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Abstract of Dissertation

Phenomenological Models of Magnetization Damping

In the last 70 years many models have been published for the relaxation of magnetization
precession in ferromagnetic materials. Such models are important to predict energy loss for threc
phenomena: the free precession decay, the precession driven by an applied microwave field, and
the noise of a system in equilibrium. Five models of magnetization damping are typical and were
selected for this thesis: Landau-Lifshitz (LL) damping, Bloch-Bloembergen (BB) damping,
Codrington-Olds-Torrey (COT) damping, Gilbert (G) damping and Modified Bloch-Bloembergen
(MBB) damping. Traditionally, these models have been characterized in the small-signal limit by
their susceptibility tensors, which relate the complex amplitudes of driving field and the
magnetization response in a linear manner.

This work categorizes the five damping models according to which field or magnetization
components drive the damping. The models are compared with regard to their relaxation rate of
the free decay, the geometrical shape of their trajectory, their susceptibility tensor, their energy
loss for the precession driven by an external microwave field, and their thermal noise in
equilibrium. The energy loss of the driven precession is determined both as time-averaged loss
and as instantaneous loss.

The analyses in this work take advantage of the Smith matrix form of the equations of
motion for the magnetization precession in the small-signal limit. The Smith matrix form is the
general form of a linearized system of coupled harmonic oscillators, solved for the external

driving force. Traditionally, energy loss and noise power spectra have been calculated with the
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components of the susceptibility tensor involving bulky ratios of complex expressions. In this
work, all calculations are carried out with the real-valued matrices that multiply the magnetization
and its derivative in the Smith form of the equations of motion. The three main advantages are the
following: a) The calculations are simpler. b) Many results about energy loss and thermal noise
are expressed in simple form in terms of a single matrix, the symmetric part of the damping
matrix. ¢) The Smith matrix form allows calculation of instantancous, time-dependent loss, where
traditionally only time-averaged loss was considered.

The power spectra of ficld noise as well as magnetization noise are analyzed with the
fluctuation-dissipation theorem and the Wiener-Khinchine theorem. In this work a classical proof
of the fluctuation-dissipation theorem is given, which is more elementary than most found in the

literature and uses Boltzmann statistics and ordinary differential cquations.

Michael Andreas Kraemer
Department of Physics
Colorado State University
Fort Collins, CO 80523
Spring 2006
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Chapter 1

Introduction

Table of contents;
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1.2 Outline of thesis 5
1.3 Units 7
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1.1 Issues in models of magnetization relaxation

1.1.a Contrast of phenomenological models of magnetization damping

Microscopic damping mechanisms relax the magnetization vector in a ferromagnetic sample to its
equilibrium in the direction of the internal magnetic field. In this way the angle between
magnetization and field tends to decrease, as magnetic energy is converted into the mechanical
energy of lattice vibrations and of the electronic system. In the presence of a microwave driving field
ferromagnetic resonance occurs near the natural frequency of the free magnetization precession. In

contrast to a system of coupled harmonic oscillators, such as masses connected with springs, a
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ferromagnetic sample is a gyroscopic system. That means that the magnetization response to an
applied magnetic field always has a precessional component, that is one that rotates about the
direction of the instantaneous field. For small precession angles, the shape of the precession orbit is
elliptical. The eccentricity of the precession ellipse depends on demagnetizing fields and on the
polarization of the microwave driving field.

The first mathematical model of magnetic damping was published by Landau and Lifshitz [1935],
eleven years before the first ferromagnetic resonance experiment by Griffiths [1946). A modification
of this model, due to Gilbert [1955], is a direct analog of the viscous damping in the simple harmonic
oscillator. Both the Landau-Lifshitz model and the Gilbert model conserve the magnitude of the
magnetization vector. Other, non-viscous, magnetic damping models do not constrain the magnitude
of the magnetization to be constant, and correspond to a more general class of microscopic damping
mechanisms than the Landau-Lifshitz and Gilbert models. The first model of this kind was proposed
by Bloembergen [1950] and is called the Bloch-Bloembergen model, because it applics some of
Bloch’s [1946] nuclear magnetic resonance results to ferromagnetic resonance. The equations of the
Bloch-Bloembergen model lead to negative loss in a spherical sample for an anti-Larmor polarized
driving field. This weakness was addressed by several authors and led to multiple modifications of
the Bloch-Bloembergen model between 1950 and today.

This thesis presents a selection of five magnetic damping models, explains underlying ideas,
points out differences and checks the compatibility with fundamental laws of physics such as energy

conservation and the fluctuation-dissipation theorem.

1.1.b Instantaneous versus time-averaged energy loss

The linearization of the equations of motion for the magnetization in a uniformly magnetized
sample yields a linear system of ordinary differential equations for the transverse magnetization

components as a function of time. The linearization is allowed in the small-signal limit, when the
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magnetization components transverse to the static applied field are small compared with the
saturation magnetization. By linearization, the dimension of the system is reduced from three to two.

In this thesis sufficient and necessary conditions are derived so that the loss is positive in the
small-signal limit for all possible polarizations of the driving field. Some damping models yield
negative loss for certain sample geometries and certain driving fields. This is a violation of the law of
energy conservation, and such models must be rejected as unphysical.

An important issue in the derivation of criteria for positive loss is whether the time-averaged loss
or the instantaneous loss should be considered. Of course, if the loss is positive at every instant of
time, then the time-averaged loss is positive as well. The converse is not true, however: There are
examples when the time-averaged loss is positive, but the instantaneous loss is negative during some
portions of the precession cycle. The criteria for positive instantaneous loss are consequently more
stringent than those for positive time-averaged loss. Conservation of energy requires positive loss at

every instant of time.

1.1.c Isotropy of magnetization damping and of thermal magnetic noise

The fluctuation-dissipation theorem quantitatively describes the relation between the measured
noise power and the susceptibility in a system of coupled harmonic oscillators. The type of noise
considered here is due to thermally generated random driving forces, such as the Johnson noise in
resistors. The random driving forces in the case of Johnson noise are voltages arising from the
random, thermal motion of the conduction electrons in the resistors. These random voltages are
uncorrelated between different resistors in the circuit relative to a length scale larger than the mean
free path of the conduction electrons. The magnetic analog of the electric Johnson noise are thermally
generated, fluctuating magnetic fields. These random magnetic fields can be considered uncorrelated
relative to a physical length scale larger than 5-10 lattice spacings. This length defines the

micromagnetic length scale over which the magnetization is a well-defined vector quantity.
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By the fluctuation-dissipation theorem, random fluctuation fields are uncorrelated in space as well
as between Cartesian components if and only if the damping matrix in the linearized equations of
motion is a multiple of the unit matrix. Hence only damping models that possess a damping matrix
with this property are consistent with damping mechanisms that are homogeneous and isotropic on
the micromagnetic length scale. The five magnetic damping models analyzed in this thesis are

evaluated by this criterion.

1.1.d Power loss due to magnetic noise

The application of the fluctuation-dissipation theorem to magnetic noise yields expressions for the
spectral density of the noise power. One must carefully distinguish between the signal power of a
certain physical quantity, which is simply its squared magnitude, and the physical power loss in watts
that is dissipated in the sample. Therefore one has three powers involved: the signal power of the
internal magnetic field, the signal power of the magnetization, and the physical power dissipated in
the sample. For all five magnetic damping models the signal power of the internal magnetic field is
white, that means its spectral density is independent of the frequency. In contrast, the spectral
densities of the signal power of the magnetization response and of the physical power loss resemble
ferromagnetic resonance curves. Both attain a maximum near the Kittel resonance frequency. But
while the signal power of the magnetization response converges to zero with increasing frequency,
the physical power loss converges to a small, but positive value that is proportional to the damping
parameter. As a consequence the total noise power, obtained by integrating the spectral power density

over all frequencies, is infinite for four of the five damping models examined in this thesis.

An infinite noise power is, of course, unphysical. To avoid this divergence of the noise integral,
one might assume a cutoff frequency for the spectral power density of the magnetic noise. Another
way to remove the divergence is to add a small mass term in the equations of motion. This mass term

forces the spectral power density to converge to zero for increasing frequency.
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1.2 Outline of thesis

Chapter 1 of this thesis is the present introduction. It introduces the main issues and outlines each
of the following chapters.

Chapter 2 derives and solves the torque equation of motion for the magnetization precession, first

for bulk material and then for a uniformly magnetized ellipsoidal sample, where demagnetizing fields
are present. The equations of motion are solved in the small-signal-timit, that is for small precession
angles. In the small signal limit the three full nonlinear equations of motion for the three
magnetization components reduce to a system of two linear equations for the two transverse
magnetization components. Transverse here means perpendicular to the static applied field. The
linear system for the transverse magnetization response is presented
a) explicitly solved for the time derivatives of the magnetization vector,
b) explicitly solved for the driving field, with certain constant matrices multiplying the magnetization
and its time derivative. This form is called the Smith matrix form in this thesis, after Neil Smith, who
first wrote the linearized equations of damped magnetic precession in this form. The Smith matrix
form of the equations of motion is the analog to the equation for the simple harmonic oscillator with a
viscous damping term. It is useful in the loss calculations in Chapter 4 and the analysis of magnetic
noise with the fluctuation-dissipation theorem in Chapter 5.

Chapter 3 introduces five phenomenological damping models in chronological order: Landau-
Lifshitz damping, Bloch-Bloembergen damping, Codrington-Olds-Torrey damping, Gilbert damping
and modified Bloch-Bloembergen damping. For each model the equations of motion are derived in
the small signal limit by what drives the relaxation. The geometric shape of the trajectory is analyzed,
relaxation rates of the free precession decay and the susceptibility tensor of the driven precession is
calculated. It is found that all damping models except the Bloch-Bloembergen model strive to align
the magnetization vector with its instantaneous equilibrium. In contrast, the Bloch-Bloembergen

model strives to align the magnetization with the static component of the internal field. As a
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consequence, Bloch-Bloembergen damping can lead to negative loss, which is proven in Chapter 4.
For ellipsoidal samples, the trajectories of the free precession decay are compressed logarithmic
spirals. The axes along which these spirals are compressed coincide with the transverse principal axes
of the sample ellipsoid only for the Bloch-Bloembergen and modified Bloch-Bloembergen damping
models. For the other three models, the compression axes are tilted away from the transverse
principal axes by a small angle that is a function of the dimensionless damping parameter of the
respective damping model.

Chapter 4 shows that in the Smith matrix form of the equations of motion all information about
both instantaneous and time averaged loss is contained in the symmetric part of the damping matrix
and the antisymmetric part of the stiffness matrix. The conditions for positive loss, both instantaneous
and time-averaged, for all driving frequencies and all polarizations of the driving field are found to be
the following:

a) The symmetric part of the damping matrix must be positive definite.
b) The antisymmetric part of the stiffness matrix must be zero, that is the stiffness matrix must be
symmetric.

Chapter 5 examines the phenomenological damping models in the light of the fluctuation-
dissipation theorem. The fluctuation-dissipation theorem relates the correlations of fluctuating
physical quantities to their dissipative properties. By the Wiener-Khinchine theorem, the correlation
matrix of a set of fluctuating physical quantities is the Fourier transform of the power spectral density
matrix. Therefore, by application of both the fluctuation-dissipation and the Wiener-Khinchine
theorem, the spectral densities of the noise components can be expressed in terms of the damping
parameters of the system. The fluctuation-dissipation theorem is developed using the basic
mathematical theory for the means, variances and covariances of a set of physical quantities with a
multivariate Gaussian probability distribution. Then the fluctuation-dissipation theorem is used to
determine the signal power spectral densities of both the noise fields and the magnetization response.
It is shown that the field noise is white, that means its power spectral density is independent of

6
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frequency. In contrast, the magnetization noise, as the system response to the field noise, is
frequency-dependent, and reveals a maximum at the Kittel resonance frequency. These results are
applied to the five damping models that were investigated in Chapter 3. Gilbert damping, Landau-
Lifshitz damping and Codrington-Olds-Torrey damping are consistent with isotropic field noise. In
contrast, modified Bloch-Bloembergen damping yields power densities of the field noise components
that depend on the direction in the sample. Therefore, the modified Bloch-Bloembergen damping is
not consistent with isotropic field noise.

Chapter 6 summarizes the main results of the thesis.

1.3 Units

The Gaussian cgs system of units is used exclusively in this thesis. The magnetic field H is
expressed in Oersteds (Oe). The magnetization M is expressed in emu/cm’. The corresponding

magnetic induction B is expressed in Gauss (G). The saturation induction 4zM, is expressed in

Gauss, though the saturation magnetization M, is in emu/cm’.

1.4 Abbreviations

The names of the five damping models are abbreviated:
LL Landau-Lifshitz
BB Bloch-Bloembergen
COT Codrington-Olds-Torrey
G Gilbert

MBB Modified Bloch-Bloembergen
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Chapter 2

The undamped magnetic torque equation

Table of contents:

2.1 Introduction

2.2 The undamped magnetic torque equation
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220b The torque equation in an infinite medium
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24 Driven precession in an ellipsoidal sample
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24b Equations of motion in the Smith matrix form
24.c Magnetization response in an ellipsoidal sample
2.5 Internal energy and stiffness matrix

2.5a Internal energy in an ellipsoidal sample

2.5b The role of the stiffness matrix

2.6 Static and instantaneous equilibrium
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2.1 Introduction

The magnetic torque equation of motion describes the dynamics of the magnetization vector as a
function of time in a uniformly magnetized; and saturated sample, which may be subjected to both a
static and a microwave applied field. This chapter provides an overview of the techniques to solve the
magnetic torque equation in the ideal case for which no dissipative mechanisms are present, so that
the magnetic energy loss is zero at every instant of time. This chapter is tutorial in character. It
develops step-by-step the techniques that will be used in the following chapters to calculate the
undriven and the driven response of the damped magnetic precession.

The first authors to formulate a magnetic torque equation appear to be Landau and Lifshitz in their
famous paper Landau-Lifshitz [1935] about domain wall motion and magnetization damping. Their
Landau-Lifshitz equation is a nonlinear equation that contains a damping term. If this damping term
is omitted, the undamped magnetic torque equation is obtained, which is the subject of this chapter.

Section 2.2 derives the undamped magnetic torque equation of motion from basic physical
principles. Amazingly, the magnetic torque equation states no more and no less that the
magnetization vector always precesses about the direction of the internal magnetic field, with an
mstantaneous angular velocity vector that is proportional to the instantaneous internal field vector.
The precession has Larmor orientation, which means that the precession trajectory is traversed
counter-clockwise as the reader is facing the total field vector. In an infinite medium, that is, in the
absence of demagnetizing fields, the precession about a static applied field is circular and oriented in
the Larmor sense.

Section 2.3 describes the driven precession in an infinite medium. The driving field is an external
applied microwave field in the plane perpendicular to the static applied field. This plane is called the
transverse plane. The transverse driving field may have an arbitrary elliptical polarization. The

analysis of the equations of motion is performed in the small signal limit, where the driving field is
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small compared to the static applied field and the magnetization response is small compared with the
saturation magnetization. In the small signal limit, the system of three nonlinear differential equations
reduces to a system of two linear differential equations for the transverse magnetization components.
These equations can conveniently be written in a matrix form that is solved not for the time derivative
of the magnetization components, but for the components of the external applied microwave field.
This matrix form of the equations of motion for a system of coupled harmonic oscillators is
commonly used by mechanical engineers, but has only recently been introduced in Smith [2002] to
model the magnetic precession response in a ferromagnetic sample. It is called Smith matrix form in
this thesis and is very useful in loss calculations, as will be shown in Chapter 4.

Section 2.4 treats the driven precession for a sample of ellipsoidal shape. Such a sample has a
uniform demagnetizing field. The total field consists of the external applied field and the
demagnetizing field. The equations of motion are formulated in the small signal limit, both explicitly
solved for the time derivatives of the magnetization and in Smith matrix form. The Smith matrix form
for an ellipsoidal sample resembles very much the Smith matrix form in an infinite medium. The
difference is that the external applied field in the infinite medium is replaced by the so-called
stiffness fields, which are determined by the geometry of the sample.

Section 2.5 describes the internal magnetic energy as a sum of a demagnetizing energy and a
Zeeman energy. As an application, the specific form of the internal energy is derived in the small
signal limit for an ellipsoidal sample. In this case, the internal energy is a quadratic form, whose
matrix is the stiffness matrix of the equations of motion.

Section 2.6 determines the static equilibrium of the magnetization response when the external
applied field is purely static. When, in contrast, the applied field contains a transverse microwave
component, then the equilibrium is no longer static, but instantaneous (that is, time-dependent). The
instantaneous equilibrium plays a central role in formulating the equations of motion for the damped
magnetic precession in Chapter 3.

Section 2.7 summarizes the key results of Chapter 2.

10
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2.2 The undamped magnetic torque equation

The undamped magnetic torque equation, or in short torque equation, is the equation of motion
for the magnetization response in a ferromagnetic sample, when all fields are considered as spatially
uniform. Any spatially inhomogeneous fields, which lead to spatially nonhomogenous (or spin wave)
modes of the magnetization response, are not taken into account in the treatment in this thesis. Only
the uniform mode response is considered. Therefore the magnetization vector is a function of time
only, and not of the space coordinates. One obtains a system of three ordinary differential equations
of first order for the three spatial components of the magnetization vector. In Section 2.2.a, this
system is derived from two experimental facts:

(1) A magnetic dipole in a magnetic field experiences a torque.

(ii) The angular momentum of an electron is proportional to its magnetic dipole moment.

2.2.a Derivation of the torque equation
The precession of a magnetic moment p(¢) in a magnetic field H(¢) is determined by the torque

p(¢) x H(¢) on the magnetic moment. The magnetic field comprises not only the external applied

field, but also the demagnetizing fields, the effective anisotropy field, and other fields. For simplicity,

only external applied fields and demagnetizing fields are considered in this thesis, so that the

magnetic field coincides with the internal magnetic field H,,, (¢) . The torque is equal to the rate of

int

change of the angular momentum, dJ(¢)/dt , so that

a1(c)

% =p(t)xHy (1). 2.1)

In a given material the angular momentum and the magnetic dipole moment are proportional,

n(t)=yJ(1), 2

11
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where the proportionality constant y is called the gyromagnetic ratio. The magnetic moment in
paramagnetic and ferromagnetic materials is associated primarily with the electron spin, with a
negative gyromagnetic ratio of y ~—1.76-10"rad/(Oexs)~—27-2.80 MHz/O¢ . Note that the
gyromagnetic ratio is negative due to the negative charge of the electron. To avoid ambiguities about
the sign we will always write —|y| instead of . From Eqgs. (2.1) and (2.2) an ordinary differential

equation for the magnetic moment is obtained,

B a0, 23)

0,90y

A physical sample consists of many magnetic dipoles, so that the torque equation is usually
expressed in terms of the magnetic moment p(r) per sample volume ¥ . This quantity is called the

magnetization,
M(t)=n(t)/V, (2.4)
and allows to express the magnetic torque equation in the form

dl\;t(t) =-ly|M(t)x H,, (r). 2.5)

Note that the torque equation conserves the magnitude of the magnetization vector, because the
time rate of change of the magnetization vector, dM(t)/dt, is always perpendicular to the

magnetization vector itself.

In the next section a particularly simple case of the torque equation is considered, where the
internal field is constant in time. This is the case when the sample is an infinite medium, and when

the external applied field is static.

12
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2.2.b The torque equation in an infinite medium

In an infinite medium there are no demagnetizing fields, since no boundary surfaces exist where
magnetic dipole fields could form. As the simplest case of magnetization precession consider the free
precession in an infinite medium. “Free” means that only a static field H_, is applied in

z —direction, but no microwave driving field is applied. Then the intemnal field in the sample

coincides with the static applied field,

0
H,(9)=| 0 |=const. (2.6)
H

ext

In components, the torque equation of motion becomes;

am (¢

 —

== HM, (1), .7
M=|7|H M.(1), 2.8)
dt
and
M, (t)
" =0. 2.9

The steady state periodic solution of this system is given by

M ()=M,,, cos([yleH l//) , (2.10)

M, (t)=M,,,sin(y|H_t+v), (2.11)

and

M, (t)=M,,, =const. (2.12)
13
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Here M,,,, and M, are the constant magnitudes of the transverse and longitudinal magnetization

components, respectively, relative to the static applied field. The magnetization response contains
two arbitrary parameters: the amplitude M of the transverse magnetization response, and a phase

angle y . The magnetization precesses in a circle parallel to the x — y plane with constant angular
velocity

oy =|y|Hm. 2.13)
This is the natural frequency of the undriven precession in an infinite medium. Figure 2-1 shows that

the free precession is performed in the Larmor sense, that is, counter-clockwise as the observer looks

into the static applied field vector.

In the general case of a time-dependent internal field H,, (¢) , the magnetization precesses with
the instantaneous angular velocity vector |y|H,, (¢) about the internal field vector. Figure 2.2
illustrates that at every instant of time; the magnetization trajectory is tangential to an instantaneous
precession circle in a plane perpendicular to the instantaneous internal field. Since H,, () is time-

dependent, both the plane and the center of the instantaneous precession circle vary with time as well.

A Static applied field

Larmor oriented
precession circle

-l

Magnetization

Figure 2-1: Free precession in an infinite medium, when the applied field is static. In this case the
internal field coincides with the static applied field. The precession trajectory is a circle, traversed in the

Larmor sense as the observer looks into the static applied field.

14
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Instantaneous Internal field
precession
circle

Magnetization trajectory

Magnetization

Figure 2-2: For a time-dependent internal field the magnetization response follows an instantaneous
precession circle around the internal field in the Larmor sense. The plane, the center, and the radius of the

instantaneous precession circle are time-dependent.

2.3 Driven precession in an infinite medium

2.3.a The small signal limit

The torque equation of motion developed in the last section describes the instantaneous precession
of the magnetization about the direction of the instantaneous internal field. If the internal field is
static, then the precession is called free precession. But if the internal field contains a microwave
component, the precession is called driven precession, because the external applied microwave field
acts as a driving field. The following analysis considers the microwave driving field as small
compared with the static applied field, and the magnetization response as small compared with the

saturation magnetization. This set of assumptions is called the small signal limit.

15
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2.3.b Equations of motion in the Smith matrix form
As in the previous section, the magnetization precession is analyzed in an infinite medium. In such
a medium, no demagnetizing fields are present, because there are no boundary surfaces to produce

dipole fields. A static ficld of magnitude H_, is applied in the z-direction, or longitudinal direction.

In addition, in this section a small microwave field (hm_x ()oPs, (t))T is applied in the x-y plane,
also called the transverse plane. Since there are no demagnetizing fields in an infinite medium, the

internal field is the same as the external applied field in the sample,

P ()
H,, (1) =| h..., (1) | (2.14)
H

ext

With this total internal field, the torque equation of motion in Eq. (2.5) becomes

M., (¢
L) M, () H oMb, 0], 2.15)

S

;t(t) ="|7'|[Mshm—x(’)“Mx(t)Hm], (2.16)

and

a, (1)

s [ M, (), () -M, ()R, . ()] 2.17)

In the small signal limit, the transverse magnetization components M, (¢) and M, (¢) are much

smaller than the saturation magnetization, and will, therefore, be denoted as m, (t) and m, (t) ,

respectively. Due to the conservation of the magnitude of the total magnetization, the z — component

of the magnetization vector is equal to the saturation magnetization, to first order in the x— and

y —components.

16
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M, (0)= B2~ ()~ ()

=M’\/l{mjl(f)}z -{mfit)}z 2.18)
oM [l_zmi(mmi(r)}

RV

Q

M,

8

Therefore, in the small signal limit, the equations of motion for the transverse magnetization

components m, (t) andm, (t) reduce to the system,

) i (O~ M 0] an
and
D) oM )-m (O] (220)

With the natural frequency of the free precession, o, =|y|H,,, from Eq. (2.13), this system is

written in matrix form as
dm (1)
ol el o)
dt

Solved for the driving field column vector (A, . (1).A._, (t))T , this equation becomes

an(0)
Aty gg_nz_;(_q Tl om0l o) @2

This is the so-called Smith matrix form of the equations of motion in the small signal limit. The
matrix

17
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— 1 (0 -1

G=r"— , 2.23
il o) >

which multiplies the time derivative term in the transverse magnetization response, is called the

gyroscopic matrix. It is responsible for the precessional motion of the magnetization. The matrix

E=_1_(“’H 0}, 2.24)
I}'IMS 0 o,

which multiplies the magnetization term, is called the stiffness matrix. It measures the stiffness of the
magnetization response to the external applied microwave field. The bigger the components of the
stiffness matrix, the smaller the magnitude of the magnetization response to a given external applied

microwave field. Later it is shown that the stiffness matrix determines the natural frequency of the

undriven precession. With the gyroscopic matrix G and the stiffness matrix K , the equations of

motion in Eq. (2.22) can be written in matrix form as

’émet(’)+1”<m(r)=hm (). (2.25)

. L . —dm(t .
In Chapter 3 this equation will be supplemented by a damping term D dt( ) on the lefthand side

to model the damped magnetization response. The constant matrix D is called the damping matrix

and depends on the particular damping model.

2.3.c Magnetization response in an infinite medium

The magnetization response to an external applied microwave field will now be determined by the

so-called method of complex amplitudes. In this method each two-dimensional vector quantity a(t)

with a harmonic time dependence at some frequency @ is characterized by its complex amplitude a,,

through

18
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a(r)=Re(a,e™). (2.26)

By a suitable choice of the complex amplitude, every possible elliptical polarization of the sinusoidal
vector quantity can be achieved. For example, to describe a circular polarization in the Larmor sense,

relative to the direction of the z-axis, one may choose
3 1
a,=—2¢e%| |, (2.27)

where g, is the magnitude of a,, and ¢ is an arbitrary phase angle. Indeed, the components of the

real vector quantity a(r) are

a,(t)=Re [%e"’e’“”) = %cos (@1 + @) (2.28)
and

a, , a, .
a,(1)= Re(-—z T"Ze'“’e'“") = T"zsm (0t+9). (2.29)

This is a circular precession in the Larmor sense. Table 2-1 gives the complex amplitude vectors
corresponding to several special cases of elliptical polarization.

The complex amplitude method is now used to solve the system in Eq. (2.15) by means of matrix
operations. Both the microwave driving field and the magnetization response are expressed in terms
of their complex amplitudes. By this procedure, the time dependence is eliminated from the system,
and a linear system is obtained for the complex amplitudes of the magnetization response. The matrix
of this system is called the external susceptibility tensor. One starts with dynamic magnetization

components of the form
m, (t)=Re(m ) (2.30)

and

19
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m, (t)=Re(myoe"‘"), (2.31)

and external applied microwave field components

Pe-r (t) =Re( P10 (2.32)
and
Py (F)=Re(hy_,e). (2.33)

The equations of motion reduce to a linear system for the complex amplitude components m_, and

my .
Type of components of time complex
polarization | dependent vector quantity | amplitude
Larmor a 1
a (t)=—Lcos(wt+ @), | To g
()= yeosorro). | Sev( )
a ()= %sin (wt + )
anti-Larmor a a (1
a (t)=—=cos(at+ @), | Z2e®
O=Fgeos(orro). | er| ]
a, .
a, ()= ——J—‘.’.z-sm (wt+ @)
linear in x- =
o a,(t)=a,cos(wt + @), 0, ((I)J
a,()=0.
linear_in y- a, (t) =0,
direction (0
a,e” (l)
a, (t) = a,cos(wt + ).

Table 2-1: Complex amplitudes corresponding to special cases of elliptical polarization of the microwave driving

field.

20
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[0 _1) e +(“’” 0]['""°)=I7IM,(]1“"‘°]. (2.34)
1 0 jliom,, 0 o,)\m, L

Combination of the two terms on the left hand side yields,

— h
(a.)y Ia)J[mxo] =|?’|Ms( m-xo} 235
o o )\mg P yo
The solution is obtained by inversion of the matrix on the left side,
-1
m, w, -io\ (h.., M, (o, io\(h,.,
( 0J=|y|Ms[.H ) ( 0)= IZI ’2( .11 ][ 0}‘ (2.36)
myo {2 @ haxt—yO Dy — @ -l @y haxf—yO

In short hand notation, one writes
m, =x(o)h,,,, 2.37)

with the susceptibility tensor in an infinite medium,

i(@FM{% im). (2.38)

2 2 ;
oy -0 \-lo o

The susceptibility tensor i(w) contains complete information about the magnetization response,

both about amplitude and phase. After Polder [1948], the susceptibility tensor of the undamped

magnetic precession in an infinite medium is called the Polder susceptibility tensor. In Table 2-2 the

complex amplitude of the magnetization response is shown for some special cases of the driving

field. Notice the following:

e The response to a Larmor polarized driving field is Larmor polarized. The amplitude of the
response becomes infinite at the resonance frequency @, =|y|H.,, which is the natural frequency
of the undriven precession. The Larmor response is in phase with the driving field if the driving

frequency is below the resonance frequency, that is for @ < w,, . The Larmor response is phase-

shifted by 180° if the driving frequency is above the resonance frequency, that is for @ > @, .

21
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Polarization of Components of driving Complex amplitude Ii:m;;lgzxaﬁ:gﬁtude of
driving field field of driving field mpggnse
L
2 h_o(l) |y|M,_ho_(l}
hm-y(t)=%sin(wt) V2l @ =0 V2
anti-Larmor h
hy,_ . (t)=—F=cos(wt),
o (1) = 5 cos(0r) _@_(1) |y|Msﬁ)_(lJ
24 @D, + 0 \/f I
h, (r)=_%sm(m) V2 ”
linear in X
direction haxt-x (t) =h0 cos(wt)’ '},IM-' h_o( 1 )
)40 [
k.., (t)=0. 2\ -i) 2l
ax}'() 2\ i 21 +|}’|M,h_ol
o, +o 2\i

Table 2-2: Magnetization response for special cases of the polarization of the driving field in an infinite

medium.

o The response to an anti-Larmor polarized driving field is anti-Larmor polarized, and is always in

phase with the driving field. The amplitude of the response is a decreasing function of the driving

frequency.

o The response to a linearly polarized driving field is not linearly polarized, but elliptically

polarized. The reason is that a linearly polarized field can be decomposed into a Larmor

component and an anti-Larmor component of equal amplitudes. However the amplitudes of the

corresponding Larmor and anti-Larmor components of the magnetization response are not equal.

Therefore the magnetization response to a linearly polarized driving field is not linear.

In Fig. 2-3 the lossless susceptibility is shown as a function of the applied microwave field frequency

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
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for a static applied field of 2000 Oe in an idealized bulk material with the same saturation
magnetization as YIG, 4zM, =1750 Oe . The lossless susceptibility is shown for a Larmor oriented

driving field, for an anti-Larmor polarized driving field, and for a linearly polarized driving field.

susceptibility (1 0'5)
3 —

resonance bulk YIG
 frequency H ext=2°°° Qe

anti-Larmor

0 5 | 10 15
driving frequency (GHz)

Figure 2-3: Susceptibility in an idealized lossless bulk material with the same saturation magnetization as
YIG, that is with47zM, =1750 Oe . The static applied field is 2000 Oe . The susceptibility is understood

here to be the quotient of the complex amplitudes of the magnetization response and the microwave driving
field. These complex amplitudes were shown in Table 2-2. For a Larmor driving field resonance occurs at the
eigenfrequency of the free oscillation. For an anti-Larmor driving field, there is no resonance; instead the
susceptibility is positive and decreases with the driving frequency. Resonance also occurs for a linear driving
field, because it has a Larmor component. Positive susceptibility indicates that the magnetization response is
in phase with the driving field, and negative susceptibility indicates that the magnetization response is 180°

out of phase with the driving field.
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2.4 Driven precession in an ellipsoidal sample

2.4.a Demagnetizing field in an ellipsoidal sample

In the previous section the magnetization precession was calculated for an infinite medium
subjected to a static applied field. In the experimental practice, however, and in technological
applications, one must deal with finite samples of a certain shape. To calculate the magnetic fields
inside the sample it is necessary to solve the electromagnetic boundary value problem with
Maxwell’s equations. In general, this is a difficult task. However, simple closed-form solutions have
been obtained in the case of special sample shapes, such as ellipsoids. Shapes such as thin films and
rods can be considered as limiting cases of ellipsoids.

When a homogeneous sample is placed in an externally applied DC magnetic field, it becomes
polarized. The magnetic poles induced at the surface lead to a demagnetizing field inside the sample
that is opposed to the applied field. The magnetic field inside the sample, or internal field, is then the
sum of the static applied field and the demagnetizing field. For an ellipsoidal sample, the

demagnetizing field is determined by the demagnetizing factors N, N, and N, in the directions of
the three principal symmetry axes of the ellipsoid. The sum of the demagnetizing factors is always 1.

The demagnetizing field corresponding to the magnetization M () = [Mx (.M, (1).M, (t)]T isthen

given by
N, 0 0)(M[()
H,..()=—4z| 0 N, 0 ||M/(1)] (2.39)
0 0 N,)(M,/()
The matrix
N, 0 0
N={0 N, © (2.40)
0 0 N,
24
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is called the demagnetizing tensor.
Kittel [1949] has shown that the demagnetizing field of an applied time-dependent field can be
written in a similar way as the demagnetizing field of an applied static field. In a ferromagnetic

resonance experiment, if a static field is applied in the z — direction and a microwave field is applied

perpendicularly to it with components 4,,,_, (¢) and,,_,(¢) , then the internal field in the sample is

the sum of the external applied field and the demagnetizing ficld,

H, (t)=H_()+H,,, (*)

R .() N, 0 0) (M) (2.41)
=\ b, (t)|-4z| O N, 0 | M (1) |
H,_, 0 0 N,JIM()
In the small signal limit, this reduces to
B () N, 0 0)(m() Py ()~ 42N, m (1)
H,, (1) =|A,,. Lt)|-4=x| 0 N, 0 |-|m, (1) |=| P, (£) = 42N m (1) |. (2.42)
H_, 0 0 N, M, H_,—4zNM,

In the next section the magnetization response to a microwave driving field is determined in an

ellipsoidal sample, when the internal field is given by Eq. (2.42).

2.4.b Equations of motion in the Smith matrix form

The last section developed the uniform demagnetizing field in an ellipsoidal sample. The internal
field is the sum of the static applied field, the transverse applied microwave field, and the
demagnetizing field. The resulting equations of motion in the small signal limit have the same form
for the ellipsoidal sample as for the infinite medium. However, the external applied field is replaced
with the stiffness fields, and the natural frequency of the free precession is replaced with the

geometric mean of the two stiffness frequencies. As for the infinite medium, the equations of motion

25
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can be either

e solved explicitly for the time derivatives of the magnetization components, or

e written in Smith matrix form, solved for the components of the applied microwave field.

With the internal field in Eq. (2.42), the torque equation of motion becomes in the small signal limit:

dm, () _ _ H_ -4zM N
=) =, (O ~47MN o

=M, () b, (£ + 42N m, (1),

dm (1)
an ) _ H,_, -4zM N
2= bim()[He, -4zMN, ] 044)

—M, (1) herr (1) = 47N (1) ],

With stiffness fields defined as

X, =H_+(N,-N,)-4zM, (2.45)
and
Y,=H_+(N,~N,)-4zM,, (2.46)

the equations of motion in the small signal limit can be written in compact form as

dm, (¢

—”%t(—)= W[ ~Yum, (6)+ M p. ()], (247
and

Do) |y (1)~ P ()] @49)

These equations may be compared with the equations of motion in an infinite medium, given in Eqs.

(2.19) and (2.20). The static applied field H,,, multiplying the magnetization components m, (¢) and

m,(t) has been replaced with the stiffness fields X, andY,, respectively. Solved for the

26
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components of the applied microwave field, the equations of motion take the Smith matrix form

ks okam ) e (¢ o o)) >
Here
. =i;’|XH (2.50)
and
o, <r|Fs 2.51)

are the stiffness frequencies corresponding to the stiffness fields X, and Y, , respectively. Notice the

striking similarity to the Smith matrix form of the corresponding Eq. (2.22) in an infinite medium,

given by
1 (0 -1\(dm,(t)/dt L1 (@ 0 \(m,(t) _ hm_x(t). 2.52)
lr|M, (1 0 dm.,(t)/dt M0 o, \m, () \ A, (t)
The anti-symmetric gyroscopic matrix is the same,
— 1 (0 -1
G_W(l 0]. (2.53)

In the symmetric stiffness matrix, the natural frequency @,, in the two diagonal elements of the

stiffness matrix has been replaced by the stiffness frequencies w, andw, , respectively, so that
R- (w OJ (2.54)

= L0 o) .
The equations of motions in Eq. (2.49) then become, in Smith matrix form,
éimzt(ﬁ+ﬁm(t)=hm ),

and will now be solved with the complex amplitude method.
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2.4.c Magnetization response in an ellipsoidal sample

As in the treatment for the infinite medium in Section 2.3.c, a harmonic driving field h,,, (r) with

driving frequency @ and harmonic magnetization response m(¢) can be expressed in terms of

complex amplitudes:

By o () =Re (b ™), (2.55)
P, () =Re(h,_ ™), (2.56)
m, (t)=Re(m, ), (2.57)
and

m, (£)=Re(m,e"). (2.58)

Substitution into the equations of motion in Eq. (2.49) yields a linear system for the complex

magnetization amplitudes,
1 wx —io me hm—xo
e = , 2.59)
riM, (m) @, )[mw] (hm-yoj (
so that

-1
me a’x —iw hext—x()
y0 y ext—y0

_ M, (o, oA
0,0,-0'\~io o )\ gy

The susceptibility tensor for the complex amplitudes in Cartesian coordinates is therefore given by

(2.60)

i(w)=M—( “ iw} 2.61)

2 »
o0, ~o'\-io o,
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From this equation is clear that the magnetization response diverges at the Kittel resonance frequency

(Kittel [1949]),

N (2.62)

As in the case of an infinite medium, the resonance frequency of the driven precession coincides with
the natural frequency of the undriven precession. This natural frequency is easily determined from the
Smith matrix form of the equations of motion in Eq. (2.49), when the microwave driving field is set

to zero.

el 22l 2180

Substitution of the complex amplitude approach

m, (1) =Re(m,.e™') (2.64)
and
m, (t) =Re(m,.e™) (2.65)

into Eq. (2.63) yields the linear system

{0 =1\ m, o, 03\ m, 0
zwo(l Oj(myo)+(0 wy][myo]=[0} (2.66)

that is,

@, —io,\(m, _ 0
io, o, \m, —(0}. 2.67)

This linear system has a nontrivial solution if and only if the determinant is zero:

0.0,-o; =0. (2.68)
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The two solutions for the natural frequency are

@, = i‘/a)xa)y . (2.69)
What is the physical meaning of the negative frequency solution? Consider the magnetization
response for both the positive and the negative frequency solution. For the positive natural frequency,
@y, =, /a)xwy , the complex amplitude of the magnetization response has the form

[mxmjz ce,-,,[ Jo, ] (2.70)

m .
yO+ —~1\j@,

with arbitrary real constants ¢ and ¢. For the negative natural frequency, o, =—./o. o, ,the

Xy >

complex amplitude of the magnetization response has the form

(mxo_] oo [ Jo, ] 2.71)

m .
y0- 1o,

with arbitrary real constants ¢ and ¢. Since the complex amplitudes m,,  and m , of the negative
frequency solution are complex conjugate to the corresponding complex amplitudes m,,, and m,,,

of the positive frequency solution, the time-dependent transverse magnetization components are the

same for both frequencies:

m, ()= c\/acos( 0,0+ ¢) 2.72)
and
m,(t)= c\/a)—xsin( o0+ q)). 2.73)

Both the positive and the negative frequency leads to the same physical magnetization response!

Therefore, the negative frequency solution can be omitted as redundant.
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2.5 Internal energy and stiffness matrix

2.5.a Internal energy in an ellipsoidal sample

The potential magnetic energy in a uniformly magnetized ferromagnetic sample consists of the
demagnetizing energy due to the static and dynamic demagnetization fields and the Zeeman energy
due to the static applied field. Since the equation of motion conserves the magnitude of the
magnetization, the potential energy can be expressed as a quadratic form in the two transverse
magnetization components alone. Furthermore it is shown in the small signal limit that for an
ellipsoidal sample, the stiffness matrix in the equation of motion is exactly the matrix by which the
internal energy is expressed as a quadratic form in the magnetization components. Recall from Eq.

(2.39) that the demagnetizing ficld in an ellipsoidal sample can be written as

N. 0 0
H,,. (t)=~47rﬁ-M(t)=—47; 0 N, 0 |-M(). (2.74)
0 0 N,

Since the demagnetizing field is the negative gradient of the demagnetizing energy, the latter is given

by
U, (1) = 22 N M (£)+ N M (1) + N M (1) ]. (2.75)
The Zeeman energy corresponding to the static external field H,, in z —direction is

Useoman (1) =—H M, (t). (2.76)

The potential energy U, (¢) is the sum of the demagnetizing and the Zeeman energy, therefore

U, (t) =22 NM:(t)+ N M (1) + N M (1) |-H M, (r). 2.77)

Note that the “energies™ here referred to are actually volume densities of energies, since the

magnetization is a volume density (of the magnetic moment) itself. Now it will be shown that in the
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small signal limit, the potential energy can be expressed with the stiffness fields X,, and ¥, in the

form,

1X 17,
U ()= 33 2m2 () + 223 (1), 2.78)

where m, (t) and m, (¢) are the transverse magnetization components in the small signal limit.

The stiffness fields X, and Y, are the same stiffness fields developed earlier in the precession

analysis. Recall that for an ellipsoidal sample they are given in Eqgs. (2.45) and (2.46) by

X, =H,_ +4z(N,-N,)M, (2.79)
and
Y, =H,, +4x(N,~N)M,. (2.80)

The approximation in Eq. (2.78) follows directly from the exact formula in Eq. (2.77) with the

approximation of the longitudinal magnetization component developed earlier in Eq. (2.18),

o |1 LM+ mi(r)
M, (t)~M:[l 2—523-——}. (2.81)

One obtains the small signal approximation of the internal energy as

U,, =2z(Nm:+N,m,+NM?)-H_M,

w2 (0 )| 1 L

2 M
(2.82)
H_ +4x(N.-N.)M H_ +4z(N, -N. )M
- = ”(M" ). SR (M e 20 -,
1X 17,
T2, g, N M HM
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In this equation the time dependencies were not written. The last two terms are constant, and can be
omitted, since any potential energy, or potential energy density, is only determined up to an additive
constant. If this constant is dropped, one obtains the potential energy in the simple form given in Eq.

.78).

2.5.b The role of the stiffness matrix

Recall the stiffness matrix,
X, 0
K| M (2.83)
0o Juo '
M

from the equations of motion in Smith matrix form. With the stiffness matrix, the potential energy for

an ellipsoidal sample m the small signal limit takes the vector-matrix form
1 T
U, (%) =3 [m()] K [m()], (2.84)

where m(t) = [mx (#).m, (t):IT is the vector of the transverse magnetization components.

The goal of this section is to show that this connection between the potential energy and the
stiffness matrix is not a comncidence. Rather, the form of the potential energy in Eq. (2.84) is a

consequence of the equations of motion in the small signal limit. Recall that these are given by

G d—m‘#—hk‘ m(f)=h_, (). (2.85)

Consider the power transferred into the system by the external microwave driving field,

P () =b. ()220, 236)

This formula is analogous to the rule “power equals force times velocity” in classical mechanics.
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With the equation of motion in Eq. (2.85), the input power can be readily expressed in terms of the

magnetization response alone,

£ ()~(6 0. R m(y) | 220

_[G dm(t)} (). [ (] 420

(2.87)

dt dt

This equation is more conveniently written, with matrix multiplications instead of inner products, as

e [dm(t)} c dm(t){dm(t)]r R m(0). 258

dt dt

The first term on the right-hand side of this equation is zero, because x” A™"x =0 for any anti-

—antisym

symmetric » x n matrix A and any compatible (that is 7 x 1) column vector x . The proof of this

fact proceeds as follows:

Any scalar x” A™™™x can be considered as a 1x1 matrix, which is its own transpose. That is,
'—~anti.7ym T g antisym T
A"y = (x x) . (2.89)

By the rules for taking the transposition of a matrix product, this implies the further connection,

—antisym

— ant r —ani
A" =xT(A “”‘) x==—2 A"y . (2.90)

The last step used the fact that the the transpose of an antisymmetric matrix is its negative. The only

.. .. —anti .
number that is its own negative is zero. Therefore, x” A5 =0 , which we set out to prove.

The second term on the right side of Eq. (2.88) can be written as a time derivative because of a
generalization of the product rule, g;{ [m (t)]T Km (t)} =2[dm(r)/ dz‘]T K m(t), which is valid

because the matrix K is symmetric. This leads to a compact notation for the power into the system,
34
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P, (:)=%{—; [m()] K m(t)}. 291)

Since the undamped torque equation of motion dissipates no energy, the input power P, (¢) is equal

to the time rate of change of the potential energy. Hence in Eq. (2.91) the quantity in braces must be

the potential energy, and one has, therefore,
U,.()= % [m(?)] Km(s). 2.92)

This representation of the potential energy remains valid if, in order to incorporate
magnetocrystalline anisotropy into the equations of motion, a more general form of the stiffness
matrix is used. In fact, the stiffness matrix can be defined as the matrix of second partial derivatives

of the potential magnetic energy with respect to the magnetization components, evaluated at the

equilibrium (mx,my )T =(0, O)T in the absence of damping.

(GZUPO, (mx,my) U, (mx,my)
om? e om.Om,

K i . (2.93)
U ,,, (mx,my) U, (mx,my)

2
m, =0 6my m, =0
i

om om,

The stiffness matrix is symmetric, because the mixed partial derivatives of the potential magnetic
energy are equal. To second order in the magnetization components, the Taylor expansion of the

potential magnetic energy yields,

U, (m)=U ©)] m +—;—mTKm. (2.94)

pot

(0)+[vU

pot

Since the potential magnetic energy attains a minimum at the stable equilibrium of zero transverse

magnetization, the gradient VU

r(0) is zero, and the stiffness matrix K is positive definite.

Without loss of generality the potential energy, defined only up to an additive constant, was set to
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zero at the equilibrium. Thus in the small signal limit the potential energy is the quadratic form given

above in Eq. (2.92).

2.6 Static and instantaneous equilibrium

2.6.a Static equilibrium

If all applied fields are static, one has the usual conditions for magnetostatic equilibrium in which

the magnetization vector is aligned with the static internal field. In the small signal limit formulation,
one then takes A, ,(t)=hC"") and h,,_ L(0)= K ) | and solves the magnetostatic equilibrium

X ext—-y 2

x

problem for m!™*) and m\™™ . For the actual dynamic extemal fields %, (f) and h,,_, (f), one
can do the same analysis, but the resulting transverse magnetization components m*? () and
mﬁ”) (¢) will correspond to an “instantaneous” equilibrium. The actual magnetization components
m,(¢) and m, (t) will, in general, be different from those of the instantaneous equilibrium, mf,‘q) (1)
and mﬁ"") (). The time dependencies of m'*"(r) and mﬁ'q) (¢) derive from the time dependencies of
P .(t) and h,_,(t), and have nothing to do with the actual m, (t) and m,(¢).

To calculate the static equilibrium for a small static transverse applied field (hﬁ;’fj‘,"’,hﬁ,’ij" )T anda
static applied field H_, in z —direction, consider the internal field that will be present at equilibrium.

This field is given, in components, as

hl(::f:c) = hi;tz:t;c) _4”Nxmiﬂanc) , (295)
HI = B2 — 4N (2.96)
and
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H, =H_-4zMN,. 2.97)

For the equilibrium magnetization to be collinear with the internal field in equilibrium, one must have

{ static) (static) (static) (static)
L e (2.98)
M, H, M, H,

In Fig. 2-4, the x-collinearity is illustrated. The first diagram shows a net x-z magnetization
vector, formed by the x- and z-component of the equilibrium magnetization. The second diagram
shows the total x-z-field vector, formed by the x- and z-component of the internal field in

equilibrium. The similarity of the two right triangles is equivalent to Eq. (2.98). The third diagram

Magnetization in

.
»

SeNL L CA— :

Hy  static equilibrium

 (stekic
i e e

Figure 2-4: In static equilibrium, the equilibrium magnetization is collinear with the intemnal field. The
triangles formed by the x- and z-components of the equilibrium magnetization (left triangle) and the internal

field (center triangle) must be similar. Both triangles are similar to the one formed by the x-component of the

static applied field A% and the stiffness field X ,, (right triangle). This shows the role of the stiffness field

as an effective z-direction field for the static equilibrium. The three triangles formed by the corresponding y-

and z-components are similar as well.
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shows the vector formed by the x-component of the static applied field in x-direction and the stiffness

field X, in z-direction. This right triangle is similar to the first two in the figure.

(static) (static) (static)
m; kY —4xN m;

= (2.99)
M, H,_, —-4zM N,
and
(static) (static) (static)
m Ry AN m T (2.100)
M, H,_,-4zM N,
Solved for the components of the equilibrium magnetization, one obtains,
m(.vxaﬂc) M h(.mmc) M 5 h(.mmc) (2 . 1 0 1)
* H_ +4zM,(N,-N,) = X, 7
and
M M
(static) = s h(ataﬂc) —s h(.mmc) . 2102
*  H_+4M,(N,-N) ™7 1, =7 2102
Therefore, the static equilibrium can also be written in the form
m(.vmtic) h(.imnc) h(.v:atlc)
e hnt—x _ Mexs-x (2.103)
Ms Hint XH
and
m( static) h (static) h (static)
y int-y _ ey 2.104
M s H int Y H ( )

This form shows that the previously derived dynamic stiffness fields X, and ¥, also have a clear
static role. They take the place of the z-direction field when equilibrium is expressed by the external

field components 45" and A" instead of the internal field components 4S™ and A" .

int—x int—y
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2.6.b Instantaneous equilibrium
Instantaneous equilibrium is determined in precisely the same way as the static equilibrium, with

the static applied transverse field [h(’"’""’ h"""‘”] replaced by the time-dependent applied transverse

1—-x ? Text—
field [, (1) 1., (¢) ', the static equilibrium of magnetization [ m*), m* |" replaced by the

instantaneous equilibrium [mf:") (t),m? (t):IT , and the internal static field [h("‘”“) hert) ' renlaced

int-x 2 'int-y

by the time-dependent internal field [ ()P, (t)] Exactly as for the static equilibrium

discussed above, one can express the instantaneous equilibrium in terms of the internal field as well

as in terms of the external applied field:

m (¢ ) int - (t) s (F) (2.105)
M s H int X H .

and

my? () _ Py () _ ey () (2.106)
M, H, Y, |

Equivalently, one can write

eq (ﬂq)
Ko, (1) - ()(’) = a (6)- (’) (2.107)
and

(eq) (@q)
b, (1)-22 (t) H, =h, (t)- (t) (2.108)

.Y

Note that in Eqs. (2.107) and (2.108) the first equality remains valid when not the instantaneous
equilibria of the magnetization and of the internal ficld are considered, but the actual quantities. For

with the stiffness fields X, and Y, defined in Egs. (2.45) and (2.46), and the relationship in Eq.
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(2.97) between the internal static field and the external applied static field, one obtains

P ()= (’) o (£) = 42N m (¢ ”’;l(”)y

. (t)—-’l}lf(—’l(ﬁm FaxNM,)

(2.109)
0 —M(Hm ~4zNM, +4zNM,)
m_ (t) (t) X
and, similarly,
oy (-2 ‘) =, =470, -2,
By, (£)- y()( +47rNyM)
2.110)

b, () -2 (t)( w —47NM, +4zN M)
ey (9-220) “’
The significance of Egs. (2.109) and (2.110) will be understood in Chapter 3 in the discussion of

phenomenological damping models. For each damping model the physical concepts that drive the

damping vield the equations of motion in terms of the internal field components. Then the internal

field components A,, . (¢), h,,.,(t) and H,, areexpressed by the components 4, (t) and &,,_ (¢)

of the external microwave driving field and by the stiffhess fields X,, and Y, . In this way the

equations of motion can be brought into a form that does not contain any internal field components.

2.7 Summary and Outlook

In this chapter the Smith matrix formulation was introduced as the standard form of the equation

of motion of the undamped magnetization precession in a uniformly magnetized ferromagnetic
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sample. The Smith matrix form represents the linear system of two first-order differential equations
in a form similar to the simple harmonic oscillator in one dimension. In this form, the equation of
motion is solved for the external driving field (or driving force) on the right side of the equation. The
Smith matrix form allows a simple derivation of the instantaneous internal magnetic energy in the
sample. In Chapter 3, a damping term is added in the Smith matrix form. The form of this damping
term depends on which particular phenomenological damping model is used. For the damped
magnetic precession the Smith matrix form is particularly suited to derive the instantaneous loss
power that is dissipated in the sample. The analysis of loss for the damped magnetic precession is

carried out in Chapter 4.
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Chapter 3

Five phenomenological models of magnetization damping,

analyzed and compared in the small-signal limit

Table of contents:

3.1 Introduction
3.2 Review: Internal field and instantaneous magnetization equilibrium
in an ellipsoidal sample
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component perpendicular to the static internal field
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3.4.e Relaxation rate of the free precession decay 91

3.4f Comparison of trajectory tilt angles and relaxation rates 94
3.5 Smith matrix formulations of the damped precession response 95
3.6 External susceptibility tensor 101
3.7 Summary comparison of damping models 107

3.1 Introduction

Damping causes the magnetization to relax at every instant toward its equilibrium state of
lowest magnetic energy in the direction of the internal magnetic field. Damping dissipates some
of the magnetic potential energy and converts it to heat. Chapter 2 developed the equations of
motion for the transverse magnetization response without energy dissipation. In order to model
the damped response, a small damping term can be added to the undamped equations of motion.
This chapter examines five phenomenological models of magnetization damping. The adjective
“phenomenological” implies that these models are not derived from the microscopic mechanisms
of relaxation. Rather, they represent simple heuristic constructions that allow for precession
decay, or - in the case of the steady state response to a microwave driving field; - microwave
energy loss. The objective of this chapter is to develop, analyze, and compare five particular
archival phenomenological models with respect to the underlying physical concepts, as far as
such concepts exist, as well as the geometry of the magnetization trajectories, the decay rates of
the undriven precession, and the external susceptibility tensors of the microwave response.

Section 3.2 reviews the fields that are present in a sample of ellipsoidal shape. These are
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the static field that is applied along one of the principal axes, a general elliptically polarized and
transverse microwave driving field in the plane perpendicular to the static applied field, and the
demagnetizing fields associated with the magnetization response. This section also revisits the
concept of instantaneous equilibrium as it relates to the transverse magnetization response. In the
calculation of this equilibrium, the stiffness ficlds from Chapter 2 play an important role.

Section 3.3 mtroduces the five specific damping models that have been developed over a
span of about 70 years to analyze decay and loss in magnetic systems. In the chronological order
of their publication, these models are:

a) Landau-Lifshitz (LL) damping (Landau and Lifshitz, 1935)

b) Bloch-Bloembergen (BB) damping (Bloembergen, 1950)

¢) Codrington-Olds-Torrey (COT) damping (Codrington, Olds and Torrey, 1954)
d) Gilbert (G) damping (Gilbert, 1955)

e) Modified Bloch-Bloembergen (MBB) damping (Lax and Button, 1962)

The five damping models may be classified into three categories, depending on “what
drives the relaxation”.

For field-driven damping, the transverse magnetization response is driven by the internal
field component perpendicular to the magnetization. This is the case for the Landau-Lifshitz
damping model.

For viscous damping, the transverse magnetization response is driven by the viscous drag
on magnetization. The damping is proportional in magnitude to the time rate of change of the

magnetization. The Gilbert damping model belongs to this group.
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For magnetization-driven damping, the transverse magnetization response is driven by the
magnetization component perpendicular to some chosen field: the static component of the internal
field for Bloch-Bloembergen damping, the intemnal field for Codrington-Olds-Torrey damping or
the instantaneous equilibrium of the magnetization for Modified Bloch-Bloembergen damping.

Equations of motion are developed in the small signal limit for each of the five models.
This is done by letting the damping contribution to the rate of change of the magnetization
depend linearly on “what drives the relaxation”. For each model, the equations of motion contain
one or two scalar damping parameters which may be given either as relaxation times, relaxation
rates, or in dimensionless form. The equations of motion are presented in two forms:

(a) one in which the equations are solved for the time derivative of the transverse
magnetization vector m (1)=[m,(t),m, (t)]T in the small signal limit, and

(b) one in which the equations are solved for the externally applied transverse driving field
components.

Section 3.4 analyzes the precession decay response from a geometrical perspective. For
each of the five models the trajectory of the damped, undriven, transverse magnetization
precession decay response is examined. In all cases, the decay response consists of a stretched
logarithmic spiral in the transverse plane. Moreover, this section examines the decay rate
formulae that follow from the five damping models. For LL, G and COT damping, the relaxation
rate changes with the sample shape and is proportional to the arithmetic mean of the Kittel
stiffness frequencies. For BB and MBB damping, on the other hand, the relaxation rate is

independent of the sample geometry.
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Section 3.5 presents the equations of motion of the damped precession in the Smith matrix
form, following the work of Neil Smith in Smith [2002]. The Smith gyroscopic and stiffhess
matrices were already developed in Chapter 2 for the undamped magnetization response. The
damping matrix is introduced here. The Smith matrix formulation provides a useful way to
calculate the external susceptibility tensor and the instantaneous and time averaged loss, and to
obtain correlations between thermal noise components of the internal field. These applications are
covered in Chapters 4 and 5, respectively.

Section 3.6 develops analytical expressions for the complete transverse magnetization
response and the corresponding external susceptibility tensors corresponding to the five models.
While these susceptibility components are well documented in the archival literature, the
approach here, based on Smith matrices, provides a useful way to develop those response
functions in simple form.

Section 3.7 summarizes the key results of the chapter.

3.2 Review: Internal field and instantaneous magnetization equilibrium in an
ellipsoidal sample

Chapter 2 explained the importance of the total intemnal field for the precessional motion of
the undamped magnetization response. Recall that at every instant of time, the undamped
magnetic precession, whether driven or undriven, can be viewed as a circular precession about the
instantaneous direction of the internal field. This internal field is of equal importance for the

relaxation of the magnetization vector in the damped response analysis. The relaxation or decay
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secks to decrease the radius of the instantaneous precession circle, and to align the magnetization
response with the instantaneous direction of the internal field. This is true for all of the models
considered here except the BB model.

In parallel with the analysis of the undamped magnetization precession in Chapter 2, this
Chapter considers the damped precession for an ellipsoidal sample without magnetocrystalline
anisotropy. However the results are easily generalized to include anisotropic materials through
the inclusion of additional terms in the stiffness matrix in the equations of motion.

Figure 3-1 depicts the magnetization and field components in an ellipsoidal sample, as
developed in Chapter 2. The sample is subjected to a static applied field of magnitude H,,, in the
z-direction, called the longitudinal direction. This static applied field must be large enough to
magnetize the sample to saturation, so that the z-component of the magnetization is M|, the
saturation magnetization. In the plane perpendicular to the static applied field, called the
transverse plane, there is an additional small time dependent field with x- and y-components
Py (t) and h,, (¢). This transverse field is taken to be small compared with the static applied
field. The corresponding transverse magnetization response components m, () and m, (t) are

taken to be small compared to M . This set of assumptions is called the small signal limit.
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~4nN, m, (1) X,y

XYy

Figure 3-1: Internal field and magnetization components in an ellipsoidal sample. Parallel to the z-axis are
the static external field, the static magnetization and its demagnetizing field. Parallel to the x-axis are the x-
component of the applied time dependent transverse microwave field, the x- component of the dynamic
magnetization response, and its demagnetizing field. Parallel to the y- axis are the y-component of the
applied microwave field, the y-component of the dynamic magnetization response, and its demagnetizing

field.

Recall from Chapter 2 that the sample also experiences demagnetizing fields. One has a
static demagnetizing field of magnitude 47N, M, in the negative z-direction, and time-varying
dynamic demagnetizing fields 47N,m_(¢) in the negative x-direction and 47N, m, (¢) in the
negative y-direction. The three constants N, N, and N, are the demagnetizing factors of the
ellipsoidal sample in the x-, y- and z-directions, respectively, the directions of the principal axes.

The internal field, therefore, consists of its static component,
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H, =H, -N,-4zM,, (3.1

in the z-direction (or longitudinal direction), and the time-dependent transverse components given

by
By () =Py (£)-N,-4zm (1), (3.2)
and
iy ()= ey (0) =N, -4, (1), (33)

In vector form, one has an internal field

hint-x (t)
H, ()= Bine 1. 34
H,,

Now, consider again the instantaneous equilibrium magnetization condition for a given
external applied field [A ., (1).hu-, (1), H. ]T . This instantaneous equilibrium condition
corresponds to a magnetization vector that lines up with the internal field, which includes the
demagnetizing field of the magnetization vector. In the small signal limit, the corresponding
values of the transverse magnetization components of the instantaneous equilibrium were shown
in Chapter 2 to be given by

M,

meD (t) =
X XH

Proa—x (1) (3.5)

and

() =7

H

Py (1) (3.6)
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It is important to emphasize that m{*? () and m{*® (¢) are not the actual values of the
transverse magnetization components m, and m, at time ¢. Rather, m*?(t) and m{®(¢) are
the values that m, and m, would attain, if the system were at static equilibrium. The
instantaneous equilibrium is of central importance in the damped equations of motion in the small
signal limit. The next section will demonstrate that for all of the damping models, except for the

Bloch-Bloembergen model, the equations of motion have the form

) -4, [my (-2 ()] B ) - ()] &0

dat
and
dmﬁf')-—-%[mx (1)-mP (1) ]- B, [ m, (1) -m{® (1)] (38)

with positive parameters 4., 4,, B,, and B, . In these two equations the first terms on the right
side are precession terms, and describe the elliptical precession of the transverse magnetization
about its instantaneous equilibrium. The second terms are damping terms, and describe the
relaxation of the transverse magnetization components toward their instantaneous equilibrium
values. One can see from the form of these equations that the damping is driven by the
differences between m, ,(t) and mE? (t), respectively, or, in other words, by the difference
between m, , themselves and what m, , would be in static equilibrium.

Recall also from Egs. (2.112) and (2.113) that at every instant of time, the internal field
B = [y () Hiy (1), Hig | i related to the applied field by = [ Aoy (), gy (6), H o |

by the pair of equations,
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—x(f)— (t) - (1)~ m(t)XHa (3.9)

and

s (-2

Hy=he (1) —mLM(E)—YH . (3.10)

s

Notice that in both equations the right and left sides have a similar form. The applied ficld
components 4,,_,(t) and h,,_,(t) on the right side correspond to the intemal field components
By (t) and Ay, (¢) on the left side, and the stiffness fields X; and Y, on the right side
correspond to the static internal field H;,, on the left side. For each damping model the physical
concepts that drive the damping yield the equations of motion in terms of the internal field
components. Then the internal field components A, (), Ay ,(¢+) and H,, are, through
application of Egs. (3.9) and (3.10), expressed by the components 4, . (¢) and A, (t) of the
external microwave driving field and by the stiffness fields X, and Y. In this way the
equations of motion are brought into a form that does not contain any internal ficld components.
Rather, they relate the transverse magnetization response [m (),m (t)] to the transverse

microwave driving field [ Ao, (¢) -y (t)]T .

3.3 Damped precession in the small signal limit

This section discusses the physical concepts behind the five damping models. For each
model, the coupled equations of motion are developed in the small signal limit. This treatment of

the small signal limit differs from the traditional approach, which starts with the damped
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equations of motion in the full three-dimensional vector form, and then linearizes these equations
and arrives at a reduced, two-dimensional system for the two transverse components of the
magnetization response. The advantage of starting with the small signal limit is that the simple
physical origins of the transverse damping terms are made clear. The reduced 2D system is
obtained directly from these concepts without the ad hoc postulation of the 3D form.

For each damping model, the total time rate of change of the transverse magnetization
response, dm (t)/dt, consists of a precessional part and a damping part.

%@=T(1)+[%t—)]dmmg. @1

The precessional part T(r) of dm(r)/dt is given in components by

T, (1) =~lp|[ Yam, (6)-M A, (£)] (3.12)
and
T, (t)=+7|[ Xam, () -M A (1)]. (3.13)

The damping part [ dm (¢)/ dt]dammg is now derived for each damping model from the different

physical considerations indicated in the introduction to this chapter.

3.3.a Landau-Lifshitz (LL) damping, driven by the internal field component

perpendicular to the magnetization

The first model of damped precession dynamics in a ferromagnetic sample was published

by Landau and Lifshitz [1935] in their paper “On the theory of the dispersion of magnetic
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permeability in ferromagnetic bodies”, which appeared in English in the “Physikalische
Zeitschrift der Sowjetunion”. Their model supplemented the undamped torque equation of
motion, developed in Chapter 2, with an additional damping term that is proportional to the
component of the internal field perpendicular to the magnetization.

LL damping is field-driven. At every instant of time ¢, the rate of change of the total
magnetization vector M(¢) due to damping is taken to be proportional to the component of the
internal field H, () perpendicular to M(¢). Since dM(t)/dt is orthogonal to M(t), the
magnitude of M() remains constant in time and can be taken to be the saturation magnetization
M, . The geometry of the problem is shown in Fig. 3-2. Here, 6(¢) is the angle between H,, (¢)
and M(z). The components of H, (¢) that are parallel and perpendicular to M(t), are named

Hy,, () and H ,, (¢), respectively. The parallel component of H,, (¢) is given by

H,,M(t)=-‘5"%‘2Mﬁ M(). (3.14)

By vector subtraction, the perpendicular component of H,, (t) is then given by

H.,, () = Hoy () ~Hype (1) = i, (t)-Eﬁ%'}‘ﬂ M(). (3.15)

The damping part of dM(t)/dt is taken to be proportional to H,,, (f) with a proportionality

factor 4;; . The full LL equation of motion in vector form is then given by

dM(t
MO 1)+ g (9

(3.16)
=~y |M(f)x Hy (1) + AILIZHM (t)..—l:lﬂt-(—;%._MM(f)].

5
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This is the actual form used in the original paper in Landau and Lifshitz (1935). Nowadays, the
perpendicular component of the total field, which is contained in the brackets of Eq. (3.16), is
often written as a triple cross product, by application of the wvector identity

ax(bxc)=c(a-b)-b(a-c). In this modern form, the LL equation becomes

o M) Bis ()~ 2 () €[ MO < (0] @.17)
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From this form of the LL equation, it is more obvious than from Eq. (3.16) that dM(t)/ dt is

indeed orthogonal to M(¢). Notice further that the magnitude ratio of the damping term and the

torque term in Eq. (3.17) is given by a ratio parameter

_%M(r)xnm(r)l_ . .
ML ()] M, '
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Figure 3-3: Construction of the LL damping term in the small signal limit. The x-z projection M,_, ¥ M of
the magnetization makes an angle 8(¢) with the static internal field H,, . In the small signal limit, the LL
damping contribution to dm, (t)/dt is approximated by the component of [hl-m_x (),Hy, ]T perpendicular
to [mx (t),M R ]T in the x-z plane.
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This dimensionless ratio a;; is often called the dimensionless LL damping parameter. In terms

of a;; ,the LL equation is

m()

= =_IylM(t)xHmt(t)—z;;—lsylM(t)x[M(t)me(t)]. (3.19)

One may obtain the small signal limit form of the LL equation, for the x- and y-
components only, in two ways. The standard way is simply to expand Eq. (3.19) in component
form, and then keep only the linear terms in A, .(¢), A (1), m (t) and m,(¢). A second
way is to work directly from diagrams similar to those in Fig. 3-2 and to work out the component
equations in the small signal limit directly. This second approach is used now for the LL damping
model. Consider the diagram in Fig. 3-3 above. The x-z projection M,_, x M of the total
magnetization makes an angle 6(r) with the static internal field H,,, . Consider now a rotation of
the x-z coordinate system to an x’-z’-coordinate system such that the z’ axis is in the direction of
M, _,. While 8(r) < 90° is true in the small signal limit, the size of the angle is exaggerated
here for clarity. The x-z projection of the intemal ficld consists of the static component H,, in
the z-direction and the time-dependent component #,,_, (¢) in the x-direction. These two internal
field components are now resolved along the x'-direction. Their x’-components are depicted as
dashed arrows in Fig. 3-3. The x'-component of H,, is —H,, siné(t), and the x'-component of
P (t) is Ay, (t)cosO(t). The x'-component vector of H,,, , is the sum of these two
contributions. By projection of the sum of these two contributions onto the x-axis and

multiplication by a suitable rate parameter, one obtains the damping term in dm, (t)/dt. The

reader sees by linearization of the full nonlinear LL equation in Eq. (3.17) that the rate parameter
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is given by the LL damping parameter 4, . As a result, one obtains the equation of motion,

dm (1) _

dt =T, (t)+ A [ ~Hi sin6 () + by, (t)cos6 (£)]coso(t). (3.20)

The last cosine on the right side is obtained by the projection onto the x-axis. In the small signal

limit, terms of second or higher order in the transverse magnetization components are neglected,

so that

cosO(t)~1 321)
and

sin6(1) ~6(r)~ tan O() = (’) (3.22)

As a consequence, Eq. (3.20) becomes

dm‘;t(’) T, (1) + Ay [ (t)+hm_x(t)] (3.23)

"M

The corresponding equation for the y-component of the magnetization is

o, 0)_ T(t)+lu{ ), m(:)] (324)

S

Recall the internal-to-external field conversions reviewed earlier in Egs. (3.9) and (3.10),

which are given by
hlnt—-x( )——(t)- act—x (t) (t) XH > (325)
and
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,my(f)- (t) H, = ext-y(t)— (t) (3.26)

With these relationships, the LL equations of motion in the small signal limit become

)1, (0 2 Ky ()Mo 0] G62)
and
(’) =T (t)—iﬂ—[Y 1, ()~ M, (1) ] (3.28)

When the torque terms are written out explicitly, a striking similarity of the damping and the

torque terms can be noticed.
d
D), ()Mo (O] 2 K ()M )] 329)
and
di
__”i;t_ﬁ = +M[ Xym, (t)-M,h,,_, (t)] - —j\:’}—i[YHmy ()-Mph,_, (t)] (3.30)

A simple rearrangement leads to the form

el m, b, )| 2 ) )
(3.3
=l [, () -9 ()]~ 2 () 0]
and
58

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



d_”’ayl?('_)ﬁlyle,[mx(r)— m-x(r)] ”“Y”[ y(r)—%—‘hm-y(t)]

(3.32)

=+ X [ () - ()] - 222 m, (1) -2 ()]

S

Here, one sees explicitly that at every instant the magnetization components m, (t) and m, ()

are driven toward their respective instantaneous equilibrium values

Poas (1) (333)

and

Boay (1) (3.34)

Furthermore, observe in the damping terms of Egs. (3.31) and (3.32) that the coefficients
of the differences m, (f)-m'*(¢) and m,(r)—m{*? (¢) are not equal! This provides a simple
view of one of the key differences between the LL and BB (or MBB or COT) models. This
observation will be given more thought later in the chapter.

Finally, when the damping terms are expressed in terms of the torque terms, one obtains,

dm, (¢
e 1, ()~ ) (3%
and
(1) g ()4 (3.36)

Recall from Eq. (3.18) that 4, / (|y|Ms) is equal to the dimensionless damping parametera;; .

One has, therefore,
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d’”‘;t(t) =T, (1) -auT, () (3.37)
and
281,y a0 639

In this form, one sees that in terms of the torque, «;; also has a simple interpretation. It is the
mixing ratio IT i, (t)I/ |T..(¢)| for dm, (¢)/dt and T, () IT;, (t)l for dm,, (t)/dt . One also sees that
the damping contribution to dm(¢)/dt is given by the vector ay; [T, (1).T; (t)]T , which is
perpendicular to the precession contribution [7; (t),];(t)]T. This orthogonality of precession
vector and damping vector in the small signal limit is illustrated in Fig. 3-4. It will be contrasted
later on in this chapter with the Gilbert damping, for which the damping vector has a nonzero

component opposing the precession vector, which leads to a slowdown in the precession.
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LL damping term of dm (¢)/ dt

precessional term of dm (r)/ dt
@, =arctana,,

Figure 3-4: For Landau-Lifshitz damping, the transverse damping contribution to dm(t)/ at is

perpendicular to the precession contribution. As a consequence, LL damping does not, to first order in the
damping parameter, slow the precession. This is in contrast to Gilbert damping, which is discussed later in

this chapter.

The reader is urged to appreciate the utility of this Landau-Lifshitz analysis in terms of
small components. The small component analysis allows one to see the simple ingredients that go
into the model, and the simple form of the decay drive terms that come out. Table 3-1
summarizes the various useful forms of the x-y component forms for the LL equations of motion
in the small signal limit. The damping terms are cast in terms of internal fields, external fields and
torques, respectively. For all three, the coefficients of both the x- and the y-damping terms are the

same.
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f’.”’;t_(‘)zrx (O)+ /s [him-x (t)—Z—'“:‘mx (’)}

Intemnal field damping terms

#=Tx(t)+ﬂ’ul:hm—x (’)‘fz ”’x(t)]’

External applied field damping terms

=T (1) + [hex,_y (- —YA;T”'y (¢ )}-

— - =L.()-aul, (1),
Torque damping terms

—;—tw =T, ()+a,T, )

Table 3-1: Forms of the Landau-Lifshitz equations of motion in the small signal limit.

3.3.b Bloch-Bloembergen (BB) damping, driven by the magnetization component

perpendicular to the static internal field

Unlike the Landau-Lifshitz damping model, the Bloch-Bloembergen damping does not
conserve the magnitude of the magnetization vector. It allows for two relaxation processes to

proceed simultaneously with different relaxation rates. The first process, called transverse
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relaxation, strives to exponentially reduce the transverse magnetization components to zero. Its
time constant is denoted as 7,. The other process, called longitudinal relaxation, strives to
exponentially decrease the difference between the longitudinal magnetization component and its
limiting value M, , the saturation magnetization. This longitudinal process has the time constant

T . The equations of motion of the magnetization precession with BB damping are consequently

given as

= (t) =M () xHi (1), "—M +(1)s (3.39)
M (t) lyl[M(’)XHm(’)J ‘_M L (1), (3.40)
and

d"’;t( )=_|7|[M (£)xHi (1) ], ——[M (6)-M,] (3.41)

In the small signal limit, one usually considers only the relaxation of the transverse magnetization

components and sets M, (t) to M, . The corresponding equations of motion for the transverse

magnetization components m, (t) and m, (t) are given by

dam_(t
- ( )1 (t)—-—m (). (342)

and

dm, (¢ 1
2 1,0~ 2, 0. 649

These equations of motion specify a relaxation of the transverse magnetization components
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that is driven by the transverse magnetization components themselves. In contrast to the LL
damping, no field components appear in the BB damping terms. One can see that this form, with
the torque terms neglected, gives simple exponential decay with both m, (f) and m,(¢)
proportional to exp(-¢/T,). The problem here is that for any nonzero driving field components
oo (t) OF By, (t), the instantancous magnetization equilibrium components m'*) (r) or
mf") (t) are nonzero as well, and the BB decay is never to the instantaneous equilibrium, but to
the static internal ficld. But why should the magnetization vector relax toward the direction of the
static internal field, instead of the internal field? Rather, if the relaxation is driven by the
magnetization and not the ficld, then the magnetization should relax at every mnstant of time
toward the internal field (Codrington-Olds-Torrey’s model), or toward the instantaneous
magnetization equilibrium defined by the extemal applied field (Modified Bloch-Bloembergen
model). Both models avoid the unphysical characteristics of the BB damping model and are
analyzed in 3.3.c and 3.3.¢, respectively. With the torque terms written explicitly and with the

notation Az =1/T,, Eqgs. (3.42) and (3.43) become

dm_(t

mdt( ) _ P [Frm, (6) =M (£) ]~ g, (¢) (3.44)
and

dm‘;t(f) = +[7|[Xﬂmx O-Mp,,_, (t)] — Agsm, (). (3.45)

respectively. Notice that the damping terms do not contain the external microwave driving field

components h,, . (t) and k., ,(¢) at all. This is the algebraic expression of the fact that the
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magnetization always relaxes to the direction of the static field instead of the instantaneous
equilibrium direction. In Chapter 4 it will be shown that this concept leads to negative loss in

certain special cases of the sample geometry and the polarization of the microwave driving field.

3.3.c Codrington-Olds-Torrey’s (COT) damping, driven by the magnetization

component perpendicular to the total internal field

At the 1954 Spring Meeting of the American Physical Society at Washington, D. C,,

Codrington, Olds, and Torrey from Rutgers University gave a contributed paper with the title

Figure 3.5: Codrington-Olds-Torrey’s abstract in Phys. Rev. 95, 607 (1954).
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“Paramagnetic Resonance in Organic Free Radicals at Low Fields”. The abstract of this paper
was published in Codrington, Olds, and Torrey [1954] and is photographically reproduced here in
Fig. 3-5. Unfortunately, this abstract is not accessible from the Physical Review web archives.

In this abstract, Codrington, Olds and Torrey briefly allude to a new damping model that
consists of “... a set of Bloch equations modified so that longitudinal relaxation is parallel and
transverse relaxation perpendicular to the instantaneous field direction.” They continue, “The
usual Bloch equations give completely erroneous results at low frequencies.” The COT abstract
does not give any more than the above words. The full COT equations of motion were first given

in explicit form by Wangsness [1956], written as

1 el 2
(3.46)
_1 Hy (1) x X Hyy ()
7 M () [M(” M. (r)l}

Note that there are two damping terms! The first term is the precession term of the torque
equation of motion. The second term is a longitudinal damping torque in the direction of the
internal field Hy, (¢) , with relaxation time constant 7;. The third term is a transverse damping
torque perpendicular to the internal field, with relaxation time constant 7.

The COT damping model is very similar to the LL model, but with reversed roles for the
magnetization and the internal field. Whereas LL damping is driven by the internal field
component perpendicular to the total magnetization, the COT damping is driven by the negative
of the magnetization component perpendicular to the internal field. Figure 3-6 illustrates how, in

this sense, LL damping and COT damping are reciprocal to each other.
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LL COT

Figure 3-6: The two diagrams illustrate how LL damping and COT damping are reciprocal to each
other. Left diagram: The LL damping term is proportional to the component H ,, (t) of the internal

field that is perpendicular to the total magnetization. Right diagram: The COT damping term is

proportional to the negative of the magnetization component M ,, (t) that is perpendicular to the

internal field.

Figure 3-7 gives a working diagram for the construction of the x damping term. The x-z

projection H__, of the internal field defines a z'-axis that makes an angle ¢ with the z- axis.

z

The left diagram in the figure shows the x’-z’ coordinate system that is obtained by a rotation of

the x-z system by the angle ¢. In this way the x’-axis is in a direction perpendicular to the
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projection H,_, of the total internal field. The x’-component of M (t) is now obtained as

M, (t)=m(t)cosp—M singp. 3.47)

In the small signal limit, the angle ¢ is small, so that one has the approximations

cosepr1 (3.48)
and

h . (t
sin(oz(pwtanqo:i;—"(—). (3.49)

mt

Substitution into Eq. (3.47) yields the x’-component of the magnetization,

m (6) wm, (1) -, e ). (3.50)
Him
Similarly, one obtains
h, t
m,(t)~m, (t)—MS—m—'}}l(—). 3.5D

nt

One has, then, in the small signal limit the COT response equations

2L 1,0~ | () )] 65)
and
o (t) T,(0)- ﬂcor[ -y(f)J (3.53)
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int

M,_. (1)

hint-—x (t)

® * / ¢ i

componentof M, L to H, , (r)
component of m, (1) L toH,_, (r)

Figure 3-7: The projection of the magnetization and the internal field into the x-z plane yields the vectors

M, _,(¢t) and H_,(¢), respectively. The dashed vectors are the components of M, and of m, ®
perpendicular to H,__ (¢). Their sum is the component of M, , (¢) perpendicular to H,_,(¢), and is

proportional to the damping contribution to dm,, (t)/ dt in the COT equations of motion in the small signal

limit.

A purely algebraic derivation of Eqs. (3.52) and (3.53) by linearization of the full nonlinear

system (3.46) reveals that the COT rate parameter 4., is simply the reciprocal of the transverse

relaxation time 7,
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Jcor =Ti2 (3.54)

If one uses the connections from Eqgs. (3.2) and (3.3),

P () =Py (1) — 42N m, (1) (3.55)
and
By (t)=hyy_, (1) - 47N m (1), (3.56)

one can reduce the COT equations of motion to the form

dm, M, Xy

ﬂdt(i)ﬂ;(f)—ﬂm E;[hm-x ()= (t)] (3.57)
and

dm, (t M Y

L0 1,0~y 2 )L, )] 6358

The above match the LL equations with the replacement

M

haz > Agon T (3.59)
int

With this transformation, all results obtained for LL damping go over into corresponding results

for COT damping. Therefore COT damping may be viewed in the small signal limit as a type of

LL damping, where the LL damping parameter is inversely proportional to the magnitude of the

static internal field.
One can also use algebraic replacements, based on the LL results, rather than geometry, to

obtain the COT equations of motion in the small signal limit. Recall that the COT damping is
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similar to the LL damping with reversed roles of the magnetization and the internal field.
Therefore, to obtain the COT equations in the small signal limit, one must in the LL damping

terms interchange m, (¢) with A

ox (), m, (1) with Ay, (t) and M, with H,, . Also the LL
rate parameter A;; must be replaced by the COT rate parameter Ay, . By this procedure one
obtains the COT equations (3.52) and (3.53) that were derived from geometrical considerations

above.

3.3.d Gilbert (G) damping, driven by the rate of change of the magnetization

Gilbert [1955] proposed a model of magnetic damping in which the precessing
magnetization vector experiences a viscous drag torque that dissipates energy. The original vector

form of the Gilbert equation may be written as

aM () _
dt

~[y|M(7) x Hy, (7) +XI—GM(t)>< dl\:,t(t) . (3.60)

The precessional response from this equation is depicted graphically in Fig. 3-8. The
diagram is constructed for an instantaneous free decay response in which M(¢) is precessing
around H,, (¢), but is also spiraling in toward H;, () . Because of the spiraling-in response, the
total dM(¢)/dt has a component directed opposite to the precession torque. This amounts to a

slowing down of the precession response, in addition to the inward decay.
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internal field,

H, ()
‘ tnt ( ) M(t)x d'l\';t(t)
trajectory dt
magnetization,

M(t)

Figure 3-8: The Gilbert damping torque is proportional to M(t) X dM(t)/ dt , a vector perpendicular to

the magnetization vector as well as to the magnetization trajectory.

\j i} G damping term of dm (t)/ dt

precessional term of dm(t)/ dt

Qg =arctanog

Figure 3-9: For Gilbert damping, the damping contribution to dm(t)/ dt is perpendicular to dm(t)/ dt

itself, and has therefore a nonzero component opposing the precessional contribution. As a result, Gilbert

damping slows down the precession.
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Figure 3-9 shows a top view of the precession cone in the small signal limit. Similar to the 3-D

situation, the time rate of change of the transverse magnetization, dm(¢)/dt, has a damping

component that is perpendicular to dm(¢)/dt itself. A linearization of the 3-D Gilbert equation
in Eq. (3.60) shows that the Gilbert damping term in the equations of motion in the small signal
limit can be characterized by two fundamental properties:

a) It is perpendicular to dm/dt , such that the static internal field, dm/dt and the damping term
of dm/dt form a right-handed system.

b) The magnitude of the damping term of dm/dt is proportional to the magnitude of dm/dt
itself. The constant of proportionality will be called the dimensionless Gilbert damping
parameter o . The a; parameter is a direct analog to the LL parameter a;; =4, /|y|M,
developed above.

The decay geometry for Gilbert damping is significantly different from that for LL
damping. Recall that the damping torque for LL damping is perpendicular to the precession
torque and has no effect on the precession response. This point of difference is often
unappreciated because of the ability to transform algebraically the Gilbert equation into the form
of the LL equation by a simple replacement of |y| by || / (l + aé) . This transformation and some
of the corresponding physical implications will be considered shortly. In the small signal limit,

the Gilbert cquations of motion take the form below.

d d
m:;t(t) =—|7'|[YHmy (t)-M,h,,_, (t):l—aG—mé;(Q (3.61)
and
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fT‘;tL’)=+|y|[Xme(t)-Msh L] ap i)

= (3.62)

T
dm; t(t)’dm;t(t)} . It depends only on the

The Gilbert damping term in vector form is ac{

components of the rate of change of the magnetization, and not on the magnetization itself. It is

t) dm
orthogonal to the time rate of change of the magnetization ( A ) y (¢ )} but not orthogonal

to the precession term. If Eqs. (3.61) and (3.62) are solved for the derivatives of the transverse

magnetization components, one obtains

dm;t(l) —_ 1171(2; [YHmy (H-Mp,,_, (t)] |7| [XHm ()-Mp,.. (t):l (3.63)
and
dm;t(t) 1Jlryl [Xam, (1) ~Mohee o (1) ] - ly'[ y (1) -Mhee, (1)) (3.64)

This system goes over into the Landau-Lifshitz equations of motion through two simple

replacements, namely

g oy (3.65)
and

I
ez (3.66)

In an algebraic sense, therefore, Gilbert damping can be considered to be a type of LL damping,
where the gyromagnetic ratio decreases with the dimensionless damping parameter. As the reader

may easily show, this equivalence between G and LL damping is valid even for the full nonlinear
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equations of motion and is not limited to the small signal limit. However, in this thesis only the
small signal limit response of the magnetization is considered.

In spite of the physical inequivalence of Landau-Lifshitz and Gilbert damping, the
algebraic equivalence allows one to carry over much of the formal algebra to the Gilbert case.
This includes expressions for the precession frequency and decay rates (to be considered shortly),
and the Gilbert equation in Smith matrix form. One only needs to take the previously developed
relations for the LL case and apply the replacements from Egs. (3.65) and (3.66).

As the damping parameter o is increased, fundamental physical differences between the
LL and G damping models become apparent. These differences stem from the fact that the Gilbert
damping term has a precessional component, which in fact slows the precession. Consequently, in
the case of Gilbert damping, with increasing o,

a) the natural frequency of the free precession decay is decreased,

b) the relaxation rate of the free precession decay increases to a maximum value at a; =1 and
then decreases asymptotically to zero. At the peak relaxation rate the damping is called critical
damping.

The Gilbert damping model is the only one among the five damping models considered in this

chapter that exhibits a critical damping phenomenon.
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3.3.e Modified Bloch-Bloembergen (MBB) damping, driven by the magnetization
component perpendicular to the instantaneous equilibrium of the magnetization

In contrast to the COT damping model, which relaxes the magnetization to the direction of
the instantaneous internal field, the modified Bloch-Bloembergen damping model relaxes the
magnetization to the direction of the instantaneous magnetization equilibrium defined by the
external applied field. These two directions are not the same! As shown in Fig. 3-10, for MBB
damping one resolves the net magnetization along the x’-direction based on the axis rotation
angle ¢ =h,, .(¢)/Xy;. Recall from Fig. 3-7 that for COT damping one resolves the
magnetization along an x’-direction based on an axis rotation angle ¢ =h,,_.(¢)/H,, . These two

angles are not the same. The angle ¢ depends on m, (¢) through 4, (¢), whereas the angle ¢

nt—x

does not depend on m, () at all. This results for the following MBB equations of motion in the

small signal limit,

dm, (1) _ _ M,

s T (t)~ Apms [m, (t) X, By (t)] (3.67)

and

M:g(t)-MB[my (t)-%hm_y(t)]. (3.68)
dt Yy

Notice that the MBB equations of motion reduce to the BB equations of motion in the absence of
the external applied transverse microwave field, that is for #,, . (t)=A,,_,(¢)=0. The term
“modified” was originally introduced to underscore the change in form so that m, (¢) and m, (¢)

relax to their equilibrium values rather than to zero.
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XH
M t
" )
z z' C.. C
C 4 hext—x (t)

x' / = i

¢ x'-component of M, 6
x'-component of m,(r)

Figure 3-10: Construction of the MBB damping contribution to dm, (t)/ dt. The damping term is

proportional to the x component of the magnetization component (dotted arrow) perpendicular to the

direction [hx (1), Xy ]T of the instantaneous magnetization equilibrium.

As with the COT model, the small signal limit response of the MBB model may be cast into the

LL form. One obtains,

dm,(t)
dat

=T (1) + Amp

[hm_x ()-X L, (r)] (3.69)

M.V
X, M
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and

E m, (t)]. (3.70)

s

21+ A | s (0)-

In this LL form, one sees a major problem. Instead of a single 4,; multiplier for both the x- and
the y-damping terms, one has two different coefficients that depend on the geometry and on the

static internal field. Recall also that the COT equations in LL form gave a common multiplier

AcorM /1 H,,, . One can view the COT and MBB forms as moving further and further away from

the original LL formulation with

A = gy M (3.71)

H, int

A0 =y ot (3.72)
Xy

and

A«L(‘Q’BB’y) = AWB Ms . (3.73)
T, H

One sees, therefore, that the damping parameters in these models (not to mention Gilbert)
represent very different physical processes. There has been much discussion over the years about
“which model is correct”. The point to be emphasized here is that all five models are
phenomenological in nature. The present analysis shows that the phenomenological bases of the

LL, COT, G, BB and MBB models are all very different.
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3.4 Trajectories of the free decay of the magnetization precession

Recall from Chapter 2 that the undamped, free magnetization precession in the small signal
limit follows an elliptical trajectory in the transverse plane. “Undamped” means that no energy is
dissipated at any instant of time, and “free” means that only a static ficld is applied, but no
transverse microwave driving field. When damping is included, the magnetization trajectory is no
longer a closed elliptical curve, but a compressed logarithmic spiral. The shape of the
decompressed logarithmic spiral is controlled by a single parameter, the angular decay rate of the
spiral. The functional dependence of the angular decay rate on the stiffness fields and the static
internal field is established for each of the five damping models. As a byproduct, the decay

parameters and relaxation rate of the free decay amplitude are obtained.

3.4.a Trajectory of the free precession decay with BB or MBB damping

Recall from Section 3.3.b that the equations of motion for the free precession decay with

BB damping in an ellipsoidal sample with stiffness frequencies X, and ¥, are

i”%t(ﬁ = |1 ¥, (1) = Agsm, (1), (3.74)
and
dl;t(-’l = | X, ()= A, (1) (3.75)

Here Ay, is the BB decay rate, namely (1/7;),, . Recall that these equations also describe the
free decay with MBB damping, since MBB damping coincides with BB damping in the absence

of a transverse microwave driving field. It will now be shown that the magnetization trajectory is
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a logarithmic spiral compressed along the transverse principal axes of the sample ellipsoid. The
compression transformation that converts the precession ¢llipse of the undamped free decay into a

circle is given by

ms(t) = Jo, m.(1) (3.76)

and

my(t)=Jo, m,(1). (3.7

Will the same compression transformation lead to rotational symmetry in the more general Egs.
(3.74) and (3.75) with the additional BB damping term? After application of the transformations

in Egs. (3.76) and (3.77), one obtains

dm (1)

=00, my ()~ Agms (1) (3.78)

and

ﬁ%(t—) = Jo,0, m. ()~ Agm, (1). (3.79)
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Notice that as for the undamped precession, both stiffness frequencies in the transformed system
. 2 . . .

are equal to the Kittel frequency |y| \ /X Yy - Notice by comparison with the untransformed Egs.

(3.74) and (3.75) that the BB damping terms have not been changed through the transformation.

For the undamped case, Ag; =0, the “transformation to rotational symmetry” tums the

precession ellipses into circles. What are the trajectories corresponding to the damped equations

of motion in Eqs. (3.74) and (3.75)? They are compressed logarithmic spirals, as illustrated in

Fig. 3.11. The proof follows below:

S o

undamped precession:

ellipse circle

transformation to
circular geometry

=> >

damped precession:
compressed logarithmic
spiral logarithmic spiral

Figure 3-11: A linear transformation, explicitly given in Eqs. (3.76) and (3.77), transforms the
precession ellipse of the undamped free precession into a circle. The same transformation converts the
compressed spiral trajectory of the damped free precession into a logarithmic spiral. This
transformation is called here “transformation to circular geometry”. It is a linear compression along the

coordinate axes.
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Step 1. In order to obtain the time dependence of the magnitude

Iﬁ(r)l = \/[rzx (t)]2 + [;r;y (t)]2 of the transformed transverse magnetization vector, multiply Eq.

(3.78) by m.(f) and Eq. (3.79) by m, (t) , and then add the equations. One obtains
d my{t d my

s (1) —2 ( )i my (1) ——> 0__ {[m (t)] +[m:(9)] } (3.80)
Now, recognize the left hand side as the time derivative of the quantity
1§~ 2 [~ 2} li~, 2
—2—{[mx (t)] + [mx (t)] }= Elm (t)l . (3.81)
Eq. (3.80) becomes
2 - |m( ) =~ Assm (e (3.82)
This exponential differential equation for the function |m (t)]2 has the simple solution,
~ NP B 2t
‘m(t)l = lmol ¢ Vst (3.83)

where mo is an abbreviation for the magnetization vector m(0) at time ¢=0. By taking the

square root on both sides, one obtains,
[m (1) = mo|e . (3.84)

The magnitude of the transformed transverse magnetization decays exponentially with decay rate
Agg . Since a compression transformation is a linear transformation, and does not change an
exponential decay rate, Ay, is also the decay rate of the x- and of the y-components of the

transverse magnetization components m, (f) and m, (7).

82

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Step 2: In order to obtain the trajectory in the uncompressed coordinates in polar form, one

introduces the dynamic polar angle (}(t) ,

m(t)= lﬁi (t)l cos E)(t) =moe " cos p(t) (3.85)

my (1) = |m ()|sin o(r) =moe™" sing(r). (3.86)

Substitution of the polar coordinate representation into the first equation of motion in Eq. (3.78)

yields,

G20 1 sin (1) =

~Agg M| cos (1) - "

(3.87)
~Jo,0,|m|sing(r) - Az, jm,|cos p(f)

After cancellation of the term —A; Jmy|cos(¢) on both sides and of the factor |m,|sin@(t) in

the remaining terms, the equation simplifies to
dp (1)
T:wam}, . (3.88)

This means that the angular velocity of the magnetization spiral in . (¢) and my (#) is constant

in time. In fact, this angular velocity is equal to the Kittel resonance frequency (jo,w, . If the

polar angle has the initial value @(0) = ¢, , then Eq. (3.88) implies that

;’(t)"";o"'I}’IVXHYH -t (3.89)
Elimination of the time ¢ from Eq. (3.84) by use of Eq. (3.89) yiclds the representation of the

trajectory in polar coordinates:
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[ (1) =[mo| e TR g (3.90)

This polar equation has the form r=re % ®) of a standard logarithmic spiral . In this case,
% =|m,| is the polar radius of the spiral for the polar angle ¢,. The factor u =4z / J0.@, in
the exponent is the constant amplitude decay rate of the magnetization trajectory with respect to
the polar angle. It has units of 1/rad , and was shown here to be inversely proportional to the

Kittel resonance frequency /wxa)y for BB and for MBB damping.

3.4.b Trajectory of the free precession decay with LL damping

The previous section showed that the free precession trajectory for BB damping is a
compressed logarithmic spiral. The BB damping terms are unaffected by the uncompression
transformation. This section will show that, in contrast, the LL damping terms are changed by the
uncompression transformation. As a consequence, the LL free decay trajectory is a compressed
logarithmic spiral, rotated by a small angle ¢, =(1/2)arctane;; . Recall that «;; is the
dimensionless LL damping parameter A,; /|y|M, . Figure 3-12 shows a sketch of the LL free

decay response. The algebra below will develop the equations for this response.
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Figure 3-12: The free decay trajectory of the transverse magnetization with LL damping is a compressed

logarithmic spiral. It is compressed along axes obtained from the principal axes of the sample ellipsoid
(dotted) through counter-clockwise rotation by a small angle ¢, = (1/ 2) arctanay;; .

Recall that the equations of motion for the undriven precession with LL damping in an
ellipsoidal sample with stiffness frequencies o, =|y|X; and o, =|y|Y; are given in the small

signal limit by

e -o,m,(t)-a, om.(t) (3.91)

and

dm, (1)

2= rom, () -ayo,m,(1). (3.92)

Notice that in these LL equations the coefficients of m, (¢) and m, (t) in the damping terms are
-ay o, and -a;;@,, respectively. In general, these coeflicients are not equal except for the
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special cases of rotational symmetry with N, =N,, X, =Yy, and o, =o,. In all other cases,
the damping coefficients in the LL component equations can be made equal by a suitable rotation
of the coordinate axes. A rotation of the x-y coordinate system by an angle ¢, results in a

transformation of the magnetization components according to

I i ]

In the new coordinates, Egs. (3.91) and (3.92) become

i’.n-:.i_'—(-tl cosgy sing; \(—aye®, -, \cosg,; -—sing, )\ m. '(r)
t
=

______dm:i t(t) —sing;; COS¢y; @, —a o, \sing;; CoS@ m, '(t )
—ay; (a)x cos’ @y, + @, sin’ ‘PLL) —(wx sin’ gy, + @, cos’ (pLL) (3.94)
+(a)x —a)y)sinqzu cos@y; +ay; (a)x —a)y)sin(pu Cos@;; mx'(t)
(a)x cos’ @, + o, sin’ (pu) —a; (a)x sin® g, +w, cos’ (pLL) m,'(r)
+oy; (a)x —a)y)sin(pLL cos@;; —(a)x —a)y)sin(pLL cos@;;

With the trigonometric identities sin(2¢)=2singpcosp and cos(2p)=cos’ p-sin’¢ this

equation simplifies to
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dt _
dm,'(t)
at
O+, @ -0, @, +to, 0,0,
—a;, [ 5 + 5 cos2¢;; - + 5 cos2¢;; (3.95)
o, N @, -, . 2
94 sm
+ 5 sin2¢;; ) P m,'(t)
o +o @ —@ 0. +0, 0,0, my'(t)
Bl Bt s P PN -a;; - cos2@;;
2 2 2
0, -0, . -@, .
oy —— Lsin2¢;; —a)x2 Zsin2¢;;

The diagonal elements of the 4 x 4 matrix in this equation are equal if and only if

@, —@ o, —a,

2. cos2@;; + sin2¢;; =0. (3.96)

~O;;

or e, =ae S equation 1s always Cd. r'or &q. (2. can be darviaed by (@, —@ )
For @, =w, this equation is always fulfilled. For Eq. (3.96) can be divided by (o, -, )/2

and yields the simple condition,

tan 2¢LL =aLL 5 (3.97)

or, solved for the rotation angle ¢, ,

o =—;-arctanau. (3.98)

With this rotation angle, the system in Eq. (3.95) may be written as

) focres oemts oo T ) 250 (99)

dt 2 2 2
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and

) ) e 8 L () -c 25, ) @100

dt 2 2 2

These equations have the same form as the BB/MBB equations in Egs. (3.78) and (3.79), if in

those equations @, is replaced by

Dy = *";“’u“’”;“’y,/lmﬁ , (3.101)

and o, is replaced by

2]

x ;“’y _ s ;“’y N (3.102)

a)y=

and 4;; is replaced by

An =ay, 2222 (3.103)
One then has
d’”;;(’) ——ym, ()= Auzm,'(£), (3.104)
and
dmz—;(t) =wem, ()~ Am,'(t). (3.105)
The transformations as in Egs. (3.76) and (3.77), now wriiten as
my (t)=Vax m, (1) (3.106)
and
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my () =@y m, (1), (3.107)
yield transformed LL free decay response equations in the form

dmsx (1)

~ =—Joxay my(t)-Auwms (1) (3.108)

and
'd—’”a’-;-(—’L 0x0y my(t)-Awmy (1). (3.109)

Based on the above, one can carry over the full logarithmic spiral analysis from Sec. 3.4.a. The

Step 1 result goes over to

[m(#)| = |mole = (3.110)
The Step 2 result goes over to

0 ()=, +o:0, 1 (3.111)
and

—~ —~ _JZ'L“[G’LL(‘)‘&O]

[m(#)] | =|mole V> . (3.112)

In the limit of small damping, a;; <1, one may neglect the @, terms in the above
equations. In this limit, 0 - o, and @, —>a,.
It was shown that the free decay trajectory of the precession with LL damping is a

compressed logarithmic spiral whose compression axes form an angle of

P =—12-arctanau (3.113)
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with the principal axes of the sample ellipsoid. This situation was depicted in Fig. 3-8. The angle

¢,; will be referred to as the tilt angle of the spiral.

3.4.c Trajectory of the free precession decay with G damping

As developed in Sec. 3.3.d, Gilbert damping can be viewed as a Landau-Lifshitz damping
with a gyromagnetic ratio proportional to 1/ (1 +aé). Consequently all results for LL damping
are converted into results for G damping, when «;; is replaced by a; and when |y| is replaced
by |7l (1+aé) in the LL equation of motion. Therefore, the trajectory of the free precession
decay with G damping is a compressed logarithmic spiral whose compression axes form an angle

of

Po =%arctanaa (3.114)

with the principal axes of the sample ellipsoid. That means it is impossible to judge from the
shape of the trajectory whether G or LL damping is at work. However, there is a clear distinction

between G and LL damping as regards the relaxation rate (see Section 3.4.¢).

3.4.d Trajectory of the free precession decay with COT damping

As explained in Section 3.3.c, Codrington-Olds-Torrey damping with COT damping time
constant 7, can be viewed as a Landau-Lifshitz damping with the dimensionless LL damping
parameter «;, replaced by

1
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Therefore, the trajectory of the free precession decay with COT damping is a compressed

logarithmic spiral whose compression axes form an angle of

Pecor =larctanaCOT =larctan - (3.116)

2 2 T, 7| H i

with the principal axes of the sample ellipsoid.

Eq. (3.116) shows that for COT damping, the tilt angle ¢.,; of the spiral trajectory

depends on the static internal field. This is a unique characteristic of the COT damping model.

3.4.e The relaxation rate of the free precession decay

The amplitude decay for the free precession trajectory with BB/MBB damping was shown to be

[m ()| = |mo|e (3.117)
with the rate parameter
Agp = L (3.118)
Bi Tz . .

Recall that the tilde over the magnetization signifies that this is the magnetization after the
compression transformation to rotational symmetry, which transforms the elliptical precession
response into a circular response. The transformation to rotational symmetry linearly rescales the
x- and y-axes, but does not change the decay characteristics of the precession such as the
exponential decay rate, which is also called relaxation rate. Therefore, the relaxation rate of the

magnetization amplitude can be extracted directly from Eq. (3.117). The relaxation rate is the
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decay parameter

1
=App =—. 3.119
Mg = 43, T ( )

2

For Landau-Lifshitz damping, on the other hand, the magnetization amplitude decay after

transformation to rotational symmetry was shown to be

|iﬁ(r)| = |ﬁo |e‘1“‘ (3.120)
with the decay parameter

~ o, +o

AL =0y 5 4 (3.121)

By the same reasoning as for the BB damping, the LL relaxation rate is identical to this LL decay
parameter:

XH+YH=a o, +a,
2 L9

(3.122)

)33 = Az =aLL|7|

The G relaxation rate is obtained from the LL relaxation rate in Eq. (3.121), when a;; is
replaced by a; and |y| is replaced by |y] / (1 +aé) . The result is

|7| Xp+¥y a5 @.to,

=, =
To=%T e 2 l+ad 2

(3.123)
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Notice that the G and LL relaxation rates depend very differently on the respective dimensionless
damping parameter. Whereas the LL relaxation rate is linear in «;; , the G relaxation rate
contains a factor ag/ (1+a(2;). Figure 3-13 illustrates this difference. The G relaxation rate
attains a maximum at a; =1 and then tends to zero as ag; —> . One calls a; =1 the critical
value of the damping parameter a . There is no critical value of the damping parameter for LL
damping.

Finally, the COT relaxation rate is obtained from the LL relaxation rate when the

relaxation rate in [(o, +®,)/2]

3

.-‘/
v
e
25} . . 7
Landau-Lifshitz
. S
damping .~
2r S
e
e
rd
15 /_./
/ critical Gilbert damping
1| e
/./
/_,/" Gilbert
I
%" o5 1 15 2 25 3

dimensionless damping parameter

Figure 3-13: Dependence of relaxation rate on damping parameter, contrasted for LL and G damping. The

dependence is linear for LL damping. For G damping it is nonlinear, and attains a maximum at the critical

value o, =1. Such critical damping occurs only for the Gilbert damping model, and for none other one of

the five damping models considered in this thesis.
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dimensionless LL damping parameter a;; is replaced by acor =1/T |y|H,, . Therefore, the

COT relaxation rate is given by

x l
Mcor =%Xcor 5 L= T MH . (3.124)
2 int

3.4f Comparison of trajectory tilt angles and relaxation rates

For the free precession decay, Table 3-2 compares for the five damping models the
relaxation rates and the tilt angle of the spiral trajectory against the transverse principal axes of
the sample ellipsoid. For the free decay, the BB and MBB models are identical, and therefore
share a common row in the table.

The relaxation rate is independent of both the sample geometry and the static internal field
for the BB/MBB models. The relaxation rate scales linearly with a geometry factor for the LL, G,
and COT models. This geometry factor is the same for these three models, and is the arithmetic
mean of the stiffness frequencies. The COT model is the only model of the five for which the
relaxation rate is inversely proportional to the static internal field; the other four models show no
field dependence of the relaxation rate. Finally, the Gilbert relaxation rate scales in a nonlinear
way with the damping parameter a;. Maximum relaxation is attained for the critical value
a; =1 (critical damping).

For all five dainping models the trajectory is, in general, a compressed logarithmic spiral.
For the BB and MBB damping models, the spiral is compressed along one of the transverse

principal axes of the sample ellipsoid. In contrast, for the LL, G and COT models, the logarithmic
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spirals are tilted away from the principal axes by a small rotation angle. This rotation angle is one
half of the arctangent of the respective dimensionless damping parameter. Recall that the
dimensionless damping parameter is a;; = 4;; /(|y|M,) for LL damping, a; for G damping,

and agor =1/(T;|7|Hy, ) for COT damping.

Damping Relaxation rate 5 of magnetization | Tilt angle ¢ of the
Model amplitude after transformation to | spiral trajectory against the
rotational symmetry transverse principal axes of
I;l (t)l - IEIO‘ e the sample ellipsoid
1 .
BB/MBB Msp =7 no tilt
2
+
LL T =%, . zwy @rr =%arctanaLL
a Q.+ a)y
G N = I+Zzé ) @ =%arctanaG
1 0, +0 1 Xy, +F, 1
CoT Ticor = > = —— =—arctan ——
WAL 2 L 2H, | P ytmpp

Table 3-2: Comparison of the relaxation rate, and the tilt angle of the logarithmic spiral trajectory for the

five damping models.

3.5 Smith matrix formulations of the damped precession response

In Section 3.3, the equations of motion for the five damping models were derived in the small
signal limit in a form that was explicitly solved for the time derivatives of the transverse
4

magnetization components. When these equations are solved for the components of the external

microwave driving field instead, another form of the equations of motion is obtained which will
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prove very useful in developing expressions for the energy loss and for the susceptibility tensors.
This representation is very common in engineering mechanics, but has only recently been applied
to the damped magnetic precession in Smith [2002]. This form of the equations of motion was
already used for the undamped equations of motion in Chapter 2 of this thesis, and will be derived
here for Landau-Lifshitz damping. The Smith matrix form of the equations of motion for the
other four damping models will be given afterwards in a table. The starting point is the LL

equations of motion in the small signal limit,

E"n};t(_t) = |r|[Tem, ()= Mo, (1) ‘%L:[X e (1) ~M h ()], (3.125)
and
dm;t(t) = +|7|[X am, (1) -Mh,, . (t):| - —[ iy () =M B, (,)] (3.126)

With the dimensionless LL damping parameter a;, = 4,, / (| y|M. ,) these equations become

dm,, (t)

=—[om, ()= [PM e, ()]~ s [0, ()~ 7| M . (1)] (3.127)
and
dmgt(t)_+[ﬂ)xmx(f) |7’Mh . (l‘)] aLL[a)ymy(t) |7|Mshmy(1)] (3.128)

The equations of motion will now be solved for the components %, . (¢) and A,,,_,(¢) of
the driving field. Notice first that the system given in Egs. (3.127) and (3.128) can be written in

matrix form as
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[dmx (t)/dt}=|y|Ms (am 1 J {ha,_x ()~ (X /M, )m,(t) (3.129)

dm(£)/ dt hy ()~ (T M), (2) |

Multiply both sides by the inverse of the matrix on the right side, and obtain

an. )] 1 ()-Xim, (o)

R [“LL -1 ] t M (3.130)
yIM 1+a?, \ 1 ay )| dm (t 1, ) '
P tr el b ) O\, (0-m, ()
Solved for the driving field vector [hm_x (). By (t):lT , this equation becomes
am.()| (Xz
11 (ay -1\ & M, M (t)| _| i (1)
L1 N = . (3.131)
M 1+al, \ 1 ay )| dm(7) 0 Yy [ ()] | Peay (1)
dt M,
This is the Smith matrix form of the LL equations of motion in the small signal limit.
Now compare the damped equation in Eq. (3.131) with the undamped equation,
dm () | (Xu
1 (0 —1J a | | M, m, (¢ )} [hm«x (¢ )]
1 N = : (3.132)
[7|M, (1 Ofdm,()| | v Yo [my ()] ey ()
dt M,

The matrix multiplying the magnetization vector in the second term is the same for the
undamped equation and the equation with LL. damping. Recall that this matrix is the stiffness
matrix

Xy

0
e M,
K =Kundamped = (3133)
0 Iz
M

s

From Eq. (3.131) it is seen that the matrix multiplying the time derivative of the
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magnetization for LL decay is

Gu =L (o 1) (3.134)
Iy |M s 1"'aLZL 1 2579
This matrix is no longer anti-symmetric as the one for the undamped equation in Eq. (3.132),

which is the gyroscopic matrix

— 1 0 -1
Gundamped = ——— . 3.135
undamped lylMS(l O) ( )

To isolate the effect of damping, the matrix Gz can be written as the sum of the gyroscopic
matrix Gundampea and a small correction matrix, which is called the LL damping matrix Dy .
Consequently the LL damping matrix Dy is obtained as the difference of the matrices G and
aumWw as

Drz = Grz ~ Gundamped

|y|11\ls 1+L,3L‘ T ;}WG _01) (3.136)

_ 1 o 1 a;;
- |y|Ms l+aZL \—p 1/

Notice that the LL damping matrix is not symmetric. Its antisymmetric part,

, 2
porom o Lo (0 1) (3.137)
lr|M, 1+a7, (-1 0

is not zero, but is of second order in the dimensionless damping parameter a;; . It may be
combined with the gyroscopic matrix Gunampes , which is also antisymmetric. The symmetric part

of the damping matrix, on the other hand,
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- 1 a 10
Di = LL 3.138
i |y|M31+(aL,,)2(o ] 139

is of first order in the damping parameter ;. It determines the energy loss of the driven
precession, as will be shown in Chapter 4. With these matrices, the LL equation of motion

becomes

d“;f’) +Ku -m(1)=h,, (¢). (3.139)

(aundamped + ﬁLL ) .

Table 3-3 shows the damping matrix and the stiffness matrix for each of the five damping
models. In the LL, COT, G and MBB models the stiffness matrix is the same as in the undamped
torque equation. It is a symmetric matrix. For BB damping, however, the stiffness matrix is not
symmetric, but has a small anti-symmetric part that is linear in the damping parameter. Chapter 4
shows that this non-symmetric BB stiffness matrix leads to negative loss under certain conditions.

Another anomaly of BB damping is the zero damping matrix. The other four models have a
damping matrix whose elements are of the order of the damping parameter. In Chapter 4 it is
shown that only the symmetric part D”" of the damping matrix contributes to the energy loss.
Notice that D” is a multiple of the unit matrix for the LL, G, and COT damping models.
Chapter 5 demonstrates that this implies an isotropic distribution of the thermal noise fields. For
the MBB damping model, the diagonal elements of D”” are, in the general case that o, 20,
not equal. Hence D™ isnot a multiple of the unit matrix, and the thermal noise is not distributed

isotropically. This special role of the MBB damping model is developed in Chapter 5.
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Damping model | pamping matrix D Stiffness matrix K
ﬁundamped =
Xy
no damping none M,
0o Yo
M,
D 1 1 ay  (aw) ]\X/IH 0
M, 14 (o, Y\ (o) @ ) Ku=|"°
LL 0o Ju
MS
© M,
wT Qpp Yy IM, )
BB none |
LM,
= 1 Q 1 a
Deor = cor cor | Xy
o |7 IM s 1+ “cz*or (—acor 1 j — M 0
COT Keor =| °
1 0 Yy
Qppr =————
cor T '7’ IH int M,
L (a0 w0
= a, —
DG _- G ) KG — 5
¢ lrIMs( 0 ag o Yo
MS
P Xy g
I}’ lM s @0, + ’qﬂ\deB —AWB a, | EMBE - MS
MBB ) 0 Yy
Arsp WA M,
2

Table 3-3: Comparison of damping and stiffness matrices for the five damping models.
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3.6 External susceptibility tensor

When a system of coupled harmonic oscillators is driven by a sinusoidal driving force, the
system response is completely described by a complex-valued susceptibility tensor. In Chapter 2
the susceptibility tensor was derived for the undamped precession response to a small microwave
driving field in an ellipsoidal ferromagnetic sample. The microwave field must be perpendicular
to a static applied magnetic field, and small in magnitude compared to it. The goal of this section
is to extract the susceptibility tensors from the small signal limit x-y equations of motion and a
general elliptically polarized applied microwave field I:hm_x () Py (t)]r for each of the five
phenomenological damping models. Traditionally the susceptibility tensor is obtained directly
from the equations of motion. This involves a cumbersome calculation with large complex
fractions. Smith [2002], however, has shown that the inverse of the susceptibility tensor may be
written in a very simple form as a linear combination of various matrices in the Smith matrix
form of the equations of motion. The importance of the inverse susceptibility tensor will be
recognized in Chapter 4. There the energy loss in the sample is conveniently expressed in terms
of the inverse susceptibility tensor and the magnetization components instead of the susceptibility
tensor and the applied microwave field components.

Recall from Chapter 2, that the external susceptibility tensor relates the transverse
magnetization response to the complex amplitude of the transverse microwave external driving
field. The inverse of the external susceptibility tensor was expressed in a simple way in terms of
the Smith matrices. In this way the susceptibility tensor could be obtained without solving the

coupled differential equations of motion for the magnetization response. This section generalizes
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the treatment of susceptibility with Smith matrices to include damping.
As in the undamped case, the transverse microwave driving field h,,(¢f) and the
corresponding transverse magnetization response m(f) are expressed in terms of their complex

amplitudes h,,, , and m, and the driving frequency @,

h (£) = Re (b, o¢™) (3.140)
and
m(¢) =Re(mye™ ). (3.141)

The external susceptibility tensor i(a)) relates the complex amplitudes of driving field and

magnetization response according to

mg = x(®)he,o- (3.142)

Multiplication from the left by the inverse of the susceptibility tensor yields,

-l

h, =% (o)m,. (3.143)

The inverse susceptibility tensor is easily determined from the general equations of motion for the

damped precession in Smith matrix form,

(me)fﬁ%‘hﬁm(r):hm ). (3.144)

Elimination of the time dependence in Eq. (3.144) with the help of Egs. (3.140) and (3.141)
yields a linear system for the magnetization complex amplitude m, in terms of the applied

microwave complex amplitude h,,, ,
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(D+G)-iom +K-my =h,, (3.145)
that is,

[m) (B+§)+K]-mo =h,,,. (3.146)
By comparison with Eq. (3.143) the inverse susceptibility tensor is recognized as

1 (0)=io(D+G)+K. (3.147)

The gyroscopic matrix G is always

~ 1 (0 -1
G=WZ(1 o]' (3.148)

For the five phenomenological damping models the damping matrix D and the stiffness
matrix K were tabulated in Table 3-3. Thercfore the inverse susceptibility tensor can easily be
calculated for each of the five damping models. By inverting the inverse susceptibility tensor, one
obtains the susceptibility tensor itself for each damping model. Both the susceptibility tensor and
its inverse are shown in Table 3-4 for the undamped precession and for each of the five damping
models.

Notice that by taking the inverse of the inverse susceptibility, for each damping model a

frequency-dependent resonance denominator D is introduced. In the undamped case, the

resonance denominator is real. It becomes zero exactly at the Kittel frequency, leading to an
infinite amplitude of the magnetization response at resonance. In the damped case, the resonance
denominator is complex. Its magnitude attains a minimum near the Kittel frequency. In both

cases, the inverse susceptibility matrix never has a frequency-dependent resonance denominator.
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As a consequence, the inverse susceptibility tensor has a simpler form than the susceptibility
tensor. In particular, it contains no quotients of complex numbers. Therefore, in the loss analysis
of the next chapter, it proves easier to work with the inverse susceptibility tensor instead of the
susceptibility tensor.

A consequence from Eq. (3.147) is the close connection between the damping matrix and
the anti-hermitian part of the susceptibility tensor, which will be used in Chapter 5. The anti-

hermitian part of the susceptibility tensor is given by

@)1 @) Tio(B+6)+K]-[i0(P+E)+K]
_ (b+G)
2i - 2i
(3.149)
[i0(D+G)+K]+ia (B +C)-K’

2
Here the dagger superscript denotes the conjugate transpose of a matrix. The right side of Eq.

(3.149) simplifies considerably, because the symmetric stiffness matrix K and the anti-

symmetric gyroscopic matrix G cancel out due to K’ =K and G’ =—G. Therefore

-t -1 t
x (@)-|x (o BB
(=) [ ( )] 02D _p™" (3.150)

2i 2

or
- - t

—am X (@)= w

p”" = (@) [ ( )} . (3.151)

2iw

This identity will play an important role in Chapter 5, where the fluctuation-dissipation theorem
is applied to magnetic damping.
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Table 3-4 (next two pages): Susceptibility tensor and its inverse for the five damping models. In the

second column the mverse susceptibility tensor is calculated as a linear combination of Smith matrices.

Then in the third column, the susceptibility tensor is given as the inverse matrix of the second column.

Model | Inverse of external susceptibility tensor External susceptibility tensor
% (0)=io(B+G)+K %(0)=[io (D+G)+K]’
=\t 1 1 (e, -io - |y|Ms o, o
o | B2) = 1M, [yiM. ("w @y ) %7, (—iw w)
D=0, ~-o*.
- 3l 1 - 7M.
(XLL) | }'| M, ) XL = _I A"‘LL"S' )
) . 1L io
o, +io aLLZ i wy+ml+aﬁ 1+a},
1+ (2933 1+ agL io >
. - ; IL
LL za)z o, +io aLLz 1+aL2L o, +ie +afL
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3.7 Summary comparison of damping models

All damping models except for BB and MBB damping have a damping matrix that is
invariant under arbitrary rotations of the coordinate system in the transverse plane. Therefore in
the LL, G and COT models the damping can be called isotropic. In contrast, BB and MBB
damping are anisotropic. In practical terms this implies that, for BB and MBB damping in the
absence of a microwave driving ficld, the components of the magnetization noise along the
principal axes of an ellipsoidal sample are not equal. The calculation of magnetization noise is
performed in Chapter 5 by means of the fluctuation-dissipation theorem and the Wiener-
Khinchine theorem.

In the absence of a microwave driving field, BB and MBB damping are identical, but in the
presence of a driving field, it is shown in Chapter 4 that BB damping leads to negative loss, for
example for an anti-Larmor driving field in an infinite medium. Such negative loss is clearly
unphysical. The BB damping model is the only one among the five models analyzed in this
chapter that leads to negative loss.

LL and G damping are equivalent in the sense that the same precession dynamics can be
described by an LL equation and a G equation with the same dimensionless damping parameter,
but with a different gyromagnetic ratio. In the small signal limit, the COT damping model can be
considered as a special case of the LL damping, where the dimensionless damping parameter is
inversely proportional to the static internal field. This characteristic of MBB damping could be
verified experimentally, by determining the relaxation rate at different values of the static internal

field.
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The G damping is the only one among the five damping models examined in this chapter
that reveals critical damping, as the damping parameter is increased. Critical damping appears to
be a reasonable requirement for a damping model, because without it the relaxation rate goes to
infinity and consequently the switching time for magnetization reversal goes to zero, as the
damping parameter goes to infinity. Other damping models, such as the LL, COT and the MBB
model, can be “Gilbertized” by letting the gyromagnetic ratio depend on the damping parameter
in the form |y|=|r,|/ (l+a2) , where |y,| is the value of [y| for zero damping. Such
“Gilbertized” models reveal critical damping in the same way as the Gilbert damping model.
The “Gilbertized” LL damping is the G damping.

The trajectory of the free precession decay is a compressed logarithmic spiral for each of
the five phenomenological damping models. The axes along which the logarithmic spiral is
compressed coincide with the transverse principal axes of the sample ellipsoid only for BB and
MBB damping. The compressed logarithmic spiral is tilted away from those axes by a small angle
for LL, G and COT damping. The tilt angle is proportional to the arctangent of the dimensionless
damping parameter. Although this tilt angle is small, it could, in principle, be used to distinguish
experimentally between the LL, G and COT damping on one hand and the BB and MBB damping

on the other.
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Chapter 4

Application of the Smith matrix formulation to loss analysis

Table of contents:

4.1 Introduction 109
4.2 Time averaged loss calculation from the susceptibility 112
4.3 Time averaged loss calculation from phase angles 117

4.4 The damped magnetic torque equation of motion in the small-signal limit —

recap of the Smith matrix form 121
4.5 Instantaneous loss calculation with Smith matrices 122
4.6 Time averaged loss calculation with Smith matrices 127
47 Summary 131

4.1 Introduction

The goal of this chapter is to develop simple expressions for the energy loss due to the various
phenomenological damping forms in the small signal limit. As shown in the previous chapters, the
Smith matrix form of the equations of motion is a valuable tool for the analysis of precession
dynamics. One must distinguish between the instantaneous loss (a time-dependent quantity), and the
time averaged loss (a time-independent quantity). From a simple energy balance calculation, the time-
averaged loss can be shown to be equal to the time-averaged microwave input energy absorbed by the
sample. For a microwave external driving field, the input energy is easily calculated by the method of
complex amplitudes. The instantancous loss cannot, however, be obtained in this way, because it is
not equal to the instantaneous microwave input energy absorbed by the sample. This chapter uses a
new approach based on the Smith matrix formalism to obtain expressions for the instantaneous loss.
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Both the instantaneous and the time averaged loss are calculated for the five phenomenological
damping models that were developed in Chapter 3. Three different methods are used for the loss
calculation:

a) Traditionally the time averaged loss is calculated from the imaginary part of a linear
combination of external susceptibility components. This method requires the knowledge of the
external susceptibility tensor for the given sample geometry. The necessary linear combination of
susceptibility tensor components depends on the magnitude and polarization of the driving field.
Then the imaginary part must be determined from a quotient of two complex expressions. Of the
three loss calculation methods, this one is computationally the most intensive.

b) An alternative method to determine the sign (positive or negative) of the loss is based on the
phase angle between the x-components of applied microwave field and magnetization, and the phase
angle between the y-components. For every damping model, the two phase angles can always be
determined from the components of the susceptibility tensor and the components of the complex
amplitude vector of the driving field.

¢) The instantaneous loss as well as the time averaged loss can be expressed in terms of the
damping matrix and the stiffness matrix that occur in the Smith matrix form of the equations of
motion for the magnetization in the small signal limit. The Smith matrix form of the equations of
motion was given in detail for the undamped magnetization precession in Chapter 3 and for the
damped precession in Chapter 3. The Smith matrix approach is the only one by which one can
calculate both instantaneous and time averaged loss. By this approach, the sign of the loss can be
easily determined from basic properties of the Smith matrices or components thereof. As already
developed in Chapter 3, these matrices are obtained by inspection directly from the equations of
motion. For the Smith matrix calculations, therefore, it is not necessary to solve the equations of
motion or to determine the susceptibility tensor.

Section 4.2 shows how time averaged loss is traditionally calculated from the imaginary part of a
linear combination of external susceptibility components. The loss is specifically calculated in this
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way for both Gilbert and Bloch-Bloembergen damping in a spherical sample for two special cases of
the microwave driving field: for a linearly polarized field and for a field circularly polarized in the
anti-Larmor sense. It is shown that for Bloch-Bloembergen damping, the anti-Larmor drive produces
negative loss.

Section 4.3 provides an alternative approach to the calculation of time averaged loss. If the x-
component of the magnetization response /ags the x-component of the driving field, and the y-
component of the magnetization response Jags the y-component of the driving field, then the loss is
positive. Conversely, if both magnetization components lead their respective driving field
components, then the time averaged loss is negative. With this simple rule it is shown that for Bloch-
Bloembergen damping, the time averaged loss is negative for an anti-Larmor driving field in an
infinite medium.

Section 4.4 reviews the Smith matrix formulation of the equations of motion that was developed in
Chapter 2 for the undamped precession and expanded in Chapter 3 to include the damped response.

In Section 4.5 the instantaneous loss is calculated as the difference between the microwave input
energy and the instantaneous internal energy. The result expresses the loss in terms of the
instantaneous magnetization, its time derivative, and the damping and the stiffness matrices in the
Smith matrix form of the equations of motion. For damping models with a symmetric stiffness matrix,
it is shown that the loss can never be negative. Conversely, for damping models with an asymmetric
stiffniess matrix, the instantaneous loss can be positive or negative, depending on the sample
geometry and the external microwave frequency. Negative loss, of course, constitutes a violation of
the energy conservation and is unphysical.

Based on the results for the instantaneous loss in Section 4.5, Section 4.6 presents an analysis of
the time averaged loss with the method of complex amplitudes. The result confirms the Section 4.2
conclusion that the time averaged loss is negative for Bloch-Bloembergen damping for an anti-
Larmor polarized microwave driving field.

Section 4.7 summarizes the results of this chapter.
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4.2 Time averaged loss calculation from the susceptibility

Traditionally, time averaged loss is calculated in terms of the components of the susceptibility
tensor and the magnitude, polarization and frequency of the applied microwave driving field. Which
susceptibility component, or which specific linear combination of susceptibility components is
needed, depends on the polarization of the applied microwave field. This section first develops an
expression for the time averaged loss for a general elliptically polarized driving field. It then treats
two special cases for a spherical sample: a linearly polarized driving field and a driving field
circularly polarized in the anti-Larmor sense.

Consider basic energy conservation in a sample that is subjected to an elliptically polarized

microwave driving field. One part of the instantancous microwave input power P, (f) increases the

potential magnetic energy U, (¢) in the sample, the other part is dissipated as loss power P, ().
du
3 (t)=+;(’)+pm o). @.1)

For a periodic driving field, the potential energy U ,,, (¢) will vary in a periodic fashion as well. As a
consequence, the time averaged change of U, (¢) is zero. Therefore, the time averaged input power

and the time averaged loss are always equal for a periodic driving field.

(B ()

e =P (1))

“4.2)

time .
average
This cancellation of the change of energy term in Eq. (4.1) as the time average is taken is the reason
why the average loss can be calculated simply as the average input power. Recall from Eq. (2.88) in
Chapter 2 that the microwave input power is given by

dm(t)
a ’

P, (t)=h(t)- 4.3)
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whereh,,, (¢) is the transverse applied microwave driving field and m(f) is the transverse

magnetization response. Recall that for a sinusoidal driving field, these time-varying quantities can be

expressed in terms of their complex amplitudes h,,,, and m, in the form

g (1) = Re (b 0™ = %(hm_,,e‘“” ™) 4.4)
and
m(r)=Re (moe‘“” ) = Elz—(moe"“" +mge™ ) . 4.5)

The input power in Eq. (4.3) becomes

i i * ® _9; * *
P, (0)= —Z)‘(hext—o “moe™™ —h, o mge” " +hg, o -mo ~h, - mo) . (4.6)

When the time average is taken, the first two terms in the parentheses on the right side vanish because

the time averages of ¢*”* and of e are both zero. The time averaged loss is therefore given by
io » *
<Bn (t ))time = T(hm—o My —hg o mo) . 4.7)
average

Since the inner product h,,,_,-m, is the complex conjugate of h;,_,-m,, the difference in the

parentheses on the right side can be written as
B Mg —By o my = 2im(h},, o-my). 4.8)
The time averaged input power in Eq. (4.7) simplifies to

(P.())

= —%Im(h;,_o -my). (4.9)

time
average
Notice that the time averaged input power is indeed a real quantity. By Eq. (4.2), the time averages of

loss power and input power are equal. Therefore the time averaged loss is given by
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(Ph»'s (t)>time = _%Im(h:m—o : mO)‘ (4.10)

average

Recall as well from Eq. (2.37) in Chapter 2 that the complex amplitudes of magnetization and driving

field are related linearly through the external susceptibility tensor (@) according to

m, = (@) (4.11)

With this relation, the time averaged loss becomes

(Pos (£))

= —%’-Im[h;,_o % (@)heso ] (4.12)

time
average

The inner product on the right side can also be written as a matrix product:
* T~
<Ploss (t)>time = _%)'Im[(hat—o) X (w) hext—o il (4.13)
average

To demonstrate the calculation of time averaged loss based on the susceptibility, let us consider
four special cases of the driving field for both Gilbert and Bloch-Bloembergen damping in an infinite
medium:

a) a driving field linearly polarized in the x -direction,

b) a driving field linearly polarized in the y-direction,

¢) a driving field circularly polarized in the Larmor sense,

d) a driving field circularly polarized in the anti-Larmor sense.

From Table 3-4 in Chapter 3 it follows that in an infinite medium the external susceptibility tensor for

Gilbert damping is given by
- lr|M, (0y +icgw io )

o)= , 4.14
%o () (oq +iaGa))2 —-o? k —i® O +ig0 “.14)

whereas the susceptibility tensor for Bloch-Bloembergen damping is given by
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- M i@+ A
XBB(w)'—— - I},l s 2( @ 1o+ BB]. (415)

i —Agg o

Here a is the dimensionless Gilbert damping parameter, and Ag; =1/7, is the BB relaxation rate in
units of 1/s. The complex external driving field vector h,,, , will take different forms, depending on

the polarization. Take scalar complex field amplitudes 4,,, o, and A, ,, for the linear case, and

h

.oy and A, ,, for Larmor and anti-Larmor polarizations, respectively. One may then write

h,_, . =(hm_0x,0)T for an x-direction drive, h,, ,, =(O,hm_0y)T for a y-direction drive,

h,., o1 = Peror (I,—i)T / V2 fora Larmor drive, and h_, o, =%, o, (l,i)T / V2 for an anti-Larmor
drive. Table 4-1 tabulates the time averaged loss expressions for G and BB damping for these four
types of drive. The table shows that the time-averaged loss is always positive except for the BB
damping in a sample subjected to an anti-Larmor polarized driving field. In that case, the time-
averaged loss is negative. This violates energy conservation, and is clearly unphysical. The Bloch-
Bloembergen damping model therefore leads to an unphysical negative loss for an anti-Larmor
oriented driving field in an infinite medium. This is a consequence of the magnetization relaxing to
the static internal field rather than to the total internal field.

The disadvantages of the susceptibility approach to loss calculation are the following:

a) The susceptibility tensor must be known first, and is often tedious to calculate from the

equations of motion.

b) For every special case of the elliptically polarized driving field, the matrix product in Eq. (4.13)
must be calculated anew, in order to determine the sign of its imaginary part. This method does not
provide a general condition on the external susceptibility matrix that guarantees positive loss for all

possible driving fields.
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Paver.los.v,x = _glho:riz Im (Zn)

a; +(l+a’2)a)2

[a)g —(1 +012)a)2 ]2 +(2000,)’

Polarization of driving field Time averaged loss for Time averaged loss for
Gilbert damping Bloch-Bloembergen
damping
linearly polarized in x-direction i 11
2 2
Pavw.lox.v,x,G = _2_0!0)2 lylMs |h0x| ) Pmr.lass,x,BB = 5;;;7_;-&)2 |7IM: |h0x| ’
T
hext = (hOx’O)

2
2am,

(02 -0* +1/1Z) +(20/T,)’

linearly polarized in y direction
T
b, =(0.5,)

Paver.loss,y = _—g)_|h0y |2 Im(z”’)

oy -

1
Pzzver.lms,y,G = EaGwz l},'Ms
g + (1 + ozé)a)2

[a)g —(1 +aé)a)2]2 +(2a,00)°

1 1 2
Paver.loss,y,BB 25—7—'2—azwzl}"Ms hOyI :
20

(02 -0 +1/T2) +(20/1,)

circularly polarized, Larmor

h
h,, = —\‘}’—zﬁ—(l, i)
Fover toss 1. = _%IhO,L |2 ’

In][z:::"’x»: _Iny"Z,u)

2 2

hos -

1
Prerioss..c = 5“6“’ : l}’ iM s

1

2 2 2
o —
(a) a)) +a’w

2
hO,Ll :

1
Paver.lms,L,BB = Fw IylMs
2

1
(0o -0) +(VT,)

Circularly polarized, anti-

Larmor

h,, = hO,AL

a1y

(24 2

Pover toss.aL =““2‘|ho,ALI .
Im Ixt+ZW+iny~ny

2 2

hO,AL |2 )

|
Paver.loss,AL,G = EaGa) |7"Ms

1

o, +oY +ata®
(4] G

1
Paver.lou,AL,BB = ‘ﬁ'“’ |7'Ms hO,AL|2 :
2

1
(@ +a))2 + (1/T2)2

Table 4-1: Time averaged loss in an infinite medium for four different polarizations of the driving field. For brevity the

subscript “ext” is omitted in the driving field components.
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¢) No information is obtained about the instantaneous loss. Note that the instantaneous loss could be
negative at a certain instant of time, in violation of energy conservation, even though the time
averaged loss is still positive. The next section will present a simple formulation in terms of phase
that can also give conditions for positive or negative loss. After that, Section 4.4 shows how the

Smith matrix form can be used to obtain the instantaneous loss in general form.

4.3 Time averaged loss calculation from phase angles

In the previous section the susceptibility method was used to determine the time averaged loss for
the magnetization response to an arbitrary elliptically polarized driving field. In this section the time
averaged loss is related to the phase angles by which the magnetization components lag (or lead) the
respective driving field components. It will be shown that when both magnetization components lag
the respective driving field components, then the time averaged loss is positive. Conversely, when the
magnetization components lead the respective driving field components, then the time averaged loss
is negative. This simple rule will be proven and then applied to the loss calculation for an anti-
Larmor driving field in the case of Bloch-Bloembergen damping for an infinite medium. The method
is, however, valid for any damping model, any polarization of the driving field, and any aspect ratios
in an ellipsoidal sample.

To begin, notice that when m, (t) lags h,,,_.(¢) by aphasc angle &, then & is the angle from

m,, to h,,, .. in the complex plane, measured counter-clockwise. Consider the following example

where the lag angle is § =90°.
By (t) = Acos(at), (4.16)

and
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m,(t)=Bsin(at), 4.17)

where A and B are positive amplitudes. Indeed, a sine function lags a cosine function by 90°. The

corresponding complex amplitudes are

hy, =A (4.18)
and
m,, =—iB. (4.19)

Indeed, the angle from my, to h,,, ,, , measured counter-clockwise in the complex plane, is equal to

the phase lag, & =90° . Now recall from Eq. (4.9) above that

<P1ms (t ))n‘me = _glm(h:xt—o 'mo)

awrage 2

(4.20)
@D * *
= -—Elm(hm_()x mgy, +h

ext—0y mOy)

If m,(f) lags h,,,_.(¢) by a positive phase angle 5, <180° and m, (¢) lags h,,,_,(r) by a positive

phase angle &, <180, then

Mo, _ hat—()x —id,

= et0x o (4.21)
M| |Poeox

and

Moy _ Pewoy is, (4.22)
7oy {hes-os]

Substitution into the expression for the time-averaged loss in Eq. (4.20) yields
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*

' mOx + hext—Oy : mOy)

(Poss (1))

o *
; =-——Im{A,,_,,
oerage 2 (Hecc

R [ N N Ry @23)

=7 %[‘mOx“hext-Oxlsm (6.)+ Imoy ”h -0y Isin (6Y )]

One sees that, as claimed above, the time averaged loss is positive when both &, and &, are positive,

which implies that both magnetization components /ag the respective driving field components. In

contrast, the time averaged loss is negative when both &, and &, are negative, which implies that

both magnetization components lead the respective driving field components.
As an application, consider Bloch-Bloembergen damping for an infinite medium and for an anti-

Larmor oriented driving field given by

he o (£) = by cos(at), (424)
and
By (t) =—h,sin (awt) (4.25)

The corresponding complex amplitude vector has the components

h
Posto0x= T‘; (4.26)
and
By
Post—oy = i 4.27)

Recall the Bloch-Bloembergen susceptibility tensor in an infinite medium, which was given by,
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~(@8) _ lr|M, ( oy o +}~BB)T 4.28)
id o +(io+ 233)2 \"o-Ayp oy

where Agz =1/T,.

The complex amplitude of the magnetization response is calculated by multiplying the susceptibility

tensor by the complex amplitude vector of the driving field.

[mOx) - I}’IMs ( Oy io + %B}(haa—ox)
Moy ) of +(io + Ag)’ \-io—4gs @y

hert—O y

_ lr|M, ( oy io+ 183]&_[1)
o} +(io + Agg )2 \Ho-ds oy J\2

- |7|Ms hy ( Oy — 0 +ilgy j
o} +(ia>+/11;,;)2 2\ i — Ay + iy

r|M,

o} +(io + Agg )2

Moo it) |

M, k(1
Oy +0—ilgy V2l

hact—()y

__ My (Peon (4.29)
Oy +0 —ilgg

M M("‘W’x}

: (og +a))2 + 425 \ P oy

Since in this special case, the ratios m,_ /A, ,, and m,, /h,,, o, areequal, the lag angle &, between
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my, and h,, o is the same as the lag angle 5, between m,, and A, ,, . It is given by

8, =8, =—arctan Aop (4.30)

The lag angle is negative. Therefore both magnetization components lead the corresponding driving
field components by the absolute value of the lag angle, that is by arctan| Az, /(@ + ) ]. By the

general rule derived above, this implies that the time averaged loss is negative for the special case
considered here, which is Bloch-Bloembergen damping for an infinite medium for an anti-Larmor
polarized driving field. This confirms the result that was found in the previous section with the

susceptibility method.

4.4 The damped magnetic torque equation of motion in the small signal limit —

recap of the Smith matrix form

- The Smith matrix form of the magnetic torque equation of motion was introduced for the
undamped magnetization precession in Chapter 2 and for damped precession in Chapter 3. It consists
of a system of two linear differential equations for the transverse magnetization response. For the

damped precession, these response equations were written in compact form as
(6+B)- 22 R4 ()= (1), @31)

Recall that h,, (1) = [hm_x (). Bear—y (t)]T is the time-dependent transverse external microwave

driving field and m(¢) = [mx (#).m, (t)]T is the transverse magnetization response. Recall also that

the gyroscopic matrix G is given by the anti-symmetric matrix,
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G- (0 "). 432)

The gyroscopic matrix G is responsible for the precessional motion of the magnetization. The

damping matrix D acts as a small correction to the gyroscopic matrix. It may be decomposed into a
symmetric part and an anti-symmetric part. As will be seen in Section 4.5, the symmetric part
represents energy dissipation. The anti-symmetric part, on the other hand, influences the precessional
motion, but does not dissipate energy. It may be combined with the anti-symmetric gyroscopic matrix
G . For the undamped precession, the damping matrix D is zero.

The positive definite matrix K is called the stiffness matrix. Recall that the stiffness matrix is
symmetric for the undamped precession, and is the matrix of second partial derivatives of the internal
magnetic energy. For the damped precession, however, the stiffness matrix need not be symmetric,
and the matrix of second partial derivatives of the potential magnetic energy coincides with the

symmetric part of the stiffness matrix.
1 —
U ()= E[m(t)]T K”"m(r). (4.33)

The anti-symmetric part of the stiffness matrix does not contribute to the potential energy, but, as will
be shown in the next two sections, to the energy loss. There the relationship between the symmetric
part of the stiffness matrix and the potential magnetic energy is used to derive simple expressions for

the instantancous loss and the time averaged loss.

4.5 Instantaneous loss calculation with Smith matrices

Sections 4.2 and 4.3 took advantage of the fact that, for a given microwave drive field and a

steady state magnetization response, the time average of the internal energy will be constant.
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Consequently, by the rule “power in = power out”, the time averaged loss is equal to the time
averaged microwave input power. The time averaged loss is then obtained as the time average of the
mput power. This method cannot give the instantaneous, time-dependent loss power, because the
internal energy does vary with time and has a nonzero time derivative.

From the equations of motion in the Smith matrix form, however, the instantaneous loss can
derived in a straightforward way. This is the goal of this section. As an application, the loss is then
calculated for the five damping models developed in Chapter 3.

The fundamental equation to calculate the instantaneous loss is based on the same energy balance
argument that has been used several times before in this chapter. Microwave power is fed into the
sample by an applied microwave field transverse to a static applied field. One part of the input power

P, (r) increases the internal magnetic energy Uy, (¢) in the sample, the other part is dissipated and

turned into heat as loss power P, (¢) . The instantancous energy balance may be written as

P

in

()= du I;t, ()

+ P, (1). (4.34)
From this equation, the loss is obtained as

t
P ()=P,(1)- A)- (4.35)

The instantaneous input power is given by the formula developed in Chapters 2 and 3,

20}

B, (1)=h (1)

(4.36)

The applied microwave field h,,, (¢) is eliminated from this equation by means of the equation of

motion in Smith matrix form,

(a+ﬁ)-il3t(—t)+ﬁ-m(t)=hm(t). 4.37)
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Substitution of h,,, (¢) into Eq. (4.36) gives the input power

i

£ ()| (B+0) 22 ()| 420

- [#0] pond,[am()] et
+ [@&(—Q]T Km(r).

Recall from Chapter 2 the matrix identity, x TA™"x = 0. This identity is true for any anti-

symmetric matrix A" and any compatible column vector x. Since the gyroscopic matrix Gis

anti-symmetric, Eq. (4.38) for the input power simplifies to

R, (1)= [dm(r)} 5 om dm (1) [dm(r)]}m(,), 4.39)

at dr

where D”” =D-D"" separates out the symmetric part of the damping matrix D .
Recall from the review in Section 4.4 that the potential energy can be written as a quadratic form

according to

U, (t)= %[m O ™" [m(s)] (4.40)

The time rate of change of the internal energy, by a generalization of the product rule for derivatives,

is then given as

dU';; ) [dm(’)] " m(r)] (4.41)

The instantaneous loss is now calculated by the energy balance equation (4.35), as the difference
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between the input power from Eq. (4.39) and the rate of change of the internal energy in Eq. (4.41).

The result is,

Pa ()= By (1) - )

(4.42)

[ o 20 ki

This is an important result. The instantancous power loss P, () has two terms: one term for the
symmetric part of the damping matrix and the other term for the anti-symmetric part of the stiffness

matrix. Table 4-2 gives the matrices D™ and K™ for the five phenomenological damping

models that are described in Chapter 3. This table is derived from Table 3-3 in Chapter 3, which

shows the full D and K matrices for the five phenomenological damping models. Note that four of
the models, LL, COT, G, and MBB, have K™ =0 , and all of the loss derives from D" . In

contrast, for the BB model, one has D”” =0 and nonzero K" . In Section 4.6, this will be shown

to yield negative time-averaged loss for the BB model. As a consequence of the above, for the LL,

COT, G, and MBB models the instantaneous loss contains only the D" term from Eq. (4.42),

-1

Notice further that for these four damping models the D”” matrix has the form of a purely diagonal

matrix

— d 0
ym x
D -( 0 dy] ) (4.44)

Moreover, it is evident from Table 4-2 that the diagonal elements d, and d,, are always positive.
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. —-sym =—antisym N .
Damping D", the symmetric part of the K , the anti-symmetric part
model damping matrix of the stiffness matrix
a;; 0
Landau- — 1 | 1+a? .
Lifshitz DL = Kgomom _ g
© 4 P
l+a},

Geor 0
Codrington- = 1+a A
Olds-Torrey Deor = 1 cor Koor =0
(COT) l?’ IM s 0 acozT

1+ ag,r
Gilbert som 1 (ag O i .
D = — antisym _
@) ¢ |y|Ms( 0 aG) Ko™ =0
Bloch- —amigm 1 (0 —UT,
Bloembergen D _0 K™ = ( )
(BB) BB | ylM T, 0
Modified | o o 0
Bloch- noym B x —anti -
D = antisym _

Bloembergen MBB VM, 0,0, + Alp [ 0 a,y) Kuss =0
(MBB)

Table 4-2: Symmetric part of damping matrix and anti-symmetric part of stiffness matrix for five

phenomenological damping models in the small signal limit.

The mstantaneous loss for these models is

Pos (1) =4, [d'”*t(')]z +d, F”::T(’)T. (4.45)

One can see, therefore, that the instantaneous loss is always positive for the LL, G, COT and MBB

damping models. For the BB damping model, on the other hand, one has an instantaneous loss of theg:

126

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



form

dm(t) i 1 dm dm

= Koz = — - —=|. 4.46
Pross.5 (1) [ 7 :‘ K3zs [m(t)] T, [mx (1) =My ® = ] (4.46)
This BB calculation gives an instantaneous loss that is not a quadratic form. This means that one

cannot make any general statement about the sign of P, z5 (¢) . The result for the instantaneous loss

in Eq. (4.46), however, serves as a starting point for the calculation of time averaged loss. In the next
section, it will be shown that the time averaged loss can be negative for BB damping under certain

circumstances.

4.6 Time averaged loss calculation with Smith matrices

In the last section, the instantaneous loss was calculated from a basic energy balance approach,
based on the equations of motion in Smith matrix form. The instantancous loss was shown alwaysto
be positive for the LL, G, COT and MBB damping models. For the BB damping model the sign of
the instantancous loss could not be determined in a simple way. In this section, the time averaged loss
is derived from the instantaneous loss formulae developed above with the method of complex
amplitudes. For BB damping, the time averaged loss proves to be negative for an anti-Larmor
polarized magnetization response. Recall that this negative loss result for BB damping was obtained
in Sec. 4.2 from a susceptibility tensor analysis, and in Sec. 4.3 by showing that the magnetization
response leads the applied anti-Larmor field instead of lagging it. This negative loss result for BB
damping is shown here in a more general way with much less computational effort by use of simple
matrix algebra.

The time averaged loss is easily obtained from the instantaneous loss in Eq. (4.46) from a complex

amplitude representation of the magnetization response.
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m(r)=Re (moei“") = %(moe"“" +mge™™ ) (4.47)

This yields the time derivative of the magnetization as

d";f’ )_ l'g’_(moefﬂ" ~mje ). (4.48)
From the general form for ., (¢) developed above in Eq. (4.42), one then has
2 — : .
B ()= —%-(moei“" —mge )T D™ (moe“"‘ - m;e"’“")
+i —azi(moe"“” —mye™™ )T K (moei“" + m;e"i“”)
w? T ooym  « w\T om
o’ TSgm i N\ =Som s i
—T[(mo) D" m,e” +(m0) D mye ]
+ i%[(mo)T ﬁMﬁWm; —(m;)T Kamymmo}
(4.49)

@ T =santisym : T ~—antisym Y
+ z—i—[(mo) K mges™ —(m:,) K = myes” ]

While this expression looks tedious, the fact that the time average of any surviving harmonic term is

zero leads to
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—— 2 (m,) B”"m, —(m) D™
(Em(t))%age- 4[ (mo)" B”™"m; ~(m;) D mO] (4.50)

+i£)2— (m, ) K™"'m; —(m; )T memo]

Even this expression simplifies greatly. Recall that the transpose of a 1x 1 matrix is the matrix itself.

This allows one to write

T s Y T
"(mo) D™ (m,)= "[(mo) D™ (mo)]
T {R5ym T *
=~(mo)" (57" (m) 3D
= —(mO)T p™" (m;).
In the last step, the symmetry of the matrix D" was used. A symmetric matrix is also its own

transpose. It follows that the two terms in the first bracket in Eq. (4.50) are equal. By a similar

argument, the two terms in the second bracket are equal as well.
o\T w=antisym T s=ant d
—(mo) K m, = —[(mo) K Wmo]
—antigm\T
= (my)" (K™") m; 452)
=(m, )T Kamymm;.

In the last step the anti-symmetry of the matrix K™ was used. The time averaged loss in Eq.

(4.50) now simplifies to

=, 57" [ oo} K™

{Pras (1))

time
average

- ofm,J | 257"+ K™ [m;].

(4.53)

—antisym

In this formula, the time averaged loss has been expressed in terms of the matrices p”" K and
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the complex magnetization response amplitude vector m,. This result allows for the easy

examination of positive or negative loss. First, for the loss to be positive for small driving frequencies

in the limit @ — 0, it is required that
(m, )’ (iﬁ"”“”’”)m; >0, @.54)

for all possible magnetization responses. That means that both eigenvalues of the matrix K
must be nonnegative real numbers. In mathematical terms, such a matrix is called positive

semidefinite. As an anti-symmetric 2 x 2 matrix, K™ has the form

K“"""”"=(° “], (4.55)
-a 0

where a is some suitable real number, not necessarily positive. The eigenvalues of the matrix

iR "‘”"=[ _ '“j (4.56)
—-ia 0O

are +aand —a . For both of these eigenvalues to be nonnegative, the real number a must be zero.

That means for a positive time averaged loss it is necessary that the matrix I?msym vanishes. Indeed,
this is the case for the LL, COT, G, and MBB models, but is not the case for BB damping. For LL,

COT, G, and MBB damping, one then has

2
(Po (Y)ome =5 (mo) B”"m. @57)

ge

For a positive time averaged loss, one can see from this form that the matrix D" mustbe positive

definite. It is clear, therefore, that the combination of two conditions is sufficient and necessary for

positive time averaged loss: (1) K must be symmetric, and (2) D" must be positive definite.
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4.7 Summary

In this chapter both instantaneous loss and time averaged loss were given in terms of the Smith
matrices, which are easily extracted from the equations of motion in the small signal limit. Required
for a physically reasonable damping model, that yields positive loss for all driving fields, are a
positive definite symmetric part of the damping matrix and a symmetric and positive definite stiffness
matrix. These conditions are sufficient and necessary for positive time averaged loss and also for

positive instantaneous loss. While the instantaneous loss is given by

dm (£)] com dm ()
P, (t)= D 4.58
loss( ) [ df jl dt s ( )
the time averaged loss is given by
2 ~ *
{Pros (£) Yime =5’2—(m0)T D”"m;. (4.59)
average

Here is the complex amplitude vector of the steady state magnetization response to an elliptically
polarized driving field. In these matrix equations the loss is expressed in terms of the magnetization
response, and not in terms of the driving field. In this way both instantaneous and time averaged loss
are determined solely by the symmetric part of the damping matrix. In the next chapter it will become
clear that the symmetric part of the damping matrix plays an important role also in the analysis of

thermal magnetic noise with the help of the fluctuation-dissipation theorem.
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Chapter 5

The fluctuation-dissipation theorem, applied to magnetic damping
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5.1 Introduction

Consider a closed, macroscopic system in equilibrium, described by certain macroscopic, time-
dependent, physical quantities, which will be termed the state variables. For a closed system
equilibrium, the time average of each system variable remains constant in time at the equilibrium
value. Due to thermal motion, however, the state variables perform small fluctuations about these
equilibrium points. The time averages are taken over a period of time that is large compared with the
time scale of the fluctuations.

The microscopic fluctuations of the state variables can be viewed as the response of the system to
thermally generated and microscopic random driving forces. Since the system is closed, there is no
macroscopic, externally applied driving force. Chapters 2 and 3 presented the equations of motion
that model the macroscopic response of a system to a macroscopic, externally applied driving force.
The same equations can be used to describe the microscopic response to the microscopic and
thermally generated random driving force.

This chapter is concerned with both the statistical and dynamical analysis of the random driving
force and the corresponding response for a system in equilibrium. In statistical terms, this response is
described in terms of the means, variances, covariances, and correlations of the system variables.
Using these concepts, this chapter focuses on five questions:

a) How are the components of the random driving force correlated?

b) How are the components of the system response correlated?

c) What are the spectral densities of the driving force and the system response components?

d) How can the results of a) to c) be applied to the damped magnetic precession?

¢) What are the predictions of the fluctuation-dissipation theorem for the phenomenological damping
models introduced in chapter 3, and are these predictions reasonable or unreasonable?

Here is the roadmap for the chapter:

In Section 5.2, a statistical approach is used to characterize the state variables and their mutual
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relationships. To this end, the state variables are considered not as known functions of time, but as
random variables. The mean of a state variable is defined as its ensemble average, that is the average
of a large number of measurements of the variable in identically prepared systems. The probability
distributions of the state variables and their relationships can be described in terms of three sets of
quantities:

a) the mean of each variable, that is, the ensemble averages of these quantities,

b) the variance of each variable, that is the "width of the spread” in these quantitics about their mean
values,

¢) the mutual covariance of each pair of variables, that is, their correlation.

The means, variances, and covariances of a set of random variables can be calculated explicitly
when their joint probability distribution is known. The distribution is approximated by a multivariate
Gaussian. The parameter matrix of the Gaussian distribution is obtained by a Taylor expansion of the
internal energy of the system to second order about the equilibrium. This section features a proof of
the well-known theorem that the covariance matrix of a multivariate Gaussian distribution is the
inverse of its parameter matrix. This fact plays a central role in the proof of the classical version of
the fluctuation-dissipation theorem developed in Section 5.3.

In contrast to the statistical treatment in Section 5.2, Section 5.3 describes the system as a
dynamical system, modeled by a system of ordinary differential equations for time-dependent state
variables. In the equations of motion, the fluctuations of the state variables are modeled as the
response to a microscopic random driving force. In the small signal limit, the equations of motion are
linear differential equations that can be solved explicitly for the time-dependent system response in
terms of the random driving forces. From this solution, the correlations of the random driving force
components are calculated. The result is a special case of the fluctuation-dissipation theorem. It is
shown that the correlation matrix of the random driving force components is a multiple of the
symmetric part of the damping matrix.

In Section 5.4, the spectral resolution of the noise power is calculated by taking the Fourier
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transform of the correlations of the random force components. The primary tool for this procedure is
the Wiener-Khinchine theorem. By a linear transformation, the power spectral densities are obtained
also for the components of the system response. As an application, the power spectral densities of the
random driving field components and of the magnetization components are given for each of the five
damping models from Chapter 3.

Section 5.5 summarizes the results of the chapter.

5.2 Statistical description of equilibrium systems

5.2.a System variables and their means, variances and covariances

Consider a closed system in macroscopic equilibrium, described by n time-dependent physical

quantities denoted as x, (¢)....,x, (t). These quantities are called state variables. Since the system is in

equilibrium and no external forces are applied, the time averages x,,...,x, of the state variables

remain constant in time. These time averages are taken over a time period that is large compared with
the time scale of the fluctuations of the state variables about their equilibrium values.

For the statistical treatment in this section, however, the state variables will be considered not as

functions of time x,(¢),...,x,(¢), but as time-independent random variables X,,...X,. In
equilibrium, the mean (X,) of the random variable X, coincides with the time average x, of the

corresponding system variable x, (¢) . Recall from basic thermodynamics that the mean of a quantity

is defined as its ensemble average over a large number of identically prepared systems.

The joint probability distribution of the # system variables can be described in terms of means,

variances and covariances. The mean (X,) of a random variable X, is the ensemble average, as

H

already explained. The variance of X, is the mean of the squared deviation from the mean,
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Var(X,) = (X, ~(X,)T). 5.1)

Because of the linearity of the mean the variance can be written as

()= (5,
=<X,.2— i X:‘>+<Xi>2>

2 (52)
X -2(X,Y +(X,Y
(x.)

(x7)-
This definition may be expanded to include two random variables, which leads to the concept of
covariance. The covariance of two random variables is defined as the mean of the product of their

deviations from the mean,

Cov(x,,X,) = ((X, —(x,))-(x, - (x,))) (5.3)

The covariance is a statistical measure of the correlation between two random variables. If the two

random variables are completely independent, their covariance will be zero. When each covariance

Cov(X,,X,) is entered into the i-th row and j-th column of a matrix, one obtains the covariance

matrix Cov (X). This matrix is symmetric, by definition. The diagonal elements of the covariance

matrix are the variances. That is,
Cov(X,,X,) = <(X,. —(x, ))2> ~Var(X,). (5.4)

The vartances and covariances of a set of random variables can be calculated explicitly, if their
probability distribution is known. The next section will approximate the distribution of the system

variables in a closed equilibrium system by a Gaussian distribution.
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5.2.b Gaussian distribution of system variables

The probability distribution of 7 system variables can be expressed in terms of a joint distribution

function w(x). Then the probability, that the system is found in a state in the intervals

a,£x, <b,a,<x,<b,, ..,a,<x,<b, ,is given by the n-dimensional integral

P=?bi.‘.]”'w(x)cbcldxz...dxn. (5.5)

Gha o

Here x =(x1,...,xn)T is a vector of values x,,...,x, of the state variables X,..., X, . Of course, the

probability that the system is found in any state must be 1, which leads to the normalization condition
[ |- [w(x)axds,..ds, =1. (5.6)

For many physical applications, the distribution of system variables obeys a Boltzmann

distribution, of the form
U, (x)
=A _—_A A 5.7
w(x) exp[ oT :l .7

Here U, (x;,...,x,) is the internal energy of the system, k,is Boltzmann's constant, T is the

temperature, and A is a positive factor to fulfill the normalization condition in Eq. (5.6). Note that

the potential energy is minimized if the system variables take their respective mean values, that is for

x=x . It follows that VU pot (x*) =0, and, by Taylor expansion up to second order, that
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w(x)

(5.8)

= A
P T

n n aZUPo’ ) .
=4 P U‘m (x*) ;;(mﬁxk }Fx— (x' g )(x" x")
SR TR TR 2k, T
With the abbreviation,
azUpat
?a_x—;a:t: X=X
ﬁik - kBT H (59)

the distribution function becomes,

w(x)= Aexp{—m}-exp[—%ﬁi By (% -%) (%, —x;)] . (5.10)

kBT i=1 k=1

The coefficients S, form a symmetric 7 x» matrix B. In matrix notation, the distribution function

takes the compact form,

k,T

w(x)=Aem{—ﬂ’ifl}-ew[—g(x—x‘)fii(x—x')]
G.11)

-4 exp| - (x-x ) Bx-x)|

To determine the value of the normalization factor 4', one uses the definite integral result (e.g. in

Gradshtein/Ryshik [1984]),
L jw exp[—%(x—x*)Tﬁ(x-—x')]dxl...dxn _C :;:)tﬁ , (5.12)
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For this formula the positive definiteness of the matrix B is a prerequisite. Since the potential energy

U,,(x) has a minimum at the equilibrium x =x", the matrix of second partial derivatives of

U,,(x) at x=x" is positive definite, and with Eq. (5.9) the matrix B is positive definite as well,

From Egs. (5.6), (5.11) and (5.12), the probability distribution is found to be

w(x)= (\/(?"” [ ~(x- x)Tﬁ(x—x*)]. (5.13)

This is a multivariate Gaussian distribution with parameter matrix B . Remember that this distribution

is an approximation, obtained by Taylor expansion of the potential energy, for a system performing
small fluctuations about the equilibrium.
In the magnetic precession system with two degrees of freedom, as presented in the first four

chapters of this thesis, the volume density of the potential energy, u,,, , was expressed in terms of a

stiffness matrix K in the form,
U, (m)= %m’ Km. (5.14)

In the lossless case, and for all damping models except BB, the stiffness matrix was shown to be the

same as the matrix of second partial derivatives of u,,,, ,

pot

~ omom,| .V omom,|

(K), =t | 170 (5.15)

where V' is the sample volume. By comparison of Egs. (5.9)and (5.15), one sees that the Gaussian

parameter matrix for a magnetic system in the small signal limit is related to the stiffness matrix by

the linear relation
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("LJWZ)

4 U,
kT — k,T\ oxéx,

This relation will be used in Section 5.4, when the fluctuation-dissipation result of this chapter is

- (K).k . (5.16)

X=X

applied to the various phenomenological models of magnetic damping.
The Gaussian joint distribution function w(x) can be used to calculate explicitly the two

quantities from Section 5.2.a that describe the statistical relationship of the system vanables in a
closed equilibrium system. Recall that these descriptive quantities are the variances and covariances.

Arranged in matrix form, they form the covariance matrix. The goal of this section is to show that the

covariance matrix is the inverse of the Gaussian parameter matrix . Following the outline in
Landau-Lifshitz [1958], recall that the statistical mean of any function f(X) of the n state variables

is given by
(FX))=[..J r(x)w(x)dx,..dx, . (5.17)
In particular, the mean of the i-th random variable can be expressed in the form

X =(X)= . [ xw(x)dx,.dx, . (5.18)

—0 —a0

With the Gaussian distribution function from the last section, this equation becomes,

. detp ¢ ¢ 1 RV .
X = (2;)”,2 _J;...;[x,.expl:—i(x—x ) B(x-—x )}dxl...dx,, (5.19)

Now on both sides of this equation, take the partial derivative with respect to the mean x, of thek-th
system variable, for any £ =1,...,n. On the left hand side one obtains the Kronecker delta &, . On the

right hand side the partial differentiation is carried out under the integral. In generalization of the
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product rule of differentiation, one has the formula V (xT Kx) =2Ax forany symmetric square matrix

A and any compatible column vector x . Since the matrix B is symmetric, the differentiation of Eq.

(5.19) with respect to x; yields,

_ ft—ﬂi 5580 5o LY Bl .,

Jj=1

b

Tx, Bi(x,—x, W (x,....x, ) dx,...dx, (5.20)

j:

—

= <Xi;ﬁjk [Xj —x;]> = Z}ﬂﬂr <X,. I:Xj - x;:l>
- =
The last step is justified by the linearity of the mean. Also by the linearity of the mean, one has,

X, -5 X, -= P=(x[x,-x]) - (X, -x)
<[X x]) (x5, -x;) (5.21)
<X,.[Xj—x;]>.

With this identity, Eq. (5.20) can be written as

8y = Zﬁj,,([x -x[x,-%])= Z,B Lov(X,. X)) (5.22)

The right side is the matrix element in the i-th row and the k-th column of the product of the
covariance matrix Cov(X) and the Gaussian parameter matrix f#. In matrix notation, Eq. (5.22)

becomes,
I, = Cov(X)-f. (5.23)

Here I, is the nxn unit matrix. It follows that the covariance matrix is indeed the inverse of the

Gaussian parameter matrix.
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Cov(X)=f . (5.24)

This basic theorem result provides an important piece in the proof of a special case of the fluctuation-

dissipation theorem in the next section. For n=1, Eq. (5.24) takes the simple form,
1

Var(X)=—. (5.25)
B

In this case X is a single random variable with Gaussian distribution

w(x)= \/%exp[—%ﬁ(x—x‘)z]. (5.26)

When the parameter S is expressed as reciprocal of the variance according to Eq. (5.25), then the

Gaussian distribution takes the familiar form,

1 1(x-x")
w(x)= 27Var(X) exp{— 2 (Var(X)) }
1 1 (x_x-u)Z
=J§ﬁe"p[“57}=

where o =,/Var(X) is the standard deviation of X . In this way the result in Eq. (5.24) is the

(5.27)

generalization of the familiar result in Eq. (5.25) to n dimensions.

5.3 Dynamics of thermal fluctuations in an equilibrium system

5.3.a Equations of motion with noise as random driving force

Section 5.2 explained that in a stable equilibrium, a closed system is in a state of minimum

internal energy. This state is stationary in the sense that the mean values of the system variables
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remain constant in time. Recall, however, that the system variables perform thermally generated,
random motions about their equilibrium values. These random motions are called fluctuations, or
noise. This section introduces the equations of motion for a closed system which undergoes small
fluctuations about its equilibrium. This is done by adding a random force term in the equations of
motion without noise.

Recall from Chapter 3 that the equations of motion of coupled harmonic oscillators near a stable

equilibrium can be written in the Smith matrix form,
= =dm(t) -
(G+D)T+Kmo)=hm (r). (5.28)

Here m(¢) is the system response to an external driving field h,, (¢) . The stiffness of the system, or
mverse static susceptibility, is given by the stiffness matrix K . The kinetic qualities of the system,
such as its precession frequency and its decay rate, are determined by the stiffness matrix K, the

gyroscopic matrix G and the damping matrix D. The goal of this section is to prove that the
correlation matrix of the random driving force components is a multiple of the damping matrix. This

is a special case of the fluctuation-dissipation theorem.

In an undriven system without thermal noise, the driving field h,,, (¢) is zero. In a system without
externally applied driving force, but with thermal noise, the thermal noise can be modeled as a small
random driving field h'%) (£). The superscript (¢) stands for “thermal”. In this way the equation of

motion is a linear differential equation with a random driving field as inhomogeneity. Note that the
Smith matrix form of the equations of motion is solved for the driving field. In contrast, when solving

the equation of motion for the time derivative of the response, one obtains,

dm(t) = 5Vl G B
T——(G+D) Km(r)+(G+D) h%(r). (5.29)
In this equation, it is assumed that the matrix (é + ﬁ) has an inverse. Since the damping matrix Dis
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a small perturbation of the gyroscopic matrix G, and the matrix G has an invers, this assumption is

fulfilled for all damping models. Following the notation in Landau-Lifshitz [1958], one defines a

decay matrix

i=(G+D) K, (5.30)
and a driving term

y()=(G+D) n® (). (5.31)

Then the equation of motion takes the form,

M) m(e)+y(0). (532)

Notice that with the relationship in Eq. (5.16), K = (ksT/ V)ﬁ , the linear transformation in Eq. (5.31)

becomes,

y(t)=(‘(;+1“))" 0)

(5.33)

Instead of the original problem in Smith matrix form, now the transformed problem in Eq. (5.32) will

be explicitly solved for the system response m(¢) in terms of the driving term y(¢). The

transformed problem is a linear differential equation of first order with constant coefficients. Its
general solution is the sum of the general solution of the homogeneous problem without the noise
term, and any particular solution of the problem with the noise term. The homogeneous solution is

given by
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m, ., () = exp(~s) Ju. (5.34)

Here u is an arbitrary column vector of length n. The expression exp (—it) is actually an nxn

matrix, given by the exponential series

o0

exp(-it) =Y (-H)". (5.35)

n=0
When the noise term y() is included, a particular solution m , (¢) of Eq. (5.32) can be found by the

method of variation of constants. This is done with the approach
m, (1) =[ exp(-3) Ju(?) (5.36)

Now the nx1 column vector u(#) is an unknown function of time #. This function is found by

inserting m,, (¢) into the differential equation in Eq. (5.32). One obtains

- N ~ydu(t) - -
—hexp(~i1)u(r)+ exp(—u)T = —kexp(-it)u(0) +y (0). (5.37)
The first terms on both sides of the equation are equal and cancel, and one obtains

20) _ exp i)y ). (538)

One solution for the unknown u(t) is,

u(f)= j exp(iz)y(z)r. (5.39)

Insertion into Eq. (5.36). yields the particular solution for the system response,

145

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



m, ()= exp(—it)u(t)

=exp (—it) I exp (Xr)y (z)dr (5.40)
= “‘ e"i("’)y(r)dr
The general solution is the sum of the homogeneous solution in Eq. (5.34) and the particular solution

just found. Therefore,

m(f) = my, () +m, (¢)

= exp(—it)u-+ f ey (). (5.41)

The first term decays exponentially to zero. Therefore, after a long time, the system response to the

driving term y(¢) is independent of its initial state at ¢ = 0, and is given by,

m(t)= j e"i('“')y(t)dr ) (5.42)

This equation makes intuitive sense: The value of the response function at a certain time is the time
integral over the driving force up to this time, where the driving force is weighted with an

exponential decay factor.

5.3.b Correlations of field noise: a case of the fluctuation-dissipation theorem

The correlation between two time dependent quantities m, (t') and m, (¢) for different times ¢

and t' is defined as the mean value <m,. (tYym, (t)) of their product. Notice that since the systemisin

equilibrium, the correlation <m, (t)m, (t)) depends only on the time difference = =#'—¢ and can be

written in terms of a correlation matrix,
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@, ('~ 1) = (m, (¢"ym, (1)) = (m, (¢~ )m, (0)). (5.43)

The correlation matrix can be written in this way because the means (mk (t)) are zero. Equivalently,

the correlation matrix can be expressed in terms of the time difference 7 =1t'-1,
@, (7)=(m,(z)m,(0)). (5.44)
When the time difference is set to zero, the correlation matrix (m,. (z)m, (0)) goes over into the
covariance matrix (m, (0)m, (0)) . As explained in the previous section, the covariance matrix in an
equilibrium system is constant in time, and is equal to the inverse of the Gaussian parameter matrix.
In the following, correlation matrices of the form (m, (z)m (7, )) are written in dyadic product
notation as (m(rl)mr (72)> :

The first goal of this section is the calculation of the correlation matrix for the driving term y(¢)

in the equation of motion with noise. Recall that this equation was given in the last section as

am .-

)~ Sen(1) (2. (5.45)
and has the solution

m(t)= j e’i("’)y(t)dt ) (5.46)

The second goal is to use the result from the first goal to establish the correlation matrix for the
physical random driving field h{)(¢), which is a linear transformation of the driving term y ().
To start, insert the solution from Eq. (5.46) into the covariance matrix for the system response

m(¢) . From the previous section it is known that this covariance matrix is constant in time, and is

equal to the inverse B~ of the Gaussian parameter matrix. In this way one has,
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B = (m(0)m’ (0))= <(iei'y(r)dr)[;[oei’y(r)drT > (5.47)

The transpose commutes with the integral and also with the exponential function, so that

B = <[iei’y(t)er[iy(f)T ei’fdrj> . (5.48)

Now write the integral as a double integral,

B = <.(.)- })‘eiTIY(Tl)Y("z)T eiT"drld1-2> . (5.49)

Because of the linearity of the mean, this implies,
0 0

B'= j Ieiq <Y(71)Y(72)T>eﬁzd71d"z . (5.50)

—o0 ~00

This is an inverse problem for the unknown correlation ( y(rl) y(z, )> To solve it, Landau and

Lifshitz [1958] simplify the integral by setting up the correlation as a multiple of a delta function.
The physical significance is that the random driving force components should be uncorrelated over a
time scale that is big compared to the characteristic time scale of the fluctuations. Therefore one uses

the approach,
(y(@)Y (z))=85(z,-7,), (5.51)

where A is a constant matrix. To determine the matrix A, insert the correlation matrix from Eq.
(5.50) into Eq. (5.49). The delta function collapses the double integral to a single integral, and one

obtains,
¢ . - =T
B = [ A & dr. (5.52)

Note that the integrand contains the product of three matrices which do not commute. The unknown
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matrix A is caught in the middle and can, therefore, not be extracted out of the integral. Nevertheless
Eq. (5.52) can be solved for the unknown matrix A by integration by parts. The formula for

integration by parts is in our case,

idU(T)V(t)dr=ﬁ(r)V(r)|L —iﬁ(r)%rv;(r)dr, (5.53)

Here U(r) and V() are matrices given by U(7)= A 'e* and V()= Ac*" . The derivative of a
matrix exponential function ¢** is Xe** , in analogy to the derivative of a scalar exponential function
e** being Ae** . Therefore,

el )

w1 d [ g
-1 )

=37 (& e*) (5.54)

=K§;(e"’ ) (5.55)

Since the matrix exponential e* * is a series in the matrix A , it commutes with this matrix, that is

=T - =T

e* "L =) e* *. Therefore from Eq. (5.55) it follows that
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=K(effi’) (5.56)

=_:[§;(x*‘eif)] (& &)ar

(5.57)

Because of the positive definiteness of the matrices A and A the first term on the right side vanishes
at the lower limit of integration, that is for = — — . At the upper limit of integration, 7 =0, the

matrix exponentials are unit matrices. Therefore,

(Fer)(& )

The second term on the right hand side of Eq. (5.57) is an integral with a product of five matrices in

A . (5.58)

the integrand. These matrices do, in general, not commute. However one is allowed by the law of

associativity to group the matrices within the product in an arbitrary way. It follows that

9 » e »T -
B = iR X“‘(e"Ae* ) i dr. (5.59)

—o

Next, in the integral on the right side, the constant matrix %" onthe left and the constant matrix A"

on the right may be taken outside the integral. One obtains,
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¢ * e =T -
=i A-i - [ A drd. (5.60)

Notice that the integral on the right side is equal to l“i_l because of the original equation in Eq. (5.52)

that was the starting point. This observation results in a linear equation for the unknown matrix A,

=i AL prA . (5.61)

Muitiplication of each term by A from the left yields,

M =A-pA (5.62)
It follows that
A=W +pA. (5.63)

Since B is symmetric, so is B_l . Therefore the second term in Eq. (5.63) is the transpose of the first

term, and the result can be written as

A= 2(iﬁ‘l)w. (5.64)

The unknown correlation of the transformed random forces is, therefore,
T\ = -1\
<y(rl)y(1'2) >=A6(11——rz)=2(2.|3 ) 8(7,~1,). (5.65)

This result expresses the correlation matrix of the transformed random forces y () in terms of the

decay matrix A and the stiffness matrix ﬁ . Observe that for 7, == r,, the correlation matrix is zero.

Physically this means that the components of the random forces are uncorrelated over time spans
much larger than the characteristic time scale of their fluctuations. Eq. (5.65) is a special case of the
fluctuation-dissipation theorem.

From this result one immediately obtains the correlation matrices of both the magnetization
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response and the random driving fields. For with Eq. (5.65) it follows that
r o T
<m ()m” (0)> = <( _‘- e My (r)d‘rJ( J. My (r)dr] >

([ evesome | feeven] 3y
) i ie% (y(e+o) [y ()] )" dodr

00 T
= I I e (iﬁ_l + B_l Xr)e* *5(t+o—1)odr.

=00 =00

For ¢ > 0, this equation simplifies to

(o’ O)={ o (57 )"0 |4

_y .
PN}
e

o= (5.67)
i [ (i B ) e (1)

o (i) ()

-1

el et feTN el - -
=e‘”|:).B ‘(x") +f I:I—l<m(t)mr O)(i")
When this equation is multiplied from the right by 'y , and the second term on the right side is

brought to the left side, on obtains,

(m(e)m” Q)i + i (m()m" (0) =i +B

(5.68)

Comparison of the left side with the right side yields the desired correlation matrix for the

magnetization response:
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(m(e)m (0)) = . (5.69)

Recall that this result was derived for the case that ¢ > 0 . If, on the other hand, ¢ < 0, then Eq. (5.66)

simplifies to
(m (t)m” (0)) = { i P (KB_I +f7 XT)eiT"da }e‘r‘

o (i 5T (1) |
o= (5.70)

O e el ellmT) T oyl oor
K[ (u; "o ‘x’)e’« “do (xT) A

-0

| ) ] Ao o))

-1

This equation is equivalent to

e’ (5.71)

This implies that for ¢ < 0, the correlation is
(m()m" (0)) =P ¢*". (5.72)
Notice that both the limit # - 0 from the right in Eq. (5.69) and the limit # — 0 from the left in Eq.

(5.72) yield the covariance matrix {m(0)m” (0))= B . This means that the correlation function is

continuous at ¢ =0, though in general not differentiable.

Next, determine the correlation matrix of the physical noise field h™ (¢)- Recall from Eq. (5.33)

that the noise field is related to the driving term y(r) by the linear relationship
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y(#) =£-fiﬁ“h§':> (t). (5.73)

Substitution into the result in Eq. (5.65) yields,

2 o ol T o
(—V—] <[Xﬁ W () [ 5 0 (z.)] > =2(iF") 7 5 (s -7,). (5.74)
kT
Resolving the matrix transpose on the right side, and extracting constant matrices out of the mean
yields,
2
V 55 (g ) AT \GEY o35\ s(r _
(7&7] " <h“’" (m)[b2 ()] (’“ﬁ ) = 2(’“5 ) 8(n-7). (5.75)

With the abbreviation y = 1§, this equation becomes,

(7557)2?@8:’ @) E)] W =275 (5 -x). 76

2 - e\l
Multiplication by (%”/1) v " from the left and by (yT) from the right leads to the correlation

matrix for the random driving field,

e )=o) 7 | S5 ) s

"T)—l oo (5.77)
¥

= 2("5)2 (7 5 8(n—1,).

Since the transpose and the inverse of a nonsingular square matrix commute, the matrix in the

brackets on the right side is the symmetric part of 'Tl . 1t follows that
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<hg;> (=)[h (= )]T> - z(%j ()5 -)

- ("VT—) (ﬁi”) 5(r,-1,).

~1\9m
To get a better understanding of the right side of this equation, one can express (y ) in terms of

(5.78)

the Smith matrices,

({f‘) [(XB“) TM - [B(X“I)TM - [ka KK (D+G)Tm - -k%nsy"'. (5.79)
Substitution into Eq. (5.78) yields,

<hg;> (=)[h (z, )]T> - 2"8%(1”)”’"’)5 (r,-1,). (5.80)

The correlation matrix of the random force components is seen to be a multiple of the symmetric part
of the damping matrix. Recall that in Chapter 4, the symmetric part of the damping matrix was shown
to be responsible for the loss in a uniformly magnetized sample. Therefore the right side of Eq. (5.80)
describes dissipation, whereas the left side is the correlation of fluctuations in the random driving

force components. This important result is a special case of the fluctuation-dissipation theorem. In the

literature it is often found expressed in terms of the inverse susceptibility matrix x ' (@), in the form

(e E)])- kT{Xl(m) 2,ml(w)] }5(11—12)- (5:81)

That the two forms of the fluctuation-dissipation theorem in Eq. (5.80) and Eq. (5.81) are equivalent

follows from the identity,

% (@) (@)]

2iw

, (5.82)
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which was given at the end of Chapter 3. (Recall that the superscript dagger denotes the complex
conjugate transpose of a matrix.) The result in Egs. (5.80) and (5.81) will now be used to obtain the
spectral power density of both the noise field and the magnetization response with the help of the

Wiener-Khinchine theorem.

5.4 Spectral resolution of field noise and magnetization response for the damped

magnetic precession

5.4.a Connection between auto-correlation and spectral power density: the

Wiener-Khinchine theorem

The Fourier transform of the autocorrelation of a fluctuating quantity is proportional to the
spectral density of its mean square. This powerful fact, also known as the Wiener-Khinchine theorem

in signal processing, can be illustrated in a non-rigorous way. Let

oo

(%), = [ {(x())x(0))ed (5.83)

denote the Fourier transform of the autocorrelation function (x(¢)x(0)) of a fluctuating physical
quantity x(¢). This Fourier transform has units of [x]’[¢], that is units of [x] /[@]. These are

indeed units of the spectral (or frequency) density of x* (t) Besides this dimensional argument,

consider now the inverse Fourier transform of Eq. (5.83), given by

(x(t)x(O)) = 517;_]2 (xz)we““”da) ) (5.84)

Setting ¢ =0 yields
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l o0
<x2 (0)) =—27r-:[°(x2)wda). (5.85)
Recall that for a system in equilibrium, the mean of the quantity x(¢) as well as the mean of x* (¢)

do not change in time. Therefore

( 40) >=%T _do = const. (5.86)

This equation suggests that the quantity (x2 )w /27 is the spectral density of the mean square,

<x2 (t)> . A rigorous mathematical proof can be found in any signal processing engineering textbook,
and will not be presented here.
Signal processing engineers call the mean square, <x2 (t)) , the “power” of the “signal” x(¢).In

general, this “signal power” is not the physical power, measured in watts, that is dissipated in the
material. In the study of the noise power of magnetic precession, great care must be exerted to
distinguish between the signal power of the internal magnetic field, the signal power of the
magnetization, and the loss power, measured in watts, that is dissipated in the material. In the absence
of an applied driving field, the loss power dissipated in the material is, of course, zero, n the same
way that no heat is dissipated in an electrical resistor without an applied voltage.

In the next section the Wiener-Khinchine theorem is applied to derive the spectral power density
of the magnetic noise components from their correlation matrix, which was determined in Section

5.3. The spectral power densities are different for the signal power of the random magnetic noise

fields and the signal power of the corresponding magnetization response.
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5.4.b Spectral distribution of thermal field noise and magnetization response

noise

With the Wiener-Khinchine theorem introduced in the last section, one can determine the spectral
power density of the random noise field from its correlation matrix. Recall from Eq. (5.80) that this

correlation matrix is given by
@ (A ™ (VT = 2 %L (57"
<hm ()0 (0)] >_2 2 (5”8 (). (5.87)

From this matrix equation, the auto-correlation for the x-component hgﬂx (¢) of the random field is

obtained as
(h),(r)H2, (0)) D”"’(S( 7). (5.88)
By the Wiener-Khinchine theorem, this implies that

[(hfjj_x) } =1<h<";_x (1), (0)) ™ du

2 kT

“ du (5.89)

okl
7%

and

02} ] = J{h om0 e

= j 2———D O (u) e du (5.90)
k,T
=2-2-D,

The following observations can be made about this power density of the random magnetic noise
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fields:

a) The power density is independent of frequency for both components of the noise field. That
means that the noise is white noise.

b) The noise power is proportional to the absolute temperature.

¢) The noise power spectral density of the x- and y-components of the random fields are
proportional to the respective diagonal elements of the damping matrix. Consequently, the power
densities are the same for x- and y-component if and only if the diagonal elements of the damping
matrix are the same.

d) The noise power spectral density is isotropic, if the symmetry property in ¢) is invariant under
rotations of the coordinate system. This is the case if the symmetric part of the damping matrix is a
multiple of the unit matrix. The reason for that is explained now.

If the damping matrix has the form

“15:(“ b], (5.91)
c a

then the transformed matrix under a rotation with an arbitrary angle ¢ is

cosp -singfa b)) cosp sing
sinp cosp j\c a)l-sing cose
_(cosrp —sin(pj(acosqo—bsingo asingo+bcos¢j

. . . (5.92)
sing cosp )\ccosp—asing csing+acose

_(a-(b+c)sinpcosp  bcos® p—csin’ @
~bsin’ p+ccos’p  a+(b+c)sinpcosp

One sees that the diagonal elements of the rotated matrix are equal for every rotation angle ¢ if and

only if ¢ =5 . In this case, the damping matrix has the form,
- a b
D= ) .
(—b a) (5.93)
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This matrix is indeed invariant under arbitrary rotations, because

o . b
C?S¢ sinp(a b CO'S¢ sing) _(a . (5.94)
sing cosg )\-b a)\—sing cose -b a

That means that the symmetric part of the damping matrix must be a multiple of the unit matrix:

—sm (D 0 10

D™ = =D (5.95)

0 D 01

with a scalar damping parameter D . Therefore the noise field is isotropic if and only if the symmetric
part of the damping matrix is a multiple of the unit matrix. In this case the power density of the noise

is the same in every direction, and is given by
2k, T
h) ==E2_D 5.96
( )w V ( )

In Table 5-1 the damping matrix and its symmetric part are given for each of the five
phenomenological damping models in Chapter 3. As discussed there, the BB model has a zero
damping matrix, and the theory developed in Chapter 5 will not be applied to the BB model. For the
LL, G and COT models, the damping matrix is a multiple of the unit matrix, which implies isotropic
noise. For the MBB model, on the other hand, the diagonal elements in the damping matrix are in
general different, and the noise is not isotropic, but depends on the sample geometry. In this way the
MBB damping model is fundamentally different from the LL, G and COT models.

In this section, the interest was focused on the Fourier transform of the diagonal elements of the
correlation matrix. These Fourier transforms have a physical significance as spectral power densities
of the noise components. In a more general sense, the Fourier transform of the entire correlation
matrix is called the spectral density matrix. The spectral density matrix of the random noise ficld

components is given by,
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W) ()| = [ O @) ) e a
()Y ] = [ [n )]

- | z’_‘BI;T_Dwa(t) e dt (5.97)

2kl pom
14

The spectral power density of the magnetization response components, on the other hand, is
obtained as the Fourier transform of the correlation matrix from Egs. (5.69) and (5.72) for positive

and negative times, respectively.

<m (\)m(0) > e dt

[m'], -

]
ét——,o é'.__,a

ﬁ_]eir‘ e dt + I e ﬁ_le’”’ dt
0 (5.98)

B +,~wi)“ ~(-h+iol) B

(i 0] +[§" (i +io0i) ]T.
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Model Dampmg matrix, B ﬁ:ym
— 1 1 (2773 (au)z *ﬁxym _ 1 1 (au 0 )
Dyp=—"—m-—— , y = ——————
| MY [—(amf oy ] M, 1+a;\ 0 ay
Ay
Oy, = e
“rim,
= 1 , 1 a, == sym 1 a 1 0
Deor = cor cor | Do _ cor [ )
COT - MM: 1+ oy [_acor 1 ) o l)’l]ll_v 1+al, \0 1
U S
cor — ]-,ZI}’IHmt
G f) 1 (ao 0 ] ﬁgm 1 (ao 0 )
o = 17— =
M\ 0 a PIM, 0 a
Duas = B -
1 1 (ﬂmEa)x j’131313
MBB l}'lM_, @0, + /ILAZ'BB —A’AZ'IBB ﬂMBBa)y ’ 1 )“AEB (d)x 0 }
|y|Ms 00, + Alms k 0 o,
1
Aap = 7

Table 5-1: Damping matrix and its symmetric part for the LL, COT, G and MBB models.

The spectral power densities of the magnetization components m, and m, are given by the

diagonal elements of the spectral density matrix in Eq.(5.98). Table 5-2 shows the power spectrum of
the x-component of the magnetization for the LL, G, COT, and MBB damping models. In each

model, the power density of the noise shows a characteristic maximum at the Kittel resonance
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frequency /@@, . The third column of Table 5-2 shows the approximation for small damping,

where the terms quadratic in the damping parameter can be omitted in comparison with unity. Also in

this approximation the sample is assumed to have rotational symmetry, that is &, =@, =@, . One

observes:

a) The noise power density in the zero frequency limit goes as 1/@? for the LL, G and COT models,
butas 1/@; for the MBB model.

b) The noise power density in the infinite frequency limit goes as 1/@? for the LL, G, COT and

MBB models.
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Model

Power spectral density for x-component of the

Magnetization response

Approximation for small

(0, =0, =a,).

damping and rotational symmetry

LL

(m.), [}, =2

2

24 a
o CIR
l+ap, l+a;,

(m). [ 2%

a,“,‘(a)O +o )

T,

) 2 N2 2
] a 2
0.0, |+ —5 a)z(a)x +wy)
1+a;; |

2 2.2 2
(wo—w ) +da, 0,0

COT

2 kT
‘(m")w lcor = 2—%—|}, 'M’ ’
Qeor

2 @’
2 wy + 2
1+ ag,, 1+ ag,,

l( )ICOT_2

Xeor (a’o +o )

him,

2 2 2
(4] (24 2
0.0,— — | +| —L—| @® (mx + a)y)
1+ ag,, 1+ ag,,

(a): - ) +4al,,0lo’

(), "2—IylM

aG[coy+(12+aG)wz:| 2
[a)xa)y —(1+aé)w2] + [aGa)(a)x + a)y)]

(m.),, =

aG(a)O +o )

(0 -0 ) +4aio’ e}

MBB

k,T

|(m")wl12uaa =
y - (ﬂ,fm +o,.0,+ a)z)
@, [(ﬂ,fm +0,0, —m2)2 + (22,%@)2]

T .
2 - |y|M,

XJw
2
(1)
Famp| @y +—
Dy

(a)g -* )2 + 440"

Table 5-2: Spectral density of magnetization noise power for damping models.
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5.5 Remarks on the quantum-mechanical version of the fluctuation-dissipation

theorem

The derivation of the fluctuation-dissipation theorem in this chapter and all conclusions from it are
classical. All quantum effects are neglected. Under which conditions are the quantum effects
negligible, and how can the fluctuation-dissipation theorem be modified if they are not negligible?

Following the treatment in Landau-Lifshitz [1958], one starts with the quantum-mechanical energy

uncertainty relation for a time-dependent physical quantity x(¢),

AU, Ax ~h‘—§;. (5.99)

If z is a characteristic time constant for the rate of change of the quantity x(z) , then

= 5.100
a ( )
Consequently, the uncertainty relation in Eq. (5.99) becomes,
x
AU, Ax ~h—. (5.101)

z
Assuming that the quantity x(¢) is a macroscopic quantity with a definite value, its uncertainty is
small, that means

Ar<x. (5.102)
Therefore Eq (5.101) implies that

h
AUy > —. (5.103)

The potential energy of an equilibrium system can be written as the product of temperature and

entropy, if no mechanical work is done on the system,
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U, =TS. (5.104)

pot
At a fixed temperature T, it follows that

AU,,=T AS. (5.105)

Substitution into Eq. (5.103) yields,

TASs " (5.106)
T

Also assuming the entropy uncertainty AS of the system to be small compared with the Boltzmann

constant &, , one obtains

k,T>AST > B , (5.107)
T
and, therefore,

Tt >>;h—. (5.108)

B

This is the condition under which the fluctuations can be treated classically. When the temperature is
too low, or when the fluctuating quantity varies too rapidly, then inequality (5.108) is violated, and
the classical treatment is no longer valid. Instead, the fluctuation-dissipation theorem takes the form,

developed in Callen and Welton [1951],

() W F\__ L fhe o R0 som oog)
<hm (m)[b% (rz)]> 7 | oo D¢ o (5.109)

In the Fourier integrals, @ is the frequency of a Fourier component of the fluctuations, and so is of

the order 1/7 , where 7 is the characteristic time constant from the uncertainty analysis &,7 above.
Therefore the classical limit from Eq. (5.107) is equivalent tok,T > hw, that is

ho [k, T — 0.
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ho ho
coth
2k, T 2k, T

In this limit, the expression tends to unity, as one sees by application of I'Hopital’s

rule-, and the integration in Eq. (5.109) yields the classical version of the fluctuation-dissipation

theorem,

(#h) W NT\_ L fhe . o som o)
<hm (Tl)[hm (12)] >- o = coth 2kBTD e do

—®0

coth D™ e v ) dg
2%, T 2k, T

2 vV

iZkBTT ho ho —om

_)i2kBT J‘*ﬁ’y'" £ ) g (5.110)
2z V2

kBT ’]—)’Sym _1_ T eim(q—tz)dm
V 2z 3,

=2

= Z%}Zﬁw&(r‘ —rz).

In this way the quantum-mechanical version of the fluctuation-dissipation theorem according to

Callen and Welton goes over into the classical result derived in this thesis, when the classical limit is

taken.

5.6 Summary

In this chapter the fluctuation-dissipation theorem was proven from basic statistical
considerations, using an equation of motion for coupled harmonic oscillators with a random driving
force. The proof did not require any integrations in the complex plane and did not nvolve the
susceptibility concept. As a result, the correlation matrix of the thermally generated, random driving
force, was shown to be a multiple of the symmetric part of the damping matrix. Recall from Chapter
4 that the symmetric part of the damping matrix is also proportional to the energy loss. The spectral

density of the field noise was shown to be independent of frequency. Such noise is called white noise.
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In contrast, the spectral density of the magnetization response shows a resonance peak near the Kittel
resonance frequency.

Of the phenomenological damping models analyzed in Chapter 3, three models have a multiple of
the unit matrix as symmetric part of the damping matrix. These are the Landau-Lifshitz, Gilbert and
Codrington-Olds-Torrey damping models. As a consequence of the fluctuation-dissipation theorem,
the field noise is isotropic for the models in this category. In contrast, for the MBB damping model,
the field noise is not isotropic, but depends on the sample geometry. In this way, the MBB damping
model is fundamentally different from the other three damping models, and may be applied only to
physical situations where a mechanism for nonlocal, nonisotropic thermal generation of random

fields is present.
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Chapter 6

Conclusion

In this work five phenomenological damping models were compared: Landau-Lifshitz (LL)
damping, Bloch-Bloembergen (BB) damping, Codrington-Olds-Torrey (COT) damping, Gilbert
(G) damping and Modified Bloch-Bloembergen (MBB) damping. It was shown that the LL, G,
and COT damping models are mathematically equivalent in the sense that their equations of
motion coincide when a suitable transformation is made for the damping parameter and the
gyromagnetic ratio. Compared to the LL model, the G damping has a gyromagnetic ratio that
decreases with the damping parameter; that means that G damping slows the precession. And
relative to the LL model, the COT model has a damping parameter that is inversely proportional
to the magnitude of the static internal field; that means that COT damping decreases with the
static internal field. The explanation of the mathematical equivalence of these three damping
models reveals that with regards to their physics they are very different. This difference in
physics becomes apparent when one proceeds to extract from the equations of motion “what
drives the damping”. In the case of the LL model, the damping is field-driven. The damping is
driven by the component of the total internal field that is perpendicular to the magnetization. In
the case of the COT model, the situation is reversed. COT damping is magnetization-driven,
driven by the magnetization component perpendicular to the instantaneous total internal field.
The G damping, on the other hand, is viscous damping in the sense that the damping is
proportional in magnitude to the time rate of change of the magnetization.

The BB and MBB damping models are fundamentally different from the other three models.
The BB damping model relaxes the instantaneous magnetization to the static internal field, and
not to the instantaneous total internal field as the other four models. As a consequence of this

unphysical assumption, the BB damping model yields negative loss for certain driving fields and
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sample geometries. The MBB model, developed as a correction to the BB model, does not have
this problem concerning energy conservation. It relaxes the magnetization to the equilibrium
magnetization as defined by the total instantaneous applied field. However, the application of the
fluctuation-dissipation theorem to the damping models reveals a deep difference between the
MBB model on one hand and the LL, G and COT models on the other hand. The difference is
that while these three models imply isotropic field noise, the MBB model implies field noise
whose power spectral density depends on the direction in the sample and the sample geometry.
The four models have in common, however, that the ficld noise is white, that means its power
spectral density is independent of the frequency.

Some other, less spectacular differences between the damping models are the following: The
BB and MBB models predict precession orbits of the free magnetization decay that are, for an
ellipsoidal sample, logarithmic spirals, compressed along the transverse principal axes of the
sample ellipsoid. For the LL, G and COT models, the orbits are also compressed logarithmic
spirals. However, their compression axis are tilted away from the transverse principal axes of the
sample ellipsoid by a small angle of the same order of magnitude as the dimensionless damping
parameter of the model.

The analyses in this work take advantage of the Smith matrix form of the equations of motion
for the magnetization precession in the small-signal limit. The Smith matrix form is the general

form of a linearized system of coupled harmonic oscillators, solved for the external driving force.

Both time-averaged and instantaneous loss are closely related to D™, the symmetric part of the

damping matrix, which multiplies the time derivative of the magnetization in the equation of

motion. The spectral density matrix of field noise is a multiple of the same matrix, D" . In the

formulas in the literature we find, instead of this matrix, the skew-hermitian part of the inverse

susceptibility tensor, divided by the frequency. The latter is indeed equal to D™, but the

traditional susceptibility-based formulation of the loss theory veils the simplicity of the linearized

170

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



approach and makes the results appear unnecessarily complicated.

The treatment of instantaneous loss, while absent in the textbooks, is very simple, when one
starts with the Smith matrix form of the equations of motion. Much in the same way as for the
simple harmonic oscillator with viscous damping, the difference of input power and change of
internal energy gives the instantaneous loss. Surprisingly, for an ellipsoidal sample, the condition

for positive loss is the same for the instantaneous and for the time-averaged loss. This condition is

the positive definiteness of the matrix D~ .

As a by-product, this work contains a classical proof of the fluctuation-dissipation theorem.
This proof combines ideas from Landau’s and Lifshitz’ book “Statistical mechanics” (Landau and
Lifshitz, [1958]) with the Smith matrix formalism for a system of coupled harmonic oscillators.
The proof is valid for an arbitrary such system, not only for the two-dimensional magnetic
precession in a uniformly magnetized ellipsoidal ferromagnetic sample. The proof of the
fluctuation-dissipation theorem starts with the equations of motion with a random driving force
term, the noise term. This system of ordinary differential equations can be solved explicitly for

the system response in terms of the random driving force. From this solution, the correlation

matrix of the random driving forces is shown to be a multiple of the matrix D~ from above. By
a lincar transformation, one obtains the correlation matrix and power spectral density of the
system response from the result for the noise force. This approach uses only elementary theory of
ordinary differential equations and of Boltzmann statistics, and does not use any Hamiltonian
theory as many textbooks do. With the Smith matrices, the results for noise power spectra are
given in a very simple form.

The representation of damping models in the Smith matrix form can be used to develop new
damping models, different from the five models presented in this thesis. In the small-signal limit,
a damping model is completely characterized by its corresponding damping matrix, which is a

2x2-matrix. As such, the damping matrix has four matrix elements. The most general damping
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model, which includes all others as special cases, has, therefore, not one, but four independent
parameters, the elements of the damping matrix. The only requirement on such a general damping
model is that the damping matrix is positive definite, so that energy conservation is always
satisfied. The next step of the work is then to perform the same investigations for this general

damping model that were done in this thesis for five particular damping models.
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