = yl<Dxa y . (3.88)

This means that the angular velocity of the magnetization spiral in mx (f) and my (t) is constant

in time. In fact, this angular velocity is equal to the Kittel resonance frequency <Jaxa y . If the 

polar angle has the initial value #>(0) = <p0, then Eq. (3.88) implies that

V{t) = ~q>0 + \ y \ 4 x ^ - t .  (3.89)

Elimination of the time t from Eq. (3.84) by use of Eq. (3.89) yields the representation of the 

trajectory in polar coordinates:
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This polar equation has the form r = of a standard logarithmic spiral . In this case,

r0 -  |m01 is the polar radius of the spiral for the polar angle %. The factor n  = XBB! yjo)x6)y in 

the exponent is the constant amplitude decay rate of the magnetization trajectory with respect to 

the polar angle. It has units of II rad , and was shown here to be inversely proportional to the 

Kittel resonance frequency for BB and for MBB damping.

3.4.b Trajectory of the free precession decay with LL damping

The previous section showed that the free precession trajectory for BB damping is a 

compressed logarithmic spiral. The BB damping terms are unaffected by the uncompression 

transformation. This section will show that, in contrast, the LL damping terms are changed by the 

uncompression transformation. As a consequence, the LL free decay trajectory is a compressed 

logarithmic spiral, rotated by a small angle =(l/2)arctanazx. Recall that aLL is the 

dimensionless LL damping parameter XLL/\y\Ms . Figure 3-12 shows a sketch of the LL free 

decay response. The algebra below will develop the equations for this response.
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m

m

Figure 3-12: The free decay trajectory of the transverse magnetization with LL damping is a compressed

logarithmic spiral. It is compressed along axes obtained from the principal axes of the sample ellipsoid

(dotted) through counter-clockwise rotation by a small angle (p^ = ( l /2 )arctana£i .

Recall that the equations of motion for the undriven precession with LL damping in an 

ellipsoidal sample with stiffness frequencies a>x = \y\XH and <ay = \y\YH are given in the small 

signal limit by

= ~&ymy (t) -  aup xmx (t) (3.91)

and

dmAt) . . . .
 ( 0  -  aufiyMy (0 - (3-92)

Notice that in these LL equations the coefficients of mx (f) and my (t) in the damping terms are 

-a LLcox and -a LLcoy , respectively. In general, these coefficients are not equal except for the

85

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



special cases of rotational symmetry with Nx =Ny , X H =rH, and o)x -a>y . In all other cases, 

the damping coefficients in the LL component equations can be made equal by a suitable rotation 

of the coordinate axes. A rotation of the x-y coordinate system by an angle cpLL results in a 

transformation of the magnetization components according to

V r/

, V ( 0 , V

cos (PtL sin (pLL 
-sin (fa  cos <pu

mr(t)

y - A 'b
(3.93)

In the new coordinates, Eqs. (3.91) and (3.92) become

( dmx'(t)) f

dt
dmy '(t)

I dt j V

cos ̂  sin cpLL

-sin (p̂ L cos q>n

-co.

-au P y j

cos<pu  -sm<pLL 

sin (Pll cos

+ay sin2<pu ) sm2 cp^ + a  y cos2 cpLL )

+ (<°x - ) sin(pLLcos(pLL +aLL {&x -<oy)sui<pLL cos

cos2 (pjĵ  + <a y sin2 (p^ ) -« l l  (®x sin2 (pIJL + eoy cos2 (Pl l )

+ ( * l l  (®x ~ ° } y ) sinq>LL cosq>u  -(® x - o ^ J s i n ^ c o s ^

(3.94)

m. ' ( 0

With the trigonometric identities sin (2<p) = 2 sin <jocos q> and cos(2^) = cos2 91-  sin2 9) this 

equation simplifies to
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dmx'( ty  
dt 

dmy '{t) 
I  dt ,

-a ,LL

cox + co cox -co 
— ---- ^ + — -cos2 ^LL

\

a x-V y sin 2 ^

^ 2 L  + ̂ L ^ L cos2<Pl

cox + a y + a * ^ ° y  cos2<Pl

COv —  CO ̂
+ a ,L L '

* y.dsin 2%’LL

'LL
- a 'LL

f  COx +COv (Ox - ( O v ^

2 2  cos (̂>LL

cor -w
■LL sin 2cpx'LL -° x e>y sin2 ^LL

rmx'( ty

The diagonal elements of the 4x4 matrix in this equation are equal if and only if

-a
<Ox -<Dy CO -CO

cos 2<pLL +  -sm  2<pLL = 0 .LL

For cox =coy this equation is always fulfilled. For Eq. (3.96) can be divided by (co 

and yields the simple condition,

tan 2  cpLL =aLL,

or, solved for the rotation angle cpLL,

(Pll =^arctanaLi.

With this rotation angle, the system in Eq. (3.95) may be written as

d m x ' ( t )

d t

^ x + ^ y  ( O x - V y cox +cov
y  V /  - L L — - ~ m x ' { t )

(3.95)

(3.96)

X~COy)/2,

(3.97)

(3.98)

(3.99)
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and

dmy '(t)
dt

=  +
wx +<ay | 6>x -(Qy

a/ i + «
, . + o v

W x'(0“ a u ---- (0 (3.100)

These equations have die same form as the BB/MBB equations in Eqs. (3.78) and (3.79), if in 

those equations <ox is replaced by

IO x + ( o  <DX - G > y  r r  2
o)x = -~+ _■ y ■y/l + a~'L L  ?

(3.101)

and at is replaced by

COv =_ ° > x + ° > y  V x - V y
\ j l  +  a L L  , (3.102)

and XLL is replaced by

< O r + G > „
XLL=al£-JL- JL (3.103)

One then has

dmx '(t)
dt

-  -coymy '(f) -  XLLmx '( f ) , (3.104)

and

y  ̂ ^ = <oxmx '{t)-XLLTny { t) .
dt

(3.105)

The transformations as in Eqs. (3.76) and (3.77), now written as

mx (t) = \Ja>x mx\ t )  

and

(3.106)
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m?(t) = my, (t) , (3.107)

yield transformed LL free decay response equations in the form

=-\l&x(Dy ffiy(r)-2ix/wx (r) (3.108)

and

^ m>a = ' ^ 6 ) x ( D y  m x ' ~ ^ L L m y '(0 • (3.109)

Based on the above, one can carry over the full logarithmic spiral analysis from Sec. 3.4.a. The 

Step 1 result goes over to

|m(r)| = |mo|e^“f (3.110)

The Step 2  result goes over to

^ l l ( 0  = ^o + V®*®>’ 1 (3.111)

and

—■J -j-[m *)-pI)]
|m(r)|^=|mo|e ^  (3.112)

In the limit of small damping, a lL «: 1, one may neglect the a 2LL terms in the above

equations. In this limit, eox -> cox and <ay -» a>.

It was shown that the free decay trajectory of the precession with LL damping is a

compressed logarithmic spiral whose compression axes form an angle of

cpLL = iarctanaiL (3.113)
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with the principal axes of the sample ellipsoid. This situation was depicted in Fig. 3-8. The angle 

(p^ will be referred to as the tilt angle of the spiral.

3.4.c Trajectory of the free precession decay with G damping

As developed in Sec. 3.3.d, Gilbert damping can be viewed as a Landau-Lifshitz damping

decay with G damping is a compressed logarithmic spiral whose compression axes form an angle

with the principal axes of the sample ellipsoid. That means it is impossible to judge from the 

shape of the trajectory whether G or LL damping is at work. However, there is a clear distinction 

between G and LL damping as regards the relaxation rate (see Section 3.4.e).

3.4.d Trajectory of the free precession decay with COT damping

As explained in Section 3.3.c, Codrington-Olds-Torrey damping with COT damping time 

constant T2 can be viewed as a Landau-Lifshitz damping with the dimensionless LL damping 

parameter aLL replaced by

with a gyromagnetic ratio proportional to l/( l + c 4 ) . Consequently all results for LL damping 

are converted into results for G damping, when au  is replaced by aa and when \y\ is replaced 

by |y|/(l + o4) in the LL equation of motion. Therefore, the trajectory of the free precession

of

arctana, (3.114)

1 (3.115)a CO T ~
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Therefore, the trajectory of the free precession decay with COT damping is a compressed 

logarithmic spiral whose compression axes form an angle of

with the principal axes of the sample ellipsoid.

Eq. (3.116) shows that for COT damping, the tilt angle (pCOT of the spiral trajectory 

depends on the static internal field. This is a unique characteristic of the COT damping model.

3.4.e The relaxation rate of the free precession decay

The amplitude decay for the free precession trajectory with BB/MBB damping was shown to be

Recall that the tilde over the magnetization signifies that this is the magnetization after the 

compression transformation to rotational symmetry, which transforms the elliptical precession 

response into a circular response. The transformation to rotational symmetry linearly rescales the 

x- and y-axes, but does not change the decay characteristics of the precession such as the 

exponential decay rate, which is also called relaxation rate. Therefore, the relaxation rate of the 

magnetization amplitude can be extracted directly from Eq. (3.117). The relaxation rate is the

arctanarctana, (3.116)

(3.117)

with the rate parameter

(3.118)
2
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decay parameter

Vbb ~ Abb ~ T f • (3.119)
2

For Landau-Lifshitz damping, on the other hand, the magnetization amplitude decay after 

transformation to rotational symmetry was shown to be

|m(V)| = |mo|e~*“' (3.120)

with the decay parameter

<ox + av
Al l=<XlL^ Ly JL- (3-121)

By the same reasoning as for the BB damping, the LL relaxation rate is identical to this LL decay 

parameter:

I ,Xfr+Yf ,
Vll= All -cCj^ \y\ -  -& ll -  • (3.122)

The G relaxation rate is obtained from the LL relaxation rate in Eq. (3.121), when a u  is 

replaced by aG and \y\ is replaced by \y\j{\ + a ^ . The result is

M X h +Yh = aG <ox + a „ 
1 + ak 2  1+ a~ 2Vo = ao~r 2 \  "  =~ i  * V (3-123)
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Notice that the G and LL relaxation rates depend very differently on the respective dimensionless 

damping parameter. Whereas the LL relaxation rate is linear in aLL, the G relaxation rate 

contains a factor crG/(l + a G). Figure 3-13 illustrates this difference. The G relaxation rate 

attains a maximum at aG = 1 and then tends to zero as a G -»co. One calls aG= 1 the critical 

value of the damping parameter aG. There is no critical value of the damping parameter for LL 

damping.

Finally, the COT relaxation rate is obtained from the LL relaxation rate when the

relaxation rate in [(©x

2.5
Landau-Lifshitz 
damping /

critical Gilbert damping

Gilbert
damping0.5

0.5 1.5 2.5

dimensionless damping parameter

Figure 3-13: Dependence of relaxation rate on damping parameter, contrasted for LL and G damping. The 

dependence is linear for LL damping. For G damping it is nonlinear, and attains a maximum at the critical 

value a G = 1. Such critical damping occurs only for the Gilbert damping model, and for none other one of

the five damping models considered in this thesis.

93

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



dimensionless LL damping parameter a u  is replaced by aCOT = \fT2 |y |//mt. Therefore, the 

COT relaxation rate is given by

j Jc o t  - & c o t  ^  ~  T  | | i t  • (3.124)
2  W F m t

3.4.f Comparison of trajectory tilt angles and relaxation rates

For the free precession decay, Table 3-2 compares for the five damping models the 

relaxation rates and the tilt angle of the spiral trajectory against the transverse principal axes of 

the sample ellipsoid. For the free decay, the BB and MBB models are identical, and therefore 

share a common row in the table.

The relaxation rate is independent of both the sample geometry and the static internal field 

for the BB/MBB models. The relaxation rate scales linearly with a geometry factor for the LL, G, 

and COT models. This geometry factor is the same for these three models, and is the arithmetic 

mean of the stiffness frequencies. The COT model is the only model of the five for which the 

relaxation rate is inversely proportional to the static internal field; the other four models show no 

field dependence of the relaxation rate. Finally, the Gilbert relaxation rate scales in a nonlinear 

way with the damping parameter aG. Maximum relaxation is attained for the critical value 

aa = 1 (critical damping).

For all five damping models the trajectory is, in general, a compressed logarithmic spiral. 

For the BB and MBB damping models, the spiral is compressed along one of the transverse 

principal axes of the sample ellipsoid. In contrast, for the LL, G and COT models, the logarithmic
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spirals are tilted away from the principal axes by a small rotation angle. This rotation angle is one 

half of the arctangent of the respective dimensionless damping parameter. Recall that the 

dimensionless damping parameter is aLL =At t /(|y|MJ) for LL damping, aG for G damping, 

and aCOT = l / ( r 2 |y |/fmt) for COT damping.

Damping
Model

Relaxation rate tj of magnetization 
amplitude after transformation to 
rotational symmetry 
|m(r)| = |mo|e~’7<

Tilt angle q> of the 
spiral trajectory against the 
transverse principal axes of 
the sample ellipsoid

BB/MBB
1

Vbb ~ T
2

no tilt

LL
Ox +(0

riu.=aLL 2 <Pll =^arctanaLL

G «G < ° x +<° y

1 + a G 2 <pa  = -^arctanaG

COT
1 a x +(Oy 1 X h +Yh 1 _______  1

71(201 T2\r\Hmt 2 T2 2Hmt V c o t  — « arctan2 T2 \r\Hint

Table 3-2: Comparison of the relaxation rate, and the tilt angle of the logarithmic spiral trajectory for the 

five damping models.

3.5 Smith matrix formulations of the damped precession response

In Section 3.3, the equations of motion for the five damping models were derived in the small 

signal limit in a form that was explicitly solved for the time derivatives of the transverse 

magnetization components. When these equations are solved for the components of the external 

microwave driving field instead, another form of the equations of motion is obtained which will
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prove very useful in developing expressions for the energy loss and for the susceptibility tensors. 

This representation is very common in engineering mechanics, but has only recently been applied 

to the damped magnetic precession in Smith [2002], This form of the equations of motion was 

already used for the undamped equations of motion in Chapter 2 of this thesis, and will be derived 

here for Landau-Lifshitz damping. The Smith matrix form of the equations of motion for the 

other four damping models will be given afterwards in a table. The starting point is the LL 

equations of motion in the small signal limit,

= ~\r\[YHmy (0 ~ M sK « - y  (0] -  J f [ X H™x (?) ~ M (f)], (3.125)

and

(3.126)

With the dimensionless LL damping parameter aLL = 1LL /(jy\Ms) these equations become

dm~ - = -\a>/ny 0 ) -  |r|A fA *., (0 ] "  aLL (0  - \r\Mshex<-* (0 ] (3-127)

and

dm ^ - ~  = + [(Oxm x (t ) - \ r \ M sh eXt-x (0] “ a LL [ ® y m y  (0 " V\M (0] (3'128)

The equations of motion will now be solved for the components hext_x (r) and h ^ y  (r) of 

the driving field. Notice first that the system given in Eqs. (3.127) and (3.128) can be written in 

matrix form as
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dmx (t) / dt 
dmy (t)/dt -IrK

a■LL

- 1  a,LL J

h<*-A<)-(X HIM -)mx(')
W ' M V M . K W .

Multiply both sides by the inverse of the matrix on the right side, and obtain

1 1 a LL - n
dmx (?) 

dt
\ r \K  l + a 2u I 1 a L L j dmy (t)

&
Kxtyi*)- M .

m. (0

Solved for the driving field vector [hext_x ( t ^ h ^ y  (?)]T, this equation becomes

1 1

\r\Ms l + aL L

dmx(t) ( X   ̂H 0
- 1 ' dt i K mx(t) hert-xi1)

< 1 a L L ; dmy (?) o I z - my ( t ) K t - y l f ) ,
dt

This is the Smith matrix form of the LL equations of motion in the small signal limit. 

Now compare die damped equation in Eq. (3.131) with the undamped equation,

dmx(t) ( X
H 0

1 'o  - r dt Ms mx{t)
\ r \K J  o , dmy(t)

+
o I k . my(t)

dt
hext-y ( 0

(3.129)

(3.130)

(3.131)

(3.132)

The matrix multiplying the magnetization vector in the second term is the same for the 

undamped equation and the equation with LL damping. Recall that this matrix is the stiffness 

matrix

L y
X k -  u

(3.133)K l l = K undamped —

H
M .

0

0

Y,H
M .

From Eq. (3.131) it is seen that the matrix multiplying the time derivative of the
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magnetization for LL decay is

G i l  =
y\Ms 1 + aj

a,L L

1 a
(3.134)

l l  y

This matrix is no longer anti-symmetric as the one for the undamped equation in Eq. (3.132), 

which is the gyroscopic matrix 

1
G undamped —

'O -1 '
\y \m s 1 0

(3.135)

To isolate the effect of damping, the matrix G l l  can be written as the sum of the gyroscopic 

matrix G undamped and a small correction matrix, which is called the LL damping matrix Dll . 

Consequently the LL damping matrix D l l  is obtained as the difference of the matrices G l l  and

Gundamped 3S

D l l  — G l l  — G  undamped

_i \  i ( r\
(3.136)1 l a L L - n

V\M s 1 +  a L L { 1 «LL,

i a L L '  1 a L L

\ r \ M s 1 +  « 2l l \ ~ ° L L 1

1 ro -V
\r\Ms

Notice that the LL damping matrix is not symmetric. Its antisymmetric part,

~->antisym 1
D ll =

a
| y\Ms 1+ a,L L -1 0

(3.137)

is not zero, but is of second order in the dimensionless damping parameter aLL. It may be 

combined with the gyroscopic matrix G«mumped, which is also antisymmetric. The symmetric part 

of the damping matrix, on the other hand,
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(3 .1 3 8 )

is of first order in the damping parameter a LL. It determines the energy loss of the driven 

precession, as will be shown in Chapter 4. With these matrices, the LL equation of motion 

becomes

Table 3-3 shows the damping matrix and the stiffness matrix for each of the five damping 

models. In the LL, COT, G and MBB models the stiffiiess matrix is the same as in the undamped 

torque equation. It is a symmetric matrix. For BB damping, however, the stiffiiess matrix is not 

symmetric, but has a small anti-symmetric part that is linear in the damping parameter. Chapter 4 

shows that this non-symmetric BB stiffiiess matrix leads to negative loss under certain conditions.

Another anomaly of BB damping is the zero damping matrix. The other four models have a 

damping matrix whose elements are of the order of the damping parameter. In Chapter 4 it is 

shown that only the symmetric part of the damping matrix contributes to the energy loss. 

Notice that D9™ is a multiple of the unit matrix for the LL, G, and COT damping models. 

Chapter 5 demonstrates that this implies an isotropic distribution of the thermal noise fields. For 

the MBB damping model, the diagonal elements of D*’’"’ are, in the general case that cox *coy , 

not equal. Hence D’9™ is not a multiple of the unit matrix, and the thermal noise is not distributed 

isotropically. This special role of the MBB damping model is developed in Chapter 5.

(3.139)
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Damping model Damping matrix D Stillness matrix K

H-undamped —

/

no damping none
" iL o
M s

o L l

LL

D l l

a L L

\y\Ms 1 + (au  )2

L̂L
\y \ M s

a 2\
L L ( “ l l )

( a L L f  a L L  j K LL =

0
M s

0 r*
M s

BB

K  B B  =
X H !M S aBB

V a BB YH j
none

a B B  ~
t2\y \m s

COT

D, 1 a,
1C O T C O T

\r\Ms l + a .'C O T

1 a, \

\  ~ a c o r

COT

1
K  C O T  —

a C O T

(  V \(X jL  o
M s

Y
0  ^

T M H *
u.S J

G Do V\M*
aa 0

0 a. K g  =
a J

X h 0
M s

0 Yh
M s

MBB

Dmbb =

A M B B

M̂BB
V\M , + tifBB

Wx ^MBB

~ \iB B  Wy J
K m b j j  =

XjL
M.

0

Y,H
M .

Table 3-3: Comparison of damping and stiffness matrices for the five damping models.

1 0 0
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3.6 External susceptibility tensor

When a system of coupled harmonic oscillators is driven by a sinusoidal driving force, the 

system response is completely described by a complex-valued susceptibility tensor. In Chapter 2 

the susceptibility tensor was derived for the undamped precession response to a small microwave 

driving field in an ellipsoidal ferromagnetic sample. The microwave field must be perpendicular 

to a static applied magnetic field, and small in magnitude compared to it. The goal of this section 

is to extract the susceptibility tensors from the small signal limit x-y equations of motion and a 

general elliptically polarized applied microwave field [Aetf_I (t),A<atf_y(f)]r for each of the five 

phenomenological damping models. Traditionally the susceptibility tensor is obtained directly 

from the equations of motion. This involves a cumbersome calculation with large complex 

fractions. Smith [2002], however, has shown that the inverse of the susceptibility tensor may be 

written in a very simple form as a linear combination of various matrices in the Smith matrix 

form of the equations of motion. The importance of the inverse susceptibility tensor will be 

recognized in Chapter 4. There the energy loss in the sample is conveniently expressed in terms 

of the inverse susceptibility tensor and the magnetization components instead of the susceptibility 

tensor and the applied microwave field components.

Recall from Chapter 2, that the external susceptibility tensor relates the transverse 

magnetization response to the complex amplitude of the transverse microwave external driving 

field. The inverse of the external susceptibility tensor was expressed in a simple way in terms of 

the Smith matrices. In this way the susceptibility tensor could be obtained without solving the 

coupled differential equations of motion for the magnetization response. This section generalizes

101

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



the treatment of susceptibility with Smith matrices to include damping.

As in the undamped case, the transverse microwave driving field h ^ f )  and the 

corresponding transverse magnetization response m(f) are expressed in terms of their complex 

amplitudes hex;_0 and m0 and the driving frequency a  ,

fc«,(i) = R e ( l w “ ) <3' 14°)

and

m (t) = Re(m0e'a,t) . (3.141)

The external susceptibility tensor x(®) relates the complex amplitudes of driving field and 

magnetization response according to

n»o=x(®)h^_o- (3142)

Multiplication from the left by the inverse of the susceptibility tensor yields,

hect-o=x"1(®)m0. (3.143)

The inverse susceptibility tensor is easily determined from the general equations of motion for the 

damped precession in Smith matrix form,

(D + G ) ^ ^  + Km(r) = hert(r). (3.144)

Elimination of the time dependence in Eq. (3.144) with the help of Eqs. (3.140) and (3.141) 

yields a linear system for the magnetization complex amplitude m0 in terms of the applied 

microwave complex amplitude hCT(„0,
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icon1q + K • m0 — h ^ Q , (3.145)

that is,

[to(D  + G) + K]-m 0 = h rt_0. (3.146)

By comparison with Eq. (3.143) the inverse susceptibility tensor is recognized as

% 1 (a) = /©(d + g )  + K . (3.147)

The gyroscopic matrix G is always

(3.148)

For the five phenomenological damping models the damping matrix D and the stiffiiess 

matrix K were tabulated in Table 3-3. Therefore the inverse susceptibility tensor can easily be 

calculated for each of the five damping models. By inverting the inverse susceptibility tensor, one 

obtains the susceptibility tensor itself for each damping model. Both the susceptibility tensor and 

its inverse are shown in Table 3-4 for the undamped precession and for each of the five damping 

models.

Notice that by taking the inverse of the inverse susceptibility, for each damping model a 

frequency-dependent resonance denominator D is introduced. In the undamped case, the 

resonance denominator is real. It becomes zero exactly at the Kittel frequency, leading to an 

infinite amplitude of the magnetization response at resonance. In the damped case, the resonance 

denominator is complex. Its magnitude attains a minimum near the Kittel frequency. In both 

cases, the inverse susceptibility matrix never has a frequency-dependent resonance denominator.
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As a consequence, the inverse susceptibility tensor has a simpler form than the susceptibility 

tensor. In particular, it contains no quotients of complex numbers. Therefore, in the loss analysis 

of the next chapter, it proves easier to work with the inverse susceptibility tensor instead of the 

susceptibility tensor.

A consequence from Eq. (3.147) is the close connection between the damping matrix and 

the anti-hermitian part of the susceptibility tensor, which will be used in Chapter 5. The anti- 

hermitian part of the susceptibility tensor is given by

2/

Here the dagger superscript denotes the conjugate transpose of a matrix. The right side of Eq.

(3.149) simplifies considerably, because the symmetric stiffiiess matrix K and the anti-

This identity will play an important role in Chapter 5, where the fluctuation-dissipation theorem 

is applied to magnetic damping.

2 / 2 /
(3.149)

symmetric gyroscopic matrix G cancel out due to KJ = K and G? = - G . Therefore

(3.150)

or

X ’(® )- X '(®)
2 /o

(3.151)
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Table 3-4 (next two pages): Susceptibility tensor and its inverse for the five damping models. In the 

second column the inverse susceptibility tensor is calculated as a linear combination of Smith matrices. 

Then in the third column, the susceptibility tensor is given as the inverse matrix of the second column.

Model Inverse of external susceptibility tensor

x (©) = /» ( d + g ) + k
External susceptibility tensor

x ( ® )  = / © ( d + g ) + k J

None
1 1
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3.7 Summary comparison of damping models

All damping models except for BB and MBB damping have a damping matrix that is 

invariant under arbitrary rotations of the coordinate system in the transverse plane. Therefore in 

the LL, G and COT models the damping can be called isotropic. In contrast, BB and MBB 

damping are anisotropic. In practical terms this implies that, for BB and MBB damping in the 

absence of a microwave driving field, the components of the magnetization noise along the 

principal axes of an ellipsoidal sample are not equal. The calculation of magnetization noise is 

performed in Chapter 5 by means of the fluctuation-dissipation theorem and the Wiener- 

Khinchine theorem.

In the absence of a microwave driving field, BB and MBB damping are identical, but in the 

presence of a driving field, it is shown in Chapter 4 that BB damping leads to negative loss, for 

example for an anti-Larmor driving field in an infinite medium. Such negative loss is clearly 

unphysical. The BB damping model is the only one among the five models analyzed in this 

chapter that leads to negative loss.

LL and G damping are equivalent in the sense that the same precession dynamics can be 

described by an LL equation and a G equation with the same dimensionless damping parameter, 

but with a different gyromagnetic ratio. In the small signal limit, the COT damping model can be 

considered as a special case of the LL damping, where the dimensionless damping parameter is 

inversely proportional to the static internal field. This characteristic of MBB damping could be 

verified experimentally, by determining the relaxation rate at different values of the static internal 

field.
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The G damping is the only one among the five damping models examined in this chapter 

that reveals critical damping, as the damping parameter is increased. Critical damping appears to 

be a reasonable requirement for a damping model, because without it the relaxation rate goes to 

infinity and consequently the switching time for magnetization reversal goes to zero, as the 

damping parameter goes to infinity. Other damping models, such as the LL, COT and the MBB 

model, can be “Gilbertized” by letting the gyromagnetic ratio depend on the damping parameter 

in the form |y| = |y0|/(l + « 2) , where |y0| is the value of |y| for zero damping. Such 

“Gilbertized” models reveal critical damping in the same way as the Gilbert damping model. 

The “Gilbertized” LL damping is the G damping.

The trajectory of the free precession decay is a compressed logarithmic spiral for each of 

the five phenomenological damping models. The axes along which the logarithmic spiral is 

compressed coincide with the transverse principal axes of the sample ellipsoid only for BB and 

MBB damping. The compressed logarithmic spiral is tilted away from those axes by a small angle 

for LL, G and COT damping. The tilt angle is proportional to the arctangent of the dimensionless 

damping parameter. Although this tilt angle is small, it could, in principle, be used to distinguish 

experimentally between the LL, G and COT damping on one hand and the BB and MBB damping 

on the other.
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Chapter 4

Application of the Smith matrix formulation to loss analysis

Table of contents:

4.1 Introduction 109

4.2 Time averaged loss calculation from the susceptibility 112

4.3 Time averaged loss calculation from phase angles 117

4.4 The damped magnetic torque equation of motion in the small-signal limit -

recap of the Smith matrix form 121

4.5 Instantaneous loss calculation with Smith matrices 122

4.6 Time averaged loss calculation with Smith matrices 127

4.7 Summary 131

4.1 Introduction

The goal of this chapter is to develop simple expressions for the energy loss due to the various 

phenomenological damping forms in the small signal limit. As shown in the previous chapters, the 

Smith matrix form of the equations of motion is a valuable tool for the analysis of precession 

dynamics. One must distinguish between die instantaneous loss (a time-dependent quantity), and the 

time averaged loss (a time-independent quantity). From a simple energy balance calculation, the time- 

averaged loss can be shown to be equal to the time-averaged microwave input energy absorbed by die 

sample. For a microwave external driving field, the input energy is easily calculated by the method of 

complex amplitudes. The instantaneous loss cannot, however, be obtained in this way, because it is 

not equal to the instantaneous microwave input energy absorbed by the sample. This chapter uses a 

new approach based on the Smith matrix formalism to obtain expressions for the instantaneous loss.
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Both the instantaneous and the time averaged loss are calculated for the five phenomenological 

damping models that were developed in Chapter 3. Three different methods are used for the loss 

calculation:

a) Traditionally the time averaged loss is calculated from the imaginary part of a linear 

combination of external susceptibility components. This method requires the knowledge of the 

external susceptibility tensor for the given sample geometry. The necessary linear combination of 

susceptibility tensor components depends on the magnitude and polarization of the driving field. 

Then the imaginary part must be determined from a quotient of two complex expressions. Of the 

three loss calculation methods, this one is computationally the most intensive.

b) An alternative method to determine fire sign (positive or negative) of the loss is based on the 

phase angle between the x-components of applied microwave field and magnetization, and the phase 

angle between the y-components. For every damping model, the two phase angles can always be 

determined from the components of the susceptibility tensor and the components of the complex 

amplitude vector of the driving field.

c) The instantaneous loss as well as the time averaged loss can be expressed in terms of the 

damping matrix and the stiffness matrix that occur in the Smith matrix form of the equations of 

motion for the magnetization in the small signal limit. The Smith matrix form of the equations of 

motion was given in detail for the undamped magnetization precession in Chapter 3 and for the 

damped precession in Chapter 3. The Smith matrix approach is the only one by which one can 

calculate both instantaneous and time averaged loss. By this approach, the sign of the loss can be 

easily determined from basic properties of the Smith matrices or components thereof. As already 

developed in Chapter 3, these matrices are obtained by inspection directly from the equations of 

motion. For the Smith matrix calculations, therefore, it is not necessary to solve the equations of 

motion or to determine the susceptibility tensor.

Section 4.2 shows how time averaged loss is traditionally calculated from the imaginary part of a 

linear combination of external susceptibility components. The loss is specifically calculated in this
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way for both Gilbert and Bloch-Bloembergen damping in a spherical sample for two special cases of 

the microwave driving field: for a linearly polarized field and for a field circularly polarized in the 

anti-Larmor sense. It is shown that for Bloch-Bloembergen damping, the anti-Larmor drive produces 

negative loss.

Section 4.3 provides an alternative approach to the calculation of time averaged loss. If the x- 

component of the magnetization response lags file x-component of the driving field, and the y- 

component of the magnetization response lags the y-component of the driving field, then the loss is 

positive. Conversely, if both magnetization components lead their respective driving field 

components, then the time averaged loss is negative. With this simple rule it is shown that for Bloch- 

Bloembergen damping, the time averaged loss is negative for an anti-Larmor driving field in an 

infinite medium.

Section 4.4 reviews the Smith matrix formulation of the equations of motion that was developed in 

Chapter 2 for the undamped precession and expanded in Chapter 3 to include the damped response.

In Section 4.5 the instantaneous loss is calculated as the difference between the microwave input 

energy and the instantaneous internal energy. The result expresses the loss in terms of the 

instantaneous magnetization, its time derivative, and the damping and the stiffiiess matrices in the 

Smith matrix form of the equations of motion. For damping models with a symmetric stiffiiess matrix, 

it is shown that the loss can never be negative. Conversely, for damping models with an asymmetric 

stiffiiess matrix, the instantaneous loss can be positive or negative, depending on the sample 

geometry and the external microwave frequency. Negative loss, of course, constitutes a violation of 

the energy conservation and is unphysical.

Based on the results for the instantaneous loss in Section 4.5, Section 4.6 presents an analysis of 

the time averaged loss with the method of complex amplitudes. The result confirms the Section 4.2 

conclusion that the time averaged loss is negative for Bloch-Bloembergen damping for an anti- 

Larmor polarized microwave driving field.

Section 4.7 summarizes the results of this chapter.
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4.2 Time averaged loss calculation from the susceptibility

Traditionally, time averaged loss is calculated in terms of the components of the susceptibility 

tensor and the magnitude, polarization and frequency of the applied microwave driving field. Which 

susceptibility component, or which specific linear combination of susceptibility components is 

needed, depends on the polarization of the applied microwave field. This section first develops an 

expression for the time averaged loss for a general elliptically polarized driving field. It then treats 

two special cases for a spherical sample: a linearly polarized driving field and a driving field 

circularly polarized in the anti-Larmor sense.

Consider basic energy conservation in a sample that is subjected to an elliptically polarized 

microwave driving field. One part of the instantaneous microwave input power Pin (t) increases the 

potential magnetic energy 17 (f) in the sample, the other part is dissipated as loss power Ploss (t) .

For a periodic driving field, the potential energy U ^  (t) will vary in a periodic fashion as well. As a 

consequence, the time averaged change of U ^  (?) is zero. Therefore, the time averaged input power 

and the time averaged loss are always equal for a periodic driving field.

This cancellation of the change of energy term in Eq. (4.1) as the time average is taken is the reason 

why the average loss can be calculated simply as the average input power. Recall from Eq. (2.88) in 

Chapter 2 that the microwave input power is given by

(4.1)

(4.2)
average average

(4.3)

1 1 2
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where h ^ f )  is the transverse applied microwave driving field and m(f) is the transverse 

magnetization response. Recall that for a sinusoidal driving field, these time-vaiying quantities can be 

expressed in terms of their complex amplitudes h^ 0 and m0 in the form

h „  (<) = R e ( l w “ ) = j O w "  + C / - * )  (4-4)

and

m(f) = Re(m0e"“ ) = . (4.5)

The input power in Eq. (4.3) becomes

P in  (0  = ~j~(hext o • m0e2,ffl' - h*x(_0 • m*0e~2m + h*XI_0 ■ m0 - hCTM) • mo) (4.6)

When the time average is taken, the first two terms in the parentheses on die right side vanish because 

the time averages of e2,mt and of e~2mt are both zero. The time averaged loss is therefore given by

{pin (t ) } t im e  = ~ ( h ^.(_0 • m0 -  h^ . 0  -m ;). (4.7)
average 4

Since the inner product h ^ ^  mj is the complex conjugate of lC ,_0 • m0, the difference in the 

parentheses on die right side can be written as

hl-o  • mo -  b ext-o ■ mo = 2/ Im(h*x( 0 • m0) . (4.8)

The time averaged input power in Eq. (4.7) simplifies to

(M O )**  = - y Im(C-o-n»o)- (4.9)
average L  '

Notice that the time averaged input power is indeed a real quantity. By Eq. (4.2), the time averages of 

loss power and input power are equal. Therefore the time averaged loss is given by
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{P toss = - y  ̂ (hL-o • n*o). (4.10)
average

Recall as well from Eq. (2.37) in Chapter 2 that the complex amplitudes of magnetization and driving 

field are related linearly through the external susceptibility tensor x (o) according to

(4 U )

With this relation, the time averaged loss becomes

= - ^ - Im [hL_o-X (®)h«M>]- (4.12)
average Z

The inner product on the right side can also be written as a matrix product:

(Pbm = ~ lm \(K ct-of X(®) **^-0 •
average Z L

(4.13)

To demonstrate the calculation of time averaged loss based on the susceptibility, let us consider 

four special cases of the driving field for both Gilbert and Bloch-Bloembergen damping in an infinite 

medium:

a) a driving field linearly polarized in the x  -direction,

b) a driving field linearly polarized in die y-direction,

c) a driving field circularly polarized in the Larmor sense,

d) a driving field circularly polarized in the anti-Larmor sense.

From Table 3-4 in Chapter 3 it follows that in an infinite medium the external susceptibility tensor for 

Gilbert damping is given by

-  / i V\M *Xo(®) = 7----- U — 72------2
r coH + iaGco ico ^
y —ico coH + iaGco j(coH +iaaco) —co2

whereas the susceptibility tensor for Bloch-Bloembergen damping is given by

(4.14)
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Xbb{°>) = -
\r\Ms ^ g)h iw + XBB ̂  

-iw — XBB (oH j
(4.15)

°a  + 0 '® + ^ b )

Here aG is the dimensionless Gilbert damping parameter, and XBB = \/T2 is the BB relaxation rate in 

units of 1/s. The complex external driving field vector h ^ g  will take different forms, depending on 

the polarization. Take scalar complex field amplitudes and for the linear case, and

he*-oi an(l êxt-o/i f°r Larmor and anti-Larmor polarizations, respectively. One may then write 

hext-ox=(hext-ox’Q)T f°r an x-direction drive, hext_Oy=(0,hext_0yf  for a y-direction drive,

IW oi = /W-oz. ( k - * / />/2 for a Larmor drive, and (1,i)T / J l  for an anti-Larmor

drive. Table 4-1 tabulates the time averaged loss expressions for G and BB damping for these four 

types of drive. The table shows that the time-averaged loss is always positive except for the BB 

damping in a sample subjected to an anti-Larmor polarized driving field. In that case, the time- 

averaged loss is negative. This violates energy conservation, and is clearly unphysical. The Bloch- 

Bloembergen damping model therefore leads to an unphysical negative loss for an anti-Larmor 

oriented driving field in an infinite medium. This is a consequence of the magnetization relaxing to 

the static internal field rather than to the total internal field.

The disadvantages of the susceptibility approach to loss calculation are the following:

a) The susceptibility tensor must be known first, and is often tedious to calculate from the 

equations of motion.

b) For every special case of the elliptically polarized driving field, the matrix product in Eq. (4.13) 

must be calculated anew, in order to determine the sign o f its imaginary part. This method does not 

provide a general condition on the external susceptibility matrix that guarantees positive loss for all 

possible driving fields.
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Polarization of driving field Time averaged loss for 

Gilbert damping

Time averaged loss for

Bloch-Bloembergen

damping

linearly polarized in x-direction

Paver.loSs,x =

Paver.loss,x,Q = V\M s \K x t ’

©o +(l+ar2)©2

Paver.loss,x,BB ~ - 'W. ® |A>*|
l a 0i 2 

2©0

^a>l-( l+ a r2)©2J +(2a©©0)2 (©02 -® 2+ i/r22)2+ (2 w/ t2)2

linearly polarized in y direction 

h«r=(°»A>y)r

^aver.loss,y = ——1/?0>,| ItXl^Xyy)

^aver.loss,y,G = |« G ® 2 V\M s ' 

<0q + ( l  + a G^©2

1 1  2
âver.loss,y,BB ~ r

-*2®0

2©o
_ 2 2
© o - ( l  + a G)©2 + (2aG©0©)2 (©o2 -® 2+i/r22)2+(2©/r2)2

circularly polarized, Larmor

i, ^0,L A T 

~ \[2  *
P .  \ h , A 2 -

1 2 
Paver.lass,L,G ~  ”̂ ®G® [ j 'jA /, |/?q,L |

1

1 2
Paver.loss,L,BB =  s |̂ 0,L | ‘

1

Im X  xx %yy - %xy Xyx

I 2 1 2 J

/ 2 2 (©o- a )  + a  to (©0-© )2+(i/r2)2

Circularly polarized, anti- 

Lannor

. h0 AL , -.T 

~~
„ © 1, |2

1 2 
Paver loss.AJ..G |A),/1/, |

1

Paver loss .AL.BB ~ ® | 

1

Im

’r.loss,AL 2 \ j

X xx X yy  | . X x y ~  Xyx
2 2 \  ^ *■ )

/ 2 2 (©0 + © j  + a G© (<o0 + m f  + (l/T2f

Table 4-1: Time averaged loss in an infinite medium for four different polarizations of the driving field. For brevity the 

subscript “ext” is omitted in the driving field components.
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c) No information is obtained about the instantaneous loss. Note that the instantaneous loss could be 

negative at a certain instant of time, in violation of energy conservation, even though the time 

averaged loss is still positive. The next section will present a simple formulation in terms of phase 

that can also give conditions for positive or negative loss. After that, Section 4.4 shows how the 

Smith matrix form can be used to obtain the instantaneous loss in general form.

4.3 Time averaged loss calculation from phase angles

In the previous section the susceptibility method was used to determine the time averaged loss for 

the magnetization response to an arbitrary elliptically polarized driving field. In this section the time 

averaged loss is related to the phase angles by which the magnetization components lag (or lead) the 

respective driving field components. It will be shown that when both magnetization components lag 

the respective driving field components, then the time averaged loss is positive. Conversely, when die 

magnetization components lead the respective driving field components, then the time averaged loss 

is negative. This simple rule will be proven and then applied to the loss calculation for an anti- 

Larmor driving field in the case of Bloch-Bloembergen damping for an infinite medium. The method 

is, however, valid for any damping model, any polarization of the driving field, and any aspect ratios 

in an ellipsoidal sample.

To begin, notice that when mx (t) lags (t) by a phase angle S , then S  is the angle from 

m0x to hext_0x in the complex plane, measured counter-clockwise. Consider the following example 

where the lag angle is 8  = 90°.

h„t_x (t) = Acai(a>t), (4.16)

and
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mx(t) = Bsm.(e>t), (4 .1 7 )

where A and B are positive amplitudes. Indeed, a sine function lags a cosine function by 90°. The 

corresponding complex amplitudes are

K = A  (4.18)

m0x = - iB . (4.19)

Indeed, the angle from m0x to hm_0x, measured counter-clockwise in the complex plane, is equal to 

the phase lag, S = 90°. Now recall from Eq. (4.9) above that

{̂ ioss (0 )<ime ~ _ Im(hejct_o • m0)
average L

(4.20)

= ~ \m {h*ext^ x -m0x + htext-Oy ' m 0y  I

If mx{t) lags (?) by a positive phase angle Sx < 180° and my(t) lags h ^ y  (t) by a positive 

phase angle Sy < 180°, then

m 0x _  hqct-Ox (4 2 1 )
\m, 1 1|̂ ert-0'Ox I \e x t-0 x

and

-  (4.22)
ftext-O y I

Substitution into the expression for the time-averaged loss in Eq. (4.20) yields
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( P bm  (0>*~ = - T Im(C-O x • m 0x + C -O y ' OTOy )
average J*

(4.23)

= +^l[K xll^-oxlsin^x) + K y  ||^ -oy  |s in (^)].
2

One sees that, as claimed above, the time averaged loss is positive when both Sx and Sy are positive,

which implies that both magnetization components lag the respective driving field components. In 

contrast, the time averaged loss is negative when both Sx and Sy are negative, which implies that

both magnetization components lead the respective driving field components.

As an application, consider Bloch-Bloembergen damping for an infinite medium and for an anti- 

Larmor oriented driving field given by

Recall the Bloch-Bloembergen susceptibility tensor in an infinite medium, which was given by,

^ x ( 0  = /joC°s(®t), (4.24)

and

^ext-y (0  = ~^0 sin(ot). (4.25)

The corresponding complex amplitude vector has the components

(4.26)

and

(4.27)
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- ( B B )
3iirf :

I r\M,
a > l+ ( m  + ASB)

0)H id) + A,'B B

-id) Aon 0)
(4.28)

H

where AgB =  \ /T 2 .

The complex amplitude of the magnetization response is calculated by multiplying the susceptibility 

tensor by the complex amplitude vector of the driving field.

(m( ^Ox \y \M s (  d)H id) +  Agg

o) 2h + (id) + ABB) -JO ) - B B  a H  )

n ext-Ox

\J^ext-0y j

\r\Ms
o>2H+(id) +Abb) -id) Abb

) K
J a

\r\Ms h0
o)2H+(id) + ABB)2 V2

d)H (D + IAbb 
id)

: 2  V 2  % K  -  ®  +  / 4 » )
d ) H + ( m  +  ABB )  V2

/A

V7/

/A

'ff + ® iAbb yfl

\ r \ K

d)H +d>-iAgB

ru ^r,act-0x (4.29)

-\r\Ms
o)H + o) + iAgB

(d)H +o))1 + ̂ j
ext-Ox 

ŷ act-Oy j

Since in this special case, the ratios m0x / hext_i)x and m0y Ih ^ ^ y  are equal, the lag angle Sx between

1 2 0
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m0x and is the same as the lag angle 8y between m0y and . It is given by

Sx =Sy =-arctan (4.30)
(Ojj + co

The lag angle is negative. Therefore both magnetization components lead the corresponding driving

field components by the absolute value of the lag angle, that is by arctan[/lBB l{coH + ©)]. By the

general rule derived above, this implies that the time averaged loss is negative for the special case 

considered here, which is Bloch-Bloembergen damping for an infinite medium for an anti-Larmor 

polarized driving field. This confirms the result that was found in the previous section with the 

susceptibility method.

4.4 The damped magnetic torque equation of motion in the small signal limit -  

recap of the Smith matrix form

The Smith matrix form of the magnetic torque equation of motion was introduced for the 

undamped magnetization precession in Chapter 2 and for damped precession in Chapter 3. It consists 

of a system of two linear differential equations for the transverse magnetization response. For the 

damped precession, these response equations were written in compact form as

{̂damped)
(4.31)

Recall that (?) = [/»«*_* {t),hext_y (r)]r is the time-dependent transverse external microwave 

driving field and m (7) = \jnx (t),my (t)]T is the transverse magnetization response. Recall also that 

the gyroscopic matrix G is given by the anti-symmetric matrix,

1 2 1

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



G=T-7^ f 0 ' ‘ I
h m A i  « y

(4 .3 2 )

The gyroscopic matrix G is responsible for the processional motion of the magnetization. The 

damping matrix D acts as a small correction to the gyroscopic matrix. It may be decomposed into a 

symmetric part and an anti-symmetric part. As will be seen in Section 4.5, the symmetric part 

represents energy dissipation. The anti-symmetric part, on the other hand, influences the processional 

motion, but does not dissipate energy. It may be combined with the anti-symmetric gyroscopic matrix 

G . For the undamped precession, the damping matrix D is zero.

The positive definite matrix K is called the stiffiiess matrix. Recall that the stiflhess matrix is 

symmetric for the undamped precession, and is the matrix of second partial derivatives of the internal 

magnetic energy. For the damped precession, however, the stiffiiess matrix need not be symmetric, 

and the matrix of second partial derivatives of the potential magnetic energy coincides with the 

symmetric pari of the stiffiiess matrix.

The anti-symmetric part of the stiffiiess matrix does not contribute to the potential energy, but, as will 

be shown in the next two sections, to the energy loss. There the relationship between the symmetric 

part of the stiffness matrix and the potential magnetic energy is used to derive simple expressions for 

the instantaneous loss and the time averaged loss.

4.5 Instantaneous loss calculation with Smith matrices

Sections 4.2 and 4.3 took advantage of the fact that, for a given microwave drive field and a 

steady state magnetization response, the time average of the internal energy will be constant.

(4.33)
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Consequently, by the rule “power in = power out”, the time averaged loss is equal to the time 

averaged microwave input power. The time averaged loss is then obtained as the time average of the 

input power. This method cannot give the instantaneous, time-dependent loss power, because the 

internal energy does vary with time and has a nonzero time derivative.

From the equations of motion in the Smith matrix form, however, the instantaneous loss can 

derived in a straightforward way. This is the goal of this section. As an application, the loss is then 

calculated for the five damping models developed in Chapter 3.

The fundamental equation to calculate the instantaneous loss is based on the same energy balance 

argument that has been used several times before in this chapter. Microwave power is fed into the 

sample by an applied microwave field transverse to a static applied field. One part of the input power 

Pin (?) increases the internal magnetic energy Uml (?) in the sample, the other part is dissipated and

turned into heat as loss power Phss (?). The instantaneous energy balance may be written as

The applied microwave field h ^  (?) is eliminated from this equation by means of the equation of 

motion in Smith matrix form,

(4.34)

From this equation, the loss is obtained as

(4.35)

The instantaneous input power is given by the formula developed in Chapters 2 and 3,

(4.36)

(4.37)
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Substitution of (?) into Eq. (4.36) gives the input power

(D+G) ^ +K*W
cftn(f)

dt

+

dm(t) 7 » * * ( • ) , dm(t)
dt dt dt

dm(t)
dt

T

Km(?).

(Q (4 .3 8 )

Recall from Chapter 2 the matrix identity, xT A ^ ^ x  = 0 . This identity is true for any anti-

-*antisym
symmetric matrix A and any compatible column vector x . Since the gyroscopic matrix G is 

anti-symmetric, Eq. (4.38) for the input power simplifies to

d m ( t )
T -sy»> dm (t)

d t d t d t
Km(r), (4.39)

“  ~antisym . . 5 1
where D = D -D  separates out the symmetric part of the dampmg matrix D .

Recall from the review in Section 4.4 that the potential energy can be written as a quadratic form 

according to

(4.40)

The time rate o f change o f the internal energy, by a generalization o f the product rule for derivatives, 

is then given as

dt
dm(t)

dt
(4.41)

The instantaneous loss is now calculated by the energy balance equation (4.35), as the difference
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between the input power from Eq. (4.39) and the rate of change of the internal energy in Eq. (4.41). 

The result is,

Pum (0  = 4 ( 0 M U * )
dt

(4.42)

rfm(f)
dt dt

dm(t)
dt

K ^ m  (f).

This is an important result. The instantaneous power loss Phss (t) has two terms: one term for the 

symmetric part of the damping matrix and the other term for the anti-symmetric part of the stiffriess

, ~antisym
matrix. Table 4-2 gives the matrices D and K for the five phenomenological damping 

models that are described in Chapter 3. This table is derived from Table 3-3 in Chapter 3, which

shows the full D and K matrices for the five phenomenological damping models. Note that four of

the models, LL, COT, G, and MBB, have j^ant,sym = o ; and all Qf  the loss derives from . In

contrast, for the BB model, one has D9™ = 0  andnonzero .In Section 4.6 , this will be shown

to yield negative time-averaged loss for the BB model. As a consequence of die above, for the LL,

COT, G, and MBB models the instantaneous loss contains only the D9™ term from Eq. (4.42),

tfoss (0  -
dm(t)

dt
y m  dha(t) 

dt
(4.43)

Notice further that for these four damping models the matrix has the form of a purely diagonal 

matrix

D
sym

0  d (4.44)
y j

Moreover, it is evident from Table 4-2 that the diagonal elements dx and d  are always positive.

125

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Damping
model

D  ,  t h e  s y m m e t r i c  p a r t  o f  t h e  

d a m p i n g  m a t r i x ____________________

~~antisym
K  ,  d i e  a n t i - s y m m e t r i c  p a r t

of the stiffness matrix

Landau-
Lifshilz
(L)

ZZsym 1
U L L  =

\r\M s

a,LL

 ̂+ OCLL
0

aLL

1

E ? - = o

Codrington-
Olds-Torrey
(COT) \r\M s

a,COT

1 + a,COT

ar
1 + a;■c o t

— antisym -
Kcor = w

Gilbert
(G) d T =  1

\r\M,
an 0

0  a,GJ
~~antisym  -
JVG = 0

Bloch-
Bloembergen
(BB)

d I T = 6

'  'antisym 1
K BB =

I r\Ms
0  - i / t2 

\ l l T 2 0

Modified
Bloch-
Bloembergen
(MBB)

n 9"” i f  MBB =
^MBB

\r\Ms coxo)y +
0

0  o)y j
antisym -  

PsMBB = U

T a b l e  4 - 2 :  Symmetric part of damping matrix and anti-symmetric part of stillness matrix for five 

phenomenological damping models in the small signal limit.

The instantaneous loss for these models is

Ploss(t) = L
2

+ d
dmy (t)

dt dt
(4.45)

One can see, therefore, that the instantaneous loss is always positive for the LL, G, COT and MBB 

damping models. For the BB damping model, on the other hand, one has an instantaneous loss of the
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form

1 loss,BB ( ') -
dm(r)

dt 8 S * * [ . ( 0 ]=
I r\M,T2

. . dm . .  dmr (4.46)

This BB calculation gives an instantaneous loss that is not a quadratic form. This means that one 

cannot make any general statement about the sign of (t) . The result for the instantaneous loss 

in Eq. (4.46), however, serves as a starting point for the calculation of time averaged loss. In the next 

section, it will be shown that the time averaged loss can be negative for BB damping under certain 

circumstances.

4.6 Time averaged toss calculation with Smith matrices

In the last section, the instantaneous loss was calculated from a basic energy balance approach, 

based on the equations of motion in Smith matrix form. The instantaneous loss was shown always to 

be positive for the LL, G, COT and MBB damping models. For the BB damping model the sign of 

the instantaneous loss could not be determined in a simple way. In this section, the time averaged loss 

is derived from the instantaneous loss formulae developed above with the method of complex 

amplitudes. For BB damping, the time averaged loss proves to be negative for an anti-Larmor 

polarized magnetization response. Recall that this negative loss result for BB damping was obtained 

in Sec. 4.2 from a susceptibility tensor analysis, and in Sec. 4.3 by showing that die magnetization 

response leads the applied anti-Larmor field instead of lagging it. This negative loss result for BB 

damping is shown here in a more general way with much less computational effort by use of simple 

matrix algebra.

The time averaged loss is easily obtained from the instantaneous loss in Eq. (4.46) from a complex 

amplitude representation of the magnetization response.
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m(f) = Re(m0eia>t) = ̂ -{m0e,wt +mge (4.47)

This yields the time derivative of the magnetization as

dt 2
(4.48)

From the general form for Ploss (t) developed above in Eq. (4.42), one then has

n  /f\ ®  ( — Ja>t * - - i a t V  lY9’" ( m  a is>t m * o ~ ia)t\
)= —T“Vm° 0 ; \ 0 0 )

■ ® ( itnt V antisym+ z—(m0e — m0e j K (ro0e +m0e )

a
’~4

-(m0)r D^m* -(m *)r D^m

CO

T
\ r x\symm  a2icot , ( * \ T 5=î VWI *„-2/((m0) D m 0e +(m0J U m 0e 2irot

. G ) \ (  s:
+ Jj [ K ) T antisym * / * \T  —  antisym

K. m0 — (m0 J K mn

+  / -
/ J  — antisym 2j l t  » \ T — antisym * _2j (
(m0) K m 0e vmo) K m0e

(4.49)

While this expression looks tedious, the fact that the time average of any surviving harmonic term is 

zero leads to
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{Pkm ('))*«• = D m,no “ (“ o f  ^average “( L

+/ a \ (  V- j [ K )

(4.50)
T "antisym  «, / * \T  — antisym

m o — v,m o )  * '  m o

Even this expression simplifies greatly. Recall that the transpose of a 1 x 1 matrix is the matrix itself 

This allows one to write

-(m;)r D ^ (m 0) = -  (m ;)f D^m(m0) 

= - ( n,o)r (®9" )  K )

= - (n ‘o)r 6 9W’(m;).

(4.51)

In the last step, the symmetry of the matrix D ^w as used. A symmetric matrix is also its own 

transpose. It follows that the two terms in the first bracket in Eq. (4.50) are equal. By a similar 

argument, the two terms in the second bracket are equal as well.

+ \T  antisym
- ( m o )  K ( * \T  "antisym  T

m0) K m0J 

= - K ) r (K " 'l” )r m:

/ \T  z z  antisym *= (m0) K m0.

(4.52)

~ antisym
In the last step the anti-symmetry of the matrix K was used. The time averaged loss in Eq.

(4.50) now simplifies to

average
(4.53)

= ®[m0f
03 zzsym “ antisym—D +/K M -

In this formula, the time averaged loss has been expressed in terms of the matrices D9””, \^antlsym ^
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the complex magnetization response amplitude vector m0. This result allows for the easy 

examination of positive or negative loss. First, for the loss to be positive for small driving frequencies 

in the limit © -> 0 , it is required that

K / ( i r * ’- ) m U 0 , (4.54)

< i  ,  . ~r̂ antisym
for all possible magnetization responses. That means that both eigenvalues of the matrix /K 

must be nonnegative real numbers. In mathematical terms, such a matrix is called positive

ântisym . n
semidefinite. As an anti-symmetnc 2x2 matrix, K has the form

K
antisym (  0

-a  0

where a is some suitable real number, not necessarily positive. The eigenvalues of the matrix

f  0  ia'

(4.55)

=rp antisym
i K

-ia 0
(4.56)

are +a and - a . For both of these eigenvalues to be nonnegative, the real number a must be zero.

■*—* antisym
That means for a positive time averaged loss it is necessary that the matrix K vanishes. Indeed,

this is the case for the LL, COT, G, and MBB models, but is not the case for BB damping. For LL, 

COT, G, and MBB damping, one then has

= ^ - K ) r D^m*0. (4.57)
average L

For a positive time averaged loss, one can see from this form that the matrix D9™ must be positive 

definite. It is clear, therefore, that the combination of two conditions is sufficient and necessary for

positive time averaged loss: (1) K must be symmetric, and (2) D9™ must be positive definite.
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4.7 Summary

In this chapter both instantaneous loss and time averaged loss were given in terms of the Smith 

matrices, which are easily extracted from the equations of motion in the small signal limit. Required 

for a physically reasonable damping model, that yields positive loss for all driving fields, are a 

positive definite symmetric part of the damping matrix and a symmetric and positive definite stiffiiess 

matrix. These conditions are sufficient and necessary for positive time averaged loss and also for 

positive instantaneous loss. While the instantaneous loss is given by

Here is the complex amplitude vector of the steady state magnetization response to an elliptically 

polarized driving field. In these matrix equations the loss is expressed in terms of the magnetization 

response, and not in terms of the driving field. In this way both instantaneous and time averaged loss 

are determined solely by the symmetric part of the damping matrix. In the next chapter it will become 

clear that the symmetric part of the damping matrix plays an important role also in the analysis of 

thermal magnetic noise with the help of the fluctuation-dissipation theorem.

(4.58)

the time averaged loss is given by

(4.59)
average
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th e  fluctuation-dissipation theorem, applied to magnetic damping
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5.1 Introduction

Consider a closed, macroscopic system in equilibrium, described by certain macroscopic, time- 

dependent, physical quantities, which will be termed the state variables. For a closed system 

equilibrium, die time average of each system variable remains constant in time at die equilibrium 

value. Due to thermal motion, however, the state variables perform small fluctuations about these 

equilibrium points. The time averages are taken over a period of time that is large compared with die 

time scale of the fluctuations.

The microscopic fluctuations of the state variables can be viewed as the response of the system to 

thermally generated and microscopic random driving forces. Since the system is closed, there is no 

macroscopic, externally applied driving force. Chapters 2 and 3 presented the equations of motion 

that model the macroscopic response of a system to a macroscopic, externally applied driving force. 

The same equations can be used to describe the microscopic response to the microscopic and 

thermally generated random driving force.

This chapter is concerned with both the statistical and dynamical analysis of the random driving 

force and the corresponding response for a system in equilibrium. In statistical terms, this response is 

described in terms of the means, variances, covariances, and correlations of the system variables. 

Using these concepts, this chapter focuses on five questions:

a) How are the components of the random driving force correlated?

b) How are the components of the system response correlated?

c) What are the spectral densities of the driving force and the system response components?

d) How can the results of a) to c) be applied to the damped magnetic precession?

e) What are the predictions of the fluctuation-dissipation theorem for the phenomenological damping 

models introduced in chapter 3, and are these predictions reasonable or unreasonable?

Here is the roadmap for the chapter

In Section 5.2, a statistical approach is used to characterize the state variables and their mutual
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relationships. To this end, the state variables are considered not as known functions of time, but as 

random variables. The mean of a state variable is defined as its ensemble average, that is the average 

of a large number of measurements of the variable in identically prepared systems. The probability 

distributions of the state variables and their relationships can be described in terms of three sets of 

quantities:

a) the mean of each variable, that is, the ensemble averages of these quantities,

b) the variance of each variable, that is the "width of the spread” in these quantities about their mean 

values,

c) the mutual covariance of each pair of variables, that is, their correlation.

The means, variances, and covariances of a set of random variables can be calculated explicitly 

when their joint probability distribution is known. The distribution is approximated by a multivariate 

Gaussian. The parameter matrix of the Gaussian distribution is obtained by a Taylor expansion of the 

internal energy of the system to second order about the equilibrium. This section features a proof of 

the well-known theorem that the covariance matrix of a multivariate Gaussian distribution is the 

inverse of its parameter matrix. This fact plays a central role in the proof of the classical version of 

the fluctuation-dissipation theorem developed in Section 5.3.

In contrast to the statistical treatment in Section 5.2, Section 5.3 describes the system as a 

dynamical system, modeled by a system of ordinary differential equations for time-dependent state 

variables. In the equations of motion, the fluctuations of the state variables are modeled as the 

response to a microscopic random driving force. In the small signal limit, the equations of motion are 

linear differential equations that can be solved explicitly for the time-dependent system response in 

terms of the random driving forces. From this solution, the correlations of the random driving force 

components are calculated. The result is a special case of the fluctuation-dissipation theorem. It is 

shown that the correlation matrix of the random driving force components is a multiple of the 

symmetric part of the damping matrix.

In Section 5.4, the spectral resolution of the noise power is calculated by taking the Fourier
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transform of the correlations of the random force components. The primary tool for this procedure is 

the Wiener-Khinchine theorem. By a linear transformation, the power spectral densities are obtained 

also for the components of the system response. As an application, the power spectral densities of die 

random driving field components and of the magnetization components are given for each of the five 

damping models from Chapter 3.

Section 5.5 summarizes the results of the chapter.

5.2 Statistical description of equilibrium systems

5.2.a System variables and their means, variances and covariances

Consider a closed system in macroscopic equilibrium, described by n time-dependent physical 

quantities denoted as JCj(t),...,xB(t). These quantities are called state variables. Since the system is in 

equilibrium and no external forces are applied, the time averages x*,...,x* of the state variables 

remain constant in time. These time averages are taken over a time period that is large compared with 

the time scale of the fluctuations of the state variables about their equilibrium values.

For the statistical treatment in this section, however, the state variables will be considered not as 

functions of time x,(r),...,xB(r), but as time-independent random variables X l,...,Xn. In

equilibrium, the mean (X.) of the random variable X, coincides with the time average x* of the

corresponding system variable x, (t) . Recall from basic thermodynamics that the mean of a quantity 

is defined as its ensemble average over a large number of identically prepared systems.

The joint probability distribution of the n system variables can be described in terms of means, 

variances and covariances. The mean (X,.) of a random variable X,. is the ensemble average, as 

already explained. The variance of X,. is the mean of the squared deviation from the mean,

135

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



(5.1)

Because of the linearity of the mean the variance can be written as 

Var(X,) = ( [ X ,- { X ,) J )

= ( x ? - 2x , ( x , ) + { x , y )  ( j 2 )

= { x ; ) - 2 {x,)1+(x,y

This definition may be expanded to include two random variables, which leads to the concept of 

covariance. The covariance of two random variables is defined as the mean of die product of their 

deviations from the mean,

C o v ( j . (5.3)

The covariance is a statistical measure of the correlation between two random variables. If the two 

random variables are completely independent, their covariance will be zero. When each covariance

Cov(Xi,X J) is entered into the i-th row and j-th column of a matrix, one obtains the covariance

matrix Cov(X). This matrix is symmetric, by definition. The diagonal elements of the covariance 

matrix are the variances. That is,

CoV(Xt,X ,) = ((X,. -  (X,))2) = Var(X,) . (5.4)

The variances and covariances of a set of random variables can be calculated explicitly, if their 

probability distribution is known. The next section will approximate the distribution of the system 

variables in a closed equilibrium system by a Gaussian distribution.
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5.2.b Gaussian distribution of system variables

The probability distribution of n system variables can be expressed in terms of a joint distribution 

function w (x). Then the probability, that the system is found in a state in the intervals 

a, < x, < bx, a2 <x2 <b2, ..., an <xn < bn , is given by the n-dimensional integral

bn
P = JJ...jw(x)afc1<&2...d!xB. (5.5)

Here x = (x,,...,xB)r is a vector of values ofthe state variables . Of course,die

probability that the system is found in any state must be 1, which leads to the normalization condition

co co oo
J J - J  w(x)dxldx2...dxn = 1. (5.6)
—oo -co —oo

For many physical applications, the distribution of system variables obeys a Boltzmann 

distribution, of the form

w(x) = .4exp E U * )
kBT

(5.7)

Here Upot{xx, . i s  the internal energy of the system, kBis Boltzmann's constant, T is the

temperature, and A is a positive factor to fulfill the normalization condition in Eq. (5.6). Note that 

the potential energy is minimized if the system variables take their respective mean values, that is for 

x = x*. It follows that Vt/^, (x*) = 0, and, by Taylor expansion up to second order, that
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w(x)

•■A exp
i-1 k-\

d V
p o t

dx,8x,V ‘ * /
( * , - * ; ) ( * * - * I )

k j

= Aqxp M i l •exp

■" * ( d 2U o„, A___ jX?/

I I v dxsdx.\  1 k j
(x ,-x ;) (x ,-x ;)

With the abbreviation,

2 kBT

(5.8)

Pik

p o t

ydxtdxk J

kBT

the distribution function becomes,

w(x) = ^4exp
kBT

•exp - \Y ,Y < p* (x‘ _ x*)(x* ~ x*)

(5.9)

(5.10)

The coefficients forni a symmetric n xn  matrix p . In matrix notation, the distribution function

takes the compact form,

w(x) = vlexp 

- A '  exp

M * ~ )
kBr

•exp 4 (x-x*)r p(x-x*)

- i ( x - x * ) r p ( x - x )

(5.11)

To determine the value ofthe normalization factor A ’, one uses the definite integral result (e.g. in 

Gradshtein/Ryshik [1984]),

*  * - £ £ 1u* l ...u x n — i — ,
-y/detp

(5.12)
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For this formula the positive definiteness of the matrix p is a prerequisite. Since the potential energy 

U t (x) has a minimum at the equilibrium x = x*, the matrix of second partial derivatives of

Upol (x) at x = x* is positive definite, and with Eq. (5.9) the matrix p is positive definite as well. 

FromEqs. (5.6), (5.11) and (5.12), the probability distribution is found to be

is an approximation, obtained by Taylor expansion of the potential energy, for a system performing 

small fluctuations about the equilibrium.

In the magnetic precession system with two degrees of freedom, as presented in the first four 

chapters of this thesis, the volume density of the potential energy, upoI, was expressed in terms of a

stiffiiess matrix K in the form,

In the lossless case, and for all damping models except BB, the stiffiiess matrix was shown to be the 

same as the matrix of second partial derivatives of upol,

where V  is the sample volume. By comparison of Eqs. (5.9)and (5.15), one sees that the Gaussian 

parameter matrix for a magnetic system in the small signal limit is related to the stiffiiess matrix by 

the linear relation

(5.13)

This is a multivariate Gaussian distribution with parameter matrix f). Remember that this distribution

(5.14)

* dmdm. V 8midm)
(5.15)
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This relation will be used in Section 5.4, when the fluctuation-dissipation result of this chapter is 

applied to the various phenomenological models of magnetic damping.

The Gaussian joint distribution function w(x) can be used to calculate explicitly the two

quantities from Section 5.2.a that describe the statistical relationship of the system variables in a 

closed equilibrium system. Recall that these descriptive quantities are the variances and covariances. 

Arranged in matrix form, they form the covariance matrix. The goal of this section is to show that the

covariance matrix is the inverse of the Gaussian parameter matrix p . Following the outline in

Landau-Lifshitz [1958], recall that the statistical mean of any function /  (X) ofthe n state variables

is given by

Now on both sides of this equation, take the partial derivative with respect to the mean x* of the k-th 

system variable, for any k = 1,...,«. On the left hand side one obtains the Kronecker delta Sik. On the 

right hand side the partial differentiation is carried out under the integral. In generalization of the

co
(5.17)

-CO  - 0 0

In particular, the mean of the i-th random variable can be expressed in the form

oo 00

(5.18)

With the Gaussian distribution function from the last section, this equation becomes,

(5.19)
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product rule of differentiation, one has the formula V (xr Axj = 2 Ax for any symmetric square matrix

A and any compatible column vector x . Since the matrix p is symmetric, the differentiation of Eq.

(5.19) with respect to x'k yields,

\ ) “OO “OO 7~1
dxv..dxn

2 '

= f  ••• J  x ^ P Jk(xj -x])*/(xx,...,x„)dxv..dx„ (5.20)
-CO -00 7 = 1

= X S X X  - < ] ) -  S X  (x , X X ] )
7 = 1  /  7 = 1

The last step is justified by the linearity of the mean. Also by the linearity of the mean, one has,

(Xx]X -0-X X  x ])x x  -*;)
= X X - * ; ] ) - < ( * , - * , )  <5-2 i>

= ( * . X -*;]}•

With this identity, Eq. (5.20) can be written as

■S. = S X ( X  X ] X  - < ] )  = i A J4C<,v(jr„^). (5.22)
7 = 1  7 = 1

The right side is the matrix element in the i-th row and the k-th column of the product of the 

covariance matrix Cov(X) and the Gaussian parameter matrix p . In matrix notation, Eq. (5.22) 

becomes,

I„ = C<w(X)-p. (5.23)

Here I„ is the nxn unit matrix. It follows that the covariance matrix is indeed the inverse of the 

Gaussian parameter matrix.
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Cov(X) = p '. (5.24)

This basic theorem result provides an important piece in the proof of a special case of the fluctuation- 

dissipation theorem in the next section. For n=l, Eq. (5.24) takes the simple form,

Var{X) =
P

(5.25)

In this case X  is a single random variable with Gaussian distribution

~ p ( x ~ x ^ (5.26)

When the parameter p  is expressed as reciprocal of the variance according to Eq. (5.25), then the 

Gaussian distribution takes the familiar form,

w(x) = 1

\2nVar(X)
exp

l ( x - x ’ )2 

2 Var(X)

'Ina
-exp

1 ( x - x *)2 

"2 cr2

(5.27)

where cr = ̂ Var(X) is the standard deviation of X . In this way the result in Eq. (5.24) is the 

generalization of the familiar result in Eq. (5.25) to n dimensions.

5.3 Dynamics of thermal fluctuations in an equilibrium system

5.3.a Equations of motion with noise as random driving force

Section 5.2 explained that in a stable equilibrium, a closed system is in a state of minimum 

internal energy. This state is stationary in the sense that the mean values of the system variables
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remain constant in time. Recall, however, that the system variables perform thermally generated, 

random motions about their equilibrium values. These random motions are called fluctuations, or 

noise. This section introduces the equations of motion for a closed system which undergoes small 

fluctuations about its equilibrium. This is done by adding a random force term in the equations of 

motion without noise.

Recall from Chapter 3 that the equations of motion of coupled harmonic oscillators near a stable 

equilibrium can be written in the Smith matrix form,

Here m(r) is the system response to an external driving field heJ., (t) . The stiffness of the system, or

inverse static susceptibility, is given by the stiffness matrix K . The kinetic qualities of the system, 

such as its precession frequency and its decay rate, are determined by the stiffness matrix K , the

correlation matrix of the random driving force components is a multiple of the damping matrix. This 

is a special case of the fluctuation-dissipation theorem.

In an undriven system without thermal noise, the driving field (t) is zero. In a system without

externally applied driving force, but with thermal noise, the thermal noise can be modeled as a small

motion is a linear differential equation with a random driving field as inhomogeneity. Note that the 

Smith matrix form of the equations of motion is solved for the driving field. In contrast, when solving 

the equation of motion for the time derivative of the response, one obtains,

(5.28)

gyroscopic matrix G and the damping matrix D . The goal of this section is to prove that the

random driving field h ^  (f). The superscript (th) stands for “thermal”. In this way the equation of

(5.29)

In this equation, it is assumed that the matrix (G + d ) has an inverse. Since the damping matrix D is
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a small perturbation of the gyroscopic matrix G , and the matrix G has an inverse, this assumption is 

fulfilled for all damping models. Following the notation in Landau-Lifshitz [1958], one defines a 

decay matrix

I  = (g  + d )_1K , (5.30)

and a driving term

y (0  = (G + D)_1hW (0. (5-31)

Then the equation of motion takes the form, 

dm(t)
dt

Notice that with the relationship in Eq. (5.16), K = (kBT /F)j$, the linear transformation in Eq. (5.31) 

becomes,

y (0 = (G + D )'V :? (» )

= x r 'h « ( o

p

F ip 'V J W -k,T

Instead of the original problem in Smith matrix form, now the transformed problem in Eq. (5.32)will 

be explicitly solved for the system response m(r) in terms of the driving term y (t). The

transformed problem is a linear differential equation of first order with constant coefficients. Its 

general solution is the sum of the general solution of the homogeneous problem without the noise 

term, and any particular solution of the problem with the noise term. The homogeneous solution is 

given by
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mtan (0 = [ex p (-if)]u . (5.34)

Here u is an arbitrary column vector of length n. The expression exp (-3^) is actually an n x« 

matrix, given by the exponential series

exp(-3u) = . (5.35)
n=0

When the noise term y (t) is included, a particular solution mp(r) of Eq. (5.32) can be found by the 

method of variation of constants. This is done with the approach

mi> (0 = [exp (~id)]11 (0 (5-36)

Now the n x  1 column vector u(t) is an unknown function of time t . This function is found by 

inserting mp (t) into the differential equation in Eq. (5.32). One obtains

-kexp(-kr)u (t) + exp(-X/)^ ^  = -kexp(-k/)u (t) + y (t). (5.37)

The first terms on both sides of the equation are equal and cancel, and one obtains

* ( 0
dt

= exp ( ^ ) y ( O  (5.38)

One solution for the unknown u(i) is,

t

u(f) = J exp(kr)y(r)c/r. (5.39)
—00

Insertion into Eq. (5.36). yields the particular solution for the system response,
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mp(r) = exp(-kf)u(f)
/

= exp (-At) J exp^kr^y (r)c/r (5.40)
-oo

t

= j  * l(> T)y(r)dT
-oo

The general solution is the sum of the homogeneous solution in Eq. (5.34) and the particular solution 

just found. Therefore,

The first term decays exponentially to zero. Therefore, after a long time, the system response to the 

driving term y(r) is independent of its initial state at t = 0 , and is given by,

This equation makes intuitive sense: The value of the response function at a certain time is the time 

integral over the driving force up to this time, where the driving force is weighted with an 

exponential decay factor.

5.3.b Correlations of field noise: a case of the fluctuation-dissipation theorem

The correlation between two time dependent quantities mi (f') and mk (r) for different times t 

and t' is defined as the mean value (mt{t'}mk(tf) oftheir product. Notice that since the system is in

equilibrium, the correlation (mi {t'^mk(t^j depends only on the time difference r = t'—t and can be 

written in terms of a correlation matrix,

i » ( 0  =  m K o m (0  +  n i / . ( 0

(5.41)

-oo

(5.42)
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<*>* (t'~ t) = («, {t')mk (t)) = (mt O '- t)mk (0 )). (5.43)

The correlation matrix can be written in this way because the means (mk (?)} are zero. Equivalently, 

the correlation matrix can be expressed in terms of the time difference r = t ' - t ,

(^) = {m, {r)mk (0)). (5.44)

When the time difference is set to zero, the correlation matrix (mi (r)mk (0)) goes over into the 

covariance matrix (mt (0)/Mt (0)^. As explained in the previous section, the covariance matrix in an 

equilibrium system is constant in time, and is equal to the inverse of the Gaussian parameter matrix. 

In the following, correlation matrices of the form (mi (r1)mk (r2)j are written in dyadic product

notation as (m(rj)mr (r2) j .

The first goal of this section is the calculation of the correlation matrix for the driving term y(r) 

in the equation of motion with noise. Recall that this equation was given in the last section as

^  = 4 m (f )  + y(r), (5.45)

and has the solution

/

m (f) = J e ~ '̂~^y (r)c/r. (5.46)
-co

The second goal is to use the result from the first goal to establish the correlation matrix for the

physical random driving field (r), which is a linear transformation o f the driving term y ( / )  .

To start, insert the solution from Eq. (5.46) into the covariance matrix for the system response 

m (t) . From the previous section it is known that this covariance matrix is constant in time, and is

equal to the inverse P"1 of the Gaussian parameter matrix. In this way one has,
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The transpose commutes with the integral and also with die exponential function, so that

P' 1 = ( ^ j  etzy(r)dr ^ |  y ( r ) V  V r . (5.48)

Now write the integral as a double integral,

P 1 = ( I  f  ^ y ( ri)y (r2)r ̂ HdT,dt\ . (5.49)
\ —00 - 0 0  /

Because of the linearity of the mean, this implies,

P 1 = |  j  ^y(T1)y (ra)r ^el Xldz,dT1. (5.50)
- o o  - 0 0

This is an inverse problem for the unknown correlation ̂ y(r1)_y(r2)^. To solve it, Landau and

Lifshitz [1958] simplify the integral by setting up the correlation as a multiple of a delta function.

The physical significance is that the random driving force components should be uncorrelated over a 

time scale that is big compared to the characteristic time scale of the fluctuations. Therefore one uses 

the approach,

(y (^ )y r (^ ))= A ^ (^ i- ^ ) 5 (5-51)

where A is a constant matrix. To determine the matrix A , insert the correlation matrix from Eq. 

(5.50) into Eq. (5.49). The delta function collapses the double integral to a single integral, and one 

obtains,

0  „  r

p-1 = jV r A e ^ d r .  (5.52)
-00

Note that the integrand contains the product of three matrices which do not commute. The unknown

148

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



matrix A is caught in the middle and can, therefore, not be extracted out of the integral. Nevertheless 

Eq. (5.52) can be solved for the unknown matrix A by integration by parts. The formula for 

integration by parts is in our case,

|  V (T)dr = U (r) V ( r )^  -  } U ( r ) ^ ( r ) d r . (5.53)
-<30 -CO

Here U (r) and V (r) are matrices given by U (r) = 1 'e** and V (r) = Aex r . The derivative of a

matrix exponential function eu  is , in analogy to the derivative of a scalar exponential function

eXx being AeXT. Therefore,

=n v
dr d r \  /

- r '
d r '  >

= (5.54)

= |ji 'kjf\eXt

= eXT.

Similarly,

dV (r) _ d
dr

= A*r d
dr

( / •  ) (5.55)

Since the matrix exponential eXz is& series in the matrix k , it commutes with this matrix, that is

ex *lT = S.Tex 1. Therefore from Eq. (5.55) it follows that
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f ^  = A (lr / ' )

= 5 ( / 'X r ) (5.56)

= ( A / ‘) i r .

The result of the integration by parts of Eq. (5.52) is, therefore,

P 1 = f  e*  (A  eiT'} dr

(5.57)

=(r ‘̂ )(s *r'L - i ( IV ) [tM *f')] *
= ( r ‘e“ )(A / - ) [ ^ - } ( i V )  (a  es' - f )  i t .

~  ~T
Because of the positive definiteness of the matrices X and X the first term on the right side vanishes 

at the lower limit of integration, that is for r  -oo. At the upper limit of integration, r  = 0 , the 

matrix exponentials are unit matrices. Therefore,

( r > ) ( A  / r|°  = V  A . (5.58)

The second term on the right hand side of Eq. (5.5 7) is an integral with a product of five matrices in 

the integrand. These matrices do, in general, not commute. However one is allowed by the law of 

associativity to group the matrices within the product in an arbitrary way. It follows that

p- 1 = r ’A - f r ' ^ A e ^ )  i T dr. (5.59)

**-1 ~T
Next, in the integral on the right side, the constant matrix X on the left and the constant matrix X 

on the right may be taken outside the integral. One obtains,
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p 1 =  T 1 A  -  V  • J  e ^ A e ^ d r  ■ I * . (5.60)
-CO

Notice that the integral on the right side is equal to 0 because of the original equation in Eq. (5.52)

that was the starting point. This observation results in a linear equation for the unknown matrix A ,

This result expresses the correlation matrix ofthe transformed random forces y (r) intennsofthe

decay matrix k and the stiffness matrix 0 . Observe that for r, * t2, the correlation matrix is zero. 

Physically this means that the components of the random forces are uncorrelated over time spans 

much larger than the characteristic time scale of their fluctuations. Eq. (5.65) is a special case of the 

fluctuation-dissipation theorem.

From this result one immediately obtains the correlation matrices of both the magnetization

j r i = r 1A - r 1-p-i -jLr . (5.61)

Multiplication of each term by k from the left yields,

3t|r1 = A -p -1-3tr . (5.62)

It follows that

A = ip"1+p“1-3tr . (5.63)

Since 0 is symmetric, so is 0 1. Therefore the second term in Eq. (5.63) is the transpose of the first

term, and the result can be written as

(5.64)

The unknown correlation ofthe transformed random forces is, therefore,

(y(ri)y(T2)r}=Â (7i-r2)=2(̂ P lJ  s {rx~*2) (5.65)
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response and the random driving fields. For with Eq. (5.65) it follows that

\ ( 0 \ r '
(m (r)mr (0)) = y J e x(' r)y {z]dr J eu y (z)dz

, - 0 0  00 J

0 - V 0 -
J e ^y  (f + a)da  J euy (z)dz

,-C O  00 J

=  j  { Y { t  +  t r ) \ j f { T ) ^ / Td a d T
- 0 0 - 0 0

= J 1+ P *S(t + a -z )d a d z .
- 0 0  - 0 0

For t > 0 , this equation simplifies to 

^m(f)mr (0)  ̂= j  J e^X p 1 + p 'x^e* "da  j e x '

= ^ ( x r v r ^ ( ^ T  &
Ict=-CO

- I J + p ~'iTy iT°da  ( r )  ' / '
•oo

Xp^X7̂  + P  1l-3i^m(^)inr (0)^3tr|  .

(5.66)

(5.67)

When this equation is multiplied from the right by X, , and the second term on the right side is 

brought to the left side, on obtains,

(m(r)mr (O)^X,7 + ^m (f)m r (0)  ̂= e~1'|̂ Xp ' + p *Xr

= e“i'|jrT -t-X p~ 1J (5.68)

= (e-&p"1) i r + 3i(e-i'p"1)

Comparison of the left side with the right side yields the desired correlation matrix for the 

magnetization response:
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(5.69)

(5.70)

Recall that this result was derived for the case that t > 0 . If, on the other hand, t < 0, then Eq. (5.6 6 ) 

simplifies to

^ m ( r )m r  (0 ))  =  j  J e ^ X p  ' + p ' x ^ e *  ad a  j e 1 '

= ^ ( r + r * > ^ 7 l °  &
l<J=-00

- X J ( x p "  + P~ll T̂ ad a  ( r j  *e1*'
-00

Xp *(xr )  + p  1 ’ - X ^ m ( r ) m r ( 0 ) ^ X r j  .

This equation is equivalent to 

^ m ( f )m r  (0))Xr  + X ^ m (f)m r  (0)^ = j^Xp ' + p *Xr  ek ‘

= [ r r + r ] / '  

= ( r / ' ) x r + x ( r / ' ) .

This implies that for t < 0, the correlation is

(5.71)

(5.72)

Notice that both the limit t->  0 from the right in Eq. (5.69) and the limit t -> 0  from the left in Eq.

(5.72) yield the covariance matrix ^m(0)mr (0 )  ̂= p ' .  This means that the correlation function is 

continuous at / = 0 , though in general not differentiable.

Next, determine the correlation matrix ofthe physical noise field (t) . Recall from Eq. (5.33) 

that the noise field is related to the driving term y(f) by the linear relationship
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y M ^ i r V S M -kBT
(5.73)

Substitution into the result in Eq. (5.65) yields,

k TV b y
w p j ' V ?  (*■,)])= (5.74)

Resolving the matrix transpose on the right side, and extracting constant matrices out of the mean 

yields,

(5.75)

With the abbreviation y = X{$1, this equation becomes,

\ kBT J
y(i»« (*2)]  W  = 2yw"<5 (t , -  r2) . (5.76)

Multiplication by r k J ^ 2
y  ' from the left and by | y r  j  from the right leads to the correlation

matrix for the random driving field,

in { kBT \2 -  ~F
Y + Y

=2; k t r r + y
(5.77)

Since the transpose and the inverse of a nonsingular square matrix commute, the matrix in the

brackets on the right side is the symmetric part of y .It follows that
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(5.78)

/ —

To get a better understanding of the right side of this equation, one can express I y I in terms of

the Smith matrices,

(5.79)

Substitution into Eq. (5.78) yields,

(5.80)

The correlation matrix of the random force components is seen to be a multiple of the symmetric part 

of the damping matrix. Recall that in Chapter 4, the symmetric part ofthe damping matrix was shown 

to be responsible for the loss in a uniformly magnetized sample. Therefore the right side of Eq. (5.80) 

describes dissipation, whereas the left side is the correlation of fluctuations in the random driving 

force components. This important result is a special case of the fluctuation-dissipation theorem. In die 

literature it is often found expressed in terms of the inverse susceptibility matrix y 1 (©) ,inthe form

That the two forms ofthe fluctuation-dissipation theorem in Eq. (5.80) and Eq. (5.81) are equivalent 

follows from the identity,

(5.81)

(5.82)
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which was given at the end of Chapter 3. (Recall that the superscript dagger denotes the complex 

conjugate transpose of a matrix.) The result in Eqs. (5.80) and (5.81) will now be used to obtain the 

spectral power density of both the noise field and the magnetization response with the help of the 

Wiener-Khinchine theorem.

5.4 Spectral resolution of field noise and magnetization response for the damped 

magnetic precession

5.4.a Connection between auto-correlation and spectral power density: the 

Wiener-Khinchine theorem

The Fourier transform of the autocorrelation of a fluctuating quantity is proportional to the 

spectral density of its mean square. This powerful fact, also known as the Wiener-Khinchine theorem 

in signal processing, can be illustrated in a non-rigorous way. Let

oo

(5.83)

denote the Fourier transform of the autocorrelation function ^x(f)x(0)) of a fluctuating physical 

quantity x (t) . This Fourier transform has units of [x]2 [r], that is units of [x]2 /[©]. These are 

indeed units of the spectral (or frequency) density of x2 (t). Besides this dimensional argument, 

consider now the inverse Fourier transform of Eq. (5.83), given by

(5.84)
-oo

Setting t = 0 yields
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Recall that for a system in equilibrium, the mean of the quantity x(t) as well as the mean of x2 (f) 

do not change in time. Therefore

(x2 (r)^ = —  |  (x2) da = const. (5.86)

This equation suggests that the quantity (x2 ̂ / 2 r̂ is the spectral density of the mean square,

(x1 (r)^. A rigorous mathematical proof can be found in any signal processing engineering textbook, 

and will not be presented here.

Signal processing engineers call the mean square, (x2 (r)^, the “power” of the “signal” x (f) . In

general, this “signal power” is not the physical power, measured in watts, that is dissipated in the 

material. In the study of the noise power of magnetic precession, great care must be exerted to 

distinguish between the signal power o f the internal magnetic field, the signal power o f the 

magnetization, and the loss power, measured in watts, that is dissipated in the material. In the absence 

of an applied driving field, the loss power dissipated in the material is, of course, zero, in the same 

way that no heat is dissipated in an electrical resistor without an applied voltage.

In the next section the Wiener-Khinchine theorem is applied to derive the spectral power density 

of the magnetic noise components from their correlation matrix, which was determined in Section 

5.3. The spectral power densities are different for the signal power of the random magnetic noise

fields and the signal power ofthe corresponding magnetization response.
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5.4.b Spectral distribution of thermal field noise and magnetization response 

noise

With the Wiener-Khinchine theorem introduced in the last section, one can determine the spectral 

power density of the random noise field from its correlation matrix. Recall from Eq. (5.80) that this 

correlation matrix is given by

From this matrix equation, the auto-correlation for the x-component h]*lx (t) of the random field is 

obtained as

The following observations can be made about this power density of the random magnetic noise

(5.87)

(5.88)

By the Wiener-Khinchine theorem, this implies that

(5.89)

and

(5.90)
-oo
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fields:

a) The power density is independent of frequency for both components of the noise field. That 

means that the noise is white noise.

b) The noise power is proportional to the absolute temperature.

c) The noise power spectral density of the x- and y-components of the random fields are 

proportional to the respective diagonal elements of the damping matrix. Consequently, the power 

densities are the same for x- and y-component if and only if the diagonal elements of the damping 

matrix are the same.

d) The noise power spectral density is isotropic, if the symmetry property in c) is invariant under 

rotations of the coordinate system. This is the case if the symmetric part of the damping matrix is a 

multiple of the unit matrix. The reason for that is explained now.

If the damping matrix has the form

D =
a h

yc a ,
(5.91)

then the transformed matrix under a rotation with an arbitrary angle q> is

cos#> -sin<j!> 
sin^> cos<p

b~\( coscp s in ^
vc a , v sin^> cos0>

^cosip -s in 40V acasqi-bsmcp asin<jp + 6 cos<p'' 
sin^> cos^> JY cos^-osin^o csin^>+acos^>

a - ( 6  + c)sin0>cos0> bcos2 q>-csin2q> x
v -bsm 2 q>+ccos2 q> a+  (6  + c)sin<pcos<p

(5.92)

One sees that the diagonal elements of the rotated matrix are equal for every rotation angle q> if and 

only if c = - f t  . In this case, the damping matrix has the form,

D (5.93)
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This matrix is indeed invariant under arbitrary rotations, because

cos^o -s in f a b' f COS0> sin#>' ' a b '

^sin^> c o s ^ . -b a , v-sin<p COS (pJ -b  a,

That means that the symmetric part of the damping matrix must be a multiple of the unit matrix:

'D  (T ' 1  0 "
= D

1 ° D , , 0  K

with a scalar damping parameter D . Therefore the noise field is isotropic if and only if die symmetric 

part of the damping matrix is a multiple of the unit matrix. In this case the power density of the noise 

is the same in every direction, and is given by

In Table 5-1 the damping matrix and its symmetric part are given for each of the five 

phenomenological damping models in Chapter 3. As discussed there, the BB model has a zero 

damping matrix, and the theory developed in Chapter 5 will not be applied to the BB model. For the 

LL, G and COT models, the damping matrix is a multiple of the unit matrix, which implies isotropic 

noise. For the MBB model, on the other hand, the diagonal elements in the damping matrix are in 

general different, and the noise is not isotropic, but depends on the sample geometry. In this way the 

MBB damping model is fundamentally different from the LL, G and COT models.

In this section, the interest was focused on the Fourier transform of the diagonal elements of the 

correlation matrix. These Fourier transforms have a physical significance as spectral power densities 

of the noise components. In a more general sense, the Fourier transform of the entire correlation 

matrix is called the spectral density matrix. The spectral density matrix ofthe random noise field 

components is given by,

(5.96)
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The spectral power density of the magnetization response components, on the other hand, is 

obtained as the Fourier transform of the correlation matrix from Eqs. (5.69) and (5.72) for positive 

and negative times, respectively.

[mmtL = I (m(0m(°)r) dt
—00

= J p"1/ '  eim dt + ^e h p"V“ dt
0 (5.98)

= p 1 + ia f j  1 -  (-X + to l)_1 p"1

= p 1 ^  + icol j + p 1 + m l  j 1 .

Reproduced with permission o fthe copyright owner. Further reproduction prohibited without permission.

161



Model Damping matrix, D D
sym

D'LL

L L iy\Ms l + (aLL)2

Ax

/
&LL M 2'

aiL ,
5JT -  1 1

r«zx o ^

, - ( azx) 2
5 |r\Ms l +<*£, I 0  « z j

I r\Ms

Dcor =
1 ar.

COT \y\M„ 1 + a( 

1

t2\t K

.2
'COT

1 a, \

\  aC0T
COT

1
r i’ ™ 1UCOT =

a,COT

| y\Ms 1 + a,2
COT

1 O' 
v0  1,

Do
\r\Ms

aQ 0

V 0 a oJ
s r =  1

\ r \ M s

aa 0 

0 a ,■ a ;

D MBB =  

1
MBB \y\Ms cox<ay + X,

AfflS — rr

2
'MBB

n 9’"' _  U mbb  =

’‘'MBB

\r \Ms o)xwy + ^ BB
ear 0

0  co

T a b l e  5 - 1 : Damping matrix and its symmetric part for the LL, COT, G and MBB models.

The spectral power densities of the magnetization components mx and my are given by the

diagonal elements of the spectral density matrix in Eq.(5.98). T able 5 -2 shows the power spectrum of 

the x-component of the magnetization for the LL, G, COT, and MBB damping models. In each 

model, the power density of the noise shows a characteristic maximum at the Kittel resonance
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frequency ĵaxa y . The third column of Table 5-2 shows the approximation for small damping,

where the terms quadratic in the damping parameter can be omitted in comparison with unity. Also in 

this approximation the sample is assumed to have rotational symmetry, that is a x =ay =a0. One

observes:

a) The noise power density in the zero frequency limit goes as 1I a \  for the LL, G and COT models, 

but as Mai for the MBB model.

b) The noise power density in the infinite frequency limit goes as Mai for the LL, G, COT and 

MBB models.
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Model Power spectral density for x-component of the 

Magnetization response

Approximation for small 

damping and rotational symmetry
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N X V
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f  % CD2 ^
a y +TTZ2
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S - f m
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a, \2 (®o2-® 2) + 4«iL2®o2fi>2
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IK),
|2

'Icor |K ) , I2
Icor

a,c a r

1 +  a ,COT

/  2 CO2 ^

COy + l + a 2 y i -r Ltcor y
®cor (®o + ® )

0
®*®> J + a 2V 1 -r LCcor y

x (®o2-® 2) + 4«cor®o2® 2

1 + Gt*1 T u COT J
CO:(®*+ ® J

G

|K). IG

«g [ ® 2 + ( 1 + «g)®2]

[ * V » ,- ( 1 + « g)®2] + [®o®(®« + ®,-)]

| K ) l = 2 ^ r M M*

<*0 (0 2 + 0 2)

(co2- a 2f  +4a2o 2a}2

MBB

K » O .L - 2¥ V k K ) .

‘)

|2

1 \MBB = 2 ^ H  M,

0

F
2 X

0,o y
(0 o2 - 0 2) +4/^bb0 2

Table 5-2: Spectral density of magnetization noise power for damping models.
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5.5 Remarks on the quantum-mechanical version of the fluctuation-dissipation 

theorem

The derivation of the fluctuation-dissipation theorem in this chapter and all conclusions from it are 

classical. All quantum effects are neglected. Under which conditions are the quantum effects 

negligible, and how can the fluctuation-dissipation theorem be modified if they are not negligible? 

Following the treatment in Landau-Lifshitz [1958], one starts with the quantum-mechanical energy 

uncertainty relation for a time-dependent physical quantity x(t) ,

A U ^ A x - h ^ .  (5.99)

If r  is a characteristic time constant for the rate of change of the quantity x (r), then

ctx X 

d t  t

Consequently, the uncertainty relation in Eq. (5.99) becomes,

(5.100)

xA U ^ A x - h - .  (5.101)
X

Assuming that the quantity x(t)  is a macroscopic quantity with a definite value, its uncertainty is 

small, that means

Ax«:x. (5.102)

Therefore Eq (5.101) implies that

A Upol» ~ .  (5.103)
X

The potential energy of an equilibrium system can be written as the product of temperature and 

entropy, if no mechanical work is done on the system,
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1 / = 7 5 .  (5 .1 0 4 )p o t

At a fixed temperature T , it follows that

AUpol = T AS. (5.105)

Substitution into Eq. (5.103) yields,

TAS^>~.  (5.106)
r

Also assuming the entropy uncertainty AS of the system to be small compared with the Boltzmann 

constant kB, one obtains

kBT » A S T ^ ~ ,  (5.107)
T

and, therefore,

7 r »  — . (5.108)

This is the condition under which the fluctuations can be treated classically. When the temperature is 

too low, or when the fluctuating quantity varies too rapidly, then inequality (5.108) is violated, and 

the classical treatment is no longer valid. Instead, the fluctuation-dissipation theorem takes the form, 

developed in Callen and Welton [1951],

l £ )(«0 [ ' £ )(«i)]r ) = ^  J . (5.109)

In the Fourier integrals, co is the frequency of a Fourier component of the fluctuations, and so is of 

the order 1 / r , where r  is the characteristic time constant from the uncertainty analysis kBT  above. 

Therefore the classical limit from Eq. (5.107) is equivalent tokBT  »  ha, that is 

ha/kBT  ->0.
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In this limit, the expression ^  -coth tends to unity, as one sees by application of THopital’s
2k

rule-, and the integration in Eq. (5.109) yields the classical version of the fluctuation-dissipation 

theorem,

1.2’ (r, )[h« (r>) J  ),= ±  I ̂ coth W
-00  B

\_2k£_ |  _ ^ _ CQih_ ^ _ ^ e^ ) d6)
2 k  V 1 2kBT 2kbT

1 2 k J  (5110)
2n V

^ 2 k £ _ W m± - ] e i°’̂ d < o  
V 2 k  I

In this way die quantum-mechanical version of the fluctuation-dissipation theorem according to 

Callen and Welton goes over into the classical result derived in this thesis, when the classical limit is 

taken.

5.6 Summary

In this chapter die fluctuation-dissipation theorem was proven from basic statistical 

considerations, using an equation of motion for coupled harmonic oscillators with a random driving 

force. The proof did not require any integrations in the complex plane and did not involve the 

susceptibility concept. As a result, the correlation matrix of the thermally generated, random driving 

force, was shown to be a multiple of the symmetric part of the damping matrix. Recall from Chapter 

4 that the symmetric part of the damping matrix is also proportional to the energy loss. The spectral 

density of the field noise was shown to be independent of frequency. Such noise is called white noise.
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In contrast, the spectral density of the magnetization response shows a resonance peak near the Kittel 

resonance frequency.

Of the phenomenological damping models analyzed in Chapter 3, three models have a multiple of 

the unit matrix as symmetric part of the damping matrix. These are the Landau-Lifshitz, Gilbert and 

Codrington-Olds-T orrey damping models. As a consequence of the fluctuation-dissipation theorem, 

the field noise is isotropic for the models in this category. In contrast, for the MBB damping model, 

the field noise is not isotropic, but depends on the sample geometry. In this way, the MBB damping 

model is fundamentally different from the other three damping models, and may be applied only to 

physical situations where a mechanism for nonlocal, nonisotropic thermal generation of random 

fields is present.
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Chapter 6 

Conclusion

In this work five phenomenological damping models were compared: Landau-Lifshitz (LL) 

damping, Bloch-Bloembergen (BB) damping, Codrington-Olds-Torrey (COT) damping, Gilbert 

(G) damping and Modified Bloch-Bloembergen (MBB) damping. It was shown that the LL, G, 

and COT damping models are mathematically equivalent in the sense that their equations of 

motion coincide when a suitable transformation is made for the damping parameter and the 

gyromagnetic ratio. Compared to the LL model, the G damping has a gyromagnetic ratio that 

decreases with the damping parameter; that means that G damping slows the precession. And 

relative to the LL model, the COT model has a damping parameter that is inversely proportional 

to the magnitude of the static internal field; that means that COT damping decreases with the 

static internal field. The explanation of the mathematical equivalence of these three damping 

models reveals that with regards to their physics they are very different. This difference in 

physics becomes apparent when one proceeds to extract from the equations of motion “what 

drives the damping”. In the case of the LL model, the damping is field-driven. The damping is 

driven by the component of the total internal field that is perpendicular to the magnetization. In 

the case of the COT model, the situation is reversed. COT damping is magnetization-driven, 

driven by the magnetization component perpendicular to the instantaneous total internal field. 

The G damping, on the other hand, is viscous damping in the sense that the damping is 

proportional in magnitude to the time rate of change of the magnetization.

The BB and MBB damping models are fundamentally different from the other three models. 

The BB damping model relaxes the instantaneous magnetization to the static internal field, and 

not to the instantaneous total internal field as the other four models. As a consequence of this 

unphysical assumption, the BB damping model yields negative loss for certain driving fields and
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sample geometries. The MBB model, developed as a correction to the BB model, does not have 

this problem concerning energy conservation. It relaxes the magnetization to the equilibrium 

magnetization as defined by the total instantaneous applied field. However, the application of the 

fluctuation-dissipation theorem to the damping models reveals a deep difference between the 

MBB model on one hand and the LL, G and COT models on the other hand. The difference is 

that while these three models imply isotropic field noise, the MBB model implies field noise 

whose power spectral density depends on the direction in the sample and the sample geometry. 

The four models have in common, however, that the field noise is white, that means its power 

spectral density is independent of the frequency.

Some other, less spectacular differences between the damping models are the following: The 

BB and MBB models predict precession orbits of the free magnetization decay that are, for an 

ellipsoidal sample, logarithmic spirals, compressed along the transverse principal axes of the 

sample ellipsoid. For the LL, G and COT models, the orbits are also compressed logarithmic 

spirals. However, their compression axis are tilted away from the transverse principal axes of the 

sample elhpsoid by a small angle of the same order of magnitude as the dimensionless damping 

parameter of the model.

The analyses in this work take advantage of the Smith matrix form of the equations of motion 

for the magnetization precession in the small-signal limit. The Smith matrix form is the general 

form of a linearized system of coupled harmonic oscillators, solved for the external driving force.

Both time-averaged and instantaneous loss are closely related to D,J" , the symmetric part of the 

damping matrix, which multiplies the time derivative of the magnetization in the equation of 

motion. The spectral density matrix o f field noise is a multiple of the same matrix, D*’’" . In the 

formulas in the literature we find, instead of this matrix, the skew-hermitian part of the inverse

susceptibility tensor, divided by the frequency. The latter is indeed equal to , but the 

traditional susceptibility-based formulation of the loss theory veils the simplicity of the linearized
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approach and makes the results appear unnecessarily complicated.

The treatment of instantaneous loss, while absent in the textbooks, is very simple, when one 

starts with the Smith matrix form of the equations of motion. Much in the same way as for the 

simple harmonic oscillator with viscous damping, the difference of input power and change of 

internal energy gives the instantaneous loss. Surprisingly, for an ellipsoidal sample, the condition 

for positive loss is the same for the instantaneous and for the time-averaged loss. This condition is

the positive definiteness of the matrix DI>m .

As a by-product, this work contains a classical proof of the fluctuation-dissipation theorem. 

This proof combines ideas from Landau’s and Lifshitz’ book “Statistical mechanics” (Landau and 

Lifshitz, [1958]) with the Smith matrix formalism for a system of coupled harmonic oscillators. 

The proof is valid for an arbitrary such system, not only for the two-dimensional magnetic 

precession in a uniformly magnetized ellipsoidal ferromagnetic sample. The proof of the 

fluctuation-dissipation theorem starts with the equations of motion with a random driving force 

term, the noise term. This system of ordinary differential equations can be solved explicitly for 

the system response in terms of the random driving force. From this solution, the correlation

matrix of the random driving forces is shown to be a multiple of the matrix D**" from above. By 

a linear transformation, one obtains the correlation matrix and power spectral density of the 

system response from the result for the noise force. This approach uses only elementary theory of 

ordinary differential equations and of Boltzmann statistics, and does not use any Hamiltonian 

theory as many textbooks do. With the Smith matrices, the results for noise power spectra are 

given in a very simple form.

The representation o f damping models in the Smith matrix form can be used to develop new 

damping models, different from the five models presented in this thesis. In the small-signal limit, 

a damping model is completely characterized by its corresponding damping matrix, which is a 

2x2-matrix. As such, the damping matrix has four matrix elements. The most general damping
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model, which includes all others as special cases, has, therefore, not one, but four independent 

parameters, the elements of the damping matrix. The only requirement on such a general damping 

model is that the damping matrix is positive definite, so that energy conservation is always 

satisfied. The next step of the work is then to perform the same investigations for this general 

damping model that were done in this thesis for five particular damping models.
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