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ABSTRACT

METHODS FOR EFFECT MODIFICATION WITH MULTIVARIATE ENVIRONMENTAL

EXPOSURES

Humans are exposed to a multitude of environmental insults every day. Exposures such as air

pollution, heat and extreme weather, heavy metals, and environmental chemicals are known to be

linked to adverse health outcomes. There is interest in understanding how multivariate exposures,

including repeated measures of the same exposure over time for the same observation and measures

of multiple exposures at a single time point, impact health. Several statistical approaches have

been proposed for the analysis of multivariate exposure data. Two commonly used methods are

distributed lag models (DLMs) for repeated measures of exposure and Bayesian kernel machine

regression (BKMR) for multiple exposures observed at a single time point. These methods and

their variants are widely used in environmental health studies. However, they lack flexibility to

estimate effect modification in most settings.

In this dissertation, I develop methods to include effect modification in both DLMs and BKMR.

The first method is the distributed lag interaction model (DLIM) that extends the standard dis-

tributed lag framework to allow for modification of the exposure-time-response function by a sin-

gle continuous variable. I use a cross-basis, or bi-dimensional function space, inspired by the

distributed lag non-linear framework to simultaneously describe the temporal and modification

structure. Next, I developed a distributed lag interaction model with index modification (DLIM-

IM) that allows for modification of the exposure-time-response function by multiple modifiers via

a data-derived modification index. I use a Bayesian hierarchical framework to simultaneously es-

timate the exposure-time-response function and a weighted modification index, and I allow for

selection on the candidate modifiers. Finally, I propose and evaluate extensions of the BKMR

framework to include effect modification by a categorical modifier. I propose a new version of
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BKMR with a separable covariance function that allows for increased flexibility to estimate effect

modification as well a comparing alternative ways to apply BKMR for assessing modification

For each of these methods, I validated these methods through simulation and applied them

to multiple data sets to demonstrate their application. I have made open-source software for the

methods publicly available on CRAN and GitHub.
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Chapter 1

Introduction

A wide body of literature supports an association between environmental pollutants and human

health (Bosetti et al., 2010; Jacobs et al., 2017; Pan et al., 2024; Šrám et al., 2005; Stieb et al., 2012;

Vuong et al., 2020). In this dissertation, I consider the association of environmental pollutants

with birth and child health outcomes. Previous studies have found an association between fetal

exposure to environmental pollutants (e.g., particulate matter, heavy metals, nitric oxides, per- and

polyfluoroalkyl substances, and pesticides) and birth and child health outcomes, including asthma

(Bose et al., 2017; Hsu et al., 2015; Lee et al., 2018), premature birth (Bosetti et al., 2010; Chang

et al., 2015; Warren et al., 2012), low birth weight (Bosetti et al., 2010; Coker et al., 2016; Dai et al.,

2023; Warren et al., 2013), neurodevelopmental issues (Liu et al., 2022; Vuong et al., 2020), risk

of developing chronic diseases (Farzan et al., 2025; Mu et al., 2024), and other adverse outcomes

(Chiu et al., 2016). Such studies frequently analyze multivariate exposures that exist in many

forms and come with modeling challenges. In this dissertation, I consider two common forms of

multivariate exposures. First, I consider repeated measures of the same exposure over time, which

can be challenging to model due to correlation between repeated measures of exposure. Second,

I consider measures of multiple exposures at a single time point, which is challenging to model

due to correlation between exposures and the potential for complex associations. While there are

numerous statistical methods for multivariate exposures, the vast majority are designed to estimate

homogeneous associations across the population.

Research supports that the effects of environmental exposures on health can be heterogeneous

(Arcaya et al., 2016; Schnake-Mahl et al., 2020). Epidemiologists are often interested in whether

subgroups of the population have similar or different health effects of exposure. Formally, ef-

fect modification is the phenomenon in which there is a relationship between exposures and the

response that varies across strata of another variable, which I refer to as the modifier. For mul-

tivariate exposure settings with effect modification, the cumulative effect of the exposures could
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vary across levels of the modifier and/or variation across the modifier could be on the univariate

level. The concept of effect modification is similar to interaction, though true effect modification

implies that the modifier is not associated with the exposures, or if so, then all confounders are

controlled for (VanderWeele, 2009). We will use the terms interchangeably, which is common in

non-causal settings such as are discussed in this dissertation.

Without advancements in effect modification modeling methods, researchers are often forced

to choose from approaches that limit inference. For example, a researcher may average repeated

measures of the exposure across time and regress the response onto the averaged exposures inter-

acted with the modifying variable (Martenies et al., 2022b). This allows for estimating how the

effect varies by the modifier, but loses information on the importance of exposure timing through

the averaged exposures. Another popular approach is to fit separate models for each level of the

modifier (Niu et al., 2022). If the modifier is continuous, this first requires discretizing the modifier.

Fitting stratified models limits inference on differences between modifier levels and is difficult or

inefficient with modifiers that contain many levels or are continuous. In this dissertation, I present

extensions for models in multivariate exposure settings that include effect modification to address

these limitations.

1.1 Distributed Lag Model

Distributed lag models (DLMs) are a popular approach for modeling a response as a function

of repeated measures of an exposure (Almon, 1965). Given a response yi, exposure xit at time

point t = 1, . . . , T , and a vector of covariates zi for individual i, the standard DLM is

yi =
T
∑

t=1

xitβt + z′iγ + εi, (1.1)

where ε1, . . . , εn are independent and normally distributed. Here, βt is the linear association be-

tween the response and the exposure at exposure-time point t, and the vector [β1, . . . , βT ] defines

the exposure-time-response function. Due to correlation between exposure-time points, the model
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is regularized by smoothing the exposure-response function. There are various approaches for reg-

ularization, including spline expansion (Schwartz, 2000), regression trees (Mork et al., 2024), and

Gaussian processes (Warren et al., 2020).

In a DLM, inference is made through estimates of the exposure-time-response function [β1, . . . ,

βT ]. The estimated exposure-time-response function can be used to identify both windows of sus-

ceptibility and cumulative effects of exposure on response. A window of susceptibility is a range

of the exposure-time points t during which there is an increased association between exposure and

response. The cumulative effect is the total effect of a one-unit difference in the exposure on the re-

sponse across the exposure history, or the sum of βt across the exposure time-points t = 1, . . . , T .

There are few options for including effect modification with the existing DLM framework; there-

fore, researchers are forced to use approaches that limit inference, such as stratification or aggre-

gation across repeated measures.

1.2 Bayesian Kernel Machine Regression

Myriad machine learning and statistical models exist for modeling environmental mixtures

(Joubert et al., 2022). Mixture exposures are multivariate exposures that include multiple environ-

mental pollutants (e.g., fetal exposure to heavy metals in utero) measured for the same individual.

Bayesian kernel machine regression (BKMR) is a popular choice of model for environmental mix-

ture analyses due to its versatility (Bobb et al., 2015, 2018). BKMR is Gaussian process regression

that models the response yi as a flexible function of the multiple exposures and controls for co-

variates. To describe BKMR (Chapter 4 and Section 1.2), I switch notation by using z for the

exposures and x for covariates; whereas, I use x for the exposure and z for covariates to describe

DLMs (Chapters 2 and 3 and Section 1.1). This follows convention in the literature for both the

DLM and BKMR. The BKMR model is

yi = h(zi) + x′
iβ + εi, (1.2)
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where ε1, . . . , εn are independent and normally distributed. The first term h(zi) is the exposure-

response function, which represents the complex associations between the exposures and response.

BKMR accommodates most goals of a mixture analysis, including identifying exposures associ-

ated with the response, overall effect estimation, allowing for nonlinearities and interactions be-

tween exposures (Joubert et al., 2022). Despite the plethora of statistical methods for the analysis

of mixtures, there are limited methods for effect measure modification or modeling heterogene-

ity with mixture exposures. Instead, researchers often rely on stratified analyses, which can be

inefficient and limit inference.

1.3 Overview

The standard modeling approaches detailed in Sections 1.1 and 1.2 assume that the effects of

the exposure on the response are homogeneous and do not allow for identifying differences for

sub-populations. In Chapters 2, 3, and 4, I extend these standard modeling approaches to include

effect modification that allows researchers to identify differences across the population based on

one or multiple modifiers. Chapter 2 develops methods for modification by a single continuous

modifier, and Chapter 3 introduces modification by a weighted combination of multiple modifiers.

In Chapter 4, I propose and evaluate methods to include categorical effect modification in BKMR.
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Chapter 2

Penalized Distributed Lag Interaction Model

2.1 Introduction

A growing body of epidemiological research supports an association between maternal expo-

sure to air pollution and birth and children’s health outcomes (Šrám et al., 2005; Bosetti et al.,

2010; Stieb et al., 2012; Lakshmanan et al., 2015; Jacobs et al., 2017). One goal of such studies

is to estimate the exposure-time-response function, which quantifies the association between ex-

posures at multiple time points and a subsequent outcome. Another goal is to identify windows of

susceptibility—periods during gestation when increased exposure can alter fetal development. Pre-

vious studies have estimated the exposure-time-response function and identified critical windows

of susceptibility to air pollution associated with increased risk for asthma (Hsu et al., 2015), pre-

mature birth (Warren et al., 2012; Chang et al., 2015), low birth weight (Warren et al., 2013), and

other adverse outcomes (Chiu et al., 2016). Most studies focused on estimating the exposure-time-

response relationship and windows of susceptibility assume homogeneity across the population.

However, both the toxicity of chemical exposure and the timing of the windows of susceptibility

may vary by individual- or neighborhood-level factors (Becklake and Kauffmann, 1999; Laksh-

manan et al., 2015; Wilson et al., 2017a; Lee et al., 2020; Niu et al., 2022). Some studies have

aimed to address this heterogeneity with models stratified by a single categorical factor such as

child sex (Bose et al., 2017; Lee et al., 2018; Bose et al., 2018). However, there are still gaps in

statistical methodology aiming to identify windows of susceptibility and estimate the exposure-

time-response relationship with modification by continuous individual- and neighborhood-level

variables.

Distributed lag models (DLMs) are a popular method to estimate the association between an

exposure observed longitudinally, such as weekly or daily measures of exposure during pregnancy,

and birth and children’s health outcomes (Hsu et al., 2015; Chiu et al., 2016, 2017; Bose et al.,
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2017). The objective of a DLM analysis is to simultaneously estimate the exposure-response rela-

tionship at each of the exposure time points, i.e., the exposure-time-response relationship. Com-

pared to using exposure averaged over pre-specified windows, such as clinically defined trimesters,

a DLM allows for data-driven identification of windows of susceptibility and has reduced bias for

the time-specific exposure-response association (Wilson et al., 2017b). A standard DLM analy-

sis assumes a linear exposure-response relationship between each exposure time and the outcome

(Schwartz, 2000; Zanobetti, 2000). The linear effect of exposure at each time point is usually

constrained to vary smoothly across exposure times to reduce variance of the estimator that results

from high autocorrelation between repeated measures of exposure.

Many authors have proposed extensions to DLMs adding flexibility to address specific research

questions or improve performance. Armstrong (2006) and Gasparrini et al. (2010) proposed the

distributed lag non-linear model, which is of particular interest to this paper. Distributed lag non-

linear models relax the linear assumption for DLMs by introducing a cross-basis, a bi-dimensional

representation of both the exposure time and the exposure values. While this allows for non-linear

exposure relationships at different time points, both the standard DLM and distributed lag non-

linear model frameworks assume homogeneous associations across the population.

To estimate modification in the distributed lag model framework, Wilson et al. (2017a) pro-

posed a Bayesian distributed lag interaction model (BDLIM). BDLIMs allow for interaction be-

tween repeated measures of exposure and a single categorical factor within the DLM framework.

However, this approach is limited by a small set of categorical variables or by stratifying continuous

variables to use as the effect modifier. Warren et al. (2020) developed a spatially-varying Gaussian

process model for windows of susceptibility, which allows the exposure-time-response function

to vary across areal units (e.g., census tract). However, this approach does not attribute variation

in the exposure-time-response function to any specific area-level modifying variable. Mork et al.

(2024) proposed a heterogeneous DLM that extends the DLM framework using Bayesian addi-

tive regression trees to estimate different exposure-time-response functions for various sub-groups

across many covariates. The heterogeneous DLM allows for increased flexibility with multiple
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continuous and categorical modifiers, but it comes at the cost of increased computational expense,

is more challenging to interpret the resulting posterior sample, and does not impose a smoothness

constraint on the modifying factor. Existing methodology is clearly lacking a flexible and com-

putationally efficient method to assess modification attributable to a single continuous modifying

variable.

Previous studies have aimed to identify effect modification based on a single continuous vari-

able but were forced to choose alternative approaches due to the lack of methods for a single

continuous modifier. One approach is discretizing the continuous modifier into categories. For

example, Niu et al. (2022) used BDLIMs to investigate the association between air pollution and

birth weight stratified by individual stress measurements and the California EnviroScreen com-

posite score, a neighborhood-level measure of burden from pollution and population vulnerability.

Several other studies have used BDLIMs with dichotomized versions of continuous predictors,

including antioxidant intake (Lee et al., 2020) and maternal stress (Bose et al., 2017; Lee et al.,

2018). Such an approach is limited in identifying windows of susceptibility by pre-determined

strata of the study population. Another approach is using time-averaged measures of exposure

(e.g., pregnancy average exposure) modified by a continuous factor. Martenies et al. (2022b) use a

neighborhood-level score modeled after the California EnviroScreen score as a continuous modifier

but fit a linear regression model using annual average exposure. The aggregation in this approach

prevents identifying windows of susceptibility during pregnancy. Neither of these approaches can

identify windows of susceptibility and estimate modification by a continuous variable.

We investigate the potential for the association between maternal exposure to ambient air pol-

lution and birth weight to be modified by area-level factors that may influence vulnerability. Ev-

idence shows that a myriad of neighborhood-level factors (e.g., gentrification, poverty rate, green

space, residential segregation, and healthcare accessibility) can modify the association between

environmental exposures and health outcomes (Arcaya et al., 2016; Schnake-Mahl et al., 2020;

Martenies et al., 2022a). Estimating the modification of many neighborhood factors is challenging

because neighborhood-level factors can be highly correlated with each other, making it difficult to
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differentiate the modification attributable to separate correlated factors. Therefore, several studies

have used an index aggregating multiple neighborhood factors as a candidate modifying factor to

study the effect of air pollution on health. Most of these studies considered averaged exposure

(Martenies et al., 2022b), while others have used DLMs for repeated measures of exposure strati-

fied by a dichotomized version of a composite index (Niu et al., 2022). We consider the Colorado

EnviroScreen health and social factors score, which is a measure of neighborhood-level health

and social vulnerabilities in Colorado, as a modifier of the association between ambient air pollu-

tion and birth weight (Colorado Department of Public Health and Environment (CDPHE), 2022;

Colorado EnviroScreen Tool Team, 2022).

In this paper, we propose a distributed lag interaction model that allows each individual to have

a personalized exposure-time-response function based on a continuous modifying variable. Unlike

the standard DLM, our model can estimate unique effects for each possible value of the modifying

factor across all exposure time points. The proposed approach builds on the cross-basis approach

for the distributed lag non-linear model framework of Gasparrini et al. (2010) but adapts it to cap-

ture the modified exposure-time-response relationship. Specifically, the approach uses basis expan-

sions in two dimensions. Expansion in the modifier dimension allows the exposure-time-response

function to vary for different levels of the modifier. Expansion in the exposure-time dimension

constrains the exposure-time-response function to vary smoothly across exposure time points, pro-

viding the necessary regularization in the presence of multicollinearity between repeated measures

of exposure. We estimated the association between maternal exposure to ambient fine particulate

matter (PM2.5) and birth weight using a large administrative data set derived from the Colorado

Birth Registry. In our analysis, we accounted for modification with the Colorado EnviroScreen

health and social factors score to assess how maternal neighborhoods influence vulnerability to

ambient PM2.5. We identified windows of susceptibility and were also able to identify neighbor-

hoods with heightened sensitivity. Our software is available in the R package dlim. The package

is publicly available on GitHub.
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Figure 2.1: Summaries of Colorado EnviroScreen health and social factors (HSF) scores for census tracts
selected in this study. Histogram of HSF scores for census tracts included in this study, with quartiles at
scores 32, 46, and 59 (left). Map of the state of Colorado shaded by census tract. Tracts not included in our
study are shaded in gray (right).

2.2 Colorado Birth Cohort Data

Our Colorado birth cohort data set contains all live births in Colorado, USA with dates of

birth between 2007 and 2018. We limited our analysis to full-term (estimated gestational age

of 37 weeks or longer), singleton births with estimated dates of conception between 2007 and

2017. Exposure measurement error may be greater in the mountainous regions of the state, and

confounding by elevation is associated with lower birth weight (Yip, 1987). To reduce the impact

of both exposure measurement error and confounding by elevation, we further limited to births in

counties constituting Colorado’s Front Range region (extending east of the Rocky Mountains from

Colorado Springs to the Wyoming border) and in census tracts at elevation, based on the centroid,

of 6000 feet or lower (Figure 2.1).

The data set includes birth weight, along with measurements before pregnancy of the pregnant

person’s age, body mass index (BMI), height, weight, race and ethnicity, education, income, and

marital status. The data set also includes maternal self-reported prenatal care habits and smoking

habits during pregnancy. See Appendix Table A.9 for more information on these variables. The
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outcome of interest is birth weight for gestational age z-score (BWGAZ) constructed using the

Fenton growth charts (Fenton, 2003).

We obtained environmental justice scores from Colorado EnviroScreeen on the census-tract

level (Colorado EnviroScreen Tool Team, 2022; Colorado Department of Public Health and Envi-

ronment (CDPHE), 2022). Colorado EnviroScreen synthesizes environmental exposures and ef-

fects, climate vulnerability, sensitive populations, and demographics across multiple years to create

a proxy for long-term environmental injustice in an area. Scores are percentiles, ranging from 0 to

100, with a higher score indicating that the area is more likely to experience environmental health

injustices. We used the health and social factors score, which quantifies a population’s long-term

susceptibility to environmental changes and vulnerability to social or economic adversities in an

area. The health and social factors score comprises two component scores: a sensitive population

score and demographics score. The sensitive population component score is an aggregation of

variables on the census-tract level: asthma hospitalization rate, prevalence of cancer and diabetes,

rate of heart disease in adults, life expectancy, rate of low birth weight, prevalence of poor mental

health conditions, and the percent of elderly and young children for an area. The demographics

component score combines the percent of the total population in a census tract that are burdened

by housing costs, have disabilities, have less than high school education, have limited English pro-

ficiency, are people of color, and have low income. We linked the EnviroScreen health and social

factors score to the Colorado birth cohort based on census tract of maternal residence at birth.

We also obtained daily ambient PM2.5 concentrations for each census tract from the down-

scaled models published by the US Environmental Protection Agency, which combine measure-

ments from regulatory monitoring networks and output from atmospheric chemistry models (www.

epa.gov/hesc/rsig-related-downloadable-data-files). Using the census tract of maternal residence

at birth, we linked exposure data to each birth and computed average exposure for each week of

gestation. We also linked ambient daily maximum temperature at the census-tract level from Abat-

zoglou (2013). Our final analysis data set included 393,205 births in 786 census tracts across 13

counties.
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2.3 Modeling Framework

2.3.1 Model Approach

For individual i = 1 . . . n, yi is the response, xit is the exposure at time t for t = 1, . . . , T ,

and zi is a covariate vector including the intercept. Assuming yi follows an exponential family

distribution, a standard DLM with no modification is

g[E(yi|xi, zi)] =
T
∑

t=1

xitβt + z′iγ, (2.1)

where g is the link function, βt is the linear effect of exposure at time t on the response, and γ is

a vector of regression coefficients. The vector β = (β1, . . . , βT )
′ is the exposure-time-response

function. The exposure-time-response function of a standard DLM is the same for all individuals.

We are interested in estimating how the exposure-time-response function varies as a function

of a scalar, continuous modifying variable mi. Throughout, we assume that mi is also included in

the covariate vector zi. Our proposed distributed lag interaction model is

g[E(yi|xi, zi,mi)] =
T
∑

t=1

xitβt(mi) + z′iγ. (2.2)

Unlike the standard DLM formulation, the linear effect of exposure on the response at exposure

time t for individual i, denoted βt(mi) in model (3.1), depends on the value of the modifier mi

for that individual. In our analysis, mi is the health and social factors score for the census tract of

maternal residence for birth i.

We target two parameters from model (3.1) for inference. First, we are interested in the

exposure-time-response function for the ith individual with modifier value mi, which is defined

as β(mi) = [β1(mi), . . . , βT (mi)]
′. The tth element of β(mi), βt(mi), is the linear effect of ex-

posure at time point t for individual i with modifier value mi. Second, we are interested in the

cumulative effect of exposure for each individual. In model (3.1), the cumulative effect for indi-
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vidual i is the expected difference in the response associated with one unit higher exposure at all

exposure time points, defined as δ(mi) =
∑T

t=1 βt(mi).

2.3.2 Parameterization of exposure-time-response functions

We allow βt(mi) in (3.1) to vary smoothly in both the exposure-time and modifier dimensions

through a penalized spline approach. Following the penalized cross-basis formulation proposed by

Gasparrini et al. (2017), we create a cross-basis for the modifier-time space.

To allow for the linear effect of exposure at each time point to vary smoothly as a function of the

modifier, we use B-spline basis expansions of the modifier values. The basis expansion for modifier

value mi is denoted b(mi) = [b1(mi), . . . , bνmod
(mi)]

′, where νmod is the user-defined number of

basis functions for the modifier basis expansion. We can write βt(mi) as a linear combination of

modifier basis values,

βt(mi) =

νmod
∑

k=1

bk(mi)ηtk. (2.3)

Then, we use B-splines to create a basis expansion of the exposure time points to add a smooth-

ness constraint in the time dimension and to regularize the model, reducing the effect of multi-

collinearity between repeated measures of exposure. The exposure-time basis expansion for time

point t is denoted c(t) = [c1(t), . . . , cνtime
(t)]′, where νtime is the user defined number of basis

functions for the exposure-time basis expansion. We can write ηtk from (2.3) as a linear combina-

tion of exposure-time basis values,

ηtk =

νtime
∑

j=1

cj(t)θjk, (2.4)

where θjk for k = 1, . . . , νmod and j = 1, . . . , νtime are regression parameters.
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Using the parameterizations (2.3) and (2.4), the first term on the right-hand side of (3.1) can be

written in terms of {θjk}
νmod,νtime

j=1,k=1 as

T
∑

t=1

xitβt(mi) =

νmod
∑

k=1

T
∑

t=1

xitbk(mi)

νtime
∑

j=1

cj(t)θjk

=

νtime
∑

j=1

νmod
∑

k=1

[

T
∑

t=1

xitbk(mi)cj(t)

]

θjk

=

νtime
∑

j=1

νmod
∑

k=1

wjk(mi,xi)θjk,

(2.5)

where wjk(mi,xi) is an element of the cross-basis for individual i representing the j th element in

the expansion of the exposure-time basis and the kth element in the expansion of the modifier basis.

Incorporating the representation in (2.5) into (3.1), we have the following reparameterized model

g[E(yi|xi, zi,mi)] =

νtime
∑

j=1

νmod
∑

k=1

wjk(mi,xi)θjk + z′iγ. (2.6)

Since βt(mi) for each t = 1, . . . , T is a linear combination of {θjk}
νmod,νtime

j=1,k=1 , we obtain all esti-

mates of the exposure-time-response function and cumulative effects using linear transformations

of the estimates of {θjk}
νmod,νtime

j=1,k=1 (see Section 2.3.4 for more details).

2.3.3 Parameter Estimation

Various basis expansions and estimation procedures can be applied to estimate the model pre-

sented in Section 2.3.2. In this paper, we focus on a penalized spline approach to allow for

data-adaptive smoothness in the exposure-time-response surface. We discuss alternative penalty

methods in Section 2.3.5. Let l(θ,γ) be the likelihood for our unpenalized model, where θ =

[θ11, . . . , θνtime1, θ12, . . . , θνtime2, . . . , θ1νmod
, . . . , θνtimeνmod

]′. Let Dν be a (v− 2)× v second order

difference matrix and Iν be a ν × ν diagonal matrix. Define a ν × ν squared difference matrix

S∗
ν = D′

νDν . To obtain penalty matrices Sνtime
and Sνmod

, we divide S∗
νtime

and S∗
νmod

by their

first eigenvalues, respectively, to ensure each applies equally weighted penalties. Let ⊗ denote the
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Kronecker product. The penalized likelihood is

lp(θ,γ,λ) = l(θ,γ)−
1

2
θ′{λmod(Sνmod

⊗ Iνtime
) + λtime(Iνmod

⊗ Sνtime
)}θ, (2.7)

where λ = [λmod, λtime] are penalty parameters that control smoothness. We fit the model with

REML (Laird and Ware, 1982) using the gam function from the mgcv package in R (Wood, 2017).

2.3.4 Inference

We conduct inference on both the exposure-time-response function and the cumulative effect

for each individual (see Section 2.3.1). Our estimator of the exposure-time-response function for

individual i is β̂(mi) = [b′(mi) ⊗ C]θ̂, where C = [c(1) . . . c(T )]′. The tth element of β̂(mi)

can also be written as β̂t(mi) =
∑νtime

j=1

∑νmod

k=1 bk(mi)cj(t)θ̂jk. The estimator β̂t(mi) has variance

V [β̂t(mi)] = 1′
νtimeνmod

At(mi)1νtimeνmod
, where At(mi) is the νtimeνmod × νtimeνmod matrix

At(mi) =[c′(t)⊗ 1νmod×νtimeνmod
]⊙ [1νtime×νtimeνmod

⊗ b(mi)] (2.8)

⊙ [c′(t)⊗ 1νmod×νtimeνmod
)]′ ⊙ [1νtime×νtimeνmod

⊗ b(mi)]
′ ⊙ V [θ̂].

The operator ⊙ represents element-wise multiplication and V [θ̂] is the covariance matrix for the

estimated coefficients. We estimate V [θ̂] using empirical Bayes estimators within the mgcv pack-

age in R (Marra and Wood, 2012).

Our estimator of the cumulative effect for individual i is δ̂(mi) =
∑T

t=1 β̂t(mi), or equivalently,

δ̂(mi) = w′
∗(mi)θ̂, where w∗(mi) is the vectorization by column of [1′

T ⊗b(mi)]C. The variance

of δ̂(mi) is V [δ̂(mi)] = w′
∗(mi)V [θ̂]w∗(mi).

2.3.5 Alternative Approaches for Penalization

There are potential alternative penalization structures, several of which are explored in Gas-

parrini et al. (2017). As described in Section 2.3.3, we can impose a penalty in both the modifier

and exposure-time dimensions by using difference matrices. The order of the difference matrix is
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related to the amount of smoothness imposed. In our main approach, we consider second order

difference matrix penalization in both dimensions. We could instead use a first order difference

matrix in either dimension to impose less smoothness for that particular dimension. We refer to

this method as PS(dtime, dmod) penalization, where dtime and dmod are the difference matrix orders

for the exposure-time and modifier dimensions, respectively.

Another option is to impose penalties on the second derivative in each dimension of the exposure-

time-response basis functions (Green and Silverman, 1994). Here, we consider using natural cubic

splines with the added constraint of allowing only one spline to be non-zero at each knot for com-

putational convenience (Wood, 2017). We refer to this method as CR penalization.

2.3.6 Alternative Approach without Penalization

We can also perform model estimation without penalization using natural splines. However,

the use of natural splines requires a priori specification of the degrees of freedom or a data-driven

selection process, such as cross-validation, that can be computationally burdensome and difficult

in practice. We recommend using AIC to choose degrees of freedom for non-penalized models.

2.3.7 Alternative Approach with Linear Interaction

The proposed model allows for flexible modification of the exposure-time-response function.

However, there may be situations where a simpler form of modification is preferable. We can

construct the modifier basis using polynomial functions, particularly a polynomial function of de-

gree 1 (i.e., linear), instead of penalized B-splines. The modifier basis expansion for modifier

value mi is then [1,mi]. Using this modifier basis expansion for the cross-basis described in Sec-

tion 2.3.2 is a distributed lag model with an additional linear interaction term, equivalent to the

model g[E(yi|xit,mi, z
′
i)] =

∑T
t=1 xitβt +

∑T
t=1 xitmiβ1t + z′iγ. We refer to this reduced model

as a distributed lag model with linear interaction. Increasing the degree of the polynomial basis

for the modifier increases the additional number of interaction terms. Estimation and inference in

Sections 2.3.3 and 2.3.4 proceed the same. We impose two penalty matrices in the lag dimension.

The first penalty matrix is diag(1, 0)⊗Sνtime
, which penalizes regression coefficient estimates con-
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tributing to estimates of the βt. The second penalty matrix is diag(0, 1)⊗ Sνtime
, which penalizes

regression coefficient estimates contributing to estimates of the β1t.

2.3.8 Test for Interaction

To test for effect modification, we developed a bootstrap likelihood ratio test using the approach

in Roca-Pardiñas et al. (2005). The null model is a standard DLM, as in (2.1), a model without

effect modification. The full model is a model with effect modification, either our proposed model

in (3.1) or alternative model presented in Section 2.3.7. First, we fit the null model and obtain fitted

values ỹi. For b = 1, . . . , B, we first generate a sample y∗bi for i = 1, . . . , n, with y∗bi drawn from

the assumed exponential family distribution built around ỹi. For a Gaussian model, we sample

the residuals (yi − ỹi) with replacement and add them to ỹi. For non-Gaussian GLM, we draw

from the distribution parameterized by ỹi (e.g., y∗bi ∼ Pois(ỹi)). We then fit both the full and

reduced model to each bootstrap sample and calculate a likelihood ratio test statistic denoted as

T̂ ∗b. This results in an empirical null distribution for our test. The critical value for specified α

level is the 1 − α quantile of the bootstrap sample of test statistics T̂ ∗1, . . . , T̂ ∗B. We reject the

null hypothesis of no modification when the test statistic fit on the original data is greater than the

empirical critical value. We can also reject the null hypothesis based on an empirical bootstrap

p-value, which we define as the proportion of bootstrap test statistics that are greater than the test

statistic calculated from the original data. We can also apply a similar test to compare the DLIM

with nonlinear modification presented in Section 2.3.1 to the distributed lag model with linear

interaction presented in Section 2.3.7.

2.3.9 Repeated Measures Among Individuals

We also propose a mixed model representation of the DLIM. For example, one may consider

exposure in the weeks prior to each visit in a longitudinal cohort (Peng et al., 2017). Consider

the longitudinal study with individuals i = 1, . . . , N and visits l = 1, . . . , ni for individual i. We

account for repeated measures among individuals by adding an individual-specific intercept αi to

(3.1). The mixed model DLIM is
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g[E(yil|xil, zil,mil)] =
T
∑

t=1

xil,tβt(mil) + z′ilγ + αi. (2.9)

We assume the individual-specific intercepts are independent of each other and the residuals,

and are distributed normal with mean zero and constant variance. The modifier mil can be constant

over time or time dependent. We fit the model with REML and the mgcv package as described in

Section 2.3.3.

2.4 Simulations

We validated our proposed DLIM with a simulation under four scenarios and three different

signal-to-noise ratios. We evaluated the method’s ability to estimate the exposure-time-response

functions and cumulative effects. We compared the operating characteristics of the proposed model

to a DLM with linear interaction (DLIM-linear) as described in Section 2.3.7 and a standard DLM

model with no effect modification. We additionally evaluated the empirical performance of the

bootstrap test for modification. We provide results for a DLIM(20,20) with PS(2,2) penalization,

i.e., a DLIM with 20 basis functions and penalty with a second order difference matrix in the

exposure-time basis and 20 basis functions and penalty with a second order difference matrix in

the modifier basis, and a DLIM-linear and standard DLM with nominal 10 degrees of freedom for

the exposure-time basis and penalty with a second order difference matrix. We discuss selection of

degrees of freedom and sensitivity in Section 2.4.4, and we show results for models with different

number of basis functions and additional models and data generating mechanisms in Appendix A.

Code for implementing these simulations is provided as a companion file to this manuscript.

2.4.1 Simulation Design and Data Generation

We randomly generated 1000 birth dates and constructed 37 weeks of exposure data for each

birth from observed ambient PM2.5 data. For each birth, we simulated modifier value mi from a

continuous uniform distribution on (0, 1) because the modifier of interest in this paper and other

motivating papers is a bounded index (Martenies et al., 2022b; Niu et al., 2022).
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We considered four scenarios with increasing complexity of the exposure-time-response func-

tion and modification. Figure 2.2 illustrates the four scenarios. We based the data generation

scenarios on the function f(t, c) := 2.5φ[(t − c)/5], where φ(·) is the normal probability density

function. We generated data for the scenarios as follows.

1. No Modification: The peak effect and its timing are the same for each individual. To simu-

late this scenario, we let βt(mi) = f(t, 20).

2. Linear Modification: The timing of peak effect is the same for each individual, but the peak

effect is linearly scaled by each individual’s modifying value. To simulate this scenario, we

let βt(mi) = mi ∗ f(t, 20).

3. Non-linear Shift Modification: The peak effect is the same for each individual but the tim-

ing of peak effect is shifted according to a non-linear function of each individual’s modifying

value. To simulate this scenario, we allowed the centers of the exposure-time-response func-

tion normal curves, ranging from 10 to 30, to be a non-linear function of the modifier value,

βt(mi) = f(t, 37[1 + exp{−20(mi − 0.5)}]−1).

4. Complex Modification: The peak effect and its timing are functions of each individual’s

modifying value. To simulate this scenario, we combined scenarios 2 and 3 to obtain

βt(mi) = mi ∗ f(t, 37[1 + exp{−20(mi − 0.5)}]−1).

For all scenarios, we generated 3 covariates and their corresponding regression coefficients

from a standard normal distribution. To simulate response values, we assumed a Gaussian dis-

tribution with variance σ2 and used an identity link function g in (3.1). We fixed the regression

coefficient for the main effect of the modifier at 1. We investigated model fit for increasing signal-

to-noise ratios, including 0.5 (low), 1 (medium), and 10 (high). Here, the signal is the standard

deviation of the first term across i = 1, . . . , n in (3.1), and noise is σ. We simulated 200 data sets

for each scenario and signal-to-noise combination.
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Figure 2.2: Each curve is an exposure-time-response function for an individual, each with different mod-
ifying values. In this example, there are n = 4 individuals, with modifier values 0.1, 0.5, 0.6, and 0.9,
respectively. Each scenario is described in Section 2.4.1.

2.4.2 Performance Evaluation

For each simulated data set, we calculated the root mean squared error (RMSE) for the cumu-

lative effect as [n−1
∑n

i=1{δ(mi) − δ̂(mi)}
2]1/2 and cumulative coverage as n−1

∑n
i=1 I[|δ(mi) −

δ̂(mi)| ≤ Φ−1(1− α/2)V̂ 1/2{δ̂(mi)}]. Here, I(A) = 1 if event A occurs and I(A) = 0 if event A

does not occur. We also calculated RMSE for point-wise effects as [n−1T−1
∑n

i=1

∑T
t=1{β̂t(mi)−

βt(mi)}
2]1/2 and point-wise coverage as n−1T−1

∑n
i=1

∑T
t=1 I[|βt(mi) − β̂t(mi)| ≤ Φ−1(1 −

α/2)V̂ 1/2{β̂t(mi)}]. We averaged RMSE and coverage across the 200 simulated data sets.

To evaluate our testing procedure we conducted three tests on each data set. These tests com-

pared: 1) DLIM(20,20) to DLM, 2) DLIM-linear to DLM, and 3) DLIM(20,20) to DLIM-linear.

We report the proportion of times that the null was rejected for each test.
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2.4.3 Simulation Results

Parameter Estimation

Table 2.1 includes results for simulation scenarios 1 and 2, and Table 2.2 includes results for

simulation scenarios 3 and 4. Overall, our simulation demonstrates that the DLIM(20,20) can

capture complex effect modification patterns. Further, using the DLIM over the standard DLM

framework results in substantially less bias and more accurate inference when there is effect mod-

ification and only a small loss in efficiency when there is no modification.

Table 2.1: Cumulative and point-wise performance metrics for penalized models averaged over all 200
simulated data sets for scenarios 1 and 2 and three signal-to-noise (SNR) levels. The low SNR is 0.5,
medium SNR is 1, and the high SNR is 10. The number of basis functions for the exposure-time basis was
10 for both the DLM and DLIM-linear. The table also includes the proportion of rejection (α = 0.05) across
simulated data sets under each null model (DLM or DLIM-linear) using the model comparison procedure
described in Section 2.3.8.

Cumulative Point-wise Model Comparison

SNR Model RMSE Coverage RMSE Coverage DLM DLIM-linear
Scenario 1: No Modification

DLIM(20,20) 0.263 0.95 0.026 0.92 0.04 0.05
low DLIM-linear 0.257 0.95 0.024 0.92 0.06 -

DLM 0.169 0.96 0.020 0.91 - -
DLIM(20,20) 0.131 0.95 0.015 0.96 0.04 0.05

medium DLIM-linear 0.129 0.95 0.013 0.94 0.05 -
DLM 0.084 0.96 0.011 0.94 - -

DLIM(20,20) 0.013 0.95 0.003 0.98 0.04 0.04
high DLIM-linear 0.013 0.95 0.002 0.90 0.04 -

DLM 0.008 0.96 0.002 0.90 - -
Scenario 2: Linear Modification

DLIM(20,20) 0.331 0.95 0.030 0.90 0.20 0.04
low DLIM-linear 0.329 0.95 0.029 0.89 0.30 -

DLM 0.438 0.70 0.028 0.83 - -
DLIM(20,20) 0.166 0.95 0.017 0.93 0.67 0.06

medium DLIM-linear 0.166 0.95 0.017 0.91 0.80 -
DLM 0.383 0.40 0.019 0.78 - -

DLIM(20,20) 0.017 0.95 0.003 0.98 1.00 0.05
high DLIM-linear 0.016 0.95 0.002 0.94 1.00 -

DLM 0.361 0.06 0.014 0.55 - -
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Table 2.2: Cumulative and point-wise performance metrics for penalized models averaged over all 200
simulated data sets for scenarios 3 and 4 and three signal-to-noise (SNR) levels. The low SNR is 0.5,
medium SNR is 1, and the high SNR is 10. The number of basis functions for the exposure-time basis was
10 for both the DLM and DLIM-linear. The table also includes the proportion of rejection (α = 0.05) across
simulated data sets under each null model (DLM or DLIM-linear) using the model comparison procedure
described in Section 2.3.8.

Cumulative Point-wise Model Comparison

SNR Model RMSE Coverage RMSE Coverage DLM DLIM-linear
Scenario 3: Non-linear Shift Modification

DLIM(20,20) 0.404 0.94 0.049 0.82 1.00 1.00
low DLIM-linear 0.620 0.79 0.053 0.73 0.52 -

DLM 0.555 0.72 0.065 0.49 - -
DLIM(20,20) 0.206 0.95 0.036 0.81 1.00 1.00

medium DLIM-linear 0.514 0.69 0.048 0.62 0.98 -
DLM 0.494 0.55 0.063 0.33 - -

DLIM(20,20) 0.025 0.92 0.010 0.91 1.00 1.00
high DLIM-linear 0.470 0.58 0.045 0.55 1.00 -

DLM 0.469 0.38 0.062 0.23 - -
Scenario 4: Complex Modification

DLIM(20,20) 0.320 0.94 0.037 0.82 1.00 1.00
low DLIM-linear 0.481 0.79 0.040 0.74 0.52 -

DLM 0.442 0.71 0.049 0.52 - -
DLIM(20,20) 0.163 0.95 0.028 0.81 1.00 1.00

medium DLIM-linear 0.395 0.69 0.036 0.63 0.98 -
DLM 0.394 0.54 0.047 0.35 - -

DLIM(20,20) 0.020 0.92 0.008 0.91 1.00 1.00
high DLIM-linear 0.359 0.59 0.034 0.55 1.00 -

DLM 0.374 0.42 0.046 0.24 - -

For simulation scenario 1, in which each individual’s exposure-time-response function does not

depend on its modifier value, all models performed similarly to each other. The standard DLM had

cumulative RMSE lower than the DLIMs for all signal-to-noise settings, and slightly lower point-

wise RMSE for the low signal-to-noise setting. We expected this because the simulated structure

does not include modification to the true exposure-time-response functions. Our results demon-

strate that when there is no modification, the DLM is slightly more efficient than both DLIMs.

However, the gain in efficiency is relatively small.
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For scenario 2, in which each individual’s exposure-time-response function is linearly scaled

by their modifying value, the DLIMs generally performed better than the standard DLM, which is

mis-specified in this scenario. In the high signal-to-noise setting of scenario 2, the DLIM(20,20)

and DLIM-linear had much lower cumulative RMSE (0.017 and 0.016, respectively) than the stan-

dard DLM (0.361). The DLIM(20,20) and DLIM-linear had much lower point-wise RMSE (0.003

and 0.002, respectively) than the standard DLM’s point-wise RMSE (0.014). The DLIM(20,20)

and DLIM-linear also had cumulative coverage (0.95) at the nominal level; whereas, the stan-

dard DLM’s cumulative coverage (0.06) was well below the nominal level. The DLIM(20,20) and

DLIM-linear also had point-wise coverage (0.98 and 0.94, respectively) near the nominal level;

whereas, the standard DLM’s point-wise coverage (0.55) was well below the nominal level. Our

results demonstrate that when the signal-to-noise ratio is high, a model accounting for linear inter-

action in the estimated exposure-time-response function is more favorable than the standard DLM.

In the medium and low signal-to-noise settings for scenario 2, the DLIMs out-performed the stan-

dard DLM in terms of cumulative effect RMSE and coverage. For point-wise metrics, all three

models performed similarly in terms of RMSE, but the DLIM(20,20) and DLIM-linear had cov-

erage near the nominal level (0.90 and 0.89, respectively) while the standard DLM had coverage

lower than the nominal level (0.83). Our results show that if true modification to the exposure-

time-response function is linear, then it is more appropriate to fit a DLIM. Fitting a standard DLM

can result in low coverage.

For the third and fourth simulation scenarios, in which each individual’s exposure-time-response

function also depends on its modifier value, a DLIM(20,20) was more accurate than the other mod-

els. For all signal-to-noise settings, the DLIM(20,20) had lower cumulative and point-wise RMSE

than the other models. The DLIM(20,20) also had cumulative and point-wise coverage much closer

to the nominal level than the other models. For example, cumulative coverage in the high signal-to-

noise setting for scenario 3 was 0.92 for the DLIM(20,20); whereas, the cumulative coverage was

0.58 for the DLIM-linear and 0.38 for the standard DLM in the same setting. In the lower signal-

to-noise ratio settings, point-wise coverage for the DLIM(20,20) model is closer to the nominal
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level than the other models, but is below the nominal level. For example in the low signal-to-noise

setting for scenario 4, the point-wise coverage was 0.82; whereas, the point-wise coverage for the

DLIM-linear was 0.74 and 0.52 for the standard DLM. We attribute the low point-wise coverage

for these scenarios to attenuated estimates of the peak effect and over-smoothing of modification

patterns in the low signal-to-noise settings. This persisted across various choices of basis con-

structions, number of basis functions, and penalty structures (see Appendix Tables A.1-A.6). As

the signal-to-noise increases, our model can better estimate the peak effects and over-smoothing is

reduced, resulting in smaller RMSE and coverage closer to the nominal level. Our results demon-

strate that when modification to the exposure-time-response function is present, a DLIM(20,20)

can accurately capture the complex modification patterns.

Testing Modification

Using the proposed bootstrap test, we were able to accurately identify scenarios with modifi-

cation and without modification in the simulation study. Tables 2.1 and 2.2 show the proportion of

times that the null model was rejected at the α = 0.05 level using the test. For scenario 1 with no

modification present, the tests comparing the DLIM(20,20) to the standard DLM and comparing

the DLIM-linear to the standard DLM both had type I error rates between 0.04 and 0.06 across all

signal-to-noise ratios. For scenario 2 with linear modification, the test for comparing the DLIM-

linear to the standard DLM had power of 0.30 in the low signal setting, 0.80 in the medium signal

setting, and 1.00 in the high signal setting. Additionally, the test for comparing the DLIM(20,20)

to the DLIM-linear maintained a type I error rate near the nominal level, ranging from 0.04 to

0.06 across the signal-to-noise levels. For scenarios 3 and 4, the test accurately identified the

DLIM(20,20) as the preferred model. The power for testing the DLIM(20,20) compared to both

the DLIM-linear and standard DLM was 1.00 across all signal-to-noise settings.

2.4.4 Hyperparameter Selection and additional simulations

The DLIMs with PS(2,2) penalization generally performed better than DLIMs with alternative

penalization methods discussed in Section 2.3.5. In particular, the DLIM(20,20) with PS(2,2)
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penalization performed better than the DLIM(20,20) with CR, PS(1,2), or PS(2,1) penalization.

See Appendix Tables A.5 and A.6 for a comparison to the PS(2,2) penalization method used in the

simulation study.

The penalized DLIMs generally performed better with a larger number of basis functions.

Overall, our simulation study shows that using a large number of basis functions, e.g., 20, for both

the exposure-time and modifier dimensions is best. Both the penalized DLM and penalized DLIM-

linear did not benefit from an increased number of basis functions; therefore, we only include

results for these models with 10 nominal degrees of freedom in the exposure-time dimension. All

non-penalized models performed poorly and were sensitive to the choice of degrees of freedom.

See Appendix Tables A.1-A.4 for a comparison between DLIMs fit with few and many basis

functions and for non-penalized model results.

We considered an additional simulation with a normally distributed modifier. We present results

in Appendix Table A.7, which were consistent with results presented in the main text.

We also demonstrate performance for a GLM version of the model. We present results for a

simulation using count data in Appendix Table A.8, which were similar to results in Section 2.4.3

and suggest the use of our proposed model over the standard DLM.

2.5 Analysis of Colorado Birth Cohort Data

2.5.1 Data and Model Fitting

We applied our penalized model to the Colorado birth cohort data set. Our analysis included

BWGAZ as the response, weekly exposure to ambient PM2.5 for the first 37 weeks of gestation

as the exposure of interest, and all covariates described in Section 2.2. In addition, we include

categorical variables for maternal county of residence, and year and month of conception (Leung

et al., 2023). We used the Colorado EnviroScreen health and social factors score as the modifier.

Health and social factors scores quantify neighborhood-level biological susceptibility and social

vulnerabilities. Variables for race, ethnicity, and education are included into our model on both the
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individual level as covariates and on the neighborhood level as part of the health and social factors

score as described in Section 2.2.

We fit a penalized DLM with nominal 20 degrees of freedom, a penalized DLIM-linear with

nominal 20 degrees of freedom, and a penalized DLIM(20,20) and performed the model compar-

ison test described in Section 2.3.8. We performed all analyses using our dlim package in R

version 4.3.0.

2.5.2 Results

Model comparisons with the bootstrap test supported using the DLIM-linear. When comparing

the DLIM-linear to the DLM, the empirical bootstrap p-value from the test was 0.019, indicat-

ing strong support for modification. The empirical bootstrap p-value was 0.077 when comparing

the DLIM(20,20) to the DLM and was 0.402 when comparing the DLIM(20,20) to the DLIM-

linear. This indicates that the data does not support the need for the more flexible DLIM(20,20)

over the DLIM-linear. Furthermore, the results from the DLIM(20,20) show evidence of mod-

ification consistent with the DLIM-linear. Figure 2.3 shows the estimated cumulative effect by

individual health and social factors score using each method. Cumulative effect estimates from the

DLIM(20,20) are similar to those from the DLIM-linear, further supporting that the added flexibil-

ity of the DLIM(20,20) is not needed. Therefore, we chose the DLIM-linear for the analysis. See

Appendix Figure A.1 for plots of point-wise effect estimates from the DLIM(20,20).

Figure 2.3 shows the cumulative effect for each individual health and social factors score using

each method. With a standard DLM, we estimated a negative cumulative effect of ambient PM2.5

on BWGAZ for all values of the health and social factors score. With a DLIM-linear, we estimated

a negative effect only for low health and social factors scores. Specifically, we identified an as-

sociation between birth weight and increased maternal exposure to ambient PM2.5 for health and

social factors scores lower than 50. The cumulative effect for those health and social factors scores

ranged from a decrease of 0.014 to 0.034 in BWGAZ for a 1 µg/m3 difference in ambient PM2.5.
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Figure 2.3: Estimates of cumulative effects of ambient PM2.5 exposure during gestation on BWGAZ from
a standard DLM, DLIM-linear, and DLIM(20,20) across the middle 98% of Colorado EnviroScreen health
and social factors (HSF) scores. We include confidence bands of 95% around all estimates.

Our results demonstrate that the effect, cumulative across gestation, of ambient PM2.5 on BWGAZ

may be modified by neighborhood-level vulnerability of the population in an area.

The top panel in Figure 2.4 shows the estimated exposure-time-response functions for the 25th,

50th and 75th percentiles of the health and social factors scores: 32, 46, and 59, respectively. The

estimated exposure-time-response functions are the same across health and social factors scores

for the standard DLM but vary for the DLIM-linear. For a health and social factors score of 32,

we identified a window of susceptibility during the the first and third trimesters. Specifically, we

identified a small window from weeks 7 to 11 and another window from weeks 27 to 37. The peak

effect was a decrease of 0.0007 in BWGAZ during the first window and a decrease of 0.0012 in

BWGAZ during the second window. The windows we identified are similar in timing to those in

some previous work; however, results on the specific timing of the windows are highly variable
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Figure 2.4: Pointwise effect estimates of ambient PM2.5 on BWGAZ from a standard DLM with 20
exposure-time degrees of freedom and a DLIM-linear with Colorado EnviroScreen health and social fac-
tors (HSF) score as a modifier. The top panel shows estimated exposure-time-response functions for each
quartile of the HSF scores: scores 32, 46, and 59. The bottom panel shows estimated point-wise effects
for a week around the middle of each trimester, excluding the first and last 1% of HSF scores. We include
confidence bands of 95% around all estimates.
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across studies (Bosetti et al., 2010; Stieb et al., 2012; Mork et al., 2024; Niu et al., 2022; Johnson

et al., 2022; Gong and Zhan, 2022).

The bottom panel of Figure 2.4 shows the estimated linear effect of exposure as a function

of health and social factors scores at approximately the middle of each trimester: weeks 7, 18,

and 32. See Appendix Figures A.2-A.4 for plots at all time points. In Figure 2.4, the effect for

each week is constant across health and social factors scores for the standard DLM but varies for

the DLIM-linear. We estimated a negative effect for some health and social factors scores with

the DLIM-linear. During the first trimester, we estimated a negative effect for people who live in

areas with health and social factors between 18 and 37. We estimated a negative effect during the

middle of the second trimester for people who live in areas with health and social factors scores

less than 25, and we estimated a negative effect during the middle of the third trimester for people

who live in areas with health and social factors scores less than 55. Our findings are also reflected

in the top panel. For example, we estimated a negative effect for people in an area with a health

and social factors score of 46 during week 32, which is shown in both the second plot of the top

panel and the third plot in the bottom panel. We did not estimate an effect of ambient PM2.5 on

BWGAZ with the standard DLM for any values of the health and social factors score at any time

during gestation. Our results provide evidence that the effect of ambient PM2.5 on BWGAZ at

specific weeks during gestation may be associated with the susceptibility and vulnerability of the

population in an individual’s area of residence.

Overall, we found a negative association between ambient PM2.5 exposure and BWGAZ con-

sistent with a large body of literature (Bosetti et al., 2010; Jacobs et al., 2017; Lakshmanan et al.,

2015; Stieb et al., 2012; Šrám et al., 2005). Further, we estimated this effect among individuals

living in census tracts with low health and social factors scores and identified a small window of

susceptibility for individuals with low health and social factors scores. The modification pattern

is contrary to the expected results, as a low health and social factors score is intended to indicate

decreased vulnerability to environmental exposures. Our analysis is the first observational study

to use the Colorado EnviroScreen data. Hence, there is not a body of work for comparison. We
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propose a few explanations. First, similar inverse relationships have been found in some studies.

For example, Millett (2016) reviewed literature supporting immigrant children having a health ad-

vantage over native-born children of the same socio-economic status, and Chu et al. (2022) found

that foreign-born black and Latina women’s children can have higher birth weight than native-

born women’s children in the United States. Second, area-level modification may be present, but

our modifier may not be weighted correctly or may be misspecified. Colorado EnviroScreen uses

geometric means to weight indicators into component scores, which our area-level modifier may

not correctly capture. Finally, our conditioning on full-term births and gestational age (Neophytou

et al., 2021), along with live-birth bias (Raz et al., 2018) could explain this inverse relationship.

2.6 Discussion

In this paper, we proposed a distributed lag interaction model (DLIM). The proposed model ex-

tends the DLM framework to allow for individualized exposure-time-response functions based on

a continuous modifying variable. The DLIM allows for estimation of personalized exposure-time-

response functions by smoothing over both the exposure-time dimension and modifier dimension

and for formal testing for interaction. Our proposed model is versatile, can be fit as GLMs and in

mixed models, and is computationally efficient. Fitting and interpreting our DLIM is user-friendly

through the development of our dlim package in R.

Our proposed DLIM framework fills an existing gap in the literature. Many researchers aim

to estimate the effect of air pollution on birth outcomes modified by a single continuous covariate,

e.g., maternal stress and neighborhood vulnerability. Without the DLIM methodology, researchers

must partition the continuous modifier into categorical factors and fit separate DLMs or BDLIMs

for each subgroup (Bose et al., 2017, 2018; Lee et al., 2018; Niu et al., 2022). While this approach

provides an approximation of the effect over each subgroup of a continuous modifier, researchers

cannot obtain a unique estimate for any value of the modifier without fitting a DLIM. Such ap-

proaches also include the potential for bias due to misspecification resulting from categorizing a

continuous variable.
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Through simulation, we considered the possible methods of modification explored by Wilson

et al. (2017a) and verified that a DLIM can accurately estimate the exposure-time-response func-

tion and cumulative effect whether or not there is modification. A standard DLM is more efficient

when no modification is present, but only by a small amount. When modification is present, a stan-

dard DLM is not able to accurately capture the modification structure, which leads to bias in both

the exposure-time-response function and cumulative effect estimates. While the gain in efficiency

is small when fitting a standard DLM if there is no modification, the risk of fitting a standard DLM

when there is modification is large.

We applied a DLIM to analyze the effect of ambient PM2.5 on BWGAZ in Colorado modified

by Colorado EnviroScreen’s health and social factors score, a quantification of neighborhood-level

vulnerability and susceptibility. We estimated a negative cumulative effect for lower health and

social factors scores. This indicates that the susceptibility and vulnerability of pregnant people’s

areas of residence may modify the total effect of ambient PM2.5 on BWGAZ. Our results provide

evidence that pregnant people who live in areas that are less susceptible and vulnerable to social,

economic, environmental, and climate adversities are at risk of having pregnancies with lower

BWGAZ when exposed to higher levels of ambient air pollution.

Our DLIM framework is novel as it allows for smooth modification of an exposure-time-

response function by a continuous factor. Existing methodology only allows for modification to

the exposure-time-response function based on a categorical modifier. While our paper focuses on

maternal exposure to air pollution and birth outcomes, the proposed methodology is broadly appli-

cable in environmental health and other fields. For example, DLMs are often used in time series

studies of air pollution on hospitalization or mortality rates (Schwartz, 2000), as well as in other

fields (Schliep et al., 2021; Yang et al., 2022). An added level of novelty in this paper is using

an index from Colorado EnviroScreen as a neighborhood-level modifying variable. Using this in-

dex as a modifier allows for modification based on 15 factors through a parsimonious index while

fitting a single model that is computationally efficient and readily interpretable.
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Chapter 3

Distributed Lag Interaction Model with Index

Modification

3.1 Introduction

A wide body of literature supports an association between exposure to air pollution during

pregnancy and birth and children’s health outcomes (Šrám et al., 2005; Bosetti et al., 2010; Warren

et al., 2012; Stieb et al., 2012; Chang et al., 2015; Hsu et al., 2015; Lakshmanan et al., 2015; Chiu

et al., 2016; Jacobs et al., 2017). Studies often use a distributed lag model (DLM) to estimate

the association between air pollution exposure and health outcomes (Chiu et al., 2016; Hsu et al.,

2015). The DLM framework regresses the response onto repeated measures of exposure to form

an exposure-time-response function of linear associations between the time-varying exposure and

response (Almon, 1965). The exposure-time-response function can be used to identify windows of

susceptibility, periods when there is an association. However, associations between environmental

exposures and health outcomes can vary across populations (Arcaya et al., 2016; Martenies et al.,

2022b; Schnake-Mahl et al., 2020). Therefore, effect modification in a DLM framework is of

epidemiological interest.

Numerous extensions to DLMs exist to address methodological gaps by incorporating dif-

ferent forms of flexibility, including effect heterogeneity for pre-specified factors. Wilson et al.

(2017a) developed a Bayesian distributed lag interaction model that includes interaction between

the repeated measures of exposure and a single categorical variable. Warren et al. (2012) de-

veloped a spatially-varying Gaussian process model for windows of susceptibility that allows the

exposure-time-response function to vary by areal units (e.g., census tracts). Demateis et al. (2024b)

developed a distributed lag interaction model (DLIM) to allow for heterogeneous effect modifica-

tion across a population using a single continuous variable. A DLIM extends the exposure-time-
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response function to vary continuously across the population based on a single continuous modi-

fier using a bi-dimensional function space or cross-basis (Demateis et al., 2024b; Gasparrini et al.,

2010). Mork et al. (2024) developed a heterogeneous DLM that uses additive regression trees

to estimate DLMs for subgroups of the population based on multiple continuous and categorical

variables using a non-parametric regression tree method. In this paper, we consider extending the

DLIM to multiple modifiers as a parsimonious and interpretable model.

Many studies have considered single or multiple index models to study the association between

environmental mixture exposures and health outcomes. This is in part because linear index models

are interpretable and can reduce the effects of multicolinearity that arise from correlated predic-

tors. The environmental health literature has widely adopted weighted quantile sum regression

and quantile g-computation to evaluate the impact of environmental mixtures on health outcomes

by creating a mixture index (Czarnota et al., 2015; Daniel et al., 2020; Keil et al., 2020; Wheeler

et al., 2021; Wu et al., 2021) while more recent innovations have developed multiple index models

(McGee et al., 2023b). Epidemiological researchers have also adopted indices for effect modifi-

cation. For example, EnviroScreen metrics aggregate multiple continuous variables measured at

the census-tract level into a single continuous index aiming to quantify environmental stressors in

areas of residence. Niu et al. (2022) and Martenies et al. (2022b) used California EnviroScreen

scores as modifiers of exposure-time-response functions. In other contexts, multiple measures of

physical or behavioral health may be combined to form a risk index, e.g., a mental health index

(Kopta and Lowry, 2002) or a quality of life index (Kai et al., 1991), to succinctly summarize

multiple related factors. However, these analyses that consider modification through an index all

rely on fixed, pre-specified index weights and do not allow for data-driven weight estimation or

modifier selection within the index.

In settings with repeated measures of exposure, creating a single index from many similar mod-

ifiers would allow for modification of the exposure-time-response function based on the cumulative

impact of all modifiers. However, using an existing index with fixed weights can be problematic for

two reasons. First, the fixed weights may not represent the true underlying structure of difference in
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susceptibility, leading to an incorrectly estimated exposure-time-response function. Second, this

approach does not allow for identifying which of the candidate modifiers are driving the differ-

ences in the exposure-time-response function. Clearly, there is a need to simultaneously estimate

modifier index weights and the exposure-time-response function in a distributed lag framework.

We propose a distributed lag interaction model with index modification (DLIM-IM). The pro-

posed approach extends the single modifier model of Demateis et al. (2024b) to multiple modifiers

through a data-derived modifier index. The methodology in this paper uses a Bayesian hierar-

chical framework to simultaneously estimate the exposure-time-response function and the index

weightings for multiple continuous modifiers to create a single continuous index that modifies the

exposure-time-response function. We applied our proposed method in two data analyses. The first

uses a Colorado administrative birth cohort data set along with Colorado EnviroScreen to estimate

the association between exposure to ambient PM2.5 (particulate matter less than 2.5 microns in

diameter) during gestation and birth weight for gestational age z-score (BWGAZ) modified by

measures of neighborhood-level vulnerability. The second uses the Mexican Programming Re-

search in Obesity, Growth, Environment, and Social Stressors (PROGRESS) cohort data set to

estimate the association between exposure to ambient PM2.5 surrounding pregnancy and birthing-

parent cardio-metabolic endpoints modified by time after parturition. Our R package dlimIM is

publicly available on GitHub.

3.2 Methods

3.2.1 Model

For individual i = 1, . . . , n, let yi be the response, xi = [xi1, . . . , xiT ]
′ be a vector of exposures

measured at time points t = 1, . . . , T , and mi = [mi1, . . . ,miL]
′ be a vector of L candidate

modifying variables. We assume the modifying variables to be scaled to the unit interval and to

operate in the same direction. Also, let zi be a vector of p covariates, including 1 for the intercept

and the candidate modifier values so their main effects are included in the model.

33



We make three key assumptions about the exposure-response relationship. First, we assume

that the effect of exposure on the response at each time point is linear. Second, we assume that

the exposure-response relationship varies smoothly across exposure-time. These first two assump-

tions are widely assumed across the DLM literature (Almon, 1965). Third, we assume that the

relationship between repeated measures of the exposure and the response is modified by a linear

combination of candidate modifiers.

Let ρ = [ρ1, . . . , ρL]
′ be the vector of index weights for the L candidate modifiers such that

ρl ≥ 0, l = 1, . . . , L, and
∑L

l=1 ρl = 1. While other constraints have been used for single-index

models, e.g., constraining one element of the index to be positive (Yu and Ruppert, 2002) or L2

constraint (McGee et al., 2023b), we chose to impose directional homogeneity because this is

common for single-index models used in environmental epidemiology (Carrico et al., 2015). The

weighted modifier index for individual i is m∗
i = m′

iρ. Our proposed model is

g[E(yi|xi, zi,mi)] =
T
∑

t=1

xitβt(m
∗
i ) + z′iγ, (3.1)

where g is the link function, βt(m
∗
i ) is the linear effect of exposure at time t on the response for

an individual with modifier index value m∗
i , and γ is a vector of regression coefficients for the

covariates and intercept. When m∗ is replaced by a scalar modifying factor, the model in (3.1) is

the distributed lag interaction model presented by Demateis et al. (2024b). Here, we extend the

model to include a data-driven index of multiple candidate modifiers.

From (3.1), we focus inference on three parameters. First, the exposure-time-response function

for weighted modifier m∗ is [β1(m
∗), . . . , βT (m

∗)]′. The exposure-time-response function quan-

tifies how the effect of exposure on response varies both as a function of exposure-time and the

modifier index, which allows us to identify windows of susceptibility and ranges of the modifier

index associated with susceptibility. We further discuss the parameterization of the exposure-time-

response function in Section 3.2.2. Second, the cumulative effect for an individual with modifier

value m∗ is CE(m∗) =
∑T

t=1 βt(m
∗). For a model with an identity link function, the cumulative
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effect is the expected aggregated change in response per unit of exposure at all time points across

the exposure history. Third, the modifier index weights ρ provide insight into which modifiers

contribute to altering the exposure-time-response function and their level of contribution. We pro-

pose methodology for a model with a Gaussian family and identity link function and a model with

a binomial family and logit link function.

3.2.2 Parameterizing the Exposure-Time-Response Functions

We parameterize the exposure-time-response function as a smooth function of both expo-

sure time and the weighted modifier index. We parameterize the exposure-time-response vector

[β1(m
∗
i ), . . . , βT (m

∗
i )] using a cross-basis, which is a bi-dimensional function space that describes

both the modified exposure-time-response associations and repeated measures across time. To

create the cross-basis, we use splines to smooth in the modifier and exposure-time dimensions

similar to the approach in Demateis et al. (2024b). We use natural splines that include an inter-

cept to expand the weighted modifier index with νmod degrees of freedom. Scaling [m1l, . . . ,mnl]

for each l = 1, . . . , L to lie within the unit interval allows us to set boundary knots at 0 and 1

to ensure all possible modifier index values are within boundary knots. We denote the modifier

index basis evaluated at value m∗
i as b(m∗

i ) = [b1(m
∗
i ), . . . , bνmod

(m∗
i )]

′ for i = 1, . . . , n. We also

use natural splines that include an intercept and boundary knots at the first and last exposure-time

points to expand in the exposure-time dimension with νtime degrees of freedom. Including an

intercept in the modifier basis allows us to include a main effect of the exposure history. With-

out the intercept, a reference point for the modifier index is necessary for interpreting changes in

the exposure-time-response function per modifier index value (Gasparrini et al., 2010). The basis

evaluated at exposure-time t for t = 1, . . . , T is c(t) = [c1(t), . . . , cνtime
(t)]′. Combining these

two basis expansions, the cross-basis for individual i is wjk(m
∗
i ,xi) =

∑T
t=1 xitbk(m

∗
i )cj(t) for

k = 1, . . . , νmod and j = 1, . . . , νtime.

Using this parameterization, the sum
∑T

t=1 xitβt(m
∗
i ) in (3.1) becomes

∑νmod

k=1

∑νtime

j=1 θjkwjk(m
∗
i ,

xi). We denote the n × νtimeνmod design matrix for the cross-basis as W(X,M,ρ) and the
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νtimeνmod cross-basis regression coefficients as θ. Let U(ρ) = [W(X,M,ρ),Z] and Ψ = [θ′,γ ′]′.

Under this parameterization, (3.1) for all individuals is

g[E{y|W(X,M,ρ),Z,M}] = U(ρ)Ψ. (3.2)

3.2.3 Prior Specification

We consider prior specifications for modeling the modifier index weights ρ with and without

selection. For the model without modifier selection, we specify a Dirichlet prior on the weights,

ρ ∼ Dir(q), where q = [q1, . . . , qL]
′ is a vector of hyper-parameters controlling the manner and

strength of influence that the prior has on the posterior (McGee et al., 2023a). We parameterize

the Dirichlet distribution using its relation to independent, normalized Gamma random variables.

We let al ∼ Gamma(ql, 1), l = 1, . . . , L and define ρl = al/
∑L

l=1 al. This ensures ρl ≥ 0 for

l = 1, . . . , L,
∑L

l=1 ρl = 1, and ρ ∼ Dir(q).

For a high-dimensional modifier space, we may be interested in a more parsimonious model

via variable selection on the candidate modifiers. We again set ρl = al/
∑L

l=1 al, but now im-

pose a spike-and-slab prior on the weights to perform selection on the modifiers included in the

modification index (Koslovsky, 2023; McGee et al., 2023a). The spike-and-slab prior

al|ηl ∼ ηl × Gamma(ql, 1) + (1− ηl)δ0 (3.3)

is a mixture distribution of a Dirac-delta function δ0 (spike) and a Gamma distribution (slab). The

indicator for inclusion of weight l in the prior is ηl|νl ∼Bernoulli(νl), and νl is the prior inclusion

probability. We fix νl = 0.5. Adjusting νl controls sparsity, which may be helpful in low signal

settings.

The Dirichlet prior for the weights can be made more or less informative through changes in

ql. A more informative Dirichlet prior could be centered on values based on prior information.

For example, McGee et al. (2023a) center a Dirichlet prior for weights for components of an

environmental mixture on toxicologically derived values, which could be helpful in low signal
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settings. A less informative Dirichlet prior puts equal weights on all modifiers and should be used

if no prior information is available.

We use a flat prior for the intercept, and we use independent normal priors with mean zero and

variance τ 2 for the cross-basis regression coefficients θ. For the covariate regression coefficients

excluding the intercept, we use independent normal priors with mean zero and variance ξ2. We

assume an inverse-Gamma prior on the variance σ2.

3.2.4 Parameter Estimation

We use Markov chain Monte Carlo (MCMC) to sample from the posterior distribution. The

model has closed form full conditional distributions for regression coefficients Ψ and error variance

but not for the modifier index weights. Therefore, we use a Metropolis-Hastings within Gibbs

sampler to sample from the posterior distribution. We sample regression coefficients Ψ and error

variance σ2 from a Gibbs sampler, and we sample the modifier index weights using a Metropolis-

Hastings algorithm. The algorithm for our MCMC sampler is outlined in Appendix B Algorithm

1. For a logistic model, we use Pólya-Gamma augmentation in a Gibbs sampler as in Polson et al.

(2013) for the regression coefficients and associated latent variables. See Appendix Section B.1

for more details.

For a model without modifier selection, we use the proposal distribution a∗l |a
(s−1)
l ∼ FoldedN

(

a
(s−1)
l , ζ2l

)

to propose an update a∗l for the lth weight based on the current weight a(s−1)
l at iteration

s− 1, where ζl is an adaptively tuned hyperparameter. We accept the proposal a∗l with probability

min(r, 1), where

r =
(a∗l )

ql−1 exp(−a∗l )

(a
(s−1)
l )ql−1 exp(−a

(s−1)
l )

p(y|a∗,Ψ(s), ·)

p(y|a(s−1),Ψ(s), ·)
. (3.4)

Here, a(s−1) is the current vector of un-normalized weights, a∗ is the same as a(s−1) with the lth

weight replaced by a∗l , and Ψ(s) is the vector of regression coefficients at iteration s. In (3.4), p

is the normal density for a Gaussian model or the binomial density for a binomial model, where

· represents other model parameters that are family-dependent (e.g., error variance for a Gaussian

model).
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When performing modifier selection, we first propose a∗l as an update for un-normalized weight

l from

a∗l |a
(s−1)
l ∼











Gamma(ql, 1), if a(s−1)
l = 0

δ0, if a(s−1)
l ̸= 0











and accept that proposed update with probability min(rselect, 1), where

rselect =











1−νl
νl

p(y|a∗,Ψ(s),·)

p(y|a(s−1),Ψ(s),·)
, if a∗l = 0, a

(s−1)
l ̸= 0

νl
1−νl

p(y|a∗,Ψ(s),·)

p(y|a(s−1),Ψ(s),·)
, if a∗l ̸= 0, a

(s−1)
l = 0











. (3.5)

If the proposal is a∗ = 0 and is rejected, we then propose a new non-zero value from FoldedN
(

a
(s−1)
l , ζ2l

)

and accept or reject that value using the acceptance ratio in (3.4).

To obtain marginal posterior samples for the exposure-time-response associations and cumula-

tive effects, we use linear transformations of the marginal posterior samples for θ at each iteration

s. To obtain posterior samples of the exposure-time-response associations for modifier index m∗,

we transform the posterior samples of θ at each iteration s using the transformation [b(m∗)⊗C]θ(s)

to obtain [β1(m
∗)(s), . . . , βT (m

∗)(s)]′. Here, C is the T ×νtime exposure-time basis. To obtain pos-

terior samples of the cumulative effect for modifier index m∗, we transform the posterior samples

of θ at each iteration s using the transformation w∗(m
∗)θ(s) to obtain CE(m∗)(s). Here, w∗(m

∗) is

the vectorization, by column, of [1′ ⊗ b(m∗)]C. We use the posterior means and intervals of these

transformed parameters to perform inference.

3.3 Simulation Study

We evaluated the proposed DLIM-IM’s ability to estimate cumulative effects and exposure-

time-response functions, as well as identify correct modifier index weights. We provide results

for our proposed DLIM-IM with and without modifier selection using 5 degrees of freedom in

both the modifier and exposure-time dimensions. For prior distributions, we use ql = 1 for all l

for the weights prior, τ 2 = 100 for the cross-basis regression coefficients’ priors, ξ2 = 110 for the

covariate regression coefficients’ priors, and we use 1 and 0.001 for the shape and scale parameters
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of the error variance prior. We compare to results from a penalized DLIM with 20 basis functions

in each dimension as described in Demateis et al. (2024b), fixing the weights equally in each

scenario, which we refer to as the fixed-index model. Code for implementing this simulation is

provided as a companion file to this manuscript and is available on GitHub.

3.3.1 Simulation Design and Data Generation

We simulated data using n = 1000 vectors of real PM2.5 concentration measurements over

37 weeks. We generated modifier values from multivariate normal distributions with zero means,

variances of 1, and covariances ranging from 0.4 to 0.7. To do this, we generated a covariance

matrix with 1s on the diagonal and sampled from a uniform distribution on the off-diagonal ele-

ments, forcing the matrix to be both symmetric and positive definite. For each simulated data set,

we scaled each of the L modifiers for individuals i = 1, . . . , n to range from 0 to 1.

We considered three modifier index weighting scenarios. Scenario 1 uses equal weights ρ1 =

ρ2 = ρ3 = 1/3 as a baseline for comparison to a fixed-index. Scenario 2 has 3 different weights

(0.5, 0.4, 0.1). Scenario 3 has 50 weights, 3 of which are 1/3 and the rest are zero. See Appendix

Table B.1 for more weight scenarios.

We generated 3 covariates from multivariate normal distributions with the mean of the first

week of exposure as the mean and the following covariance structure: cov(z1, z2) = 0.5, cov(z1, z3)

= 0.6, cov(z2, z3) = 0.7, Var(z1) = Var(z2) = Var(z3) = 1. We generated regression coefficients

for the modifiers from a uniform distribution on (−1, 1) and regression coefficients for the co-

variates from independent standard normal distributions. The exposure-time-response function for

the data generating mechanism was βt(m
∗
i ) = m∗

i × f(t, 37[1 + exp{−20(m∗
i − 0.5)}]−1), where

f(t, c) := 2.5φ[(t − c)/5] and φ(·) is the normal probability density function. We simulated re-

sponse values using a normal distribution with variance σ2. We considered three signal-to-noise

settings: low (0.1), medium (0.5), and high (1). The signal is the standard deviation of the simu-

lated exposure-time-response function, and noise is σ. We simulated 200 data sets for each com-
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bination of weight scenarios and signal-to-noise settings. See Appendix Figure B.1 for the scaling

of computation time as a function of sample size.

3.3.2 Performance Evaluation

To evaluate modifier index weight estimation, we provide box plots for weight estimates across

200 simulated data sets for our proposed models. In Appendix Figure B.2, we provide posterior

inclusion probabilities (PIPs) for the modifier index weights from our proposed modifier selection

models. Using the estimated modifier index weights, we constructed the weighted modifier index

for each simulated data set and computed the root mean squared error (RMSE) as [n−1
∑n

i=1{m
∗
i −

m̂∗
i }

2]1/2 and average absolute bias as n−1
∑n

i=1 |m
∗
i−m̂

∗
i |, where m̂∗

i = m′
iρ̂ and ρ̂ is the posterior

mean of ρ. We averaged both RMSE and average absolute bias over the 200 simulated data sets.

We also evaluated average RMSE, coverage, and credible or confidence interval (CI) width

for effect estimates. For cumulative effect estimates for each data set, we calculated RMSE as

[n−1
∑n

i=1{CE(mi)−ĈE(mi)}
2]1/2, and we calcualted coverage as n−1

∑n
i=1 I[Qα/2{CE(mi)|y} ≤

CE(mi) ≤ Q1−α/2{CE(mi)|y}] for credible intervals and as n−1
∑n

i=1 I[|CE(mi) − ĈE(mi)| ≤

Φ−1(1−α/2)v̂ar{ĈE(mi)}] for confidence intervals. The function I(A) is an indicator of event A’s

occurrence, and Qa(.|y) is the ath-quantile of the sampled posterior distribution for a given param-

eter. For point-wise effect estimates for each data set, we calculated RMSE as [n−1T−1
∑n

i=1

∑T
t=1

{βt(mi) − β̂t(mi)}
2]1/2, and we calculated coverage as n−1T−1

∑n
i=1

∑T
t=1 I[Qα/2{βt(mi)|y} ≤

βt(mi) ≤ Q1−α/2{βt(mi)|y}] for credible intervals and as n−1T−1
∑n

i=1

∑T
t=1 I[|βt(mi)− β̂t(mi)|

≤ Φ−1(1 − α/2)v̂ar{β̂t(mi)}] for confidence intervals. We also compared average credible in-

terval width and average confidence interval width for the proposed and fixed-index models, re-

spectively. For cumulative effect estimates, we calculated average credible interval width as

n−1
∑n

i=1[Q1−α/2{CE(mi)|y} − Qα/2{CE(mi)|y}] and average confidence interval width as n−1

∑n
i=1 2Φ

−1(1−α/2)[v̂ar{ĈE(mi)}]
1/2 for each data set. For point-wise effect estimates, we calcu-

lated average credible interval width as n−1T−1
∑n

i=1

∑T
t=1[Q1−α/2{βt(mi)|y}−Qα/2{βt(mi)|y}]
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and average confidence interval width as n−1T−1
∑n

i=1

∑T
t=1 2Φ

−1(1−α/2)[v̂ar{β̂t(mi)}]
1/2. We

averaged RMSE, coverage, and average CI width across the 200 simulated data sets.

3.3.3 Simulation Results

Figure 3.1 shows summaries of the modifier index weight estimates. Table 3.1 includes a sum-

mary of the cumulative and point-wise effect estimates for the scenarios in our simulation study. In

the Appendix Figures B.3-B.5, we provide figures of the estimated exposure-time-response curve

for individual data sets. Our proposed DLIM-IM produces more accurate modifier index weight

estimates than assuming equal weights, and the proposed DLIM-IM with modifier selection is able

to identify factors that modify the distributed lag function. The DLIM-IMs performed better than

the fixed-index model in terms of cumulative effect performance metrics and performed better in

terms of some point-wise performance metrics as well.

The proposed DLIM-IM produces more accurate weight estimates than assuming equal weights

as shown in Figure 3.1, which translates to more accurate estimates of the weighted modifier index.

In scenarios 2 and 3 where the fixed model weights are mis-specified, the RMSE and absolute bias

for the estimated weighted modifier index are better for the DLIM-IMs compared to the fixed-index

model. In the high signal-to-noise setting for scenario 2, the RMSE was 0.004 for the DLIM-IMs

and 0.027 for the fixed index model, and the absolute bias was 0.003 for the DLIM-IMs and 0.022

for the fixed-index model. In scenario 3, the DLIM-IM with selection produced more accurate

weighted modifier index estimates than the DLIM-IM without selection. In the high signal-to-

noise setting, the RMSE was 0.0129 for the selection model and 0.0255 for the model without

selection. The absolute bias was 0.0103 for the selection model and 0.0204 for the model without

selection. The model with selection produces PIPs above 0.5 for non-zero weights and below 0.5

for zero weights. Our results demonstrate that the proposed DLIM-IM can estimate modifier index

weights and select modifiers in various settings.

The DLIM-IMs performed better than the fixed-index model in terms of cumulative effect esti-

mate metrics. In all three scenarios, cumulative coverage was similar among the three models, but
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Figure 3.1: Modifier index weight estimates from DLIM-IMs with selection and DLIM-IMs without se-
lection for all 200 simulated data sets across all weight scenarios and signal-to-noise (SNR) settings. The
number of basis functions for the exposure-time basis is 5 for both the DLIM-IMs. The black line repre-
sents the true weight value. For scenario 3 (sparse weight scenario), weights 1-3 are non-zero, and weight
numbers 4-50 is averaged over all 47 zero weights.

the DLIM-IMs had smaller CI widths on average. For example in the high signal-to-noise setting

for scenario 1, the cumulative coverage was 0.95 for the three models; however, the average CI

width was 0.74 for the fixed-index model and 0.79 for both DLIM-IMs with and without selection.

In all three scenarios, cumulative RMSE was similar or lower for the DLIM-IMs than the fixed-

index model. In scenario 3, the DLIM-IM with selection had better performance metrics than the

DLIM-IM without selection. For example in the medium signal-to-noise setting for scenario 3, the

average CI width for the DLIM-IM with and without selection was 1.52 and 1.63, respectively, and

the RMSE was 0.32 and 0.36, respectively. Our results show that the DLIM-IM can estimate cu-

mulative effects more efficiently and with coverage closer to the nominal level than the fixed-index
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model, and the DLIM-IM with selection estimates cumulative effects better than the DLIM-IM

without selection when weights are sparse.

The DLIM-IMs performed better than the fixed-index model in terms of point-wise effect es-

timate metrics. In all three scenarios and signal-to-noise settings, except the high signal-to-noise

setting for scenario 1, the DLIM-IM had point-wise coverage similar or closer to the nominal level

than the fixed-index model. For example in the medium signal-to-noise setting for scenario 2, the

point-wise coverage was 0.89 for the DLIM-IMs with and without selection and 0.70 for the fixed-

index model. However, point-wise RMSE was either similar or lower for the fixed-index model.

We attribute this to the penalization of splines in the fixed-index model. In scenario 3, point-wise

coverage, RMSE, and average CI width were similar for the DLIM-IMs. Overall, the DLIM-IMs

had point-wise effect coverage closer to the nominal level than the fixed-index model and RMSE

and average CI width similar to or better than the fixed-index model, while performance metrics

for the two DLIM-IMs were similar.

3.4 Data Analyses

We used our proposed model to analyze two data sets. In the first application, we demonstrate

the DLIM-IM’s ability to perform selection on multiple continuous modifiers instead of includ-

ing all modifiers with fixed weights. We use our proposed model with selection to extend the

analysis of Colorado administrative birth data performed in Demateis et al. (2024b), which used

a pre-defined index of 15 modifiers. Here, we extend the analysis to identify which factors con-

tribute to modification of the association between exposure to ambient PM2.5 during pregnancy

and BWGAZ. In the second application, we demonstrate the DLIM-IM’s ability to combine multi-

ple measures of birthing-parent stress during gestation and lifetime instead of performing separate

analyses on each modifier or arbitrarily choosing weights. We use the DLIM-IM without selection

to create a weighted lifetime stress index using 4 birthing-parent stress variables. We use this life-

time stress index as a modifier of the association between exposure to ambient PM2.5 surrounding

pregnancy and cholesterol levels from the PROGRESS cohort data set. See Appendix Figures B.6
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and B.7 for information on modifier correlation for each analysis. For prior distributions, we use

τ 2 = 100 for the cross-basis regression coefficients priors, ξ2 = 110 for the covariate regression

coefficients priors, and we use 1 and 0.001 for the shape and scale parameters of the error variance

prior.

3.4.1 Air Pollution, EnviroScreen and Birth Weight in Colorado

We used a Colorado administrative birth cohort data set containing all live, full-term, singleton

births with dates of conception from 2007-2018 in census tracts in the Colorado Front Range

with elevation lower than 6,000 feet (Demateis et al., 2024b). We matched the data with weekly

average ambient PM2.5 concentration during the gestational period obtained from the down-scaled

models published by the US Environmental Protection Agency (https://www.epa.gov/hesc/rsig-

related-downloadable-data-files) at birthing-parent residences. We regressed BWGAZ, constructed

using Fenton growth charts (Fenton, 2003), onto repeated measures of ambient PM2.5 measured

for the first 37 weeks of gestation. The final data set we used included 393,204 births in 786 census

tracts across 13 counties.

For candidate modifiers, we used the continuous indicators included in the Colorado Enviro-

Screen health and social factors (HSF) score, excluding the indicator for low birth weight (Col-

orado Department of Public Health and Environment (CDPHE), 2022). The HSF score from Col-

orado EnviroScreen is constructed using the following tract-level percentile variables: percent of

people of color, disability rate, percent of households linguistically isolated, percent of house-

holds that are housing-cost burdened, percent of people with less than a high school education,

percent of people with low income, diabetes prevalence, asthma hospitalization rate, rate of poor

mental health, percent of people over 64 years of age, percent of people under 5 years of age,

cancer prevalence, rate of heart disease in adults, and estimated life expectancy. Indicators are

directionally adjusted following standard practice within Colorado Enviroscreen. For example, the

percentile values for average life expectancy were reversed so that a higher percentile corresponds

with shorter life expectancy. We divide all candidate modifiers by 100 to the unit interval. We
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also include all candidate modifiers as covariates in the model by including the linear main ef-

fect of each component of EnviroScreen. In addition, we control for each pregnant person’s age,

body mass index (BMI), height, and weight at conception. We also control for each pregnant per-

son’s race and ethnicity, education, income, and marital status before pregnancy and self-reported

prenatal care habits and smoking habits during pregnancy.

The analysis in Demateis et al. (2024b) fit a DLIM using the HSF score constructed by geo-

metrically averaging the candidate modifiers a priori as a single continuous modifier and presented

estimated exposure-time-response functions for the HSF score quartiles: 32, 46, and 59. We fit our

proposed model and estimated the weights of the candidate modifiers constructing the HSF score to

1) compare estimated exposure-time-response functions using fixed and estimated weights for the

candidate modifiers and 2) identify which of the 14 candidate modifiers contributed to modification

of the exposure-time-response function.

We fit our proposed model with modifier selection using 3 degrees of freedom in both the

exposure-time and modifier dimensions (Appendix Figures B.8 and B.9 and Table B.2), and we

used q1 = · · · = q14 = 1 as the hyperparameter for the Dirichlet prior. We ran our MCMC sampler

with 5 chains with a 2.4GHz AMD Milan processor with 3.8GB of RAM for 50,000 iterations

and discarded the first 30,000 for burn-in based on visual inspection of the parameters’ trace plots.

The runtime ranged from 3-5 days for each chain. We compare to the penalized DLIM with 20

B-spline basis functions in the exposure-time dimension and a linear modifier basis fit in Demateis

et al. (2024b). We refer to this as the fixed-index model. We compare exposure-time-response

functions estimated at Colorado EnviroScreen HSF scores to corresponding estimated modifier

index value. For example, we compare the exposure-time-response curve estimated for Colorado

EnviroScreen HSF score 32 to the estimated curve at estimated modifier index score of 0.32. We

refer to both the Colorado EnviroScreen HSF score 32 and estimated modifier index value 0.32 as

HSF 32 for simplicity.

We estimated similar cumulative effects and different windows of susceptibility using both

models. Figure 3.2 shows the cumulative effect estimates and estimated exposure-time-response
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curves from both the fixed-index and the proposed models. We estimated a negative cumulative

effect of exposure for individuals with HSF scores below 46 using the proposed model and below

50 using the fixed-index model. Using the proposed model with data-derived modifier index, we

estimated a slightly larger negative effect, although the intervals are wider and overlapping. We

also estimated similar windows of susceptibility using both models. For HSF 32 with the fixed-

index model, we estimated a window during the first and third trimester; whereas with the proposed

model, we estimated a window from weeks 5 to 18 and another window from weeks 20-37. For

HSF 46, we estimated a window during the third trimester with the fixed-index model, and we did

not estimate any windows with the proposed model due to larger intervals in the more complex

index modification model. For HSF 59, we did not estimate any windows with either model.

Using the DLIM-IM, we were able to additionally identify which of the candidate modifiers

contribute to modification. Table 3.2 shows that 5 of the 14 candidate modifiers were selected into

the model with PIPs greater than 0.5. Percent of people of color (ρ̂ = 0.220, PIP = 0.807), percent

of people with less than high school education (ρ̂ = 0.194, PIP = 0.749), and asthma hospitaliza-

tion rate (ρ̂ = 0.135, PIP = 0.743) were the top three factors contributing to modification. This

indicates that these variables contributed most, per unit change, to the modification of the effect of

exposure to PM2.5 during pregnancy on BWGAZ. Because the modifier index weights are different

from one another, this means that each of the modifiers has a different contribution to modification

of the exposure-time-response function. While modifiers that were selected into the model (PIP

> 0.5) generally had estimated weights larger than the average of equal weights (1/14), and mod-

ifiers not selected generally had weight estimates that were smaller, we still use PIPs as a basis

of selection because it is plausible that this is not always the case. See Appendix Figures B.10-

B.12 for a comparison of the estimated exposure-time response curve from the model presented

here and models with only one of the modifiers. Our results demonstrate how the proposed model

can be used in an analysis with multiple modifiers to identify important factors that contribute to

modification of the exposure-time-response function.
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(a) Estimated cumulative effects across health and social factor modifier values.
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(b) Estimated exposure-time-response curves across 37 weeks of gestation for the quartiles
of the Colorado EnviroScreen health and social factors scores.

Figure 3.2: Estimated cumulative effect and exposure-time-response curves from the fixed-index penalized
DLIM with linear modification and proposed DLIM-IM with selection applied to the Colorado birth cohort.
The fixed-index DLIM uses 20 basis functions in the modifier and exposure-time dimensions, and the DLIM-
IM with selection uses 5 basis functions in each dimension.

3.4.2 Air Pollution, Maternal Stress, and Lipids in PROGRESS

The PROGRESS cohort data set is a longitudinal birth cohort study with a total of 948 birthing-

parent-infant pairs in Mexico City, Mexico that were recruited between 2007 and 2011 (Braun
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et al., 2014; Burris et al., 2014). We obtained daily PM2.5 concentrations based on a validated

model as described in Gutiérrez-Avila et al. (2022) at each of the participant’s residential addresses

and aggregated the concentrations monthly. As responses, we used high-density lipoprotein (HDL)

measured in plasma by enzymatic photometric assays and low-density lipoprotein (LDL) derived

from the Friedewald equation (Friedewald et al., 1972). Using a DLIM-IM, we regressed birthing-

parent HDL and LDL, measured 4 years after parturition onto monthly average PM2.5 starting at

2 months before through 22 months after each birthing-parent’s last menstrual period (LMP). We

controlled for each birthing-parent’s age, BMI, assessed socio-economic status (lower, medium,

and higher), and marital status at the second trimester. We also controlled for their smoking habits

(passive or active) and parity at baseline, alcohol intake and cardiometabolic medications 2 years

after parturition, and the season (November to February, March and April, and May to October)

during LMP. After removing observations with incomplete data, the number of observations is 272.

We used 4 different measures of birthing-parent stress to create a data-derived lifetime stress

index as a modifier of the exposure-time-response function. The stress modifiers we used are

the Edinburgh Postnatal Depression scale (EPDS) as a measure of depression during gestation

(Levis et al., 2020), the Crisis in Family Systems (CRISYS) to quantify the impact of negative

life events (Sherlock et al., 2023), the Perceived Stress Scale as a measure of self-reported stress

during gestation (Cohen et al., 1983), and the State-Trait Anxiety Inventory (STAI) as a measure

of anxiety during gestation (Spielberger et al., 1983). Higher values for each modifier correspond

to higher stress levels. Each of the four modifiers was measured once for each individual during

gestation. To create a common scale across stress variables we rescale each modifier to range from

0 to 1.

We fit a DLIM-IM without selection using 3 degrees of freedom in both the exposure-time and

modifier dimensions, and we used q1 = · · · = q4 = 5 as the hyperparameter for the Dirichlet prior.

We ran our MCMC sampler with 5 chains for 30,000 iterations and discarded the first 10,000 for

burn-in based on visual inspection of the trace plots, which had a runtime of about 5 minutes for

each chain. We present results in the main text for only the HDL response as we did not estimate
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Figure 3.3: Estimated exposure-time-response curves for the 10
th (m̂∗

= 0.13), 25th (m̂∗
= 0.25), 30th

(m̂∗
= 0.27), 40th (m̂∗

= 0.31), 75th (m̂∗
= 0.45), and 90

th (m̂∗
= 0.56) percentiles of the estimated

lifetime stress index from a DLIM-IM without selection 2 months before through 22 months after last
menstrual period (LMP) at weighted stress modifier values in the PROGRESS cohort. The DLIM-IM used
3 degrees of freedom in the modifier and exposure-time dimensions.

any effect of exposure to PM2.5 on LDL but present results in Appendix Figures B.13 and B.14. The

weighted lifetime stress index we estimate combines various indicators of birthing-parent stress,

with higher values indicating more stress.
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We estimated a small critical window of susceptibility and quantified the importance of each

stress modifier in contributing to modification of the exposure-time-response function. Figure 3.3

shows the exposure-time-response function at the middle 90% of the estimated weighted lifetime

stress modifier index values. We estimated small critical windows of susceptibility for individuals

who experienced moderate to high levels of stress. Specifically, we estimated a window between

months 12 to 16 at the 75th percentile of the estimated stress index (m̂∗ = 0.45) and another win-

dow between months 14 to 15 at the 90th percentile of the estimated stress index (m̂∗ = 0.56).

We did not estimate a cumulative effect for any weighted lifetime stress modifier index value (Ap-

pendix Figure B.15). We estimated the weight for CRYSIS as 0.283 (SD = 0.096), EPDS as 0.249

(SD = 0.091), STAI as 0.236 (SD = 0.086), and perceived stress as 0.232 (SD = 0.088). Our re-

sults suggest that the effect of ambient PM2.5 exposure on HDL 48 months after parturition may

be modified by lifetime stress, with each stress modifier contributing similarly to the modifica-

tion. See Appendix Figure B.16 for a comparison of the estimated exposure-time response curve

from the model presented here and models with only one of the modifiers. Further, our analysis

demonstrates how the proposed methodology can be used to combine multiple measures of a sin-

gle construct into a cohesive analysis rather than being forced to arbitrarily combine measures a

priori, select a single measure, or run repeated analysis with different candidate modifiers.

3.5 Discussion

In this paper, we propose a Bayesian distributed lag interaction model for multiple continu-

ous modifiers, an extension of the framework for a single continuous modifier in Demateis et al.

(2024b). Our proposed framework simultaneously estimates the exposure-time-response functions

varying by a modifier index and the weights of that modifier index. By including a spike-and-slab

prior on the weights, we are able to estimate the weights and perform selection on the modifiers,

allowing for both identification of the importance of each modifier and selection among candidate

modifiers. Our model is versatile and can be applied for both a Gaussian and binomial model.
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Code for our simulations and analyses can be found as a companion file to this manuscript, and

our package is available on GitHub.

Our proposed model fills a methodological gap in the distributed lag framework by allowing

for modification of the exposure-time-response function by multiple continuous modifiers. This

framework is an extension of the DLIM presented in Demateis et al. (2024b), which allows for

modification by only a single continuous variable. Our proposed framework also builds on index-

based models, e.g., weighted quantile sum regression and quantile g-computation, commonly used

in environmental health studies (Czarnota et al., 2015; Keil et al., 2020). By creating a weighted

modifier index, our proposed model has advantages over models that also allow for modification

by multiple modifiers, such as the heterogeneous DLM, because our posterior samples are easily

interpretable. Continuous interaction between multiple modifiers and the exposure is a valuable

addition to the distributed lag framework.

Through simulation, we considered various modifier index weight scenarios and demonstrated

that our proposed DLIM-IM is able to produce more accurate modifier index weight estimates

than assuming equal weights. Furthermore, our model is able to estimate the exposure-time-

response functions more accurately when compared to the model in Demateis et al. (2024b) with

mis-specified fixed modifier index weights. This demonstrates that there is a benefit to using a

model that estimates modifier index weights instead of arbitrarily fixing weights a priori. Our

DLIM-IM with selection produced modifier index weight estimates that were more accurate than

those of the DLIM-IM without selection when modifier index weights were truly sparse.

We applied our proposed model to two data sets to highlight various applications. The first

application extended the analysis in Demateis et al. (2024b) by estimating weights of the vari-

ous Colorado EnviroScreen HSF components to create a data-derived modifier index quantifying

neighborhood-level vulnerability and susceptibility. While we estimated similar windows of sus-

ceptibility using our DLIM-IM, we were able to further identify which of the HSF components

contributed to modification of the exposure-time-response function using PIPs obtained through

our modifier selection approach. In the second application, we created a weighted lifetime stress
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modifier index from four variables all measuring different aspects of stress, including depression

during gestation, negative life events, perceived stress during gestation, and anxiety during ges-

tation. Instead of performing multiple analyses with each stress modifier or arbitrarily weighting

them together, we were able to estimate a weighted lifetime stress index and identify windows of

susceptibility based on the weighted lifetime stress index.

There are several limitations to our proposed model. First, the weights are constrained to be

constant across time. While statistically simple, a model with time-varying weights would be

highly parametric and require massive datasets to estimate in practice. The proposed model does

allow for modifying variables to change over time. For example, the model could account for

a birthing parent who moved during pregnancy. Second, identifiability issues are possible when

including highly correlated modifiers, and weight estimation accuracy decreases as the number of

potential modifiers increases, as shown in the simulation study. If modifier weight estimation is

of interest with a large or highly correlated set of modifiers, we recommend using a pre-selection

approach based on existing literature. Third, real data sets often have low signal, and the simulation

study demonstrated that modifier index weight estimation may be less accurate. Incorporating prior

information on weight can improve estimates.

Our proposed methodology is novel because it allows for modification of the exposure-time-

response function by a data-derived index constructed from multiple modifiers. This work extends

the distributed lag framework, builds upon index models in environmental health, and fills a critical

gap in epidemiology literature.
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Table 3.1: Performance metrics for the weighted modifier index, cumulative effects, and point-wise effect
for DLIM-IMs without selection (DLIM-IM), the DLIM-IM with selection (DLIM-IM sel.), and the fixed-
index model (fixed-index) averaged over all 200 simulated data sets with non-linear modification for all
three weight scenarios and three signal-to-noise (SNR) levels. The low SNR is 0.1, medium SNR is 0.5, and
the high SNR is 1. The number of basis functions for the exposure-time basis was 5 for both DLIM-IMs and
20 for the fixed-index model.

Index Cumulative Effect Point-wise Effect
SNR Model RMSE RMSE Coverage Width RMSE Coverage Width

Scenario 1: Equal Weights

DLIM-IM 0.0221 1.10 0.95 4.96 0.23 0.96 0.88
low DLIM-IM sel. 0.0381 1.09 0.95 4.96 0.23 0.96 0.88

Fixed-index 0 1.77 0.94 7.29 0.12 0.92 0.42
DLIM-IM 0.0081 0.28 0.96 1.29 0.06 0.89 0.19

med. DLIM-IM sel. 0.0082 0.28 0.96 1.29 0.06 0.89 0.19
Fixed-index 0 0.36 0.95 1.51 0.04 0.72 0.10
DLIM-IM 0.0041 0.18 0.95 0.74 0.04 0.77 0.10

high DLIM-IM sel. 0.0041 0.18 0.95 0.74 0.04 0.77 0.10
Fixed-index 0 0.19 0.95 0.79 0.03 0.87 0.09

Scenario 2: Different Weights

DLIM-IM 0.0295 1.11 0.95 4.98 0.23 0.96 0.89
low DLIM-IM sel. 0.0398 1.10 0.95 4.98 0.23 0.96 0.89

Fixed-index 0.0273 1.78 0.94 7.32 0.12 0.92 0.42
DLIM-IM 0.0078 0.28 0.96 1.27 0.06 0.89 0.19

med. DLIM-IM sel. 0.0094 0.27 0.96 1.26 0.06 0.89 0.18
Fixed-index 0.0273 0.37 0.95 1.53 0.04 0.70 0.10
DLIM-IM 0.0042 0.18 0.95 0.73 0.04 0.77 0.10

high DLIM-IM sel. 0.0049 0.18 0.95 0.73 0.04 0.77 0.10
Fixed-index 0.0273 0.20 0.95 0.83 0.03 0.77 0.08

Scenario 3: Sparse Weights

DLIM-IM 0.0603 1.18 0.98 6.19 0.26 0.96 0.97
low DLIM-IM sel. 0.0600 1.12 0.98 6.04 0.26 0.96 0.99

Fixed-index 0.0606 1.78 0.96 7.76 0.13 0.91 0.45
DLIM-IM 0.0485 0.36 0.96 1.63 0.07 0.89 0.22

med. DLIM-IM sel. 0.0333 0.32 0.97 1.52 0.07 0.90 0.21
Fixed-index 0.0606 0.39 0.94 1.66 0.05 0.67 0.10
DLIM-IM 0.0255 0.20 0.94 0.84 0.04 0.80 0.11

high DLIM-IM sel. 0.0129 0.18 0.94 0.79 0.04 0.79 0.10
Fixed-index 0.0606 0.23 0.93 0.95 0.04 0.59 0.07
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Table 3.2: Modifier index weight estimates, standard deviations, and posterior inclusion probabilities (PIP)
for each of the 14 included indicators of the EnviroScreen HSF score obtained in the Colorado birth cohort
analysis using our proposed model with 3 degrees of freedom for both the modifier and exposure-time bases.
Results are summarized across 5 chains. Indicators marked with (*) have PIPs over 0.5, suggesting that these
indicators contribute to modification of the exposure-time-response relationship.

Indicator Posterior mean Posterior SD PIP

Percent of people of color (*) 0.220 0.179 0.807
Percent of people with less than high school ed. (*) 0.194 0.192 0.749

Asthma hospitalization rate (*) 0.135 0.119 0.743
Percent of people over age 64 (*) 0.097 0.131 0.591

Percent of households linguistically isolated (*) 0.069 0.100 0.531
Percent of households housing-cost burdened 0.060 0.095 0.495

Disability rate 0.055 0.097 0.460
Diabetes prevalence 0.046 0.071 0.472

Rate of poor mental health 0.029 0.059 0.374
Cancer prevalence 0.034 0.059 0.410

Percent of people under age 5 0.020 0.047 0.308
Rate of heart disease in adults 0.015 0.047 0.236

Life expectancy 0.013 0.034 0.254
Percent of people with low income 0.013 0.034 0.261
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Chapter 4

Subgroup Analyses and Effect Modification with

Bayesian Kernel Machine Regression

4.1 Introduction

There is widespread interest in understanding how exposure to environmental mixtures im-

pacts human health (Dominici et al., 2010; Greenbaum and Shaikh, 2010; Vedal and Kaufman,

2011). Challenges inherent to the epidemiological analysis of exposure to environmental mixtures

include high correlation between components in a mixture, high-dimensionality of the mixture,

and complex exposure-response relationships, including interactions between pollutants and non-

linear associations with the response (Gibson et al., 2019b). To address these and other challenges,

numerous methods have been proposed for the analysis of environmental mixtures data (Gibson

et al., 2019b; Joubert et al., 2022; Zhu et al., 2024; Taylor et al., 2016). Several reviews have char-

acterized the methods that can address common research goals faced in mixture analyses, including

identifying toxic pollutants, estimating the effects of single pollutants and/or the whole mixture on

a health response, and identifying interactions between pollutants (Gibson et al., 2019a; Taylor

et al., 2016). However, a notable gap in the literature for applying mixture methods is guidance on

assessing effect modification.

Research supports that environmental effects on health outcomes are not homogeneous across

the population (Bauer et al., 2020; Bell et al., 2013; Chakravartty et al., 2014; Choi et al., 2017;

Goodman et al., 2023; Son et al., 2019). When estimating the association between a single environ-

mental pollutant and a health outcome, it is common to include an interaction term in a parametric

regression model to allow for different effects among subgroups. However, modeling effect mod-

ification is more complicated with sophisticated statistical methods for mixture analyses. This is

especially true for modification by a categorical factor, such as child sex or smoking status (Dai
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et al., 2023; Farzan et al., 2025; Letellier et al., 2022; Li et al., 2025; Mu et al., 2024; Wang et al.,

2022, 2024), as most statistical approaches for mixture analyses are designed for multiple con-

tinuous predictors and may not be appropriate for binary or categorical factors. Therefore, it is

common for researchers to fit models stratified by a categorical variable that may alter the asso-

ciation between the exposures and response. However, the sratification approach has limitations.

First, the sample size for each model is reduced in a stratified analysis. This can reduce the pre-

cision of estimates and decrease statistical power (Wang et al., 2024). Second, it is challenging to

quantify differences in exposure effects between groups and to assess uncertainty in these differ-

ences. Thus, there is a need for mixture analysis methods that specifically allow for modification

by categorical factors, including estimating subgroup-specific analyses and between-group differ-

ences with quantification of uncertainty.

Bayesian kernel machine regression (BKMR) is a widely used method for mixture analyses in

epidemiological studies (Bobb et al., 2015, 2018). BKMR is a semi-parametric regression method

that can estimate a flexible, multi-dimensional exposure-response surface that represents the joint

association between the exposures and the outcome. To allow for complex associations while

also reducing overfitting, BKMR uses a kernel function in a hierarchical Bayesian framework

to estimate the exposure-response surface. While BKMR can address many common research

questions for environmental mixtures, there is currently no guidance in the literature on how to

allow for modification by a categorical factor. Several studies have applied BKMR separately to

different subgroups in stratified analyses (Dai et al., 2023; Farzan et al., 2025; Mu et al., 2024;

Wang et al., 2022, 2024). Alternatively, it is theoretically feasible to include a categorical factor in

the kernel function to assess modification (Bobb et al., 2018). However, this approach has not, to

our knowledge, been rigorously evaluated.

We consider BKMR analyses of environmental mixtures with modification by a categorical

variable. We consider four approaches, including two that rely on the standard BKMR model and

software and two new variants introduced in this paper. We evaluate the operating characteristics

of each method through a simulation study to give practical advice on how to conduct a mixture
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analysis using BKMR with effect modification by a categorical factor. We also illustrate the ap-

proaches through an analysis of a metal mixture and infant neurodevelopment from a Bangladesh

cohort.

4.2 Methods

For individual i = 1, . . . , n, let yi be a continuous response, zi = [zi1, . . . , ziM ]′ be a vector

of M different continuous exposures in a mixture, xi be a vector of covariates, and wi be a cate-

gorical variable with P categories. We denote the levels of the modifier as wi ∈ {1, . . . , P}. For

completeness in notation, we define w = [w1, . . . , wn]
′. First, we detail the standard BKMR model

and existing methods of effect modification. Then, we present two novel approaches.

4.2.1 Standard BKMR

The standard BKMR model (Bobb et al., 2015) with no effect modification is

yi = h(zi) + x′
iβ + εi, (4.1)

where h(zi) is a nonparametric exposure-response function for individual i that may include non-

linearities and interactions, β is a vector of regression coefficients for the covariates, and ε1, . . . , εn

are residual terms that are assumed to be independent and normally distributed with mean zero and

variance σ2.

BKMR parameterizes the exposure-response function h(·) with a Gaussian process. This al-

lows for a high-dimensional set of exposures and induces smoothness and allows for non-linear

associations and interactions. For a vector of outcomes y = [y1, . . . , yn]
′, matrix of exposures

Z = [z1, . . . , zn]
′, and matrix of covariates X = [x1, . . . ,xn]

′, BKMR can be expressed as the
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hierarchical Bayesian model

y|h,β, σ2 ∼ N(h+Xβ, σ2I) (4.2)

h|Z,ρ, τ ∼ N [0, τK(Z,ρ)], (4.3)

where h = [h1, . . . , hn]
′ is the exposure-response vector, K(Z,ρ) is a covariance matrix defined

by a kernel function of the exposures, ρ = [ρ1, . . . , ρM ]′ is a vector of parameters that control

smoothness of the exposure-response surface separately in each exposure dimension, and τ is a

variance component that controls the overall smoothness of the exposure-response surface. BKMR

is most commonly applied with a Gaussian kernel function. The (ij)-element of the Gaussian

kernel matrix K(Z,ρ) is

K(zi, zj,ρ) = exp

[

−

M
∑

m=1

(zim − zjm)
2

ρm

]

. (4.4)

A standard BMKR model can be fit with Markov chain Monte Carlo (MCMC) methods using

the bkmr R package (Bobb, 2022). After fitting with MCMC, we can estimate h(z1, . . . , zM) for

any exposure profile z1, . . . , zM .

4.2.2 Stratified BKMR

The stratified approach to effect modification in BKMR fits a separate BKMR model to each

level of the modifier w, yielding different exposure-response surfaces for each group. This ap-

proach can be fit with the existing bkmr R package (Bobb, 2022). Table 4.1 summarizes the

key model assumptions of this method and the others discussed herein. This stratified approach

to effect modification assumes no sharing of information among groups, which limits inference.

Most importantly, the exposure-response surfaces are estimated independently for each group, so

the exposure-response surface is smoothed differently for each group, and there is no penalization

to impose similar shape or smoothness in the surfaces among the groups. In addition, the effects

of covariates (β) and error variance (σ2) are different for each group. When fitting a stratified
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analysis, the modifier is not included in the covariates because there is no variation in that variable

within groups.

Table 4.1: Assumptions for models with modification considered in this manuscript: modifier-in-kernel
(mod-in-kernel), first-approach group-separable (GS 1), second-approach group-separable models (GS 2),
and stratified. The ✓symbol indicates that the model does have, and the X symbol indicates that the model
does not have, the corresponding assumption.

Assumptions Mod-in-kernel GS 1 GS 2 Stratified

Pooled analysis ✓ ✓ ✓ X

Parameters σ2 and β shared among groups ✓ ✓ ✓ X

Exposure-specific smoothing parameters (ρ)
shared among groups

✓ ✓ ✓ X

Overall exposure-response surface smooth-
ing parameter (τ ) shared among groups

✓ ✓ X X

Penalty on exposure-response shape among
groups

✓ X X X

4.2.3 Modifier-in-Kernel BKMR

The second approach we consider is to include the modifier in the kernel along with the ex-

posures. This approach can also be estimated with the existing BKMR package (Bobb, 2022).

When there are more than two levels to the categorical modifier, and it is not assumed to be or-

dinal, the modifier should first be converted to indicator variables for group membership. Let

di = [di1, . . . , di(P−1)]
′ contain indicator variables for modifier wi. We append di to zi and fit a

standard BKMR, which has the effect of changing the (ij)-element of the kernel matrix to

Kmk(zi, zj,di,dj,ρ
mk) = exp

[

−

{

M
∑

m=1

(zim − zjm)
2

ρmk
m

+
M+P−1
∑

p=M+1

(dip − djp)
2

ρmk
p

}]

. (4.5)

The superscript “mk” is placed on parameters in this model to denote the modifier-in-kernel model.

The indicator variables di for each individual are also included in the model as covariates.
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Of the methods discussed here, this approach makes the strongest assumptions about sharing

information among levels of the modifier (Table 4.1). This approach shares the same smoothing

parameters (ρmk
1 , . . . , ρmk

M+P−1 and τ ) for all subgroups, resulting in approximately the same level

of smoothness for the exposure-response surface in each group. A defining characteristic of this

model is that the exposure-response surface has an additional dimension for each indicator variable.

This imposes a penalty that induces similarity in the exposure-response function between each

group and the reference group. Additionally, this method shares the same regression coefficients

and error variance between groups.

4.2.4 Group-separable BKMR

The novel approaches for effect modification with BKMR that we present here use a sepa-

rable kernel function. This allows for a level of information sharing among groups that spans

the gap between the stratified and modifier-in-kernel approaches. We present two variants on the

approach. Both can be fit with our bkmrGS package, available on GitHub, that uses a similar

MCMC algorithm as the standard BKMR model. For the first group-separable model, the prior on

the exposure-response function is hgs1
w ,

hgs1
w |Z,ρ

gs1 , τ gs1 ,w ∼ N [0, τ gs1Kgs1(Z,w,ρgs1)], (4.6)

where the (ij)-element of the kernel matrix Kgs1(Z,w,ρgs1) is

Kgs1(zi, zj, wi, wj,ρ
gs1) =















exp
[

−
∑M

m=1
(zim−zjm)2

ρ
gs1
m

]

, if wi = wj

0, if wi ̸= wj

(4.7)

The superscript “gs1” is placed on parameters in this model to denote the first group-separable

approach. The kernel matrix defined this way has a block-diagonal structure, meaning that the

matrix is constructed with a group of non-zero elements for each modifier level and with blocks of

zeros for the correlations between observations with different levels of the modifier.
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The key difference between the group-separable approach and the modifier-in-kernel approach

is that the modifier-in-kernel approach penalizes the exposure-response functions to be to have

a similar shape for all groups; whereas, the group-separable approach does not (Table 4.1). As

such, the group-separable approach has greater flexibility to estimate differently shaped exposure-

response functions. Like the modifier-in-kernel approach, the group-separable approach shares pa-

rameters among groups. The covariate effects (β), error variance (σ2), and smoothing parameters

(ρ and τ ) are the same for all subgroups. This implies that the smoothness of the exposure-response

surface will be similar for all groups, but the shape has freedom to vary among groups.

The second group-separable approach also blocks the kernel by modifier group but additionally

allows for different levels of smoothness in the exposure-response surface for each level of the

modifier. This is achieved by letting the smoothing parameter τ vary among the subgroups. The

prior on the exposure-response surface is

hgs2
w |Z,ρ

gs2 , τ gs2 ,w ∼ N [0,Kgs2(Z,w,ρgs2 , τ gs2)], (4.8)

where τ gs2 is a vector of length P containing a unique smoothing parameter for each modifier

group. The kernel function for the (ij)-element of kernel matrix Kgs2(Z,w,ρgs2 , τ gs2) is

Kgs2(zi, zj, wi, wj, τ
gs2 ,ρgs2) =















τ
gs2
wi × exp

[

−
∑M

m=1
(zim−zjm)2

ρ
gs2
m

]

, wi = wj

0, wi ̸= wj

(4.9)

where τ
gs2
wi is the smoothing parameter for modifier group wi for individual i. The superscript

“gs2” is placed on parameters in this model to denote the modifier-in-kernel approach. This kernel

matrix has the same block-diagonal structure as (4.7), but instead of scaling each group’s block by

the same variance component as in the first group-separable approach, this second group-separable

approach, scales each modifier’s block by a group-specific variance component τ gs2
wi . The indicator

variables di for each individual are included in the model as covariates for both group-separable

models.
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4.2.5 Interpretation of the Exposure-Response Functions

There are multiple types of exposure-response effects that are of interest in a BKMR model. We

focus on two commonly used summaries of the exposure-response surface for BKMR as previously

described (Bobb et al., 2018): the total effect of the mixture and single-exposure effects. We define

effects for models with and without effect modification. For a model with effect modification, we

define these effects as either group-specific or between-group differences in the relevant effect.

For a standard BKMR model without modification, the total effect of the mixture on the re-

sponse is the difference in mean outcome when all exposures are fixed at a specific quantile

(q1) compared to when all exposures are fixed at a different quantile (q2). Let zqm denote the qth

quantile of [z1m, . . . , znm]′. Formally, the total mixture effect is ∆tot(q1, q2) = h(zq21 , . . . , zq2M) −

h(zq11 , . . . , zq1M). For a model with modification, the total mixture effect specific to the pth modifier

group (w = p) is ∆tot(q1, q2|p) = h(zq21 , . . . , zq2M |w = p) − h(zq11 , . . . , zq1M |w = p). Addition-

ally, the between-group difference of the total mixture effect between modifier groups p and p′ is

the change in total mixture effect between modifier groups p and p′, which is ∆tot(q1, q2|p, p
′) =

∆tot(q1, q2|p
′)−∆tot(q1, q2|p).

For a standard BKMR model without modification, the single-exposure effect of a given expo-

sure on the response is the difference in mean outcome between when one exposure is fixed at the q1

quantile versus when it is fixed at the q2 quantile and all other all other exposures are fixed at q. For

example, the single-exposure effect of z1 is ∆1(q1, q2, q) = h(zq21 , zq2, . . . , z
q
M)−h(zq11 , zq2, . . . , z

q
M).

For a model with modification, the single-exposure effect of a given exposure on the response in

a modifier group w = p is the change in the mean outcome between quantiles q1 and q2 for that

exposure, while all other exposures are fixed at q and only the exposure-response surface for mod-

ifier group w = p is considered. For example, the single-exposure effect of the first exposure

in modifier group p is ∆1(q1, q2, q|p) = h(zq21 , zq2, . . . , z
q
M |w = p) − h(zq11 , zq2, . . . , z

q
M |w = p).

The between-group difference for the single-exposure effect between modifier levels p and p′ is

∆1(q1, q2, q|p, p
′) = ∆1(q1, q2, q|p

′)−∆1(q1, q2, q|p).
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To estimate between-group differences in effects using the stratified model, we matched poste-

rior samples from each modifier group and performed inference directly on those matched posterior

samples.

4.2.6 Bangladesh Reproductive Cohort Data

We obtained data from The Bangladesh Reproductive Cohort Study (Project Jeebon) for 351

children born between 2008 and 2013 in the Pabna Upazilas (administrative regions) of Bangladesh.

The data have been previously described and made publicly available in a partially masked dataset

(Liu et al., 2022). We consider a mixture of three metals during gestation: lead, manganese, and ar-

senic. Cumulative gestational metal exposures were measured using umbilical cord venous blood

samples at delivery. The dependent variable in our analysis is infant neurodevelopment quantified

using the Bayley Scales of Infant and Toddler Development, Third Edition (BSID-III) (Del Rosario

et al., 2021) measured at 20-40 weeks of infant age. We consider child sex as a single binary mod-

ifier in our analyses. The data also contains 20 covariates as described, and adjusted for, in Liu

et al. (Liu et al., 2022). The names of these covariates are masked in the publicly available data

but were previously reported to include: parent’s demographic status (age, education, smoking

history), infant’s biometric measurements at birth (sex, birth weight, length, head circumference,

birth order and gestational age), and quality of early childhood home environment (HOME score

(Totsika and Sylva, 2004), maternal depression scale, and maternal IQ).

4.2.7 Analysis Methods

We applied BKMR models described in this paper in a data analysis to demonstrate model

performance in practice. From the Bangladesh cohort data set (Liu et al., 2022), we used the

BSID-III neurodevelopment score as the response, the three metals as exposures, infant sex as a

modifier, and controlled for all other covariates in the data set. We discretized obvious categorical

variables and removed two observations that were the only observations in a level of a categorical

variable. This resulted in a final analysis sample of 349.
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We fit five BKMR models: standard BKMR without modification (referred to as the exposure-

only), modifier-in-kernel, group-separable approach 1, group-separable approach 2, and stratified.

We used BKMR default priors presented in the Appendix C “Additional Methods" section for all

models and tuned hyper-parameters for convergence. We ran the models for 50,000 iterations and

discarded 20,000 iterations for warm-up, and thinned by 10. We chose warm-up periods based on

visual assessments of trace plots for parameters, and we thinned to reduce computational time. We

compare estimates of the exposure-response surface along with group-specific effects and between-

group differences in effect estimates among the five models.

4.2.8 Simulation Methods

We evaluated the operating characteristics of the existing stratified and modifier-in-kernel meth-

ods and novel group-separable methods. We compared performance of these models along with a

standard BKMR model without modification (exposure-only).

Simulation design and data generation

To ensure a realistic correlation structure in the simulated data, we used the real exposures

and modifier from the Bangladesh cohort in our simulation study. We included all M = 3 metal

exposures. Of the three exposures, we simulated an association between only two of the exposures

and the response. Figure 4.1 shows the three exposure-response surfaces that we used to construct

modification scenarios. We assume that the three surfaces h1, h2, and h3 are constant across the

third exposure. To ensure some correlation between the modifier and other variables, we used

child sex as the modifier in the two-group scenario and one of the HOME score components as the

modifier in the three-group scenario. The scenarios are as follows.

1. Two-group scenario 1: The outcomes in the boy group (n = 180) are simulated from

exposure-response surface h1, and the outcomes in the girl group (n = 171) are simulated

from exposure-response surface h2, which has less of an effect.
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2. Two-group scenario 2: The outcomes in the boy group are simulated from exposure-

response surface h1. The observations in the girl group are simulated from exposure-response

surface h3, which has no effect.

3. Three-group scenario: The outcomes in group one (n = 45) are simulated from exposure-

response surface h1, the observations in group two (n = 233) are simulated from exposure-

response surface h2, and the observations in group three are simulated from h3 (n = 73).

We used 10 covariates from the Bangladesh cohort data set, treated as continuous predictors,

and generated their regression coefficients from a standard normal distribution. The main effect

for each modifier group, with respect to the reference group, is set to 1. To generate response

values, we use a Gaussian likelihood with variance σ2 and use a signal-to-noise ratio of 1, where

signal is the standard deviation of the mean response h + Xβ and noise is σ in (4.2). We sim-

ulated 200 data sets for each scenario. We used BKMR default priors listed in the Appendix C

“Additional Methods" section. We tuned hyper-parameters, i.e., step size and starting values, for

model convergence. We ran all models, except for the second group-separable model, for 10,000

MCMC iterations, removing 5,000 as warm-up. We ran the second group-separable model for

20,000 MCMC iterations and removed 5,000 as warm-up, thinning by 5 to retain the same number

of posterior samples as the other models. The sample size for the simulation was n = 351.

Performance evaluation

We considered the following parameters and evaluation metrics to assess model performance.

The parameters we estimated were the exposure-response surface, group-specific total mixture

effects, group-specific single-exposure effects, between-group differences in total mixture effects,

and between-group differences in single-exposure effects. To assess performance, we computed

root mean squared error (RMSE) of the posterior mean along with coverage and average width

for 0.95 probability credible intervals (CIs) for each parameter. For each simulated data set, we

average these metrics across exposure ranges defined in the Appendix C “Simulation Methods"
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Figure 4.1: Exposure-response surfaces used in simulation. The axes on the horizontal plane are the first
two exposures, and the vertical axis is the mean response. The exposure-response surface is constant across
the third exposure.
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section. Additionally, we average RMSE across the modifier groups for group-specific effects and

the exposure-response surface. We average metrics for each effect across the 200 data sets.

4.3 Results

4.3.1 Analysis Results

The analysis includes 179 boys and 170 girls. All models are adjusted for potential confounders

as described in the Methods section. Figure 4.2 shows the estimated sex-specific exposure-response

functions from each of the five models for each exposure. The models are arranged from least flex-

ible on the left (exposure-only BKMR) to most flexible on the right (stratified BKMR). Figure 4.3

shows estimated sex-specific single-exposure effects and estimated differences in single-exposure

effects between sexes for lead.

All model estimates of the exposure-response function for lead in Figure 4.2 showed evidence

of a negative relationship between lead and BSID-III. For the exposure-only model, this relation-

ship was for both sexes combined because the exposure-only model only includes child sex as a

covariate. Estimates of the exposure-response function from the modifier-in-kernel model were

similar to estimates from the exposure-only model for both sexes, with almost no difference be-

tween the two estimated sex-specific exposure-response functions. In contrast, the estimates from

the group-separable and stratified models, which are more flexible, demonstrated evidence of a

negative relationship between lead and BSID-III for boys but no relationship for girls. These more

flexible models had larger CIs, with the stratified model having the largest CIs.

For manganese, the estimated sex-specific exposure-response functions in Figure 4.2 from all

models showed a positive relationship with BSID-III for boys. Overall, the CIs are larger for man-

ganese, providing little evidence of an exposure-response relationships statistically distinguishable

from no effect. The estimated exposure-response functions from the modifier-in-kernel model were

nearly identical for boys and girls. In contrast, the group-separable and stratified models showed

evidence of effect modification. The estimated exposure-response functions for boys showed a

positive relationship with BSID-III, while the estimated functions for girls did not show evidence
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of a relationship. For arsenic, the estimated functions from all models show no evidence of effect

modification and flatter estimated exposure-response functions.

Figure 4.3 shows the sex-specific estimated single-exposure effect, or average difference in

BSID-III per IQR change in lead (4.3a), and the estimated difference of that effect between boys

and girls (4.3b) from each of the models. Figure 4.3a shows evidence of a negative association

between lead and BSID-III from the group-separable and stratified models among boys, but no

association among girls. Figure 4.3b shows moderate evidence of a difference in the lead associ-

ation between boys and girls. Again, there are larger CIs for the stratified model than the group-

separable models. In contrast, we estimated smaller attenuated effects from the modifier-in-kernel

and exposure-only model and no evidence of differences in these effects between boys and girls.

For both manganese and arsenic, we found no evidence of sex-specific single-exposure effects on

BSID-III (Appendix Figure C.1), and we found no evidence of a difference in single-exposure ef-

fect between sexes (Appendix Figure C.2). Furthermore, we found no evidence of an effect of the

total mixture on BSID-III (Appendix Figures C.3 and C.4).

4.3.2 Simulation Results

Table 4.2 shows performance metrics for the five models we consider in the simulation study

described above.

Exposure-response surface

For the estimated exposure-response surface across all three scenarios, the group-separable

BKMR models had similar RMSE than the other models. RMSE for the stratified model was

similar to RMSE for the group-separable models in the two-group scenarios but larger in the three-

group scenario. Across all scenarios, the coverage was similar for all models. However, the av-

erage CI widths varied substantially. The exposure-only and modifier-in-kernel models had small

average CI widths, and the stratified model had the largest average CI widths.
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Figure 4.2: Estimated sex-specific single-exposure exposure-response functions for each metal exposure
(rows) and each model (columns) in n = 349 children in the Bangladesh cohort. The line represents the
posterior mean response for an individual in the specified group as exposure to one metal varies (x-axis) and
the other metals are fixed at their medians. The ribbons represent 0.95 CIs for the curve, and GS indicated
the group-separable models.
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Figure 4.3: Estimated sex-specific and between-group differences in single-exposure effects of lead on
BSID-III from each model (x-axis) in n = 349 children in the Bangladesh cohort. Panel (a) shows the
estimated estimated average change in BSID-III for an IQR change in lead, while arsenic and manganese
are fixed at their medians, for both girls (green triangles) and boys (purple circles) separately. Panel (b)
shows the estimated difference in this effect between girls and boys.
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Table 4.2: Performance metrics for BKMR without the modifier (exposure-only), BKMR with the modifier
in the kernel (mod-in-kernel), group-separable approach 1 (group-sep. 1) with shared overall smoothing pa-
rameter τ , group-separable approach 2 (group-sep. 2) with group-specific overall smoothing τ parameters,
and stratified models fit for 200 simulated data sets across three simulation scenarios. Root mean squared
error (RMSE), coverage (Cvg.), and average CI width (Width) were computed for each parameter estimate
and averaged over the 200 data sets.

Two-group Scenario 1 Two-group Scenario 2 Three-group Scenario

Model RMSE Cvg. Width RMSE Cvg. Width RMSE Cvg. Width
Exposure-response surface

Exposure-only 0.19 0.99 1.06 0.26 0.96 1.10 0.22 0.96 1.03
Mod-in-kernel 0.18 1.00 1.27 0.22 0.99 1.35 0.21 1.00 1.48
Group-sep. 1 0.19 1.00 1.36 0.18 1.00 1.41 0.21 1.00 1.78
Group-sep. 2 0.19 1.00 1.38 0.18 1.00 1.43 0.23 1.00 1.88
Stratified 0.20 1.00 1.43 0.19 1.00 1.47 0.27 1.00 2.10

Group-specific total mixture effect
Exposure-only 0.23 0.79 0.53 0.33 0.58 0.54 0.25 0.75 0.51
Mod-in-kernel 0.20 0.87 0.58 0.26 0.82 0.64 0.25 0.83 0.59
Group-sep. 1 0.20 0.91 0.65 0.19 0.93 0.66 0.22 0.95 0.75
Group-sep. 2 0.19 0.91 0.66 0.18 0.95 0.67 0.22 0.97 0.86
Stratified 0.20 0.92 0.72 0.18 0.96 0.74 0.25 0.98 1.08

Group-specific single-exposure effect
Exposure-only 0.35 0.91 1.23 0.47 0.80 1.26 0.41 0.84 1.18
Mod-in-kernel 0.34 0.92 1.31 0.40 0.90 1.43 0.41 0.87 1.33
Group-sep. 1 0.36 0.94 1.45 0.35 0.95 1.48 0.40 0.95 1.67
Group-sep. 2 0.36 0.95 1.49 0.34 0.97 1.52 0.43 0.97 1.93
Stratified 0.38 0.95 1.61 0.35 0.97 1.60 0.50 0.98 2.43

Between-group differences in total mixture effect
Mod-in-kernel 0.22 0.71 0.48 0.39 0.56 0.63 0.35 0.45 0.49
Group-sep. 1 0.18 0.98 0.88 0.24 0.94 0.91 0.27 0.96 1.05
Group-sep. 2 0.19 0.98 0.91 0.22 0.96 0.93 0.28 0.97 1.22
Stratified 0.20 0.98 1.02 0.23 0.97 1.06 0.32 0.99 1.60

Between-group differences in single-exposure effect
Mod-in-kernel 0.31 0.83 0.99 0.57 0.73 1.27 0.48 0.65 1.01
Group-sep. 1 0.38 0.98 1.91 0.46 0.95 1.98 0.47 0.96 2.22
Group-sep. 2 0.40 0.98 2.00 0.46 0.97 2.06 0.53 0.98 2.61
Stratified 0.44 0.97 2.28 0.49 0.96 2.31 0.64 0.99 3.44
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Group-specific effects

For both the group-specific total mixture effect estimates and single-exposure effect estimates,

the group-separable models had RMSE as low or lower than the other models in most cases. The

group-separable and stratified models had similar RMSE in the two-group scenarios, but the group-

separable models had lower RMSE in the three-group scenario. For group-specific single-exposure

effect estimates in the three-group scenario, RMSE for the group-separable models was 0.40 for

the first approach and 0.43 for the second, but RMSE for the stratified model was 0.50. The

group-separable and stratified models had similar coverage, but the group-separable models had

smaller average CI widths. For group-specific single-exposure effect estimates in the three-group

scenario, average CI width for the group-separable models was 1.67 for the first approach and

1.93 for the second, but average CI width for the stratified model was 2.43. While the two group-

separable models had similar RMSE and coverage, the first-approach group-separable model, with

smoothing parameter τ shared among groups, had smaller average CI widths.

The modifier-in-kernel and exposure-only models generally had higher RMSE than the group-

separable models and had coverage well below the nominal coverage level. For example, in the

second two-group scenario, the total mixture effect RMSE was higher for the exposure-only (0.33)

and modifier-in-kernel (0.26) models than for the group-separable and stratified models (0.18 to

0.19). Coverage for the exposure-only (0.58) and modifier-in-kernel models (0.82) was well below

the nominal level of 0.95. In the three-group scenario for single-exposure effects, the exposure-

only and modifier-in-kernel models had similar RMSE compared to the other models. However,

this low RMSE was accompanied by low coverage for the exposure-only (0.84) and modifier-in-

kernel (0.87) models.

Between-group differences in effects

For the between-group differences in both the total mixture effect and the single-exposure ef-

fect estimates, the group-separable models had RMSE as low or lower than stratified model. While

the group-separable and stratified models had similar coverage, the group-separable models had

smaller CI widths on average compared to the stratified model. The two group-separable models
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had similar RMSE and coverage, but the first group-separable model with shared smoothing pa-

rameter τ had narrower CIs on average. The modifier-in-kernel model generally had higher RMSE

than the group-separable models and had coverage below the nominal level (0.45 to 0.83). The

exposure-only model cannot estimate between-group differences.

4.4 Discussion

There is substantial interest in estimating the health effects of environmental mixtures, and

BKMR has emerged as a popular tool for such analyses. However, there is little guidance on how

to conduct subgroup analyses and estimate between-group differences in effects with BKMR. In

this paper, we presented and evaluated methods for assessing effect modification by a categorical

variable with BKMR. The first method we considered fits multiple BKMR models stratified by

the modifier’s levels, and the second includes the modifier directly into the kernel function used

to model the exposure-response function. These first two methods can be implemented with the

existing BKMR framework and software. The other two methods we consider are new variants of

the BKMR framework that involve constructing a group-separable kernel with two approaches to

control smoothness. This structure allows for increased flexibility in the group-specific exposure-

response functions while allowing for coherent inference on both subgroup-specific total mixture

effects and between-group differences.

Table 4.1 highlights the differences in assumptions for each approach. The least flexible model

for modification is the modifier-in-kernel model, which includes the modifier in the kernel of a

standard BKMR model, along with the exposures. This approach shares all model parameters

among groups, including smoothing parameters for the exposure-response functions, the covari-

ates’ effects, and residual variance. Including the modifier in the kernel this way forces a similar

shape in the exposure-response function for all groups. At the other extreme is the stratified BKMR

approach, which fits multiple models stratified by the modifier levels. This approach does not share

any model parameters across groups. While this provides the most flexibility in allowing for effect

modification, not sharing information across groups can increase the variance of the estimators and
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limit inferences that can be made. This is especially true when some levels of the modifier have

small sample sizes.

The two new models fit BKMR with a separable covariance function. Both variants pool obser-

vations and share exposure-specific smoothing, covariate effects, and residual variance parameters

across groups. However, the variants differ in how they smooth the exposure-response surface.

The first variant shares the overall exposure-response surface smoothing parameter, similar to the

modifier-in-kernel model, but does not force similarity in exposure-response surface shapes among

groups like the modifier-in-kernel approach does. The second variant allows for more flexibility

by using group-specific smoothing parameters for the exposure-response surface, similar to the

stratified model. The tradeoff between assumptions of existing models allows the new models to

address limitations of existing approaches.

The results from the analysis of the Bangladesh cohort illustrate the differences in these meth-

ods. Using the modifier-in-kernel method, we estimated exposure-response functions for each

metal that were nearly identical for both boys and girls. In contrast, we estimated different

exposure-response functions for girls and boys using the two group-separable and stratified models.

The results in this analysis demonstrate the progression of these methods where the more flexible

methods have increased capacity to estimate group-specific effects and between-group differences

but have larger variances.

Results from the simulation study demonstrate similar differences among the methods. In most

scenarios, the modifier-in-kernel model had RMSE similar to, or larger than, the group-separable

models, and often had coverage below the nominal level and narrower intervals. This indicates

that while the model had lower variance, the RMSE was larger due to increased bias that resulted

from the restrictive nature of the imposed penalty, which forces the exposure-response surface to

be similar between groups. In fact, the modifier-in-kernel model often performed similarly to the

exposure-only model, which did not include modification. Similarly, the stratified model had larger

RMSE than the group-separable models, but while coverage was close to the nominal level, CIs

were wider. This combination of lower RMSE but increased CI widths, implies the method has
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lower bias but larger variance than the modifier-in-kernel method. The group-separable models had

comparatively low RMSE and smaller interval widths compared to both the modifier-in-kernel and

stratified approaches. The reduction in variance compared to the stratified model is most apparent

for between-group differences effects estimates and in the scenario with three subgroups due to

smaller sample size in each stratified model. This implies that, relative to the other methods, both

the bias and variance are low using the group-separable approaches.

The group-separable models introduced here are “Goldilocks" models, combining the lower

variance of a pooled analysis that uses parameter sharing with the flexibility in the exposure-

response functions of a stratified model. Because the group-separable models do not impose penal-

ization on the shape of the exposure-response surface among the groups, the model has increased

flexibility to better estimate group-specific effects and between-group differences. Due to param-

eter sharing among the groups, the group-separable model had lower variance than the stratified

model, particularly when some subgroups had small sample sizes. The second group-separable

approach (with group-specific smoothing parameter τ ) adds an additional flexibility from the first

approach to allow different levels of overall exposure-response smoothing in each group at the cost

of only slightly increased variance.

Some of the model assumptions can be relaxed. The group-separable model assumes a com-

mon covariate effect for all groups. This assumption can be relaxed by including an interaction

between covariates and the modifier. Additionally, the group-separable models assume equal vari-

ance among the groups, which could be relaxed by including group-specific variance parameters.

While BKMR is flexible, limitations also exist. First, it is not possible to test all possible effect

estimates in a simulation study. Second, we do not include selection on the exposures. While this

limitation could be addressed, it is not obvious whether variable selection should be done sepa-

rately for each subgroup or together. Third, we do not explore all choices of kernels. Adding more

flexibility of smoothing the exposure-response function is possible with other kernel choices, such

as allowing for group-specific smoothing parameters in each exposure dimension.
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4.5 Conclusions

This work extends the BKMR framework and fills a critical methodological gap in epidemio-

logical research. We demonstrated that we can include effect modification in BKMR. In light of

our simulation and data analysis results, we recommend using our novel group-separable models

to include categorical effect modification in BKMR. For studies with a large sample sizes within

each subgroup, the stratified model is also a sufficient choice. In such cases, the stratified model

can be expected to perform similarly to the group-separable models but at a lower computational

cost. For smaller sample sizes or samples with some small subgroups, the parameter sharing of

the group-separable model will result in better performance. We do not recommend the modifier-

in-kernel approach. The stratified model can be fit with the existing bkmr R package. The group

separable models can be fit with the package bkmrGS, which is built upon the bkmr package. The

bkmrGS R package is available on GitHub.
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Chapter 5

Discussion

5.1 Overview

Identifying effect modification is a key goal in many environmental epidemiological studies.

The work in this dissertation builds upon existing methods in environmental health research to in-

corporate effect modification into models for multivariate environmental exposures. I considered

two common forms of multivariate environmental exposures: repeated measures of a single expo-

sure across an exposure history and mixture exposures. A popular method to use for repeated mea-

sures of exposures is a distributed lag model (DLM), which regresses the response onto repeated

measures of the exposures with regularization to account for correlation between exposure-time

points. A popular method to use for mixture exposures is Bayesian kernel machine regression

(BKMR), which models the response as a flexible function of the multiple exposures and repre-

sents the complex exposure-response relationship via a kernel function in a Bayesian hierarchical

framework. In this dissertation, I presented new approaches for including effect modification in

these two multivariate environmental exposure models. The extensions I developed allow epi-

demiologists to estimate and quantify uncertainty for interactions between the exposure data and

the modifying variable or variables.

In Chapter 2, I considered exposure settings with repeated measures of a single exposure and

presented a novel extension of the distributed lag framework to include effect modification by a

single continuous variable. I developed a distributed lag interaction model (DLIM) that allows

the exposure-time-response function to vary by a single continuous modifier. I showed in simula-

tion that a DLIM out-performs a standard DLM when modification of the exposure-time-response

function is truly present. The estimated exposure-time-response functions can be used to estimate

different windows of susceptibility based on the modifier. I applied this method to a Colorado

birth cohort and estimated different exposure-time-response curves based on the Colorado Enviro-
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Screen health and social factors score, a census-tract-level modifier quantifying health and social

vulnerabilities. Compared to the standard DLM, this method allowed for insight into the variation

of the association between birth weight and exposure to PM2.5 across the Front Range region of

Colorado. The novel application of this method using an EnviroScreen metric can aid in the flexi-

bility of similar future studies. I published this work (Demateis et al., 2024b) in Envirometrics and

published the R package dlim on CRAN (Demateis et al., 2024a) to make performing analyses

user-friendly.

I performed an additional analysis with the method described in Chapter 2 with collaborators

at the Icahn School of Medicine at Mount Sinai. For this analysis, I extended the DLIM method

to a mixed model and applied the model to repeated measures of an outcome. This allowed the

DLIM to be fit for trajectory outcomes. Specifically, I fit a DLIM to estimate the effect of exposure

to PM2.5 2 months before through 22 months after the birthing parent’s last menstrual period on

maternal lipid measures, modified by time after child birth. This analysis demonstrates a different

application of effect modification because it allows for variation of the exposure-time-response

curve longitudinally instead of across the population. This work is published in Environmental

Research (India Aldana et al., 2025).

In Chapter 3, I continued the extension of the DLM framework from Chapter 2 to include

modification of multiple modifiers via a modification index. I developed a distributed lag interac-

tion model with index modification (DLIM-IM) that allows the exposure-time-response function

to vary by multiple modifiers through a modification index. I showed in simulation that a DLIM-

IM with multiple modifiers out-performs a DLIM weighting those modifiers into a single index

a priori using equal weights. Developing this method was motivated by the common practice in

environmental health research of combining multiple modifiers into an index and was also moti-

vated by the limitation of fitting a DLIM with a fixed-index modifier, e.g., the EnviroScreen health

and social factors score. Using this new approach, epidemiologists can simultaneously estimate

a modifier index using multiple potential modifiers and also estimate the exposure-time-response

function modified by that estimated index. I extended the analysis from Chapter 2 and applied a
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DLIM-IM to construct an estimated health and social vulnerabilities index, while simultaneously

estimating how the association between birth weight and exposure to PM2.5 varies based on that

estimated index. This novel approach is built upon the DLM (Chiu et al., 2016; Hsu et al., 2015)

and single-index model literature (Czarnota et al., 2015; Daniel et al., 2020; Keil et al., 2020;

Wheeler et al., 2021; Wu et al., 2021) in environmental health research to allow for data-derived

index modification.

In Chapter 4, I considered exposure settings with multiple exposures and evaluated methods

of including effect modification in BKMR. I considered four approaches: direct inclusion of the

modifier in the kernel along with the exposures (modifier-in-kernel), two novel group-separable

approaches that uses the modifier to construct a kernel blocked by modifier group, and a strati-

fied model. In simulation, I compared these approaches and showed that the modifier-in-kernel

approach has poor performance in practice and the group-separable models are preferable over the

stratified approach. This allows researchers to perform analyses similar to fitting stratified models

with the added benefits of fitting a single model, which allows for sharing of information between

groups and more efficient between-group comparisons. I applied the stratified, modifier-in-kernel,

and group-separable models to a Bangladesh cohort to estimate effects of exposure to metals during

gestation on infant neurodevelopment based on infant sex. The proposed group-separable model

produced estimates similar to the stratified approach but with smaller credible intervals that still

maintained the nominal coverage level. I estimated differences in associations with neurodevelop-

ment between boys and girls more efficiently with the proposed group-separable models than the

stratified models. The proposed models for assessing categorical effect modification with BKMR

allows epidemiologists to identify effect modification more efficiently.

5.2 Future Work

There are several potential extensions of the methods I proposed in this dissertation. The

standard DLM assumes a linear association between the exposure and response, and I retain that

assumption for the DLIMs developed. However, the standard DLM framework was extended to
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allow for non-linear associations (Gasparrini et al., 2010). Allowing for non-linear associations in

the DLIM framework would allow for more flexibility, though it comes with a set of challenges.

The extension of non-linear associations in a DLM required the development of a cross-basis,

which I implement in the DLIM framework to allow for modification. Because I already represent

the exposure-response surface using a bi-dimensional function space, I would have to introduce a

further dimension to allow for non-linear associations. This would be highly parametric, require

a large data set, decrease computational speed, and introduce a challenge to interpretation of the

results.

The DLIM-IM has limitations that, if improved upon, would greatly increase the usability of

this model. The primary short-coming is the computational cost of fitting the model. Unlike

the DLIM, the DLIM-IM uses MCMC for estimation. Using approximate Bayesian computation

methods such as Laplacian approximation could greatly increase the computational speed with-

out hindering inference. A second limitation of the DLIM-IM is the lack of flexibility to impose

penalization on the exposure-time-response surface. I impose a ridge penalty on the regression co-

efficients through my choice of prior, but I could have used different priors. Smoothness could also

be controlled directly by modeling the exposure-time-response surface using a Gaussian process

model instead of the cross-basis structure.

Additionally, a test for interaction in the DLIM-IM framework would allow researchers to

support estimated effect modification of the exposure-time-response function with a formal test.

Finally, I chose to use the same modification index at each exposure-time point by not allowing

the modifier index weights to vary by time. Allowing the modifier index weights to vary by time

would increase flexibility of the model. However, a model with time-varying weights would be

highly parametric and require a massive data set to estimate parameters.

Extensions of categorical effect modification in BKMR include variation in kernel construction.

I considered two kernel constructions: one with the modifier in the kernel and the other using the

modifier to block the kernel. The blocked kernel construction could have many variations. One that

I did not consider is allowing the smoothing parameter ρm for exposure m to be specific for group
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p, i.e., ρmp. This would allow for the estimated exposure-response function for each category to

have different levels of smoothing. Additionally, a formal test for modification of the exposure-

response function would be helpful for researchers to use in publications. Finally, my work can be

extended to allow for selection among the exposures but would need to be tested to determine how

to perform selection would be each group.
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Appendix A

Penalized Distributed Lag Interaction Model

A.1 Additional Simulations
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Table A.1: Cumulative and point-wise performance metrics for penalized and non-penalized (-ns) models
averaged over all 200 simulated data sets for scenario 1 and all signal-to-noise (SNR) levels. The low SNR
is 0.5, medium SNR is 1, and the high SNR is 10. The number of basis functions for the exposure-time basis
was 10 for both the DLM and DLIM-linear, and the number of basis functions for the exposure-time basis
was 5 for both the DLM-ns and DLIM-linear-ns.

Cumulative Point-wise

SNR Model RMSE Coverage CI Width RMSE Coverage CI Width
DLIM(20,20) 0.26 0.95 1.08 0.03 0.92 0.10
DLIM(10,10) 0.26 0.95 1.08 0.03 0.89 0.09

low DLIM-linear 0.26 0.95 1.07 0.02 0.92 0.09
DLM 0.17 0.96 0.78 0.02 0.91 0.07

DLIM-ns(5,5) 0.27 0.95 1.10 0.04 0.92 0.14
DLIM-linear-ns 0.26 0.95 1.08 0.03 0.89 0.09

DLM-ns 0.17 0.95 0.78 0.02 0.85 0.06
DLIM(20,20) 0.13 0.95 0.54 0.01 0.96 0.06
DLIM(10,10) 0.13 0.95 0.54 0.01 0.93 0.05

medium DLIM-linear 0.13 0.95 0.54 0.01 0.94 0.05
DLM 0.08 0.96 0.39 0.01 0.94 0.04

DLIM-ns(5,5) 0.14 0.95 0.55 0.02 0.85 0.07
DLIM-linear-ns 0.13 0.95 0.54 0.02 0.75 0.04

DLM-ns 0.08 0.95 0.39 0.02 0.65 0.03
DLIM(20,20) 0.01 0.95 0.06 0.00 0.98 0.01
DLIM(10,10) 0.01 0.95 0.06 0.00 0.92 0.01

high DLIM-linear 0.01 0.95 0.05 0.00 0.90 0.01
DLM 0.01 0.96 0.04 0.00 0.90 0.01

DLIM-ns(5,5) 0.02 0.82 0.07 0.01 0.17 0.01
DLIM-linear-ns 0.02 0.82 0.07 0.01 0.13 0.01

DLM-ns 0.02 0.71 0.05 0.01 0.11 0.00
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We used the exposure data from the simulation study in the main text, simulated modifier

values from a Uniform(0,1) distribution and based data generation on each of the four simulation

scenarios described in the main text. For each simulation scenario, we scaled βt(mi) by 0.1 to

obtain reasonable count responses. To simulate response values, we assumed a Poisson distribution

and used the log link function. We fixed the regression coefficient for the main effect of the modifier

at 0.1. We simulated 100 data sets. We fit the penalized DLIM and DLM with REML and used 20

nominal degrees of freedom in both the exposure-time and modifier dimensions.

Table A.8 includes simulation results for a Poisson model. Overall, the DLIM is better able to

capture modification patterns than the DLM. As expected, the DLIM and DLM perform similarly

in simulation scenario 1. In the other simulation scenarios, the DLIM performs better than the

DLM. While the confidence intervals are wider for the DLIM, the coverage is largely closer to

the nominal level than the DLM and the RMSE is smaller. For example, the cumulative coverage

for the DLIM in scenario 3 is much closer to the nominal level than the DLM (0.93 and 0.16,

respectively). While the larger interval width contributes to this (0.072 and 0.044, respectively),

the RMSE is much smaller for the DLIM than the DLM (0.018 and 0.057, respectively). Our

results demonstrate that when there is modification in a count data setting, the DLIM is more

efficient than the standard DLM.
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Table A.2: Cumulative and point-wise performance metrics for penalized and non-penalized (-ns) models
averaged over all 200 simulated data sets for scenario 2 and all signal-to-noise (SNR) levels. The low SNR
is 0.5, medium SNR is 1, and the high SNR is 10. The number of basis functions for the exposure-time basis
was 10 for both the DLM and DLIM-linear, and the number of basis functions for the exposure-time basis
was 5 for both the DLM-ns and DLIM-linear-ns.

Cumulative Point-wise

SNR Model RMSE Coverage CI Width RMSE Coverage CI Width
DLIM(20,20) 0.33 0.95 1.36 0.03 0.90 0.10
DLIM(10,10) 0.33 0.95 1.36 0.03 0.89 0.10

low DLIM-linear 0.33 0.95 1.35 0.03 0.89 0.10
DLM 0.44 0.70 0.98 0.03 0.83 0.08

DLIM-ns(5,5) 0.34 0.95 1.39 0.05 0.94 0.17
DLIM-linear-ns 0.33 0.95 1.36 0.03 0.92 0.11

DLM-ns 0.44 0.70 0.99 0.03 0.84 0.08
DLIM(20,20) 0.17 0.95 0.68 0.02 0.93 0.06
DLIM(10,10) 0.17 0.95 0.68 0.02 0.91 0.06

medium DLIM-linear 0.17 0.95 0.68 0.02 0.91 0.06
DLM 0.38 0.40 0.50 0.02 0.78 0.05

DLIM-ns(5,5) 0.17 0.95 0.69 0.03 0.91 0.09
DLIM-linear-ns 0.16 0.95 0.68 0.02 0.87 0.06

DLM-ns 0.38 0.40 0.50 0.02 0.70 0.04
DLIM(20,20) 0.02 0.95 0.07 0.00 0.98 0.01
DLIM(10,10) 0.02 0.95 0.07 0.00 0.94 0.01

high DLIM-linear 0.02 0.95 0.07 0.00 0.94 0.01
DLM 0.36 0.06 0.07 0.01 0.55 0.01

DLIM-ns(5,5) 0.02 0.89 0.08 0.01 0.28 0.01
DLIM-linear-ns 0.02 0.89 0.07 0.01 0.18 0.01

DLM-ns 0.36 0.06 0.08 0.02 0.16 0.01
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Table A.3: Cumulative and point-wise performance metrics for penalized and non-penalized (-ns) models
averaged over all 200 simulated data sets for scenario 3 and all signal-to-noise (SNR) levels. The low SNR
is 0.5, medium SNR is 1, and the high SNR is 10. The number of basis functions for the exposure-time basis
was 10 for both the DLM and DLIM-linear, and the number of basis functions for the exposure-time basis
was 5 for both the DLM-ns and DLIM-linear-ns.

Cumulative Point-wise

SNR Model RMSE Coverage CI Width RMSE Coverage CI Width
DLIM(20,20) 0.40 0.94 1.63 0.05 0.82 0.13
DLIM(10,10) 0.41 0.94 1.62 0.05 0.80 0.13

low DLIM-linear 0.62 0.79 1.71 0.05 0.73 0.11
DLM 0.56 0.72 1.25 0.06 0.49 0.08

DLIM-ns(5,5) 0.42 0.93 1.64 0.07 0.88 0.21
DLIM-linear-ns 0.62 0.79 1.74 0.06 0.82 0.15

DLM-ns 0.55 0.73 1.26 0.07 0.62 0.10
DLIM(20,20) 0.21 0.95 0.84 0.04 0.81 0.09
DLIM(10,10) 0.21 0.93 0.83 0.04 0.78 0.08

medium DLIM-linear 0.51 0.69 1.05 0.05 0.62 0.07
DLM 0.49 0.55 0.77 0.06 0.33 0.05

DLIM-ns(5,5) 0.24 0.90 0.85 0.04 0.79 0.11
DLIM-linear-ns 0.52 0.70 1.06 0.05 0.73 0.09

DLM-ns 0.49 0.57 0.77 0.06 0.42 0.06
DLIM(20,20) 0.02 0.92 0.10 0.01 0.91 0.03
DLIM(10,10) 0.07 0.77 0.18 0.02 0.70 0.03

high DLIM-linear 0.47 0.58 0.70 0.04 0.55 0.05
DLM 0.47 0.38 0.52 0.06 0.23 0.04

DLIM-ns(5,5) 0.13 0.61 0.26 0.03 0.51 0.03
DLIM-linear-ns 0.47 0.59 0.70 0.04 0.62 0.06

DLM-ns 0.47 0.40 0.52 0.06 0.28 0.04
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Table A.4: Cumulative and point-wise performance metrics for penalized and non-penalized (-ns) models
averaged over all 200 simulated data sets for scenario 4 and all signal-to-noise (SNR) levels. The low SNR
is 0.5, medium SNR is 1, and the high SNR is 10. The number of basis functions for the exposure-time basis
was 10 for both the DLM and DLIM-linear, and the number of basis functions for the exposure-time basis
was 5 for both the DLM-ns and DLIM-linear-ns.

Cumulative Point-wise

SNR Model RMSE Coverage CI Width RMSE Coverage CI Width
DLIM(20,20) 0.32 0.94 1.29 0.04 0.82 0.10
DLIM(10,10) 0.32 0.94 1.28 0.04 0.80 0.10

low DLIM-linear 0.48 0.79 1.35 0.04 0.74 0.08
DLM 0.44 0.71 0.98 0.05 0.52 0.06

DLIM-ns(5,5) 0.34 0.93 1.30 0.05 0.89 0.16
DLIM-linear-ns 0.48 0.80 1.37 0.04 0.82 0.12

DLM-ns 0.44 0.72 0.99 0.05 0.64 0.08
DLIM(20,20) 0.16 0.95 0.66 0.03 0.81 0.07
DLIM(10,10) 0.17 0.93 0.66 0.03 0.78 0.06

medium DLIM-linear 0.40 0.69 0.81 0.04 0.63 0.05
DLM 0.39 0.54 0.60 0.05 0.35 0.04

DLIM-ns(5,5) 0.19 0.90 0.67 0.03 0.80 0.08
DLIM-linear-ns 0.40 0.70 0.83 0.04 0.74 0.07

DLM-ns 0.39 0.54 0.60 0.05 0.45 0.05
DLIM(20,20) 0.02 0.92 0.08 0.01 0.91 0.02
DLIM(10,10) 0.05 0.77 0.14 0.02 0.71 0.02

high DLIM-linear 0.36 0.59 0.53 0.03 0.55 0.04
DLM 0.37 0.42 0.39 0.05 0.24 0.03

DLIM-ns(5,5) 0.10 0.62 0.20 0.02 0.51 0.02
DLIM-linear-ns 0.36 0.59 0.54 0.03 0.63 0.04

DLM-ns 0.37 0.43 0.40 0.05 0.30 0.03
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Table A.5: Cumulative and point-wise performance metrics for DLIM(20,20) models averaged over all 200
simulated data sets for scenarios 1 and 2 and all signal-to-noise (SNR) levels. The low SNR is 0.5, medium
SNR is 1, and the high SNR is 10. Alternative penalization methods are PS(2,1), PS(1,2), and CR and are
compared to the penalization method in the main simulation results, PS(2,2).

Cumulative Point-wise

Scenario SNR Method RMSE Coverage RMSE Coverage
1 low PS(2,2) 0.263 0.95 0.026 0.92
1 low PS(2,1) 0.172 0.95 0.020 0.94
1 low PS(1,2) 0.262 0.95 0.024 0.98
1 low CR 0.263 0.95 0.026 0.92
1 medium PS(2,2) 0.131 0.95 0.015 0.96
1 medium PS(2,1) 0.086 0.96 0.011 0.97
1 medium PS(1,2) 0.131 0.95 0.015 0.99
1 medium CR 0.131 0.95 0.015 0.96
1 high PS(2,2) 0.013 0.95 0.003 0.98
1 high PS(2,1) 0.009 0.95 0.002 0.98
1 high PS(1,2) 0.013 0.95 0.003 0.97
1 high CR 0.013 0.95 0.003 0.98

2 low PS(2,2) 0.331 0.95 0.030 0.90
2 low PS(2,1) 0.425 0.73 0.027 0.87
2 low PS(1,2) 0.329 0.95 0.026 0.97
2 low CR 0.330 0.95 0.030 0.90
2 medium PS(2,2) 0.166 0.95 0.017 0.93
2 medium PS(2,1) 0.315 0.56 0.018 0.87
2 medium PS(1,2) 0.165 0.95 0.016 0.99
2 medium CR 0.165 0.95 0.017 0.93
2 high PS(2,2) 0.017 0.95 0.003 0.98
2 high PS(2,1) 0.019 0.92 0.003 0.99
2 high PS(1,2) 0.017 0.95 0.004 0.98
2 high CR 0.017 0.95 0.003 0.98
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Table A.6: Cumulative and point-wise performance metrics for DLIM(20,20) models averaged over all 200
simulated data sets for scenarios 3 and 4 and all signal-to-noise (SNR) levels. The low SNR is 0.5, medium
SNR is 1, and the high SNR is 10. Alternative penalization methods are PS(2,1), PS(1,2), and CR and are
compared to the penalization method in the main simulation results, PS(2,2).

Cumulative Point-wise

Scenario SNR Method RMSE Coverage RMSE Coverage
3 low PS(2,2) 0.404 0.94 0.049 0.82
3 low PS(2,1) 0.361 0.96 0.052 0.77
3 low PS(1,2) 0.402 0.94 0.050 0.85
3 low CR 0.403 0.94 0.049 0.81
3 medium PS(2,2) 0.206 0.95 0.036 0.81
3 medium PS(2,1) 0.202 0.95 0.036 0.84
3 medium PS(1,2) 0.205 0.95 0.037 0.88
3 medium CR 0.205 0.95 0.037 0.81
3 high PS(2,2) 0.025 0.92 0.010 0.91
3 high PS(2,1) 0.025 0.92 0.010 0.91
3 high PS(1,2) 0.025 0.92 0.011 0.94
3 high CR 0.025 0.92 0.010 0.90

4 low PS(2,2) 0.320 0.94 0.037 0.82
4 low PS(2,1) 0.288 0.95 0.040 0.77
4 low PS(1,2) 0.318 0.94 0.038 0.84
4 low CR 0.319 0.94 0.038 0.81
4 medium PS(2,2) 0.163 0.95 0.028 0.81
4 medium PS(2,1) 0.160 0.95 0.028 0.83
4 medium PS(1,2) 0.162 0.95 0.029 0.88
4 medium CR 0.162 0.95 0.028 0.81
4 high PS(2,2) 0.020 0.92 0.008 0.91
4 high PS(2,1) 0.020 0.92 0.008 0.91
4 high PS(1,2) 0.020 0.92 0.009 0.94
4 high CR 0.020 0.92 0.008 0.90
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Table A.7: Cumulative and point-wise performance metrics resulting from repeating the simulation study
described in the main text, with modifiers drawn from N(0.5,0.25) distribution instead of a Uniform(0,1)
distribution.

Cumulative Point-wise

Scenario SNR Model RMSE Coverage RMSE Coverage
1 low DLIM(20,20) 0.263 0.95 0.026 0.92
1 low DLIM-linear 0.256 0.95 0.024 0.92
1 low DLM 0.169 0.96 0.020 0.91
1 medium DLIM(20,20) 0.131 0.95 0.015 0.96
1 medium DLIM-linear 0.128 0.95 0.013 0.94
1 medium DLM 0.084 0.96 0.011 0.94
1 high DLIM(20,20) 0.013 0.95 0.003 0.98
1 high DLIM-linear 0.013 0.95 0.002 0.90
1 high DLM 0.008 0.96 0.002 0.90

2 low DLIM(20,20) 0.330 0.95 0.030 0.90
2 low DLIM-linear 0.328 0.95 0.029 0.89
2 low DLM 0.437 0.70 0.028 0.83
2 medium DLIM(20,20) 0.165 0.95 0.017 0.93
2 medium DLIM-linear 0.165 0.95 0.017 0.91
2 medium DLM 0.381 0.40 0.019 0.78
2 high DLIM(20,20) 0.017 0.95 0.003 0.98
2 high DLIM-linear 0.016 0.95 0.002 0.94
2 high DLM 0.359 0.06 0.014 0.55

3 low DLIM(20,20) 0.403 0.94 0.049 0.81
3 low DLIM-linear 0.628 0.77 0.054 0.72
3 low DLM 0.566 0.70 0.065 0.49
3 medium DLIM(20,20) 0.205 0.95 0.037 0.81
3 medium DLIM-linear 0.524 0.68 0.048 0.62
3 medium DLM 0.506 0.53 0.063 0.33
3 high DLIM(20,20) 0.025 0.92 0.010 0.90
3 high DLIM-linear 0.481 0.57 0.046 0.55
3 high DLM 0.481 0.37 0.062 0.23

4 low DLIM(20,20) 0.319 0.94 0.038 0.81
4 low DLIM-linear 0.487 0.78 0.041 0.74
4 low DLM 0.447 0.70 0.049 0.52
4 medium DLIM(20,20) 0.162 0.95 0.028 0.81
4 medium DLIM-linear 0.404 0.68 0.037 0.63
4 medium DLM 0.400 0.53 0.047 0.35
4 high DLIM(20,20) 0.020 0.92 0.008 0.90
4 high DLIM-linear 0.368 0.57 0.035 0.55
4 high DLM 0.381 0.42 0.047 0.24

104



Table A.8: Cumulative and point-wise performance metrics for DLIM(20,20) and standard DLM models
averaged over 100 simulated data sets for all scenarios. Models were fit using Poisson regression on sim-
ulated count data. The DLIM(20,20) was penalized using PS(2,2) penalization and the standard DLM was
penalized using P-splines.

Cumulative Point-wise

Scenario Model RMSE Coverage Width RMSE Coverage Width
1 DLIM 0.010 0.94 0.040 0.001 0.97 0.005
1 DLM 0.005 0.95 0.029 0.001 0.97 0.004
2 DLIM 0.014 0.93 0.056 0.001 0.96 0.006
2 DLM 0.040 0.31 0.038 0.002 0.78 0.005
3 DLIM 0.018 0.93 0.072 0.003 0.90 0.010
3 DLM 0.057 0.16 0.044 0.007 0.16 0.004
4 DLIM 0.021 0.93 0.085 0.003 0.82 0.008
4 DLM 0.044 0.38 0.055 0.005 0.24 0.004

A.2 Additional Figures and Tables
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Figure A.1: Pointwise effect estimates of ambient PM2.5 on BWGAZ from a standard DLM with 10
exposure-time degrees of freedom and a DLIM(20,20) with Colorado EnviroScreen health and social fac-
tors (HSF) score as a modifier. The top panel shows estimated exposure-time-response functions for each
quartile of the HSF scores: scores 32, 46, and 59. The bottom panel shows estimated point-wise effects
for a week around the middle of each trimester, excluding the first and last 1% of HSF scores. We include
confidence bands of 95% around all estimates.
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Figure A.2: Estimated exposure-time-response functions for each week of first trimester using both a
DLIM-linear with 20 nominal degrees of freedom and standard DLM.
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Figure A.3: Estimated exposure-time-response functions for each week of second trimester using both a
DLIM-linear with 20 nominal degrees of freedom and standard DLM.
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Figure A.4: Estimated exposure-time-response functions for each week of third trimester using both a
DLIM-linear with 20 nominal degrees of freedom and standard DLM.
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Table A.9: Variable descriptions for the outcome, birth weight gestational age z-score (BWGAZ), and
covariates used in the data analysis of this paper.

Covariate Type Values
BWGAZ continuous -8.29 - 5.95

Age continuous 11 - 68 yrs
BMI continuous 10.48 - 83.08 kg/m2

Height continuous 38 - 83 in.
Prior weight continuous 65 - 468 lbs

Race categorical Black
White

Asian Pacific Islander
American Indigenous

Ethnicity categorical Non-hispanic
Hispanic

Education categorical less than high school
high school
advanced
associate
college

Income categorical <$15,000
$15,000 - $24,000
$25,000 - $34,000
$35,000 - $49,000
$50,000 - $74,000

>$75,000
Marital status categorical not married

currently married
divorced, married/separated, widowed

Self-reported categorical yes
prenatal care habits no

unknown
Smoking habits categorical never smoked

during pregnancy currently, low amount
currently, high amount

former smoker
First trimester avg. ambient temp. continuous 1.69◦C - 35.58◦C

Second trimester avg. ambient temp. continuous 2.15◦C - 35.45◦C
Third trimester avg. ambient temp. continuous 1.70◦C - 35.66◦C
Census-tract of residence elevation continuous 4577 - 5994 ft.
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Appendix B

Distributed Lag Interaction Model with Index

Modification

B.1 Additional Methods

We use a Gibbs sampler for the regression coefficients and the error variance. The full condi-

tional distribution for the regression coefficients is

Ψ|ρ, σ2,y ∼ MVN[σ−2VΨU
′(ρ)y,VΨ], (B.1)

where VΨ = [Σ−1 + σ−2U′(ρ)U(ρ)]−1 and Σ is the covariance matrix for the prior distribution

on Ψ. The prior on σ2 is IG(a, b), and the full conditional distribution for σ2 is

σ2|Ψ,ρ,y ∼ IG

[

a+
n

2
, b+

1

2
{y −U(ρ)Ψ}′{y −U(ρ)Ψ}

]

. (B.2)

Sampling of other parameters is described in the “Parameter Estimation" section of the main text.
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Data: y,X,M,Z

Input: νmod, νtime, iterations, burn-in, and hyper-parameters ξ2, τ 2, a, b, q1, . . . , qL, and

ν1, . . . , νL

Initialize parameters Ψ, a, σ2 using priors

Create exposure-time basis using νtime basis functions

Create initial modifier basis using m∗ = 1/L and νmod basis functions

Create initial U(a) using initial a

for s = 2, . . . , N do

Update Ψ using Gibbs sampler

Update σ2 using Gibbs sampler

for l = 1, . . . , L do

Update al using algorithm 2

end

Normalize a(s) to obtain ρ(s)

Update cross-basis columns of U(ρ) using ρ(s)

end

Result: Posterior samples for Ψ,ρ, σ2

Algorithm 1: MCMC sampler
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if s > 500 and s ≤ burn-in then

δl←δl[1-(0.35 - acceptance rate)]

end

a
(s)
l ← a

(s−1)
l

if modifier selection then

if a
(s)
l = 0 then

a∗l ← Gamma(ql, 1)

else

a∗l ← 0

end

a
(s)
l ← a∗l with probability min(rselect, 1) in (5) in the main text

end

if a∗l = 0 was just rejected OR no modifier selection then

a∗l ← FN(a
(s)
l , δl)

a
(s)
l ← a∗l with probability min(r, 1) in (4) in the main text

end

Result: a
(s)
l

Algorithm 2: MH step for al
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B.2 Additional Simulation Table and Figures
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Figure B.1: Runtime averaged across 5 data sets for different number of modifiers. Data sets were simulated
using the same generating mechanisms described in the simulation section of the main text.
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Figure B.2: Posterior inclusion probabilities for each weight for DLIM-IM with modifier selection for all
200 simulated data sets with for all weight scenarios and signal-to-noise (SNR) settings. The red lines are
fixed at 1 for non-zero weights and 0 for zero weights. The black line is fixed at the inclusion threshold 0.5.
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Table B.1: Extending Table 3.1 in the main text to include other weight scenarios. The different 10 scenario
is the following weights: 0.3, 0.2, 0.1, 0.1, 0.05, 0.05, 0.05, 0.05, 0.05, 0.05. The equal 10 scenario is 10
weights that are all 0.1. The sparse 10 scenario is the following weights: 0.5, 0.4, 0.1, 0, 0, 0, 0, 0, 0, 0.

Cumulative Point-wise

Weight SNR Model RMSE Coverage Width RMSE Coverage Width
different 10 0.1 DLIM-IM 1.06 0.97 5.24 0.25 0.95 0.94
different 10 0.1 DLIM-IM sel. 1.05 0.97 5.18 0.24 0.96 0.96
different 10 0.1 Fixed-index 1.82 0.95 7.51 0.12 0.92 0.43
different 10 0.5 DLIM-IM 0.31 0.97 1.41 0.06 0.89 0.20
different 10 0.5 DLIM-IM sel. 0.30 0.97 1.38 0.06 0.89 0.20
different 10 0.5 Fixed-index 0.38 0.95 1.57 0.04 0.71 0.11
different 10 1 DLIM-IM 0.19 0.95 0.78 0.04 0.78 0.10
different 10 1 DLIM-IM sel. 0.19 0.95 0.78 0.04 0.78 0.10
different 10 1 Fixed-index 0.21 0.95 0.84 0.03 0.81 0.08

equal 10 0.1 DLIM-IM 1.06 0.97 5.21 0.25 0.95 0.93
equal 10 0.1 DLIM-IM sel. 1.04 0.97 5.15 0.24 0.96 0.95
equal 10 0.1 Fixed-index 1.80 0.95 7.46 0.12 0.92 0.43
equal 10 0.5 DLIM-IM 0.32 0.97 1.43 0.06 0.89 0.20
equal 10 0.5 DLIM-IM sel. 0.31 0.97 1.41 0.06 0.89 0.20
equal 10 0.5 Fixed-index 0.38 0.95 1.55 0.04 0.73 0.11
equal 10 1 DLIM-IM 0.20 0.95 0.79 0.04 0.78 0.10
equal 10 1 DLIM-IM sel. 0.20 0.95 0.79 0.04 0.78 0.10
dqual 10 1 Fixed-index 0.20 0.95 0.81 0.03 0.88 0.09

sparse 10 0.1 DLIM-IM 1.08 0.97 5.32 0.25 0.95 0.95
sparse 10 0.1 DLIM-IM sel. 1.06 0.97 5.27 0.24 0.96 0.97
sparse 10 0.1 Fixed-index 1.85 0.95 7.63 0.12 0.92 0.44
sparse 10 0.5 DLIM-IM 0.29 0.97 1.36 0.06 0.89 0.19
sparse 10 0.5 DLIM-IM sel. 0.28 0.97 1.30 0.06 0.89 0.19
sparse 10 0.5 Fixed-index 0.40 0.94 1.62 0.05 0.68 0.10
sparse 10 1 DLIM-IM 0.18 0.95 0.75 0.04 0.78 0.10
sparse 10 1 DLIM-IM sel. 0.17 0.96 0.74 0.04 0.77 0.10
sparse 10 1 Fixed-index 0.24 0.93 0.91 0.04 0.63 0.07
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Figure B.3: Estimated exposure-time-response functions (gray lines) from the three models considered in
the main text (DLIM-IM, DLIM-IM with selection, fixed index model) at 3 modifier index values (0.3, 0.5,
0.7) for 10 individual simulated data sets. The true exposure-time-response function is presented in black.
The data sets were simulated using a signal-to-noise ratio of 1 in the equal weights scenario (scenario 1).
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Figure B.4: Estimated exposure-time-response functions (gray lines) from the three models considered in
the main text (DLIM-IM, DLIM-IM with selection, fixed index model) at 3 modifier index values (0.3, 0.5,
0.7) for 10 individual simulated data sets. The true exposure-time-response function is presented in black.
The data sets were simulated using a signal-to-noise ratio of 1 in the different weights scenario (scenario 2).
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Figure B.5: Estimated exposure-time-response functions (gray lines) from the three models considered in
the main text (DLIM-IM, DLIM-IM with selection, fixed index model) at 3 modifier index values (0.3, 0.5,
0.7) for 10 individual simulated data sets. The true exposure-time-response function is presented in black.
The data sets were simulated using a signal-to-noise ratio of 1 in the sparse weights scenario (scenario 3).
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B.3 Additional Analysis Table and Figures
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Figure B.6: Heat map of the absolute correlations for the 14 candidate modifiers used in the Colorado
EnviroScreen analysis.
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Figure B.7: Heat map of the absolute correlations for the 4 stress modifiers used in the PROGRESS analysis.
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Figure B.8: Estimated cumulative effect from DLIM-IMs with selection using the Colorado birth cohort
data set with 3 and 4 degrees of freedom in both the modifier and exposure-time dimensions.
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Figure B.9: Estimated exposure-time-response curves for DLIM-IMs with selection using the Colorado
birth cohort data set with 3 and 4 degrees of freedom in both the modifier and exposure-time dimensions.
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(a) % of people under 5 years old
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(b) % of people over 64 years old (*)
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(c) Rate of heart disease
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(d) Asthma hospitalization rate (*)

Figure B.10: Estimated exposure-time-response functions across a grid of modifier index values (HSF)
from the DLIM-IM with selection on the 14 modifiers (Multi-modifier model) presented in the main text
and a DLIM-IM with one modifier (single-modifier model). The asterisk denotes modifiers that were found
to contribute to modification in the multi-modifier model in the main text analysis.
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(a) Life expectancy
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(b) Cancer prevalence
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(c) Diabetes prevalence
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(d) Rate of poor mental health

Figure B.11: Estimated exposure-time-response functions across a grid of modifier index values (HSF)
from the DLIM-IM with selection on the 14 modifiers (Multi-modifier model) presented in the main text
and a DLIM-IM with one modifier (single-modifier model). The asterisk denotes modifiers that were found
to contribute to modification in the multi-modifier model in the main text analysis.
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(a) % of people of color (*)
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(b) % of people less than high school ed. (*)
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(c) % of people with low income
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(d) % of households linguistically isolated (*)
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(e) % of people with disabilities
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(f) % of households burdened by housing costs

Figure B.12: Estimated exposure-time-response functions across a grid of modifier index values (HSF)
from the DLIM-IM with selection on the 14 modifiers (Multi-modifier model) presented in the main text
and a DLIM-IM with one modifier (single-modifier model). The asterisk denotes modifiers that were found
to contribute to modification in the multi-modifier model in the main text analysis.
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Figure B.13: Cumulative effect estimates for LDL 48 months after parturition from a DLIM-IM without
selection using the PROGRESS cohort data set fit with 3 degrees of freedom in both the modifier and
exposure-time dimensions.
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Figure B.14: Estimated exposure-time-response curves for LDL 48 months after parturition from a DLIM-
IM without selection using the PROGRESS cohort data set fit with 3 degrees of freedom in both the modifier
and exposure-time dimensions, evaluated at the 10th (m̂∗

= 0.15), 25th (m̂∗
= 0.27), 30th (m̂∗

= 0.29), 40th

(m̂∗
= 0.32), 75th (m̂∗

= 0.47), and 90
th (m̂∗

= 0.58) percentiles of the estimated modifier index.
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Figure B.15: Cumulative effect estimates for HDL 48 months after parturition from a DLIM-IM without
selection using the PROGRESS cohort data set fit with 3 degrees of freedom in both the modifier and
exposure-time dimensions.
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(a) EPDS

Index: 0.25 Index: 0.31 Index: 0.45

0 5 10 15 20 250 5 10 15 20 250 5 10 15 20 25

−0.10

−0.05

0.00

0.05

0.10

Months since LMP

C
h
a
n
g
e
 i
n
 H

D
L
 p

e
r 

e
x
p
o
s
u
re

 u
n
it

Model Multi−modifier Single−modifier

(b) CRYSIS
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(c) Perceived Stress Score
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(d) STAI

Figure B.16: Estimated exposure-time-response functions from a DLIM-IM using the 4 stress modifiers
(multi-modifier model in solid black) presented in the main text and a DLIM-IM with one of the stress
modifiers (single-modifier model in dashed blue) from the PROGRESS data set. The estimated exposure-
time-response curve is presented at the 25th, 40th, and 75th percentiles of the estimated modifier index from
the multi-modifier model presented in the main text.
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Table B.2: Weight estimates and posterior inclusion probabilities (PIPs) for a DLIM-IM with modifier
selection using νmod degrees of freedom in the modifier dimension and νtime degrees of freedom in the
exposure-time dimension, denoted (νmod, νtime). The flag (*) indicates that the PIPs disagree in terms of
selection, and the flag (**) indicates that the estimated weights are not similar.

Estimate SD PIP

Indicator (3, 3) (4, 4) (3, 3) (4, 4) (3, 3) (4, 4)
Asthma 0.14 0.14 0.12 0.10 0.74 0.82
Cancer 0.03 0.06 0.06 0.12 0.41 0.45

Diabetes (*) 0.05 0.08 0.07 0.09 0.47 0.61
Heart disease 0.01 0.03 0.05 0.07 0.24 0.35

Life expectancy 0.01 0.02 0.03 0.04 0.25 0.32
Mental health 0.03 0.05 0.06 0.08 0.37 0.46

Percent over 64 (*) 0.10 0.06 0.13 0.09 0.58 0.49
Percent under 5 0.02 0.02 0.05 0.05 0.31 0.34

Housing cost 0.06 0.06 0.10 0.10 0.49 0.49
Disability (*) 0.06 0.11 0.10 0.16 0.46 0.61

Less than high school education (**) 0.19 0.09 0.19 0.13 0.75 0.57
Linguistic isolation 0.07 0.12 0.10 0.12 0.53 0.71

Low income 0.01 0.01 0.03 0.04 0.26 0.29
POC (**) 0.22 0.14 0.18 0.14 0.81 0.69
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Appendix C

Subgroup Analyses and Effect Modification with

Bayesian Kernel Machine Regression

C.1 Additional Methods

C.1.1 Prior specification for models

We used the same prior distributions and hyperparameters for all models considered. We used

a flat prior on the regression coefficients β and an inverse Gamma prior on the error variance,

σ2 ∼ IG(0.001, 0.001). Following Bobb et al. (2015), we parameterized λ = τσ−2 and assigned λ

a Gamma prior with mean 100 and variance 100. We used the same priors for the group-specific

λ parameters in the second group-separable model. Finally, the smoothing parameters ρm for each

exposure m = 1, . . . ,M has prior ρm ∼ Uniform(0, 100). We used the same priors for ρp in the

modifier-in-kernel model.

C.1.2 Simulation Methods

Simulation surfaces were generated using the following equations: h1(z) = 4f [1
4
(Σ2

m=1zm +

1
2

∏2
m=1 zm), 0, 0.3], h2 = 1

4
h1, and h3(z) = 0. The function f is the logistic distribution density

function f(x, µ, σ) = 1
σ

exp[(x− µ)/σ]/[1 + exp{(x− µ)/σ}]2.

We estimated the exposure-response surface across a grid of quantiles ranging from the first

to third quartiles. We estimated the group-specific total mixture effects across that same grid of

quantiles for q2, with a change in effect compared to the median (q1 = 0.5). We estimated the

group-specific single-exposure effects for an IQR change (q1 = 0.25, q2 = 0.75) in each exposure

while the others were fixed at each quartile (q = 0.25, 0.5, 0.75). We summarized these group-

specific effects across each modifier group. We estimated interaction effects, or the difference in

effect between groups, for the same quantiles as the group-specific effects.
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We consider different exposure ranges for each effect estimate to prevent extrapolation. For

group-specific effect estimates, we evaluate performance in each group only over the range of

exposures in that group. For between-group differences, we evaluate performance using the inter-

section of the range of exposures observed in both groups of the difference.

135



C.2 Additional Figures
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Figure C.1: Estimated sex-specific single-exposure effects of lead, manganese, and arsenic on BSID-III
from each model (x-axis) in n = 349 children in the Bangladesh cohort. This is the estimated average
change in BSID-III for an IQR change in exposure, while other exposures are fixed at their medians, for
both girls (green triangles) and boys (purple circles) separately.
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Figure C.2: Estimated between-group differences (girls effect minus boys effect) in single-exposure ef-
fects of lead, manganese, and arsenic on BSID-III from each model (x-axis) in n = 349 children in the
Bangladesh cohort. This is the estimated difference between girls and boys average change in BSID-III for
an IQR change in exposure, while other exposures are fixed at their medians.
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Figure C.3: Estimated sex-specific total effects of the mixture on BSID-III from each model (x-axis) in
n = 349 children in the Bangladesh cohort. This is the estimated average change in neurodevelopment
score for a change in all exposures between their first quartile and median (facet 1) and between their third
quartile and median (facet 2) for girls (green triangles) and boys (purple circles).
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Figure C.4: Estimated differences (girls effect minus boys effect) between girls and boys in total effects of
the mixture on BSID-III from each model (x-axis) in n = 349 children in the Bangladesh cohort. This is the
estimated difference girls and boys average change in neurodevelopment score for a change in all exposures
between their first quartile and median (facet 1) and between their third quartile and median (facet 2).
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