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ABSTRACT

EFFICIENT AND TRANSFERABLE GRAPH LEARNING VIA ANCHOR-BASED
STRUCTURAL ENCODINGS

Graph-structured data arise in many domains, including biological networks, social systems,
recommendation platforms, and knowledge graphs. While graph neural networks (GNNs) have
become a dominant framework for learning from such data, their effectiveness often depends on
iterative message passing, substantial computational cost, and assumptions that may limit scala-
bility and robustness in large or weakly attributed graphs. In large graphs, message passing may
require repeated neighborhood aggregation across multiple layers to capture non-local structural
information, which can increase latency and resource consumption while also introducing prob-
lems such as over-smoothing, loss of node-level distinction, and sensitivity to weak or missing
node attributes. These limitations are especially important for resource-constrained settings such
as IoT devices, mobile systems, and large-scale scientific graph analysis, where accuracy alone
is not sufficient and the trade-off among performance, parameter count, computation time, and
scalability becomes central.

Graph learning does not have to depend only on iterative message passing. Prior work and em-
pirical evidence suggest that graph-distance structure in many practical benchmark graphs often
exhibits approximately low-dimensional or low-rank regularity. This dissertation uses that prop-
erty as a design principle: rather than constructing dense all-pairs distance matrices or repeatedly
propagating information through GNN layers, it samples graph-distance structure through anchors,
compresses it into structural coordinates, and reuses the resulting representations across prediction
tasks and anchor-induced views. The novelty of this work lies not in the existence of landmark
distances alone, but in developing them into a unified, scalable graph-learning framework: sam-

pled graph distances are compressed into structural coordinates, reused across prediction tasks and
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anchor-induced views, and evaluated as a resource-efficient alternative or complement to message-
passing GNNs. This provides a scalable and Green-Al-oriented path for graph learning, especially
when full GNNs are too expensive or when node features are weak.

This dissertation develops and evaluates scalable anchor-based structural encodings as an al-
ternative and complement to conventional message-passing GNN pipelines. The central idea is to
represent nodes through their relationships to selected anchor sets or landmark nodes, producing
structural coordinates that capture graph position and topology even when node attributes are lim-
ited, noisy, or unavailable. Building on this idea, the dissertation investigates several coordinate-
based representations, including virtual coordinates (VC), topology coordinates (TC), and direc-
tional virtual coordinates (DVC), and demonstrates how these representations can be compressed,
aligned, and used in downstream prediction tasks. The central goal is to preserve useful local and
global topological information while reducing or eliminating dependence on deep message-passing
architectures and avoiding dense all-pairs graph computations.

The main contribution of this dissertation is a scalable structural-learning framework that en-
codes graph topology through anchor-based representations rather than relying solely on iterative
message passing. By representing each node through its distances or coordinate relationships to
a selected set of anchors, the proposed VC, TC, and DVC methods provide compact structural
features that capture both local neighborhood structure and non-local topological relationships.
These features can be used with conventional neural predictors for node classification and link pre-
diction. Empirically, these methods show a favorable accuracy—efficiency trade-off. On OGBN-
Products, TC-based models match or slightly exceed comparable GCN performance while using
roughly 78% fewer trainable parameters, and a smaller TC configuration remains within about one
percentage point of GCN accuracy while using roughly 91% fewer parameters. In the selected
OGBN-Products comparison, the nearest higher-ranked listed baseline uses about 2.1 x 10° train-
able parameters, while the rank-1 listed model uses about 1.4 x 108, placing the highest-ranked
model at a much larger parameter scale. On OGBN-Proteins, compact TC models achieve stronger

ROC-AUC than GCN while using about 89% fewer parameters, and achieve performance compa-
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rable to GeniePath-BS while using about 97% fewer parameters. In the selected OGBN-Proteins
comparison, the nearest higher-ranked listed baseline uses about 4.9 x 10° trainable parameters,
while the rank-1 listed model uses about 6.6 x 10%. These results suggest that the proposed methods
are not primarily intended to replace the highest-accuracy leaderboard models, but instead provide
a resource-adaptable alternative when the goal is to preserve strong predictive performance with
substantially lower model complexity. The framework is especially applicable to large sparse
graphs, biological and scientific networks, recommendation and social networks, and edge or IoT
settings where graph structure is informative but memory, computation, latency, or node-feature
quality limits the use of deeper message-passing models. Beyond single-task prediction, the disser-
tation also contributes scalable construction methods, including anchor sampling, dimensionality
reduction, chunked computation, and partition-aware processing, as well as transfer analysis across
anchor-induced views. The strongest transfer evidence is for reusing models across different views
of the same graph or overlapping subgraphs through lightweight orthogonal Procrustes alignment,
while transfer across substantially different graph domains remains a harder open problem.
Across these experiments, the results show that anchor- and distance-based structural repre-
sentations provide a viable and flexible alternative or complement to traditional GNN pipelines.
They are especially useful in settings where graph structure is informative, node features are lim-
ited, or scalability is a primary concern. A key practical advantage of this approach is that graph
topology can be converted into reusable structural features before downstream learning, allowing
conventional neural predictors such as multilayer perceptrons or lightweight classifiers to exploit
graph information without performing iterative message passing during prediction. This separa-
tion between structural feature construction and neural prediction supports a Green-Al-oriented
perspective, in which graph learning methods are evaluated not only by predictive accuracy but
also by parameter efficiency, computational cost, memory use, and deployability. More broadly,
this dissertation contributes a structural learning perspective that connects graph topology, repre-
sentation design, transfer, and practical deployment, and it offers guidance for developing graph

learning systems that are both effective and computationally manageable.
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Chapter 1

Introduction

1.1 Motivation

Graphs provide a natural representation for many real-world systems in which data are inher-
ently relational, distributed, and resource constrained. Examples include IoT and sensor networks,
communication networks, mobile and edge-computing systems, molecular interactions, biological
networks, knowledge graphs, and large-scale recommendation platforms. In many of these set-
tings, information is not stored or processed in a single dense table; instead, it is distributed across
nodes, devices, users, entities, databases, or interacting components, often under constraints on
memory, computation, communication bandwidth, latency, or energy consumption. As a result,
graph learning is not only a question of predictive accuracy, but also a question of data access
and data movement: methods based on repeated neighborhood aggregation may require repeated
access to graph neighborhoods, movement of node features or embeddings across memory hier-
archies, or communication across devices, partitions, or storage systems. The learning objective
depends not only on node- or edge-level attributes, but also on relational structure: predicting
missing links, classifying entities, detecting functional roles, or inferring system behavior from
patterns of connectivity. This motivates representation learning methods that can encode both lo-
cal neighborhood information and broader graph topology in a form suitable for statistical learning
under practical resource constraints.

Graph Neural Networks (GNNs) have become a dominant paradigm for graph representation
learning due to their end-to-end differentiability and their ability to exploit message passing over
edges. However, the same message-passing mechanism that makes GNNs effective can also make
them costly in large, weakly attributed, or distributed graphs. First, many deployed graphs contain
weak, noisy, or even absent node features, forcing models to rely heavily on structure alone. Sec-

ond, message passing can struggle to capture long-range dependencies efficiently, especially when
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Figure 1.1: Big-picture view: anchor-based structural representations constructed from a graph and used
for downstream graph learning tasks.

relevant signals are distributed across distant parts of the graph. Third, scaling to graphs with mil-
lions of nodes/edges often requires aggressive sampling, partitioning, or simplified architectures,
which can weaken global structural awareness. These issues are amplified in scientific graphs (e.g.,
drug-drug interaction networks) where subtle global topology may correlate with function.

In parallel, classical approaches such as spectral methods, matrix factorization, graph embed-
dings, and coordinate-based representations provide principled ways to encode graph structure
beyond immediate adjacency. These methods show that graph topology can often be represented
through structural coordinates or latent spaces rather than through repeated local aggregation alone.
However, many existing global-structure methods either require expensive dense computations or
do not explicitly exploit the combination of sparse graph connectivity and approximately low-rank
distance-derived structure as the main mechanism for scalability. From a distance-vector perspec-
tive, prior work on link dimension and exact graph construction shows that distances to appropri-

ately chosen reference nodes can contain substantial structural information about a graph [1]. This



dissertation builds on that observation in a scalable learning setting: rather than constructing or
storing a full all-pairs distance matrix, it samples a limited set of anchor nodes and uses node-to-
anchor shortest-path distances as a tractable proxy for global topology. Figure 1.1 summarizes the
overall anchor-based structural representation framework used throughout this dissertation.

The resulting approach exploits two empirical properties that frequently arise in large practical
graphs. First, the adjacency structure is often sparse, which makes it feasible to compute distances
from a limited number of anchors using graph traversals rather than from every node to every
other node. Second, the resulting distance-derived structural signals often contain low-dimensional
or approximately low-rank regularities, allowing sampled node-to-anchor distance matrices to be
compressed through projection-based coordinates such as TC. In this way, the proposed framework
retains much of the global structural sensitivity of distance-based representations while avoiding
the memory and computation costs of dense all-pairs graph computations.

This dissertation is motivated by a central trade-off in graph learning: useful predictive in-
formation is often embedded in global graph topology, but directly using global structure can be
computationally expensive, while standard message-passing methods often rely on repeated lo-
cal aggregation. The goal of this work is to retain the structural sensitivity of distance-based
graph representations while improving scalability, parameter efficiency, and deployability through
anchor-based approximation and compact coordinate construction. This motivation has three re-
lated aspects, representation, computational, and systems perspectives.

First, from a representation perspective, graph learning methods should be able to capture
structural information beyond immediate adjacency. A central idea is to approximate global graph
geometry using a small set of anchors or landmark nodes and to construct compact representations
from node-to-anchor distance relationships. By sampling anchors and computing anchor-based
distance vectors, the model obtains a tractable proxy for global structure. Coordinate transforma-
tions such as VC, TC, and DVC, together with dimensionality reduction such as SVD or PCA,
further convert these signals into representations that are efficient to store and fast to consume in

downstream predictors.



Second, from a computational perspective, this work is motivated by the contrast between
adjacency-based message passing and distance-based structural representation. Standard GNNs
operate primarily on the adjacency structure of a graph, which is usually sparse and local: each
layer aggregates information from immediate neighbors, and multiple layers are needed to propa-
gate information over longer ranges. This design can increase computation time, memory usage,
parameter complexity, and energy consumption, especially on large graphs. From the perspec-
tive of Green Al, this creates a need for graph learning methods that do not evaluate success by
accuracy alone, but also by computational efficiency, model size, scalability, and deployability.
Distance-based graph representations provide a useful alternative view. Although the full graph
distance matrix is dense and expensive to store, it captures global relationships among nodes rather
than only local adjacency. More importantly, in many practical graph datasets, the distance ma-
trix exhibits low-rank structure, meaning that its dominant topological information can often be
approximated from a small subset of its columns. This observation motivates the anchor-based ap-
proach studied in this dissertation: by sampling anchor nodes and using node-to-anchor distances,
the method captures much of the useful global graph topology without constructing or learning
from the full all-pairs distance matrix. Coordinate transformations such as VC, TC, and DVC then
convert these sampled distance relationships into compact structural encodings that can be used by
conventional neural models with lower computational cost than deep message-passing pipelines.

Finally, from a systems perspective, real-world graph learning differs from many simplified
benchmark settings in how graph data are stored, accessed, and processed. In one common case,
the graph is maintained in a centralized database or graph store, such as a social network, recom-
mendation platform, biological interaction database, citation network, or knowledge graph. Even
in this setting, the graph may be extremely large, sparse in adjacency form, noisy, incomplete, and
continuously updated, making repeated multi-layer message passing expensive in memory, com-
putation, and latency. In a second case, the graph is inherently distributed: nodes and edges may
be spread across 10T devices, sensors, mobile systems, edge servers, or organizational data silos,

and no single machine may have efficient access to the entire graph. Standard message-passing



GNNs are not always well matched to these two cases because they often assume repeated access
to neighborhoods, centralized sampling or aggregation, and sufficient memory and communication
bandwidth to support multi-hop propagation. These assumptions become restrictive when graph
learning must be performed under limited power, storage, computation, data availability, or latency
constraints. This motivates the anchor-based structural approach studied in this dissertation: in-
stead of requiring repeated message passing over the full graph during prediction, graph topology
is summarized through sampled distance relationships and compact coordinate representations that
can be stored, compressed, transferred, and used by lightweight downstream models. This setting
also highlights a practical advantage of anchor-based coordinates. Once a relatively small an-
chor set is selected, node-to-anchor coordinates can be constructed as a preprocessing step through
anchor-rooted graph traversals, which are naturally parallelizable across anchors and can be imple-
mented in a partition-aware manner. Although exact distance computation in a distributed graph
may still require boundary communication across partitions, the resulting coordinates can be mate-
rialized, compressed, and reused by downstream models. Thus, communication and graph-access
costs are concentrated in the structural feature-construction stage rather than repeated during every
message-passing layer or prediction step. To evaluate such methods realistically, this dissertation
uses both public benchmark graphs that reflect practical large-scale graph learning scenarios and

synthetic graphs that allow controlled analysis of how structural properties affect performance.

Thesis Direction. This dissertation develops a resource-adaptable approach to graph learning
based on anchor-sampled structural encodings. The central direction is to capture useful global
topology through compact node-to-anchor distance and coordinate representations, rather than
relying solely on repeated message passing over the full graph. This approach is designed for
practical graph-learning settings in which graphs may be large, sparse, noisy, centrally stored in
databases, or distributed across devices and systems. The work evaluates how these anchor-based
representations support node classification and link prediction, how they can be scaled through

sampling, compression, chunked computation, and partition-aware processing, and how they can



be reused across related structural views under realistic constraints on computation, memory, la-

tency, and deployability.

1.2 Research Questions and Scope

This dissertation focuses on scalable methods for injecting global structural information into
learning systems for graphs. The central hypothesis is that anchor-based structural represen-
tations, especially when examined across multiple anchor-induced views and, in some datasets,
across multiple graph layers, can provide a practical and expressive alternative to dense all-pairs
structural encodings and can complement (or partially substitute) message-passing GNNs in attribute-

sparse or large-scale regimes.

1.2.1 Research Questions

The work is organized around the following research questions (RQs).

RQ1: Anchor-based structural approximation. How can global graph structure be approxi-
mated using a small set of anchors without incurring quadratic cost? This question covers anchor
selection strategies, scalable computation of anchor-to-node operators, and the effect of anchor

budget k on accuracy, memory, and runtime.

RQ2: Representation construction and compression. How should anchor-based signals be
transformed into compact embeddings that remain predictive? This includes dimensionality re-
duction, normalization choices, and how compression interacts with distance-based coordinate

constructions such as VC, TC, and DVC across graph families.

RQ3: Multiple structural views. How should multiple anchor-induced views, and where nat-
urally available multiple graph layers, be used in graph learning? This question studies when

different anchor sets on the same graph produce stable or complementary representations, when



simple reuse across views is possible, and how naturally layered datasets such as OGBN-Proteins

can be represented using multiple graph layers over a shared node set.

RQ4: Generalization and transfer across graphs. How stable are learned structural represen-
tations across datasets, graph regimes, and anchor-induced views? This includes “train on one,
evaluate on many” settings, sensitivity to anchor resampling, and whether models trained on one

structural view can be reused on other views of the same graph or on related graph instances.

RQS5: Scalability and practical deployment constraints. What are the computational trade-
offs of the proposed framework in realistic training pipelines? This covers chunked computa-
tion of structural features, memory behavior, partitioning/subgraph extraction, and end-to-end cost

comparisons against common baselines under fixed resource budgets.

1.2.2 Scope and Assumptions

To keep the study focused and reproducible, this dissertation adopts the following scope.

Primary tasks. The methods are evaluated on node classification and link prediction, with
an emphasis on settings where structural information is essential (e.g., limited or absent node

features).

Graph types. The primary focus is on large, sparse graphs commonly used in machine learning
benchmarks and scientific network analysis. Both real graphs (public benchmarks) and synthetic

graphs (controlled topology) are included to disentangle confounding factors.

Operators considered. The work primarily considers shortest-path-based node-to-anchor dis-
tances and coordinate transformations derived from them, including VC, SVD/PCA-based TC,
and DVC. Other graph similarities or kernels are discussed as background and possible future

directions, but they are not the main experimental focus of this dissertation.



Model class. The downstream predictors are neural models that consume structural embeddings
(and optionally node features). While message-passing GNNs are used as baselines or comple-
ments, the contributions emphasize structural feature construction, compression, and reuse across
views rather than proposing a new message-passing rule.

In summary, the scope is to develop and evaluate scalable, anchor-based structural representa-
tions, to study their behavior across multiple anchor-induced views and graph layers when relevant,
and to quantify when they provide accuracy and robustness benefits under realistic computational

constraints.

1.3 Contributions

This dissertation makes the following contributions toward scalable structural learning on

graphs:

1. Anchor-based structural representation framework. We formulate a practical framework
that approximates global graph structure by representing each node through its relationships
to a small set of anchors. Unlike message-passing GNNs, which use graph topology inside
repeated neighborhood-aggregation layers, the proposed framework decouples topology en-
coding from downstream prediction by first converting graph structure into reusable node-
level coordinates. These coordinates, including VC, TC, and DVC, can be used alone or
coupled with node attributes, allowing downstream node classification to be treated as con-
ventional feature-based learning over structural feature vectors. This provides a consistent
and scalable pipeline for generating node representations under tight memory and runtime

constraints.

2. Scalable computation and training pipeline for large graphs. We develop an end-to-
end implementation strategy that enables anchor-based structural features to be computed
and consumed at scale, including chunked feature generation, memory-aware data handling,
and integration with neural training loops for node classification and link prediction. This

pipeline is designed to operate on graphs where dense n X n operators are infeasible.



. Compressed structural embeddings via projection based methods. We investigate pro-
jection based compression (e.g., PCA-style low-dimensional embeddings) for anchor-based
structural vectors, and analyze how the compression level affects downstream performance.
This contribution clarifies the trade-off between embedding dimensionality and predictive
quality, and identifies regimes where compact projections retain most of the structural sig-

nal.

. Multiple structural views across anchor sets and graph layers. We characterize how
anchor-based representations behave across multiple views of the same graph, especially
under different anchor sets, and how naturally layered datasets such as OGBN-Proteins can

be represented through multiple graph layers defined over a shared node set.

. Alignment-based reuse across views. We examine train-on-one, evaluate-on-many settings
and show that, for different anchor-induced views of the same graph and for overlapping
subgraphs, lightweight orthogonal Procrustes alignment can make structural representations

more reusable without retraining the downstream predictor.

. Evaluation methodology across synthetic and real benchmarks. We provide a systematic
evaluation protocol spanning controlled synthetic graphs (to isolate topological effects) and
realistic public benchmarks (to test scalability and generalization). The experiments char-
acterize sensitivity to anchor sampling, view variation, and resource budgets, and establish
empirical guidance on when anchor-based structural representations improve over standard

baselines.

. Empirical insights and practical guidelines. From extensive experiments, we distill ac-
tionable findings on selecting anchor budgets, choosing representation dimensionality, and
configuring model complexity for stable performance. These guidelines are intended to help

practitioners deploy structural learning methods under real-world compute constraints.



The remainder of this dissertation elaborates these contributions, beginning with background and
related work, followed by the proposed methods, experimental validation, and discussion of limi-

tations and future directions.

1.4 Dissertation Organization

The remainder of this dissertation is organized as follows.

Chapter 2 presents the problem statement for the dissertation. It discusses the advantages and
limitations of message-passing graph neural networks, identifies the specific problem addressed
in this work, and formulates the core research challenge of preserving useful graph topology un-
der constraints on computation, memory, latency, and feature availability. It also introduces the
anchor-based structural representation setting, the multiple-view representation problem, and the
evaluation goals used to guide the dissertation.

Chapter 3 presents background and preliminaries. It introduces the notation used throughout
the dissertation, defines the graph-learning problem settings considered in this work, and reviews
distance-based and anchor-based representations. It also summarizes the evaluation protocols and
metrics used for node classification, link prediction, and related graph-learning tasks.

Chapter 4 reviews related work. It situates the dissertation within prior research on graph
neural networks and message passing, structural and positional encodings, distance- and landmark-
based methods, cross-view and cross-graph transfer learning, scalable graph learning, and synthetic
graph generation and benchmarking.

Chapter 5 develops anchor-based representations for graph learning. It formalizes the repre-
sentation framework, discusses anchor selection and sampling strategies, describes the representation-
construction pipeline and its computational complexity, and evaluates the resulting methods on
node classification tasks.

Chapter 6 studies link prediction using graph-coordinate representations. It defines the task

setup, split and negative-sampling protocols, and scalable training procedure. It then reports results
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on synthetic and real-world benchmarks and analyzes the conditions under which graph-coordinate
methods succeed or degrade.

Chapter 7 investigates transfer across anchor sets, subgraphs, and graph datasets. It stud-
ies train-on-one, evaluate-on-many and train-on-many, evaluate-on-one settings, analyzes sources
of variation across structural views, presents alignment-based reuse protocols, and distinguishes
strong same-graph or overlapping-subgraph transfer evidence from more exploratory cross-dataset
transfer results.

Chapter 8 discusses the broader lessons of the dissertation. It summarizes the main findings
across chapters, provides practical guidance on when to use the proposed methods, discusses lim-
itations and broader impacts, and outlines promising directions for future work.

Finally, Appendix A provides supporting material, including a justification for orthogonal Pro-

crustes alignment.
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Chapter 2

Problem Statement

2.1 Graph Neural Networks: Advantages and Limitations

Graph Neural Networks (GNNs) have become one of the dominant approaches for learning
from graph-structured data. Their main advantage is that they combine node or edge attributes
with relational information encoded by the graph topology. In message-passing GNNs, each node
updates its representation by aggregating information from neighboring nodes, allowing the model
to learn features that reflect both local connectivity and node-level attributes. Representative archi-
tectures include Graph Convolutional Networks (GCNs), which use localized graph convolution
for semi-supervised node classification [2]; GraphSAGE, which samples and aggregates neighbor-
hood features to support inductive representation learning [3]; Graph Attention Networks (GATs),
which learn attention weights over neighboring nodes [4]; and the general Message Passing Neural
Network (MPNN) framework, which formalizes a broad class of neighborhood aggregation mod-
els [5]. Surveys of the field show that GNNs have been applied successfully across social networks,
recommendation systems, molecules, biological networks, knowledge graphs, and other relational
domains [6,7].

Despite these advantages, standard message-passing GNNs also have limitations that are cen-
tral to this dissertation. First, message passing is inherently local: one layer aggregates information
from immediate neighbors, and multiple layers are required to incorporate information from dis-
tant nodes. Increasing the number of layers can enlarge the receptive field, but it also increases
computation, memory use, and training complexity. Second, deeper GNNs can suffer from over-
smoothing, where repeated propagation makes node representations increasingly similar and re-
duces their discriminative power [8]. Third, graph bottlenecks can lead to over-squashing, where
information from many distant nodes must be compressed into fixed-size node representations, lim-

iting the effectiveness of long-range dependency modeling [9]. Fourth, large-scale GNN training
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often faces neighborhood explosion and high memory requirements, motivating scalable variants
such as Cluster-GCN and GraphSAINT [10, 11]. These methods improve scalability, but they still
rely on repeated graph access, sampling, and message propagation.

These limitations become more restrictive in practical graph-learning settings. Real-world
graphs may be extremely large, noisy, incomplete, weakly attributed, or distributed across devices
and systems. In centralized graph databases, repeated multi-hop neighborhood aggregation may
be expensive in memory and latency. In distributed settings such as IoT, sensor networks, mobile
systems, and edge computing environments, communication cost, power consumption, and limited
local storage further constrain the use of deep message-passing pipelines. From the perspective of
Green Al, graph learning methods should therefore be evaluated not only by predictive accuracy,
but also by parameter count, computational cost, energy use, latency, and deployability [12]. This
motivates the search for graph learning methods that preserve useful structural information while

reducing dependence on deep message passing and dense all-pairs computation.

2.2 Problem Statement

This dissertation addresses one particular issue within the broader limitations of GNNs: how
to preserve useful global graph topology for downstream learning without relying solely on re-
peated message passing and without constructing dense all-pairs structural matrices. The focus is
not to replace all GNNs or to claim universal superiority over message-passing models. Instead,
the goal is to develop a resource-adaptable structural representation framework that can comple-
ment or partially substitute GNN pipelines when graph topology is informative but node features,
computation, memory, latency, or communication resources are limited.

This dissertation investigates how to construct and learn from structural representations of
large graphs when (i) global topology matters, (ii) node attributes may be missing, incomplete,
noisy, or unreliable, and (iii) computational budgets prohibit dense all-pairs computations.

Formally, let G = (V, E) be a graph with n = |V| nodes and m = |E| edges. The graph

may be equipped with a node-feature matrix X € R™ ¥, but such features are not assumed to be

13



available for all graphs. Similarly, labels Y are typically observed only for a subset of nodes or
edges, depending on the learning task. The goal is therefore to learn predictors for common graph

mining tasks such as:

* Node classification: predict labels y, for unlabeled nodes v € V' using the graph structure

G and any available node features X.

* Link prediction: predict whether a candidate pair (u, v) forms an edge, or predict its type

or weight, using the observed graph structure and any available node or edge information.

These tasks require embeddings or representations that preserve discriminative structural cues at
multiple scales, especially when attribute information is limited or unavailable.

The most direct way to represent graph structure is to use the adjacency matrix A € R™*",
where each row records the immediate one-hop neighbors of a node. However, adjacency-based
representations primarily encode local connectivity; capturing non-local relationships requires re-
peated propagation, higher-order transformations of A, or an alternative structural representation.
A straightforward way to encode global structure is to compute a full pairwise graph-distance ma-
trix D € R™ ", such as a shortest-path distance matrix, and use rows of D as node descriptors.
However, this approach is not viable for large graphs: storing D is O(n?) memory, and computing
it can be O(nm) or worse depending on the distance construction. Even when approximations
exist, they often trade away the very global information that motivates their use.

On the other hand, GNNs and message-passing architectures provide scalable local aggrega-
tion mechanisms but can exhibit several failure modes relevant to this work: limited long-range
propagation under fixed depth, over-smoothing and over-squashing in deep regimes, and sensitiv-
ity to weak or absent node attributes. In practice, these limitations motivate hybrid or alternative
approaches that can inject global structural information into learnable models without incurring
quadratic cost.

The core problem addressed in this dissertation is how to perform effective graph learning

when useful predictive information is embedded in the global topology of a large graph, but the
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available data and computational setting make standard approaches insufficient. Message-passing
GNN s provide a scalable way to aggregate local neighborhood information, but they may require
multiple propagation layers to capture long-range structure, increasing computation, memory use,
communication cost, and the risk of over-smoothing. In contrast, full distance-based or spectral
representations can encode global graph structure more directly, but dense all-pairs matrices re-
quire O(n?) storage and are infeasible for large practical graphs. This creates a central challenge:
how can graph learning preserve discriminative structural information across local and non-local
scales while remaining usable when node attributes are incomplete or unreliable and when com-
putation, memory, latency, energy, or communication resources are limited?

This challenge is especially important in practical graph settings where the graph may be stored
centrally in a large database or distributed across devices, sensors, edge systems, or organizational
data silos. In both cases, the learning method must operate under constraints that standard dense
structural methods and deep message-passing pipelines do not always satisfy. Therefore, the prob-

lem is characterized by three requirements:

1. Scalability: learning should avoid dense O(n?) storage and computation and remain practi-

cal for large graphs.

2. Attribute robustness: the method should remain useful when node features X are missing,

sparse, noisy, or weakly informative.

3. Multi-scale structural fidelity: the representation should preserve structural cues from both
local connectivity and non-local/global graph geometry that are relevant to downstream pre-

diction.

2.3 Anchor-Based Structural Representation Setting

The approach studied in this dissertation is based on anchor-based structural representation.
A central approximation is to select a set of & < n anchors A = {a1,...,ar} C V and define

a structural encoding for each node v through its relationship to the anchors. For a shortest-path
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distance function d(-, -), the basic anchor representation of node v is
ra(v) = [d(v,a),...,d(v,a;)] € R".

Stacking these vectors over all nodes yields a partial distance matrix D4 € R"**. The dissertation
then studies several coordinate constructions derived from this matrix, including direct virtual
coordinates (VC), SVD/PCA-based topology coordinates (TC), and directional virtual coordinates
(DVC) formed from anchor pairs.

This reduces the representation size from O(n) per node for dense all-pairs representations to at
most O(k) per node for anchor-based representations. Let C € {VC, TC,DVC} denote the coor-
dinate construction applied to the anchor-distance matrix D 4. The key questions are how to choose
the anchor set A, how many anchors to use, and which coordinate construction C to apply so that
the resulting embeddings preserve predictive structural signals while remaining computationally

feasible.

2.4 Multiple-View Structural Representation Problem

Different anchor sets can produce different views of the same underlying graph, and in some
datasets multiple graph layers over a common node set provide additional structural views. This

leads to a second problem studied in this dissertation:

Given multiple anchor-induced views of the same graph, and in some cases multiple
graph layers associated with the same node set, determine when the resulting struc-
tural representations remain stable, when they provide complementary information,

and how they can be used effectively for downstream prediction.

This includes questions of view-to-view stability, reuse across anchor sets, and lightweight align-

ment across related views, rather than the design of a general multi-channel fusion framework.
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2.5 Evaluation Problem

Finally, the dissertation addresses the methodological question of how to evaluate such sys-
tems reliably. Because graph topology, feature availability, and label structure vary widely across
datasets, evaluation must cover both (i) controlled synthetic graphs that isolate structural factors
and (ii) realistic benchmarks that stress scalability and generalization. The problem is therefore not
only to propose representations and models, but to demonstrate when and why they work across
graph families and task regimes. In addition to predictive performance, evaluation should consider
resource-relevant quantities such as model size, trainable parameter count, memory footprint, com-

putation time, and deployment feasibility.

2.6 Summary

In short, this dissertation develops and evaluates methods for approximating and learning from
global graph structure using anchor-based structural representations. The work is motivated by
the practical limitations of message-passing GNNs, the infeasibility of dense all-pairs structural
matrices, and the need for Green-Al-oriented graph learning systems that balance accuracy with
computation, memory, latency, energy, and deployability. The proposed direction enables effective
node and link prediction by using compact anchor-induced structural encodings, including multiple
anchor-induced views and, where appropriate, multiple graph layers, without incurring quadratic

computational cost.
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Chapter 3

Background and Preliminaries

This chapter introduces the notation, graph-learning problem settings, structural representa-
tions, and evaluation protocols used throughout the dissertation. It first defines the basic graph,
feature, label, distance, anchor, and representation notation. It then reviews the main learning
tasks considered in this work, including node classification and link prediction, and summarizes
the evaluation metrics and experimental protocols used in later chapters. Unless stated otherwise,

all graphs are assumed to be finite.

3.1 Notation and Definitions

3.1.1 Sets, Indices, and Basic Conventions

We use calligraphic letters (e.g., V, £) to denote sets, bold lowercase letters (e.g., X) to denote
vectors, and bold uppercase letters (e.g., A) to denote matrices. For an integer n, we write [n] =
{1,2,...,n}. For aset S, |S| denotes its cardinality.

Given a matrix M € R™™, M. denotes its i-th row and M.; denotes its j-th column. The

identity matrix of size n is I,,. For vectors, || - || denotes the Euclidean norm.

3.1.2 Graphs
A (simple) graph is denoted by
Gg=MW¢), 3.1

where V is the node set with |V| = N, and € C V x V is the edge set. We use u, v € V to index
nodes and (u, v) € £ to denote an edge. When G is undirected, (u,v) € £ implies (v,u) € £, and

we sometimes write {u, v}.
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The (binary) adjacency matrix is A € {0, 1}¥*¥, where A,, = 1iff (u,v) € £. The neigh-
borhood of node  is

Nw)={veV:(uv) e} (3.2)

and the degree is d,, := |N'(u)|. The diagonal degree matrix is D € RY*N with D, = d,.

3.1.3 Node Features, Labels, and Splits

If node attributes are available, we denote the node feature matrix by X & RN*F | where
x, = X,. € R is the feature vector of node u. For node classification with C' classes, we denote
labels by y € [C]" or equivalently one-hot vectors Y € {0, 1}V*C,
We use disjoint index sets Viain, Vval, Viest & V for train/validation/test node splits (node clas-

sification), and Eyain, Evar, st © € for edge splits (link prediction). When negative edges are

required, we denote a sampled set of non-edges by £~ C (V x V) \ £.

3.1.4 Distances, Anchors, and Distance Matrices
A recurring object in this dissertation is a node-to-node or node-to-anchor distance. Let d :
Y x V — Ry be a distance or dissimilarity measure on nodes. Common examples include
shortest-path distance, diffusion-based distances, or distances induced by kernels/embeddings.
Given an anchor set A C )V with | A| = M, we define the node-to-anchor distance matrix

DW ¢ RV*M DY = d(u,a), a€ A (3.3)

u,a

When A = V, we write D € RV*¥ for the full pairwise distance matrix. In some settings, we
consider multiple structurally related distance constructions indexed by k € [K], for example when
comparing multiple anchor-induced views of the same graph or multiple graph layers defined on a
common node set:

(DMK D® ¢ RVXM:, (3.4)

To reduce notational clutter, we omit (.4) or (k) when the context is clear.

19



3.1.5 Dimensionality Reduction and Representations

We denote a node representation (embedding) matrix by Z € RV*4 where z, € R? is the
representation of node u. When representations are derived from a preprocessing step such as
PCA, we use

Z®) = PCAM®Y: q), (3.5)

where M(*) may be a distance-derived matrix, a kernel matrix, or another graph-derived signal in
general; in the methods developed in this dissertation, M(¥) is primarily a node-to-anchor distance
matrix or a coordinate representation derived from it. We use d for the retained dimension (not to

be confused with the distance function d(-, -); the meaning is disambiguated by context).

3.1.6 Predictive Models and Loss Functions

A parametric predictor is denoted by fy(+) with parameters 6. For node classification, the model

outputs logits H € RV*¢ and class probabilities
po(y = ¢ | u) = softmax(H,.).. (3.6)
We use the cross-entropy loss over training nodes,

Lep(0) =~ > logpo(y = vu | w). (3.7)

uev{rain

For link prediction, a scoring function assigns a real-valued score to a candidate edge:

se(u,v) € R. (3.8)
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Scores may be converted to probabilities via a sigmoid, and trained using a binary cross-entropy

objective over positive edges and sampled negatives:

Lpce(0) = — Z logo(sg(u,v)) — Z log (1 — O(Sg(u,v))). (3.9)

(uuv)egtruin ('U,,U)€6‘7

3.1.7 Evaluation Metrics

For node classification, we primarily report accuracy and/or macro/micro F1 scores on V,, and
Viest- For link prediction, common metrics include ROC-AUC and average precision (AP), as well

as ranking-based metrics such as Hits@ /' depending on the experimental protocol.

3.1.8 Subgraphs, Partitions, and Connected Components

P

When working with large graphs, we may partition V' into P parts {V, },_,, inducing subgraphs

Gy = Vp. &), E ={(u,v) €€ u,v eV} (3.10)

For a subgraph G’ = (V', £’), we denote its connected components by {C;}; and write LCC(G’)

for its largest connected component.

The above notation is intended to be modular: later chapters primarily instantiate these definitions
using node-to-anchor graph distances, coordinate transformations derived from those distances,

anchor selection strategies, and learning architectures.

3.2 Problem Settings in Graph Learning

This section formalizes the main learning problems considered in this dissertation and clarifies
the differences between commonly used experimental protocols. We focus on transductive learn-
ing on a single observed graph, which covers most benchmark settings in graph representation

learning, while also noting the inductive variants when relevant.
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These problem settings are standard in graph representation learning rather than being spe-
cific to this dissertation. Surveys and benchmark suites commonly organize graph learning around
node-level prediction, link prediction, and graph-level prediction, and the Open Graph Benchmark
(OGB) provides large-scale datasets and protocols for node-property, link-property, and graph-
property prediction across multiple application domains [7, 13]. Link prediction is especially im-
portant because it formalizes the inference of missing or future relations in network-structured
data [14]. The anchor-based representations used in this dissertation are also motivated by a
separate body of work on virtual and topology coordinates in sensor and loT networks, where
hop-distance coordinates relative to anchors have supported localization-free routing, topology-
preserving map construction, boundary detection, and node-level network awareness [15-19]. This
prior use of anchor-coordinate systems in distributed and resource-constrained networks makes
them a natural candidate for graph-learning settings in which topology is informative but full graph

access, node features, or message-passing computation may be limited.
3.2.1 Data Modalities: Attributed vs. Non-Attributed Graphs
We distinguish between two common input regimes:
* Attributed graphs: nodes have features X € R™V*¥ available at training and test time.

* Structure-only graphs: node features are missing or uninformative, i.e., X is absent or
replaced by a constant/identity encoding. In this regime, useful signals must be extracted

primarily from G (e.g., distances, positional encodings, or learned structural embeddings).

The methods studied in this dissertation operate in both regimes by treating graph-derived distance-
to-anchor vectors and their coordinate transformations as alternative feature matrices.

Figure 3.1 illustrates the node classification and link prediction settings considered in this work.
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[ Node classification ] [ Link prediction ]

Given G = (V, E) and labels Given observed edges Fops,
1y, for some nodes, predict if an edge (u,v) exists
predict y, for unlabeled or not.

nodes.

Split: Etraina Evah Etest-

Split: Vigain, Vaals Viest- Negatives: sampled non-
Metrics: Acc / AUC edges.
Metrics: AUC / Acc /
Hits@K

Figure 3.1: Problem settings: node classification and link prediction.

3.2.2 Node Classification

In node classification, each node u € V is associated with a label y, € [C] (for C classes).

Given G and optional features X, the goal is to learn a predictor

fo: V= [C] 3.11)

from labeled nodes in Vi,,, and evaluate on V,, and V.. In practice, fy is implemented as a
differentiable model producing logits H,. € R® and trained by minimizing Lcg (Section 3.1).
In our experiments, the full graph G is observed during training, including test nodes and their

connectivity, but labels are only revealed for V.

3.2.3 Link Prediction

Link prediction aims to infer missing or future edges. Given G and a training edge set & i, We
learn a scoring function

s VXV =R (3.12)

that assigns higher scores to true edges than to non-edges. Evaluation is performed on held-out
positives (u,v) € Eyy and (u, v) € Eey along with sampled negatives £~. Depending on protocol,

metrics include ROC-AUC, AP, and Hits@ K.
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Edge splitting protocols and leakage considerations. When splitting edges into train/ valida-
tion/test sets, one must specify whether the training graph used for message passing includes only
Erain OT also includes additional edges (e.g., to maintain connectivity). In this dissertation, unless
explicitly stated, we assume the training graph uses only &, to avoid information leakage from

validation/test edges into learned representations.

3.2.4 Graph-Level Prediction

In graph classification/regression, each graph G, is associated with a label y; (or target ¢; € R).

The input is a dataset of graphs {G;}_, with optional node/edge features. The goal is to learn

ge : {graphs} — Y (3.13)

where ) is a discrete label space (classification) or R (regression). This problem is typically
inductive because test graphs are disjoint from training graphs. While not the primary focus of
this dissertation, many components, especially positional encodings and anchor-based structural
summaries, carry over directly.

Graph-level prediction appears in many application domains where the object of interest is an
entire relational structure rather than a single node or edge. Examples include molecular property
prediction, where atoms and bonds define a molecular graph; protein or biological-network classifi-
cation, where the label describes a whole biological structure or interaction network; and program,
social, or communication-network analysis, where the graph label may describe function, category,
or system behavior [13,20,21]. Although this dissertation focuses primarily on node classification
and link prediction, graph-level prediction is relevant because anchor-based structural summaries
can be pooled or aggregated over nodes to form graph-level descriptors. For example, statistics
of node-to-anchor distances, low-dimensional topology coordinates, or distributions of structural

coordinates could be used as compact graph-level features.
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3.2.5 Self-Supervised and Pretext Objectives

When labels are scarce or absent, representation learning can be framed using self-supervised

objectives defined on . Common choices include:

* Contrastive objectives: align representations under graph augmentations while repelling

mismatched pairs.
* Reconstruction objectives: predict masked node attributes, edges, or structural signals.

* Distillation/consistency objectives: enforce agreement between multiple views derived

from the same graph, such as different anchor sets or related graph layers.

In later chapters, these ideas motivate comparing and reusing graph-derived structural views, espe-
cially across different anchor sets on the same graph and, in some datasets, across multiple graph

layers associated with the same node set.

3.2.6 Scalability and Computational Constraints

Large-scale graph learning often requires approximations due to memory and runtime limits.

We highlight two recurring constraints:

* Neighborhood explosion: message passing over L layers can expand receptive fields expo-

nentially, stressing memory and computation.

* Global signals: distances, kernels, and spectral objects can be dense (/N x N), motivat-
ing anchor-based approximations D € R¥*M with M < N, sampling strategies, and

partitioned computation.

The use of anchor-derived coordinates is not limited to graph machine learning. In wireless
sensor and IoT-style networks, virtual-coordinate systems based on hop distances to anchors have
been used for localization-free routing, topology-preserving map construction, boundary detection,
and node-level network awareness [15-19,22,23]. These applications provide practical evidence

that compact anchor-based coordinates can support distributed decision-making when physical

25



locations, full global topology, or repeated network-wide computation are unavailable. This makes
them a natural representation candidate for scalable graph-learning pipelines that seek to separate
structural feature construction from downstream prediction.

These constraints directly motivate the anchor-based distance matrices, multiple-view struc-

tural representations, and partition-aware pipelines used throughout the dissertation.

3.2.7 Message-Passing GNNs and Embedding-Based Neural Networks

A useful distinction in this dissertation is between message-passing graph neural networks
and graph-embedding-based neural networks. In a message-passing GNN, node representations
are updated through repeated aggregation over graph neighborhoods, so the graph structure is
used directly inside the neural architecture. In contrast, a graph-embedding-based neural network
first constructs a graph-derived representation, such as a distance-to-anchor vector or a coordinate
embedding, and then uses that representation as input to a conventional neural model such as a
linear classifier or MLP.

The methods developed in this dissertation follow the second pattern. Graph topology is en-
coded before or outside the downstream predictor through virtual coordinates (VC), topology co-
ordinates (TC), or directional virtual coordinates (DVC). The resulting models, such as VCNN,
TCNN, and DVCNN, therefore differ from standard message-passing GNNs: they use graph struc-
ture to construct features, but they do not perform iterative neighborhood aggregation during the

downstream neural prediction step.

3.2.8 Summary

Across these problem settings, the common theme is to learn predictors that exploit graph
topology and (optional) attributes while remaining robust to data sparsity and scalable to large
graphs. The notation in Section 3.1 enables a unified view: whether the input is X, a distance-to-
anchor matrix D™, or a coordinate representation derived from such a matrix, the downstream
tasks reduce to learning fy (node-level) or sy (pairwise) under clearly defined train/validation/test

protocols.
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3.3 Distance-Based and Anchor-Based Representations

Many graph learning pipelines rely on message passing to propagate information locally along
edges. In contrast, distance-based and anchor-based representations provide a complementary
view: each node is described by its relationship to other nodes (globally or semi-globally) via
distances, similarities, or kernels. This section introduces these representations and motivates their

use as scalable, topology-aware features.

3.3.1 Full Pairwise Distance Representations

Letd : V xV — Rs( be a graph-derived distance or dissimilarity (Section 3.1). The most

direct distance-based representation of node u is the vector of distances to all nodes:
r, = (d(u,v)),., € RY, (3.14)

or equivalently the u-th row of the full distance matrix D € RY*Y with D, = d(u,v). This
representation is maximally informative with respect to the chosen distance, but it is typically
impractical for large graphs due to O(N?) storage and computation.

Distances can be instantiated in multiple ways depending on the structural signal one wants to

emphasize:
* Shortest-path distance: d,,(u, v) captures discrete hop-based proximity.

* Diffusion-based distances: based on random walks or heat diffusion, capturing multi-scale

connectivity beyond shortest paths.

* Kernel-induced distances: e.g., from a similarity/kernel matrix K using standard transfor-

mations (when applicable).

Later chapters primarily instantiate d(-, -) as shortest-path distance and then construct VC, TC, and

DVC representations from the resulting node-to-anchor distance matrices.

27



3.3.2 Anchor-Based Approximations

To reduce complexity, anchor-based representations select a subset of nodes A C V with

|A| = M < N and represent each node by its distances to anchors:
rY = (d(u,a)), , €eRM, ~ DWeRVM (3.15)

This reduces storage from O(N?) to O(N M) and often enables efficient mini-batch computation

by focusing on a small set of landmark relationships.

Interpretation. Anchors provide a coordinate system over the graph: each node is located by its
graph-distance proximity to a set of reference nodes. When anchors are well-chosen, r&A) preserves
coarse global position and community structure while remaining computationally manageable. It
is well known that the distance matrix of a practical graph is low rank, whereas the adjacency
matrix, which is the basis of message passing in a GNN is high rank [1,24]. Therefore, a fraction
of columns of D can capture the entire topology information [16]. Also note that notions such as
metric dimension and link dimension of a graph and the corresponding anchor sets, the resolution

set and the resolving set respectively, that allow the characterization of nodes and edges uniquely,

and thus able to capture aspects of graph topology, are directly related to VCs.

3.3.3 Anchor Selection Strategies

Anchor selection affects both representation quality and computational properties. Common

strategies include:

* Uniform random sampling: simple and scalable; often surprisingly effective on large

graphs.

* Degree-based sampling: prefer high-degree nodes to improve reachability and reduce dis-

connectedness effects.
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* Coverage-based sampling: select anchors to cover the graph (e.g., via farthest-point sam-

pling or clustering), improving geometric diversity.

* Partition-aware anchors: select anchors within partitions and/or include shared boundary

anchors to stabilize representations under graph partitioning.

* Algorithmic or topology-aware anchor search: use graph-specific procedures to iden-
tify structurally informative anchors rather than selecting them only by random, degree, or
simple coverage rules. For example, Extreme Node Search (ENS) uses Directional Virtual
Coordinate (DVC) information to identify anchor candidates in a distributed manner and was
shown to improve anchor placement for virtual-coordinate routing and topology-preserving

maps in wireless sensor networks [25].

In this dissertation, anchors are primarily used as a scalable surrogate for global signals; thus,
simplicity and reproducibility of the selection procedure are emphasized unless a task demands

stronger coverage guarantees.

3.3.4 From Distances to Features

The raw distance-to-anchor matrix D™ can be used directly as features, but it is also common

to apply transformations:

* Normalization: column-wise standardization or scaling to reduce sensitivity to graph diam-

eter and anchor placement.

* Nonlinear transforms: e.g., d — exp(—d/7) to convert distances to similarities with a

temperature 7 > 0.
* Centering: subtract per-node or per-anchor means to remove global offsets.

We denote a generic feature construction by

Xais = (D) € RV, (3.16)
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where v(-) is a (possibly learned) transformation.

3.3.5 Multiple Structural Views from Anchors and Graph Layers

In some settings, more than one structural view is available. In this dissertation, these multiple
views arise primarily from different anchor sets on the same graph and, for datasets such as OGBN-
Proteins, from multiple graph layers defined over a common node set. We denote the resulting

family of matrices by {D*) HE | (Section 3.1). Each view yields a representation

rl®) e RM:k (3.17)

and downstream analyses may compare them, concatenate them, or evaluate their stability across
views. This viewpoint is useful when different anchor choices or graph layers expose complemen-

tary aspects of the same underlying topology.

3.3.6 Practical Considerations: Complexity and Robustness

Computation. For shortest-path-based anchors, computing D) can be done via M single-
source shortest path computations (e.g., BFS on unweighted graphs), often feasible when M is
small. For diffusion-based distances, which are discussed here as background rather than used as
the main experimental construction, approximate methods (truncated walks, sparse linear solves,

or low-rank approximations) are commonly used.

Disconnected graphs. If G has multiple components, distances between nodes in different com-
ponents may be infinite. Practical implementations typically handle this by working on the largest
connected component, adding a large constant for unreachable pairs, or defining a diffusion dis-
tance that remains finite. In our work, we mainly work on the largest connected component, and

for the few nodes outside the largest connected component, we assign O for their graph coordinates.

Stability. Anchor-based representations trade information for efficiency. Empirically, increasing

M improves fidelity but also increases compute and memory. Later chapters examine this trade-
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off and propose strategies such as sampling, partitioning, and alignment across views to improve

stability at fixed budgets.

3.3.7 Summary

Distance-based representations encode global graph structure directly but are often quadratic
in N. Anchor-based representations replace all-pairs distances by node-to-anchor distances, pro-
viding a scalable coordinate system over the graph. This abstraction underpins the anchor-distance
matrices, multiple-view structural representations, and alignment-based analyses used throughout

the dissertation.

3.4 [Evaluation Protocols and Metrics

Reliable empirical conclusions in graph learning depend critically on (i) how data are split into
training/validation/test sets, (ii) what information is available to the model at training time, and (iii)
which metrics are reported. This section summarizes the evaluation protocols used throughout the
dissertation and the metrics used for node classification and link prediction. Several experiments in
later chapters use standard benchmark splits and metrics from the Open Graph Benchmark (OGB),

with dataset-specific details deferred to the corresponding experimental sections.
3.4.1 General Principles and Reproducibility
We adopt the following general practices unless explicitly stated otherwise:

* Fixed splits when provided: if a dataset defines standard splits, we use them to ensure

comparability with prior work.

 Validation-based model selection: hyperparameters and early stopping are selected using

Vyal (node tasks) or &, (edge tasks), and final results are reported on the held-out test set.

* Multiple runs: Unless otherwise stated, stochastic experiments (random initialization, sam-

pling, anchor selection) are reported as mean =+ standard deviation over multiple runs; some
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failure-case or diagnostic experiments are reported as single runs when repetition is not in-

formative.

* No test leakage: all preprocessing that could incorporate supervision (e.g., label-dependent

normalization) is restricted to training data.

3.4.2 Transductive Protocols and Information Access

Many benchmark graph learning settings are transductive: the full node set V' is known in
advance, and the full adjacency structure may be observed, but supervision is only available on

training indices.

Node classification. In transductive node classification, the graph G is observed during training.
The model may use adjacency information involving test nodes, but must not access their labels.

Formally, training minimizes Lcg over v € Vi, While representations may depend on all of G.

Link prediction. In link prediction, the protocol must specify the training graph used to com-
pute representations. Unless stated otherwise, we use a conservative protocol: representations are
computed using only E.in, and edges in £, and g are treated as unobserved during training.

This avoids leakage where validation/test edges could implicitly inform node embeddings.

3.4.3 Splitting Strategies

Different tasks induce different split objects.

Node splits. For node classification, we use disjoint node subsets Viin, Vval, Viest-  1f multiple
split realizations are used, we report averaged results to reduce sensitivity to a particular partition

of labels.

Edge splits and negative sampling. For link prediction, we use disjoint edge subsets Eain, Evals Etest-

Evaluation requires negative examples (non-edges) drawn from (¥ x V) \ €. We denote by &
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and &£

st the negative sets used during evaluation; these may be resampled per run or fixed by the

dataset protocol.

3.4.4 Node Classification Metrics

Let 7, be the predicted class for node .

Accuracy.
1

|Vtest ’

Acc = g = ya]. (3.18)

UE Veest

F1 scores. When class imbalance is present, we additionally report macro-F1 and/or micro-F1.

Let F1. denote the F1 score for class c; then

C
1
Flpero = — Y Fl,, 3.19
C; (3.19)

while micro-F1 aggregates counts across classes (equivalently, global precision/recall before com-

puting F1).

3.4.5 Link Prediction Metrics

Let s¢(u, v) be the score assigned to candidate edge (u, v).

ROC-AUC. ROC-AUC measures the probability that a randomly chosen positive edge is scored
higher than a randomly chosen negative edge. It is threshold-free and commonly used when nega-

tive sampling is balanced.

Average precision (AP). AP summarizes the precision-recall curve and is often more infor-
mative than ROC-AUC under class imbalance, which is typical in link prediction (many more

non-edges than edges).
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Hits@ K and ranking metrics. In ranking-based protocols, each positive query edge is eval-
uated against a set of candidate negatives; Hits@ K is the fraction of cases where the positive
appears in the top-K by score. Variants include MRR (mean reciprocal rank). These metrics de-
pend strongly on the candidate set definition and are therefore reported together with the negative

sampling protocol.

3.4.6 Early Stopping and Model Selection

For node classification, early stopping is typically based on validation accuracy or validation
loss; for link prediction, on validation ROC-AUC/AP (or Hits@ K). We select hyperparameters
based only on validation performance, and the test set is used exactly once for reporting the final

selected model.

3.4.7 Reporting Format

Unless stated otherwise, we report:

* mean =+ standard deviation over multiple runs,
* the best validation checkpoint per run (early-stopped),

* the corresponding test performance for that checkpoint.

When computational budgets are constrained (e.g., large graphs, many anchors, or multiple views
Nlayers), we additionally report runtime- or memory-relevant quantities (e.g., number of anchors

M and, when applicable, the number of views or graph layers K) to make trade-offs explicit.

3.4.8 Summary

Evaluation in graph learning is sensitive to split construction, information access, and the def-
inition of negative examples. Throughout this dissertation, we use standard splits when available,
avoid validation/test leakage in representation construction, and report task-appropriate metrics
(accuracy/F1 for node classification; ROC-AUC/AP/Hits @ K for link prediction) with transparent

protocols.
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Chapter 4
Related Work

This chapter reviews prior work related to scalable and structural graph learning. It situates
the dissertation within research on message-passing GNNs, structural and positional encodings,
distance- and landmark-based representations, transfer across graph views and domains, scalable
graph learning, and synthetic graph benchmarking. The goal is to clarify how the proposed anchor-

based framework differs from, complements, and extends existing approaches.

4.1 Graph Neural Networks and Message Passing

Recent work has continued to refine the message passing view of graph neural networks rather
than abandoning it. The position paper by [26] argues that many methods described as going
“beyond message passing” can still be interpreted as pairwise message passing carried out on a
modified graph or with augmented structure. This perspective is useful because it frames message
passing not as a narrow architectural choice, but as a general computational primitive whose lim-
itations often motivate changes in graph construction, aggregation, or update mechanisms rather
than a complete departure from the paradigm.

A recent example of strengthening message passing directly is given by [27]. They propose
Scalable Message Passing Neural Networks (SMPNNs), which replace the attention operator in
a Transformer-style block with standard convolutional message passing while retaining pre-layer
normalization and deep residual design. Their results suggest that carefully engineered message
passing architectures can remain competitive with, and in some settings outperform, graph trans-
formers on large transductive learning problems, while avoiding the computational and memory
costs of full attention.

Scalability has also motivated new formulations of mini-batch message passing. The work
by [28] introduces Topological Compensation (TOP), an approach for large-graph transductive

learning based on the notion of message invariance. Their method reformulates the contribution
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of out-of-batch neighbors so that whole-graph message passing can be approximated through effi-
cient in-batch computations, thereby addressing a core bottleneck of sampled mini-batch training
while preserving the effect of the original propagation process more faithfully than naive subgraph
restriction.

Another recent direction revisits the assumption that every node should use the same message
passing depth. [29] propose ADMP-GNN, a framework that dynamically adjusts the number of
message passing layers on a per-node basis. Their empirical analysis shows that the optimal prop-
agation depth can vary across nodes with different structural characteristics, and their adaptive
mechanism is designed to exploit this heterogeneity. This line of work is especially relevant for
graphs where shallow propagation may underreach some regions while deeper propagation may
oversmooth others.

In parallel with these architectural developments, [30] provide a recent survey focused specif-
ically on the generalization theory of graph neural networks. Their review emphasizes that, al-
though message-passing neural networks have been studied extensively from the perspective of
expressivity, less attention has been given to when and why they generalize beyond the training
graph distribution. By organizing recent theoretical work on stability, transferability, and sta-
tistical generalization, this survey helps place modern message passing models within a broader
theoretical landscape and highlights open questions that remain relevant for both practical and
methodological research.

[6] provide a broad overview of graph neural networks and help situate message passing within
the larger graph learning literature. Their survey organizes GNN models into recurrent graph neu-
ral networks, convolutional graph neural networks, graph autoencoders, and spatial-temporal graph
neural networks, and also reviews benchmark datasets, open-source implementations, and applica-
tion domains. This paper is useful in the related work chapter because it frames message passing
not as an isolated technique, but as part of a broader family of graph-based neural architectures

that address different forms of relational data and downstream tasks.
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The work by [31] extends the role of message passing beyond node-level representation learn-
ing by integrating it with graph pooling. They revisit spectral clustering as a way to group strongly
connected nodes, but instead of relying on graph-specific Laplacian eigendecomposition for ev-
ery input graph, they formulate a differentiable relaxation of the normalized minCUT objective
and train a GNN to learn cluster assignments directly. This produces a pooling operator that is
both end-to-end trainable and applicable to out-of-sample graphs, showing how message passing
can be combined with hierarchical coarsening mechanisms to improve graph-level representation
learning.

An example of message passing in scientific applications is given by [32]. They model poly-
crystalline microstructures as graphs in which grains are nodes and neighboring grain interactions
are explicitly represented through graph connectivity. Their GNN combines grain-level physi-
cal features with neighborhood interactions to predict material properties, and they report that
the learned model is both accurate and interpretable, including feature-importance analysis at the
grain level. This paper is useful in the present section because it illustrates how message passing
naturally captures local physical interactions that conventional feature-only models may ignore.

The limitations of message passing have been studied from several complementary perspec-
tives, including WL-bounded expressivity, heterophily, neighborhood explosion, scalable sam-
pling, and decoupled propagation [10, 11,33-38]. These results motivate representations that ex-

pose structural positions or long-range topology without relying solely on deeper local aggregation.

4.2 Structural and Positional Encodings

A central motivation for structural and positional encodings is that standard message-passing
graph neural networks are permutation invariant and therefore do not provide nodes with a canon-
ical notion of position in the graph. The graph transformer paper [39] argues that this missing po-
sitional information is one of the main reasons why vanilla Transformers underperform on graphs,
and it proposes Graphormer as a Transformer architecture equipped with explicit structural encod-

ings. In particular, the model incorporates graph-aware biases so that shortest-path structure, edge
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information, and node centrality are injected directly into attention, showing that careful structural
encoding can make Transformer-style models competitive on graph representation tasks.

The paper [40] develops the LSPE framework, which explicitly separates structural features
from positional features and lets the model learn both representations jointly. Their motivation
is that arbitrary graphs do not provide a natural positional system analogous to word order in
sequences, so purely structural message passing can fail to distinguish symmetric or structurally
similar nodes. By decoupling these two channels and allowing positional encodings to be learned
rather than only injected as fixed features, LSPE provides a flexible framework that can be applied
to both sparse message-passing GNNs and Transformer-like graph models.

A broader organizing view is provided by [41], which introduces GraphGPS and gives a unified
recipe for graph transformers. This work is especially useful for a related-work chapter because
it distinguishes positional and structural encodings into local, global, and relative categories, and
argues that a strong graph transformer can be built from three ingredients: a positional or structural
encoding, a local message-passing mechanism, and a global attention mechanism. Rather than
treating encodings as a small implementation detail, this paper places them at the center of graph-
transformer design and shows that the choice of encoding strongly affects both expressivity and
scalability.

Recent work has also highlighted that not all positional encodings are equally stable. The pa-
per [42] studies Laplacian-eigenvector-based positional encodings and points out two fundamental
issues: non-uniqueness, since a graph can admit multiple equivalent eigendecompositions, and in-
stability, since small perturbations to the graph can induce large changes in the eigenspace. To
address this, the authors propose Stable and Expressive Positional Encodings (SPE), which use
eigenvalues to softly partition eigenspaces and provide a basis-invariant and provably stable en-
coding mechanism. This is highly relevant when discussing structural and positional encodings
because it shows that the usefulness of a positional encoding depends not only on expressivity but

also on robustness across graphs.
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The paper [43] focuses on making positional encodings both expressive and computationally
efficient. The authors argue that graph positional encodings should ideally satisfy four properties-
stability, expressive power, scalability, and genericness-and they observe that many eigenvector-
based methods do not satisfy all four at once. They introduce PEARL, a learnable positional encod-
ing framework in which message-passing GNNs are used as nonlinear mappings of eigenvectors,
yielding encodings with linear complexity while maintaining strong expressive power. This paper
is a useful recent addition because it shifts the discussion from whether positional encodings help
to how they can be designed so that they remain practical on larger graphs.

Another extension of the Laplacian-based view is given by [44], which generalizes classical
Laplacian positional encoding beyond the standard Euclidean formulation. Instead of restricting
the construction to the usual quadratic objective underlying Laplacian eigenmaps, the paper defines
a family of generalized positional encodings based on broader dissimilarity functions, including p-
norm variants. This line of work is useful in the present section because it shows that structural and
positional encodings are not limited to one fixed spectral recipe; rather, they form a broader design
space in which different notions of graph geometry can be encoded to enhance the expressive
power of message-passing models.

Structural and positional encodings have become a common mechanism for injecting graph
position, relative distance, centrality, or stable spectral information into GNNs and graph trans-
formers [39,44—48]. This line of work is closely related to the present dissertation because it treats
graph structure as an explicit representation signal rather than only as an implicit message-passing

substrate.

4.3 Distance- and Landmark-Based Methods

Distance- and landmark-based methods provide an alternative to purely local neighborhood
aggregation by representing each node through its relationship to a selected set of reference nodes.
A recent example is [49], which proposes GraphReach, a position-aware inductive GNN that cap-

tures global node position through reachability estimates to anchor nodes. The paper is motivated
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by the observation that conventional GNNs often map two far-apart nodes to similar embeddings
when their local neighborhoods look alike, and it addresses this by explicitly incorporating anchor-
based positional information into the representation. This makes it a strong citation for the idea
that landmark-style information can complement or correct the locality bias of standard message
passing.

Distance- and landmark-based methods are especially relevant here because they encode node
position through distances to anchors, distance features, structural-role similarity, or virtual coor-
dinate systems rather than through adjacency aggregation alone [1, 16,50-54].

Before their use as graph-learning features, virtual-coordinate and topology-coordinate ideas
were developed for localization-free operations in wireless and sensor networks. In a virtual co-
ordinate system (VCS), a node is represented by its hop-count distances to selected anchors, pro-
viding a logical coordinate system that can support routing and topology-aware operations with-
out requiring physical node locations [22,23]. Dhanapala and Jayasumana developed topology-
preserving maps from virtual coordinates using dimension-reduction ideas, which can be viewed
as an important predecessor of the topology-coordinate (TC) representation used in this disserta-
tion [15,54,55]. They also introduced Directional Virtual Coordinates (DVC) to restore direc-
tionality information that is lost in raw VC vectors and to support deterministic routing in the
virtual-coordinate domain [16]. This coordinate-based line of work was applied to anchor selec-
tion through Extreme Node Search (ENS), geo-logical and convex-subspace routing, boundary
detection in 2-D and 3-D sensor networks, and node-level topology awareness in which nodes
gradually infer network structure from observed communication behavior [17-19,25,56]. Subse-
quent work extended these ideas to partial virtual-coordinate and graph-geodesic recovery, as well
as to theoretical questions concerning when landmark distance vectors uniquely determine graph
structure, including the link dimension of a graph [1,57]. These works position VC, TC, and DVC
not merely as ad hoc feature vectors, but as a broader family of landmark-based graph-coordinate
systems developed for routing, mapping, recovery, and structural inference; this dissertation adapts

that family to scalable graph representation learning and downstream prediction.
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Building on this earlier coordinate-system literature, our previous work [58] proposed Topol-
ogy Coordinate Neural Networks (TCNN) and Directional Virtual Coordinate Neural Networks
(DVCNN) as coordinate-based alternatives to standard message-passing graph neural networks. In
that work, nodes are represented through graph-coordinate systems derived from topology rather
than through repeated neighborhood aggregation, and the resulting coordinates are processed with
conventional neural architectures. The study showed that such coordinate-based embeddings can
achieve competitive or superior performance while requiring far fewer trainable parameters than
many message-passing baselines, demonstrating that graph topology can be encoded effectively
through coordinates without relying on standard message passing.

The theoretical side of this direction is strengthened by [57]. That paper studies the link dimen-
sion of a graph, defined as the minimum size of a construction set from which the graph can be
exactly reconstructed using distance vectors. By focusing on ambiguity conditions and reconstruc-
tion guarantees, it provides a principled foundation for why distance-vector representations can be
informative enough to recover substantial graph structure. In the context of landmark-based learn-
ing, this is useful because it supports the broader claim that a relatively small set of reference-node
distances may already encode enough topological information for downstream inference.

A recent extension of coordinate-based representation learning is given by [59]. SCNode com-
bines spatial and contextual coordinates to produce node embeddings that remain informative in
both homophilic and heterophilic settings. The method explicitly leverages relative positioning to
blend structural and contextual cues, and the resulting embeddings can be used as plug-and-play
inputs for downstream graph models. This makes SCNode a useful citation in this section because
it shows that coordinate systems need not be limited to pure shortest-path information; they can
also be designed to integrate multiple complementary views of node position and context.

Recent theoretical work has also revisited how well distance-preserving embeddings capture
graph structure. The paper [60] studies local distance-preserving node embeddings inspired by
landmark-based shortest-path methods and evaluates how well such embeddings recover global

distance information. The authors emphasize that many existing node embedding methods pre-
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serve local similarity but do not faithfully capture graph distances, and they analyze when GNN-
based distance-preserving embeddings can improve downstream performance. This paper is par-
ticularly useful for the related-work chapter because it connects landmark-based node embeddings
to a more explicit study of metric preservation, which is closely aligned with the goals of anchor-
distance representations.

Our previous work [61] extended the virtual-coordinate line of research from representation
alone to sampling and embedding strategies for graph machine learning. In that work, we explored
how virtual-coordinate information can be used not only to encode graph topology, but also to
guide more efficient graph-data processing for downstream learning tasks. This continuation is
important in the present section because it shows that coordinate-based graph learning is not limited
to a single embedding method; rather, it can support a broader framework in which topology-
derived coordinates are used for both representation and sampling, further strengthening the case

for distance- and landmark-based approaches as viable alternatives to standard message passing.

4.4 Cross-View and Cross-Graph Transfer Learning

A useful recent overview of this area is given by [62], which surveys cross-domain graph
learning and organizes existing methods according to the type of transferable information they
try to preserve, including structure-oriented, feature-oriented, and mixed structure-feature transfer.
This survey is especially relevant for the present section because it makes clear that graph transfer
is no longer limited to small domain-adaptation settings; instead, it is increasingly framed as a
broader attempt to learn representations that remain useful across graphs with different structures,
attributes, and downstream tasks.

Graph transfer has been studied through domain adaptation, graph pretraining, contrastive
learning, foundation-style graph models, and parameter-efficient adaptation [62—-69]. The present
dissertation differs by emphasizing reusable anchor-induced structural views rather than transfer-

ring only the parameters of a message-passing encoder.
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An early recent example of this trend is [70], which proposes PCRec for cross-domain rec-
ommendation. That work adopts a pre-training and fine-tuning paradigm, where a graph encoder
is first trained with contrastive self-supervision on a source-domain graph and then transferred to
initialize learning in a target domain. The paper is useful in this section because it shows a clear
“train on one, adapt to another” strategy in which transfer aims to retain useful source-domain
structure while reducing bias from directly mixing source and target training.

A stronger “train on many, evaluate on new ones” perspective appears in [66]. UniGraph
proposes a unified cross-domain foundation model for text-attributed graphs by using text as a
common medium for node representation across otherwise heterogeneous graph domains. The
model combines language models and graph neural networks, and the authors show that pretraining
on diverse graph domains can support transfer to unseen graphs and tasks, including few-shot and
zero-shot settings. This work is important for the present section because it treats transfer not
simply as fine-tuning from one dataset to another, but as learning a shared representation space
intended to generalize across domains from the start.

A related large-scale multi-domain approach is introduced in [67]. GraphFM is presented
as a generalist graph transformer trained across many graph datasets rather than specialized for
a single graph. Its main contribution is to show that pretraining on a diverse collection of graphs
improves transferability relative to single-source pretraining, supporting the idea that graph models
can benefit from the same scaling and diversity principles that have driven foundation models in
language and vision. This makes GraphFM a strong reference for the “train on many, evaluate on
many”’ formulation.

Another recent direction is explored by [71], which proposes the “one model for one graph”
framework. Instead of forcing a single pretrained graph encoder to capture every domain equally
well, that work pretrains a bank of expert models, each tied to a particular dataset, and then uses
gating functions to select and combine experts when transferring to a new graph. This is relevant

here because it addresses a central problem in multi-graph transfer: how to benefit from many
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source graphs without suffering excessive negative transfer from domains that are poorly matched
to the target.

Parameter-efficient adaptation is studied in [68]. GraphLoRA adapts a pretrained GNN to a
new graph by combining feature-distribution alignment through a structure-aware maximum mean
discrepancy term with low-rank adaptation modules and structural regularization. The method is
notable because it targets cross-graph transfer under distribution shift while tuning only a small
portion of the model parameters, making it especially relevant when target labels are scarce and
full retraining is impractical. In the context of this section, it represents a modern form of “train
on one or many, then adapt efficiently to another.”

A broader and more task-agnostic formulation is proposed in [69]. GraphBridge augments
a pretrained GNN with a bridging network and new prediction heads so that knowledge can be
transferred across heterogeneous tasks and domains without redesigning the original model for
each new setting. The paper evaluates transfer in several scenarios, including graph-to-graph and
node-to-node settings, and positions the framework as a step toward arbitrary graph transfer learn-
ing. This makes it a useful concluding citation for the section, since it shows how recent work
is moving from narrow domain adaptation toward more general transfer across graph types, task

formulations, and output spaces.

4.5 Scalable Graph Learning

Scalable graph learning is motivated by the fact that message passing over large graphs quickly
becomes expensive in both computation and memory, especially as the number of layers increases
and receptive fields expand. A recent example of this line of work is [72], which proposes
GRAPES, an adaptive sampling framework for scalable GNN training. Instead of relying on fixed
sampling heuristics, the method learns which nodes are most useful for the downstream task by
training a second GNN to predict sampling probabilities. This is particularly relevant because it
treats scalability not only as a systems issue, but also as a learning problem in which the sampler

itself should adapt to graph structure and task requirements.
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Scalable graph learning includes layer-wise sampling, subgraph sampling, decoupled prop-
agation, approximate diffusion, and precomputed graph filters, each reducing repeated whole-
graph message passing in a different way [10, 11, 36-38]. This dissertation follows a related
preprocessing-oriented philosophy, but uses anchor-derived structural coordinates as the reusable
graph signal.

Another recent direction is to make the sampling process itself learnable. The paper [73] argues
that many scalable GNN methods depend on random or fixed-probability sampling schemes that
are detached from the forward propagation process. To address this, the authors propose a learnable
sampling mechanism that parameterizes the sampling process, allows gradients to flow through it,
and can be combined with both subgraph-sampling and layer-wise-sampling designs. This work is
useful in the present section because it shows that scalable graph learning can benefit from end-to-
end optimization of the sampler rather than treating sampling as a purely preprocessing step.

Scalability has also been studied from the perspective of inference rather than only training.
In [74], the authors focus on large-scale inductive inference and observe that even scalable GNN's
based on linear propagation can remain costly when predictions must be made online for unseen
nodes. Their solution is a node-adaptive propagation framework that customizes the propaga-
tion depth for each node according to its topology, thereby reducing redundant computation while
preserving predictive accuracy. This paper is important for the related work chapter because it
highlights that scalable graph learning must address both efficient training and efficient deploy-
ment.

A more radical approach is proposed in [75], which introduces Sketch-GNN. Rather than only
reducing the constants in mini-batch sampling, this work aims for sublinear time and memory
complexity with respect to graph size by training GNNs on compact sketches of the adjacency
matrix and node features. Using polynomial tensor-sketch theory and trainable locality-sensitive
hashing, the method seeks to break the usual linear dependence on graph size that remains in

many sampling-based approaches. This makes Sketch-GNN especially notable in this section,
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since it frames scalability as a problem of compressed representation rather than only smarter
neighborhood selection.

Recent work has also revisited historical-embedding methods for large-scale GNN training.
The paper [76] studies the feature staleness problem that arises when scalable GNN methods reuse
historical node embeddings to save computation. The authors show that stale histories can substan-
tially hurt convergence and accuracy on large benchmarks, and they propose REST, a simple train-
ing strategy that reduces staleness while remaining compatible with existing scalable pipelines.
This paper is useful here because it shows that scalability techniques can introduce their own opti-
mization biases, and that improving scalable graph learning may require revisiting those trade-offs
rather than only accelerating propagation.

A different recent direction is explored in [28], which studies large-graph transductive learning
through the lens of message invariance. The paper observes that out-of-batch message passing is
a major source of cost in mini-batch GNN training, since it recursively depends on higher-order
neighbors outside the sampled subgraph. To address this, the authors propose the TOP method,
which transforms costly out-of-batch message passing into efficient in-batch computation while
preserving the output of whole-graph propagation. This work is especially relevant because it aims
to improve scalability without paying the usual penalty of large approximation error, making it a
strong example of recent efforts to balance efficiency and fidelity in scalable graph learning.

Finally, scalability can also be pursued through graph reduction that preserves the properties
most important for downstream transfer. The recent paper [77] proposes a graph sampling method
designed to preserve graph structure more faithfully than random subsampling by leveraging fea-
ture homophily. Their method minimizes the trace of the data correlation matrix so as to better
preserve the graph Laplacian trace, which serves as a proxy for connectivity, while maintaining
lower complexity than spectral alternatives. This paper is useful in the present section because
it connects scalability with expressivity, showing that the goal is not merely to sample smaller
graphs, but to do so in a way that retains the structural properties that matter for GNN performance

and transferability.
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4.6 Synthetic Graph Generation and Benchmarking

Recent work has increasingly argued that progress in graph learning is difficult to assess when
evaluation relies on only a small collection of fixed real-world datasets. The paper [78] addresses
this issue by proposing a synthetic graph generation framework specifically for benchmarking
graph learning methods under controlled conditions. Their central argument is that synthetic
graphs make it possible to vary structural factors systematically and to study model behavior in
ways that are difficult to achieve when evaluation is limited to a few standard citation or social-
network benchmarks. This makes the paper an important reference for the present section because
it frames synthetic graph generation not merely as data augmentation, but as a methodology for
more informative benchmarking.

Benchmarking work has also shifted toward standardized datasets, systematic design-space
evaluation, and diagnostic tasks for long-range reasoning [13, 45,79, 80]. This supports the use
of both real benchmarks and controlled synthetic graphs when evaluating anchor-based structural
representations.

A closely related large-scale benchmarking system is introduced in [81]. GraphWorld is de-
signed as a tunable and scalable framework that can generate very large populations of synthetic
graphs for a wide range of graph learning tasks. A key contribution of this work is its emphasis on
exploring regions of graph-property space that are not well covered by standard benchmarks, al-
lowing researchers to compare GNN models across millions of statistically diverse datasets rather
than a handful of reused graphs. This is especially useful in a related-work chapter because it
shows how synthetic graph benchmarking can move from isolated toy examples to a systematic
experimental platform.

Synthetic benchmarking has also been extended to heterogeneous graphs and explainability.
The paper [82] proposes SynHING, a framework for generating synthetic heterogeneous infor-
mation networks that preserve important structural and statistical properties of a target graph. In
addition to supporting graph learning experiments, SynHING provides ground-truth motifs that

can be used to evaluate GNN explanation methods. This is relevant here because it shows that
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synthetic graph generation can serve not only predictive benchmarking, but also the benchmarking
of interpretability methods in settings where real heterogeneous graphs rarely come with reliable
explanatory ground truth.

Another recent use of synthetic benchmarks is to isolate specific graph-learning difficulties that
are hard to measure on standard datasets. The paper [83] introduces GLoRa, a synthetic benchmark
designed to evaluate whether graph learning systems can truly capture long-range dependencies.
The motivation is that many proposed methods claim to address problems such as over-smoothing,
over-squashing, or vanishing gradients, yet existing benchmarks do not test long-range reasoning
transparently. By building controlled synthetic tasks around path-based dependencies, GLoRa pro-
vides a diagnostic environment for evaluating whether a model has genuinely learned to propagate
information over long distances.

Synthetic benchmarking has also been adapted to dynamic graphs. The paper [84] introduces
T-GRAB, a benchmark designed to study temporal reasoning in temporal graph neural networks.
Instead of focusing only on static structural difficulty, T-GRAB constructs synthetic tasks that
separately probe periodicity, delayed causal effects, and long-range spatio-temporal dependencies.
This is particularly useful for the present section because it shows how synthetic graph benchmarks
can be designed to isolate specific temporal reasoning skills, thereby extending the benchmarking
philosophy from static graph structure to evolving graph processes.

A related recent benchmark is [85], which introduces ECHO for evaluating long-range graph
propagation. ECHO focuses on synthetic tasks such as single-source shortest paths, node eccen-
tricity, and graph diameter, all constructed to stress very long-range information flow and topolog-
ical bottlenecks. This benchmark is useful in the present section because it highlights a growing
trend in graph benchmarking: instead of measuring performance only on broad end tasks, recent
synthetic benchmarks increasingly target specific propagation capabilities that are believed to be

fundamental limitations of existing GNN architectures.
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Chapter 5

Anchor-Based Representations for Graph Learning

This chapter presents the main anchor-based structural representation framework used in this
dissertation. It focuses on how graph topology can be converted into reusable node-level coordi-
nates through anchor selection, distance construction, coordinate transformation, and compression.
The chapter also evaluates how these representations support efficient node classification under

practical memory and computation constraints.

5.1 Overview

This chapter introduces an anchor-based framework for constructing scalable structural rep-
resentations for graph learning. The core idea is to approximate global graph structure using a
compact set of anchor nodes, and to represent each node by its relationships to these anchors (e.g.,
shortest-path distances and derived graph-coordinate features). This yields a controllable repre-
sentation size determined by the number of anchors, enabling learning on large graphs where full
pairwise computations are infeasible. The resulting pipeline is an embedding-based neural learn-
ing approach: graph topology is encoded into structural features before training the downstream
neural model, rather than being propagated through message-passing layers during training.

The chapter is organized around a practical pipeline: we first state the learning problems of in-
terest and the design objectives that guide the method (accuracy, scalability, and robustness across
graphs with heterogeneous structure). We then detail how anchors are chosen and how anchor-to-
node signals are constructed, focusing on distance-matrix-based representations and their variants.
Next, we describe the transformations applied to these raw signals, including normalization steps
that improve numerical stability and comparability across anchor sets, and dimensionality reduc-
tion techniques (e.g., PCA) that compress anchor-induced structure into compact embeddings.

A distinguishing focus of this chapter is resource-aware computation. We analyze time and

memory complexity, and describe implementation strategies (such as chunked construction and
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training) that allow anchor-based methods to scale under realistic hardware constraints. We then
present an experimental evaluation on real-world benchmarks, comparing against standard base-
lines and reporting results for node classification. Finally, we provide ablation and sensitivity anal-
yses to isolate the impact of anchor count, sampling strategy, transformations, and PCA settings,

and conclude with a discussion of limitations and practical considerations.

Organization. The remainder of this chapter is structured as follows:

» Section 5.2 formalizes the target tasks and summarizes the design goals that motivate anchor-

based representations.
 Section 5.3 presents anchor selection and sampling strategies, along with practical trade-offs.

* Section 5.4 describes the full representation construction pipeline, including (i) distance ma-
trix construction, (ii) transformations and normalization, and (iii) dimensionality reduction

via PCA.

» Section 5.5 analyzes computational complexity and provides a resource analysis aligned with

scalable implementations.
* Section 5.6 describes datasets, baselines, and implementation details.
* Section 5.7 reports empirical results across tasks and datasets.

» Section 5.8 discusses limitations, failure modes, and directions for improvement.

5.2 Problem Formulation and Design Goals

5.2.1 Graph Learning Tasks

Let G = (V,E) be a graph with n = |V/| nodes and m = |E| edges. We consider both
unweighted and weighted graphs; unless stated otherwise, we assume an undirected simple graph.

Let A € {0,1}"™*" denote the adjacency matrix (or a weighted adjacency matrix), and let X €
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R™*¥ denote an optional node-feature matrix. In many settings of interest, X is missing, sparse, or
weakly informative; our goal is therefore to construct structural representations derived primarily
from G.

The representation framework can be used for both node classification and link prediction. In
this chapter, the empirical evaluation focuses on node classification, while link prediction is studied

separately in Chapter 6.

Node classification. Given labels for a subset of nodes Vi, C V, with y, € {1,...,C} for

v € Virain, the objective is to learn a predictor

fglV—>{1,...,C}

that generalizes to unlabeled nodes, typically evaluated on disjoint validation and test sets. The
model may use X if available, but in this chapter we emphasize representations constructed from

graph structure.

Link prediction. Given a set of observed edges F,,s and a set of candidate pairs (u, v) (including

non-edges), the objective is to learn a scoring function

sg:VxV =R

that assigns higher scores to true (held-out) edges than to non-edges, under a specified evalua-
tion protocol (e.g., negative sampling). Link prediction is particularly sensitive to how well the

representation captures higher-order connectivity patterns beyond immediate neighborhoods.

5.2.2 Anchor-Based Representation: Problem Statement

A direct structural representation of a graph can be defined via pairwise node relationships,
such as the all-pairs shortest-path distance matrix D € R™*". However, constructing and storing

such matrices is typically infeasible at scale due to O(n?) memory and potentially superlinear time.
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To address this, we introduce an anchor set S C V with k = |S| < n. The anchor-based

representation maps each node v € V' to a vector of its structural relationships to anchors:
R (v); = , S
r(v) €RY, ()i =9¢(v,si), si€S,

where ¢(-, -) is a graph-derived structural signal, in this chapter primarily shortest-path distance to
an anchor or a transformation derived from those anchor distances. Stacking these vectors yields
an anchor-to-node matrix

R c RNXk, Rv,i = gb(’U, Si)-

This representation can be used directly as input features (optionally combined with X'), or further

transformed into a compact embedding Z € R™*? via normalization and dimensionality reduction.

5.2.3 Design Goals

The proposed anchor-based framework is guided by the following goals.

(G1) Scalability and resource efficiency. The representation should avoid O(n?) storage and

enable computation on graphs with millions of nodes. Practically, this motivates algorithms with:

» memory complexity O(nk) (or lower via chunking/streaming), and

* time complexity dominated by k sparse graph traversals for shortest-path distance construc-

tion.

(G2) Expressivity of structural signals. Although £ < n, the representation should capture

both local and global structure:

* local connectivity (e.g., neighborhood overlap, short paths), and

* long-range relations (e.g., community structure, bridges, and graph diameter effects).

This motivates anchor selection strategies that cover diverse graph regions, and signal functions ¢

that reflect meaningful graph geometry.
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(G3) Robustness to anchor choice and dataset variation. Anchor-based representations should
be stable across different anchor sets and across graphs with different degree distributions and

connectivity patterns. This goal motivates:
» sampling strategies that avoid pathological anchor sets,
* normalization schemes that make signals comparable across anchors, and

* sensitivity analysis with respect to k£ and sampling randomness.

(G4) Compatibility with downstream learning objectives. The representation should support

both node-level and edge-level prediction. Concretely:

* for node classification, (v) should separate classes under a simple classifier when labels

correlate with structure;

* for link prediction, the representation should admit effective pairwise scoring, e.g., via inner

products or MLPs over (r(u), (v)) and their interactions.

(GS5) Practical implementability. The full pipeline should be implementable with common

graph tooling and commodity GPUs/CPUs. This includes:
* chunked construction of /2 and chunked training to reduce peak memory,
* sparse-friendly operations, and
* straightforward integration into standard PyTorch training loops.

5.2.4 Chapter Focus

Given these goals, the remainder of this chapter specifies: (i) how anchors are selected, (ii) how
anchor-to-node signals are computed (with emphasis on distance matrices), (iii) how signals are
transformed and compressed (including PCA), and (iv) how the resulting representations behave

empirically under different datasets and resource budgets.
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5.3 Anchor Selection and Sampling Strategies

Anchor selection determines which subset of nodes S C V' (with |S| = k < n) is used to
define the anchor-based representation. Since the representation of each node is expressed relative
to .S, the anchor set controls both (i) the coverage of graph regions and (ii) the guality of the
structural signals ¢(v, s). This section describes practical sampling strategies and the trade-offs

among computational cost, structural diversity, and robustness.

5.3.1 Notation and General Considerations

Let S = {si1,...,s;} denote the selected anchors. We consider sampling procedures that
operate on graph structure (degrees, neighborhoods, connectivity) and do not require node features.

A good anchor set should satisfy the following informal criteria:

* Coverage: anchors should be distributed across the graph so that distances/similarities pro-

vide discriminative information for most nodes.

Diversity: anchors should avoid heavy redundancy (e.g., many anchors inside the same

dense community).

Robustness: small perturbations in .S should not cause large performance variance.

Efficiency: anchor selection should be significantly cheaper than constructing the full rep-

resentation.

In graphs with multiple connected components, we typically select anchors within the largest con-
nected component (LCC) or allocate anchors proportionally to component sizes, depending on the

downstream protocol.

5.3.2 Uniform Random Sampling

The simplest strategy samples anchors uniformly at random:

S ~ Uniform subsets of size k from V.
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This method is computationally trivial and often surprisingly competitive when £ is sufficiently
large. However, its main drawback is variance: random sampling can over-select anchors in high-

density regions or miss small but important components.

When it works well. Uniform sampling is effective when the graph is well-mixed and labels

depend on broad structural patterns rather than rare substructures.

Limitations. In graphs with skewed degree distributions or strong community structure, uniform

anchors may under-represent low-degree or peripheral regions.

5.3.3 Degree-Biased Sampling

A common alternative is to bias selection toward higher-degree nodes, motivated by their cen-
trality and reachability:

Pr(s = v) o deg(v)?,

where o > 0 controls the bias strength (o« = 0 reduces to uniform sampling). Degree-biased
anchors often shorten typical anchor-to-node distances, which can stabilize distance-based repre-

sentations by avoiding excessive “infinite” distances in sparse or weakly connected graphs.

Trade-off. While high-degree anchors improve coverage in terms of reachability, they can reduce
diversity by concentrating anchors within hubs and their neighborhoods, potentially weakening the

representation for community-sensitive tasks.

5.3.4 Stratified Sampling by Degree or Partitions

To balance hub coverage and diversity, we can use stratified sampling. One simple option is
degree-bucket sampling: partition nodes into bins by degree quantiles, then sample a fixed number

from each bin. More generally, if a graph partitioning is available (e.g., via METIS-style partition-
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ing), we can allocate anchors per partition:

P
kp:’Vkm—‘7 S:USP» |SP|:kP7

p=1

where {‘/;;}5:1 is a node partition. This explicitly enforces coverage across graph regions, and is

particularly useful when later computation is also partition-aware.

5.3.5 Farthest-Point (Diversity-Promoting) Sampling

Diversity-promoting methods select anchors that are far apart under a chosen distance. A

canonical approach is farthest-point sampling (FPS), also known as the k-center greedy heuristic:
1. Choose an initial anchor s; (randomly or by degree).
2. Iteratively add s;,1 = arg max,ey mingeg, d(v, s).

Here d(-,-) can be shortest-path distance or an approximate distance computed from partial BFS
runs. FPS tends to spread anchors across the graph, improving discriminability for distance-based

features.

Cost considerations. Exact FPS requires repeated distance computations and can be expensive
for large graphs. Practical implementations often use approximations (e.g., sampling candidates,

using landmarks, or running FPS on a coarsened graph).

5.3.6 Centrality-Driven Selection

Anchors can also be chosen via centrality measures (e.g., PageRank, betweenness, closeness),
aiming to pick nodes that are informative about global connectivity. In practice, computationally

cheaper centralities such as degree or approximate PageRank are preferred.

Pros and cons. Centrality anchors can improve reachability and stability, but may reduce sensi-

tivity to community structure if anchors concentrate in the graph core.
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Table 5.1: Qualitative trade-offs of anchor selection strategies.

Strategy Coverage Diversity Cost
Uniform random medium medium (variable) low
Degree-biased high (core) low—medium low
Stratified (degree/partition) high medium-high low—medium
Farthest-point (FPS) high high medium-high
Centrality-driven high (core/global) low—medium medium

5.3.7 Practical Strategy Used in This Dissertation

In the experiments reported in this dissertation, the default anchor selection strategy is uni-
form random sampling from the largest connected component unless otherwise stated. We use
this strategy because it is simple, scalable, reproducible, and empirically stable enough for the
graph-coordinate experiments considered here. Other strategies, such as degree-biased, stratified,
farthest-point, or centrality-based sampling, are useful alternatives and are discussed above for
context, but they are not the main anchor-selection strategy evaluated in the reported experiments.

This choice aligns with the design goals in Section 5.2: it is lightweight, scalable, and enables

systematic sensitivity studies with respect to &£ and sampling randomness.

5.3.8 Summary of Trade-offs
Table 5.1 summarizes the main trade-offs among representative strategies.
The next section describes how the selected anchors are used to construct anchor-to-node rep-

resentations, with emphasis on distance-matrix construction and subsequent transformations.

5.4 Representation Construction Pipeline

This section describes the end-to-end pipeline that converts a graph G = (V, E') and an an-
chor set S = {s1,..., s} into node representations suitable for downstream learning. Figure 5.1
summarizes the anchor-based representation construction pipeline. The pipeline consists of (i)

constructing an anchor-to-node structural matrix (primarily distance-based in this chapter), (ii) ap-
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Figure 5.1: Anchor-based representation construction pipeline.

plying transformations and normalization to improve numerical stability and comparability, and

(ii1) optionally compressing the representation via dimensionality reduction (e.g., PCA).

5.4.1 Distance Matrix Construction

Let d(+, -) denote a graph distance (typically shortest-path distance). The anchor-based distance

representation is the matrix

DS € RnXk, (DS)U,’[ = d(’U, Si)7

where v € V and s; € S. Compared with the all-pairs distance matrix in R"*", Dg reduces storage

from O(n?) to O(nk).

Disconnected graphs and unreachable nodes. If the graph has multiple components, d(v, s;)

may be infinite for anchors outside v’s component. In practice, we simply set it to O.
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Coordinate variants derived from anchor distances. The anchor-to-node distance matrix Dg
is the common starting point for the three coordinate variants examined in this chapter. In the
virtual-coordinate setting, the raw node-to-anchor distance vector is used directly as the represen-
tation. In the topology-coordinate setting, an SVD/PCA-type transformation is applied to the par-
tial distance matrix to produce a compact low-dimensional embedding. In the directional virtual-
coordinate setting, or Directional Virtual Coordinates (DVC), each coordinate is constructed from
a pair of anchors, yielding a directional representation that avoids the SVD step entirely. When
these representations are paired with conventional neural networks, they define the corresponding
models VCNN, TCNN, and DVCNN. This distinction is important in the experiments below be-
cause DVCNN provides a useful computational contrast to TCNN: both are derived from the same
anchor-distance information, but they differ in whether the representation is compressed through
SVD or through anchor-pair directions. In all three cases, the graph-coordinate step is a prepro-
cessing or representation-construction stage; the subsequent neural network consumes the resulting

coordinates as ordinary feature vectors rather than performing message passing over the graph.

5.4.2 Dimensionality Reduction (PCA)

The transformed anchor representation Xg € R™* can be used directly as node features when
k is moderate. When £ is large (to improve accuracy) or when downstream models benefit from

compact inputs, we apply dimensionality reduction to obtain

Z eRY  p<Lk,

with principal component analysis (PCA) as a primary example.

PCA on anchor-derived features. Let X s be mean-centered (either globally or column-wise).

PCA finds orthonormal directions W € R¥*P maximizing retained variance:

7 = XsW.
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We select p either as a fixed dimension or based on explained variance. PCA serves two roles: (i)

compressing storage/compute, and (ii) denoising redundant anchor dimensions.

Stability across anchor sets. When anchors are resampled, the resulting PCA subspace may
differ by rotations and sign flips. In practice, we observe that principal components are often
stable up to sign changes, and downstream classifiers are insensitive to these symmetries when

trained end-to-end on the resulting embeddings.

Incremental and chunked PCA. For large n, computing PCA on X directly may be memory-

intensive. We therefore support:

* Incremental PCA: process Xg in row chunks to estimate principal components without

storing the full matrix.
* Randomized SVD: approximate the top-p components efficiently when £ is large.

These approaches align with the resource constraints discussed later in Section 5.5.

Output representation. The final node representation used in downstream learning is either:
@) X s € R™*  (anchor features), or (il) Z € R™?  (compressed embedding).

Both can optionally be concatenated with original node features X when available.
In the next section, we analyze the computational complexity and resource requirements of the

above pipeline, including how k, chunk size, and graph sparsity affect runtime and memory.

5.5 Computational Complexity and Resource Analysis

This section analyzes the computational and memory costs of the anchor-based representation
pipeline in Section 5.4. The goal is to make explicit how complexity scales with the number of

nodes n = |V|, edges m = |E|, anchors k = |S|, and (when used) the reduced dimension p < k.
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We also discuss practical resource-management strategies, including chunked construction and

training, which are essential when nk is large.

5.5.1 Cost Model and Notation

We assume a sparse adjacency representation (e.g., CSR/CSC) with O(n + m) storage. Let
b denote a chunk size (number of nodes processed at a time) for streaming computations. We

consider two graph regimes:
* Unweighted graphs: shortest-path distances computed via BFS.

* Weighted graphs (nonnegative weights): shortest paths via Dijkstra (or other SSSP rou-

tines).

Unless otherwise stated, we focus on the unweighted case, which is the most common in bench-

mark datasets and in our experiments.

5.5.2 Anchor-to-Node Distance Construction

The anchor distance matrix is Dg € R™** with entries (Dg),; = d(v, s;).

Time complexity (unweighted). A single BFS on a sparse graph takes O(n + m) in the worst

case. Constructing all k£ columns therefore costs

Tdist = O(k(n + m))

In practice, the constant factor depends on graph diameter, cache behavior, and whether the BFS

explores the entire graph (e.g., when restricted to the LCC).

Time complexity (weighted). For weighted graphs, running Dijkstra from one source costs

O(mlogn) with a binary heap (or O(m + nlogn)). The total becomes

Taist = O(kmlogn),
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which can be substantially heavier; this motivates either smaller £ or approximate distances in

weighted settings.

Memory complexity. Storing Dg densely requires

Mdist == O(nk)

If stored in float32, the raw storage is approximately 4nk bytes; for int32 it is also 4nk bytes. For

large n, even moderate k can be prohibitive, which motivates streaming and chunking.

Chunked construction. If we compute and immediately consume (transform/compress) the rep-

resentation in blocks of b nodes, peak memory for the distance features reduces from O(nk) to

Mdist,chunk == O(bk)a b < n,

at the cost of additional I/O or repeated passes depending on the implementation.

5.5.3 Dimensionality Reduction Costs

Let X s € R™** be the transformed and normalized matrix, and let Z € R"*? be the reduced

embedding.

Exact PCA (via SVD). A full SVD of an n x k matrix costs O(min{nk? n?k}), which is infea-
sible for large n even when k is moderate. In our setting, we only require the top-p components

with p < k.

Randomized SVD / truncated PCA. A common approach computes an approximate rank-p

decomposition in

Thea = O(nkp) (up to log factors and oversampling constants),
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with memory dominated by storing the projection basis W € R**? and intermediate sketches. This

is typically tractable when p is small (e.g., p < 256).

Incremental PCA (streaming). Incremental PCA processes X s in chunks of size b:

Mpca,inc = O(bk + kp)a

and avoids storing the full n X k& matrix. This is the preferred mode when nk is too large to fit in

host memory.

Embedding materialization. The final embedding storage is

Mz = O(np),

which can be substantially smaller than O(nk) when p < k, and is often the decisive factor

enabling downstream GPU training.

5.5.4 Downstream Training Costs

Downstream learning consumes either Xg € R"** or Z € R"*?,

MLP-based node classification. A two-layer MLP with hidden width A has per-epoch cost

Tyvre = O(n - (kh 4+ hC))  (if using k dims), Tyvre = O(n - (ph+ hC))  (if using p dims).

The training footprint is dominated by the input tensor and activations. Using p instead of £ reduces

both compute and memory.
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5.5.5 Practical Resource Management
The above asymptotics highlight three main bottlenecks: (i) k£ graph traversals, (ii) storage of
n X k matrices, and (iii) PCA/training on high-dimensional inputs. We adopt the following practical

strategies.

Data type control. Distances can be stored as int16/int32 when capped, and transformed features
can often be stored as float16/float32 depending on numerical stability requirements. This yields

near-linear memory savings.

Anchor budget selection. Increasing k£ improves representational capacity but increases distance-
construction time linearly and feature memory linearly. In practice, we treat k as the primary

scalability knob and use sensitivity studies to select a regime that balances accuracy and cost.

Compression before GPU. When GPU memory is limited, we prefer to compute Xg on CPU
and transfer only the reduced embedding Z to GPU. This separates the heavy O(nk) construction

from the learning stage.

5.5.6 Summary

The anchor-based pipeline replaces O(n?) structural computation with an O (k(n+m)) distance-
construction stage and an O(nk) feature-processing stage. The primary practical challenge is the
n X k intermediate representation; chunking, streaming, and PCA-based compression reduce peak

memory and enable training on large graphs under realistic resource constraints.

5.6 Experimental Setup

This section describes the datasets, baselines, and implementation details used to evaluate the
anchor-based representation pipeline introduced in Sections 5.3-5.5. The experiments are de-
signed to assess (1) predictive performance on standard graph learning tasks and (i1) computational

feasibility under realistic resource constraints.
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5.6.1 Datasets

We evaluate on real-world OGBN benchmarks.

Real-world benchmark graphs. We consider widely-used citation, co-purchase, and interaction
graphs that support node classification and/or link prediction. For each dataset, we follow the
official split protocol when available; otherwise, we use standard train/validation/test splits with
disjoint node or edge sets depending on the task. Unless otherwise stated, all graphs are treated
as undirected and unweighted after standard preprocessing (e.g., symmetrization and removal of

self-loops).

OGB benchmarks. To assess scalability and reproducibility, we include datasets from the Open
Graph Benchmark (OGB) suite and follow the provided splits and evaluation metrics. In this

chapter, the two primary node-classification benchmarks are OGBN-Products and OGBN-Proteins.

OGBN-Products. OGBN-Products is an Amazon co-purchasing network with 2,449,029 nodes,
61,859,140 edges, and 100-dimensional node features derived from bag-of-words product descrip-
tions. The task is 47-class node classification. For graph-coordinate methods, we extract coor-
dinates from the largest connected component, which contains 2,385,902 nodes (97.42% of the
graph), and map nodes outside this component to zero embeddings. In the reported Graph Coordi-
nates Neural Network (GCNN) experiments, 1000 random anchors are used for the main TC/DVC

configurations.

OGBN-Proteins. OGBN-Proteins contains 132,534 nodes and 39,561,252 edges. It is treated
here as an 8-layer graph, where each edge-feature dimension defines one graph layer and the
weighted distance between adjacent nodes is taken as 1—confidence for that association. Protein
species information is encoded with one-hot vectors and concatenated with the structural repre-
sentation. In the main experiments, anchors are sampled independently for each layer, with 1000

anchors used in the principal TC/DVC configurations.
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These benchmarks stress both representation quality and the ability to scale anchor-based com-

putations.

Preprocessing. Across all datasets, we report n = |V| and m = |E| after preprocessing. If
graphs contain multiple connected components, we either restrict to the largest connected com-
ponent (LCC) or apply a consistent handling strategy for unreachable distances (Section 5.4.1),

depending on the evaluation protocol.

5.6.2 Baselines

For context, we compare the reported anchor-based coordinate models with published OGB
leaderboard entries and commonly used graph-learning baselines reported in prior work. These
comparisons are intended to place VCNN, TCNN, and DVCNN in relation to established methods
such as GCN, GraphSAGE, Node2Vec, and leaderboard models; they should not be interpreted as
a new exhaustive baseline sweep implemented in this dissertation.

Within the anchor-based family, the main internal comparisons are among VCNN, TCNN, and
DVCNN, and among different anchor budgets, coordinate dimensions, and downstream neural-

network configurations.

Feature-only baselines. When node features X are available, published comparison points in-

clude:

* MLP on X: a multi-layer perceptron trained directly on node features, without using graph

structure.

* Linear classifier on X: logistic regression (or linear SVM) as a lightweight reference.

Standard GNN baselines. Relevant comparison categories are widely-used message-passing

architectures as structural baselines:

* GCN: graph convolutional networks using normalized adjacency aggregation.
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* GraphSAGE: neighborhood sampling and aggregation.

These baselines test whether anchor-based features can match or complement neighborhood ag-
gregation, especially in regimes where multi-hop message passing is costly or over-smooths. For
context, we compare the proposed coordinate models with published OGB leaderboard entries and
commonly reported baselines. These comparisons are not an exhaustive reimplementation of all

baselines.

Structural/positional baselines. To contextualize anchor-based distances as a form of positional

encoding, we include:

* Laplacian eigenmaps / spectral PE (when feasible): leading eigenvectors of the normal-

ized Laplacian, used as node positional features.

* Random-walk-based embeddings: shallow embedding methods (e.g., node2vec) when

computationally feasible under the dataset scale.

These baselines represent alternative ways to capture global structure, often with different compu-

tational trade-offs than anchor distances.

Anchor variants (internal baselines). To isolate the effect of specific design choices, we also

treat several anchor variants as baselines within the anchor family:
* anchor features (n x k) vs. PCA-compressed embeddings (n X p) (Section 5.4.2);
» different anchor sampling strategies (Section 5.3).

5.6.3 Implementation Details

Anchor selection. Unless otherwise stated, anchors are sampled uniformly at random from the
largest connected component, with anchor count k treated as a primary hyperparameter. For ro-
bustness, we report averages over multiple random anchor seeds, and we use fixed seeds for repro-

ducibility.
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Distance computation. For unweighted graphs, anchor-to-node distances are computed via BFS
from each anchor. For weighted graphs (when applicable), we use Dijkstra with nonnegative
weights. Distances may be capped at d,,,, to control dynamic range and to handle unreachable

cases consistently (Section 5.4.1).

Dimensionality reduction. When PCA is used, we select an embedding dimension p < k and
fit PCA on the transformed anchor matrix. For large graphs, we use incremental or randomized
PCA to avoid materializing the full n X k£ matrix in memory. The resulting embedding Z € R™*?

is used as input to downstream models.

Downstream models and training. For node classification, we train a linear classifier or MLP on
the anchor-derived representations (optionally concatenated with X'). In the single-layer OGBN-
Products setting, graph coordinates are concatenated directly with the node feature vector. In the
multi-layer OGBN-Proteins setting, graph coordinates extracted from the 8 graph layers are con-
catenated and then combined with the species one-hot encoding before being passed to the down-
stream neural network. The same coordinate representations can also be used for link prediction
by constructing edge features from pairs of node embeddings; that setting is studied separately in

Chapter 6.

Resource-aware execution. To handle large » and £, we implement:

* CPU-GPU separation: compute distances and PCA on CPU, then transfer only compressed

embeddings to GPU for training;

Evaluation metrics. We report task-standard metrics: accuracy / macro-F1 for node classifica-
tion (depending on dataset conventions), and ROC-AUC or Hits@K for link prediction following
the benchmark protocol. For each setting, we report mean and standard deviation over multiple

runs (different random seeds and/or anchor samples) to quantify stability.
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5.7 Results

This section reports node-classification results for the anchor-based representations discussed
earlier in the chapter. The emphasis is on how much predictive performance can be obtained from
graph-coordinate representations while keeping the downstream model shallow and the number
of trainable parameters small. We focus on OGBN-Products and OGBN-Proteins because they
provide complementary settings: a large single-layer co-purchase graph and a weighted multi-

layer biological graph.

5.7.1 Node Classification Performance

Accuracy vs. #Param for each NN Config with #VC annotations
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Figure 5.2: VCNN performance on OGBN-Products as the number of virtual coordinates and hidden-layer
configuration vary. Each point is annotated with the number of virtual coordinates.

Figure 5.2 and Figure 5.3 summarize the VCNN trade-off between predictive performance and
model complexity, while Table 5.2 and Table 5.3 place the broader anchor-based family in the con-
text of selected OGB leaderboard entries. Several patterns are consistent across the two datasets.

First, anchor-based graph-coordinate methods remain competitive with substantially more com-
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ROC-AUC vs. #Param for each NN Config with #VC annotations
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Figure 5.3: VCNN performance on OGBN-Proteins as the number of virtual coordinates and hidden-layer
configuration vary. Each point is annotated with the number of virtual coordinates.

plex baselines while using far fewer trainable parameters. Second, the more processed coordinate
systems (TC and DVC) generally achieve stronger predictive performance than raw VC features,
but the VC results remain strong enough to be practically useful when preprocessing simplicity is
important. Third, the best parameter—accuracy trade-off is not always achieved by the most expres-
sive downstream network; shallow models are often sufficient once the structural representation is

informative.

5.7.2 Topology Coordinates and Directional Virtual Coordinates

TCNN and DVCNN represent two complementary ways of transforming the same underlying
anchor-distance information into coordinates for conventional neural networks. TCNN uses an
SVD/PCA-type compression of the partial distance matrix and therefore emphasizes a compact
low-dimensional summary of the dominant structural variation. DVCNN instead constructs coor-
dinates from pairs of anchors, which avoids the SVD step and reduces preprocessing complexity

while still encoding position relative to the graph topology.
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Table 5.2: Comparison of selected OGBN leaderboard entries for OGBN-Products. Blank value indicates
that the rank is not listed in the official leaderboard.

Method Rank ACC Trainable Parameters
GLEM+GIANT+SAGN+SCR [86] 1 0.8737+0.0006 139,792,525
LD+GIANT+SAGN+SCR [87] 2 0.8718+0.0004 110,636,896
Full-batch GraphSAGE [3] 49 0.7850+0.0014 206,895
TCNN-100A 51 0.760640.0037 22,624
Full-batch GCN [2] 52 0.756440.0021 103,727
TCNN-100B 0.746640.0027 9,447
VCNN-800 0.740610.0041 42,347
Node2Vec [88] 55 0.7249+0.0010 313,612,207
DVCNN-200/100 0.6954+0.0014 9,447

Table 5.3: Comparison of selected OGBN leaderboard entries for OGBN-Proteins. Blank value indicates
that the rank is not listed in the official leaderboard.

Method Rank ROC-AUC Trainable Parameters
LD+GAT [89] 1 0.894240.0007 664,233,700
GIPA(Wide&Deep) [89] 2 0.8917+0.0007 17,438,716
GEN+FLAG+node2vec [90] 17 0.8251+0.0043 487,436
TCNN-0.999 0.8032+0.0073 352,016
DVCNN-400/200 18  0.7916+0.0086 180,208
TCNN-0.99 0.7827+0.0012 10,416
GeniePath-BS [91] 19  0.7825+0.0035 316,754
VCNN-200 0.7680+0.0008 180,208
GCN [2] 22 0.7251+0.0035 96,880
Node2vec [88] 24 0.6881£0.0065 17,094,000

This distinction produces a meaningful performance—cost trade-off in the benchmark results.
On OGBN-Products, TCNN-100A and TCNN-100B are the strongest reported graph-coordinate
configurations in Table 5.2, while DVCNN-200/100 remains competitive using the same small
downstream parameter count as TCNN-100B. On OGBN-Proteins, TCNN-0.999 is the strongest
reported graph-coordinate setting in Table 5.3, but DVCNN-400/200 still reaches competitive
ROC-AUC while using far fewer trainable parameters than the larger TCNN setting. In practi-
cal terms, TCNN is often the stronger choice when maximizing predictive performance within
this family is the main goal, whereas DVCNN is attractive when preprocessing simplicity and

efficiency are more important because it removes the SVD stage.
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5.7.3 Virtual Coordinates as a Direct Embedding Baseline

The VCNN results are useful because they separate the value of anchor-based sampling from
the value of additional feature engineering. In VCNN, the raw virtual-coordinate vector is used
directly as the node representation, eliminating the SVD step required by TC and the anchor-pair
construction required by DVC. This makes VCNN the simplest member of the anchor-based family
from an implementation perspective.

Empirically, the direct VC baseline remains competitive. On OGBN-Products, VCNN-800
reaches 0.7406 £ 0.0041 accuracy with 42,347 trainable parameters, while on OGBN-Proteins,
VCNN-200 reaches 0.7680 + 0.0008 ROC-AUC with 180,208 trainable parameters. These results
are below the strongest TC configurations, but they remain strong enough to show that a large
fraction of the predictive signal is already present in the raw node-to-anchor distance vectors. The
main practical trade-off is therefore clear: TC and DVC can achieve stronger predictive perfor-
mance in the reported settings, whereas VC substantially reduces preprocessing complexity and
remains attractive when ease of deployment or reduced feature engineering is a priority.

A second practical observation is that VCNN often works best with shallow downstream mod-
els. As shown in Figure 5.2, performance on OGBN-Products improves as the number of virtual
coordinates increases up to roughly 400 coordinates and then begins to saturate, while very shal-
low configurations are often the strongest settings. Figure 5.3 shows a similar pattern on OGBN-
Proteins: the best VC configurations are also shallow, and increasing model depth or increasing
the number of coordinates beyond the useful range does not yield consistent improvements. Taken
together, these results suggest that when node labels are strongly tied to graph position, a more
complex neural network does not automatically improve performance once the anchor-based rep-

resentation is already informative.

5.8 Limitations and Discussion

This section discusses limitations of anchor-based distance representations and practical con-

siderations that emerge from the method design (Sections 5.3-5.4) and the evaluation protocol
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(Sections 5.6). The goal is to clarify when the approach is expected to work well, when it may fail,

and which extensions are promising.

5.8.1 Representation Limits and Structural Ambiguity
Information loss from anchor compression. Replacing full pairwise structure with an n x k
anchor-to-node matrix inevitably discards information. When k£ < n, different nodes can share

similar anchor-distance profiles, particularly in:
* highly regular graphs (e.g., near-regular lattices or expanders),
* graphs with strong automorphisms (symmetries), or

» dense communities where many nodes are structurally indistinguishable at the scale of the

anchors.

In such cases, increasing k or using diversity-promoting anchor selection can help, but the repre-
sentation remains bounded by the anchor resolution.

At the same time, the empirical ambiguity rate can still be quite low even with a relatively
small anchor budget. Table 5.4 reports the ambiguity diagnostics for the OGBN-Products virtual-
coordinate representation. On OGBN-Products with 1000 anchors, only 35,247 sampled ambigu-
ous edges were observed among 61,859,140 sampled candidate edges, or about 0.057%. In the
same setting, approximately 55,801 nodes shared identical coordinates, which is only about 2.28%
of the full graph. These numbers indicate that anchor compression does lose information, but not
so aggressively that the resulting representation becomes unusable on a large benchmark graph.
Instead, the representation appears to preserve most of the coarse topological distinctions needed

for downstream prediction.

Shortest-path distances can be too coarse. Shortest-path distance captures geodesic proximity

but ignores:

* the number of alternative paths (path multiplicity),
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Table 5.4: Ambiguity diagnostics for virtual-coordinate representations on OGBN-Products with 1000 an-
chors.

Diagnostic Count Percent
Sampled ambiguous edges 35,247 0.057%
Nodes with non-unique coordinates 55,801  2.28%

* edge directionality and weights (if simplified),
* local density variations and path multiplicity that are not captured by geodesic length alone.

As aresult, nodes in different structural roles can share identical shortest-path distances to anchors.
Alternative distance-derived constructions may partially address some of these limitations, but they

typically increase preprocessing complexity.

5.8.2 Sensitivity to Anchor Choice

—8— Trial 0

250000 1 — Tnal 1
—a— Trnial 2

2000901 —&— Trial 3

@ Trial 4
2 1300001 —— Trial 5
2 Trial 6
100aRe 1 —a— Trial 7
50000 - et Tr?ats
—&— Trial 9

- —e = —% B

0 1 2 3 4 5 6

Index

Figure 5.4: Leading singular values of partial distance matrices from ten random 1000-anchor sets on
OGBN-Products. The close agreement across anchor sets indicates that random anchors recover a similar
dominant structural subspace.

Figure 5.4 shows that random anchor sets recover similar leading singular-value patterns.

Variance across random anchor sets. Although anchor sampling is efficient, performance can
vary noticeably across anchor seeds when £ is small or the graph has heterogeneous structure (e.g.,

strong community imbalance or rare motifs). This motivates reporting mean=+std over repeated
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random anchor sets. Alternative sampling strategies may improve stability in some settings, but the
reported experiments primarily use random anchors to keep the protocol simple and reproducible.

However, the variance induced by random anchors is not arbitrary. In the GCNN experiments,
the leading singular values of the partial distance matrices remained close across multiple random
anchor sets on OGBN-Products, indicating that different random anchor choices still capture a
similar dominant structural subspace. This observation supports the use of random anchors as a
practical default: while exact coordinates change across samples, the large-scale structural infor-

mation extracted from those samples is often stable enough for consistent downstream learning.

Coverage challenges in sparse or fragmented graphs. If the graph has many components or
low connectivity, anchors may fail to adequately cover all regions. Even with co imputation and
distance capping, the resulting feature distributions can become dominated by the chosen impu-
tation constant, reducing discriminability. Restricting to the LCC improves consistency but may

change the task definition if labels exist outside the LCC.

5.8.3 Normalization and Comparability Issues
Dependence on global distance scale. Distance distributions depend on graph diameter and
density. Without careful normalization, models may overfit to dataset-specific distance scales,

limiting transfer across graphs or across anchor sets.

Potential leakage via statistics. If normalization statistics (means/variances) are computed us-
ing the full node set, this may introduce subtle leakage in transductive protocols. In strictly induc-
tive settings, statistics should be computed only from the training graph/portion, and then applied
unchanged at evaluation time. While leakage may be negligible in some transductive benchmarks,

it should be controlled to ensure fair comparisons.
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5.8.4 Computational Constraints and Practical Bottlenecks

Linear scaling in £ is still expensive. Distance construction scales as O(k(n + m)) for un-
weighted graphs (Section 5.5). For large k, even linear scaling can be prohibitive, especially

when:
* the graph is large and high-diameter (long BFS frontier propagation),
* weighted edges require Dijkstra-like routines, or
* repeated runs over multiple anchor seeds are needed for robustness.

Chunking mitigates memory pressure but does not reduce the inherent traversal cost.

Intermediate storage can dominate. Even when the final embedding is compressed to n X p,
intermediate n x k matrices may exceed memory limits if materialized. Streaming and incremental

PCA address this, but increase engineering complexity and may introduce additional I/O overhead.

5.8.5 Task-Specific Limitations

Link prediction requires interaction modeling. Using node embeddings derived from anchor
distances is not always sufficient for link prediction unless the edge scoring function captures
meaningful interactions (e.g., elementwise products, bilinear forms, or MLP-based pair encoders).
Simple inner products can underfit when the representation is primarily geometric rather than

metric-preserving in an inner-product space.

Node classification depends on label-structure correlation. Anchor representations are struc-
tural; if labels are driven primarily by attributes not reflected in connectivity (or if homophily is
weak and structural roles dominate), performance may degrade relative to feature-based models or

specialized heterophily-aware GNNss.
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5.8.6 Discussion and Potential Extensions

Beyond geodesic distances. A natural extension is to enrich the use of anchor-derived shortest-
path information rather than relying on raw distances alone. For example, one could study al-
ternative truncation rules, different normalization choices, or additional coordinate constructions
derived from the same distance matrix. These variations may better capture path multiplicity or

community separation, although they also increase preprocessing and tuning complexity.

Representation choice within the graph-coordinate family. A practical extension is to choose
among VC, TC, and DVC more deliberately according to the target deployment setting. The
present results suggest that these representations occupy different points on the preprocessing—
accuracy spectrum rather than forming a strict ranking that is valid for every task and graph.

The comparison among VC, TC, and DVC also suggests a practical design principle: represen-
tation choice should be treated as a trade-off among preprocessing cost, model size, and predictive
performance rather than as a search for a single universally best embedding. VC removes addi-
tional feature engineering and can work well with shallow networks, making it attractive when
preprocessing simplicity matters. TC adds an SVD/PCA compression step and often gives the
strongest performance in the reported settings. DVC avoids that SVD step by constructing coor-
dinates from anchor pairs, which can reduce preprocessing cost while still remaining competitive.
This makes the anchor-based family flexible rather than monolithic: different applications may

legitimately favor different points on the simplicity—accuracy spectrum.

Adaptive anchor selection. Rather than fixed sampling, anchors can be selected adaptively:

* data-driven anchors: select anchors that maximize downstream validation performance,

* active coverage: iteratively add anchors in underrepresented regions,

* task-aware anchors: favor nodes near decision boundaries or uncertain regions.

These methods may reduce the required & but introduce additional optimization overhead.
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Inductive generalization. In fully inductive settings (new nodes/graphs at test time), anchor-

based methods require either:
* recomputing anchor distances in the new graph, or
* defining anchors in a transferable way (e.g., via node attributes or structural prototypes).

Designing inductive anchor schemes remains an open direction, especially for cross-graph transfer.

5.8.7 Summary

Anchor-based distance representations offer a scalable and conceptually simple alternative to
full pairwise structural computation, but they are limited by anchor resolution, sensitivity to anchor
choice, and the coarseness of shortest-path distances. Many of these limitations can be mitigated
through better anchor coverage, more careful normalization, alternative coordinate constructions
derived from anchor distances, and streaming implementations. These observations motivate the

methodological refinements and extensions explored in subsequent chapters.
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Chapter 6

Link Prediction

This chapter extends the anchor-based coordinate framework from node classification to link
prediction. It studies how node-level structural coordinates can be combined into edge-level repre-
sentations, how negative sampling and evaluation protocols affect performance, and where graph-

coordinate methods succeed or fail on synthetic and real-world link prediction benchmarks.

6.1 Overview

This chapter investigates link prediction using Graph Coordinate (GC) embeddings: given a
graph with observed edges, the goal is to predict valid but unrecorded edges by learning a scoring
function over pairs of node representations derived from anchor-based graph coordinates. We
evaluate three coordinate variants (VC, TC, and DVC) and examine how representation choice,
edge embedding combination strategy, and negative sampling interact to determine performance
across graph types and scales.

The real-world experiments use link-property prediction datasets from the Open Graph Bench-
mark (OGB) suite. In contrast to the OGBN node-property benchmarks used in Chapter 5, OGBL
datasets are designed for evaluating edge-level prediction: models are trained on observed training
edges and evaluated by ranking testing positive edges against negative candidate edges. In this
chapter, the primary OGBL benchmarks are OGBL-DDI, a drug-drug interaction network evalu-
ated by Hits@20, and OGBL-PPA, a protein-protein association network evaluated by Hits@ 100.
Both benchmarks do not provide node features in the experimental setting considered here, so the
link predictors rely on structure-derived graph-coordinate representations.

In this chapter, an edge scorer is a scoring function, usually learned in this chapter, that assigns
a real-valued score to a candidate edge. For a candidate node pair (u,v), the pipeline first con-
structs node-coordinate embeddings z, and z,, combines them into an edge-level feature vector

ew»> and maps this edge representation to a score sp(u,v) = gg(€y,). In OGBL-style link pre-
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diction, candidate edges are ranked by these scores, and Hits@K measures whether the held-out
positive edge appears among the top K ranked candidates.

Experiments proceed in two stages. We first validate the approach on controlled synthetic
graphs (line and circle topologies at multiple scales), where ground truth is fully known and ab-
lations can be run cleanly. We then evaluate on OGBL benchmarks described above to assess
whether findings from synthetic settings hold in practice. The results show that GC-based methods
are reliable on synthetic graphs with clear coordinate structure, while real-world benchmarks re-
quire more careful treatment. In particular, single-coordinate-channel edge scorers are limited on
OGBL-DDI, but late fusion of complementary coordinate views substantially improves the no-leak
OGBL-DDI result. The larger OGBL-PPA setting remains unresolved under the current pipeline
and highlights the need for further scalability and optimization work.

The remainder of the chapter is organized as follows.

* Section 6.2 defines the link prediction task and describes how edge examples are con-
structed from an input graph, including how we treat directionality, edge multiplicity, and

any node/edge attributes used by the model.

* Section 6.3 details the data split strategy and the evaluation protocol, specifying the ranking-

based metrics and the exact candidate sets used during evaluation.

* Section 6.4 introduces the negative sampling strategy used for training and validation, and
discusses how sampling choices, particularly the negative ratio, influence both optimization

stability and reported performance.

* Section 6.5 presents the GC-based model and training procedure, including the three coor-

dinate variants, the edge combination functions, the scoring MLP, and the loss.

* Section 6.6 summarizes datasets, baselines, hyperparameters, and implementation details

needed for reproducibility.
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* Sections 6.7—6.8 report results on both synthetic and real-world datasets, and provide error

analysis identifying the conditions under which the method succeeds or degrades.

Overall, this chapter characterizes the operating regime of GC-based link prediction: reliable
on synthetic graphs with clear coordinate structure, and progressively limited as graph scale and

structural complexity increase toward real-world benchmarks.

6.2 Task Definition and Data Construction

In link prediction, the observed graph is treated as an incomplete record of relations: an edge
(u,v) € E represents a known relation between two nodes, while the learning task is to assign
scores to candidate node pairs and identify which currently unobserved pairs are likely to cor-
respond to missing or otherwise valid but unrecorded edges. The problem has a long history in
network analysis, including classical work on predicting potential links in social networks and
proximity-based heuristics such as common neighbors and Adamic-Adar scores [92,93]. More
recent work has studied link prediction using graph neural networks and learned structural heuris-
tics [14], and benchmark suites such as the Open Graph Benchmark provide standardized large-
scale link-property prediction datasets and evaluation protocols [13].

For supervised training, observed training edges are treated as positive examples. Because
the number of possible node pairs is usually much larger than the number of observed edges,
the model also requires negative examples. Ideally, a negative edge example would be a candidate
node pair for which one has independent evidence that no relation exists. In many real-world graph
datasets, however, such confirmed non-relations in the training split are not available. Therefore,
in real-world graph datasets and synthetic datasets, we approximate training negative examples by
sampling node pairs that are not present in the training edge set. A negative edge, or negative sam-
ple, is a candidate pair ((u,v) ¢ Eiai) that is treated as a non-edge during training or evaluation.
However, in real graphs, an unobserved pair is not always a confirmed false edge; it may instead
be an unknown or missing edge. This distinction is especially important for the coordinate-based

methods in this chapter. Graph coordinates are generated from the currently available training
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graph, so held-out validation/test edges and genuinely unknown edges are not included when com-
puting shortest-path distances to anchors. As a result, the coordinate construction may not fully
reflect the latent graph on which links exist: two nodes that should be close in the complete graph
may appear farther apart, disconnected, or structurally less related in the training graph. Thus,
link prediction with graph coordinates has an additional challenge beyond edge scoring: the node
representations themselves are built from an incomplete graph, and negative sampling must be
interpreted as a practical approximation rather than as access to a complete set of true non-edges.
Following this setting, let G = (V| E), where V is the set of nodes and F is the set of ob-
served edges available under the training or evaluation protocol. The objective is to learn a scoring
function that assigns high scores to true (observed or valid but unrecorded) edges and low scores
to false (non-existent) edges. In the simplest setting, the graph is homogeneous and unweighted;
however, the pipeline described in this chapter is compatible with (i) directed or undirected graphs,

(i1) multi-edges, and (iii) optional node/edge attributes.

6.2.1 Problem Setup

Let |V| = n and let the observed edge set be £ C V x V. For a candidate pair (u,v), the

model outputs a real-valued score

so(u,v) € R, 6.1)

parameterized by . Higher scores indicate higher confidence that (u, v) should be an edge. During

training, we construct labeled examples from edge pairs:

Dt = {(u,v) : (u,v) € Eyain}, (6.2)

D™ ={(u,v): (u,v) & Eops}, (6.3)

where F.,;, is the training edge set, and E,,s denotes the set of edges that must be treated as existing

for the purpose of avoiding false negatives (e.g., the union of training/validation/test edges if all are
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known, or at least the training graph plus any edges revealed to the sampler). Section 6.4 specifies

how D~ is instantiated in practice.

6.2.2 Directed vs. Undirected Graphs

The construction of candidate pairs depends on whether G is directed.

* Undirected: Edges are unordered, so (u,v) and (v, u) are equivalent. We canonicalize pairs

(e.g., enforce u < v under an index ordering) to avoid duplicates in datasets and evaluation.

* Directed: Edges are ordered, so (u,v) and (v, u) are distinct. Negative sampling and evalu-

ation must respect directionality.

If the original dataset is undirected but the implementation stores adjacency in a directed format
(common in libraries), we ensure that data construction does not accidentally double-count recip-

rocal edges unless explicitly intended.

6.2.3 Training Graph and Message-Passing Scope

Many link prediction models use node representations computed from a training graph G =
(V, Exrain), for example through message passing or other neighborhood aggregation. In standard
link-prediction protocols, validation and test edges are withheld from the graph used to construct
node representations so that the model cannot indirectly observe the edges it is later asked to predict
[13, 14]. Following this common no-leakage practice, we restrict any representation learning that
depends on graph connectivity (e.g., GNN propagation, anchor-based distance features, structural
encodings) to Ei.,;, only. Validation and test edges are used strictly for supervision-free evaluation
(ranking) and must not be inserted into the graph for computing node embeddings.

In contrast, features that are independent of edges (e.g., raw node attributes or externally pro-
vided embeddings) can be used across all splits without leakage concerns. For edge attributes, we
follow the same rule: edge-derived features are available only for edges in E;, during training-

time representation computation.
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6.2.4 Constructing Edge Examples

We form supervised examples by pairing positive edges with sampled negatives. For each

positive (u, v) € Eyin, we generate K negative pairs

{(u,@l),...,(u,f)K)}, (64)

or alternatively K pairs of the form (7, v), depending on the sampling scheme. The training

dataset is thus a collection of edge pairs and binary labels:

Diain = {((wi, vi),y:) ey, vi € {0,1}. (6.5)

For scalability, we do not materialize Dy.;, as a single static list when m is large; instead, we
stream positives in batches and generate negatives on-the-fly (Section 6.4), which reduces storage

and enables flexible K without regenerating files.

6.2.5 Candidate Sets for Evaluation

Evaluation in link prediction is commonly performed via ranking: for each query edge (or
query node), the model ranks the true target against a set of negatives. Two typical evaluation

modes are:

» Edge-centric (pairwise) ranking: Each positive test edge (u,v) is evaluated against a set
of sampled negatives that share the same source u (or same destination v), producing a rank

for the true edge.

* Node-centric (all-candidates) ranking: For a fixed source u, rank the true neighbor v
against all nodes in V' (or a large subset). This is more faithful but often computationally

expensive.
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In large-scale settings, we typically use sampled candidate sets for tractability while ensuring the
evaluation protocol is consistent across methods. Section 6.3 specifies the exact protocol and

metrics.

6.2.6 Scalable Data Representation

To support scalable training, we store and process data in representations optimized for stream-

ing and membership testing:

* Edge lists: Store FEiuin, Fyva, and Eiey as integer index pairs (COO-style) for efficient se-

quential reads and shuffling.

* Adjacency for sampling: Maintain adjacency data structures (e.g., CSR/CSC) for fast
neighbor queries when needed, and a hash-based or sorted representation for fast “is-edge”

membership checks during negative sampling.

These choices enable the pipeline to scale to large |E/| without requiring the full Cartesian prod-
uct of candidate pairs, and they allow negative sampling to avoid collisions with observed edges

efficiently.

Summary. This section defined the link prediction task and described how supervised edge-pair
examples are constructed from the training graph while avoiding leakage. The next subsections

specify the split protocol (Section 6.3) and the negative sampling strategy (Section 6.4) in detail.

6.3 Splits and Evaluation Protocol

This section describes how we partition the edges in a graph dataset into training/validation/test
sets and how we evaluate link prediction performance in a way that is both scalable and compa-
rable across methods. The key requirements are: (i) no leakage of validation/test edges into any
connectivity-dependent representation learning, (ii) consistent candidate sets for ranking-based
evaluation, and (iii) reproducibility via fixed random seeds and deterministic data construction

whenever possible.
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6.3.1 Edge Splitting

Given the observed edge set E, we partition it into three disjoint subsets:

E = Etrain U Eval U Etest- (66)

We use Guain = (V, Eyain) as the training graph. Any operation that depends on graph structure
(e.g., message passing, anchor-distance computation, structural encodings) is computed using Fy,i,
only. Validation and test edges are held out strictly for evaluation, as what OGB leaderboard [94]

requires.

Transductive setting. We assume a transductive evaluation protocol: the node set V' is fixed and
shared across all splits, and only edges are withheld. This matches common benchmarks where all

nodes are known at training time, but some edges are hidden.

Undirected graphs. For undirected graphs, we split over canonicalized edges to avoid having
(u,v) and (v, u) placed into different splits. Concretely, we store each undirected edge once using
a canonical ordering (e.g., v < v under a fixed node indexing) and perform splitting on this canon-
ical set. This is consistent with the convention used by OGB link-prediction datasets: undirected
relations are split as graph edges, while the loaded graph representation may expand them into

bidirectional edges for computation [94].

Handling multi-edges and self-loops. If multi-edges exist, we treat each observed edge as a
positive instance; if the downstream task requires simple graphs, multi-edges can be collapsed
(keeping a single instance) prior to splitting. Self-loops may be removed unless they are meaning-

ful for the dataset; if retained, they are handled consistently in both splitting and negative sampling.

6.3.2 Validation and Test Queries

We evaluate the model using the validation and test positive edges defined by the official dataset

split. These edges are disjoint from the training edges and are not included in the training graph
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used to construct graph coordinates or other connectivity-dependent representations. For each
validation or test positive edge, the model score is compared against the scores of the corresponding
negative candidate edges under the same evaluation protocol. Thus, evaluation is performed as an
edge-ranking problem: true validation or test edges should receive higher scores than sampled
non-edges.

For OGB-style link-prediction benchmarks, such as OGBL-DDI, we follow the benchmark
convention by using the provided validation/test positive edges and the corresponding negative
edge samples when computing Hits@(K) [13]. For undirected graphs, (u,v) and (v, u) represent
the same relation, so evaluation is performed consistently with the canonical edge representation

used in the split construction.

6.3.3 Negative Sets for Evaluation

Link prediction evaluation is typically framed as ranking a true edge against a set of negatives.

Let (u,v) € Ey be a test positive. We construct a candidate set

C(u,v) = {v} UN(u), (6.7)

where N (u) is a set of negative destinations for source u (or analogously negatives for destination-
conditioned ranking). A negative candidate 0 € N (u) must satisfy (u, ) ¢ Fqps to avoid counting
a true-but-unseen (or held-out) edge as negative. Here E,,, denotes the set of edges considered

known positives for filtering; a conservative choice is

Eobs - Etrain U Eval U Etesty (68)

which ensures that no observed edge is treated as negative during evaluation.

Sampled vs. all-candidate evaluation. For small graphs, one can rank against all nodes (all-

candidates). For large graphs, this becomes intractable, so we adopt a sampled evaluation protocol
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where |N(u)| = M is fixed (e.g., M € [50,1000] depending on dataset scale). Using a fixed M

yields a controlled compute budget and stable comparisons across methods.

Fixed negatives for reproducibility. To make evaluation comparable across model variants, we
use the same validation and test candidate edge sets for all runs. For OGB benchmarks, these
candidates are taken from the official validation/test positive and negative edge splits. For synthetic
or custom experiments in which negative candidates must be generated, we generate them once
using a fixed random seed and a deterministic sampling procedure, and then reuse the resulting

candidate sets across model variants.

6.3.4 Ranking Metrics

Following the OGB link-prediction evaluation protocol, we report Hits@ K as the primary
ranking metric [13]. Given a query with candidate set C(u, v), the model produces scores {sg(u, c) :
¢ € C(u,v)}. Let rank(v) be the rank position of the true destination v when candidates are sorted

by descending score (rank 1 is best). We report standard ranking metrics:
 Hits@ K: proportion of queries for which rank(v) < K.

Hits@ K is typically reported for K € {1, 3, 10,50} depending on the benchmark.

Filtered evaluation. In many benchmarks, evaluation is filtered: when computing the rank of
(u,v), any candidate ¢ such that (u,c) € FEq (a known positive edge) is removed from the can-
didate set, except for the target v. This avoids penalizing the model for ranking another true edge
above the specific held-out edge. We follow this filtered protocol by ensuring the negative candi-

date sets exclude edges in Fyps.

6.3.5 Data Leakage Prevention

We enforce the following rules to avoid leakage:

* The training graph used for connectivity-dependent representation learning is G, only.
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 Validation/test edges are never added to adjacency structures used for message passing, dis-

tance computation, or structural encoding.

* Negative sampling for evaluation is filtered against Fps (train+val+test) to avoid labeling

observed positives as negatives.

These constraints ensure that reported performance reflects true generalization to unseen edges

rather than inadvertent exposure to held-out connectivity.

Summary. We split edges into disjoint train/validation/test sets, train all structure-dependent com-
ponents on Ey.;, only, and evaluate using filtered, ranking-based metrics (i.e., Hits@ K') over fixed
candidate sets. The next subsection details the negative sampling strategy used for training and

validation.

6.4 Negative Sampling Strategy

Training a link predictor requires both positive edges and negative, or non-edge, examples. For

Vi(vi=1)
2

a simple undirected graph without self-loops, the number of possible node pairs is , so the

set of candidate non-edges has size — |E|. For directed graphs, the analogous candidate

VIvi=1)
2

set is based on ordered node pairs. Thus, even for sparse graphs, the number of possible negative

examples can be much larger than the number of observed positive edges. This quadratic candidate

space is a standard issue in link prediction: link-prediction surveys define the task over missing or

future links in the set of nonexistent node pairs, and practical GNN-based link-prediction pipelines

commonly sample non-existent node pairs as negative examples [14,95]. The negative sampling

strategy is therefore a primary driver of optimization stability, training-example hardness, and the

overall throughput of the scalable pipeline.

6.4.1 Sampled Negatives and Filtering

Let (u,v) € Euin be a positive training edge. For each positive edge, we sample K negative

candidate pairs, such as {(u, o)}, or alternatively {(@,v)} , depending on the sampling
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scheme. These sampled pairs are treated as non-edges during training, but they must not collide
with observed positive edges.

A sampled negative is retained only if (u,0) ¢ FEo, Where Eqs is the set of edges treated
as positives for filtering. During training, the minimal safe choice is Eops = FEiain, Which avoids
contradictions in the training labels. During validation/test evaluation, we use a stricter filter, such
as Fops = Epain U Fya U Eeie (Section 6.3), so that no observed edge is counted as a negative
candidate. For undirected graphs, collision checks are performed on canonicalized pairs to ensure

that (u, 0) and (0, u) are treated consistently.

6.4.2 Uniform and Degree-Based Negative Sampling

The simplest strategy samples negatives uniformly from the node set, o ~ Unif(V"), followed
by rejection if (u,0) € Egps or if = u when self-loops are disallowed. Uniform negatives are
cheap and unbiased with respect to the node distribution, but they are often foo easy in highly
skewed graphs, leading to fast but potentially suboptimal training.

To increase the hardness of negatives and better match the empirical frequency of nodes, we can
instead sample from a degree-based, or popularity-biased, distribution, Pr(o = z) o (deg(x))<,
where « € [0, 1] controls the strength of the popularity bias. Common choices are &« = 0.5 or
a = 1. This produces harder negatives by proposing high-degree nodes more often, which is

beneficial when the graph exhibits heavy-tailed degree distributions.

6.4.3 On-the-Fly vs. Precomputed Negatives

For scalability, negative edge examples, i.e., sampled candidate node pairs that are treated as

non-edges, can be generated in two ways:

* On-the-fly sampling: generate negatives during each batch. This reduces storage and pro-

vides stochasticity across epochs, but requires fast membership checks against Eps.
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* Precomputed negatives: store fixed negatives for each positive. This improves determinism
and may simplify distributed evaluation, but can be expensive to store and may overfit to a

static negative set.

In our pipeline, we prefer on-the-fly sampling for training, and fixed (seeded) negatives for valida-

tion/test evaluation to reduce variance.

6.4.4 Choosing the Negative Ratio p,,,

The negative ratio p,,, reported in later tables, is the ratio of sampled negative edge examples

to positive edge examples used during training:

_ # sampled negative training edge examples

Preg = # positive training edge examples

For example, pn.; = 1 uses one sampled negative edge example per positive training edge on
average, while p,., = 6 uses six sampled negative edge examples per positive training edge. A
value below one, such as p,., = 0.1, means that fewer negative examples than positive examples
are sampled, e.g., approximately one negative example for every ten positive examples.

The negative ratio p,.4 controls both compute cost and supervision strength:

* Larger p,, typically improves ranking performance up to a point by providing stronger

contrast.

 Larger p,.4 increases per-batch compute and memory, and may require chunked scoring for

scalability.

We treat p,., as a tunable hyperparameter and keep it fixed across methods when performing

controlled comparisons.

Summary. We construct negatives by sampling node pairs that do not appear in the observed
edge set, using uniform or degree-biased distributions for efficiency and hardness. Negatives are

generated on-the-fly during training (with efficient collision checking) and fixed for evaluation
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to reduce variance. The next section describes the model architecture and the scalable training

procedure built on top of this sampling pipeline.

6.5 Model and Training Procedure

This section describes the link prediction model used in this chapter and the end-to-end training
procedure designed for scalability. The overall design separates node representation construc-
tion (which may be precomputed and cached) from edge scoring and optimization (which is
performed in streamed mini-batches with negative sampling).

Figure 6.1 summarizes the full link-prediction training and evaluation pipeline used in this
chapter. Starting from the training edge split, graph-coordinate node representations are computed
from the training graph, positive training edges are paired with sampled negative edge examples,
edge embeddings are scored by the downstream predictor, and the resulting loss is used to update
the trainable parameters. Periodically, the trained scorer is evaluated on the validation or test

candidate edge sets using the dataset-specific ranking metric.

6.5.1 Node Representations

Each node u € V is associated with a vector representation z,, € R? used for scoring candidate

edges. The pipeline is agnostic to how z,, is obtained, but two common cases are:

Graph Coordinate embeddings. We represent each node using anchor-based Graph Coordi-
nates (GCs), computed solely from the training graph Gy = (V, Eain) to avoid leakage (Sec-
tion 6.3). Let A = {a1,...,a,,} C V be a set of m anchor nodes. The raw distance vector for
node w is

d, = [dist(u, ay), ..., dist(u, am)] e R™, (6.9)

where dist(+, -) denotes shortest-path distance on G ;. We evaluate three coordinate variants that

differ in how d,, is processed into the final embedding z,,:
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Link prediction training loop

Graph and edge splits
G = (Va E), FEttain, Evaly Etest

Node representations
Graph Coordinates (GCs) z,

Sample a mini-batch of positives
{(ui7 Ui)}f;l C  Plain

Negative sampling + filtering
for each w;: sample ¥; 1. s.t. (uj, ) ¢ Eirain

Gather edge embeddings Embedding
Zu;;s Zus,i;,, (@and optional features) cache

repeat for epochs / steps

Y

Score edges
s(u,v) = fg(zu;0;) (MLP)

Compute loss
over positives and negatives

Back propagation + optimizer step
update trainable parameters

Periodic validation/testing
compute Hits@K/AUC/AP on Fyy / Fiest

Figure 6.1: Procedure for link prediction with sampled negatives: node representation computing, filtered
negative sampling, edge scoring, loss computation, and parameter updates, with periodic evaluation.

* VC (Virtual Coordinates): The raw distance vector is used directly as the node embedding:

zVC =4q,. (6.10)

u
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* TC (Topology Coordinates): The distance matrix D € R™™ (rows indexed by nodes,

columns by anchors) is factored via truncated SVD:

D~UZVT, (6.11)

and each node’s embedding is taken as the corresponding row of the low-rank approximation:

z," = (US).. (6.12)

This transformation decorrelates the anchor distances and compresses the representation into

a lower-dimensional space.

* DVC (Directional Virtual Coordinates): Directional virtual coordinates are constructed
from pairs of anchors. For each selected anchor pair (A4,, A,), the corresponding coordinate
of node u is computed from the distances from « to the two anchors, producing a virtual
direction in the graph. This construction avoids the SVD step used by TC while still deriving

node coordinates from anchor-based shortest-path distances.

All three variants are precomputed once before training and cached; the downstream scoring

MLP operates on fixed embeddings.

6.5.2 Edge Scoring Functions

Given node representations z,, and z,, the model outputs a score s (u, v).

Dot-product scorer. A simple and efficient choice is

s6(, V) = (Zy, 2y), (6.13)
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optionally with learned linear projections for directed graphs:
se(u,v) = (Wyz,,, W,z,). (6.14)

MLP scorer with pairwise features. To capture the relational structure between two node em-
beddings, we form a pairwise feature vector and pass it through an MLP. We consider two combi-

nation strategies:

* Concat: The two embeddings are concatenated in both orders to preserve directional infor-
mation:

e — (7., || z, || 2o || Z4]. (6.15)

* SumAndDiff: The sum and absolute difference are concatenated, encoding both the shared

structure and the pointwise discrepancy between the two embeddings:

e = [(2u + 20) || |24 — 20]]- (6.16)

This construction is permutation-invariant (symmetric in u and v), which is appropriate for
undirected graphs, and retains complementary information that a simple concatenation may

lose.

The edge score is then:

89(u7 U) = g@(euv) ) (6.17)

where gy is a multi-layer perceptron. SumAndDiff is the default combination in our experiments;

its advantage over Concat is examined in Section 6.7.

6.5.3 Loss Function with Negative Sampling

We train with sampled negatives (Section 6.4). For each positive edge (u,v) € Eiin, sSample

Ny negatives {(u,?y)} (or destination-conditioned variants). We use a sampled binary cross-
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entropy objective:

Nneg
1
L(u,v) = —logo(sy(u,v)) — I log U( — 59(u,6k)), (6.18)
ney p=1

and minimize the average over a mini-batch of positives.

Class imbalance and weighting. When N, is large, the effective negative mass can dominate

gradients. If needed, we apply a weight \ to the negative term:

Nneg
L(u,v) = —logo(sy(u,v)) — I Z log 0( — sa(u,f)k)), (6.19)
neg

where A can be tuned to stabilize optimization.

6.5.4 Mini-batch Construction and Vectorized Scoring
Let a mini-batch contain B positive edges {(u;,v;)}2, and N,., negatives per positive. We

construct tensors:

U=[uy,...,ug], V=[vg,...,vg], V&NBNeg (6.20)

and gather the corresponding embeddings into matrices

Zy e RPX Zy e RPX Zp € RE*Nneaxd, (6.21)

For dot-product scoring, positives are computed as row-wise inner products:

s = (Zyli], Zyli]), (6.22)
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and negatives are computed in a batched form:

S;k = <ZU[i]7 Zf/[i? k]> (6.23)

This keeps training throughput high by avoiding per-edge Python loops and relying on dense
GEMM-like kernels.

6.5.5 Optimization and Training Schedule

We optimize parameters ¢ (and any encoder parameters ¢) using a first-order optimizer such as

Adam/AdamW with standard regularization:
* Weight decay: applied to encoder and scorer weights.
* Gradient clipping: optional, to control rare large updates when hard negatives are present.
* Learning rate schedule: optional warmup followed by cosine decay or step decay, depend-

ing on stability.

Mixed precision and gradient accumulation. To improve throughput, we optionally use mixed
precision for scoring and backpropagation. When the desired effective batch size exceeds GPU
memory, we use gradient accumulation over A micro-batches (each of size B), yielding an effective

batch size A - B without increasing peak memory.
6.5.6 Scalable Training Pipeline
The complete training step is organized to minimize data movement and synchronize points:
1. Sample a mini-batch of positive edges from Ei;,.
2. Generate V., negatives per positive on-the-fly with collision filtering against Ein.
3. Gather the required node embeddings z,, z,, and z; (CPU—GPU as needed).

4. Compute scores sy in a fully vectorized manner (chunking negatives if necessary).
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Algorithm 6.1 Scalable Link Prediction Training with Sampled Negatives

Require: Training edges Fiin, node embeddings (precomputed or encoder), negative ratio py,.y,

batch size B

1: for each epoch do

2 for each mini-batch of positives {(u;, v;)}2 | from E, do

3: Sample negatives 0 1.,,., With filtering: (u;, U5 1) ¢ Eiain

4: Gather embeddings z,,, Z,,, Z3, , (chunk if needed)

5 Compute scores s;” = sg(u;, v;) and Sip = so(ui, k)

6 Compute loss L (e.g., Eq. 6.18); backpropagate

7 Update parameters with optimizer step (optionally with mixed precision / accumula-
tion)

8: end for

9: end for

5. Compute loss (Eq. 6.18), backpropagate, and update parameters.

For reproducibility, we fix the RNG seed for (i) shuffling positive edges and (ii) the negative sam-
pler. For evaluation, we additionally use fixed candidate sets (Section 6.3) to reduce variance

acCross runs.

6.5.7 Algorithmic Summary

Algorithm 6.1 summarizes a scalable training loop for link prediction with sampled negatives.

Summary. The model learns a scoring function over node representations, trained via mini-batches
of positive edges and on-the-fly sampled negatives. Scalability is achieved through streaming
data construction, efficient embedding gathers, vectorized scoring, and optional chunking/mixed

precision to bound memory usage.

6.6 Experimental Setup

This section describes the datasets, baselines, implementation details, and hyperparameter set-
tings used to evaluate the scalable link prediction pipeline. The goal is to make the experiments
reproducible and to ensure that comparisons isolate the impact of the proposed training pipeline

and representation choices.
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Table 6.1: Dataset statistics.

Dataset V| |E| Metric Features

Synthetic (line/circle) 20-10k varies Hits@1 none (structure only)
OGBL-DDI 4,267 1,334,889 Hits@20 none

OGBL-PPA 576,289 ~42M Hits@100 none

6.6.1 Datasets

We evaluate on three dataset families covering controlled synthetic settings and real-world

benchmarks.

Synthetic graphs. To validate the approach under fully controlled conditions and isolate the
effect of individual design choices, we generate synthetic graphs with known edge structure. Two
topologies are used: line graphs (nodes arranged in a path) and circle graphs (nodes arranged in
a cycle). Both are instantiated at five scales: |V| € {20,100, 500, 1000, 10000}. All edges are
included in the training graph; a held-out subset of edges (and an equal number of non-edges)

forms the test set. The evaluation metric is Hits@1.

OGBL-DDI. A drug—drug interaction network from the OGB benchmark [13]. The graph con-
tains 4,267 nodes and 1,334,889 edges (unweighted, undirected). No node features are provided;
all representations are structure-derived. Edges are split according to the standard OGB protocol:

approximately 80% for training and 10% each for validation and test. The evaluation metric is

Hits @20.

OGBL-PPA. A protein—protein association network from OGB, with 576,289 nodes and approx-
imately 42 million edges. The graph is nearly connected (the largest component contains 99.96%
of nodes). No node features are available. Due to scale, training is substantially more expensive
than on OGBL-DDI. The evaluation metric is Hits@100.

Table 6.1 summarizes key statistics.
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6.6.2 Baselines

We compare the proposed scalable pipeline against representative link prediction baselines
spanning simple similarity scoring and learned embedding approaches. The specific baseline set

can be adapted to the datasets used, but a typical configuration includes:

* Heuristic scorers: Common Neighbors, Adamic—Adar, Resource Allocation (for undirected

graphs).

* Matrix factorization / embeddings: shallow embedding models with dot-product scoring

(e.g., logistic factorization).

* GNN-based methods (if applicable): neighborhood-aggregation encoders trained on G/yin,

followed by a dot-product or MLP edge scorer.
All learning-based baselines use the same split protocol and negative sampling constraints to ensure
comparability.
6.6.3 Training and Evaluation Protocol
We follow the split and evaluation procedure in Section 6.3. In particular:

* Training graph: all connectivity-dependent computations use Fi;, only.

* Negatives: training uses on-the-fly negatives with collision filtering against Fi.;,; valida-

tion/test use fixed candidate sets for reproducibility.
* Metrics: we report Hits@ K.
When sampled evaluation is used, we fix the number of negatives per query and store the random

seed and sampling procedure to ensure identical candidate sets across runs.

6.6.4 Implementation Details

All methods are implemented in a unified training codebase to control for engineering differ-

ences. Key implementation details include:
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* Batching: positives are streamed as edge-index batches of size B; negatives are generated

per batch with ratio py.,.

* Embedding storage: node representations are stored on CPU with batched index-gather to

GPU; optional GPU caching is used when memory permits.

* Chunked scoring: negative scores are computed in chunks when B x N,,., exceeds GPU

memory limits.

* Precision: mixed precision is enabled when stable; otherwise training defaults to full preci-

sion.

We set random seeds for data shuffling and negative sampling. Each experiment is repeated across
multiple seeds when feasible to estimate variance; otherwise, we report a single deterministic run

with fixed evaluation negatives.

6.6.5 Hyperparameters

We tune hyperparameters on the validation set and report test performance using the best vali-

dation checkpoint. Unless otherwise stated, the search space includes:

Embedding dimension: d € {64,128, 256}.

* Negative ratio: p,,., € {0.1,1,6}.

Batch size: B chosen to saturate GPU memory (with gradient accumulation when needed).

Optimizer: Adam/AdamW with learning rate n € [1074,1072]
and weight decay € {0,107°,107%,107°}.

* Training epochs: up to a fixed budget, with early stopping based on validation Hits @K.

Summary. This section specifies the datasets, baselines, and training/evaluation configuration
used throughout the chapter. The next sections report results (Section 6.7) and analyze typical

error modes and limitations (Section 6.8).
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Table 6.2: Synthetic graph results (testHits@1). “w/ transf.” denotes runs using TC or DVC embeddings;
“VC only” denotes runs using raw VC. Each entry is a mean over all matching configurations.

Graph |V| w/ transf. VConly SumAndDiff" Concat'

circle 20 1.000 1.000 1.000 1.000
100 1.000 0.696 0.870 0.588
500 0.996 0.808 0.717 0.945
1,000 1.000 0.456 1.000 0.239
10,000 0.380 0.128 0.234 0.023

line 20 1.000 1.000 1.000 1.000
100 1.000 0.919 1.000 0.776
500 1.000 0.772 0.990 0.391
1,000 0.945 0.432 1.000 0.107
10,000 0.246 0.133 0.225 0.072

T SumAndDiff and Concat columns report VC-only (noTransf) condition means.

6.7 Results

This section reports link prediction performance under the split and evaluation protocol de-

scribed in Section 6.3. We report predictive performance measured by ranking metrics (Hits @ K').

6.7.1 Synthetic Graph Results

Table 6.2 reports testHits@1 on line and circle graphs across scales, comparing VC (raw co-
ordinates, no transformation) against the best-performing GC variant (TC or DVC) and the two
combination strategies (Concat vs. SumAndDiff). Each cell is the mean over all runs sharing that
configuration on the given dataset. This confirms that the coordinate-based scorer can recover clear
structural link patterns when the underlying topology is simple. The lower performance of raw VC
and the degradation at 10,000 nodes suggest that coordinate transformation and anchor coverage
become more important as graph size increases. These results validate the basic pipeline before

moving to more complex real-world benchmarks.
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Table 6.3: OGBL-DDI results (testHits @20). pj,., denotes the ratio of negative to positive training samples.

GC Anchors Combine Hidden Pneg Hits@20

TC 4267 SumAndDiff [128] 1 0.2523
TC 4267 Avg [128] 1 0.2448
VC 400 SumAndDiff [128] 1 0.1884
vC 800 Concat [128] 1 0.1693
TC 400 Concat [128] 0.1  0.1125
TC 400 SumAndDiff [128] 0.1  0.1198

[
TC 4267 SumAndDiff [256,128] 1 0.0268
TC 1000 SumAndDiff [256,128] 6 <0.001

6.7.2 Real-World Benchmark Results

Table 6.3 reports results on OGBL-DDI. Each row corresponds to a distinct configuration; we
report the best validation-selected checkpoint. Among these single-channel configurations, the
strongest result is obtained by TC with all 4267 nodes used as anchors and the SumAndDiff edge
representation. The lower performance of smaller-anchor or raw-VC configurations suggests that
richer coordinate information is important on OGBL-DDI. The results also show sensitivity to
the training negative ratio: too few negatives provide limited contrast, while the large negative-
ratio setting collapses in this experiment. These observations motivate the coordinate-ensemble
experiments in Section 6.7.3, where multiple complementary coordinate views are fused instead

of relying on a single scorer.

6.7.3 No-Leak Coordinate Ensembles for OGBL-DDI Link Prediction

This subsection reports the final link-prediction results obtained on the full OGBL-DDI bench-
mark using graph-coordinate edge scorers. The main ensemble results are summarized in Table 6.4.
The purpose is to test whether anchor-derived node coordinates, originally used as node-level rep-
resentations, can also support high-quality edge ranking when converted into pairwise edge fea-
tures. The main finding is that single coordinate channels are not sufficient for strong Hits@20
on this benchmark, but late fusion of complementary coordinate views is substantially more effec-

tive. Under the no-leak protocol described below, the best validation-selected 8-channel coordinate
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ensemble reaches 0.8564 test Hits@20. A compact 10.23M-parameter ensemble reaches 0.8095
test Hits@20, and a compressed ensemble with fewer than one million trainable parameters still

reaches 0.7599 test Hits @20.

No-leak split protocol. All formal results in this subsection use a split-aware no-leak protocol.
The training graph is built only from training positive edges, and the training negative sampler
forbids only training positive edges:

_ it _ nt+
Egraph - Etraim Eforbid =FE

train*

Validation and test positive edges are treated as unknown during training. They are not inserted
into the training graph, and they are not inserted into the training-negative forbidden set. The
validation and test positive splits each contain 133,489 edges. Evaluation uses the official OGB
link-prediction negative edges and reports Hits @K values, with AUC recorded only as an auxiliary
metric.

This distinction is important because an earlier diagnostic protocol forbade all positive edges,
including validation and test positives, when sampling training negatives. That setting leaks split

information into training and is therefore excluded from the formal claims in this subsection.

Coordinate channels. Each ensemble channel first constructs a node-coordinate matrix from
the training graph using one or more graph-coordinate families. The final ensembles combine the

following coordinate views:
* TC: topology coordinates obtained from the train-positive graph.
* VC: normalized virtual coordinates

* DVC: directional virtual coordinates, which provide a different coordinate geometry from

TC and VC
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* RAW: raw shortest-path-to-anchor distance columns (VCs) computed on the train-positive

graph

Each channel chooses an anchor budget and a coordinate-column budget. Most final channels
use random anchors. The compressed under-1M ensemble additionally uses one degree-stratified
TC+VC channel, which improves complementarity without increasing the total parameter budget
above one million. The term degree—-stratified refers only to anchor selection. Given A
requested anchors, the implementation computes node degrees in the train-positive graph, stably
sorts the candidate nodes by degree, splits this ordered list into A bins, and samples one anchor

uniformly from each bin using the run seed.

Edge features and single-channel scoring. Given a node-coordinate representation z,,(v) for

channel m, each candidate edge (u, v) is represented by the symmetric edge feature

Pm (U, 0) = [z () + 2m(V), |2m(w) = 2m (V)]

This sum_and_diff representation is used by all final reported models. Before training, edge
features are normalized using statistics computed from the training edge set. A dense MLP then
maps ¢,,(u,v) to a logit score s,,(u,v). Single-channel training uses binary cross entropy with
logits, Adam with learning rate 10~2, weight decay 10~%, batch size 4096, evaluation batch size

16384, and early stopping by validation Hits @20.

Training negatives. The final channels use mixed static negative sampling. Most high-score and
under-1M mix channels use a train negative ratio of 7.0, with the negative sampler mixing uniform,

two-hop, and high-common-neighbor negatives with fractions 0.3, 0.4, and 0.3, respectively.

Train-calibrated late score ensemble. The strongest results are obtained by late fusion of saved
single-channel models. For each channel m, logits are evaluated on a train-sampled calibration set

containing training positives and sampled training negatives. Each channel’s logits are then z-score
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Table 6.4: Main no-leak coordinate-ensemble results on full OGBL-DDI.

Valid Test Test Test Test

Model Params  peo0  H@20 H@S0 H@100 AUC
8-channel z-score 32,001,800 0.7057 0.8564 0.9101 0.9411 0.9989
ensemble
10.23M compact 10,230,787 0.6933 0.8095 0.8751 0.9135 0.9988
ensemble
Under-1M ensemble 937,410 0.6680 0.7599 0.8367 0.8781 0.9982

normalized using calibration statistics:
Sm(u,v) =

The ensemble score is a weighted linear sum,

S(u,v) = Z WinSm (U, v).

Weights are selected by validation Hits @20, not by test Hits@20. No final ensemble reported here
uses explicit structural-score channels such as common neighbors, Adamic-Adar, or resource allo-
cation; all reported active channels are learned coordinate scorers. The best ensemble is obtained
by re-scoring previously trained no-leak model runs, applying the same train-calibrated normaliza-
tion, enumerating model-channel subsets, and using coordinate descent over a small nonnegative
weight grid to maximize validation Hits @20.

Table 6.4 summarizes the main results. The 8-channel z-score ensemble is the strongest result
under the split-aware protocol in this set of experiments. The under-1M ensemble is the strongest
saved compressed variant: it is 34.14 times smaller than the 8-channel ensemble by active param-
eter count, while retaining 88.7% of the 8-channel ensemble’s test Hits@20. In absolute terms,
compression costs 0.0965 Hits @20 while reducing the trainable parameter count from 32.00M to

0.94M.

106



Table 6.5: Active channels in the 8-channel z-score ensemble. All rows use the no-leak protocol with the
training positives as the training-negative forbidden set.

Channel Hidden dims Params Val H@20 Test H@20 Test H@100 Weight
?ZSZ%V;Z 2048/1024/512 6,819,841  0.6643  0.1574 08773  3.50
iggz\/’g - 1024/512/256 2,754,561  0.6264  0.0967 0.6624  1.00
gi;\/’;gvc*mw' 384/128 836,225 0.6006 02269 07465  3.00
EEZZEESV“RAW’ 384/128 836225 05311 02430 07359 050
?{gji‘gg 256/128 205425 05812 0.1208 0.6086  1.00
Yggz\/’gl , 2048/1024/512 6,819,841  0.6180  0.1022 0.8294 025
Ygiﬁgl , 2048/1024/512 6,819,841 05841  0.1157 07573 0.75
Ig;i‘?g’l , 2048/1024/512 6,819,841 0.6262  0.0741 0.7264  3.00

The ensemble in Table 6.5 combines eight active channels selected from a larger candidate
set. The row marked as student is compact MLP trained by distilling a previously trained
no-leak teacher ensemble. The student has its own TC+VC+DVC+RAW coordinates with 512 an-
chors and 256 retained coordinates per view, giving a 1024-dimensional node coordinate and a
2048-dimensional sum_and_diff edge input. It is trained on 300,000 train-positive edges and
300,000 train-negative edges, all sampled from the training graph with validation and test edges
excluded. The selected active weights are [3.5,1.0,3.0,0.5,1.0,0.25,0.75,3.0]. Although no in-
dividual channel has test Hits@20 above 0.2430, their validation-selected combination reaches
0.8564. The largest weights fall on a high-capacity DVC+RAW channel, a compact all-view TC+VC
+DVC+RAW channel, and a high-capacity TC+RAW channel. This indicates that the gain comes
from complementary coordinate views rather than from one dominant scorer.

The compressed ensemble in Table 6.6 uses four small models and the weights listed in the

final column. Its strength is not single-channel performance: all four channels have individual
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Table 6.6: Channels in the best under-1M coordinate ensemble. The total parameter count is 937,410.

Channel Hidden dims Params Val H@20 Test H@20 Test H@100 Weight

TC+VC,

degree-stratified 256/128 295,425  0.5597 0.1088 0.6113 4.00
512/256

DVC+RAW,

random 256/128 295,425 0.5812 0.1208 0.6086 4.00
512/256

TC+DVC,

random 192/64 209,217  0.5835 0.1247 0.7093 4.00
512/256

TC+VC,

random 126/64 137,343 0.5615 0.0970 0.5416 0.25
512/256

test Hits@20 between 0.0970 and 0.1247. The gain instead comes from error complementarity.
Different coordinate families rank the hard-negative tail differently, so the normalized weighted

sum moves true positives upward more reliably than any individual channel.

Interpretation. These results refine the earlier single-channel observation for real-world link
prediction. Single graph-coordinate scorers are limited on OGBL-DDI, but the coordinate repre-
sentation family contains enough complementary structural information to support strong ranking
once multiple coordinate views are fused. AUC is near 0.998 for the main ensembles, which in-
dicates that most positive/negative comparisons are easy. Hits@20 is much harder because it is
dominated by a small set of high-scoring, structurally plausible negative edges. For example, if
one true edge is scored above 99,970 out of 100,000 negative candidates but 30 structurally plau-
sible negatives still receive higher scores, the AUC contribution is very strong, but the edge is
ranked only 31st and therefore fails Hits@20. This illustrates why a model can have a very high
AUC while still having lower Hits @20: the metric is sensitive to the hardest high-scoring negatives
near the top of the ranked list. Late fusion succeeds because the hard-negative tail is not identi-
cal across coordinate families and anchor strategies. Validation-selected z-score fusion therefore

improves the top of the ranking without introducing validation or test positives into training.
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The main conclusion is that the limitation of coordinate-based link prediction on OGBL-DDI is
not the absence of useful structural information in the coordinates. Rather, the limitation is that one
coordinate channel gives an incomplete view of the edge-ranking problem. Coordinate ensembles
reduce this channel-specific weakness and provide a stronger no-leak link-prediction result. At the
same time, these results should be interpreted as evidence for OGBL-DDI; the larger OGBL-PPA
setting remains unresolved under the current training pipeline and requires separate scalability and

optimization work.

6.7.4 Discussion of Observed Trends

The results suggest three main observations. First, the synthetic results in Table 6.2 show that
the graph-coordinate pipeline behaves as expected in controlled structural settings. On both line
and circle graphs, the transformed coordinate representations, TC or DVC, achieve nearly perfect
Hits@1 for graph sizes up to 1,000 nodes, except for a modest drop on the 500-node circle graph.
This indicates that when edge existence follows a simple geometric rule in the graph, anchor-
derived coordinates can preserve enough information for a downstream scorer to distinguish true
edges from sampled non-edges. At the same time, the 10,000-node results show a clear degrada-
tion, with transformed-coordinate performance falling to 0.380 on the circle graph and 0.246 on
the line graph. This suggests that the same pipeline becomes sensitive to graph scale and anchor
coverage: as the graph becomes larger, a fixed or limited anchor budget gives a coarser view of the
topology, and nearby true edges are harder to separate from structurally similar negative pairs.

Second, the initial real-world results in Table 6.3 show that single-channel coordinate scorers
are much more limited on OGBL-DDI. The strongest single-channel configuration uses TC with
all 4267 nodes as anchors and the SumAndDiff edge representation, reaching 0.2523 Hits @20.
Smaller-anchor settings and raw VC configurations are weaker, suggesting that richer coordinate
information is important for this dataset. The results also show sensitivity to the training negative
ratio: low negative ratios provide limited contrast, while the large negative-ratio setting collapses

in this experiment.
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Third, the ensemble results in Table 6.4 change the interpretation of the OGBL-DDI results.
Although individual coordinate channels are limited, late fusion of multiple coordinate views sub-
stantially improves ranking performance. This suggests that graph coordinates do contain useful
structural information for OGBL-DDI, but a single coordinate view captures only part of the edge-
ranking signal. The active-channel results in Tables 6.5 and 6.6 further support this interpretation:
the ensemble gain comes from combining complementary coordinate families rather than relying
on one dominant scorer.

The larger OGBL-PPA benchmark remains unresolved under the current pipeline. In that set-
ting, the interaction between graph scale, anchor coverage, embedding dimensionality, and train-
ing stability appears to be more difficult than in OGBL-DDI. Overall, the experiments indicate
that graph-coordinate link prediction is reliable in controlled structural settings, can be strong on
OGBL-DDI when complementary views are fused, and requires additional scalability and opti-

mization work for larger real-world graphs.

6.8 Error Analysis and Discussion

This section analyzes common failure modes observed in scalable link prediction pipelines and
discusses how they relate to data construction, negative sampling, model capacity, and system con-
straints. The goal is to interpret performance beyond aggregate metrics and to identify actionable

directions for improvement.

6.8.1 Error Taxonomy

We group link prediction errors into four broad categories.

(1) Structural ambiguity (indistinguishable candidates). In sparse graphs, multiple candidate
nodes may be structurally similar with respect to the source node u under the training graph G i,.

When the representation z,, primarily encodes coarse structural proximity (e.g., via neighborhood
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aggregation or distance-to-anchors), distinct candidates can collapse to similar scores:

sg(u,v1) = se(u,v2), v # Vg, (6.24)

leading to unstable rankings under small perturbations (seed changes, sampling noise). This is
especially common when evaluation uses large candidate sets and the model lacks fine-grained

attributes to disambiguate nodes.

(2) Hub dominance and the Hits@ K ceiling (OGBL-DDI). The OGBL-DDI graph has a heav-
ily skewed degree distribution: some nodes have degree > 2,000, connecting to more than 50%
of all other nodes. Hits@ K evaluation requires the true target to rank above all sampled negatives
for a query. For high-degree nodes, the pool of valid negatives is enormous, making it structurally
difficult for any score to place a specific true edge in the Top- K, regardless of embedding qual-
ity. This is illustrated concretely by a non-NN distance-threshold classifier on VC embeddings: it
achieves 63% overall binary accuracy but a Hits @20 of exactly 0, because even correctly classified

positives cannot rank above the large volume of negatives for hub-adjacent queries.

(3) Train/test distribution mismatch (OGBL-DDI). The OGBL-DDI split assigns edges to
train/validation/test randomly, without ensuring node-level disjointness. As a result, some nodes
appearing predominantly in the test set receive weaker VC embeddings, since their structural
neighborhood in G, is underrepresented. Analysis of embedding differences across anchor
counts shows that the ratio of positive-to-negative sample dissimilarity stabilizes at approximately
85—-88% regardless of anchor count, indicating a hard ceiling on discriminability that cannot be

overcome by increasing m alone.

(4) Anchor scale vs. training stability (OGBL-PPA). On OGBL-PPA (576,289 nodes), suffi-
cient embedding coverage requires large anchor counts (mm > 1,000), but high-dimensional inputs

destabilize training: gradient norms explode and the model degenerates to predicting a constant
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class. At m = 100 anchors, training can converge on small held-out sets; at m = 5,000 anchors,
training fails consistently regardless of activation function (ReLU, Leaky ReL.U), gradient clip-
ping, learning rate, or optimizer. These results suggest that the current training setup does not re-
solve the interaction between anchor-based embedding dimension, graph scale, and link-prediction
optimization. Further experiments with alternative losses, sampling strategies, and edge-scoring

architectures would be needed before attributing the failure to the representation alone.

6.8.2 Diagnostics and What to Log

To make error analysis concrete, we recommend logging the following per-epoch or per-

evaluation-run diagnostics:

Rank histograms: distribution of rank(v) for test edges, highlighting tail behavior.

* Score margins: sq(u,v) — max.cn(u) So(u, c) for each query, to identify near-ties.

Hub breakdown: metrics stratified by degree bins of source and target nodes (e.g., low/

medium/high degree).

Collision rate: fraction of proposed negatives rejected due to membership in E,g; high rates

indicate inefficient sampling and potential bias.

These diagnostics help distinguish modeling limitations from pipeline artifacts.

6.8.3 Qualitative Error Patterns
Synthetic graphs: failures concentrate at large scale and low anchor count. On 10,000-node
graphs, errors are not evenly distributed across configurations. Runs with fewer anchors (m = 10)

fail substantially more often than those with m = 20 (e.g., Hits@1 of 0.17 vs. 0.34 on line-10000).

OGBL-DDI: collapse under large negative ratio. When the negative training ratio is increased
t0 preg = 6, all tested configurations collapse to Hits@20 < 0.001. Inspection of training curves

shows that loss decreases but the model ceases to rank positives above negatives: the effective
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gradient signal is dominated by the large negative mass, and the model assigns uniformly low
scores to all pairs. This is consistent with the known instability of BCE-based training under high

negative ratios without loss reweighting.

Pipeline validation on 1D synthetic data. To verify that the training loop itself is not the source
of failure on real benchmarks, we tested the same pipeline on a fully controlled 1D signal classifi-
cation task: positive samples are phase-shifted sinusoidal signals (with Gaussian noise) and nega-
tives are random signals of matched length. The model converges to 100% test accuracy across all
configurations, confirming that the training loop, loss, and evaluation logic are correct and that ob-
served failures on OGBL-DDI and OGBL-PPA are attributable to dataset-specific structural factors

rather than implementation errors.

Cold-start nodes (low-degree sources). Edges incident to low-degree nodes are difficult be-
cause the model has limited structural context for those nodes. If node attributes are weak or
absent, structural encoders tend to underfit in this regime. Increasing anchor coverage, adding
feature-based encoders, or using augmentation (e.g., label smoothing / dropout on neighborhoods)

can help.

6.8.4 Discussion: Trade-offs and Practical Recommendations

We highlight several practical trade-offs revealed by error analysis.

Negative hardness vs. stability. Harder negatives (degree-biased or mined) tend to improve top-
K ranking but can destabilize training if introduced too early. A robust strategy is a curriculum:
begin with uniform or moderately degree-biased negatives, then increase hardness once the model

separates easy negatives reliably.

Scalability vs. evaluation fidelity. Sampled evaluation is computationally feasible, but its diffi-

culty depends heavily on how negatives are drawn. Reporting both (i) sampled metrics and (ii) a
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limited all-candidates evaluation on a subset of queries (when feasible) can better reflect real-world

retrieval behavior.

Pipeline reproducibility. For large-scale experiments, controlling randomness is essential. We
recommend fixed evaluation candidate sets, fixed seeds for negative sampling, and logging the ex-
act split files and sampler configuration. When nondeterministic GPU operations are unavoidable,

multiple-seed reporting provides a more reliable picture than a single run.

Summary. Link prediction errors typically arise from structural ambiguity, hub dominance, train—
test negative distribution shift, and pipeline artifacts such as false negatives or nondeterminism.
Careful diagnostics (rank distributions, degree-stratified metrics, collision rates) help isolate these

effects and guide improvements in both modeling and scalable training design.
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Chapter 7
Train-on-One and Train-on-Many Transfer Across

Anchor Sets and Graphs

This chapter investigates whether anchor-based structural representations can be reused across
different anchor-induced views, subgraphs, and related graph datasets. The focus is on train-on-
one, evaluate-on-many and train-on-many, evaluate-on-one settings, with particular attention to

representation stability, alignment, and the limits of cross-view or cross-graph transfer.

7.1 Chapter Overview

This chapter investigates two closely related transfer settings that arise naturally in distance-
based and anchor-based graph representation learning: train-on-one, evaluate-on-many and train-
on-many, evaluate-on-one. In the first setting, a predictor is trained on a single reference graph or
reference anchor-induced view and then reused on multiple target views or graphs without retrain-
ing. In the second setting, a predictor is trained jointly on several source graphs and then evaluated
on a held-out target graph. Together, these settings let us test whether the learned representation
captures reusable structure rather than overfitting to one particular graph/view realization.

The chapter is organized around three objectives. First, we formalize the evaluation protocol,
including how anchor sets are generated, how representations are constructed per anchor set, and
how transfer is measured across views and across graphs. Second, we analyze the main sources
of variability that make this setting non-trivial, including anchor coverage effects, representation
non-identifiability (e.g., sign flips and subspace rotations in PCA/SVD-based embeddings), node-
feature dominance, and distribution shift across graphs. Third, we compare practical mitigation
strategies that may improve reuse without full retraining, including Procrustes-style alignment,

feature-only versus feature-plus-distance inputs, and multi-source training.
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Empirically, this chapter reports real-graph results in both single-source and multi-source trans-
fer settings. The primary cross-dataset real-graph experiments use the cross-attention model intro-
duced later in the chapter. We report both train-on-one and train-on-many transfer results, summa-
rize when alignment helps or hurts, and show that high-dimensional node attributes can dominate
transfer behavior in some datasets. Synthetic graph generation remains an important extension, but

finalized synthetic Train/Val/Test results are not included in this chapter.

7.2 Motivation and Use Cases

7.2.1 Why Train-on-One, Evaluate-on-Many?

Anchor-based representations introduce an implicit design choice: the learned features depend
on the selected anchor set(s). In many pipelines, anchors are sampled randomly or selected via
heuristics (e.g., degree-based choices), which means that two runs on the same graph can yield
different representations even when the downstream task and split remain unchanged. If the down-
stream predictor must be retrained for every anchor set, then the final performance becomes tightly
coupled to a particular anchor realization, and repeated training is required to obtain stable esti-
mates.

The train-on-one, evaluate-on-many setting isolates a different question: can a predictor trained
on one anchor-induced view of a graph generalize to other anchor-induced views without retrain-
ing? This question is closely aligned with the goal of representation stability. If a method produces
features that preserve task-relevant information consistently across anchor choices, then a single
trained predictor should remain effective under alternative anchor sets. Conversely, if performance
collapses when anchors change, then the representation is likely encoding anchor-specific artifacts
rather than stable structural signals.

Beyond anchor variability, train-on-one evaluation is also useful as a stress test for generaliza-
tion across graph instances. For example, one may train on a canonical graph (or one snapshot)

and evaluate on perturbed graphs, subgraphs, or synthetic graphs drawn from the same generator
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family. This emphasizes whether the representation and predictor capture transferable patterns

rather than overfitting to a particular graph realization.

7.2.2 Robustness to Anchor Choice and Graph Variations

Robustness in this chapter is framed as invariance (or controlled sensitivity) with respect to
two interacting factors: (1) the anchor set used to construct the representation, and (ii) the specific
graph instance on which the representation is computed.

Anchor-choice robustness. Different anchor sets can change coverage, locality, and resolution
of distance profiles. For example, anchors concentrated in one community may yield representa-
tions that poorly discriminate nodes in other regions; similarly, small anchor sets can induce coarse
distance signatures with many ties. Even when the representation is further compressed (e.g., via
PCA/SVD), additional non-identifiability arises: principal components may flip sign, permute,
or rotate within nearly-degenerate subspaces. A robust train-on-one model should tolerate these
changes, either because the representation is intrinsically stable or because the pipeline includes
normalization or alignment steps that reduce anchor-induced nuisance variation.

Graph-variation robustness. When moving across graphs (or across snapshots/perturbations
of the same graph), distribution shift may occur in degree distributions, community structure, di-
ameter, and connectivity patterns. Such shifts change distance statistics and may alter the scale
of derived features. The train-on-one setting therefore acts as an inductive generalization probe:
it tests whether the learned decision boundary depends on idiosyncratic global properties of the
training graph, or on more transferable relational patterns. In addition, evaluating across multiple
graphs provides a principled way to separate anchor variance from graph variance, and to diagnose
which dominates in practice.

In summary, train-on-one, evaluate-on-many provides a unified robustness lens: it quantifies
stability under anchor resampling on a fixed graph, and transferability under graph changes, while

keeping the downstream predictor fixed.
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7.2.3 Computational Benefits and Deployment Considerations

Training a downstream predictor repeatedly for many anchor sets is often the dominant cost
in large-scale experiments, especially when hyperparameter tuning is performed per anchor real-
ization. The train-on-one paradigm reduces this cost by amortizing training: the model is trained
once and then evaluated across many anchor sets and/or graphs. This is particularly beneficial
when anchor sets are used as a source of randomness to estimate variance, since traditional proto-
cols require a full retrain for each replicate.

From a deployment perspective, the paradigm also matches realistic constraints. In many ap-
plications, a model is trained once and then applied repeatedly as data evolves. Anchor sets might
change due to streaming updates, dynamic graph growth, privacy constraints (e.g., anchors cannot
be fixed globally), or system-level resampling for load balancing. A predictor that remains accu-
rate under such changes is easier to deploy and maintain. Moreover, if lightweight post-processing
(e.g., feature standardization or subspace alignment) can restore compatibility across anchor sets,
then the system can support representation refreshes without expensive retraining.

Finally, train-on-one evaluation provides a clean way to report operational performance. In-
stead of reporting a best-case result conditioned on a favorable anchor set, one can report distri-
butions (mean/variance, quantiles) of performance under anchor resampling and graph variation,

which more accurately reflects real-world uncertainty and robustness.

7.3 Problem Setting and Notation

7.3.1 Graphs, Tasks, and Splits

Let G = (V, E) denote a graph with node set V' and edge set £. We write n = |V| and
m = |E|. Unless otherwise stated, we consider a single graph with a fixed node identity space,
and a downstream prediction task defined over nodes or node pairs.

Node-level tasks. For node classification, each node v € V' is associated with a label y, €

{1,...,C}. Let Vi, Via, Vie € V denote disjoint train/validation/test node sets. The training
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objective is to learn parameters 6 of a predictor fy such that fy(¢(v)) =~ y, for v € V,,, where ¢(v)
is the representation of node v induced by the anchor-based pipeline.

Edge-/pair-level tasks. For link prediction, we consider node pairs (u,v) with binary la-
bels ., € {0,1} indicating the presence of an edge or an interaction. Let &, &ya, & denote
train/validation/test edge sets (with corresponding negative samples as needed). The predictor
operates on a pairwise feature map ¢ (u,v) derived from node representations, e.g., ¥ (u,v) =
combine(¢(u), ¢(v)) using concatenation, elementwise product, or other standard operators.

Splits and transductive setting. Throughout, we assume the graph structure is available at
training time (transductive learning), while labels/edge targets are split into train/validation/test.
The train-on-one, evaluate-on-many protocol keeps the task definition and splits fixed, while vary-

ing the anchor sets and potentially the graph instance used at evaluation.

7.3.2 Anchor Sets and Distance Constructions

An anchor set is a subset A C V' with k := | A|. In the train-on-one, evaluate-on-many setting,
we distinguish a reference anchor set A used for training, from a collection of evaluation anchor
sets {AM}T .

Given an anchor set A®), we construct an anchor-based distance matrix D) € R"** where

the (v, a)-entry is the shortest-path distance between node v € V' and anchor a € A®:
D) = dista(v, a).

Depending on the experiment, this matrix may be used directly, normalized, or transformed through
PCA/SVD to obtain topology coordinates. In the Procrustes experiments, the main source of vari-
ation is the anchor set or the subgraph view, not a change from one graph kernel or similarity
operator to another.

When evaluating across multiple graphs, we write G®) = (V) E()) for the s-th graph in-

(st

stance, with its own anchor sets { A"}, and distance matrices { D(*)},. Depending on the exper-
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imental design, graphs may share node identities, as in overlapping subgraph views, or be disjoint,

as in cross-dataset transfer experiments.

7.3.3 Representations as Multiple Views

From each node-anchor matrix D®, we derive a node representation matrix X ¢ Rm*?

through a deterministic (or seeded) pipeline:
x® — T(D(t)) 7

where 7 may include normalization, nonlinear transformations, and dimensionality reduction (e.g.,

PCA/SVD). The node representation of v under anchor set A® is the row vector ¢ (v) € R%.
We interpret each X () as a view of the same underlying nodes: different anchor sets induce

different coordinate systems and potentially different distortions. Under this view, train-on-one

corresponds to training a predictor on X (¥ and evaluating it on X® for ¢ > 1 without updating 6.

7.4 Sources of Variation

Train-on-one, evaluate-on-many isolates a particular failure mode: the downstream predictor
fo is fixed after training on a reference representation X () yet at evaluation time it is applied
to representations X ®) induced by different anchors, different construction choices, or different
graphs. The resulting performance gap reflects nuisance variation (changes in representation that
should not affect the task) as well as frue distribution shift (changes that legitimately alter the
decision boundary). This section decomposes the main sources of variation considered in this

chapter.

7.4.1 Anchor-Set Variability (Sampling, Size, Coverage)

Anchor sets A® typically arise from stochastic sampling or heuristics, and each choice can

alter the statistics of node-anchor relations.
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Sampling randomness. Even when anchors are sampled uniformly at random from V', the
induced node-anchor distance profiles can vary substantially across realizations. This variation
is amplified in graphs with heavy-tailed degree distributions or pronounced community structure,
where a small number of anchors may land disproportionately in dense regions.

Anchor set size. The anchor count & = |A®| controls the resolution of the representation.
Small £ yields coarse signatures with limited discriminability, while large k increases coverage
and expressiveness but may introduce redundancy and computational cost. Importantly, train-on-
one is sensitive to mismatch in k: a predictor trained on embeddings derived from one £ may not
transfer cleanly to embeddings derived from another £ if the embedding dimension, scaling, or
variance structure changes.

Coverage and locality. Anchors that concentrate within a subset of communities can produce
distance matrices where many nodes are similarly far from all anchors, collapsing separability.
Conversely, anchors spread across communities improve coverage and yield more informative dis-
tance profiles. Coverage interacts with graph diameter and connectivity: in graphs with large
diameter or weak inter-community links, distances may saturate (many large values), reducing
effective signal.

Disconnected or weakly connected regions. If G contains multiple components (or nearly-
disconnected regions), shortest-path distances to anchors outside a component may be infinite
or truncated, producing structured missingness. The resulting representation can shift abruptly
depending on whether anchors fall within each component, creating a strong dependence on anchor

placement.

7.4.2 Representation Variability

Even with a fixed anchor set size, representations can vary because different anchor selections
produce different node-to-anchor distance matrices, and because the downstream embedding de-

pends on preprocessing choices applied to those distance matrices.
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Anchor-induced distance variation. In this dissertation, the structural signal is derived pri-
marily from node-to-anchor shortest-path distances. Different anchor sets emphasize different
regions of the same graph and can therefore produce distance matrices with different distributions,
coverage patterns, and levels of redundancy. In graphs with strong community structure or het-
erogeneous degree distributions, this variation can be substantial even when the anchor budget is
fixed.

Transformations and scaling. The raw distance matrix may be used directly or further pro-
cessed through truncation, standardization, or low-dimensional projection. Such choices alter the
relative magnitudes and geometry of the resulting feature space. Since many downstream predic-
tors are not inherently scale-invariant, inconsistent scaling across anchor sets or graph layers can
directly affect transfer performance.

Normalization and centering. Row-wise normalization, column-wise normalization, and
global normalization can each stabilize different aspects of the distance matrix D®. For example,
column-wise standardization can reduce the effect of anchors whose distance distributions differ
systematically from others, while row-wise normalization can reduce magnitude effects associated
with node centrality or graph position. At the same time, normalization can suppress task-relevant
information if labels are correlated with absolute distance scale.

Dimensionality reduction non-identifiability. When X ) is obtained by applying SVD- or
PCA-based dimensionality reduction to D®, the resulting embedding is defined only up to sign
flips, permutations of components with similar singular values, and orthogonal rotations within
nearly degenerate subspaces. As a result, even if two anchor sets produce distance matrices with
similar structural information, their low-dimensional embeddings may still be misaligned. This is
one of the main reasons that a fixed predictor may underperform across views unless an alignment

step, such as orthogonal Procrustes, is applied.
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7.4.3 Graph Variability (Perturbations, Subgraphs, Synthetic Families)

Train-on-one can also be evaluated across multiple graph instances, where variability arises
from changes in the underlying topology.

Graph perturbations. Small edge perturbations (random deletions/additions, rewiring) can
change shortest-path distances discontinuously, especially near bridges and cut edges. Even when
the same distance construction is used, the resulting node-to-anchor distance distributions can shift
in ways that affect downstream feature distributions.

Subgraphs and induced sampling. Evaluating on subgraphs (e.g., extracted partitions, ego-
nets, or sampled induced subgraphs) changes global properties such as diameter, average distance,
and community mixing. Node-anchor distances measured within a subgraph can systematically
differ from those in the full graph, even for the same anchors, creating a structured domain shift.

Synthetic graph families. When graphs are drawn from a generator family (e.g., stochastic
block models, configuration-style models), variability reflects both the randomness of the generator
and parameter changes (e.g., community strength, degree heterogeneity). This setting is useful for
controlled stress testing: one can vary a single property (e.g., mixing parameter) to study how
transfer degrades and which representation choices are most stable.

Node identity alignment. In cross-graph settings, a further distinction is whether node identi-
ties are shared (temporal snapshots) or disjoint (different sampled graphs). Shared identities permit
direct evaluation on the same node set, while disjoint identities typically require inductive predic-
tors that operate on features only, making feature distribution alignment and normalization more

critical.

7.4.4 When Train-on-One is Expected to Fail

Train-on-one is not universally achievable; it is expected to fail when the induced representation
changes in ways that alter the effective decision boundary.

Severe anchor mismatch or poor coverage. If the reference anchor set provides informa-

tive distances for all classes/regions but an evaluation anchor set concentrates in a subset of the
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graph, then the resulting features may collapse for many nodes. No fixed predictor can recover
information that is absent from the evaluation representation.

Uncorrected embedding misalignment. When dimensionality reduction introduces arbitrary
sign/permutation/rotation changes, a predictor trained in one coordinate system may not transfer
unless it is invariant to these transformations (e.g., uses norms or pairwise distances in embedding
space) or an explicit alignment step is applied.

Strong distribution shift across graphs. If evaluation graphs differ substantially in topology
(degree distribution, community structure, connectivity), then distance and coordinate distributions
shift. In such cases, feature normalization alone may be insufficient, and retraining or domain
adaptation may be necessary.

Label mechanisms tied to absolute scales. If labels depend on absolute distance scales (e.g.,
global centrality thresholds) and those scales change across anchor sets or graphs, then invariance
is not appropriate: a model trained under one scale may systematically misclassify under another.

Non-stationary targets. In temporal graphs or evolving interaction networks, the label func-
tion itself may change over time. In this case, performance degradation reflects target shift rather
than representation instability, and train-on-one should be interpreted as a lower bound on achiev-
able accuracy without continual retraining.

These failure conditions motivate the use of normalization, careful reporting, and alignment to

reduce nuisance variation while preserving task-relevant structure.

7.5 Train-on-One, Evaluate-on-Many Protocol

This section specifies the experimental protocol used throughout the chapter. The core principle
is to freeze the downstream predictor after training on a single reference representation, and then
measure how performance changes when the representation is recomputed under alternative anchor
sets and/or alternative graph instances.

Figure 7.1 summarizes this protocol. A reference anchor set and coordinate construction first

define the training representation X (). A downstream predictor f; is trained on this reference view
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Train-on-One, Evaluate-on-Many pipeline
Training graph G, (and op-
tional target graphs {G})
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Y

Train a predictor (classifier) on X ©)
with parameters fy using training split
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Y

Report transfer accuracy
single-run or aggregated results
depending on the evaluation protocol

Figure 7.1: Train-on-One, Evaluate-on-Many pipeline. A predictor fy is trained on a reference repre-
sentation view defined by an anchor set and coordinate construction, then evaluated without retraining on
alternative anchor-induced views and, when applicable, related graph instances.

and then frozen. At evaluation time, new representations X (m) are constructed from alternative
anchor sets, subgraphs, or related graph instances. The frozen predictor is applied to these target

views without retraining, optionally after an alignment step such as Procrustes alignment. This
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procedure separates representation variability from predictor retraining and allows transfer across

views to be measured directly.

7.5.1 Reference Anchor Set Selection

Let A C V denote the reference anchor set with & = |A©®)|. The reference anchors must
be selected in a way that is reproducible and representative, since they define the feature space on
which the predictor is trained.

Selection rule. In the reported experiments, A(®) is selected using uniform random sampling
with a fixed random seed unless otherwise stated. In experiments where anchor size varies, k is
treated as a controlled parameter; otherwise, £ is fixed across all anchor sets to isolate the effect of
anchor identity rather than dimensionality.

Reference adequacy. To avoid pathological reference choices, the reference anchor set should
satisfy basic coverage constraints, such as including anchors across major connected components
(when applicable) or achieving a minimum dispersion (e.g., average pairwise distance among
anchors). In practice, this can be enforced by rejecting anchor sets that yield excessive trunca-
tion/infinite distances, or, in future work, by using a spread-out selection heuristic such as farthest-
point sampling.

Separation from evaluation anchors. Evaluation anchor sets { A®}7_ are generated inde-
pendently of A(®) using the same selection strategy (unless explicitly studying strategy mismatch).
This ensures that train-on-one performance reflects generalization under anchor resampling rather

than reuse of identical anchors.

7.5.2 Training Procedure on the Reference View

Given A, we construct the reference node-anchor matrix D(®) € R™** and apply the repre-
sentation pipeline to obtain X = 7(D©®)) ¢ R"x4,
Model training. A downstream predictor fy (e.g., logistic regression, MLP, or other classifier)

is trained using only (X(©),V),,) for node tasks (or (X, &) for link tasks). Hyperparameters are
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selected using validation performance computed on the same reference view X (%), After selection,
the final model parameters 6* are fixed and reused for all subsequent evaluations.

No adaptation constraint. In the strict protocol, no model parameters are updated when
moving from X to any other representation X® or to any other graph G*). Any additional
processing applied at evaluation time must be either (i) purely deterministic given the evaluation
representation (e.g., per-view standardization computed on evaluation features only), or (ii) fit
using source statistics computed during training and then applied to the target (e.g., z-scoring with
source mean/variance). Optional calibration layers (if used) are reported separately as an explicit

form of lightweight adaptation.

7.5.3 Evaluation on Multiple Anchor Sets for the Same Graph

To evaluate cross-anchor generalization on a fixed graph G, we sample 7' evaluation anchor
sets {A®}T | and compute X = T(D®) for each.

Fixed task split. The train/validation/test splits are held fixed across all ¢. In particular, test
performance is measured on V. (or &) using the same target set, ensuring that only the represen-
tation changes.

Evaluation metric. For each ¢, we evaluate the frozen model fp« on X ®) to obtain a score
s (e.g., accuracy, F1, ROC-AUC). The collection {s®)}Z_, defines the train-on-one, evaluate-
on-many distribution for the graph.

Optional alignment variants. If an alignment method is applied, such as aligning X® to
the reference basis before inference, it is applied consistently for all ¢ and reported as a separate

method variant under the same evaluation anchor sets.

7.5.4 [Evaluation Across Multiple Graphs

For cross-graph transfer, we train on a source graph G**) using its reference anchors A

src,0)

and representation X ***), We then evaluate on one or more target graphs {G(t&"*)15_

Per-graph anchors. For each target graph G(*#"*), we first sample evaluation anchor sets

tgt,s,t)

{AltetsD1Ts and compute representations X ( . In the disjoint-identity setting, evaluation is
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conducted on the target’s own labeled split, and the predictor is applied purely as a function of
features.

Consistent preprocessing contract. The representation pipeline 7 is fixed across graphs.
When 7T includes operations that are inherently data-dependent (e.g., PCA), we must specify
whether the basis is fit per graph/view (requiring alignment) or fixed from the source (requiring a
mapping from target features into the source basis). The chosen convention is treated as part of the
method definition and kept constant for all target graphs.

Per-graph scoring. For each target graph and anchor set, we obtain a score s(¥8%%%) We report

both within-graph variability (across ¢) and across-graph variability (across s).

7.6 Methods for Cross-Graph Transfer

This section focuses on transferring a predictor trained on a source graph G**® to one or
more target graphs {G(*8")} without retraining. Compared to cross-anchor evaluation on a fixed
graph, cross-graph transfer introduces additional distribution shift in the underlying topology and,
in many cases, a mismatch in node identity spaces. We describe assumptions that make transfer
feasible, anchor selection strategies that minimize graph-specific coupling, and practical diagnos-

tics/normalizations that improve robustness.

7.6.1 Inductive vs Transductive Assumptions

A central distinction is whether node identities are shared between training and evaluation
graphs.

Transductive cross-graph evaluation (shared identities). In temporal snapshots or evolving
graphs, we may have a sequence {G;} over a common node set V. In this case, node indices
are aligned across time, and it is meaningful to train on G, and evaluate on G;,. The represen-
tation ¢;(v) is computed from each snapshot, but the predictor can be applied to the same node
IDs. Transfer is primarily challenged by feature shift induced by topology changes and anchor-set

changes.
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Inductive cross-graph transfer (disjoint identities). When graphs have disjoint node sets
(e.g., different sampled synthetic graphs or different datasets), there is no node-level correspon-
dence. Transfer requires a predictor that operates purely on features and does not rely on graph-
specific learned embeddings tied to node IDs. In this setting, the representation pipeline must pro-
duce comparable feature distributions across graphs, or include an explicit normalization/alignment
mechanism. Inductive transfer is therefore more sensitive to the choice of distance-based repre-
sentation, coordinate construction, and scaling.

Task compatibility. Cross-graph transfer additionally assumes the downstream task is consis-
tent across graphs: the label space, label semantics, and evaluation metrics must match. For node
classification, this typically means the same set of classes C' and a comparable labeling mecha-
nism. For link prediction, it means the same definition of positive/negative edges (or interactions)

and a comparable negative sampling policy.

7.6.2 Potential Anchor Strategies for Cross-Graph Transfer

Anchors can either be chosen by graph-independent rules (favoring invariance and portability)
or by graph-specific rules that are designed to be comparable through a shared interface. The
reported experiments primarily use random anchors; the strategies below are included to clarify

possible extensions rather than to claim that all were evaluated in this dissertation.

Graph-Independent Anchor Rules (e.g., degree/centrality sampling)

Graph-independent anchor selection aims to reduce coupling to idiosyncratic structure in any
particular graph while still producing anchors that cover the graph and provide informative distance
profiles.

Uniform random node sampling. Select anchors by sampling nodes uniformly at random:
A ~ Unif(V, k). This is simple, scalable, and makes anchor statistics analyzable in expectation.
Across graphs drawn from a common family, uniform sampling yields anchor sets whose distribu-

tion is comparable, although coverage can still vary with graph size and community structure.
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Degree-biased sampling. Select anchors with probability proportional to node degree (or a
capped degree), favoring hubs that tend to have small distances to many nodes. This often im-
proves coverage and reduces the frequency of extreme distances, but can also over-emphasize
dense regions and reduce discriminability in peripheral regions if the graph is highly heteroge-
neous.

Centrality-based heuristics. Anchors can be chosen as top-£ nodes under a centrality score
(approximate betweenness, closeness, PageRank). These tend to stabilize distance scales and im-
prove coverage, which is beneficial for transfer. However, the ranking and scale of centrality
measures can change markedly across graphs, so care is needed to ensure the selection rule is
implemented consistently and efficiently (often via approximations).

Stratified or community-aware sampling without explicit matching. If lightweight com-
munity detection is feasible, anchors can be sampled proportionally within detected communities
to improve coverage. Importantly, this does not require communities to correspond across graphs;
it only enforces within-graph diversity, which improves robustness of the induced representations.

Overall, graph-independent rules are most suitable when graphs are different instances of a
broadly similar distribution, and when a stable, portable selection mechanism is preferred over

graph-specific optimization.

Graph-Specific Anchors with Shared Representation Interfaces

Graph-specific strategies choose anchors tailored to each graph, but enforce a shared interface
so that the downstream predictor can consume features consistently across graphs.

Anchor interfaces as “roles” rather than identities. When graphs are disjoint, individual
anchor identities are meaningless across graphs. Instead, anchors can be treated as exchangeable,
and the representation pipeline should be invariant (or approximately invariant) to anchor permu-
tations. Practical ways to achieve this include: (i) using summary statistics over anchors (e.g.,
histograms or quantiles of distances), (ii) applying permutation-invariant pooling over anchor di-
mensions, or (iii) using an alignment step that maps each graph’s anchor-induced feature space

into a shared latent space.
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Prototype-based anchors. Anchors can be selected as graph-specific prototypes (e.g., via
k-medoids over a structural similarity space), yielding anchors that represent diverse “structural
types” within each graph. While prototypes differ across graphs, the induced representations may
become more comparable because each anchor set covers a similar range of structural roles.

Landmarks via iterative farthest-point sampling. Selecting anchors by maximizing cover-
age (e.g., greedy farthest-point sampling under shortest-path distances) yields well-spread land-
marks per graph. This often stabilizes distance signatures and reduces redundancy. Cross-graph
comparability then relies on the fact that both graphs are covered by similarly distributed land-
marks, even though the landmark identities differ.

Shared dimensionality and preprocessing contract. Regardless of how anchors are chosen,
transfer requires a consistent contract: fixed & (or a mapping from variable £ to fixed d), identical
transformations/normalizations, and a consistent dimensionality reduction procedure. For exam-
ple, using a fixed embedding dimension d with per-graph PCA requires additional care because
PCA bases are graph-specific; in such cases, alignment (e.g., Procrustes) or basis-invariant fea-

tures become necessary.

7.7 Implementation Details

This section summarizes the practical implementation choices used to instantiate the train-on-
one, evaluate-on-many protocol. The emphasis is on reproducibility and on isolating variability
sources (anchors, graph instances, and training randomness) through careful control of seeds and
consistent preprocessing contracts.

Figure 7.2 shows the implementation-level representation pipeline used in the transfer experi-
ments. The model can consume node features, node-to-anchor distance features, anchor-to-anchor
information, or combinations of these inputs. Node features are passed through a linear projection,
while distance-derived information is encoded through a positional or structural feature branch.
Anchor information is also pooled into a context vector and fused with the node representation

before prediction. This implementation supports several ablation settings, including node-feature-
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Figure 7.2: Implementation-level pipeline used in
linear projection and the positional encoding, while
vector before fusion in the main model.

the transfer experiments. Node features feed both the
anchor-derived information is aggregated into a context

only inputs, distance-only inputs, raw-distance inputs, PCA-transformed distance inputs, and com-

bined node-feature-plus-distance inputs.

7.7.1 Data Pipeline

Graph loading and preprocessing. Each dataset is loaded into a sparse adjacency format

(CSR/CSC) and converted into an undirected

graph. Self-loops are removed to avoid implicit

changes in distance computations. For multi-graph experiments, we store each graph instance G*)

with its own metadata (number of nodes/edges,

component statistics) for later diagnostics.
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Splits and label access. Train/validation/test splits are fixed once per dataset and reused across
all anchor sets and seeds. For node classification, we keep V., Via, Vie constant. For link predic-
tion, we keep &, Eva, Ete constant, and fix the negative sampling policy (including the random
seed) to ensure comparability across anchor-induced views.

Anchor set generation. For each graph, anchor sets are generated using uniform random
sampling unless otherwise stated.

The reference anchor set A() is generated once per training seed (or fixed globally, depending
on the experiment), while evaluation anchor sets { A®)}7_ are generated independently.

Distance construction. For shortest-path distances, we compute multi-source BFS on un-
weighted graphs from all anchors in a batch, producing D € R™**, For large graphs, we support
chunked anchor batches to cap peak memory. When truncation is enabled, distances beyond a hop
limit are clipped to a constant. The experiments reported in this dissertation use distance-based
coordinate constructions rather than kernel-based node-to-anchor scores.

Normalization and feature preparation. We apply a fixed normalization contract across all
views: common options include column-wise z-scoring of D (per view), row-wise normalization,
or global scaling. When using z-scoring, small-variance columns are handled by adding an € in
the denominator or by dropping columns below a variance threshold. The same choice is used for
reference and evaluation views.

Dimensionality reduction and caching. If PCA/SVD is used, we compute a rank-d truncated
SVD (or randomized SVD for efficiency) on the normalized matrix and store the resulting node
embedding X € R™ 4, Intermediate products (e.g., normalized D, SVD factors, per-view statis-
tics) are cached to disk keyed by (dataset, graph instance, anchor set id, layer id, preprocessing

config) to avoid recomputation and to enable exact reproduction.

7.7.2 Model Architectures and Training Hyperparameters

Predictor families. To separate representation effects from downstream model-capacity ef-

fects, we consider several predictor families, including linear classifiers, shallow MLP-style pre-
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Figure 7.3: Cross-attention variant of the main model. Each node forms a query from h, (optionally
concatenated with e,), and attends over anchor tokens {c, }4c.4 to produce a context-aware embedding z,.

dictors, and a cross-attention-based architecture for combining node features with anchor-derived
structural context. Linear and shallow MLP predictors provide lower-capacity references for eval-
uating whether the structural representation itself is informative, while the cross-attention model
provides a more flexible mechanism for node-anchor interaction. In the reported cross-dataset real-
graph transfer experiments, cross-attention is used for selected higher-capacity transfer runs, but
the broader goal of the chapter is to evaluate representation reuse across anchor-induced views and

related graphs rather than to establish a universally best downstream architecture.
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The cross-attention variant used in selected transfer experiments is shown in Figure 7.3. In
this model, each node forms a query from its node representation h,, optionally concatenated with
its positional encoding e,. The anchor-derived context vectors serve as key and value tokens.
Multi-head cross-attention then allows each node to attend to the anchor context most relevant to
its representation. The attention output is combined with the original node representation through
residual connections, layer normalization, and a feed-forward block to produce the final embedding
z,. This design is intended to make the node representation depend not only on its own features,
but also on a learned interaction with anchor-derived structural context.

Training on the reference view. All predictors are trained only on the reference representation
X (and corresponding training labels/edges). Hyperparameters are tuned on the reference val-
idation set computed on X () only. Typical hyperparameters include learning rate, weight decay,
dropout (MLP), hidden width, and number of epochs. Early stopping is based on reference vali-
dation performance with a fixed patience. After selection, the best-performing checkpoint defines
6*, which is frozen for all evaluations.

Seed control. We separate randomness into: (i) training seeds (initialization, minibatch order),
(i1) anchor seeds (sampling anchors), and (ii1) negative sampling seeds (for link prediction). Each
is logged independently to enable variance decomposition. When reporting, we specify whether
A©) is fixed across training seeds or regenerated per training seed, since this affects interpretation.

Evaluation without retraining. At evaluation time, we compute representations X () for each
anchor set (and graph instance), and run a forward pass of the frozen predictor. No gradients are
computed and no parameters are updated. If probability outputs are needed (e.g., for ROC-AUC),

we use the same output activation as during reference validation.

7.7.3 Alignment Implementation Notes

When PCA/SVD is performed independently per anchor set or per graph, the resulting em-
beddings are not directly comparable because the retained coordinates are only defined up to sign

flips, permutations of nearly tied components, and more general orthogonal changes of basis. In
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this chapter, alignment is treated as a deterministic evaluation-time post-processing step applied to
each target embedding before inference.

Same-graph multi-view setting. Let A(°) denote a reference anchor set on a graph G =
(V, E), and let A®) denote an alternative anchor set on the same graph. For each view we con-
struct a node-anchor matrix D®), apply the same preprocessing pipeline, and obtain an embedding
X® ¢ R4 whose v-th row is the representation of node v. A classifier fy« is trained once on the
reference view X () and then reused on X ® without retraining. In this setting, the node identity
space is shared across views, so alignment is well motivated.

Why orthogonal alignment is reasonable. Different anchor sets can be viewed as different
projections of the same latent graph structure. Empirically, when the underlying graph is fixed and
only the anchors change, the retained singular spectra and principal components are very similar
across views. The dominant nuisance factor is therefore not a semantic change in the embedding,
but an approximate rotation or reflection of the retained subspace. This makes orthogonal Pro-
crustes a natural first correction: it removes orientation mismatch while preserving distances and
relative geometry inside the retained coordinate system.

Reference-aligned orthogonal Procrustes. Rather than using all nodes, we estimate the align-
ment from a small correspondence set Vi € V', which may be unlabeled. Let Xr(gf) € RIVrerlxd and

X f;fz € RIV=ilx? denote the reference-node embeddings in the source and target views. We solve
g

If (XE;E)TXE&) = UXV' is the singular value decomposition of the cross-covariance, then the

R(t) = arg min HXr(Z%R - Xr(é?f)
RERdXd,RTRZI

closed-form solution is

RY =pvT,

The aligned evaluation embedding is obtained by

X® = x®p®
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and the frozen predictor is applied to X,

Choice of correspondence nodes. When the full node set is shared across views, V¢ can be
sampled uniformly at random from the common node set. If one wishes to avoid using test nodes
even for an unlabeled geometric alignment step, then V,.; can be restricted to training or training-
plus-validation nodes. In the overlapping-subgraph setting, V. is sampled from the nodes shared
by the source and target subgraphs. In all cases, the correspondence set is much smaller than the
full graph, so the alignment cost is negligible compared with feature construction.

Cross-graph alignment limitations. When node identities are disjoint across graphs, direct
Procrustes alignment is not justified in the same way as same-graph alignment. In principle, Pro-
crustes requires either a shared node set or an explicit correspondence subset. The cross-dataset
Cornell/Texas/acmv9 experiments later in the chapter therefore treat with/without-Procrustes com-
parisons as heuristic diagnostics, not as correspondence-grounded alignment results. They are
useful for probing representation mismatch, but should not be interpreted as establishing a general
solution for disjoint-graph transfer.

Numerical considerations. We center embeddings before alignment when appropriate (sub-
tract per-dimension means), and optionally normalize by Frobenius norm to prevent scale drift
from dominating the objective. When d is large or the retained spectrum is nearly degenerate,
Procrustes can become sensitive; we therefore align the full retained subspace rather than attempt-
ing to match individual components, and we avoid choosing d at obvious spectral plateaus when
possible. All alignment steps are logged and deterministic given the stored embeddings and the

selected reference-node subset.

7.8 Experiments

This section reports the empirical evaluation of cross-view and cross-graph reuse in two set-
tings: (i) single-source train-on-one, evaluate-on-many, where a model is trained on one source
graph/view and evaluated on one or more target graphs/views without retraining, and (ii) multi-

source train-on-many, evaluate-on-one, where a model is trained jointly on several source graphs
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and then evaluated on one target graph. Throughout, the downstream predictor is kept fixed after

training, and alignment is treated as an evaluation-time operation.

7.8.1 Datasets and Experimental Setup

The reported experiments focus on real benchmark graphs that share task semantics closely
enough to make transfer meaningful. The main source/target combinations are: (i) Cornell and
Texas for single-source transfer, (i1) Cornell and Wisconsin as multi-source inputs with Texas as

target, and (iii) citationvl and dblpv7 as source graphs with acmv9 as target.

Single-Source Train-on-One, Evaluate-on-Many

In the single-source setting, we train on one source graph using a single reference view, freeze
the predictor, and evaluate the trained model on source and target graphs. In the reported real-
graph experiments, this setting is instantiated most clearly by the Cornell — Texas and Texas —
Cornell transfers. These experiments test whether a single learned representation and classifier can

be reused across related but non-identical datasets.

Multi-Source Train-on-Many, Evaluate-on-One

In the multi-source setting, we train on multiple source graphs and evaluate on a held-out target
graph. The reported experiments include two main examples: (i) Cornell + Wisconsin — Texas,
and (i1) citationvl + dblpv7 — acmv9. During multi-source training, the validation curves are av-
eraged across the source graphs, while final target evaluation is reported as a single Train/Val/Test

triple on the target graph.

7.8.2 Baselines and Comparisons

The experiments emphasize a small number of direct comparisons rather than a broad baseline
sweep.

No alignment vs. Procrustes. For the same source/target pair, we compare evaluation with

and without Procrustes-style alignment. In same-graph settings this serves as a test of coordinate
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non-identifiability. In cross-dataset settings it should be interpreted more cautiously, as discussed
in the implementation notes above.

Node-feature-only vs. node-feature-plus-distance. For the acmv9 transfer experiments, we
compare models that use only node attributes against models that combine node attributes with
distance-based information. This comparison is especially important because the bag-of-words
node features are high-dimensional (about 1400 dimensions), whereas the distance-based GC rep-

resentation is only 32 dimensions.

7.8.3 Metrics and Reporting Protocol

The reported real-graph results are given as single-run Train/Val/Test scores. This is the report-
ing granularity available from the completed runs used in this chapter. Accordingly, the chapter
reports those values directly rather than claiming mean = std across repeated anchor sets or seeds
that are not available in finalized repeated-run form.

For multi-source training runs, validation accuracy during training is averaged across source
graphs. The target-graph results reported below are still single Train/Val/Test triples for the trans-
ferred model. Repeated-view statistics, repeated-seed aggregation, and confidence intervals remain

natural extensions for future work.

7.8.4 Results and Analysis

We organize the reported results around the two transfer settings and the main ablations avail-

able from the experimental logs.

Phase 1: Full Graph with Different Anchor Sets

We begin with phase 1 to study the simplest controlled setting where the complete graph
is available, anchors are randomly chosen, and embeddings from different anchor views can be
aligned with Procrustes using a small set of randomly chosen reference nodes. This setting iso-
lates the effect of anchor choice, verifies that views are seeing a nearly common coordinate frame,

and establishes baseline transfer when training on one view and evaluating on another without re-
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Figure 7.4: TC plots of anchor set 1 (baseline).

training. Phase 2 then relaxes the full coverage assumption by moving to partial views such as
subgraphs, which introduces missing nodes and structural variation. The goal is to test whether
the alignment procedure and the model trained in partial view remain effective under practical
constraints, thereby tracing a clear path from feasibility to robustness.

In the initial phase of our experiments on the OGBN-Products dataset, we worked exclusively
on the full graph without applying any subgraphing or partitioning. The objective was to evaluate
the effect of different anchor sets on the resulting node representations.

We randomly sampled different sets of anchor nodes from the full graph. For each anchor
set, we computed the distance matrix from all nodes in the graph to the selected anchors. These
distance matrices were then transformed into node embeddings (topology coordinates, TCs) using
Principal Component Analysis (PCA). Let TC € RV*4 denote the d-dimensional TC for N nodes.
Coordinates columns are ordered by decreasing explained variance.

To inspect how geometry and label information unfold across dimensions, we adopt a visual-
ization: foreachi € {1,..., k—1} we plot the 2D projection (TC;, TC, ), where TC; denotes the
j-th coordinate column of T'C'. As shown in Fig. 7.4, we visualized scatter plots of (TC;, TC,,1),
for i = 1, 3, 5 for anchor sets 1 (baseline). Each point is a node; color encodes its class label using
a single colormap shared across subplots.

To quantify and correct the rotational discrepancy between embeddings, we employed Pro-
crustes analysis. We selected one anchor set as the baseline and used its corresponding TCs as the

reference representation.
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For each new anchor set, we randomly sampled 1,000 nodes and extracted their TC embed-
dings. We then applied Procrustes analysis to compute the optimal orthogonal transformation
(rotation matrix) that aligns the sampled embeddings from the current anchor set to the reference
embeddings from the baseline. This transformation was subsequently applied to the entire set of
TCs from the current anchor set to bring it into alignment with the baseline space.

Let X € RV*4 denote the matrix of TCs for a set of N nodes from a new anchor set, and let
Y € R¥*4 denote the corresponding TCs of the same nodes derived from a fixed baseline anchor
set. The goal of Procrustes analysis [96] is to find an orthogonal matrix R € R?*¢ that best aligns
X to Y by minimizing the Frobenius norm:

R = i XR-Y|; 7.1
8 pexaltipe ey XY o

This optimization has a closed-form solution. First, compute the cross-covariance matrix C' =
XY, then take SVD:
C=Uxv" (7.2)

The optimal rotation matrix is then given by:

R =UVT (7.3)

Once R* is obtained, we apply it to all topology coordinates Xy, of the current anchor set:

Xaligned = XfullR* (74)

This transformation brings the embeddings into the coordinate space of the baseline anchor set,
enabling direct comparison and cross-anchor evaluation.

We then plot the TCs (before applying Procrustes) of anchor set 2 in Fig. 7.5, compared to what
colors are distributed in Fig. 7.4, we notice that their shapes are similar, but their orientations are

different.
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Figure 7.6: TC plots of anchor set 2, after applying Procrustes.

As shown in Fig. 7.6, after applying Procrustes based on the TCs of a small set of reference
nodes, even with different anchor sets, the rotated TCs exhibit strong alignment, indicating the
effectiveness of the TC and Procrustes transformation. We also conduct an experiment on a third
anchor set, where we have similar results, as shown in Fig. 7.7 and Fig. 7.8. A key observation
from this phase was that the PCA embeddings derived from different anchor sets were remarkably
consistent, differing only up to an orthogonal transformation (e.g., sign flips or rotations). This
invariance suggests a latent structural alignment between representations across different anchor
sets, despite the randomness and lack of overlap among the anchor nodes.

We then conduct an experiment in which a model is trained on one anchor set, and then evaluate
this trained model (without retraining or fine-tuning) on other anchor sets. This test aimed to eval-
uate the generalizability of the learned representations across anchor sets. As shown in Table 7.1,
when training on anchor set 1a (baseline), the accuracy on valid set is 0.8980 and accuracy on test
set is 0.7714; when evaluating on anchor set 2a, the accuracy on valid set is 0.8800 and accuracy

on test set is 0.7599; when evaluating on anchor set 3a, the accuracy on valid set is 0.8812 and ac-
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Figure 7.8: TC plots of anchor set 3, after applying Procrustes.

curacy on test set is 0.7580. We also compare with results of not applying Procrustes on anchor set
2a and 3a, the validation accuracy and test accuracy are lower than 0.2. These results indicate that
a single Procrustes rotation estimated from a small reference is sufficient to place distinct anchor
views in a shared coordinate frame, preserving most of the model’s predictive power across views.

For TC-based embeddings of the same underlying graph, reference-set Procrustes is a practical,
supervision-free step to achieve cross-anchor comparability and reuse trained models.

We also experiment with different numbers of anchors overlapping with anchors from the base-
line anchor set. The results are shown in Table 7.2. This test aimed to evaluate the robustness of
the anchor selection across anchor sets. As shown in Table 7.2, when training on anchor set lc
(baseline) which has 1000 anchors, the accuracy on valid set is 0.8977 and accuracy on test set
is 0.7686; when evaluating on anchor set 2 with 0% nodes from anchor set 1c used as anchors,
the accuracy on valid set 1s 0.8815 and accuracy on test set is 0.7521; when evaluating on anchor
set 3 with 50% nodes from anchor set 1c¢ used as anchors, the accuracy on valid set is 0.8873 and

accuracy on test set is 0.7609. The experiments with 100 anchors show similar results. Increasing
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Table 7.1: Train-on-one, evaluate-on-another across anchor sets. The model is trained on anchor set 1 and
then evaluated (with no retraining) on other anchor views after Procrustes alignment to the baseline frame.

Anchor Set #Anchor Valid Acc Test Acc
Anchor set 1a (baseline, train set) 1000 0.8980 0.7714
Anchor set 2a (TCs aligned to 1a) 1000 0.8800 0.7599
Anchor set 2a (TCs NOT aligned to 1a) 1000 0.1237 0.1017
Anchor set 3a (TCs aligned to 1a) 1000 0.8812 0.7580
Anchor set 3a (TCs NOT aligned to 1a) 1000 0.1179 0.0900
Anchor set 1b (baseline, train set) 100 0.8702 0.7207
Anchor set 2b (TCs aligned to 1b) 100 0.8537 0.7125
Anchor set 3b (TCs aligned to 1b) 100 0.8489 0.7111

Table 7.2: Train-on-one, evaluate-on-another across anchor sets. The model is trained on anchor set 1 and
then evaluated (with no retraining) on other anchor views after Procrustes alignment to the baseline frame,
with #Oanc anchors overlapping with anchors in set 1.

Anchor Set #Anchor #QOanc Valid Acc Test Acc
I1c (baseline, train set) 1000 0.8977 0.7686
2¢ (TCs aligned to 1c¢) 1000 0 0.8815 0.7521
3¢ (TCs aligned to 1c¢) 1000 500 0.8873 0.7609
1d (baseline, train set) 100 0.8702 0.7207
2d (TCs aligned to 1d) 100 0 0.8256 0.6813
3d (TCs aligned to 1d) 100 50 0.8412 0.6928

the percentage of baseline anchors used gives slightly better performance, though the gains are
modest. Thus, we can randomly choose anchors when evaluating a trained model on the same
graph.

We also explore having some reference nodes overlapping with the anchor in the baseline an-
chor set. As shown in Table 7.3, training on the baseline view and evaluating on other anchor views
after Procrustes alignment is feasible. For the 1000 anchor setting, aligning from sets 2e, 3e, 4e to
set 1e yields a small drop from the baseline (valid 0.8977 and test 0.7719) to about 0.876-0.879 on
validation and 0.756-0.760 on test, and using overlapping reference anchors provides only modest
gains as #Oref increases from O to 1000. In contrast, with only 100 anchors, transfer from set 1f

is noticeably harder: aligned views 2f, 3f, 4f remain well below the baseline 1f on both valida-
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Table 7.3: Train-on-one, evaluate-on-another across anchor sets. The model is trained on anchor set 1 and
then evaluated (without retraining) on other anchor views after Procrustes alignment to the baseline frame,
with #Anchor nodes as reference nodes, where #Oref reference nodes overlapping with anchors in set 1.

Anchor Set #Anchor #Oref Valid Acc Test Acc
le (baseline, train set) 1000 0.8977 0.7719
2e (TCs aligned to le) 1000 0 0.8764 0.7560

3e (TCs aligned to le) 1000 500 0.8785 0.7580
4e (TCs aligned to le) 1000 1000 0.8786 0.7598

1f (baseline, train set) 100 0.8702 0.7207
2f (TCs aligned to 1f) 100 0 0.7319 0.6077
3f (TCs aligned to 1f) 100 50 0.7460 0.6164

4f (TCs aligned to 1f) 100 100 0.7523 0.6121

tion and test, though adding overlapping anchors to the reference set improves validation accuracy
somewhat. Overall, alignment supports cross-view transfer; the benefit of overlapping reference
anchors is positive but small, and the performance gap is primarily driven by the anchor budget

rather than the exact size of the overlapping reference set.

Phase 2: Subgraph Generation by Node Removal

In phase 2, we move from the complete graph in phase 1 to subgraphs obtained by removing
nodes to mirror the conditions that arise in practice, where coverage of the view is incomplete due
to scale, privacy, or distributed storage. Node removal introduces missing vertices and paths, which
changes the graph structure and distance-based embeddings, therefore providing a direct stress
test for the alignment procedure validated in phase 1. By working with subgraphs formed from
random node removal, we model unstructured missingness while keeping the setup simple. With
randomly chosen anchors and a small random set of reference nodes for Procrustes alignment, we
test whether embeddings from distinct partial views can be placed in a common coordinate frame
and whether a model learned under one pattern of missing nodes generalizes to another pattern.

In this phase, we generated subgraphs by randomly removing a subset of nodes from the full

OGBN-Products graph. The goal was to simulate scenarios where different parts of the graph
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Figure 7.9: TC plots of subgraph 1 (baseline).

are independently accessible, such as in federated or distributed learning settings. Each subgraph
retained most of the original structure but had different coverage due to the random node removals.

For efficiency, we remove a fixed percentage of nodes. In the reported experiments, we ran-
domly remove 30% of the nodes, extract the largest remaining connected component, and use it as
the subgraph view.

For each subgraph, we recomputed distance matrices based on independently sampled anchor
sets and applied PCA to obtain TCs. As shown in Fig. 7.9, we first visualized scatter plots of (7'C},
TCi1q), fori =1, 3,5 for subgraph 1 (baseline). Different colors represent different labels of each
node.

We then randomly remove 30% nodes from the original OGBN-Products graph to create sub-
graph 2, then plot the TCs (before applying Procrustes) of subgraph 2 in Fig. 7.10, compared to
what colors are distributed in Fig. 7.9, we notice that their shapes are slightly different.

To allow comparison and alignment between these embeddings, we again used Procrustes anal-
ysis to align the coordinates of nodes shared between subgraphs. We randomly sampled TCs of
10,000 nodes as Procrustes references. When applying Procrustes, we use part of these nodes (if
they exist in the new subgraph) as references to derive the rotation matrix.

As shown in Fig. 7.11, after applying Procrustes, although the shapes are still slightly different
from the shapes in Fig. 7.9, the orientations in Fig. 7.11 are more similar to the orientations in
Fig. 7.9.

We also conduct the same comparison for subgraph 3, as shown in Fig. 7.12 and Fig. 7.13.
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Figure 7.10: TC plots of subgraph 2, before applying Procrustes.

Figure 7.11: TC plots of subgraph 2, after applying Procrustes.

This setup allowed us to investigate further whether the learned representations are transferable
not only across anchor sets but also across distinct graph views with partial node overlap.

In our experiments, we randomly remove 30% of the nodes to generate subgraphs, and list the
experiment results in Table 7.4. When training on subgraph 1 (baseline), the accuracy on the valid
and test sets is 0.8551 and 0.7106. When evaluating the trained model on other subgraphs, the
valid and test accuracy are 0.8387 and 0.6983 (subgraph 2), and 0.8383 and 0.6975 (subgraph 3).
The results of this phase laid the foundation for more structured partitioning and multi-subgraph
training strategies in future work.

These results suggest that using Procrustes as a lightweight, supervision-free commensuration
step for train-on-one, evaluate-on-another across subgraphs. These also motivate more structured

partitioning (e.g., community splits) and multi-subgraph training in future work.

Single-Source Cross-Graph Transfer: Cornell and Texas

The Cornell/Texas single-source cross-graph transfer results reported in Table 7.5 use the cross-

attention model as a higher-capacity predictor for combining node features and anchor-derived
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Figure 7.13: TC plots of subgraph 3, after applying Procrustes.

structural information. These results should be interpreted as one evaluated transfer configuration
rather than as a complete comparison across all possible downstream predictor families.

These results show that Procrustes is not uniformly beneficial. It improves Cornell — Texas,
but degrades Texas — Cornell and also hurts same-graph Texas evaluation. The evidence therefore
supports a limited conclusion: alignment can sometimes reduce transfer mismatch, but its effect
is strongly direction-dependent and may distort discriminative structure when the source/target

difference is not well modeled by a simple correctable subspace transformation.

Multi-Source Transfer to acmv9

The acmv9 experiments provide the clearest evidence about feature composition. Table 7.6
compares node-feature-only transfer against node-feature-plus-distance transfer for citationvl +
dblpv7 — acmv9.

In the reported runs, node-feature-only transfer clearly outperforms the node-feature-plus-

distance setting on acmv9. This is consistent with the concern that the high-dimensional bag-
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Table 7.4: Train-on-one, evaluate-on-another across subgraphs. The model is trained on subgraph 1 and
then evaluated (without retraining) on other subgraphs after Procrustes alignment to the baseline frame.

Subgraph #Anchors Valid Acc Test Acc
Subgraph 1a (baseline, train set) 1000 0.8551 0.7106
Subgraph 2a (TCs aligned to 1a) 1000 0.8387 0.6983
Subgraph 3a (TCs aligned to 1a) 1000 0.8383 0.6975
Subgraph 1b (baseline, train set) 100 0.8362 0.6893
Subgraph 2b (TCs aligned to 1b) 100 0.8152 0.6901
Subgraph 3b (TCs aligned to 1b) 100 0.8147 0.6888

Table 7.5: Single-source cross-dataset transfer results for the cross-attention model on Cornell and Texas.
Values are single-run test accuracy and should be interpreted as exploratory rather than final.

Train — Evaluate No Alignment Procrustes

Cornell — Cornell 0.6216 0.5946
Cornell — Texas 0.6486 0.7027
Texas — Cornell 0.5405 0.4324
Texas — Texas 0.6757 0.5405

of-words node attributes may dominate the transferred signal, while the distance-based GC repre-

sentation is much lower-dimensional.

Cornell + Wisconsin — Texas Results

Table 7.7 reports the Cornell + Wisconsin — Texas diagnostic results. The multi-source Cor-
nell + Wisconsin — Texas experiments are informative but should be treated cautiously because
implementation-level inconsistencies were noted during experimentation. We therefore retain them
as diagnostic observations rather than headline evidence.

Because these runs were obtained before the implementation was fully stabilized, we do not use
them to support strong claims about the relative value of train-on-many versus train-on-one on the
Cornell/Texas family. Their main value is diagnostic: they show that the combined node-feature-

plus-distance pipeline can be unstable enough that this limitation should be stated explicitly.
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Table 7.6: Multi-source transfer results to acmv9. Values are single-run test accuracy.

Source Setting Configuration Test Accuracy
citationvl + dblpv7 — acmv9 node features only 0.4594
citationvl + dblpv7 — acmv9 node features + distance 0.2468
citationvl + dblpv7 — acmv9 node features + distance + Procrustes 0.2548

Table 7.7: Cornell + Wisconsin — Texas results. These numbers are retained as diagnostic observations
because the corresponding implementation was not fully stabilized.

Configuration Test Accuracy
node features only 0.4865
node features + distance 0.1622
node features + distance + Procrustes 0.5946

Status of Synthetic Experiments

Synthetic graph generation is a natural next step because it would allow controlled tests of
transfer under parameterized structural shifts. However, finalized synthetic Train/Val/Test results
are not included in this chapter. For that reason, the synthetic setting is discussed as future work

rather than as completed evidence here.

7.9 Discussion

The reported results provide a more cautious picture of cross-graph reuse than a simple success
narrative would suggest. Transfer is clearly possible in some settings, but the available evidence
does not support a broad claim that alignment or multi-source training reliably solves cross-view
and cross-graph mismatch. Instead, the results point to three interacting factors: source-target

direction, feature composition, and implementation stability.

7.9.1 When Train-on-One Appears Promising

Single-source transfer is most promising when the source and target graphs are similar enough
that the learned decision rule remains meaningful after only mild feature-space distortion. The
Cornell — Texas result is the clearest positive example in the reported runs: aligned evaluation

reaches 0.7027 test accuracy, which is higher than the corresponding no-alignment score of 0.6486.
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These results also suggest that train-on-one can be useful as a practical probe of representation
reuse. When it succeeds, it shows that the learned representation and classifier have captured some

transferable regularity rather than memorizing one particular anchor realization or graph instance.

7.9.2 Why Alignment Must Be Interpreted Carefully

The real-graph evidence shows that alignment is mixed: it can help, but it can also hurt sub-
stantially. For example, Procrustes helps Cornell — Texas, but it hurts Texas — Cornell and even
reduces same-graph Texas performance. This asymmetry indicates that alignment is not a uni-
formly reliable correction.

A second caution is methodological. In same-graph settings, Procrustes is naturally justified
because the source and target embeddings are defined on the same node set. In cross-dataset set-
tings with disjoint node identities, the with/without-Procrustes comparisons should be interpreted

as heuristic diagnostics unless explicit correspondences are defined.

7.9.3 Node Features May Currently Dominate Transfer

One of the most important findings in this chapter is that node attributes may dominate transfer
behavior. The bag-of-words node features are about 1400 dimensions, whereas the distance-based
GC representation is only 32 dimensions. Consistent with that concern, the strongest acmv9 result
is the node-feature-only multi-source baseline (0.4594), which outperforms the node-feature-plus-
distance variants by a wide margin.

This does not mean that distance information is useless. Instead, it suggests that the present way
of combining node features and distance-based features may be underpowered, miscalibrated, or
insufficiently regularized. It also means that claims about anchor-based transfer should be framed
carefully until the node-feature contribution and distance-based contribution are disentangled more

systematically.
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7.9.4 What Multi-Source Training Currently Tells Us

The multi-source experiments are useful, but they should not be overinterpreted. On acmv9,
training on citationvl + dblpv7 helps relative to some single-source feature-plus-distance runs,
especially when compared to the weaker citationv1-only results. However, on the Cornell/ Wis-
consin/Texas family, the available multi-source distance-based experiment comes from a run with
implementation-level inconsistencies. As a result, the chapter reports multi-source training as an

explored and partially promising direction, not as a settled improvement over train-on-one.

7.9.5 Updated Reporting Guidance

The reporting protocol in this chapter matches the available evidence: the real-graph results are
single-run Train/Val/Test numbers. Once repeated anchor sets, repeated seeds, or repeated graph
draws are available, the chapter can be extended to mean =+ std reporting and confidence intervals.

Until then, claims should remain correspondingly modest.

7.9.6 Limitations

Several limitations remain important.

Empirical coverage. The chapter is based on a limited number of real-graph runs. Some
experimental branches were not fully stabilized, and repeated-view statistics are not available.

Alignment assumptions. In disjoint-graph settings, Procrustes-style comparisons should be
interpreted heuristically unless explicit node correspondences or shared landmarks are provided.

Node-feature dominance. Because the node attributes are high-dimensional and highly infor-
mative, they may mask the contribution of the distance-based structural representation, making it
harder to isolate the specific benefits of anchor-induced representations.

Synthetic experiments. Although synthetic graph generation is a key motivation for this chap-
ter, finalized synthetic results are not included here. Consequently, the empirical evidence is re-

stricted to a limited set of real-dataset shifts.
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Overall, the most defensible conclusion is that cross-graph reuse is feasible but uneven. It is
best analyzed as a diagnostic problem: when transfer works, it reveals reusable structure; when it
fails, the failure can come from direction-specific mismatch, feature imbalance, or implementation

instability rather than from a single universal cause.

7.10 Summary

This chapter now reports two related transfer settings for anchor-based graph representations:
single-source train-on-one, evaluate-on-many transfer and multi-source train-on-many, evaluate-
on-one transfer. The primary reported cross-dataset real-graph experiments use the cross-attention
model and focus on Cornell, Texas, citationvl, dblpv7, and acmv9.

The empirical evidence in this chapter is limited but already informative. First, Procrustes
alignment is not uniformly beneficial: it improves some transfers, such as Cornell — Texas, but
hurts others, such as Texas — Cornell. Second, the strongest acmv9 result comes from the node-
feature-only multi-source baseline, suggesting that high-dimensional node attributes may dominate
transfer more than the distance-based structural representation. Third, multi-source training is
promising in some settings but is not consistently established as superior in the available runs,
especially where implementation stability remains a concern.

Accordingly, the main contribution of the chapter is not a universal transfer recipe, but a clearer
characterization of what works, what remains unstable, and what should be tested next. Synthetic
experiments, repeated-view statistics, and more systematic ablations remain important next steps

for extending the chapter.
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Chapter 8

Discussion, Limitations and Future Work

8.1 Summary of Findings

This dissertation develops and evaluates a novel anchor-based approach to graph learning that
does not rely exclusively on iterative message passing. Graph neural networks have been highly
successful, but many practical settings expose limitations of standard GNN workflows: repeated
neighborhood aggregation can be computationally expensive on large graphs, deeper propagation
can introduce over-smoothing in deeper models and over-squashing of long-range information, and
learned models are often tied to a particular graph, feature space, or training protocol. These lim-
itations become especially important when node attributes are weak, unavailable, or incompatible
across datasets, or when the goal is to reuse learned models across similar graph datasets or even on
different parts of the same dataset. Reliable transfer across heterogeneous graph domains remains
challenging, especially when source and target graphs differ in feature distributions, neighborhood
structure, label semantics, or training protocols. This dissertation addresses these challenges by
shifting part of the graph-learning problem from repeated message propagation to reusable struc-
tural representation construction.

The central idea of this dissertation is that graph topology itself contains reusable structural
information that can be sampled, compressed, and used before downstream prediction. Instead
of repeatedly propagating messages through local neighborhoods during training, the proposed
framework samples global graph structure through anchor-based relationships, compresses this
structure into a lower-dimensional coordinate space, and uses the resulting representations for
downstream prediction tasks. In this way, graph structure is transformed into a reusable represen-
tation that can be coupled with available attributes, aligned across views, and used by conventional

machine-learning models or lightweight neural networks.
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The main contribution of this dissertation is to turn this structural perspective into a scal-
able graph-learning framework. The dissertation formulates anchor-based structural encodings
as reusable graph-derived features, develops and evaluates several coordinate constructions in-
cluding VC, TC, and DVC, and shows how sampled node-to-anchor distance information can be
compressed, stored, aligned, and used in downstream prediction. Across node classification, link
prediction, and transfer-oriented experiments, the work demonstrates that anchor-based coordi-
nates can preserve useful local and non-local topological information while reducing dependence
on deep message-passing architectures and dense all-pairs graph computations. The contribution is
therefore not a single model intended to dominate all baselines, but a resource-adaptable methodol-
ogy for representing graph topology, evaluating accuracy and efficiency trade-offs, and identifying
when compact structural coordinates provide a practical alternative or complement to conventional
GNN pipelines.

Across the preceding chapters, this dissertation demonstrates that anchor-based structural co-
ordinates provide a practical basis for node classification, link prediction, multi-view represen-
tation learning, and transfer-oriented evaluation across anchor-induced views and related graph
settings. The contribution is therefore not merely the use of anchors, but the decoupling of struc-
tural representation from downstream learning. Once computed, anchor-based coordinates can be
reused, compared, aligned, and combined with different feature sources. This provides a resource-
adaptable path for graph learning when full GNN training is expensive, when graph domains differ,
or when raw features alone are insufficient.

The later empirical chapters evaluated this framework under both train-on-one and train-on-
many settings. In the train-on-one setting, the results showed that the proposed structural represen-
tation can support competitive downstream prediction when the model is trained using data from a
single source. In the train-on-many setting, the results further showed that aggregating information
across multiple sources can be beneficial, although the gains were not uniform across all datasets

and experimental configurations. This indicates that multi-source training is promising, but its ef-
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fectiveness depends on the degree of shared structure across the participating graphs and on the
model used to integrate that information.

A central motivation for the transfer experiments is that direct transfer of a conventional message-
passing GNN across heterogeneous graphs remains an unsolved challenge. A GNN trained on one
graph is often coupled to that graph’s feature distribution, neighborhood structure, label semantics,
and training protocol; therefore, a model that performs well on one graph does not automatically
provide evidence of reliable transfer to another graph. This dissertation addresses this issue by eval-
uating whether anchor-based structural representations provide a more reusable basis for transfer
across anchor-induced views, overlapping subgraphs, and related graph datasets. Its results sug-
gest that a more flexible mechanism for relating information across structural inputs can provide
stronger performance than simpler alternatives in realistic settings. At the same time, the findings
also show that improved performance should not be attributed to any single component in isolation;
rather, the empirical gains come from the interaction between the anchor-based representation, the
training protocol, and the final predictive architecture.

The transfer experiments further show that anchor-based structural representations can sup-
port reuse beyond a single fixed coordinate construction. Across different anchor-induced views
of the same graph and across overlapping subgraphs, the dissertation demonstrates that structural
coordinates derived from sampled node-to-anchor distances often preserve a stable dominant repre-
sentation space. Lightweight alignment methods, especially orthogonal Procrustes alignment, can
reduce view-to-view mismatch and allow a predictor trained on one structural view to be evaluated
on related views without full retraining. These results strengthen the central claim of the disserta-
tion: graph topology can be converted into compact, reusable coordinates that support downstream
learning while reducing dependence on repeated message passing. At the same time, the cross-
dataset experiments clarify the boundary of the current framework. When source and target graphs
have substantially different structural and feature distributions, alignment alone does not produce
sufficiently strong or consistent gains to justify a broad claim that cross-dataset transfer is solved.

Thus, the contribution is twofold: the dissertation provides positive evidence for reusable anchor-
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based representations across related structural views, and it identifies cross-dataset transfer as an
important but more difficult direction for future work.

Taken together, the findings across chapters support two main conclusions. First, anchor-based
graph embeddings provide a viable and resource-efficient basis for graph learning. By represent-
ing nodes through sampled relationships to anchor nodes and transforming these relationships into
VC, TC, or DVC coordinates, the dissertation demonstrates that graph topology can be encoded as
reusable structural features rather than used only through iterative message passing. These embed-
dings are compatible with conventional graph-learning pipelines: they can be used as standalone
structural features, combined with node attributes, or consumed by lightweight neural predictors.
In the node-classification experiments, the resulting models achieve performance comparable to se-
lected GNN baselines while using substantially fewer trainable parameters, showing that compact
graph-coordinate representations can provide a practical alternative or complement to message-
passing GNNs when efficiency and deployability are important.

Second, the transfer experiments show both the promise and the difficulty of reusing struc-
tural representations across views and graphs. The strongest evidence is for transfer across related
structural views, especially different anchor-induced views of the same graph and overlapping sub-
graphs, where alignment methods such as orthogonal Procrustes can reduce coordinate mismatch
and support reuse without full retraining. Train-on-many settings and cross-attention-based models
are useful tools for exploring more flexible transfer, but the results do not show that transfer is au-
tomatically solved across heterogeneous graph domains. Thus, the dissertation establishes anchor-
based representations as reusable structural embeddings in related-view settings, while identifying
broad cross-dataset transfer as an important open problem requiring richer alignment, stronger

source-target compatibility analysis, or more adaptive transfer models.
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8.2 Guidelines for Applying Anchor-Based Structural Repre-

sentations

The results of this dissertation suggest that anchor-based structural graph learning should not
be viewed as a single fixed method to be used uniformly in every setting. Rather, the dissertation
evaluated a family of related choices: how to construct node representations from distances or
coordinate relationships to selected anchors, whether to use VC, TC, or DVC as the structural
encoding, whether to combine these encodings with node attributes, whether to use a shallow
predictor or a more expressive model such as cross-attention, and whether to train on one graph,
multiple graphs, or aligned structural views. The practical value of these choices depends on the
structure of the available data, the strength of the node features, the number and compatibility of
source graphs, and the computational complexity that can be supported in the downstream model.
This section summarizes the experimental findings as practical guidance for choosing among these
representation, training, and modeling options.

A first consideration is whether an anchor-based structural representation is appropriate for
the problem at hand. The methods studied in this dissertation are most useful when graph struc-
ture carries important task-relevant information and when direct reliance on raw node attributes
is either insufficient or undesirable. In such cases, anchor-based structural relationships provide
a way to encode positional or relational information in a form that can be used across different
graphs and learning settings. When node features are already highly informative, however, anchor-
based structural coordinates should be viewed primarily as a complementary source of topological
information rather than as a replacement for feature-based or message-passing models.

From an architectural perspective, the methods in this dissertation are most appropriate when
one wants to decouple topology extraction from downstream prediction. Message-passing GNNs
are preferable when end-to-end neighborhood aggregation and feature propagation are central to
the task. Graph-coordinate neural networks, such as VCNN, TCNN, and DVCNN, are preferable

when one wants a reusable structural embedding, a shallow downstream predictor, or a lower-
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parameter alternative that can operate when node features are limited. They are also attractive
in resource-constrained settings, such as IoT devices, mobile or edge systems, sensor networks,
and distributed graph-processing environments, where memory, latency, communication cost, and
energy budget may limit repeated multi-hop message passing. In such cases, anchor-based coor-
dinates can be computed, compressed, and reused so that downstream training or prediction can
proceed with less direct graph access and smaller predictive models.

A second consideration is whether to use the train-on-one or train-on-many setting. The train-
on-one setting is the more appropriate choice when only one source graph is labeled, when the
target deployment condition is close to a single known distribution, or when the goal is to evalu-
ate the quality of the representation under the clearest and most controlled conditions. It is also
the more conservative option when there is uncertainty about whether multiple source graphs are
sufficiently related to support joint learning. In these cases, train-on-one provides a simpler exper-
imental protocol and avoids the possibility of negative transfer from mismatched sources.

The train-on-many setting becomes more attractive when multiple related graphs are available
and there is reason to expect that they share transferable structural patterns. In such cases, training
on multiple sources can improve robustness and can sometimes improve downstream performance
by exposing the predictor to a broader range of graph configurations. However, the empirical
results also indicate that train-on-many should not be assumed to dominate train-on-one automati-
cally. Its usefulness depends on the compatibility of the participating graphs, the consistency of the
prediction task across them, and the model’s ability to integrate cross-source information without
overfitting to source-specific artifacts. For this reason, train-on-many is best treated as a powerful
but conditional option rather than as a universal default.

With respect to the downstream predictor, the cross-dataset real-graph transfer experiments in
this dissertation support using the cross-attention model as a strong higher-capacity choice when
performance is the main objective and sufficient computational resources are available. Among
the evaluated cross-dataset configurations, the cross-attention model provided the strongest main

results, suggesting that a flexible node-anchor interaction mechanism can be helpful when learn-
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ing from anchor-based structural representations across related datasets. In practical terms, this
makes cross-attention a reasonable choice for the cross-dataset real-graph transfer setting consid-
ered here, especially when the goal is to maximize empirical performance. At the same time, this
recommendation should be interpreted in light of cost, complexity, and the scope of the completed
experiments. Simpler predictive architectures may still be preferable in same-graph anchor-set ex-
periments, overlapping-subgraph experiments, smaller-scale studies, ablation studies, or settings
where interpretability, implementation simplicity, or computational cost is more important than
obtaining the strongest possible empirical result.

The experiments also provide guidance on how to choose representation hyperparameters be-
fore worrying about downstream model complexity. Across the GCNN and VCNN studies, a
useful practical rule is to tune the pipeline in three stages. First, choose the number of anchors,
since this is the primary knob controlling structural coverage and the computational cost of repre-
sentation construction. The results suggest that only a small fraction of nodes needs to be selected
as anchors in the reported large-graph experiments, and that uniform random anchor selection is a
reasonable practical default. Second, once a promising anchor budget has been identified, choose
the number of retained graph coordinates or virtual coordinates by looking for a saturation point in
validation performance. Third, only after these representation choices have stabilized should the
neural-network configuration be tuned in detail. In practice, this ordering is more efficient than
jointly tuning everything at once because it first determines how much structural information is
available and then determines how much model capacity is actually needed to use it.

The empirical results suggest several concrete implications of this three-step procedure. On
OGBN-Products, performance improved substantially as the number of coordinates increased from
very small values, but gains diminished once the representation became sufficiently expressive.
On OGBN-Proteins, the same pattern appeared across both TC-based and VC-based experiments:
once a moderate number of coordinates had been reached, deeper or wider neural networks did not

reliably improve performance. These findings indicate that representation quality should be tuned
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before network complexity, and that overly complex downstream models can add cost without
adding much predictive value.

The comparison among VC, TC, and DVC also supports a simple selection heuristic. VC is
the preferred choice when preprocessing simplicity and ease of deployment matter most, since it
avoids feature engineering and often works well with shallow predictors. TC is the preferred choice
when stronger predictive performance is desired and an SVD-style compression step is acceptable.
DVC is most attractive when one wants to reduce the number of anchors and avoid SVD, even
at some cost in predictive performance. In other words, the choice among these representations
should be made in light of the desired balance among preprocessing effort, parameter count, and
final accuracy rather than by assuming one representation is universally superior.

The experiments also provide guidance on how to treat cross-dataset transfer. Although the dis-
sertation explored this setting directly, the results suggest that transfer across heterogeneous graph
domains remains difficult. Alignment-based approaches, including Procrustes-style alignment, did
not produce gains that were sufficiently strong or consistent to justify routine use as a dependable
solution. As a result, cross-dataset transfer should currently be viewed as exploratory. It is most
reasonable to attempt when there is substantive evidence that the source and target graphs share
similar structural organization or task semantics, and even then it should be validated carefully
rather than assumed to work by default.

Overall, the practical guidance from this dissertation can be summarized as follows. Anchor-
based structural representations are most useful when structure itself is a key source of information.
Train-on-one is the safer and cleaner choice when data come from a single source or when cross-
source compatibility is uncertain. Train-on-many is worth using when multiple related sources
are available, but it should be adopted with attention to the risk of source mismatch. For the
downstream predictor, cross-attention is a strong higher-capacity option for the cross-dataset real-
graph transfer setting studied here, but it should not be interpreted as necessary for the same-graph
anchor-set or overlapping-subgraph transfer experiments. For representation tuning, it is usually

best to choose anchors first, then coordinates, and only then the neural network configuration.
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Cross-dataset transfer, however, should be approached cautiously and regarded as an open research

problem rather than a solved deployment strategy.

8.3 Contributions and Advantages

Before discussing the limitations of the proposed framework, it is useful to summarize what
the anchor-based structural learning approach achieves. The main contribution of this dissertation
is a graph-learning framework that converts topology into reusable structural coordinates before
downstream prediction, rather than requiring graph structure to be consumed only through iterative
message passing. By selecting anchor nodes, computing node-to-anchor structural relationships,
and transforming these relationships into VC, TC, and DVC representations, the dissertation pro-
vides a practical way to encode local and non-local graph structure without constructing dense
all-pairs distance matrices. The contribution is therefore not merely the use of anchors, but the
systematic development of anchor-based coordinates into a reusable representation framework for
graph learning.

This representation strategy provides several practical advantages. First, it decouples topology
extraction from downstream learning. Once the anchor-based coordinates are computed, they can
be stored, compressed, reused, concatenated with node attributes, or provided to conventional
neural predictors such as MLPs and lightweight classifiers. This makes the framework useful in
settings where repeated neighborhood aggregation is expensive, where node features are weak or
unavailable, or where the same structural representation may be reused across multiple prediction
tasks or experimental settings. Second, the framework gives explicit control over the resource and
accuracy trade-off through the number of anchors, the coordinate construction, the compressed
dimension, and the downstream model size. These choices make the method resource-adaptable
rather than tied to a single fixed architecture.

The node-classification experiments demonstrate that anchor-based graph coordinates can pre-
serve substantial predictive information while using much smaller downstream models than many

message-passing or leaderboard-scale baselines. In particular, TC-based models on OGBN-Products
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and OGBN-Proteins show favorable accuracy and efficiency trade-offs: they achieve performance
comparable to or stronger than selected GCN-style baselines while using substantially fewer train-
able parameters. These results do not claim to replace the highest-accuracy leaderboard models.
Instead, they establish that sampled and compressed graph-distance structure can provide a com-
petitive alternative when parameter count, memory use, computation time, or deployability are
important.

The link-prediction experiments extend the same structural-coordinate idea from node-level
prediction to edge-level prediction. By constructing edge representations from pairs of graph-
coordinate embeddings and evaluating different coordinate variants and edge-combination func-
tions, the dissertation shows that anchor-based coordinates can support link prediction when graph
geometry is clear and structurally informative. The synthetic experiments demonstrate strong per-
formance in controlled settings, while the real-world experiments identify where additional model-
ing capacity, richer structural signals, or task-specific scoring functions are needed. This is a useful
contribution because it clarifies not only that graph-coordinate methods can succeed, but also the
structural regimes in which their current form begins to degrade.

The transfer experiments contribute a further perspective: anchor-based representations are
not only features for a single fixed task, but also structural views that can be compared, aligned,
and reused. Across different anchor-induced views of the same graph and overlapping subgraphs,
the results show that sampled node-to-anchor distances can preserve a stable dominant structural
space. Lightweight alignment methods such as orthogonal Procrustes alignment provide a prac-
tical mechanism for reducing view-to-view mismatch and evaluating whether a predictor trained
on one structural view can be reused on another. Although broad cross-dataset transfer remains
difficult, the dissertation provides positive evidence that anchor-based coordinates are reusable
across related structural views and gives a concrete protocol for analyzing when such reuse is fea-
sible. Overall, the dissertation contributes a resource-adaptable structural learning perspective that
connects anchor sampling, distance-based structural encoding, dimensionality reduction, neural

prediction, and transfer analysis under a common methodology.
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8.4 Limitations

Although the results of this dissertation provide encouraging evidence for anchor-based struc-
tural representations and their use in different training settings, several limitations should be ac-
knowledged. These limitations define the scope of the conclusions that can be drawn and clarify
which aspects of the proposed framework remain open for further research.

The first limitation concerns the scope of the empirical evaluation. The experiments were
conducted on a selected set of datasets and task settings rather than on the full range of graph types
encountered in practice. As a result, the findings demonstrate that the proposed approach can work
under the evaluated conditions, but they do not establish that it will perform equally well across
all graph domains, graph sizes, or application scenarios. In particular, graphs with very different
structural properties, feature distributions, or label semantics may present challenges that are not
fully captured by the benchmarks used here.

The second limitation arises from the design choices embedded in the representation pipeline.
The performance of the proposed methods can depend on factors such as anchor selection, the con-
struction of the structural representation, dimensionality reduction choices, and other implementa-
tion decisions. Many of these choices were motivated by empirical effectiveness and computational
practicality rather than by a complete theoretical understanding of optimality. As a result, different
design choices could potentially lead to different outcomes, and the present dissertation does not
exhaustively isolate the contribution of every component or establish principled rules for choosing
among all possible configurations.

The third limitation is that the reported results depend not only on the anchor-based repre-
sentation itself, but also on the downstream predictive architecture used with that representation.
In the cross-dataset real-graph transfer experiments, the cross-attention model served as the main
higher-capacity predictor because it produced the strongest main results among the evaluated alter-
natives. This means that some of the empirical gains observed in the dissertation should be under-
stood as arising from the interaction between the representation and the predictor, rather than from

the representation alone. Accordingly, the contribution should be understood as an anchor-based
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structural learning pipeline rather than as a standalone representation guarantee: the dissertation
shows that structural coordinates can support useful prediction in the evaluated settings, while a
systematic characterization of how different downstream predictors interact with these coordinates
remains an open direction.

The fourth limitation concerns the train-on-many setting. Although the experiments showed
that training on multiple sources can be beneficial in some cases, these gains were not uniform
across all settings. This suggests that joint training across graphs is sensitive to the degree of com-
patibility among the source datasets and to the model’s ability to extract shared structure without
being dominated by source-specific patterns. Consequently, train-on-many should not be inter-
preted as universally superior to train-on-one, and the present work does not provide a complete
characterization of when multi-source training will help or when it may instead introduce negative
transfer.

The fifth limitation is the difficulty of cross-dataset transfer. The dissertation explored transfer
more directly, including alignment-based approaches such as Procrustes-style matching, but these
experiments did not yield results that were sufficiently strong or consistent to support a broad
claim of reliable transfer across heterogeneous graph domains. This is an important boundary
on the conclusions of the work. While the experiments suggest that structural representations
may contain some transferable information, they also show that transfer remains highly sensitive
to distribution mismatch, graph-specific structure, and the limitations of the alignment procedure.
Therefore, the dissertation should be understood as identifying cross-dataset transfer as a promising
but unresolved problem for graph datasets rather than as demonstrating a fully-solved transfer
framework.

The sixth limitation concerns the completeness of the scalability and computational-cost anal-
ysis. The experiments in this dissertation show that anchor-based structural representations can
support downstream models with substantially fewer trainable parameters than selected message-
passing GNN baselines, and the resulting predictors avoid iterative neighborhood aggregation dur-

ing prediction. However, the dissertation does not provide a complete end-to-end comparison of
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computational cost against GNN pipelines across all stages of processing. In particular, anchor
selection, node-to-anchor distance construction, coordinate transformation, dimensionality reduc-
tion, storage, and downstream training each contribute to the total cost of the framework. While
these costs were manageable in the experiments reported here, their trade-offs relative to scalable
GNN training and inference were not fully characterized across graph sizes, hardware settings,
and deployment scenarios. Therefore, the limitation is not that the framework lacks scalability
potential, but that its full computational profile remains to be analyzed more systematically.
Finally, the dissertation is limited in the strength of the claims it can make about generality and
theory. The experimental results provide evidence that the proposed framework is useful and worth
further investigation, but they do not yet yield a complete theoretical account of why transfer works
in some cases and fails in others, nor do they provide formal guarantees about robustness across
graph families. For this reason, the main contribution of the dissertation is best understood as an
empirical and methodological foundation: it establishes a workable framework, identifies settings
in which the framework is promising, and clarifies several challenges that must be addressed before

broader claims can be justified.

8.5 Broader Impacts and Ethical Considerations

The methods studied in this dissertation are motivated by the broader goal of improving graph
learning in settings where structural information is important and direct feature-based transfer is
difficult. In principle, approaches of this kind could have positive impact in domains where graphs
arise naturally, including scientific networks, biological interaction networks, communication sys-
tems, and recommendation or relational data analysis. In such settings, methods that can extract
useful structural representations may reduce dependence on extensive manual feature engineering
and may help extend learning methods to problems where node attributes are incomplete, noisy, or
unavailable.

A potential broader benefit of this work is that improved structural representations could sup-

port more data-efficient learning. If transferable structural patterns can be identified reliably, then
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future systems may require fewer labeled examples in each new graph domain. This could be es-
pecially valuable in applications where labeling is expensive or requires expert knowledge. More
generally, the dissertation contributes to the methodological understanding of how graph structure
can be reused across settings, which may support the development of more flexible and reusable
machine learning systems.

At the same time, graph-based learning methods in general raise ethical concerns because graph
data often reflect human, institutional, biological, or social processes. Such data may encode bias,
imbalance, exclusion, or historical artifacts. These concerns apply to many graph-learning meth-
ods, not only to the approach developed here. However, they are especially relevant for structural
representations because topology itself may carry sensitive or socially meaningful information
even when explicit sensitive attributes are not included. A model that learns from structural regu-
larities may therefore reproduce or amplify patterns embedded in the graph.

A more specific concern for this dissertation is the structural transfer capability. Because the
framework considers reuse across anchor-induced views, overlapping subgraphs, and graph do-
mains, there is a risk that a representation may appear transferable even when the source and target
graphs differ in important ways. The experiments in this dissertation show that broad cross-dataset
transfer remains difficult and should not be assumed to work reliably without careful validation.
This finding has an ethical implication: structural similarity alone should not be treated as evidence
that a model is appropriate for deployment in a new domain, especially in high-stakes settings in-
volving scientific interpretation, resource allocation, recommendation, or decisions affecting indi-
viduals.

There are also considerations related to transparency and reproducibility. The framework stud-
ied in this dissertation involves multiple stages, including anchor selection, representation con-
struction, dimensionality reduction, and downstream modeling. While this modular structure
supports systematic experimentation, it also creates several points at which design choices can
influence outcomes. Responsible use of such methods therefore requires clear reporting of pre-

processing choices, experimental protocols, evaluation settings, and failure cases. Reproducibility
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is especially important in transfer-oriented work, where small differences in setup may lead to
materially different conclusions.

A further practical consideration is computational cost. Structural representation learning and
transfer experiments can require substantial computation, especially when multiple datasets, align-
ment procedures, or expressive predictive models are involved. Although the scale of computation
in this dissertation is modest relative to very large modern machine learning systems, it is still
appropriate to recognize that more extensive experimentation and larger-scale deployment would
increase resource usage. Future work should therefore consider not only predictive accuracy, but
also efficiency and computational sustainability.

Overall, the broader impact of this dissertation is primarily methodological. It contributes
evidence that anchor-based structural representations are a promising direction for graph learn-
ing, while also highlighting the care required when extending such methods across datasets and
domains. Ethically, the main implication is that structural transfer should be approached with cau-
tion: potential benefits in flexibility and data efficiency must be balanced against risks of bias prop-
agation, spurious transfer, limited interpretability, and unwarranted confidence in settings where

domain differences are substantial.

8.6 Future Work

The results of this dissertation suggest several directions for future work. These directions
follow naturally from both the promising aspects of the proposed framework and the limitations
identified in the previous section. Broadly, future research should aim to strengthen cross-dataset
transfer, improve the flexibility and efficiency of anchor-based structural representations, and de-
velop a clearer theoretical understanding of when and why these methods succeed.

The first direction is to develop stronger methods for cross-dataset alignment and adaptation.
The experiments in this dissertation showed that transferring structural representations across het-
erogeneous graph domains remains difficult, and that alignment-based methods such as Procrustes-

style matching are not sufficient on their own to produce consistently strong transfer. Future work
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could investigate more expressive alignment strategies, including learned mapping functions, do-
main adaptation techniques, contrastive objectives, or methods that explicitly separate transferable
structural information from graph-specific variation. Such approaches may help determine whether
transfer failures arise primarily from inadequate alignment, from deeper distribution mismatch, or
from limitations in the representation itself.

The second direction is to improve the construction of the anchor-based representation. Al-
though the dissertation demonstrated that anchor-based structural information can support useful
downstream learning, many representation choices remain open. Future work could explore alter-
native anchor selection strategies, including adaptive, task-aware, or learned anchors, rather than
relying only on fixed or manually designed procedures. It would also be valuable to study whether
different graph distance functions, kernel constructions, or structural summaries yield representa-
tions that are more stable, more transferable, or more informative for downstream prediction. A
more systematic study of these choices could lead to representations that are both stronger empiri-
cally and easier to apply across graph families.

The third direction is to better understand multi-source learning in the train-on-many setting.
The results here suggest that training on multiple source graphs can sometimes improve robustness
and performance, but not uniformly. This raises an important research question: under what con-
ditions does adding more source graphs help, and under what conditions does it instead introduce
negative transfer? Future work could examine this question more systematically by characterizing
source compatibility in terms of graph structure, task similarity, or representation geometry. Such
analysis could lead to principled criteria for selecting source graphs, weighting their contributions,
or identifying when joint training is likely to be beneficial.

The fourth direction is to expand the study of downstream predictive architectures. In this
dissertation, the cross-attention model served as the primary reported model for the cross-dataset
real-graph experiments because it provided the strongest main results among the evaluated alter-
natives. However, this does not imply that it is the final or optimal architecture for all settings.

Future work could investigate whether other interaction mechanisms, hierarchical models, graph-
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transformer-style predictors, or lighter-weight attention variants offer better trade-offs among per-
formance, interpretability, and computational cost. It would also be valuable to disentangle more
carefully how much of the observed benefit comes from the representation and how much comes
from the expressive power of the downstream model.

The fifth direction is to improve scalability. As graph size grows, the computation required
for structural representation construction, dimensionality reduction, and downstream training can
become a practical bottleneck. Future work could therefore examine approximate distance com-
putation, more efficient anchor sampling, incremental or distributed representation building, and
training strategies designed for large-scale graphs. Improving scalability is important not only for
efficiency, but also for evaluating the framework on broader and more realistic benchmarks than
those considered in this dissertation.

The sixth direction is to strengthen the theoretical foundations of the framework. Much of
the present dissertation is empirical and methodological, which is appropriate for establishing
feasibility, but a deeper theoretical account is still needed. Future work could study why cer-
tain anchor-based representations preserve useful graph information, when representations learned
from different anchor sets remain comparable, and what structural conditions make transfer possi-
ble or impossible. A stronger theoretical understanding could help explain the empirical patterns
observed here and provide more principled guidance for model and representation design.

Finally, future work should broaden the empirical evaluation itself. Additional datasets, task
types, and graph domains are needed to assess the robustness and generality of the conclusions
drawn here. In particular, it would be useful to evaluate the framework on settings with different
graph scales, sparsity patterns, label regimes, and domain mismatches. More extensive evalua-
tion could clarify whether the findings of this dissertation reflect broad properties of anchor-based
structural learning or are more specific to the datasets and protocols studied here.

In summary, the most important next step is to move from demonstrating feasibility toward
understanding reliability. This dissertation shows that anchor-based structural representations are

an extremely promising alternative for graph learning and that they merit further study under both
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train-on-one and train-on-many settings. The central challenge for future work is to determine how
these methods can be made more transferable, more scalable, and more principled, so that their
use across diverse graph domains can be supported by stronger empirical evidence and clearer

theoretical insight.

8.7 Conclusions

This dissertation argues that graph learning need not be understood only through iterative mes-
sage passing. The work developed and evaluated an anchor-based structural learning framework
in which graph topology is sampled through anchor relationships, compressed into coordinate
representations, and reused in downstream prediction settings. By separating structural represen-
tation construction from downstream prediction, the dissertation provides an alternative way to
exploit graph topology when full message-passing pipelines are costly, node features are limited,
or reusable structural embeddings are desirable.

The central contribution is not simply the use of anchors, but the systematic development of
anchor-based coordinates into a resource-adaptable graph-learning methodology. The results show
that VC, TC, and DVC representations can preserve useful local and non-local structural informa-
tion, support lightweight downstream predictors, and in selected node-classification benchmarks
provide favorable accuracy and efficiency trade-offs compared with selected message-passing base-
lines. The link-prediction and transfer experiments further clarify the operating boundaries of the
approach: anchor-based coordinates can be useful beyond a single fixed task, but more complex
prediction settings and cross-dataset transfer require stronger modeling, richer alignment, and more
systematic validation.

A broader lesson of the dissertation is that representation design is as important as predictor
design. Message-passing GNNs remain important, but they are not the only way to use graph
structure for learning. Coordinate systems, anchor-based distance features, compressed structural

embeddings, and alignment procedures provide a complementary graph-learning toolbox, espe-
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cially for settings where computation, memory, latency, energy budget, or node-feature quality
impose practical constraints.

The work therefore provides both concrete methods and a research direction. It demonstrates
that anchor-based structural representations can be effective and computationally manageable in
important graph-learning regimes, while also identifying open problems in cross-graph transfer,
adaptive anchor selection, scalable representation construction, richer structural signals, and the-
oretical analysis of alignment and representation stability. These open questions are not separate
from the contribution of the dissertation; they define the next stage of research toward graph-

learning systems that are efficient, reusable, and structurally informed.
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Appendix A

Justification for Orthogonal Procrustes Alignment

Given matrices X, Y € R™ ¢, the orthogonal Procrustes problem seeks

x : _ 2
R = argRERdirj}Ir%lTR:AXR Y|z (A.1)

i.e., an orthogonal matrix R that best maps X to Y in Frobenius norm. In our setting, each local
graph view v produces an embedding X (") € R™"*?, where n is the number of nodes and d is the
number of anchors and orthogonal Procrustes (OP) is applied on the shared nodes between two
views v; and vg.

Let Z € R™ denote an existing latent Euclidean embedding of the graph. We explicitly
truncate to a low embedding dimension d by keeping the top-d principal components of the corre-
sponding distance-based kernel.

We recall a perturbation bound for orthogonal Procrustes due to Arias-Castro et al. (2020).
Consider two tall matrices X,Y € R™*? of the same size, with X full rank, and define

e = |yy' - xx"'

I

for some Schatten p-norm. Then Theorem 1 in Arias-Castro shows that

. —1/2
qmin [V = XQl, < (X724 (1= X)X 2) A @), a2

and, in particular, if || XT| ¢ < 27'/2, then

in ||V —X < (1 2) | X1 2. A3
Juin [V = XQll, < (1+V2) | XT|e (A3)
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Here X' denotes the Moore-Penrose pseudo-inverse of X and O(d) is the orthogonal group in R?.
We will use this result with p = 2, so that || - ||,, is the Frobenius norm.

In words, the Procrustes error ming ||Y — X Q|| is small whenever (i) the Gram matrices
XXTand YYT are close and (ii) the configuration X is not close to being rank-deficient (i.e., the
smallest singular value of X is not too small, so || X || is not too large).

Fix a reference view vy and another view v. Let S denote the set of nodes shared between these

two views, and write
X=X er™?  yv.=xP eRrR™
where m = |S|. The orthogonal Procrustes alignment between v and vy is then
R™ ¢ arg min | XR-Y]|p.
ReO(d)
Theorem (A.3) yields
1Y = XRW|[p < Cp || XT||||YYT = XXT|,, (A.4)

for a universal constant Cp < 1 + /2, provided | XT]|e < 2-1/2 holds (which is satisfied as long
as the Gram discrepancy ¢ and the conditioning of X are moderate).

This directly instantiates steps (3)—(4) of our informal argument:

- *%(Step 3)** The embedding error after alignment, |Y — XR® ||z, is controlled by the
Procrustes bound. - **(Step 4)** The bound in (A.4) is the product of two terms: the pseudo-
inverse norm || X || and the Gram difference |[YY T — X X || .

We now relate each factor to structural properties of the graph embeddings.

Let the singular values of X be o1(X) > --- > 04(X) > 0. Then || XT|| = 1/04(X). Since X
consists of the top-d principal components of a distance-derived embedding restricted to the shared

nodes S, choosing d well inside the spectral bulk (rather than deep in the tail) ensures that o4(X)
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is not extremely small. Empirically, we observe that the smallest retained singular values remain

well above numerical precision across all datasets and choices of anchors. Thus

1

X =

< C(condv (AS)

for a moderate constant C.,,q that depends on the spectrum of the reference embedding but not on
the choice of view v.
This realizes **(Step 5)**: a controlled smallest singular value implies a small pseudo-inverse

norm.
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Appendix B
Codebase

We implemented different algorithms, tools, and experimental pipelines throughout this dis-
sertation to support the graph-coordinate-based learning methods described in the main chapters.
This appendix provides information about the source code repository and the major components
included in the codebase.

The source code associated with this dissertation is available in the following GitHub reposi-

tory:
https://github.com/i721/Dissertation_Codes

The repository includes implementation files and scripts for generating graph-coordinate rep-
resentations, training neural-network models, evaluating model performance, and conducting the
experimental analyses reported in this dissertation. The main text provides the methodological de-
scriptions, experimental settings, and reported results, while the repository provides supplemental

implementation details.

B.1 Graph Coordinate Generation

The codebase includes scripts for constructing anchor-based graph coordinate representations,
including virtual coordinates, topology coordinates, and directional virtual coordinates. These
scripts support the coordinate-generation procedures described in the corresponding methodology

chapters.

B.2 Model Training and Evaluation

The repository also includes neural-network training and evaluation scripts used for the node

classification and link prediction experiments. These scripts implement the model configurations,
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data loading procedures, and evaluation protocols used to obtain the results reported in this disser-

tation.

B.3 Transfer and Alignment Experiments

For the transferability studies, the codebase includes scripts for generating multiple graph
views, applying coordinate alignment procedures, and evaluating trained models across different
coordinate systems or graph subsets. These materials correspond to the transfer and Procrustes-

alignment experiments discussed in the main text.

B.4 Supplemental Implementation Notes

The repository is provided as supplemental material to help readers inspect and reuse the im-
plementation. Future maintenance updates to the repository should be interpreted as supplemental

code maintenance and do not modify the experimental results reported in this dissertation.
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