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ABSTRACT OF DISSERTATION

ESTIMATION FOR STATE-SPACE MODELS
AND
BAYESIAN REGRESSION ANALYSIS WITH
PARAMETER CONSTRAINTS

In the first part of this dissertation an estimation procedure for non-Gaussian state-
space models is proposed. Typically, the likelihood function for non-Gaussian state-
space models can not be computed explicitly and so simulation based procedures,
such as importance sampling or MCMC, are commonly used to estimate model pa-
rameters. In this dissertation, we consider an alternative estimation procedure which
is based on an approximation to the likelihood function. The approximation can be
computed and maximized directly, resulting in a quick estimation procedure with-
out resorting to simulation. Moreover, this approach is competitive with estimates
produced using simulation-based procedures. The speed of this procedure makes it
viable to fit a wide range of potential models to the data and allows for bootstrapping
the parameter estimates.

In the second part of this dissertation an efficient Gibbs sampler for simulation of
a multivariate normal random vector subject to inequality linear constraints is pro-
posed. An application to a Bayesian linear model, where the regression parameters
are subject to inequality linear constraints, is the primary motivation behind this

research. Geweke (1991) and Robert (1995) have implemented the Gibbs sampler

iii
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to the multivariate normal distribution subject to inequality linear constraints while
the multiple linear regression with inequality constraints are considered for example
by Chen and Deeley (1996) and Geweke (1996). However, these implementations
can often exhibit poor mixing and slow convergence. The Gibbs sampler developed
in this dissertation overcomes these limitations. In addition, it allows for the num-
ber of constraints to exceed the vector size and is able to cope with equality linear

constraints.

Gabriel A. Rodriguez-Yam
Department of Statistics
Colorado State University
Fort Collins, Colorado 80523
Fall 2003
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CHAPTER 1

Introduction

This dissertation studies parameter estimation in two nonstandard situations. The
first deals with maximum likelihood estimation for non-Gaussian state-space models
in which a closed form for the likelihood function does not exist. In the second
problem, estimation for multiple linear regression with constraints on the regression
parameters is considered. In the first case, maximum likelihood estimates are difficult
to compute, while in the second case maximum likelihood estimates are computable
but no longer enjoy the optimal properties associated with MLE. To address these
problems, we will use an approximate likelihood approach for estimation in the first
case and a Bayesian approach in the second problem.

We will consider non-Gaussian state-space models (SSM) for which the distribu-
tion of the t-th component of the time series of observations Y7,Y5, ..., is assumed

to be of the form,

p(yt‘ataat~1a ey O, Yi1s -391;9) = p(yt‘aﬁg)-

Here, 0 is a vector of parameters and the “state process” {o;} follows a stationary

Gaussian autoregressive model of order p, i.e.,

=7+ brap1 + .. Gpasp + M,
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where p is an integer greater than zero and {n;} ~ iid N(0,0%), t = 0,£1,%2,....
As an example of this setup, consider the time series shown in Figure 1.1 consisting
of the daily counts of asthma presentations from January 1, 1990-December 31,1993
from a single hospital (Campbelltown) in a suburb of Sydney, Australia. Here,
it might be plausible to model the counts Y; by a Poisson distribution with rate
A= et tx{ B , where x; is a vector of covariates observed at time ¢, B is the vector
of regression coefficients, and {o;} is the latent or “state” process. Models of this
type have been used frequently for modeling counts of individuals infected by a rare

disease, e.g., Harvey and Fernandes (1989); Chan and Ledolter (1995); Davis et al.

(1998).
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Figure 1.1: Asthma presentations at a Sydney hospital.

If ¢ == (6,7, 81,...,0,,0°) denotes the vector of parameters of the SSM, then the

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



likelihood based on the observations y1, ..., Y, becomes the n-fold integral

Liiy) = / p(yler; 0)p(clN)dex, (L.1)

where ¥ := (Y1, .., %), @ = (Qq,...,0,), and A 1= (¥, é1,..., ¢p, 0°). Except for
simple cases, this integral can not be computed explicitly and hence maximizing this
function with respect to 1 is problematic.

Let p,(ealy; %) be an approximation to the posterior distribution of the state

vector a, then from (1.1)

p(ylos 8)p(alA)
L, =/ Jaly; vido. 1.2
(¥;y) oo (aly ) Paltly; ) (1.2)
Hence, if an iid sample aP), ..., o™ can be “easily” drawn from p,(aly; ), by the

method of importance sampling (Ripley, 1987, pages 122-123),

@ 8)p(a@|A
Z pyle a(z)‘y(,(/)) | )’ (1.3)

is an unbiased estimator of L(1;y). Also, by the strong law of large numbers, as

N — o0,
L(y;y) 3 L(%; ).

Once an importance density is available, an approximate MLE can be obtained
by maximizing (1.3). However, because the objective function is random, so is the
approximation to the MLE that results. The “accuracy” of the approximation de-
pends on the “quality” of the importance function and on the number N of draws
from this function on which the objective function is based. Here, the term accuracy
refers to the closeness of the approximate MLE to the actual MLE, which can not
be computed. For moderate n, large values of NV can be used to obtain an accurate
estimate. However, for n large, the accuracy of the estimate and the speed of the

procedure are in conflict. For N large, the estimate is accurate, but at the expense
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of increased computation time. A small value of N will speed up the process at the
expense of decreased accuracy.

To construct an importance function, Durbin and Koopman (1997) assume that
the observations come from a classical linear Gaussian SSM. This is the case when
p(ye|a; @) is assumed Gaussian. Let g(y|a, 8) be the joint distribution of the vector
of observations relative to this “working model”. The parameters of the working
model are found by making g(y|e, @) as close as possible to p(y|e, 8), in a neigh-
borhood of the smoothed state vector. The posterior distribution g(a|y; ) of the
state vector of the fitted working model is then considered an importance density by
Durbin and Koopman (1997).

While the formulation of the importance density of the working model in which
this importance function g(aly, 1) is based is easy when p(y;]oy; @) is a member of
the “standard” exponential family of distributions, it can be tedious and difficult for
other cases. One such “nonstandard” example is the stochastic volatility model, in
which Sandmann and Koopman (1998) implement this method to find an approxi-
mate MLE of the parameters of this model. Their working model is based on the log
of the squared observations. Since an observation with value zero can not be ruled
out, this tranformation may in fact, cause problems.

Other related simulation-based procedures include the Monte Carlo Newton-
Raphson and Monte Carlo EM algorithms. In the latter, the states are comsid-
ered missing observations, so that in the E-step, the conditional expectation of the

logarithm of the complete likelihood

/ log L(p; y, e)p(aly; '~ )de,

which is again an n-fold integral, is required. Here, L(¢;y, ) = p(y|ey; 8)p(ax|A)

and ¢! is the value of the vector of parameters at the preceding iteration step.
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As with the likelihood, this integral can not be computed explicitly except in simple
cases. Chan and Ledolter (1995) use Monte Carlo approximation of the integral
using a sample from the posterior distribution of the vector of states obtained via
the Gibbs sampler. In the M-step, thé approximation is optimized with respect to
the vector of parameters. Thus, the iterative solution becomes random. This makes
a stopping criterion difficult to implement. In addition, the need to draw a sample
from the exact posterior at each iteration makes the procedure difficult and slow to
implement and run.

In the Monte Carlo Newton-Raphson method, the first and second order deriva-
tives required in the Newton-Rapshon iterations are n-fold integrals. Using a sample
from the posterior distribution of the state vector, Kuk and Cheng (1997) approxi-
mate these integrals using Monte Carlo integration. Once again, the iterative solution
1’ is random. Thus, the difficulties encountered in the Monte Carlo EM algorithm
appear in this procedure also.

In this dissertation, an alternative to the Durbin and Koopman (1997) importance
sampling procedure is proposed. Unlike their method, this new procedure is not
based on any working model, which makes it easier to implement in the case when
the distribution of the observations is not a member of the standard exponential
family of distributions.

Also, a generalization of the estimation procedure given by Davis, et al. (1998) for
modeling time series of counts, based on an analytical approximation to the likelihood
function is considered. The approximation can be computed and maximized directly
without resorting to simulation. For the values of NV used in this dissertation, this
approach is approximately 100 times faster than the importance sampling approach

in (1.3), yet it provides competitive results. The speed of this procedure makes it
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viable to fit a wide range of potential models to the data and allows for bootstrapping
the parameter estimates.

The likelihood in (1.1) can be written as

k3

L(w;y) = p(u|9) [ | plwilyress ), (14)
=2
where Y141 = (¥1,...,%_1). This representation has traditionally been used to

estimate the likelihood of a non-Gaussian SSM, e.g., Kitagawa (1987); Hodges and
Hale (1993); Hurzeler (1998); Pitt and Shepard (1999). In this approach, p(yi|¥)
and p(y|y1.e-1;%), t > 2 are estimated either by numerical integration or Monte
Carlo simulation. The latter can be implemented via particle filtering procedures,
suggested independently by various authors in the early 90’s.

In this dissertation, the n factors of the likelihood in (1.4) are estimated using
three particle filtering implementations. The estimates of the likelihood so obtained
are compared with the importance sampling and analytical approximation to the
likelihood proposed in this dissertation. Of special interest is a comparison of the
speed of the procedures.

The second class of models considered in this dissertation is the multiple linear
regression in which the regression parameters are subject to linear constraints of
inequality and equality. The motivation behind this part of the dissertation was an
identification problem in hyperspectral imaging, which consists in the analysis of a
mizing linear model. In this model, the spectrum y of a mixed pixel is represented

as a linear combination of component spectra, i.e.,
y=XB+e, (1.5)

where the columns of the full rank matrix X contain the spectra of the k materials

in a pixel, B is a vector consisting of the “abundances” of the materials in the pixel,
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and € ~ N(0, 0?I) is the noise of the model (see Manolakis and Shaw, 2002). Due to
physical considerations, the abundance parameters are considered to be non-negative,
ie., B > 0 and satisfy the sum-to-one constraint g; + ...+ G = L.

The mixing linear model fits into a more general framework, where the vector of
regression coefficients 8 from the multiple linear regression in {1.5) is subject to a

set of linear constraints given by
BB <b, CB=c,

where B and C are known matrices and b and ¢ are known vectors.

In multiple regression analysis, a relationship of a response variable against a
set of predictor variables is studied. In the classical formulation given in (1.5), the
estimate of parameters is based on maximum likelihood estimation theory. Unlike the
non-Gaussian SSM, the MLE estimates with constraints on the parameters, can be
found in closed form. However, the optimal MLE properties that the unconstrained
parameters possess are no longer valid for the constrained case.

Judge and Takayama (1966) and Liew (1976) give the inequality constrained least-
squares (ICLS) estimate of 8 using the Dantzig-Cottle algorithm. The ICLS esti-
mator reduces to the ordinary least squares estimator for a sufficiently large sample.
Conditioning on knowledge of which constraints are binding and which are not, they
compute an untruncated covariance matrix of the ICLS estimator. Geweke, (1986)
points out that this variance matrix is incorrect, since in practice it is not known
ahead of time which constraints will be binding. Thus, inferences based on this
matrix can be seriously misleading (Lovell and Prescott, 1970).

The case when the vector of regression coefficients § from the multiple linear
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regression in (1.5) is subject to a set of inequality linear constraints given by

BB <D, (1.6)

has been analyzed from the Bayesian perspective. Geweke (1986) uses a prior that is
the product of a conventional uninformative distribution and an indicator function
representing the inequality constraints. The posterior distribution and expected
values of functions of interest are then computed using importance sampling. In this
case, an importance function is easy to find due to the simplicity of the prior. This
method can be extremely slow especially when the truncation region has a small
probability with respect to the unconstrained Gaussian distribution.

Gelfand et al. (1992) suggest a routine approach to analyze problems with con-
strained parameters using the Gibbs sampler. Geweke (1996) applies this procedure
to the problem of multiple linear regression when the inequality linear constraints in
(1.6) are linearly independent. However, this implementation may suffer from poor
mixing (i.e., the chain does not move rapidly through the “entire” support of the
posterior distribution). Due to the requirement of independent constraints, the num-
ber of constraints can not exceed the number of parameters. Also, equality linear
constraints are not considered.

In Rodriguez-Yam et al. (2002), a Gibbs sampler implementation with good mix-
ing is provided for the mixing linear model when only the non-negativity constraints
on the abundance parameters are considered. For this case, the constraints are lin-
early independent and the number of inequality linear constraints coincides with the
number of regression coefficients.

In this dissertation a new implementation of the Gibbs sampler for this constrained

regression problem is proposed. In this implementation,
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e the inequality linear constraints can be linearly dependent,
e more constraints than number of parameters can be handled, and
e equality linear constraints can be included.

Furthermore, this implementation has faster mixing, requiring substantially fewer
iterations of the Markov chain than previously published Gibbs Sampler implemen-
tations.

The organization of the remaining chapters of this dissertation is as follows. In
Chapter 2, a formulation of the state space model considered in this dissertation
is given. An estimator based on an analytical approximation to the likelihood is
provided and the performance of this estimate is compared with the importance
sampling estimate of Durbin and Koopman (1997) via simulation studies based on
Poisson and stochastic volatility models. Also, bootstrap bias corrections of these
estimates are provided in the analysis of the polio and Pound-Dollar exchange rates
datasets. The chapter concludes with two numerical examples that address the
quality of the approximation to the posterior distribution of the state vector.

In Chapter 3, an introduction to particle filtering is provided and three particle
filtering implementations are given. Estimation of the likelihood of the SSM based
on these implementations are compared with the importance sampling and analyti-
cal approximation of the likelihood from Chapter 2, giving special attention to the
computation time of the procedures.

In Chapter 4, a Bayesian framework is given for multiple linear regression when
the regression parameters are subject to linear inequality and equality constraints.
An efficient Gibbs sampler from the truncated multivariate normal distribution is

provided. This implementation is then used to obtain an efficient Gibbs sampler for
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10

the constrained multiple linear regression model. The procedure is implemented in
two numerical examples, one containing only inequality linear constraints and the
second containing inequality and equality linear constraints. In the latter, the Gibbs
sampler is implemented in a model containing more inequality linear constraints than
number of regression coefficients.

In the appendix, the innovations algorithm (Brockwell and Davis, 1991) is applied
to compute the approximations to the likelihood and posterior distribution of the
state vector given in Chapters 2 and 3. This method is applied to an example in

which the observations are Poisson distributed.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



CHAPTER 2

State Space Models

The class of state-space models (SSM) provides a flexible framework for modeling
and describing a wide range of time series in a variety of disciplines. The books
by Harvey (1989) and Durbin and Koopman (2001) contain extensive accounts of
state-space models and their applications. One of the attractive features of state-
space models is that many traditional models, such as ARMA and ARIMA, can
be expressed in a linear state-space system. For linear and/or Gaussian state-space
models, the Kalman filter can be used to compute predictors of the state-variables
and one-step-ahead predictors of the observations. This allows for straightforward
calculation of the likelihood in the Gaussian case. However, in many applications in
which the Gaussian assumption is not realistic, the likelihood function is difficult to
calculate, which makes maximum likelihood estimation problematic.

The state-space model that we consider in this dissertation has the following
formulation: If Y;,Y5, ..., represent the time series of observations and o, s, ...

the respective “state variables”, then it is assumed that

p(yelas, v 1,y 00, Yety -, ¥1) = P(yt|) (2.1)

belongs to a known parametric family of distributions. In addition, the state process

11
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12

is assumed to follow a stationary Gaussian autoregressive model of order p, given by
o =Y+ Qrop1 . Ppyp + 1, (2.2

where p is an integer greater than zero and n; ~ iid N(0, ¢2), t = 0,£1,£2,....
Perhaps the most important special case is when the conditional distribution in
(2.1) is a member of the exponential family, an extremely rich class of distributions.
Durbin and Koopman (1997) and Kuk (1999), consider the following form for this

family

plyifon) = T BT Breartetu), (23)

where x; is a vector of covariates observed at time ¢; B is a vector of parameters;
and b(.) and ¢(.) are known real functions.

One special application that we will consider in more detail, is the case in which
the time series Y,...,Y, consist of counts. Here, it might be plausible to model
Y; by a Poisson distribution with rate A; := e B in which case, plytloy) is a
particular case of (2.3). Models of this type have been used for modeling counts
of individuals infected by a rare disease, e.g., Zeger (1988); Harvey and Fernandes
(1989); Campbell (1994); Chan and Ledolter (1995); Davis et al. (1998).

Another noteworthy application of the SSM that we will consider, is the stochastic
volatility model (SVM), a frequently used model for returns of financial assets. In
the basic SVM, the distribution of ¥;|a; is Gaussian with mean 0 and variance e™.
Applications, together with estimation for SVMs, can be found in Jacquier, et al.
(1994); Briedt and Carriquiry (1996); Harvey and Streibel (1998); Sandmann and
Koopman (1998); Geweke and Tanizaki (1999); Pitt and Shepard (1999).

Let y := (y1,...,%s) denote the vector of observations, a = (@,..., ag) the

vector of states and v := (8, A) the parameters in the state-space model. Here 8
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is the vector of the parameters associated with the specification of p(y;|y), which
may include the regression parameter 3, and A 1= (¢1, ..., @, 7, 07) is the parameter
vector associated with the AR model in (2.2). With this specification, the likelihood

based on the “complete data” (y, ) of the SSM becomes

Ly, ) = plyla, @)p(alr) (2.4)
= (Hp(yt!atﬁ)) JV,1/26—(a~u)TV(a~u)/2/(gﬁ)n/{
t=1
where V™! := cov{a}, p=v/(1— ¢ — ...~ #,)1 is the vector of means of the state

process, and 1 is a vector of ones. It follows that the likelihood of the observed data
is
Lwy) = [ Ly, a)de (25)
Except in simple cases, the integral in (2.5) can not be computed explicitly, which
makes maximum likelihood estimation difficult. There are several simulation ap-
proaches in the literature for estimating and ultimately maximizing this likelihood.
For example, Durbin and Koopman (1997, 2001) use importance sampling to estimate
(2.5). The observation density p(y|c; @) is approximated by selecting a Gaussian
density g(y|c; @) that best approximates p(y|a; ). The Monte Carlo integration
is computed using g(a|y; ), the conditional density of o relative to the working
model, as the importance density. This approach is known as “many samples” be-
cause for distinct values of 4, the importance function g(aly; ) is updated during
the optimization of the approximate observed likelihood. To overcome the instability
problem inherent with the “many samples” approach, Durbin and Koopman gener-
ate from the noise only once. Kuk (1999) advocates a “single-sample” approach, in
which a sample is drawn from the importance density g(a|y, ¢,) for a fixed 9, and

then the relative likelihood function is optimized using this sample. To get better
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approximations of the relative likelihood near the true maximum likelihood estimate,
Geyer (1996) suggests repeating the process several times, updating ¢, with the new
maximizer at each iteration.

A Monte Carlo EM algorithm treating the unobserved a’s as missing values was
proposed by Chan and Ledolter (1995). At the i-th iteration of the algorithm, the M-
step is performed by Monte Carlo integration drawing a sample from the conditional
distribution p(edy, ¥ D), where 4%V is the maximizer obtained in the previous
iteration. Kuk and Cheng (1997) proposed a Monte Carlo implementation of the
Newton-Raphson (MCNR) as a viable alternative to the MCEM algorithm. All of
these simulation based procedures can be computationally demanding.

In this chapter we will follow a different approach to obtain an approximation to
the distribution p(e|y;®). In Section 2.1 we will produce an analytical approxima-
tion to (2.5) by obtaining an approximation p,(aly; ) to the posterior distribution
p(aly;4p). The innovations algorithm (Brockwell and Davis, 1991) can be used to
speed up the computation of these approximations. The approximation to the ob-
served likelihood can then be maximized to produce an estimate of ¢. In Section
2.2 we demonstrate the good performance of this procedure via simulation studies.
This procedure will also be applied to analyze two datasets: the monthly number of
U.S. cases of poliomyelitis for 1970 to 1983 (Zeger, 1988) is analyzed using a Poisson
state-space model and a historical pound to dollar exchange rates (Harvey, et al,,
1994) is analyzed using a stochastic volatility model.

The quality of our approximation depends, to a large extent, on the normal ap-
proximation to the posterior, p{a|y; ). In a numerical example we assess this
approximation in two ways. First, we notice the closeness between the posterior

mode and posterior mean of p(aly; ). As a second check of closeness we com-
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pare samples generated from p(ay; 1) using sampling importance resampling (SIR)
with the approximating normal distribution via a Chi-squared QQ-plot and a cor-
relation test. These topics, together with bootstrap bias correction are considered
in Sub-section 2.2.6. In Section 2.3 we summarize our findings. Application of the
innovations algorithm to the problems considered in Sections 2.1 and 2.2 is given in

the appendix.

2.1 Parameter Estimation

In this section we find an approximation to the observed likelihood L(;y) given
in (2.5) that is based on an approximation L,(1;y, @) to the likelihood L(#;y, a)
using the complete data. For the latter, a Taylor series expansion of log p(y|e; 6) in
a neighborhood of the posterior mode of p(a|y; %) is used.

To begin, let £(0; y|a) = logp(y|c; @). Note that the log of the observed likeli-

hood is given by

tapiy, @) =~ 5 Tog(2m) + 3 log [ V] + £(t;yle) — (e — w V(e = ). (26)

Now, let

* o 9 .
k¥ = aa€(07Y!a),a=a*

where o* is the mode of £(1;y, &), which solves £0(v;y, ) = 0. From (2.4), it
follows that

k*=V(a"—p).

Hence, if T(a; @) denotes the second order Taylor expansion of £(8; y|o) around

a* and R(a; ) the corresponding remainder, i.e.,

Rlog ") := 40 y|a) — T(o; "),
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then
Upyyla) = T(ajo")+ R(a;af),
= A"+ (o - a*)Tk* - f;—(a — o) TK* (o — ) + R(a; *),

= b+ (' - p)iVie-ao) - %(a - oK (a - a*) (2.7)

+ Rl a”),
where
62
h* = £(8;y|a)|a=or and K" := ”“—"'—aaaaTE(BSY!a)la=a*' (2:8)
Thus, substituting (2.7) in (2.6), it follows that
n 1 % 1 % T *
Uiy, @) = —5log(2m) + 5 log|[V]+ 4" — 5" — p) V(e —p) (29)

——;—(a — )K" + V) — o) + R(a; o).

We note that the posterior p(a|y; ¢) satisfies p(aly; ¥) x L(1;y, ). Let p.{aly; ¢)
be the posterior based on the log likelihood given in (2.9) when the term R(o; o)

is omitted, it follows that

po(ely; ¥) = ¢los of, (K*+ V)71, (2.10)

where ¢(.; p, ) is the multivariate normal density with mean g and covariance

matrix 22, Hence

’V|1/2
[K* + V[I/Z

= La(’d); y)EI‘a(’(ﬁ),

L(w:y) e ma(e V(e / Ry (aly;)da, (2.11)

where L,(2;y) is the approximation to L(t;y)

V 1/2 * __ 1 *__ o \T *_
Loliy) = IKl +|V[1/25h slermmviatmw, (2.12)
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that is obtained when the factor e®(®®”) is ignored in the integral in (2.11); and

Er,(v) is the approzimation error

Ena(#) i= [ M p,(aly; 9)do. (2.13)

Thus, if pa(el|y; ) is highly concentrated around a*, the integral in (2.13) should
be close to 1.

Since the evaluation of (2.12) does not involve simulation, it can be maximized to
obtain an approximate MLE of 4. In fact, we will see later that both the computation
of a* and the evaluation of (2.12) can be accelerated with the aid of the innovations
algorithm (Brockwell and Davis, 1991).

A second way to motivate our approximation L,(t¢;y) is based on a Bayesian
viewpoint. If we treat @ as the parameters of the system with prior p(a|X), then
under regularity conditions and-a fixed number of parameters, the posterior p(a|y; 1)
can be approximated by a normal density function for n large (e.g., Bernardo and
Smith, 1994; page 287). This normal density matches the mode of the posterior
p(aly; ¥) and has covariance matrix equal to the inverse of the information matrix
of the posterior evaluated at the posterior’'s mode. Notice that a* is the mode of
the posterior p(ay; ) and the observed information matrix is given by K* + V.
Both assertions can be obtained from the fact that p(a|y; ¢¥) o« L(¢;y, ). Thus,
in this context, the normal approximation is, in fact, the same as p,{al|y; ) given
in (2.10).

We note that

Liy) = [ plylaiOp(aNda,

/ p(ylo; @)p(eA)

o S pu(aly ¢)der (2.14)

So, p.(aly; ) in (2.10) can be viewed as an importance density.
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Now, we provide a recursive algorithm to find o*, the mode of p(a|y; ). Let o’

be the current iterate to the value of o*. If

. 5, : d?
Ji= 48 o ii= - (0, i 2.15
k 8a€(0iyla)i&—a3 and K aaaaT ( :3’1“:“)‘&——05 ( )
then the Newton-Raphson algorithm gives
altl = of — (), (2.16)
where
b= iy o)l
da
= K -V(ad - p)
= KW+Kao +Vyp— (K +V), (2.17)
o= (o teh5, @) e
i 6a8aT Y a=a’
= —-K/-V. (2.18)
Let
7 =K+ Kol +Vpu. (2.19)

Substituting this, (2.17) and (2.18) into (2.16), we obtain

ot = (K +V)~! (2.20)

Application to the exponential family

Assume that the observation density function is from the exponential family given

by
plylo; 8) = Hp Uilow, §) = eGP y-1T{b(xBte)-c(y)} (2.21)

where b(x8 + ) := [b(x lﬂ+a1),..., b(xLB + )T and ¢(y) = [c¢(w1), . .., c(ya)]".

In this setting, the matrix K* in (2.8) becomes

Py
K* = dlag{%gb(xfﬁ + a)las }- (2.22)
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The approximation to the observed likelihood is then

V 1/2 Y EAY £ %
Lo(ty) = ’Kl +'V!1/2 YT+ -1 (b(xBtat)—ey)) ~(@ ~w) V(e ~u)/2 (9 93)

From (2.15) and (2.21), k¥ =y — b, where

b = 5%1%(;(3 e (2.24)

Hence,

=y — b +Kigd + Vu, (2.25)

where K7 is defined in (2.15). O

Although at this point we can find an approximation to the likelihood, each it-
eration of (2.20) requires the inversion of a matrix of dimension n x n, while each
evaluation of (2.12) requires calculation of the determinant of a matrix of similar
dimension. For small values of n, these computations can be carried out directly,
but for large values, direct computations are impractical. Recursive prediction algo-
rithms, such as the Kalman recursions or the innovations algorithm accelerate these
calculations. Here we use the innovations algorithm, which seems to be ideally suited
for this problem. The implementation of the innovation algorithm in this context is
described in the Appendix.

As we noted from (2.14), p,(aly; %) in (2.10) can be used as an importance
density. In fact, as we show below for the case of the exponential family of distri-
butions, p,(a]y;¥) coincides with the importance density function of Durbin and
Koopman (1997) to estimate the likelihood in (2.5) via simulation. In order to de-
scribe their method, let L, (v; y) denote the likelihood of the Gaussian approximating
model of the state-space model proposed by Durbin and Koopman (1997). Such an

approximation is obtained when p(y:|ay; 8) is replaced by a Gaussian distribution
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glylay; 8) = o(ys; o + iy, Hy), where p; and H, are found by solving iteratively

9 I
o 108 P0t]015 )=, — Hy (v~ e = u) =0 (2:26)
i g
o] log p(ys|ou; ) ar=a, + H " =0. (2-27)
loLe%:

Here, the d; are found by routine application of the Kalman filtering and smooth-
ing algorithms. The iterations, initialized with u; = 0 and H; arbitrary, must be
stopped until convergence of y; and H;. Let E; denote the conditional expectation
operator under the approximating model. Durbin and Koopman (1997) found that

the likelihood (2.5) can be expressed as

plyle, 6)
L{y) = Ly(h;y) E {—-————yn,b : 2.28
Wiy) = LwyE, { B2 (229
Hence, with simulated values @V, ..., a™) from the conditional density g(aly;)

under the approximating model, the integral in (2.5) is estimated as

. @), 8)
L(wiy) = Ly(wh;y NZp ;’i’;"(,) o (2.29)

This method is called a “many samples” approach, because new simulated values
of the a’s are needed for each value of 4. To ensure stability in their numerical
process, they generate from the noise only once.

Alternatively, Kuk (1999) proposes using the relative likelihood

L(%;y) { p(y, afep) }
—_— = F { "y, Yy}, (2.30)
L(toy) o, alb) Ve
where the conditional expectation is computed relative to the conditional density
g{aly, v,) under the approximating model. Using simulated values a®, ..., o™

from the conditional density g(aly, 1,), an estimate of L{4;y) using (2.30) is

) o, (9
Liw:y) = Ly(wo;¥) Z . (’{L(, s ggm{f\i) (2:31)
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This approach is known as a “single-sample” procedure, since it involves simulat-
ing from g(aly,,) instead of g(a|y; ¥). In order for this method to work, a few
updatings of 2, to the optimizer of L(ap;y) in (2.31) is recommended (Ceyer, 1996;
Kuk, 1999).

If p(ysou; @) is a member of the exponential family of distributions as given in
(2.3), then using the notation b, := -a—z;b(xfﬁ + )|ay=a, and b = é%b(xtTﬂ +

&) ay=a,, Durbin and Koopman (1997) find that
Hi'=b, =y — 06— b (ye— br) (2.32)

They comment that & = [d4,...,&,]7, obtained using the iterative procedure de-
scribed above, is the posterior mode of p(a|y; ). We conclude that & = o*. Fur-
thermore, from (2.32), it follows that the variance of the distribution g(al|y;)
computed under the approximating model until convergence is achieved is given by
(K*+ V)™, where K* is given in (2.22). Thus, p,(aly;) in (2.10) and g(aly,¥)
are identical. Notice that g(y|o; @) = [To, 9(vilew; 8) = [T, ¢y + s, Hy).

From (2.32), it follows that
g(yla; 9) - (27‘_)—n/2|K*l1/26—h*——~21-k*T(K*)‘1k*eT(a;a*)’

where k* = y— £17b(x8+a)

o+, and h* and K* are defined in (2.8). A similar pro-
cedure used to obtain (2.11) shows that [ eT(®®)p(a|A)da = L,(¢;y). Hence, the
observed likelihood Lg(v;y) of the Durbin and Koopman'’s approximate Gaussian

model is given by

Lyw;y) = / g(yle; B)p(e\)

= (2m) K|V 2emh AT ED T (4 y).

To get a feel for how these two procedures perform, we consider the case when the

observation density is Poisson with rate A, = €%7*% and the state process follows
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the AR(1) model

Q= Py + 1, (2.33)

where 1, ~ iid N(0,0.3), t = 1,...,n = 200. In this example, the state-space model
has only one parameter, i.e., ¥ = ¢. Using ¢ = 0.5, one realization ¥, ..., Yago from
this process was generated. In Figure 2.1 we show two estimates of the observed

likelihood of this process. In this figure, the solid line is the approximation to the

fog likelihood
414.25 -413.25 -412.25
1 i }

-415.25
i

-416.25
1

T T I T T
0.27 0.39 0.51 0.63 0.75
phi

Figure 2.1: (Many samples) For a grid of values of ¢, the logarithm of the estimation of the like-
lihood of a Poisson SSM are shown. For the solid line, estimates were obtained using
{2.23) while for the dashed line, (2.29) was used. The dotted lines are the minimum
and maximum respectively, of 100 replicates using (2.29).

observed likelihood given in (2.23). Also, the lower and upper dotted lines, computed

for each value of ¢ in a grid of points, are the minimum and maximum, respectively,

of 100 replicates of the estimated likelihood given in (2.29) using N = 1000. The

dashed line is an estimation of the likelihood using (2.29) for one of these realizations.
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The pair of dotted lines in this figure illustrate the randomness of the estimation of ¢
that is obtained by the maximization of (2.29). The shape of the dashed line in Figure
2.1, typical of the estimator in (2.29), comes from the “many samples” effect. The
maximization of this random function to obtain an estimator of ¢ requires additional
effort. In contrast, the approximation in (2.23) is smooth and can be computed much

faster.

e o o
¥ ¥ ] ¥
. 5 = -
g9 89 291
g, g g
8% 8% 8% ]
1.0 05 00 05 10 05 00 05 10
phi_0=-0.027 phi_0=0.283
e 2 : o
¥ ¥ T
\\ \
o T - - N
g9 i S ¢ A 29
£ N 2 -
£ ! 4 ¢ 2
> ! =8 \ =8 |
oy | e i oy
i |
{ \
~ [ | 5 !
@ | \ I »
¥ . i ¥ , } ¥ 1L B .
05 00 05 10 05 00 05 10 05 00 05 10
phi_0=0.452 phi_0=0.51 phi_0=0.543

Figure 2.2: (Single-sample) From left to right and top to bottom, in each panel we show for a grid
of values of ¢, the logarithm of the estimation of the likelihood of a Poisson SSM. For
the solid line, the estimates were obtained using (2.23) while for the dashed line (2.31)
was used. 1)y is the optimizer (shown by the dotted vertical line} of {(2.31) from the
preceding panel. The solid vertical line shows the optimizer of (2.23).

To compute the estimator of the observed likelihood in (2.31) using the approach
described by Kuk (1999), we need an initial value %, and update it to the maximizer
of (2.29) a “few times”. In Figure 2.2, we use an initial value of ¢y = —0.4, and

perform six updatings of this parameter using N = 1000. In each panel of this
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figure, the solid line is the approximation (2.23) of the observed likelihood and the
solid vertical line shows the maximizer 0.5098 of this function, i.e., the {approximate)
ML estimate of ¢. In the upper left panel, the long dashed line is the estimation
given in (2.31) of the observed likelihood, while the vertical dotted line shows its
maximizer -0.027. This value is then used as ¢y in the middle panel in the top
row, and so on. As ¢g is updated, the current maximizer of (2.31) moves “quickly”
toward an estimate that is close to the true value. As expected, for given ¢q, (2.31)
approximates well the observed likelihood only in a neighborhood of ¢¢. Unlike the
estimator in (2.29), the estimator in (2.31) is smooth, but there is a price to pay
for this gain in terms of imposing a stopping rule. Note that in a vicinity of ¢g, the

estimate in (2.31) is close to the approximate likelihood in (2.23).
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Figure 2.3: (Single-sample) From left to right and top to bottom, in each panel we show for a grid
of values of ¢, the logarithm of the estimation of the likelihood of a Poisson SSM. For
the solid line, estimates were obtained using (2.23). The solid vertical line shows its
optimizer. For the dashed line, estimations were obtained using (2.31) with ¢y shown
in the z axis. The dotted lines are the minimum and maximum respectively, of 100
replicates using (2.31). From left to right, the dotted vertical lines are the minimum,
mean and maximum of the optimizers of these replicates.
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In Figure 2.3, we show the randomness feature of (2.31). In each panel, a fixed
value of ¢g is used. The solid line and vertical solid line are as in Figure 2.2. The
lower and upper dotted lines are the minimum and maximum, respectively, of one
hundred replicates of (2.31) while from left to right, the dotted vertical lines are
the minimum, mean and maximum of their optimizers. The long dashed line is one

replicate of (2.31).

2.2 Numerical Results

In this section, we perform two simulation studies; one based on the basic stochas-
tic volatility model and the second based on a Poisson observation density for mod-
eling a time series of counts. Also, we analyze two real datasets. One is a historical
dataset of the Pound-Dollar exchange rates, first studied by Harvey, et al. (1994)
using a basic stochastic volatility model. The other is the polio incidence data an-
alyzed by Zeger (1988) who used estimating equations to fit the model. Kuk and

Cheng (1997) use the Monte Carlo Newton Raphson algorithm to analyze this data.

2.2.1 Stochastic Volatility Model

The stochastic volatility process that is often used for modeling log-returns of

financial assets is defined by
y = o3y = e/, Q=9+ o1 + 1, (2.34)

where & ~ iid N(0,1), np ~ iid N(0,0?), t = 1,...,n, and |¢| < 1. In this case,
¥ = (v, ¢, 0?). The format for this simulation study is the same as the layout
considered in Jacquier, et al. {(1994). They considered nine models, indexed by the

coeficient of variation C'V of the conditional variance o? := e*. For convenience,
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the parameters of these models are reproduced in Table 2.1. Jacquier, et al. (1994)
point out that the nine models are calibrated so that E(o?) = 0.0009. Also, from
empirical studies (e.g., Harvey and Shepard, 1993; Jacquier, et al. 1994) values of ¢

between 0.9 and 0.98 are of primary interest.

¢

CV 0.90 0.95 0.98
10.0 v -0.821 -0.4106 -0.1642

o 06750 04835 0.308
1.0 v -0.736 -0.368 -0.1472
I
8
a

0.363  0.260  0.1657
-0.706 -0.353 -0.1412
0.135 0.0964 0.0614

0.1

Table 2.1: Parameter values for a simulation experiment of nine stochastic volatility processes.

The density of the observed series is given by

p(yilas; ) = e~ lwie ™ rartlog(2m)}/2.

which differs slightly from the standard representation of the exponential family of

distributions given in (2.3). Equation (2.19) becomes
7 = diag{1/2 + o /2}diag{y’}e ™ — 1/2+ V. (2.35)

To compare the estimate of ¢ obtained by maximizing (2.12) with those obtained by
maximizing either (2.29) or (2.31), the normal approximation g(yjoy; ), =1,.

proposed by Durbin and Koopman is required. Working with the distribution of
the log of the squared observations, Sandmann and Koopman (1998) obtain this
approximation and comment that this tranformation may cause problems when zero
or small values are encountered. To avoid this “inlier” problem we use the general
importance sampling procedure proposed in (2.14). Thus, if a® ..., a™) are draws

from p,(e|y; ), an estimate of L{v); y) is given by

()
Py, a|yp)

2.36
N pa(a@ly; ) (2.36)
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For a fixed value v, estimate L(v;y) by

(3)

ply, a®y)

Py 2.37
N < Pa pa(a@]y, ;) (2.87)

where (..., o™ is a sample from pa(aly,wo). As in (2.31), to estimate % by
maximizing (2.37), a few updatings of %), is recommended.

For our simulation study, we consider realizations of length n = 500 and compute
mean and root mean squared errors over 500 simulated realizations for each of the
nine parameters given in Table 2.1. The results are shown in Table 2.2. In this table,
AL denotes the estimates obtained by maximizing the approximating likelihood given

in (2.12) and MCL denotes estimates obtained by maximizing the estimate of the

CV  Method ~ ) o ~ ¢ o o ¢ o
true | -0.821 0.900 0.675 | -0.411 0.950 0.484 | -0.164 0.980 0.308
AL | -0.902 0.8 0.663 | -0.491 0.940 0.478 ] -0.257 0.969 0.315
0.299 0.036 0.081 | 0.210 0.025 0.065 | 0.176 0.021 0.052
10 MCL | -0.866 0.894 0.657 | -0.491 0.940 0.484 | -0.260 0.968 0.320
0.255 0.031 0.075 | 0.203 0.024 0.064 | 0.176 0.021 0.054
MCLG | -0.878 0.894 0.661 | -0.490 0.940 0.481 | -0.257 0.967 0.317
0.283 0.034 0.092 | 0.216 0.026 0.073 | 0.175 0.049 0.058
true | -0.736 0.900 0.363 | -0.368 0.950 0.260 | -0.147 (.980 0.166
AL | -0.956 0.870 0.377 | -0.499 (.932 0.270 | -0.260 0965 0.176
0.685 0.092 0.093 | 0.341 0.046 0.068 | 0.341 0.046 0.052
1 MCL | -0.894 0.879 (.372 | -0.484 0.934 0.270 | -0.271 0.963 0.178
0.597 0.081 0.085 ] 0.296 0.040 0.065| 0.518 0.070 0.051
MCLO | -0.883 0.880 0.367 | -0.485 0.934 0.268 | -0.263 0.864 0.176
0.536 0.072 0.086 | 0.324 0.043 0.068 | 0.399 0.054 0.053
true | -0.706 0.800 0.135 | -0.353 0.950 0.096 | -0.141 0.980 0.061
AL | -1.848 0.740 0.188 | -1.260 0.823 0.151 | -0.830 0.883 0.104
2.524 0.354 0.156 | 2.240 0.314 0.137 | 1.860 0.260 0.113
0.1 MCL | -1.918 0.729 0.172 | -1.569 0.779 0.147 | -1.258 0.823 0.115
2.748 0.387 0.126 | 2.808 0.407 0.116 | 2.682 0375 0.114
MCLO | -2.184 0.692 0.169 | -1.555 0.780 0.140 | -1.097 0.845 0.096
2.784 0.392 0.127 | 2.506 0353 O0.117 | 2.074 0.291 0.098

Table 2.2: Comparison of AL, MCL and MCLO estimates based on 500 replications. Root mean
square errors of estimates are reported below each estimate.

likelihood in (2.36). To attain numerical stability, the same noise was used to generate
replicates of a¥)’s as a function of the AR parameters. MCLO denotes estimates

obtained by maximizing the single-sample estimate of the likelihood in (2.37). For
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this case, we start 1, with the AL estimate and the updating scheme is as follows:
10 updates with N=100, 5 updates with N=500 and 5 updates with N=1000. We
notice that MCL and MCLO essentially produce the same estimates, but with a few
exceptions MCL gives smaller mean square errors. Because of this, we focus only
on the MCL estimator. For all methods, the estimates become more biased as CV
decreases. The large bias for CV=0.1 comes from the fact that the data appear
almost indistinguishable from a constant volatility model (Breidt and Carriquiry,
1996; Sandmann and Koopman, 1998). For the remaining cases, the bias for ¢ and
o are small, while the bias for v is large even for large CV. Also, for this parameter,
AL has larger bias than MCL. For CV=10, MCL and AL have roughly equal mean
squared errors. For CV=1, MCL has smaller mean squared errors for the first two
values of ¢. More importantly, is that the two estimation procedures have comparable
performance throughout the range of parameter values. The setup of the models in
the simulation study by Sandmann and Koopman (1998) is similar to ours. They
obtain parameter estimates following the Durbin and Koopman procedure by working
the log of the squared observations. The bias and root mean square errors of ¢ for
the models for which CV is 10 or 1, are comparable with ours. For most of the cases

we obtain smaller bias for ¢ and larger bias for 7.

2.2.2 Poisson Model

For the second simulation example, we assume that p(y:|ay; ¥) is a Poisson distri-
bution with rate A, := e+ where oy = ¢y + 1, 3 ~ iid N(0, ¢%), t =1,...,n,
and |¢| < 1. We consider again nine models. This time, to classify the models,
the index of dispersion D of the conditional variance of the observations g7 = ef**

appears to be a more useful characterization of the ability to extract information in
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the signal «; than its coefficient of variation. The mean of 0'? is held fixed at 1.5.

The parameters of the models that result with this set up are shown in Table 2.3.

¢
D 0.90 0.95 0.98

106 g -06130 -0.6130 -0.8130

o 06221 (0.4456 0.2840
1.0 g 01501 0.1501 0.1501
o
g
o

0.3115 0.2232  0.1422
0.3732 0.3732 0.3732
0.1107  0.0793  0.0506

0.1

Table 2.3: Parameter values for a simulation experiment of nine Poisson state-space models.

For this simulation, we consider samples of size n = 500 and compute mean
and root mean squared errors over 1000 simulated realizations for each of the nine
parameters given in Table 2.3. The results are shown in Table 2.4. In this table,

AL denotes the estimates obtained by maximizing the approximated likelihood

D Method 38 ¢ o B @ o 8 ¢ o
true | -0.613 0.900 0.622 | -0.613 0.950 0.446 | -0.613 0.980 0.284
AL | -0.583 0.889 0.617 | -0.629 0.940 0.444 | -0.599 0.969 0.288
10 0.288 0.033 0.061 | 0.390 0.023 0.055 0.605 0.037 0.061
MCL | -0.592 0.892 0.614 | -0.630 0.941 0.445 | -0.600 0.969 0.289
0.287 0.030 0.059 | 0.390 0.022 0.054 | 0.603 0.030 0.049
true | 0.150 0.900 0.312 | 0.150 0950 0.223 | 0.150 0980 0.142
AL | 0.152 0.888 0.312 ] 0.143 0.938 0.229 | 0.142 0.968 0.150
1 0.143 0.039 0.046 | 0.201 0.028 0.039 | 0.317 0.030 0.033
MCL | 0.151 0.88¢ 0.313 | 0.142 0.938 (.230 | 0.142 0.968 0.150
0.143 0.037 0.046 | 0.201 0.027 0.039 | 0.317 0.022 0.031
true | 0.373 0.900 0.111 | 0.373 0.950 0.079 | 0.373 0.980 0.051
AL | 0.369 0.759 0.146 | 0.369 0.868 0.103 | 0.370 0.873 0.075
0.1 0.064 0.336 0.083 | 0.081 0.242 0.066 | 0.114 0.329 0.060
MCL | 0.371 0.774 0.136 | 0.369 0.864 0.102 | 0.370 0.8556 0.076
0.063 0.327 0.070 | 0.080 0.248 0.063 | 0.114 0.353 0.060

Table 2.4: Comparison of AL and MCL estimates based on 500 replications. Root mean square
errors of estimates are reported below each estimate.

given in (2.23) and MCL denotes estimates obtained by maximizing the estimate
of the likelihood in (2.29). From this table, we notice that the estimates of ¢ and

o? deteriorate as D decreases, with large bias for these parameters when D = 0.1.
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Except for a couple of cases, AL and MCL produce remarkably similar results.

2.2.3 Bias Correction via Bootstrap

In the two simulation studies that we considered, the approximate MLE of the
parameters for the Poisson and stochastic volatility models can be slightly biased.
Indeed, we will see in the two applications to real data, that the approximate likeli-
hood and importance sampling estimates can be very close to each other. Closeness
here is “measured” via the Monte Carlo error. In this section, we will show via simu-
lation that the bias of the estimates can be reduced counsiderably using the bootstrap.
Stoffer and Wall, 1991 uses the bootstrap to reduce the bias of the ML estimates of
the parameters of a classical Gaussian state-space model.

To implement the bootstrap in our modeling setup, let y; ..., y, be observations
from a state-space model and let ¢ 4, be the maximizer of the approximate likelihood
in (2.12). Following Efron and Tibshirani (1993), the bootstrap bias correction of the

estimate 9 4, of ¥ is given by

Yar = {pAL — bias, (2.38)
where bias = ¢" — 4 ,,, and 9" is the average of B bootstrap estimates ¥;,..., ¥

Here, the bootstrap estimate {b; is the maximizer of the approximate likelihood in
(2.12) computed with a realization yj ..., y; drawn from the state-space model that

has true parameters v ,;. The bootstrap estimate of the variance of the estimator

Yy is
PP i

~

B
1 ~ % — % ~ % -
var(a) = 5= > _(; — 9%, — 97" (2:39)
Jj=1
To assess the performance of the bootstrap bias correction, we conducted a simu-

lation study on three Poisson models with parameters given in the middle section of
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Table 2.3 (i.e., D = 1). As seen in Table 2.4, ¢ has a moderate bias in these models.

The results of the simulation are given in Table 2.5. BC refers to the average of

1000 Dias corrected estimates defined in (2.38) computed with B = 100 bootstrap

estimate B ¢ o B8 ) o B & o
true | 0.150 0.900 0.312 | 0.150 0.950 0.223 | 0.150 0.980 0.142
AL | 0.153 0.887 0.313 | 0.147 0.938 0.227 | 0.140 0.967 0.147
S.E. | 0.144 0.038 0.047 | 0.201 0.026 0.038  0.302 0.029 0.033
BC | 0.154 0.904 0.305 | 0.147 0953 0.217 | 0.141 0.985 0.133
S.E. ] 0144 0.034 0.048 | 0.202 0.023 0.040 | 0.303 0.025 0.036

Table 2.5: Simulation results of bias correction for three Poisson state-space models based on 1000
replications. The rows labelled AL and BC are the average of the replications. Each AL
estimate is the optimizer of the approximate likelihood in (2.23) and each BC estimate
is the bootstrap bias correction estimate defined in (2.38).

Figure 2.4
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Parameter densities for 8 (first row) and ¢ (second row) for estimations AL (solid line)
and BC (dotted line) for three Poisson state-space models.

estimates. The standard errors of the 1000 bias corrected estimates are also shown in

the table. The AL estimates were obtained from 1000 simulated realizations from the

state-space model having true parameters given in the middle section of Table 2.3.
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The row labeled AL is the average of the 1000 simulated 1) ,; estimates. Inspecting
this table, the bootstrap bias correction has done a good job in reducing the bias of
the AL estimate of ¢ with only little alteration of the standard errors.

In Figure 2.4 we compare the estimated densities of the AL and BC estimates
of the parameters J and ¢. Each column in this figure corresponds to the models
with parameters (0.150, 0.900, 0.312), (0.150, 0.950, 0.223) and (0.150, 0.980, 0.142)
respectively. As seen from these graphs, the BC estimates have essentially shifted

the location of the AL estimates.

2.2.4 Pound-Dollar Exchange Rates

The first dataset that we analyze is the Pound/Dollar exchange rates. The data,
taken from the site http://staff.feweb.vu.nl/koopman/sv/ consists of the log differ-
ences y; of the daily observations of weekdays closing pound to dollar exchange rates
2, t = 1,...,946 from 10/1/81 to 6/28/85. We use the basic stochastic volatil-
ity model (2.34) to model y, := log(z) — log(2;—1). Setting the parameter vector

¥ = (v,¢,0?), Table 2.6 shows various estimates of 4. The second column, la-

Parameter AL S.E. BC MCL MCE S.E. BC
~ | -0.0227 0.0198 -0.0140 | -0.0230 0.0004 0.0173 -0.0153
¢ | 0.9750 0.0194 0.9845 | 0.9747 0.0004 0.0166 0.9832
o2 | 0.0267 0.0141 0.0228 | 0.0273 0.0007 0.0138 0.0228

Table 2.6: Parameter estimates for the Pound-Dollar exchange rates data. AL and MCE are the
maximizers of (2.12) and (2.36), respectively. BC are bootstrap bias corrected estimates
(B = 500) and S.E. are bootstrap estimates of the standard errors of AL and MCL,
respectively. MCE is the standard error of 1000 MCL replicates.

beled as AL, contains the estimate of ¢ obtained by maximizing (2.12). The column

labeled MCL contains the estimate of 2 obtained by maximizing (2.36). MCE de-

notes Monte Carlo error and is obtained as the standard error of 1000 estimates of
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1, using for each estimate the same observations y1,.. ., ¥sss. The standard error of
the estimates AL and MCL are obtained using (2.39). The columns labeled as BC
are bootstrap bias corrections of AL and MCL computed with B = 500 bootstrap
estimates. Notice that the AL and MCL estimates are remarkably close. In fact, the
difference between these estimates is due to the randomness of the MCL estimate.
For example, two distinct MCL estimates of o are unlikely to differ more than four
times the Monte Carlo error, i.e., 0.0028, while the estimates AL and MCE of ¢?
differ only by 0.0006. In other words, we would not be able to differentiate the AL

estimate from a “cloud” of MCL replicates.

2.2.5 Polio data

The second dataset consists of the observed time series 91, . . ., y16s of the monthly
number of U.S. cases of poliomyelitis for 1970 to 1983 that was first considered by
Zeger (1988). We adopt the same model used by Zeger in which the distribution of
Y,, given the state a,, is Poisson with rate A, := e®**/8_ Here, 87 := (B1,..., Bs),

x; is the vector of covariates given by
x? = (1,t/1000, cos(27t/12), sin(27t/12), cos(27t/6), sin(2mt /6)),

and the state process is assumed to follow the AR(1) model given by, o, = ¢+,
where 7; ~ iidd N(0,0?), t =1,...,n, and |¢| < 1. The vector of parameters of this
SSM is ¥ = (B8, ¢, 0?). Table 2.7 contains the results of two estimation procedures.
Columns 2 and 5 labeled as AL and MCL respectively, contain the estimates of ¢
obtained by maximizing (2.12) and (2.29), respectively. As in the previous example,
MCE denotes Monte Carlo error, based on 1000 replicates of the MCL estimates

using for each replicate the same observations 1, ..., Y1ss.
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Parameter | AL S.E. BC MCL MCE S.E. BC

By 1 0202 0.332 0.043 | 0.200 0.0010 0.345 0.220
By | -2.691 3.376 -2.484 | -2.647 0.0064 3.551 -2.820
B3 | 0.113  0.124 0.105 | 0.112 0.0003 0.121 0.108
By | -0.454 0.142 -0.451 ! -0.454 0.0003 0.142 -0.445
Bs | 0.396 0.108 0.392 | 0.386 0.0003 0,308 0.392
Bs | 0.017 0.108 0.011 | 0017 0.0003 0.110 0.014

¢ | 0.845 0.212 0945 | 0.850 0.0018 0.181 0.936
o2 | 0104 0.074 0.094 | 8.102 0.0020 0.067 0.095

Table 2.7: Parameter estimates for the polic data. AL and MCE are the maximizers of (2.12) and
(2.29), respectively. BC are boostrap bias corrected estimates and S.E. are bootstrap
estimates of the standar errors of AL and MCL, respectively. MCE is the standard error
of 1000 MCL replicates.

Notice that only the AL and DK estimates for f; differ more than the expected
difference between two DK estimates (4 times MCE). In general the AL estimates are
very close to the DK estimates in spite of the fact that the length n of the observed
time series is not large. We obtain here larger Monte Carlo error than in Table 2.6
even when we have used the same number of draws (N = 1000) to compute the Monte
Carlo integration in (2.36) and (2.29) respectively. This may not be surprisingly since
the polio data set has far fewer observations than the Pound-Dollar exchange rate

data. Moreover, the model fitted to the latter has fewer parameters.

2.2.6 How good is the posterior approximation?

As seen in the simulation studies considered above, the use of p.(c|y; ) in (2.10)
as the normal approximation to the posterior distribution p(aly, ) gives good re-
sults. The quality of the likelihood approximation is due largely to the closeness of
the normal approximation to the posterior. In this subsection we provide two meth-
ods for examining the closeness of this normal approximation. The first method
compares the posterior mean with the posterior mode. The second method is a

statistical test based on the correlation between the generalized squared distances
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defined in (2.42) above with the quantiles of a Chi-squared distribution.
For the first method, first recall that the posterior mode is given by a*. We now
provide an estimate &, also known as the smoothed state vector, of the posterior

mean of the state vector. From (2.5) and the fact that p(aly; ) < L(¢;y, a)

1
L(v;y)

E(aly, ¢) = / aplaly, ¥)da = / aL(;y, a)de.

Hence, if &V, ..., o™ are draws from p,(aly; ) and L(1p;y) is the estimate of the

likelihood given in (2.36), an estimate of the posterior mean is given by

. 1 - @ Py, e y)
- p P, & 1Y) 2.40
“ NL(w;y);a pa(a®y; ) (240)

As an example, for the Pound-Dollar exchange rates and polio data let ¢ be the
AL estimate from Tables 2.6 and 2.7 respectively. Using N = 1000 in (2.40), & was
computed. In Figures 2.5 and 2.6 the solid line shows the smoothed state vector,

and the dashed line shows the posterior mode a* of p(aly, ¥) obtained as in (2.16).

1.0

smoothed state vector
0 0.1
s

-1.7
L

2.6

T T T T T
1 250 500 750 945

Figure 2.5: (Smoothed state vector) For the Pound-Dollar exchange rates data, the solid line shows
estimate of the posterior mean of the state vector and the dashed line shows its posterior
mode.
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0.40 0.93 1.46
) 1 i

smoothed state vector

-0.13

-0.66
!

Figure 2.6: {Smoothed state vector) For the Polio data, the solid line shows estimate of the posterior
mean of the state vector and the dashed line shows its posterior mode.

In both cases, the posterior mode and smoothed state vector are relatively close even
though the number of observations of the polio data (n=168) is not large. This adds
support to the goodness of the approximation to the posterior distribution p(aly; ¢)
by a multivariate normal density.

For the second method, if an independent sample from p(a|y, ) can be generated,
then we could assess the compatibility of the samples with a normal population.
Such a sample can be obtained as follows: First generate an independent sample
o a® ... o™ from the approximate distribution p,(a|y, ). For N large, an

iid sample from the discrete distribution that puts mass p; given by

W _ plaWy,¢)  L{%;y, o) -
P SN YT @y, 9) ~ pale®ly, ) (2.41)

is an (approximate) iid sample from p(a|y,+). In the Bayesian literature, this
method is known as sampling importance-resampling (SIR), e.g., Bernardo and Smith
(1994). Assume now that &V, &® ... &™) is an iid sample from p(aly,). If

polaly, ) in (2.10) were a good approximation to p(a|y, ), for M — n large, the
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squared generalized distances

&= (&% - oK+ V)(@P —a*), j=1,...,M, (2.42)

would resemble an iid sample from the chi-squared distribution with n degrees of
freedom (Johnson and Wichern, 1998). Thus, a chi-squared QQ-plot of d3,...,d%,,
should resemble a straight line through the origin with slope 1.

To illustrate this technique, consider the state-space model for which p(y:|oy; ¥)
is the Poisson distribution with rate A, := %%, oy = ¢y +m, 0 ~ iid N(0, 02),
t=1,...,n; and |¢| < 1. The vector of parameters of this process, ¥ = (8, ¢, 0?),
is fixed to (0.373,0.9,0.012). Chi-squared QQ-plots of d2,...,d3%, are shown in Fig-
ure 2.7. With a sample of size N=5000 from p,(aly; 1), a sample of size M from

p(aly; ) was obtained via SIR. The j-th column of this figure corresponds to the

n=50, M=100 n=50, M=100 n=50, M=100
1 ] [ [
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[} b ©
) 3 3
G‘m o o
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= O POy~ 18 ro
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4] T T T 4] T T T (] T T T
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Figure 2.7: (Chi-squared QQ-plots) The QQ-plot from i-th row and j-th column was obtained using
a SIR sample &V, &, ..., &™) from p(aly, ;) by resampling a sample of size 5000
from the approximation p,(c|y, ;).
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parameter value of 9 = 1), where ¢, := (0.2,0.8,0.002), 4, := (0.373,0.9,0.012)
and 95 1= (0.5,0.95,0.02). From this figure, we notice that even for a small sample
(n = 50), the squared generalized distances closely resemble the chi-squared distri-
bution with n degrees of freedom.

The correlation coefficient g between the ordered distances d? j=1,...,.M

7
and the Chi-squared quantiles can be used to test any departure from normality
of py(a]y, ) (Johnson and Wichern, 1998). The nine correlations rg for the data
used to create Figure 2.7 are shown in the last three columns of Table 2.8. The
hypothesis must be rejected at level a% if the correlation falls below r,. The critical
points 7 g5 for each M, needed to test the null hypothesis of normality with 5% of
significance level are given in the third column of this table. In all cases, normality

is not rejected. This provides some evidence that the distribution in (2.10) may be

a reasonable approximation for the posterior distribution p(aly, ¥).

TQ
N M 70.05 "/)1 Tl’z "/)3
50 100 0.9873 0.9952 0.9978 0.9925
100 150 0.9913 0.9957 0.9952 0.9926
200 250 0.9920 0.9974 0.9974 0.9973

Table 2.8: Correlation coefficients of the points in the QQ-plots from figure 2.7.

2.3 Conclusions

For the state-space model, a second order Taylor series expansion of the log of
the conditional likelihood gives an approximation to the observed likelihood of the
state-space model. An approximate MLE of the parameters of the state-space model
can be obtained from this function. Because no simulation is involved, this procedure

is fast. The Taylor series expansion gives also a normal approximation p,(aly;¥)
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to the posterior distribution of the states. For the exponential family of distribu-
tions in standard form, the approximate distribution p,(e|y; ) coincides with the
approximation to the conditional distribution of & found by Durbin and Koopman
(1997). This approximation can be used to implement existing estimation procedures
based on the Monte Carlo approximation to the likelihood, as it is the case of the
procedure given by Kuk (1999) and Durbin and Koopman (1997). In various simu-
lation studies, the results obtained with our approach are close to other simulation
based approximations of the MLE. Although the (approximate) likelihood estimates
may have some bias, the speed of this procedure makes bootstrap method for bias

correction a viable procedure.
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CHAPTER 3

Particle Filters

In Chapter 2, the posterior distribution of the state vector given the data,
p(aly; ), played a key role in the approximate likelihood approach for parame-
ter estimation of the SSM. In this chapter we consider another estimation approach
that consists in updating the posterior distributions of the states as the observations
arrive. Such an approach, which has been widely adopted in the literature, is based
on the general Kalman recursions. Starting from an initial distribution p(ayp), the
Kalman recursions provide a recursive algorithm for computing the filtering density
plog|ye—1; %), t = 1,...,n, where y14—1 := [y1,..-,Y-1]" . At time ¢, the (one-step
ahead) prediction density and filtering densities are updated as follows (Brockwell
and Davis, 1996):

prediction density

H

P(&tlylzt—1;¢) = /P O‘t—-ha‘tlylt 1;P)doy
/p ulo—1; A (at~1ly1zt—1;¢)d0¢t—1, (3~1)

filter density

P(ytiﬂft; o)p(atlylzt——l; d’)
p(yt|y1:t~1§ 'lp) '

Except for some simple cases, the prediction density in (3.1) can not be computed

plotyrs; ) = (3.2)

explicitly. In the literature, the filtering densities are frequently approximated using

40
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Sequential Monte Carlo (SMC) methods, a set of simulation based procedures. De-
pending on the field of study, these procedures have appeared as bootstrap filters,
condensation filters, particle filters, Monte Carlo filters, and so on. See for example
Kitagawa (1996), Pitt and Shepard (1999), Doucet, et al. (2001).

In this chapter we compare estimations based on the approximation (2.12) to the
likelihood of the state space model with those obtained via particle filtering. In
Section 3.1 a brief introduction to particle filters is given. In the remaining sections
of this chapter we estimate the likelihood of the SSM using various particle filters. In
Section 3.2, the particle filters are obtained using the accept-reject procedure given
in Hurzeler (1998). In the last two sections we give two implementations that are
faster than the accept-reject method. The first, a new implementation based on the
Griddy Gibbs sampler introduced by Ritter and Tanner (1992) as a tool to generate
draws in Gibbs sampling implementations, is presented in Section 3.3. The second,
given in Section 3.4, is the auxiliary particle filters procedure of Pitt and Shepard

(1999).

3.1 Particle filters

Pitt and Shepard (1999) give the following definition of particle filters: “particle

filters are the class of simulation filters that recursively approximate the filtering

random variable o)y, by “particles” a},..., oM, with discrete probability mass of
xi,...,mM”. The particles and masses are obtained iteratively. With of_,..., o,
7l ,,...,and M, available from iteration (¢-1), the particles of , ..., o}’ (and masses)

are obtained as described below.

Using the discrete support of the particles a;_,...,aM;, the following approxi-
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mation to the prediction density in (3.1) is obtained

M
ploglyre—1;9) = Zp(a'tia{—l; /\)Wg-la (3.3)

j=1

which is known as the “empirical prediction density”. Substituting this into (3.2),

the “empirical filtering density” is obtained

M
Plevlyias ) o< plyslou, ) ZP aulod_; )l (3.4)
J=t
In the next three sections we describe procedures to generate new particles o, . .., o/
and their masses 7}, ..., 7 from the empirical filtering density.

The likelihood of the SSM can be written as

L 5) = (1 19) ﬁp(ynym_u ¥, (35
where
p(yil) = / p(y1, cufth)de = / p(y1len; @)p(on|A)dan,
and for t > 2,

p(yt!ym_mb) = /p(yt,atlyl:t—uw)d&t = /p(yt‘aﬁe)p(at(ylzt—ﬁiﬁ)dab (3~6)

Once a particle filtering procedure has been implemented to approximate
pla|yi4-1; %), the integral in (3.6) can be estimated. For example, if at({lt)——l’ . Ef]tv )1
are draws from the empirical prediction density p(ay|yi.s—1; %), the integral in (3.6)

can be estimated as

=z

ﬁ(ytlyl:t—l’ = Z yt‘aift) 1; (37)

To draw G‘tlt . from (3.3), the composition method (Ripley, 1987, page 63) can be

used: First draw j from the distribution of the discrete random variable J for which

Pr(sz)zsfrg_l, ji=1,..., M,
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and then draw agljt)nl from p(au|e?_;; A). Once (3.6) has been estimated, the logarithm

of the estimation L(¢p;y) of the likelihood in (3.5) becomes,

n
Uy y) = > log p(yelyra-1; ) (38)
t=1
3.2 Accept-Reject
In Hurzeler (1998), the particles o}, ..., oM were taken as draws from the em-

pirical filtering density at time ¢. In this approach, 7rg =1/Mforj=1,...,M. If
p(ys|a; @) is bounded in «;, one can sample from (3.4) by an accept-reject procedure
in which the mixture distribution in (3.3) is used as the instrumental density. If ¢;
is given by

¢ > sup p(yoy; 6),
Qi

the draw of,j = 1,..., M is generated as follows:
1. Generate X from (3.3) and U from U(0, cy).

2. If plyloy = X;0) > U, set of = X, otherwise return to 1. OJ

Example. Consider the case when the observation density is Poisson with rate

Ay = et and the state process follows the AR(1) model
Qo = G0y + 1, (3.9)

where n; ~ iid N(0,0%), ¢ = 1,...,n = 200. Using the same realization y1, ..., %00
as in Figure 2.1 we show in Figure 3.1 an estimate of the log likelihood for a grid
of 14 points of ¢. The parameters 3 and o2 are fixed at 0.7 and 0.30, respectively.
In this figure, the solid line is the approximation to the likelihood given in (2.23).

The lower and upper dotted lines are the minimum and maximum, respectively, of
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Figure 3.1: (Aceept-reject) For a grid of values of ¢, estimations of the likelihood of a Poisson SSM are
shown. For the solid line, estimates were obtained using (2.23). The dotted lines are the
minimum and maximum respectively, of 100 replicates of (3.8) with N=1000 in (3.7). The
dashed line is an element of these replicates.

100 replicates of the estimation in (3.8) using N = 1000 in (3.7). The length of the
particle filters is M = 1000. The dashed line is one element of these replicates.

In Figures 2.1 and 3.1, the Monte Carlo error obtained when (3.8) is used to
estimate the likelihood is much larger than that obtained when (2.29) is used.

In Figure 3.2 the dashed line is the average of the 100 replicates from Figure 2.1
and the dotted line is the average of the 100 replicates from Figure 3.1. The solid
line shows the AL estimate of the likelihood. As it can be seen in this figure, the log
of the estimates of L are very close. Thus, for large N, difference between estimates

that maximize (2.29) and (3.8) will be due only to Monte Carlo error. [J

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



45

-412.75
1

-413.92
i

log likelthood

-415.08
i

-416.25
1

I T I i ]
0.27 0.39 0.51 0.63 0.75

phi

Figure 3.2: The solid line is the log of the AL estimate of the likelihood. The dashed and dotted
lines are the average of the 100 replicates of £ from Figures 2.1 and 3.1 respectively.

3.3 Griddy particle filters (GPF)

When the number of rejections in the accept-reject procedure is high, the estima-
tion of the likelihood considered in Section 3.2 can be very slow. To accelerate the
estimation of the likelihood, we construct particles obtained with the Griddy Gibbs
sampler (GGS) introduced by Ritter and Tanner (1992) to facilitate the Gibbs sam-
pler in situations where it is difficult to sample from a univariate distribution. This
method approximates the cumulative distribution function of a univariate distribu-

tion by a piecewise linear function and then samples from the approximation.

Griddy Gibbs Sampler algorithm

To describe the GGS algorithm, suppose that a draw from the empirical filtering
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density in (3.4) is needed. Denote p.(cyly1.; ¥) the term on the right hand side of
(3.4), i.e.,

ﬁc(atlylzt; 1/’) = P(yt!@t; G)ﬁ(at!yl:t-ﬁ ‘@b)- (3-1())

The Ritter and Tanner (1992) algorithm to sample from the empirical density func-

tion becomes

Step 1. At a predetermined set of ordered points o) < ... < @™ (to be described

below), calculate

wi :ﬁc(aﬂyl:t;"ﬁ): j = 17 . '7Mt'

Step 2. Usew}, ..., wM to obtain an approximation to the inverse cdf of p(cv|y1.4; ¥).

Simple approximations are:
a. Piecewise constant corresponding to the discrete distribution for o/}, . . ., af”‘
; J ; i R | My g
with of having mass 7] = w{/ ) ;7 wi.

b. Piecewise linear corresponding to a piecewise uniform distribution on the
interval [a{,a{+1], j=1,..., M, with z; € [a{, @] having density
M
wi/ Y wi(a™ ~ af).
k=1
i g+l

Typically, o is centered in the interval [al, a™").

Step 3. Sample a u(0, 1) distribution and transform the observation via the approx-

imate inverse cdf. [J

We note that the GGS algorithm needs the empirical filtering density p(c|y1.4; )
to be known up to a proportionality constant.
In their Remark 5, Ritter and Tanner (1992) suggest that for unbounded support

the grid must be expanded to the left (right) if w; > ¢R (w} > qR), where R :=
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max{w! : 5 =1,..., M;} and ¢ is any user-defined value such that g € (0,1). They
suggest that ¢ = 0.1 can be used, unless interest centers on the tails of the conditional
distribution.

For the case of unbounded support, Ritter and Tanner’s Remark 5 shows how to
construct a regular grid of points. To do this, let o) be a rough approximation to
the mean of the distribution p(ay|yi.; 1), S a rough approximation to its standard
deviation; My the “desired” length of the grid, and set the grid separation at Ag :=
16S/My. We can start with the pair {of — Ag, ¢} and let it grow until the extremes
are not greater than gR. If M, the number of grid points when this grid-grower
stops, is less than My, which means that S overestimated the standard deviation of
the filter variable oy, then double the number of grid points as many times as needed
until the final grid length is at least M.

To compute o, the empirical filtering density in (3.4) can be used. For example,

if df is an approximation to the integral (see the examples below)

/ (@) By, O)plenlad_y; N)da,

then, an approximation to the mean of the filter variable ¢ is given by

1 g1 M1 g1
ao L 7rt~]_dl + e + 7Tt_tl lth—l (3 11)
t g d° Mt—ldO ) ’
My 107 + ...+ My

Particle filters selection

Let al,.. ., be the grid of points with separation A; that results from the
grid-grower algorithm that starts with the set {af — Aq, @}, Then, an iid sample
of size M from the cdf approximation of the empirical filtering density obtained as
described in Step 3 of the GGS are particle filters for p{oy|y1.; 1) with common mass

1/M. In particular, when the approximation in (a) of Step 2 of the GGS is used, the
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griddy particle filters (GPF) o}, ..., o with masses 7J are obtained. [J

In practice, values of M, around 30 work well. Hence, the speed of this procedure
must be faster than the accept-reject procedure from section 3.2, where typically M
large is needed to approximate the filtering density well.

To estimate the t-th factor of the likelihood in (3.6), equation (3.7) can be used.
However, an approximation based on the output of the GGS can be obtained. If the
prediction density in the integrand in (3.6) is replaced by the empirical prediction

density, then

P(ytlylzt-1;¢) ~ /p(ytlﬂft;B)ﬁ(at|y1:t~11/))dat,

= [ Bl w)den,
My
j=1
Hence, the following estimate of the prediction density results

My
Pluelyra—; %) := Y _wiA,. (3.12)
Jj=1

Since no draws from the empirical prediction density are needed to obtain this ap-
proximation, as it would be the case for the estimate in (3.7), this approach is much

faster.

Example 1 (Poisson). Consider the Poisson state space model of the example in

Section 3.2. Denote yf := ¢ _; the mean of ay|(cy_; = o). Then,

L et teiiy(Brad—shy (il

) J . 2 o
p(yt'at,ﬁ)p(at,at—17¢,a )"— yt!W

Notice that

1 Iy J 022 1 j 2,32
(@t—ﬂt) :Mtyt+‘é—yt “%’ﬁ(at_ﬂt - yt) .

a-—-......_....
YOy 502

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



49

Hence,

; B+ j+r72 _eBHay .
pllos; Aplanled_y; 6,03 = ge 1 T dlay; il + 0Py, o),

where
log(g;) = — log ye! + B + plys + a%ye/2 — PHHFT Y

A zero order Taylor expansion of e+ around the point u{ + oy, gives
dd=¢;, and d}=q;(i] + ).

Hence, the initial particle in (3.11) becomes

M1 ' 4 Mty .
af = yo’ +¢ Z AR Y Z 4y (3.13)
i=1

=1

Using the observations from the example of Section 3.2, to estimate the {-th term in
(3.12) in a grid of points for ¢, griddy particle filters were obtained using ¢ = 0.01;
My = 25; and S? = o2 (the variance of the noise ;). The values 3 and o are fixed
to 0.7 and 0.3, respectively. In Figure 3.3, the solid line is (3.8), where the t-th term
of the likelihood is computed using (3.12). The dashed line in Figure 3.1 and the
dotted line in Figure 3.2 are also shown. Notice that the estimate considered in this
section is remarkably close to the average of the 100 replicates of the estimator from

Section 3.2.

Computation time

For the grid of ¢ of length 14, the computation time of the various estimates of
the likelihood of the model considered in this example, is as follows: the solid line
(AL) in Figure 2.1 took 0.015 seconds; the 100 replicates (DK) of the estimate in
(2.29) used in Figure 2.1 took 210 seconds; the 100 replicates (AR) in Figure 3.1
took 3362 seconds and the solid line (GPF) in Figure 3.3 took 6 seconds. All times

are based on an IBM ThinkPad, with a 1.6 GHz intel pentium M processor.
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Figure 3.3: (Griddy particle filtering) For a grid of values of ¢, the logarithm of the estimation of
the likelihood of a Poisson SSM are shown. The long dashed line is as in Figure 3.1.
The dotted line is as in Figure 3.2. The solid line is the estimate using (3.12).

Comparison of particle filters
Now, we “compare” the griddy particle filters obtained in this example, with

the particle filters from Section 3.2. For 8 = 0.7, ¢ = 0.5, and ¢? = 0.3 denote

~ M

! one replicate of the particles obtained in Section 3.2, and &},...,&;

al,. .., a0
the griddy particle filters obtained in the example of this section. For 2 < ¢ < 60, in
Figure 3.4, the pair of symbols “x” shows the minimum and maximum, respectively,

»

of al,..., ;%% the symbol “—” is the average of these particles; the extremes of

the upper vertical line correspond to the minimum and maximum respectively, of
al,...,&"; the large square is the approximation of to the mean in (3.13); and the

square is the average of the particles &}, ..., &M . At time t, the average of the two

sets of particles are close. The extremes of the griddy particle filters depend to a
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Figure 3.4: Accept-reject and griddy particle filters for ¢ = 0.5. For each value of 2 <t < 60 the
symbols “x” are the minimum and maximum of the accept-reject particles; the symbol
“—” is the average of these particles; the vertical line shows the range of the griddy
particle filters, the small square is the average of these particles and the large square is
the approximation to the mean in (3.11).

large extend on the value of . The “initializer” of of the griddy of points has little
impact on these extremes. This initializer in fact does a good job. The discrepancy
between the extremes of both sets of particles, is due mainly to the randomness of the
accept-reject particle filters. Overall, the two set of particle filters give comparable
results in describing the filter density at time ¢, even though the griddy particle filters

is much faster. [J

Example 2. (Stochastic volatilily model) Consider the basic stochastic volatility
model in (2.34). The mean gz of the state ay|(qu—1 = o ) is pl = 4+ dal_;.

Proceeding as in Example 1, we obtain

d=¢;, and d} =q;(ul —o%/2),
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where
1 1 . 1 1 yd a2
log(g;) = 5 log(2m) — st + '8'02 - 5%28 SR
The initial value in (3.11) becomes
My ‘ _ Mi— .
of =y=0*/2+¢ Y g/ Y i (3.14)
i=1 j=1

Using v = —0.368, ¢ = 0.95 and ¢? = 0.0676, one realization yi, ..., Y00 from this
process was generated. In Figure 3.5 we show estimations of the observed likelihood
of this process computed in a grid of points of ¢ (y = —0.368 and ¢ = 0.0676). In
this figure, the thin solid line is the AL estimate. The dotted lines are the minimum
and maximum of 100 replicates of the estimate in (2.36) using N = 1000. The dashed

line is the average of these replicates and the thick solid line is the estimate obtained

456.00 456.45 4586.90
L { {

455.55
{

0.9479 0.9488 0.9517 0.9536 0.9555
phi

Figure 3.5: (Griddy particle filters) For a grid of values of ¢, the logarithm of the estimation of
the likelihood of the SVM are shown. For the thin solid line, estimates were obtained
using (2.12). The pair of dotted lines and the dashed line are the minimum, maximum
and average of 100 replicates using (2.36). The thick solid line is the estimate obtained
using (3.12).
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when (3.12) is used. The particle filters were obtained using ¢ = 0.01; My = 25; and
5% = g2,

The average of the 100 importance sampling replicates obtained with N = 1000
shown in Figure 3.5 is an importance sampling estimate of the likelihood which has a
Monte Carlo error 10 times smaller than the Monte Carlo error shown by the pair of
dotted lines. Thus, the unknown likelihood must be reasonable close to the dashed
line. Since the shapes of the estimations of the likelihood are similar, for N large,
estimates that maximize (2.36) and (2.12) are expected to be close. For values of
¢ less than 0.952, the approximate likelihood in (2.12) is closer to the dashed line
than the estimate approximation obtained with the griddy particle filters. For the
stochastic volatility model, as we will see in the implementation of the auxiliary

particle filters in Section 3.4, this is in fact a deficiency of particle filters. [J

3.4 Auxiliary Particle Filters

The SIR algorithm described in Subsection 2.2.6 can be used to draw from the

empirical filtering density in (3.4). Let of,...,af be a sample from g{ou|y1:1-1, %), @
proposal density for the empirical filtering density. For T large, a sample &},..., &Y
from the discrete distribution «f, k = 1,..., T, with mass proportional to

ﬁ(af‘y1t7 ¢)/g(af|ylt; ¢)

is an (approximate) sample from the empirical filtering density. When the proposal
density is the empirical prediction density in (3.3), Pitt and Shepard (1999) define
al,...,cf as blind proposals, and because the most recent observation y; is not

incorporated into the proposal density, they call the particle filtering procedure non

adapted. In this case, the weights are proportional to p(y;|af;8), k= 1,...,7. An
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adapted particle filtering can be slow. To see this, notice that the computation of
the weights p(of |y, %)/ g(cf|y14, ¥) needs T evaluations of the empirical prediction
density. And so, MT evaluations of the density p{oy|oz—1; A) are required. For M
and 7" large, this is generally not feasible.

To make the adaptation of particle filtering procedures feasible, Pitt and Shep-
pard (1999) introduce auziliary particle filtering, a procedure based on the joint

distribution

p(ata.ﬂyl:t; ‘/7) OCP(ZItWt;B)p(at‘at—l = 04{_1;)\)7#;1, Jj=1,..., M, (3-15)

where j is an index of the mixture in (3.3). They generate of,...,o by dis-
carding the second component in a sample (o}, 7),..., (@M, ja) generated from

p(a, j|yre; ). In this setup, 7) = 1/M,j =1,..., M.

Example 1. (Stochastic volatility model) Consider the basic stochastic volatility
model from the Example 2 of Section 3.3. Pitt and Sheppard (1999) implement the
auxiliary particle filtering to this model using an “adapted” SIR procedure. For this
implementation, the special structure of the model is “exploited.”

Denote g(y;|ox, 1 ) the exponent of the first-order Taylor expansion of log p(y:|a)

around the mean ) of oy)(cy_1 = of_;). Then,

. 1 R L
log g(yi|au, uj) = — log(2m) — 53/?(1 +ul)e M — 51— yie Yoy

Hence,
g(yt‘ati ug)p(atla{—l; v ¢v 0-2) = g(ytl/'l"g)d)(atv 1&’%’ 0-2)7
where
) y . 1 o
logglylul) = —log(2m) +{(i)* - (4)*}/(20%) = Sui (1 + pi)e i
iy 0%,y
o=t (yie™ - 1),
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To sample from p(ox, jy1:4-1; 7, @, 02), Pitt and Shephard implement the SIR algo-
rithm using the proposal density g(a, j|y14;7, ¢, 02) given, up to a proportionality

constant, by g(yiJou; 1)p(auled_i;7, ¢, 0?). Then,

9o, 3y v, 6,060 o g(yslow; pl)p(eslod_r; v, ¢, 0%)

= g(ylud)d(a; i, 0°) (3.16)

In the first phase of the SIR algorithm, a sample (a{’“, Jk),k = 1,...,T from the
proposal density in (3.16) is drawn and the weights w® = p(y:|ed*)/g(yilod®; 1d*),
k = 1,...,T are computed. To draw from (3.16), first draw j with probability
proportional to g(y|p), and then a; from ¢(ay; jil,0?). In the second phase, a
sample of size M is drawn from (af’“, Ji) with mass proportional to wy, k=1,...,T.
Then, the first components of this sample are particle filters with common mass
1/M.

Using the realization yy,...,¥y0 from Example 2 of Section 3.3, v = —0.368,
¢ = 0.955, and o? = 0.0676, the SIR algorithm was implemented with T = 5000
and M = 1000. For 2 < t < 60, some results of the algorithm are shown in Figure
3.6. In the middle panel, the pair of solid lines shows the 10-th and 90-th quantiles,
respectively, of the weights w!, j=1,...,5000. In the bottom panel, the lower and
upper symbols “x” are the minimum and maximum, respectively, of the auxiliary
particle filters. The symbol “~” is the average of these particles. The vertical lines
show the range of the griddy particle filters and the square is the average of these
particles.

As seen in the bottom panel of Figure 3.6, at ¢ = 10, the auxiliary particle filters
“collapse” to a small subset of the support of the filter variable. As time increases,

the particles gradually “improve”, until a collapse occurs again at time ¢ = 17.
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Figure 3.6: Top: Scatter plot of the observations for 2 < t < 60. Middle: The solid lines show the
10-th and 90-th quantiles, respectively, of the SIR weights for ¢ = 0.955, T = 5000 and
M = 1000. Bottom: The pair of symbols “x” is the minimum and maximum of the

auxiliary particle filters, the symbol “—” is the average of these particles. The vertical
line shows the range of the griddy particle filters and the square is the average of these
particles.

Since this particle filtering is adapted, this behavior is “unexpected”. As seen from
the top panel of Figure 3.6, this behavior does not appear to be connected with
outliers. Notice that at ¢ = 10 and ¢t = 17, a large proportion of the weights w?,
j=1,...,5000 are small. This means that “most of the time”, the proposal function
g(a, Flyre; v, ¢, 0%) exceeds ploy, 7|yie; v, 9, 02). This fact alone would not be a prob-
lem (to see this, suppose that the “ideal” proposal function Kp(oy, jlyis; 7, ¢, 02) is
used. Then all the weights are equal to 1/K and for K large, these would be close
to zero). In this example, — log p(y|c;) is convex, thus g(y|as; 1d) > plyi]a), with
equality at u{. Hence, the weights can take values in the interval (0,1]. The overall

result is that in spite of the fact that the proposal density in (3.16) proposed by Pitt
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and Sheppard is adapted, it fails at times ¢ = 10 and 17. [J

Example 2. The stochastic volatility model from Example 1 is considered again.
To select M particle filters at time ¢ with common mass 1/M, a new adapted SIR
algorithm is implemented using a proposal function given below.

To start, let & be the mode of p(yda)plasles—y = o _1;v,6,0%). A similar

procedure used to obtain (2.9) shows that

p(yt]at)p(atla‘z__l;%gb,az) = Ot hJ "7%*/% )¢(C\4t ZJ)eR(at,aJ)
o
= g(jly)blaw; &1, 67)ePandD), (3.17)

where Al = logp(y|ey = 67); R(ow; &) is the remainder of the second order Taylor
expansion of log p(y|ey) around &; 1l = v + ¢pod_;

.24 1 1 . 59 o 2
UtQJ ( -+ 2?J2 _a‘) 1; and g(j|yt) = %ﬁehi sy (G —uy )

Define the new proposal function g(c, jlyi.; v, @, 02) to be the function that results
when the last factor in (3.17) is omitted. Then, in the first phase of the SIR algorithm,

R draws (af*, j,) from this function are obtained and the weights
’LUf = p(ytlagk)p(aﬂ@ﬁl, e ¢1 0'2)/.9(04% jklyl:t; v, d), 0.2)3 k - ]-) LRI Ra

are computed. The log of the weight w? is given by

log wf = —§y2e—ai’“ (47 — 1+ (af* — &) ~ S(ad* — a)?). (3.18)

To draw (o, j) from the proposal function, first draw j from the discrete distribution
that puts mass proportional to g(j|y;) to the integers j = 1,...,T and then draw
o; from the normal density with mean éz{ and variance 5{2. In the second phase, a
sample of size M from the discrete distribution that puts mass proportional to wf

to the point (af*, jx), £ =1,...,T, is obtained.
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Using the same realization yq, ..., yogo as in the previous example, the SIR algo-
rithm was implemented with R = 5000 and M = 1000 at v = —0.368, ¢ = 0.955
and o2 = 0.0676. Some results of the implementation are shown in Figure 3.7. In

- the top panel, the vertical line is the standard error of the griddy particle filters at
time t, and the symbol “x” is the standard error of the auxiliary particle filters. In
the bottom panel, the large square is the approximation af to the mean in (3.14).
The remaining components of the middle and bottom panels are as in Figure 3.6.
As seen in (3.18), the second-phase weights of the SIR algorithm attain the value 1.
In the middle panel of this figure, most of the weights are close to 1. In general, the
griddy particle filters and auxiliary particle filters are in agreement. The discrepancy

between the estimates of the variance (top panel) is due to (the large) Monte Carlo

2 15 30 860

S.E. {tilter)
0.4

0.0

quantiles
1.00

0.99

2 15 30 45 60

x ;1

filter

2 15 30 45 60

Figure 3.7; Top: The vertical lines show the standard error of the griddy particle filters and the
symbol “x”” the standard error of the auxiliary particle filters from Example 2. The
middle and bottom panels are as in Figure 3.6.
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error of the variance computed with the auxiliary particle filters.

In Figure 3.8, the log-likelihood of the SVM is computed in a grid of values of ¢.
The thin and thick solid lines, and dashed line are as in Figure (3.5); the dotted-
dashed line is the average of 100 replicates of (3.8) based on auxiliary particle filters
obtained via the new SIR implementation with 7" = 5000 and M = 1000. The ¢-th
factor of the likelihood is computed using (3.7) with N = 1000. This time, the
Monte Carlo error (not shown in Figure 3.8) of the estimate of the likelihood based
on the auxiliary particle filters is much larger than that computed via (2.36), and
larger than the Monte Carlo error obtained when the estimation of the likelihood is
based on the accept-reject particle filters from Section 3.2. In the latter case, the

increase in the Monte Carlo error is not unexpected since the auxiliary particle filters

456.00 456.45 456.90
1 1 [

455.55
]

T T T T -
0.9479 0.9498 0.8517 0.9536 0.9555

phi

Figure 3.8: (Auziliary particle filiers) For the grid of values of ¢ as in Figure 3.5, the log likelihood
of the stochastic volatility model is shown. The thin and thick solid lines, and dashed
line are as in Figure (3.5), the dotted-dashed line is the average of 100 replicates of (3.8)
based on auxiliary particle filters.
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are drawn from (3.15), which has one more variable than the number of variables of
(3.4), where the accept-reject particle filters are drawn. This additional variable is

in fact the auxiliary variable j that appears in (3.15).

3.5 Conclusions

In this chapter, approximations to the likelihood of the state-space model based
on the posterior distribution p(ay; ) of the state vector (Chapter 2) have been
compared with approximations based on the sequence of filter densities p(cy|y1.; ¥),
t =1,...,n. To approximate the filtering densities, particle filtering, a procedure
suggested independently by various authors in the early 90’s, is used. Three im-
plementations of particle filtering are provided in the numerical examples of this
chapter. The first, implemented via accept-reject, gave comparable results with the
importance sampling procedure of Chapter 2. However, the rejection rate can be
very high, due to the lack of flexibility in the selection of the proposal density. A
faster approximation to the likelihood is obtained with the griddy particle filters, a
new particle filtering implementation based on the Griddy Gibbs sampler procedure
of Ritter and Tanner (1992). This time, the quality of the estimation depends on
the accuracy of the empirical prediction density as an estimate of the prediction den-
sity. In the two numerical examples, the griddy particle filters give estimates close
to the approximate likelihood from Chapter 2. However, the latter is substantially
faster. The last approximation to the likelihood is based on the auxiliary particle
filters introduced by Pitt and Shepard (1999) to allow adaptation of existing particle
filtering procedures. The approximation to the likelihood obtained with either the

accept-reject procedure or auxiliary particle filters have large Monte Carlo error and
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it is many times slower than the approximation based on the importance sampling
of Chapter 2. For the Poisson state-space model, for large N, the estimates of the
likelihood computed via the importance sampling procedure of Chapter 2 and the
sequential procedures of this chapter are close. This is not the case, however, for the
stochastic volatility model. This discrepancy is because the latter approach “accu-
mulates” error through time, resulting in large Monte Carlo error on the estimated
likelihood. Thus, the method of “multivariate” importance sampling from Chapter
2 to estimate the likelihood of the state space models considered in this dissertation,

outperforms the particle filtering approach.
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CHAPTER 4

Multiple Linear Regression with Inequality Linear
Constraints

In the classical linear model
Y =XB +e¢, (4.1)

where Y = [V1, ..., ¥,,]7 is the data vector, X is an nx k (n > k) design matrix having
full rank, € is a vector of errors that are independent and N (0, 02) distributed, and 38
is the vector of regression parameters, the maximum likelihood estimate of 8, which
coincides with the least squares estimator, is multivariate normal. Often times, there
are applications in which inequality constraints are placed on 8. For example, in
hyperspectral imaging, the spectrum signature of a mixed pixel can be analyzed
with the model in (4.1), where the columns of X are the spectra of the & materials
in the pixel (see Manolakis and Shaw, 2002). Due to physical considerations, the
components of 3, the abundance parameters, are considered to be non-negative, i.e.,
B > 0. This example fits into the more general framework where the vector # is

subject to a set of inequality linear constraints which can be written as
B@E <b. (4.2)

As long as the set defined in (4.2) has positive Lebesgue measure, there is a posi-

tive probability that the least squares estimator of 8 may not satisfy all these con-
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straints. When it does, it coincides with the maximum likelihood estimate as in the
unconstrained case. However, except in simple cases, it is very difficult to obtain
sampling properties of the inequality restricted least squares estimator of 8. Judge
and Takayama (1966) and Liew (1976) give the inequality constrained least-squares
(ICLS) estimate of 3 using the Dantzig-Cottle algorithm. The ICLS estimator re-
duces to the ordinary least squares estimator for a sufficiently large sample. Condi-
tioned on knowing which constraints are binding and which are not they compute
an untruncated covariance matrix of the ICLS estimator. Geweke, (1986) points out
that this variance matrix is incorrect, since in practice it is not known ahead of time
which constraints will be binding.

In this dissertation, we will consider a Bayesian approach to this constrained in-
ference problem. Geweke (1986) uses a prior that is the product of a conventional
uninformative distribution and an indicator function representing the inequality con-
straints. The posterior distribution and expected values of functions of interest are
then computed using importance sampling. In this case, an importance function is
easy to find due to the simplicity of the prior. This method can be extremely slow
especially when the truncation region has small probability.

Gelfand et al. (1992) suggest an approach to routinely analyze problems with con-
strained parameters using the Gibbs sampler, a Monte Carlo Markov chain (MCMC)
technique. Let D denote the data and 8 a parameter vector with some prior distri-
bution, and suppose it is difficult or impossible to draw samples from the posterior
distribution p(8|D). The Gibbs sampler, introduced by Geman and Geman (1984)
in the context of image restoration, provides a method for generating samples from
p(6|D). Suppose @ can be partitioned as 8 = (64,...,0,), where the 8,’s are either

uni- or multidimensional and that we can simulate from the conditional posterior
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densities p(8;|D, 8;, j # 7). The Gibbs sampler generates a Markov chain by cycling
through p(8;|D, 8;,j # i). In each cycle, the most recent information updates the
posterior conditionals. Starting from some 8%, after ¢ cycles we have a realiza-
tion 8® that under regularity conditions (Gelfand and Smith, 1990}, approximates a
drawing from p(@|D) for large t. O’Hagan (1994), Roberts (1996), Gilks and Roberts
(1996) comment that the rate of convergence depends on the degree of posterior cor-
relation in the 8’s.

Geweke (1996) implements the Gibbs sampler to the problem of multiple linear

regression with at most £ independent inequality linear constraints given by
c S Bﬁ S d> (4'3)

where B is a square matrix of full rank, ¢ < d and the elements of ¢ and d are allowed
to be —oo and +o00, respectively. However, this implementation may suffer from poor
mixing (i.e., the chain does not move rapidly through the “entire” support of the
posterior distribution). In our implementation we do not impose any limitation
on the number of constraints given in (4.2). A major difference however, is that
our implementation has faster mixing, requiring substantially fewer iterations of the
Markov chain. Notice that the constraints given in (4.3) can be easily rewritten in
the form given in (4.2).

The organization of this chapter is as follows. In Section 4.1 we provide a Bayesian
framework for the multiple linear regression where the regression parameters are
subject to the constraints in (4.2). In Section 4.2 we list standard results for the
truncated multivariate normal distribution that are used in this chapter and provide
an efficient Gibbs sampler implementation to this distribution. Through an example
where the constraints can be written as in (4.3) we compare our implementation

with that of Geweke’s. In Section 4.3 we use the implementation from Section 4.2 to
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provide an implementation of the Gibbs sampler algorithm to the model in Section
4.1 and apply the procedure to two datasets. One is the rental data analyzed by
Geweke (1986, 1996) where the regression coefficients are subject to a set of inequality
linear constraints that can be written as in (4.3). The other is aggregate data of
three leading brands of cigarettes. For this problem, equality linear constraints are
needed in addition to inequality linear constraints and the number of inequality
linear constraints exceeds the number of regression coefficients. In Section 4.4 we

summarize our findings.

4.1 Constrained Linear Regression

In this section we construct a Bayesian model to the multiple linear regression
given in (4.1) where the parameters satisfy the constraints in (4.2). Before doing
this, we introduce some notation. If R is a subset of %* having positive Lebesgue
measure, we call the random k-vector Y truncated normal and write Y ~ Ng(u, %)
if its probability density function is proportional to ¢(x; p, £)Ir(x), where ¢(x; p, X)
is the k-variate normal density with mean p and covariance matrix ¥, and Jg(.) is
the indicator function for R.

Now, the inequality linear constraints in (4.2) define a subset of R¥ given by
T:={8 e R :BB <b}. (4.4)

Notice that the model in (4.1) describes the conditional distribution of Y given the
vector of parameters 8 := (8, 0°), consisting of the coefficients of regression and the

common variance of the noise errors. Now assume the prior for @ is given by

B~ Nr(p, o5(XTX)7), (4.5)

o? ~ IG(y, A), (4.6)
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where 3 and 62 are independently distributed, 62, v and A are known positive scalars
and p, is a known vector. If p(8, o?|y) denotes the posterior distribution of 8 given

the observed vector y, then,

p(B,0°|y) o< L(B, 0% y)p(B)p(c?) (4.7)

where L(8,0%y) is the likelihood function based on the data y from the model
in (4.1). A sample from the posterior density p(8, o2|y) will allow us to compute
posterior quantities, such as means, variances, probabilities, and so on. In Section

4.3 below we describe how to obtain such a sample.

4.2 'Truncated Multivariate Normal Distribution

In order to have an efficient Gibbs sampler implementation to the multiple linear
regression problem with inequality linear constraints as given in (4.2), it is impera-
tive to have an efficient sampler to the truncated multivariate normal distribution.
Before pursuing this objective we begin by developing two properties of the trun-
cated multivariate normal distribution and then propose an implementation of the
Gibbs sampler to the multivariate normal distribution subject to a set of inequality
linear constraints. A key feature of this implementation is the construction of a set
of variables that are independent when the constraints are ignored. Using the first
example from Geweke (1991), the performance of our implementatign is compared
with that of Geweke’s.

For a multivariate normal random vector X, all linear transformations and con-
ditional distributions of X are normal. It turns out that for a truncated normal
distributed vector, these closure properties remain valid. That is, a linear trans-

formation of a truncated normal vector is also truncated normal and so are the
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one-dimensional conditional distributions. These conditional distributions play a

key role in the implementation of the Gibbs sampler. The specifics are as follows:

Result 1 (a) Suppose X ~ Np(u,X), where R € R* has positive Lebesgue measure,
and ¥ is positive definite. Let Y := AX, where A is a matrix of full rank of

dimension r X k with » < k. Then,
Y ~ Np(Au, AXAT), T:={Ax:x€ R} (4.8)

(b) Partition X, p and ¥ as

x=| ™ Cou= " == Bu B (4.9)
Xi ok =T ow
Then,
XXy = x1 ~ Nr,(1k: Oke) (4.10)
where
ppo= et DU (% - ), (4.11)
oh = Om— TITIE, (4.12)
Ry = {zpx€R:(x1,2x) € R} (4.13)

The proof of (a) is immediate from the form of the density function for truncated
normal random vectors. To prove (b) the expressions for the inverse of a parti-
tioned symmetric matrix (e.g., Hocking, 1996) are used from which the result is

immediate. [

Gibbs Sampler Algorithm

Suppose 8 is a vector of parameters with posterior distribution p(@|D), where D

denotes the data. Partition 8 as (6y,...,8,), where the 8;'s are either uni- or
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multidimensional in such a way that we can simulate from the conditional pos-
terior densities p(8;|D,0;,7 # ). The basic Gibbs sampler starts with an ini-
tial value 8 = (950),...,0((10)) from the support of p(8|D) and then generates
oY = ( gt), e ,Hgt)), t=1, 2, ..., recursively as follows:

Generate 6\ from p(8,[D, 6477, . .., ﬁgt_l))

Generate 8% from p(6,|D, 6%, 0¢™, .. 9,(;“1))

Generate Bff) from p(8,|D, 05”, Hg), e 95;21).

Under certain regularity conditions (e.g. Gelfand and Smith, 1990) the Markov
chain {8y, 01, 0,,. ..} has a stationary distribution which is the posterior distribution

p(6|D). O

4.2.1 Gibbs sampler implementations

For comparison purposes, we first describe the implementation of the Gibbs sam-
pler algorithm given by Geweke (1991) to a truncated normal random vector of
dimension k subject to a set of at most k linearly independent inequality linear con-
straints. Suppose that X is a truncated normal random vector of dimension %, such
that

X ~ Np(p,0?%), T:={xeR:c<Bx<d}, (4.14)

where ¢, d and B are as in (4.3).
The Gibbs sampler in Geweke’s implementation is applied to the transformed

random vector Y = BX. Note that

Y ~ Ng(Bp,o?BEBT), S={yecR:c<y<d} (4.15)
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Thus, using (4.10)
ViIYi=w1,.. Yo = -1, Vi = Yjen, - Ye = W) ~ Ngj(p,03;),  (4.16)

where S; = {y; €  : ¢; < y; < d;}, and p} and o}; must be obtained as in (4.11)
and (4.12), respectively. Geweke’s implementations, which we call Algorithm TNI,

is then

Algorithm TN1

Update the last component y® = [y%t),yg),..‘,y,(f)]T of the current Gibbs path
Y0,¥1,-.-,¥s, as follows: For j =1,... )k

e draw 'y§t+1) from p(yjlygt“), e, y§-tj11), yﬁl, e ,y,(ct)), (4.17)

where each conditional distribution is as in (4.16). O

The next algorithm allows for the number of constraints to exceed k. Suppose

now

X ~ Np(p,0%E), T:={xe R :Bx <b}, (4.18)

where the rows of the matrix B are not restricted to be linearly independent.
Let A be a square matrix of full rank, such that AXAT = I, where I is the

identity matrix and set

7 := AX. (4.19)

From (a) of result 1, it follows that
Z ~ Ng(Ap,0?T), S={Ax:xe R Bx<b}l (4.20)
The set S can be rewritten in the more suggestive way,

S = {z € ®* Dz < b}, (4.21)
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where

D:=BA™. (4.22)

Thus, the transformation in (4.19) simplifies the functional form of the truncated
multivariate distribution, but not the constraints.

If z_; denotes the vector [z1,...,2j-1, Zj+1,- -, 2]° and @ = A, then by (b) of
Result 1,

Zj|z~j ~ st (G{j, 0'2), (423)

where from (4.13) and (4.21)
S;j={z;eR:z€ 8} ={z€R:Dz <b}.

Let D_; be the matrix obtained from D = [D; ... Dy| by removing the j-th column.

Then the set S; can be easily computed from the equation
Sj={7 € R:D;z <b-D_;z_;}. (4.24)

Although the idea behind the transformation in (4.19) is to obtain an efficient
implementation of the Gibbs sampler based on the set of k conditional distributions
in (4.23), these distributions have a simple form. That is, once the transformed
mean o has been obtained, we do not need to use (4.11) and (4.12) to compute the
k means and variances if we had not transformed.

To illustrate this process, consider the following example. Let X ~ Np(u, o),
where

1 4/5
T={xeR’:x>0}, and T =
4/5 1

Notice that in the notation in (4.4), B = —I and b = 0, where I is the identity
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matrix. For the matrix A given by

1 0
A= )
-4/3 5/3
we obtain AXAT =1 The matrix D = BA~! given in (4.22), and the submatrices

D__l and D__z, are

—1 0 0 —1
D= 5 D—l = ) D=

—-4/5 -3/5 —3/5 —4/5

Then,
2 4 5 2
Zi|Z_y =21~ N (1, 0°), Zo|Z_y=12_9~ Ns, 3k + 3h2 O )
where
-1 0
S1 = {zneR: 2 < — Z}
—4/5 ~3/5

= {zneR:z120n 2—222}

= [max{0, —Zzz}, 00)

0 -1
Sy = {mneh: 29 < — z1}

~3/5 —4/5

4
{22 < éR ) Z —-3-21}

- [——gzl,oo).

For this example, the matrix B needed in (4.14) is the identity. Hence, in Algorithm
TN1, the Gibbs sampler is implemented in fact to the random vector X. In particular,

using (4.11)-(4.12) in (4.16), it follows that

4 9
Y1|Y2 =19y ~ Ng (Ml + ‘5'(3,'2 - M?)UQ, 5302)7

4 9
YslYi=wy1 ~ Ng,(us+ 5(y1 — p1)o?, 5502)
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where S; = Sp = [0, +00). O
Now, to obtain a sample from the distribution of X we obtain first a sample
from the transformed vector Z in (4.19). A sample from X is then obtained by

“andoing” this transformation. For later reference this new implementation will be

called Algorithm TN2.

Algorithm TN2

Let zg € S be an initial value of the sampler. The last component z® = [zgt), zgt),

. z](ct) ] of the current Gibbs path zg,21,...,2; is updated as follows:
e draw zj(-tH) from p(zjlzgtﬂ), ey ](.tfll), j(Ql, .. ,z,(f)), i=1,...,k,
o set X(t+1) = A-1Z(+1)
where the conditional distribution p(zj|z§t+1), e zj(-ﬁl), zj(-fal, Cee z,(f)) is given

in (4.23). O

4.2.2 Performance comparison of Algorithms TN1 and TN2

To compare the performance between Algorithms TN1 and TN2, we consider an

example in which X ~ Nr(u,X), where

U= , X = , (4.25)

and 7 is the region determined by the constraints,
a0 <X+ Xy <d, <X — Xy <dy, (4.26)

which can be written in the format in (4.14) with ¢ = [¢; ¢o]¥, d = [d; d2]* and

B =
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To provide some indication of the efficiency of his procedure, Geweke (1991) consid-
ered five configurations of truncation points of ¢;, ¢z, d; and dy (and p = 0). In this
example we consider four configurations of truncation points of ¢;, ¢g, d; and d; and
three values of p. For each configuration we apply the two Gibbs sampler implemen-
tations described above and stop after 1600 iterations. As a mean of comparison of
the two implementations, the results of the Raftery and Lewis convergence diagnos-
tic procedure for each chain are shown in Tables 4.1 and 4.2. In the general set up
of the Gibbs sampler algorithm, this diagnostic, introduced by Raftery and Lewis
(1992), determines the total number of iterations required to compute quantiles of
functionals of 8. Also, the method gives the number of initial iterations that must
be discarded to allow for “burn-in”. Some specifics of the method are as follows: Let
¢ be a function of the parameter vector 8. For a fixed probability s, a known ¢ and
accuracy 7, suppose that we want to estimate the value of the quantile u, given by
P(¢€ < u|D) = g in such a way that P(|§ — ¢| < r|D) = s, where § is an estimator of
g based on the sample path of the chain.

In Tables 4.1 and 4.2, the columns labeled as “bound” are the total length needed
if the components of the chain were in fact an iid sample. The column labeled as
“thinning” means that after the burn-in, every k-th observation is used. In both
tables we set ¢ = 0.5, » = 0.025 and 5 = 0.95. Based on the results from these
tables, we note that the convergence of Algorithm TNI is much slower than that
for Algorithm TN2. Also, the untruncated correlation p of X; and X, affects the
performance of Algorithm TN1. In general, as the region of truncation gets small, the
speed of convergence of Algorithm TN1 improves. One possible explanation of this is
that the chain must cover a “small” region faster than a “large” region. On the other

hand Algerithm TN2 has the advantage of providing samples that are “close” to iid
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thinning lower dependence
p  variable {k) burn-in  Total bound factor
—00< Xj+ X<, —co<Xi~-Xs <0

-0.7 Xy 23 115 58282 1537 37.92
X 3 12 6726 1537 4.37

0 X1 18 90 46206 1537 30.06
X 1 2 1551 1537 1.01

0.7 X 22 154 72050 1537 23.96
X2 3 12 6549 1537 5.89

-10< X1+ X, <10, ~10< X, -X, <10

-0.7 X 25 150 78650 1537 51.17
Xo 6 24 14160 1537 9.21

0 X, 10 60 30040 1537 19.54
X 1 2 1558 1537 1.01

0.7 X1 20 120 60380 1537 39.28
X ] 24 13272 1537 8.64

-5< X1+ X <5, 58X Xy <5

-0.7 X 15 75 36405 1537 23.69
X5 3 12 6036 1537 3.93

0 X1 15 75 39555 1537 25.74
X 1 2 1490 1537 0.97

0.7 X 14 70 36834 1537 23.96
X 4 16 9048 1537 5.89

-1<X + X <1, -1 -X,<1

-0.7 X1 3 12 6087 1537 3.96
X 1 3 1397 1837 0.01

0 X, 2 6 3436 1537 2.24
X 1 3 1312 1537 0.85

0.7 X1 3 12 5976 1537 3.89
X 1 3 1329 1537 0.86

Table 4.1: Algorithm TN1 implemented to the truncated normal random vector [X;, X2]7 with
unconstrained mean 0, var{X;} = 10, var{X:} = 0.10 and cor{X;, X3} = p, subject
to the constraints ¢; < Xy + Xo < di, ¢ < X3 — X, < dy with Raftery and Lewis
convergence diagnostics.

samples, regardless of the size of the region of truncation or the correlation of X; and
X,. In fact, for the configuration —oo < X; + X5 < 00, —o0 < X; — X3 < 00, this
algorithm provides an iid sample, since the conditional distribution in (4.23) does
not depend on the fixed values z_; (e.g., see O’Hagan, 1994).

The autocorrelations of the output of a Gibbs sampler can be used to measure the
performance of a simulation implementation. Chen, et al. (2000) observe that slow
decay in the autocorrelations suggests slow mixing within a chain and usually slow

convergence to the posterior distribution. For this example, the autocorrelations
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thinning lower  dependence
p  variable (k) burn-in Total bound factor
—0 <X+ X<, —w< X ~-Xs< 0

-0.7 X4 1 3 1702 1537 1.11
X 1 2 1501 1537 0.98

0 X1 1 2 1432 1537 0.93
X 1 2 1582 1537 1.03

0.7 Xy 1 2 1505 1537 0.98
X, 1 2 1516 1537 0.99

-10< X+ X, <10, ~10< X - X, <10

-0.7 X 1 2 1480 1537 0.97
Xs 1 2 1566 1537 1.02

0 Xi 1 2 1509 1537 0.98
X 1 2 1490 1537 0.97

0.7 X1 1 2 1614 1537 1.05
X 1 3 1689 1537 1.10

-5< X1 +X:<5, -5<X; —-XK5

-0.7 X1 1 2 1505 1537 0.98
X 1 2 1446 1537 0.94

0 X1 1 2 1505 1537 0.98
X 1 2 1610 1537 1.03

0.7 X1 1 2 1642 1537 1.07
X 1 2 1578 1537 1.03

-1< X +X <1, -1<X; -X;:<1

-0.7 X1 1 2 1566 1537 1.02
Xa 1 2 1450 1837 0.94

0 X 1 3 1390 1537 0.90
X 1 2 1526 1537 0.99

0.7 X1 1 2 1655 1537 1.08
Xy 1 2 1531 1537 1.00

Table 4.2: Algorithm TN2 implemented to the truncated bivariate normal random vector [X;, Xg]T
described in Table 4.1 with Raftery and Lewis convergence diagnostics.

of X;, Xy and X; + X, for two configurations of values of p, ¢ and d using the
output of the Gibbs sampler obtained with Algorithm TN1 are shown in Figure
4.1. The first row of graphs contains the autocorrelations for p = 0, —o0 < X; +
Xy < o0, and —o00 < X; — X5 < oo and the second row of graphs contains the
autocorrelations for p = —0.7, -1 < X;+ Xy < land -1 < X; — X, < 1. Figure 4.2
contains the analogous autocorrelations for the output of Algorithm TN2. For the
two configurations considered in Figures 4.1 and 4.2, we conclude that the mixing
of the sampler from Algorithm TN2 is better than that of the sampler of Algorithm

TN1. Notice that the column labeled as “dependence factor” in Tables 4.1 and 4.2
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Figure 4.1: Autocorrelation plots of X3, X, and X7 + X, for two configurations of values of p, ¢
and d obtained with the Gibbs sampler output of Algorithm TN1.
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Figure 4.2: Autocorrelation plots of X1, X3 and X; + X, for two configurations of values of p, ¢
and @& obtained with the output of the Gibbs sampler given in Algorithm TN2.

is related with the information of the mixing provided by the autocorrelation plots
in Figures 4.1 and 4.2. That is, the slower the mixing, the higher the dependence

factor and vice versa.
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A useful graphical tool to assess performance of the simulation procedure consists
in monitoring some statistics of the output against iteration. In order to achieve
stationarity, the monitored statistics must stabilize at some iteration. Thus, a mon-
itored statistic which has not yet stabilized provides evidence for non convergence
to stationarity. In Figure 4.3 we monitor the means of X;, X5 and X; + X, against
the iteration number using the output of the two implementations with the configu-
rations used in the autocorrelation plots given in Figures 4.1 and 4.2. In this figure,
the solid lines are the means obtained using the output of Algorithm TNI, while the
dotted lines are the means obtained with the output of Algorithm TN2. Recall that

Algorithm TN2 provides an iid sample X, X@ . X® from the distribution of

o X2 X1+X2
2 )
& & 8 &
@ 03 ]
£ £ =
g 2. 2
S € 8| [~
9 | o 0 |
Th T . . ] T T T .
1 500 1000 1500 1 500 1000 1500 1 500 1000 1500
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Figure 4.3: Running mean plots of X1, X; and X; + X, for two configurations of values of p, ¢
and d. The solid lines are the running means obtained with the output of sampler from
Algorithm TN1. The dotted lines are the running means computed with the output of
Gibbs sampler based on Algorithm TN2. In the first row, the horizontal lines show the
means of the monitored statistics and the pair of dotted lines is the lower and upper
limits of the true 95% confidence intervals for these statistics.
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X when —o0 < X1+ Xy < 00, —00 < X;— Xy < oo. Thus, the means and
variances of X;, Xy and X; + X, (which are estimators of the means of X;, X; and
X; + X, respectively) are known. For example, E(X;) = 0 and var(X;) = 10/¢t. In
the first row of Figure 4.3, the horizontal solid lines show the expected means of the
monitored statistics, while the dotted lines show the upper and lower 95% confidence
limits 1.960 of the monitored statistics. We note in this figure that the monitored
means stabilize earlier for the sampler provided by Algorithm TN2. In particular,
in the upper left panel, with algorithm TN2, the monitored means stabilize after
500 iterations, while for Algorithm TN1 they have not yet stabilized even after 1500

iterations.

4.3 Gibbs Sampler Implementations to the Constrained Linear Regres-
sion

In this section we implement the Gibbs sampler algorithm to a Bayesian linear
regression model in which the regression coefficients satisfy inequality linear con-
straints. When the number of constraints does not exceed the number of regression
coefficients we compare our procedure with the implementation described in Geweke
(1996). In addition, we show through an example how the case of equality linear
constraints can be handled.

Combining the prior distribution of (8, ¢?) given in (4.5)-(4.6) with the likelihood

of the model in (4.1) we have

ﬁ|(027y) ~ NT(“’lazl) (427)

o*|(B,y) ~ (SS(B)+2X) Xatan (4.28)

where x2,,, denotes a chi-squared distribution with n + 2v degrees of freedom, T is
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defined in (4.4), and
po= B+ (1=
T, = o2yXTX)?
55(8) = (y-XB)(y-XB)
v = o3/(o5 +0°)

~

B = XTX)XTy.

For comparison purposes, we describe now the implementation of the Gibbs sampler
algorithm given by Geweke (1996) to a multiple linear regression model where the
regression coefficients are subject to a set of at most k linearly independent inequality

linear constraints, i. e.,
T:={BeR:c<BB<d}

where ¢, d and B are as in (4.3).
As in Algorithm TN1, the vector of regression coeflicients 3 is transformed to

n = BA. Then,
nl(c?,y) ~ Ng(Bu,,BE,BT), S={BecR:c<p<d} (4.29)

The full implementation of the Gibbs sampler to the vector 8 := (7, 0?) proposed

by Geweke is summarized in the following Algorithm.

Algorithm CLR1

Let 0(0), %), ..., 89 be the current path of the Gibbs sampler. The last component

8% = (¥, ..., n?, 09 is updated as follows:

e Generate ngt“) from p(mlnét), ce 771(:), a?®, )
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o Generate 7y from p(mln{™,n{’ ..., 0,029, y)
» Generate n " from p(meln™, nf™ ... P, 070, y)
e Generate 1) from p(o?lni™, 1™ ..., 0"V, y),

where, due to (4.29), for j = 1,..., k, the distribution

(t+1) (t+1) ® () ,2(1)

(77]}77 a'“?n) 1 - 177]+17 '777); 7 7y)

is univariate normal truncated below by ¢;, truncated above by d;, and its mean and
variance can be found using (4.29) along with the expressions in (4.11) and (4.12).

Also, p(o 2[771t+1 ,ngﬂ) ... ,n,(ctH),y) can be obtained from (4.28). O

Now, we give a new implementation, similar to Algorithm TN2, to the case when
the number of inequality linear constraints can exceed the number of regression
parameters. For this case, T is given in (4.4). Let A be a non-singular matrix for
which A(XTX) A =1, and set

n=AB. (4.30)

Then, from (4.8) and (4.27)
n|(0®,y) ~ Ns(Ap,, 0%71), S={necR:Dy<b} (4.31)

where D = BA™! and B and b are defined as in (4.2). We implement the Gibbs
sampler algorithm to the transformed vector @ = (1,62%). The details are given in

Algorithm CLR2.
Algorithm CLR2

Update the last component 8 = (n(t) ...,77() o?®) of the current path 80 ),

" 8 of the Gibbs sampler as follows
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e Generate ngtﬂ) from P(771|77§t), L ,77](:)7 UQ(t)jy)

e Generate 5y from p(ma[n{™™, ni? ..., n?, 0%, y)

o Generate nlgt+1) from p(nkin§t+l)a Uét—m R nl(ctj11>> Uz(t)ay)
e Generate o2+1) from p(aﬂnyﬂ), 775”1) cees 77;(gt+1)»§’):
where due to (4.31), for j = 1,..., k, the distribution
t+1 1
poilnt™Y, oY ol e y)
can be obtained similarly as in Algorithm TN2, and p(aglngtﬂ), étH) e ,n,(ct+1),y)

can be obtained from (4.28). O

4.3.1 Example: Rental Data

We consider the 32 observations provided by Pindyck and Rubinfeld (1981, page
44) on rent paid, number of rooms rented, number of occupants, sex and distance

from campus in blocks for undergraduates at the University of Michigan. Geweke

(1986, 1996) considers the model
yi = B+ Basiri + Bs(1 — si)ri + Basids + Bs(1 — s;)ds + &,

where 1; denotes rent paid per person, r; number of rooms per person, d; distance
from campus in blocks, s; is a dummy variable representing gender (one for male and
zero for female), ¢; is normally distributed error with mean 0 and variance 0%, and

the f’s are subject to the constraints
220, B3>0, 8, <0, 85 <0. (4.32)

Since the number of constraints does not exceed the number of regression coef-
ficients, Algorithm CLR1 can be used to draw a sample from the posterior dis-

tribution of (8,0%). For this algorithm, the matrix B is the identity of size 5,
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¢ = [~00,0,0,—00, —o0]” and d := |00, 00, 00,0, 0]". For Algorithm CLR2, b =0

and B is given by

0 -1 0 00
0 0 -1 00
6 0 0 10

0 0 0 01

.

Taking g4, to be the constrained MLE of 8, of = 1000, and v = A = 0.001 as the

values needed for the prior distribution of (3, ¢%), we obtained Gibbs paths of length

1600 for the posterior distribution of (3, 0?) using Algorithms CLR1 and CLR2. In

Figure 4.4 we show the autocorrelation function plots of 52, 83 and 4 using these

outputs. From this figure, we note that the mixing of the sampler from Algorithm

beta?
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Autocorrelation plots of 8a, 83, and B4 obtained with Gibbs paths of length 1600. The

first row was obtained with the output of Algorithm CLR1. The second was obtained
with the output of Algorithm CLR2.
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CLR2 is faster than that from Algorithm CLR1.

To compare the speed of convergence of both samplers, we increased the length of

both paths to a total length of 20000 (each path). In Figure 4.5 we show two sections

betal beta2 beta3
<>
51 & 2
5 & 5
@ 3 5
= Ee £,
281 28 28
= = [
< [~ <
E 2 2
o @ o
¥ L T - L] T T T - T T L] T
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t t t
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2 &
2 2 5 ot A
; = § ] M
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o3 ¥ " 25
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Figure 4.5: Two sections of the running means of $1,..., 85 and . The thick lines show the first

sections (9401 < £ < 10000) and the thin lines the second sections (19401 < ¢ < 20000)
of these running means. The values obtained with the cutput of Algorithm CLRI1 are
shown with solid lines and that cbtained with the output of Algorithm CLR2 with
dotted lines.

of the running mean plots of 02 and all the components of 8. In each panel, the thick

lines correspond to the section 9401 < ¢ < 10000 while the thin lines correspond to

the section 19401 < ¢ < 20000. The solid lines were obtained using the output of

Algorithm CLR1 and the dotted lines that of Algorithm CLR2. While it appears

that for the sampler from Algorithm CLR2, 20000 iterations are enough to stabilize

the mean of ¢ and B, this is not the case for the sampler from Algorithm CLRI.

4.3.2

Example: Least squares estimates of a transition probability matrix

This example considers the estimation of the transitional probability matrix of a finite

Markov process when only the time series of the proportions of the sample in each
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state is known. To estimate the transition probability matrix, Telser (1963), proposes
least-squares estimation based on a set of regression models subject to the sum-to-one
constraints for the rows of this matrix and to the non-negativity constraints of all its
entries. To illustrate their generalized restricted estimator procedure, this problem
is analyzed again by Judge and Takayama, (1966), which takes these constraints into
account explicitly. The numerical example given by Telser (1963) and Jugde and
Takayama (1966), consists of the annual sales in billions of cigarettes for the three
leading brands from 1925 to 1943. Given the time ordered market shares of these
brands and assuming that the probability of a transition, p;;, from brand ¢ to brand

j is constant over time, Telser gives the regression models

3 «
Yjt = Zyi,t—lpz‘j +ui, Jj=1,2,3, (4.33)
i=1
where y;; is the proportion of individuals in state j at time ¢ and uy, t = 1,...,T

are independent errors. The probabilities p;; are subject to the constraints

3
> py = 1, foralli, (4.34)
j=1

pi; = 0, forallsand j. (4.35)

For the cigarettes data, the three models in (4.33) can be combined as

Y1 W 0 0 P u
yv21=1 0 W O ps | T u | (4.36)
Vs LO 0 W_ | Ps | | U3
where y; == [y, .. ,yr4]T, W is the common design matrix of dimension 3x T —1

from the models in (4.33), p; is the j-th column of the probability transition matrix
P of the finite Markov process, and u; is the vector of errors from the model in

(4.33).
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We propose to treat the equality constraints in (4.34) as in the frequentist ap-
proach. e.g., Hocking (1996; page 70) incorporates equality linear constraints into
the so called full model to obtain a reduced model. In the Bayesian approach, a new
feature appears. The equality constraints need to the incorporated in the support
of the full model. Denote by y the response vector of the full model in (4.36), by
Wi, Wy and W3 the matrices having the columns 1 through 3, 4 through 6 and 7
through 9, respectively of the design matrix in (4.36). Substituting pi3 = 1 —pi; — Pio,

1 =1, 2,3, in this model, we obtain

- -
1
P
v—-W;3| 1| =[W,-W; W;—-Wj + 1, (4.37)
P2
1
subject to the constraints
Pi1 +P12 S 17 1= 19 2) 3) (438)
pij 2 Oa 1= 17 2>37 .7 = 17 2: (439)

where u is the vector of errors from the model in (4.36). In their method, Judge
and Takayama (1966) assume that var(u) = o2I. For simplicity we also assume that
u ~ N(0,0%I). However, a more general matrix of variance-covariance for u can
be used, e.g., var{u;} = 0T and cov{u;,,u;} = 0, j1 # j,. For this case, a prior
distribution for the vector (03,03, o%) needs to be specified.

Notice that the number of constraints in (4.38-4.39) to the regression model in
(4.37) exceeds the number of regression coefficients. This time, Algorithm CLR1
can not be carried out. To implement the Gibbs sampler described in Algorithm

CLR2, set i, equal to the constrained MLE of 8 := [pT pl], o2 large (100), and

v = X = 0.001 as the values needed for the prior distribution of (8,0?%). A path of

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



86

length 5000 for the posterior distribution of (8, 0?) was generated. Based on the last
2500 iterates of this sample, the estimate P of the probability transition matrix and
the matrix &5 having in its entries the estimated standard error of each component

of P are

[-0.690 0.118 0.192

P = | 003 0844 0.121 |- (4.40)

0.334 0.060 0.606

[ ]
0.0016 0.0009 0.0016

op = 0.0006 0.0008 0.0009

L0.0023 0.0010 0.0024

The restricted least-squares estimates obtained by Judge and Takayama (1966) are

given by

0.6686 0.1423 0.1891

s
H

0  0.8683 0.1317 | - (4.41)

0.4019 0 0.5981

The estimates in (4.40) differ slightly from the restric;ed least-squares in (4.41).
Perhaps the most important difference is the fact that the estimates of py; and
ps32 are non zero. The zero estimates of the elements of P can induce misleading
interpretations. For example, because py; = 0, a smoker of the second brand never
tries cigarettes of the first brand, unless he tries cigarettes of the third brand. This
unlikely behavior does not show up with the estimates in (4.40).

To get an indication of how the sampler performs, the autocorrelation plots of
the components of the matrix P and the running means of these components are
shown in Figures 4.6 and 4.7, respectively. In Figure 4.6 we ohserve a fast decay on

the autocorrelations. Following Chen, et al. (2000), we expect a good mixing and
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Figure 4.6: Autocorrelation plots of the components of the transition probability matrix P of the
cigarettes data obtained with a Gibbs path of length 5000.
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Figure 4.7: Running mean plots of the components of the transition probability matrix P of the
cigarattes data obtained with a Gibbs path of length 5000.

fast convergence. This is in fact corroborated by the results in Figure 4.7, where the

monitored statistics seem to be stabilized after a relatively small number of iterations.
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4.4 Conclusions

In this chapter, Bayesian analysis of a linear regression model where the param-
eters are subject to inequality linear constraints has been considered. Our method
is based on an efficient Gibbs sampler implementation to the truncated multivari-
ate normal distribution. This sampler mixes faster than others implementations in
the literature (e.g. Geweke, 1991; Chen and Deely, 1996; Geweke, 1996.) Although
the number of constraints can exceed the number of regression coefficients, the con-
strained region must have positive Lebesgue measure. Furthermore, we have shown
through an example how to use equality linear constraints in addition to inequality

linear constraints.
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APPENDIX A

The Innovations algorithm

In this appendix, we briefly describe the innovations algorithm (Brockwell and Davis,
1991) and show with an example, how it can be adapted to compute the recursion
in (2.16) and the determinant needed in approximation (2.23). This algorithm is

applicable to any time series with finite second moments, whether stationary or not.

Suppose that {X;}7 ; is a time series with finite second moment and covariance
matrix I'. Define X = (X1, X, ..., X,). Let X be the vector of one-step predictors,
ie, X = (0, X, .. .,X’n) and vj == E(X,41 - Xj+1)2 be the mean-squared error of

the one-step predictor X'jH. Then (Brockwell and Davis, 1996; pp. 70-71)

X = C(X - X), (A1)
where
/ 1 0 0 0 \
011 1 0 0
C:= 020 Oa1 1 .0 - (A.2)
9n~1,n-1 9n-—1,n—2 9n—1,n—3 oo 1 /

The entries 8;; of this matrix can be found recursively as in Proposition 5.2.2. from

Brockwell and Davis (1991). Computing the covariance matrices on both sides of

89
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(A.1), it follows that

T = CDCT, (A.3)

where D 1= E{(X - X)(X — X)T} = diag{wg, v1, ... ¥p—1}. The last equallity comes
from the fact that the components of X — X are uncorrelated. Also, because the
determinant of the matrix C is 1, taking determinants in both sides of (A.3), we
obtain

n—1
Ir| =|CcDCT| = D|=[[ v (A.4)
Jj=0

Now, using using (A.1) and (A.3), we can show that
I''X = CTe, (A.5)
where the entries e; of the vector e are the “normalized” residuals (X; — X;)/vj_1.

For example, consider the SSM for which the observations ¥, ...,y, are realiza-
tions of a Poisson distributed with rates A, = e®+°t and the state process follows the
AR(1) model

oy = Qa1 + 1, (A.6)

where n; ~ iid N(0,0?), t = 1,...,n. Notice that the distribution of the observations
has the format of the exponential family in (2.3) where b{q;) = 7.

From the fact that cov{ay, apyn} = 0?|8|*/(1 — ¢?), we have

1 —¢ 0 0
-6 1+¢* —¢ 0 0
V =cov{a} ™! =1/c* 0 -4 1+¢# ’ °
0 0 0 1+¢* —¢
\ 0 0 0 —@ 1 }
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Now, let @/ be the current iterate to the value of a*. From (2.15) and (2.24)

d

b = 5&1Tb(a)laj = efe
v 9 T Bdi o
K = aaﬁuTl b(a)|o = e’diag{e™ }.

Since no intercept is included in the AR(1) process in (A.6), g = 0. Thus, ¥ defined
in (2.25) is given by
=y b + Kol + Vp=y— efe® + Pdiag{e® }o.

Set T':= K7 +V and X := §/. Since T is a band-limited matrix, it follows from

Proposition 5.2.2. of Brockwell and Davis (1991) that

4

i1, 1f.7 = 07

vj = (A7)

| Vit Ohvi, ifj=1,...,n~1,

)
n 0, 1f] = 1’
X, = < )

L ej-—l,l(Xj—l — Xj-—l): lfj = 2, N {2

andform=1,...,n—1,
i, H3=1,
Omj =

0, ifj=2,...,m.
Once these values have been computed, then the vector of normalized residuals e

needed in (A.5) is easily obtained, and the iteration in (2.20) becomes
at =K +V)l§y =T"'X=C"Te (A.8)

Due to the fact that C is a band matrix, rather than inverting it to obtain a/*!

we can compute it by a reversed iteration obtained from e = Ca7*!.

The iteration in (2.20) tends to converge quite rapidly -only a few iterations are

required. Now, to compute the determinant of the matrix K* 4+ V needed in (2.23),
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set T' := K* + V, where K* = efdiag{e®’} -see (2.22), and X = y — efe® +

ePdiag{e® }a*, where a* is the converged value of the iteration in (A.8). Then,

from (A.4),
n—1
K"+ V|=T|=]]w
=0
where vj, j = 0,...,n — 1 must be computed as in (A.7). Extensions to state

processes following an AR(p) model can be handled in a similar fashion.
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