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ABSTRACT 

 

QUANTUM DOT STUDIES WITH 

TIME-RESOLVED SUPER-RESOLUTION MICROSCOPY 

 

Quantum dots (QDs) are semiconductor nanoparticles whose optical properties make them 

ideal candidates for a myriad of applications including fluorescence imaging and light harvesting 

technologies. They are highly emissive and their stochastic switching between states of low and 

high intensity, called blinking, lends them particularly well to super-resolution (SR) microscopy 

studies. This thesis is devoted to the development and application of a SR microscope with 

exceptionally high temporal resolution, so that the fluorescence lifetime, intensity, and emitter 

location can be simultaneously monitored. This time-resolved SR microscope is used to 

characterize CdSe/CdS core/shell QDs and clusters of QDs. Small clusters of ~2-5 QDs exhibited 

fluorescence intensities and lifetimes indicative of directed energy transfer, and regions were 

resolved within the clusters that were responsible for donating and accepting energy. Correlated 

images of the same clusters with scanning electron microscopy were used to verify the true 

distances between QDs in an attempt to confirm the distance-dependence of the Förster energy 

transfer rate. A new analysis method was developed for resolving non-blinking emitters based on 

the lifetime information accessible with the time-resolved SR microscope.   
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CHAPTER 1. INTRODUCTION 
 

Nanocrystals made up of hundreds to thousands of semiconductor atoms first drew 

attention in the 1980s when researchers observed their size-dependent optical properties caused by 

confinement of the electron-hole pair (the exciton) to spaces smaller than the exciton radius[1]. 

These crystals act like spherical potential wells, giving rise to discrete atomic-like energy 

transitions, and are named “quantum dots” (QDs) after this effect[2,3]. The valance and conduction 

bands edges of the QD where the hole and electron respectively reside are analogous to the highest 

occupied molecular orbital (HOMO) and lowest unoccupied molecular orbital (LUMO) of a 

molecule, and the energy between them can be adjusted based on the size of the QD. For CdSe 

QDs, arguably the most extensively studied QDs because their photoluminescence can be tuned 

across the visible spectrum, the exciton radius is 5.6 nm[4]. The diameter of the CdSe QDs 

examined in this thesis are ~5.6 nm, putting our system in what is referred to as the “strong 

confinement regime”[5]. 

Aside from their tunable band gaps, QDs exhibit remarkable photostability, quantum 

yields, and thermal stability, making them ideal candidates for optoelectronic devices such as solar 

cells and light emitting diodes (LEDs), for use in lasing technology, and for imaging and 

biomedical applications[6–11]. QDs also exhibit an intermittency in their photoluminescence, 

temporarily and stochastically switching between emissive “ON” states to non-emissive or less 

emissive “OFF” states[12–15]. This phenomenon is commonly referred to as blinking, and it can 

be desirable or not depending on the application. For the super-resolution microscopy work done 

in this thesis, blinking is essential, as we will discuss later. In an effort to understand the physical 
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properties that govern blinking, much research has been devoted to characterizing and modeling 

the behavior[12–14,16–22]. 

Based on spectroscopic studies of single QDs, the most widely accepted explanation for 

blinking is that it occurs when the QD becomes charged because one of the charge carriers 

associated with the exciton, the electron or the hole, becomes trapped on the surface or ejected 

entirely from the QD[20,23]. The remaining charge triggers a process called Auger recombination 

in which subsequently formed excitons transfer their energy to the extra charge, allowing 

nonradiative relaxation to occur through phonon modes. The rate of Auger recombination is much 

higher than the radiative decay of the exciton, so the system is effectively in the OFF state. This 

persists until the trapped charge returns and neutralizes the QD, after which the ON state is 

resumed.  

Since their first discovery, the photostability and quantum yields of QDs have been 

improved upon by growing inorganic shells on their surface, which reduce the effects of 

environmental changes, photo-oxidation, and surface chemistry on the photoluminescence 

properties[24–28]. Past studies in our group focused on the photoluminescence behavior of 

CdSe/ZnS (core/shell) QDs, while our more recent studies have examined CdSe/CdS QDs and this 

is the system examined in this thesis. A CdSe/CdS QD has a band structure referred to as quasi 

type-II because the conduction and valance bands of the CdS shell lie below those of the CdSe 

core. This means the electron can migrate throughout the core and shell whereas the hole is 

confined only to the core. For CdSe cores with exceptionally thick shells, for example 16-19 

monolayers of CdS, there is nearly a complete suppression of blinking[29] .  The QDs studied in 

this thesis have ~5 monolayers of CdS, and in this case the blinking behavior is still prevalent.  



3 
 

Multiple QDs in close proximity will transfer energy to one another through dipole-dipole 

coupling that is referred to as Förster resonance energy transfer (FRET)[30–32]. For some QD 

technologies, such as QD-LEDs, energy transfer can harm their performance[29], whereas for 

other technologies, such as luminescent solar concentrators[33], efficient nonradiative transfer is 

desired. Either way, the characterization and control of energy transfer among QDs is valuable and 

has been the subject of many studies, both at the single molecule and ensemble level. FRET is 

described in the context of energy transfer between a donor QD and an acceptor QD and has a rate 

that depends inversely on the distance 𝑑 between donor and acceptor pair raised to the sixth 

power[34]. In Eqn. 1.1, 𝜏஽ is the relaxation rate of the isolated donor emitter, and 𝑟଴ is called the 

Förster radius, which is the separation distance 𝑑 at which the donor relaxation rate 1/𝜏஽ for an 

isolated QD is equal to 𝐹. The Förster radius depends on the donor quantum yield, the relative 

orientations of the donor and acceptor transition dipole moments, and the overlap of the donor 

emission wavelength and the acceptor absorption coefficient1. It has been measured 

experimentally in thin films of mixed donor and acceptor QDs[31,35–37] or in bilayers of donor 

films and acceptor films[38–40] by monitoring the decreased lifetime, 

of the donor emission in the presence of the acceptor. For these referenced studies, a variety of 

QDs materials, sizes, and ligands have been used, and 𝑟଴ varied substantially, ranging between ~4-

 
1 It is convenient to know the relationships 𝑟଴ = 𝑑 ቀ ఛವఛವಲ − 1ቁଵ/଺ = 𝑑(𝐹𝜏஽)ଵ/଺. 

𝐹 = 1𝜏஽ ቀ𝑟଴𝑑 ቁ଺
 (1.1) 

𝜏஽஺ = 𝜏஽1 + 𝐹𝜏஽ (1.2) 
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12 nm. Curiously, several QD FRET studies have pointed out a discrepancies in their 

experimentally measured 𝑟଴ compared to theoretical predictions[35], while others have reported 

reduced distance dependencies of 1/𝑑ସ, suggesting the Förster model may be inadequate for 

describing the energy transfer among QDs[39]. 

 In an effort to better characterize the energy transfer between QDs, several groups, 

including our own, have used single molecule spectroscopic techniques to probe the interactions 

among small clusters of 2-5 QDs. These systems can transfer energy but are small enough to 

exhibit emission behavior that does not suffer from ensemble averaging, and their behavior 

provides clues about their interactions. Our group’s interest in these systems began in 2006 when 

Yu and Van Orden observed more rapid blinking of CdSe/ZnS QDs in clusters compared to single 

QDs[41]. Later, Shepherd, et. al. observed enhanced blinking along with the presence of a lower 

intensity and shorter lifetime emission within clusters that could be explained with a model of 

energy transfer to QDs with smaller band gaps[42], and Whitcomb, et. al. showed that the altered 

blinking was a consequence of the ON/OFF switching of acceptor QDs. In addition to lifetime and 

intensity information, some spectroscopic methods allow one to collect the time delays between 

single photon arrivals and explore the correlations between these photon pairs. Members of our 

group found that energy transfer was  also evidenced in the photon pair correlations[43].  

To study the relationship between the size and structure of clusters and their energy transfer 

efficiency, and to uncover the roles of individual QDs in clusters as donors or acceptors, our group 

then began imaging the clusters with fluorescence microscopy. The spatial resolution of 

conventional fluorescence microscopy is limited by the diffraction of light so that emitters closer 

than ~200 nm cannot be resolved. Uncovering structural information about the clusters required a 

method with spatial resolution approaching the diameter of the QDs, which was attainable with 



5 
 

super-resolution (SR) microscopy.  This technique relies on identifying the peak of the emission 

profile, the emission centroid, so that single emitters can be located with high precisions between 

1-100 nm depending on the efficiency of the detection scheme and brightness of the 

emitters[44,45]. Unfortunately, if multiple emitters contribute to the emission profile, the centroid 

is located at a weighted average of their individual positions, and there is nothing super about that. 

However, if the emitters undergo blinking, the centroid position will shift among their individual 

locations in time. Compiling these centroid locations and applying filtering techniques such as 

intensity thresholding to remove centroids for which multiple emitters likely contributed to the 

emission profile, one obtains a SR image. Thus the inherent blinking and brightness of QDs makes 

them excellent emitters for SR microscopy[46–48]. 

In our group, Ryan, et. al. imaged clusters of CdSe/ZnS QDs with SR microscopy and 

resolved multiple regions within the clusters by taking advantage of their blinking 

properties[49,50]. Some regions had significantly higher intensity that others, and by imaging the 

same clusters with scanning electron microscopy (SEM), the authors were able to see which QDs 

within the cluster were responsible for different quantum yields. Highly emissive QDs were 

hypothesized to be energy acceptors while those with lower intensity were hypothesized to be 

energy donors. Additionally, the authors also observed that the intensity of the emission from 

clusters was lower than would be expected based on the number of QDs measured in the SEM 

images, suggesting that energy transfer to QDs that are predominantly in the OFF state might be 

occurring. However, it was equally possible that the different quantum yields of the QDs in the 

clusters were independent of energy transfer and caused entirely by heterogeneity among the QDs. 

To further probe these findings, our group developed a time-resolved SR microscope that was 

capable of accessing both the quantum yield and lifetime of the photoluminescence of the QDs. 
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This thesis discusses the development of this microscope and its accompanying data analysis tools, 

as well as its application to the study of CdSe/CdS QDs. 

Chapter 2 describes the time-resolved SR microscope setup and its application to the study 

of single and clustered CdSe/CdS QDs[51]. We found a correlation between shorter lifetime and 

lower intensity emission within QD clusters that was consistent with the behavior expected for 

donor QD(s) in the presence of acceptor QD(s). For single isolated QDs, we observed the emission 

centroids distributed about a single mean location with ~5 nm precision every 0.1 sec (with 10,000 

collected counts). For QD clusters, we observed the centroids were distributed about multiple mean 

locations, from which we attempted to infer the underlying structure of the QD clusters. Moreover, 

different regions of the SR image were revealed to have different lifetimes and intensities, allowing 

us to hypothesize about the donor and acceptor roles of different portions of the cluster. We 

hypothesized that directed energy transfer would be facilitated by the ±1 nm size distribution in 

our samples, which would cause a distribution in the band gaps of the QDs and allow them to act 

as donors and acceptors.   

Chapter 3 details how we located the emission centroid with our detection scheme. We 

used maximum likelihood estimation (MLE) to do this, which meant maximizing a likelihood 

distribution (formulated in Section 3.1) for the location of the emitter given the counts arriving in 

the pixels of our camera. Special care had to be taken because our detection scheme had only four 

pixels, so the information we could extract about the system was limited. We found that we could 

locate an emitter and compute the total number of emitted counts with MLE using only the counts 

arriving in the four pixels, but this required knowledge of the emission PSF. Unfortunately, the 

PSF could not also be determined from MLE of a four-pixel image, unless we already knew the 
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emitter location. This led us to develop an independent method for measuring the PSF which is 

described in Section 3.3.  

Chapter 4 returns to the study of CdSe/CdS QD clusters, this time introducing scanning 

electron microscopy (SEM) images of clusters that were also imaged with the time-resolved SR 

setup. This provided us with a way of examining how the number of QDs and their separations 

from one another impacted their photoluminescence properties. In Section 4.1, we highlight 

images of pairs of QDs that have decreasing separation distances. In Section 4.2, we present some 

simple kinetic models to describe the quantum yield, photon arrival time distribution, and average 

photon arrival time for single emitters, and pairs of both noninteracting and interacting emitters. 

The models for a single emitter are used to interpret the behavior of isolated QDs in Section 4.3, 

for which we find that a model incorporating a single radiative decay pathway and competing 

nonradiative decay pathway does a very good job describing our data. We return, in Section 4.4, 

to the pairs of QDs. Unlike the clusters from Chapter 2, we find that we cannot confirm the 

presence of energy transfer among these cluster.  Given the substantial variation in the lifetimes of 

the single QDs, the lifetime and intensity variations observed in clusters may be completely 

attributed to the heterogeneity in the individual QD photoluminescence. We also interpret the QD 

pair behavior in terms of the kinetic models we presented for emitter pairs. Ultimately, we find 

that we are, in the best-case scenario, one parameter short of being able to quantify the Förster 

transfer rate among these QDs. 

Chapter 5 returns to the subject of localizing a single emitter with MLE. An assumption of 

continuous wavelength (CW) excitation went into the formulation of the likelihood distribution 

that we used in the analysis in Chapter 3. Although this formulation is prevalent in the literature, 

it is technically an inappropriate model for our purposes because we excite the emitters with pulsed 
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excitation. To remedy that, we have formulated a likelihood distribution for of the location of an 

emitter that is undergoing pulsed excitation. Conveniently, our approach allows us to fold in 

information about the photon arrival times that we also collect with our setup. In maximizing this 

new distribution for the emitter location, we find that it can achieve superior localization precision 

for emitters in the presence of high background.  To the extent which we have applied MLE, we 

find that both the likelihood distribution from Chapter 3 and our newly formulated likelihood 

distribution for pulsed excitation provide the same location for single emitters.  

Chapter 6 extends the pulsed likelihood distribution derived in the previous chapter so it 

includes temporal information about the photon arrival times in each pixel. We show that for the 

time-resolved MLE, multiple emitters can be simultaneously located if their lifetimes are 

sufficiently disparate. In other words, we demonstrate the ability to super-resolve non-blinking 

emitters, thanks to the temporal information provided by our microscope. We apply this method 

to simulated emitters in Section 6.1, for which emission centroids spaced 5 nm apart are resolved. 
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CHAPTER 2. Examining Quantum Dot Interactions Part 1: 

Time-Resolved Super-Resolution Imaging 

 

In this chapter, we present an overview of our time-resolved SR microscope before delving 

into data we collected on CdSe/CdSe core/shell QDs which highlights the capabilities of the 

microscope2. This work was motivated by previous studies of small clusters of CdS/ZnS QDs (2-

5 QDs in contact) by our group, dating back to 2004, in which the presence of energy transfer 

among QDs was indicated by correlations between lower intensity/shorter lifetime emission and 

higher intensity/longer lifetime emission[42,52]. Additionally, camera-based SR imaging studies 

of CdS/ZnS QD clusters conducted by past members of our group revealed localized regions of 

high and low intensity emission within clusters that may have been facilitated by energy 

transfer[49]. As we will see, the time-resolved SR microscope allows us to explore both of those 

findings by simultaneously monitoring the arrival times of photons with sub-nanosecond time 

resolution and monitoring the emission centroid location with ~5 nm precision3.  Ultimately, the 

 
2Some of the text and figures in this chapter appear in our Applied Phys. Letters paper[51]. For 
this paper, Megan Dunlap collected and analyzed the data, and wrote the manuscript. Duncan Ryan 
provided technical assistance with the optical alignment and provided feedback during the 
development of the localization algorithm. Peter Goodwin assisted with data interpretation, photon 
counting electronics, and optics. James Werner provided the equipment for the time-resolved 
super-resolution microscope and assistance with the single photon counting electronics. Jennifer 
Hollingsworth and Somak Majumder provided the QD samples and assisted with data 
interpretation. Martin Gelfand assisted with the development of the localization algorithm and data 
interpretation. Alan Van Orden assisted with developing of the microscope and localization 
algorithm. All authors contributed to editing the manuscript. 
3Precision scales with the square root of the number of detected photons, and ~5 nm precision is 
achieved with 104 detected photons. 
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spatial mapping of the emission intensity and lifetime allows us to identify energy transport 

pathways among QDs within clusters. 

2.1: Time-resolved super-resolution microscope overview 

Numerous optical microscopy techniques have been developed in the past two decades that 

surpass the resolution limits imposed by the diffraction of visible light, such that emitters separated 

by less than ~200 nm can be spatially resolved[53]. Single-molecule localization microscopy 

(SMLM) is a subset of these super-resolution (SR) techniques in which multiple closely spaced 

emitters can be resolved by locating the centroid of the emission profile of single molecules with 

a high degree of precision[54]. Resolution in the tens of nanometers is typical, and ~1 nm 

resolution has been reported under favorable conditions[55,56]. Though emission is typically 

collected by a charge-coupled device (CCD) camera or a complementary metal-oxide 

semiconductor (CMOS) camera, several recent SR demonstrations have greatly improved the 

temporal resolution by employing single-photon avalanche photodiode (SPAD) detectors in 

conjunction with time-correlated single-photon counting (TCSPC) hardware[57–59].  In TCSPC, 

which is illustrated in Fig. 2.1, the arrival time of each registered photon relative to the start of the 

experiment (the time of day), called the “macro-time”, and the arrival time relative to the excitation 

laser pulse, called the “micro-time”, are recorded with resolutions down to ~50 ps[60,61]. The 

simultaneous acquisition of TCSPC data and SR images allows for observation and 

characterization of dynamic processes that are inaccessible in conventional camera-based SR 

imaging.  
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Figure 2.1 Time-correlated single photon counting. Laser pulses with a period T excite the 
system. Electronics record the micro-time δt, the interval of time that elapses between the detection 
of an emitted photon and the most recent laser pulse preceding the photon detection, which we use 
to determine the lifetime of the emission. In addition, the amount of time that elapsed between the 
start of the experiment and the arrival of each photon is recorded. We use that information to 
determine the number of counts that arrived in each pixel during a specified segment of time. 

To date, high spatiotemporal resolution imaging has been implemented with two different 

detection schemes: arrays of optical fibers that are coupled to individual SPAD detectors, and 

SPAD array detectors. The latter has been used to resolve emitters spaced by ~80 nm[58], and a 

theoretical study used photon pair correlations to accurately extract the number of non-interacting 

emitters in an image containing overlapping emission profiles[62].  Additionally, the array’s 

timing resolution has been exploited for fluorescence lifetime imaging with a resolution slightly 

better than the diffraction limit[59]. Despite the large number of pixels (256 to 66,000) within 

SPAD arrays, optical fibers coupled to a small number of individual detectors (4 to 16) offer a 

competitive alternative because they have higher collection efficiencies[61]. In the context of SR 

imaging, Israel et al. has located emission centroids based on the photons collected by 16 optical 

fibers coupled to SPAD detectors[57]. In this study, the TCSPC data was used to identify and 

reject the contribution from multiple emitters based on photon pair correlations, and that 

processing method was shown to aid in resolving two emitters separated by ~100 nm.  

Our time-resolved SR setup also employed optical fibers coupled to SPAD detectors. It 

was adapted from a similar optical configuration developed by several members of our team for 

3-D tracking of single molecules in solution[63–66].  Fig. 2.2 displays a diagram of the 
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microscope, and a more detailed setup description is provided in Section 2.4. In brief, 485 nm 

pulses with a width of ~100 ps were delivered at a frequency of 5 MHz and focused onto the 

surface of a glass coverslip. QDs were sparsely dispersed on the coverslip, and the piezoelectric 

stage was raster scanned to locate photoluminescent spots from individual QDs and QD clusters. 

The emission from each spot was collected by an objective and then focused by a tube lens, 

resulting in an overall 250 magnification of the emission PSF. A 2  2 bundle of square optical 

fibers was placed at the focus of the tube lens, and the fibers transmitted the emission to four single 

photon counting avalanche photodiode (APD) detectors. Each time a detector registered a photon, 

it sent a pulse to the TCSPC hardware. Another pulse called the “sync pulse” was also sent from 

the laser driver to the TCSPC hardware each time an excitation pulse was released. The hardware 

recorded the time difference between the sync and the detector pulse to measure the micro-time, 

and it recorded the total number of sync arrivals in a given time window to measure the macro-

time.   
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Figure 2.2 Time-resolved super-resolution microscope. 485 nm pulses delivered at a frequency 
of 5 MHz were directed to an objective lens that focused the light on the surface of a glass coverslip 
where QDs were dispersed. The piezo stage was raster scanned to identify QDs on the surface and 
place them in the center of the probe region for observation. The z focus was maintained by 
adjusting the height of the objective with a piezo mount. Feedback for that was provided by an 
autofocus unit that monitored an image of scattered infrared (IR) light from the surface of the 
sample. The 850 nm IR light was directed to the objective with an 800 nm short pass (SP) dichroic 
beamsplitter. The QD emission was collected by the objective, and transmitted by the 488 nm 
long-pass (LP) dichroic beamsplitter and SP beamsplitter. A 800 nm SP filter blocked stray IR 
light that was leaked by the SP beamsplitter, and a 488 nm LP filter blocked stray excitation light 
that was leaked by the LP beamsplitter.  A tube lens focused the emission onto a bundle of four 
optical fibers. The fibers act like pixels, directing the light to four avalanche photodiode detectors 
that send a pulse to TCSPC hardware upon registering each photon. Using these arrivals in 
conjunction with the arrivals of the sinc pulse from the laser driver, the micro-times and macro-
times corresponding the photon arrivals in each detector were recorded. 
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Before collecting data, the microscope stage was adjusted so that each sample was in the 

center of the probe region. Counts were then recorded for 500-1,000 sec from each 

photoluminescent spot. The binary data from the TCSPC hardware was saved, and then read and 

analyzed with Matlab. From the macro-times, we determined the average number of counts 𝑚ଵ, 𝑚ଶ, 𝑚ଷ, and 𝑚ସ that were collected in each of the pixels for every 100 ms time window ∆𝑡. From 

the micro-times, we determined the lifetime 𝜏 of the emission. In this chapter, we define 𝜏 as the 

average of the micro-times recorded during each ∆𝑡. (Later on, we will histogram the micro-times 

and find the lifetimes from that distribution.) 

It was necessary to maintain the z position of the sample throughout each experiment to 

preserve the PSF size. For reasons that will be described in Section 3.3, this must be provided to 

the localization algorithm, but we cannot measure and monitor it while we acquire data from QDs. 

This is problematic because the objective drifts in z over the course of an experiment, significantly 

altering the PSF size. To prevent this, we maintained the distance between the sample and objective 

using a commercial autofocus unit that imaged scattered infrared light off the surface of the 

coverslip. As the focus changed (due to drift or adjusting the position of the stage to examine a 

new fluorescent spot), the image of the scatter changed. In turn, that change was used to generate 

a voltage for driving a piezoelectric mount that adjusted the z position of the objective. The PSF 

widths had to be re-measured and the autofocus unit relocked each time the z position was adjusted 

to maximize the counts. For QDs on a glass coverslip, it was necessary to do this once per 

coverslip; the PSF size remained constant as long as the autofocus remained on, regardless of 

adjustments to the microscope stage. 

The procedure for measuring the PSF width is detailed in Section 3.3. Briefly, measured the 

PSF by placing a single QD in the center of probe region and acquiring data before and after 
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moving the stage by 50 nm. We located the emission centroid with MLE for data collected before 

and after the movement, and then we solved for the PSF width that would allow the distance 

between the calculated centroid positions to agree with the 50 nm true distance. For these 

experiments, the FWHM of the PSF in the image plane was ~100 μm, which happened to be equal 

to the width of each optical fiber. 

2.2: Interpreting time-resolved images of single QDs 

Samples were prepared by spin coating nanomolar solutions of QDs in toluene onto the 

surface of glass coverslips that had been plasma cleaned and silanized with (3-Aminopropyl) 

triethoxysilane (919-30-2) via vapor deposition. Spin coating was done at 5,000 rpm and 50 μl of 

the solution was deposited dropwise, resulting in a coverage of ~0.01 QDs or QD clusters/μm2 on 

the surface of the coverslip. The QDs were synthesized by a member of the Hollingsworth group 

at Los Alamos National Laboratory using the synthesis described by Chen, Bawendi, et. al.[67]. 

This produced cores with ~5.6±0.6 nm diameters and total particle diameters of 9±1.0 nm, as 

measured from SEM images of the samples (displayed below in Fig. 2.3a and b, respectively). 

Octadecylamine, octadecene, and primarily oleates were present after the shell growth that acted 

as stabilizing ligands for the QDs; enough ligand was present such that the QDs formed a 

monodisperse colloid after being washed4 and resuspended in toluene.  

 
4 For washing the QDs, we added 1 part hexane and 8 parts acetone to 1 part of the QDs in the 
synthesis solution, centrifuged the solution at 5000 rpm for 7 minutes, and then discarded the 
solvent and left the precipitated QDs to dry in air for several minutes. The acetone precipitated the 
QDs without displacing their ligands[106]. The QDs were then resuspended in hexane and the 
process of adding acetone, spinning, and drying was repeated two more times. Lastly, the QDs 
were resuspended in toluene. 
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Figure 2.3 Scanning electron microscopy (SEM) images of CdSe/5CdS QDs. (a) The CdSe 
cores have a size distribution of 5.6±0.6 nm. (b) The CdSe/CdSe QDs with ~5 monolayers of 
CdSe shell have a size distribution of 9±1.0 nm. (c) A high-resolution SEM image of a single 
CdSe/5CdS QD shows the crystal lattice of the QD. Images (a) and (b) were collected by Joanna 
Casson, Los Alamos National Laboratory, and (c) was collected by John Watt, Los Alamos 
National Laboratory. 

The average values for 𝜏 and the emission intensity 𝐼 = ∑ 𝑚௞,ସ௞ୀଵ  varied from QD to QD, 

as did the dynamics and distributions of those observables. To illustrate typical trends that existed 

in all single QDs, we will highlight data from a representative single QD. Fig. 2.4 displays 500 

seconds from the QD for which the intensity, 𝜏, and x and y positions were calculated and plotted 

for every 100 ms of data. The intensity had a mean of 105 kcounts/sec (Fig. 2.a) and rapidly 

fluctuated between a high level at ~140 kcnts/sec and a continuum of lower levels. Fluctuations of 

this nature were exhibited in all the QDs that we examined, and they are likely caused by 

temporarily trapped charges on the QD that alter the radiative decay (either by offering an 

alternative non-radiative relaxation pathway, or by temporarily preventing the QD from emitting)5. 

The blinking events were accompanied by changes in the fluorescence lifetime. We observed that 

the lifetime of the QD (Fig. 2.4b) decreased significantly when the QD intensity decreased, which 

would be expected if this is due to opening an additional non-radiative decay pathway. This 

behavior is seen clearly in the data recorded between 325 and 360 seconds (Fig. 2.4a and b); the 

 
5 See Section 4.3 for more discussion on the behavior of single QDs.  
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average lifetime was 43 ns before it switched to lifetimes as short as 20 ns at the same time the 

intensity decreased. There were also segments, including a brief one near 375 sec, where the 

intensity decreased and the lifetime increased. This behavior is an artifact of the detector dark 

counts which were registered randomly between zero and the 200 ns period of the pulsed 

excitation. When the QD switched completely off for the majority of the 100 ms bin, the average 

of the arrival times approaches the 100 ns lifetime of the dark counts.  

 
Figure 2.4 Time-resolved microscope data from a representative isolated QD. (a) The 
intensity I was determined every 100 ms and plotted in kcounts/s. (b) The lifetime 𝜏 in ns. (c) The 
x location of the centroid in nm versus time. (d) The y location of the centroid in nm versus time. 

The x and y positions of the emission centroid were determined for each 100 ms time window 

(Fig. 2.4c and d) using maximum likelihood estimation (MLE), where a likelihood distribution for 

the centroid location given the counts detected in the four pixels was maximized. Chapter 3 
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describes this procedure. For the duration of this experiment (Fig. 2.4), the x position was static 

whereas there was substantial drift in the positive y direction. We corrected for the drift in each 

sample by selecting a short enough section of data so that the drift velocity appeared to be constant, 

and then we subtracted linear fits from the x and y positions versus time6.  For this particular QD, 

we selected the segment between 275 and 475 seconds for linear fitting and further analysis. After 

drift correction, we computed the localization precision from the standard deviations of the x and 

y positions. In this case, the localization precision was found to be 4 nm in x and 5 nm in y for all 

the locations determined when the counts were greater than 100 kcounts/sec (i.e. locations 

determined with greater than 10,000 total counts). When the intensity is lower, the positions cannot 

be determined as precisely, and the distributions of the positions broadens. This precision is 

comparable, if not slightly better, than the single molecule localization precisions typically 

reported (these are usually between 1 and 100 nm) using other SR microscopes[55,68–76]. 

 Figure 2.5 displays two projections of the drift-corrected x and y positions of the 

representative single QD recorded between 275 and 475 seconds; these are called the “SR images”. 

Each point corresponds to a single centroid position found with 100 ms of data. The positions are 

the same in both plots, but one projection is color-scaled according to intensity (Fig. 2.5a), and the 

other is color-scaled according to lifetime (Fig. 2.5b). The centroid positions are scattered about a 

single mean, and one can see how the localization precision relates to the intensity: the yellow-

colored centroids in the intensity-scaled plot that correspond to higher counts are more tightly 

 
6 Correcting for the drift with frequency-based filtration techniques is problematic, especially when 
studying quantum dot clusters which exhibit step changes in the position followed by long 
segments of time in a static location. The removal of low frequencies tends to attenuate these 
features of interest, and smear what would otherwise be a crisp SR image.  
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distributed about the mean whereas the purple-colored centroids (there are few of these because 

the QD rarely dropped below 50 kcounts/sec) are more widely distributed.  

 
Figure 2.5 Time-resolved super-resolution images of a single QD. The centroid position is 
found every 100 ms for 200 s of data.  The positions are drift-corrected and plotted with the color 
scale indicating intensity I in kcounts/s (a) and lifetime τ in ns (b). These are two-dimensional 
projections of the positions versus time that are plotted in Fig. 2.4c and d between 275 and 475 sec 
(after correcting for drift).  

 

The selection of the bin time can significantly alter the information that you glean from a 

dataset (and your interpretation of it). If Δt is too long, you risk averaging over important features 

in the data; if Δt is too short, you lose precision and different features in the data can become 

smeared together into one broad distribution. Our selection of 100 ms airs on the side of being too 

long, and we tend to average over some important features in the lifetime and intensity. However, 

this bin time allows for localization precision on the spatial scale of the QDs, which is important 

for capturing position dynamics in the QD aggregates that we will examine in the next section.  

With a shorter bin time, we would be unable to detect significant changes in the position on the 

necessary spatial scale. 

The behavior of the single QD that we have highlighted was representative of other QDs 

studied on glass, and Fig. 2.6 summarizes the intensity and lifetime behaviors of other single QDs. 

Fig. 2.6a displays normalized histograms of the intensities measured every 100 ms for 11 different 
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single QDs; the distributions of the binned intensities varied, and the mean intensity of each QD 

was between 100 and 200 kcounts/second.  Fig. 2.6b displays normalized histograms of the 

lifetimes, also measured every 100 ms for the same 11 QDs; the mean lifetime of each QD was 

between 40 and 50 ns. Blinking events were infrequent and the lifetime was rarely (<1%) below 

20 ns. Sample 1 in Fig. 2.6a and b corresponds to the representative single QD from Fig. 2.4 and 

2.5. The heterogeneity in intensity and lifetime behavior may be caused by several different things. 

Firstly, the size distribution of ± 1.0 nm that QDs exhibited in both their core diameter and their 

overall diameter will alter the absorption cross section of the QDs, allowing some to absorb (and 

emit) more photons than others. It will also result in a distribution of band gaps among the different 

QDs[77,78]. Additionally, defects on the surface and within the crystal lattice of the QD can 

facilitate more charge trapping, and that will give rise to blinking that will decrease the emission 

intensity and lifetime. 

 
Figure 2.6 Summary of intensity and lifetime behaviors for single QDs and QD clusters. (a) 
and (b) Histograms of the total detected counts in kcnts/sec and lifetime in ns, respectively, 
recorded every 100 ms for 11 different single QD samples. Each sample was monitored for 500-
1000 s. The peak of each distribution (of course) corresponds to the value of the intensity or the 
lifetime that appeared most frequently in the data. Sample number 1 in (a) and (b) is the 
representative QD discussed earlier. (c) and (d) Histograms of the total detected counts in kcnts/sec 
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and lifetime in ns, respectively, recorded every 100 ms for 8 different clusters of QDs. Each sample 
was monitored for 500-1000 s. Sample number 1 in (c) and (d) is the representative cluster of QDs 
that we discuss in Section 2.3.  

The key takeaways from this section are: (1) single QDs have lifetimes of ~40-50 ns when in 

the on state, (2) blinking QDs exhibit shorter lifetimes that are typically 30-40 ns and rarely (<1%) 

less than 20 ns; (3) we can locate single emitters with ~5 nm precision with 10,000 detected counts 

using the time-resolved setup; and (4) single QD images show that the emission centroids are 

distributed about a single location.  

2.3: Interpreting time-resolved images of clusters of QDs 

To create small clusters, methanol was added to the diluted QDs (2 parts methanol to 100 parts 

toluene) five minutes prior to spin coating. The increased polarity of the solution may haven driven 

the nonpolar ligands of multiple QDs together so QD clusters were formed[79]. We could not 

identify the number of QDs within each cluster using our technique, but we examined the photon 

pair correlations, discussed in Section 2.4, to confirm that we were examining clusters rather than 

singles.  

Unlike the centroid positions of single QDs that were distributed about a single mean, 

clusters often exhibited step-like behavior in the intensity and centroid position. This behavior is 

caused by QDs in the cluster turning on and off, so the centroid position shifts among the locations 

of the QDs that are emitting. When multiple QDs are in the on state, the centroid sits partway 

between them. In some cases, we observed that the lifetime also exhibited step changes 

synchronous to the position and intensity, and Fig. 2.7 displays 200 seconds of data collected from 

a representative cluster of QDs for which we observed that. We can identify synchronized changes 

in the intensity, lifetime, and x position versus time (Fig 2.7a-c, respectively), and the system 

appeared to switch between two discrete states. (We do not plot the y position for simplicity.) One 
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state had an intensity of ~300 kcounts/sec, a lifetime of ~25 ns, and centroid positions centered 

about x = -9 nm. Relative to the first state, the second one had a lower intensity of ~150 

kcounts/sec, a shorter lifetime of ~15 ns, and centroid positions centered about x = 2 nm. A 

threshold of 200 kHz was chosen by inspection to separate high and low intensity segments, and 

we computed the average of the positions associated with intensities above and below that 

threshold for the entire 200 seconds of data. The distance between the two locations was found to 

be 12.3±0.3 nm. Repeating this procedure using a lifetime 21 ns as a threshold gave a separation 

of 12.2 ±0.3 nm between the two emission sites. The intensity and lifetime-scaled SR images of 

the representative cluster are displayed in Fig. 2.7d and e. These are projections of the x position 

(Fig. 2.7c) and y position for the same 200 sec of data. We clearly observe the same two states 

with distinct lifetimes, intensities, and positions.  

 

Figure 2.7 Time-resolved data from a QD cluster. For 200 seconds of data, the intensity I, 
fluorescence lifetime τ, x location, and y location are determined every 100 ms.  (a) Plots I in 
kcounts/s. (b) Plots τ in ns. (c) Plots the x location in nm. A projection of the x and y positions 
gives the SR images shown in (d) and (e) which are color-scaled according to I and τ, respectively.  

 

Figure 2.8 displays a selected six-second segment of the same cluster during which appears 

to have stepped between the two different states evidenced by Fig. 2.7d and e.  In the first two 
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seconds of the segment, the intensity (a), lifetime (b), and x position (c), were constant. After two 

seconds, all three observables shifted to new values. They remained at their new values for two 

more seconds before recovering their initial values. The two states are spatially resolved in the SR 

images (Fig. 2.8d and e) compiled with six seconds of data. One then wonders why the two states 

appear merged once the entire 200 sec of data is incorporated in the SR image. One possible 

explanation is that there are other states that the system can occupy, but it does so less frequently, 

and we see the SR image gradually blurs as the system has enough time to occupy them. 

 
Figure 2.8 Time-resolved data from a QD cluster, truncated. This is a 6-second snapshot of the 
data from Fig. 2.7, taken from the time between -2 seconds and 4 seconds, and binned every 100 
ms. (a) Intensity I (kHz) versus time. (b) Fluorescence lifetime τ in ns. (c) x location of the centroid 
in nm versus time. Superpositions of the x and y centroid locations for the six seconds give the 
super-resolution images in (d) and (e) that are color-scaled according to I and τ.   

We would like to uncover the structure of the QD cluster and possible interactions among 

the QDs that give rise to the behavior we observe in Figs. 2.7 and 2.8. The simplest model we can 

consider for explaining the cluster’s behavior during the six seconds displayed in Fig. 2.8 is that 

of two QDs. The simultaneous ~2 intensity increase and position shift at ~t = 2 sec would indeed 

occur if one QD was is the on state, and another QD exhibiting similar intensity switched from the 

off state to the on state. Continuing to assume this simple model, we can use the average locations 

of the two spatially resolved regions in Fig. 2.8d and e, which are at (3, -2) nm and (-8, 4) nm, to 
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identify the locations of both (QDs. The one that remains on during the entire six seconds is located 

at (3, -2) nm. Assuming the two QDs have equal intensities, the region at (-8,4) nm is halfway 

between the two QDs, so the second QD is located at (-19, 10) nm, and the center-to-center distance 

of the QDs is ~25 nm. 

The simple model breaks down when we examine the lifetime behavior of the system. The 

~15 ns lifetime of the region centered about (3, -2) nm is significantly shorter than the lifetimes of 

any QDs that we observed (see the lifetime distributions of singles in Fig. 2.6b).  To explain the 

short lifetime, we hypothesize that energy transfer was occurring within the system. This is known 

to give rise to emission with a truncated lifetime from the donor particle, as transfer competes with 

the radiative decay of the donor. This is easily shown with kinetic models, which we formulate 

later in Section 4.2 for the purpose of quantifying the energy transfer rate in confirmed pairs of 

QDs. As we learned in the introduction, for energy transfer to take place efficiently, the QDs must 

be separated by ~6 nm, so the energy transfer rate would approach zero for two QDs separated by 

25 nm. This suggests the model must be more complicated. 

Along with the truncated lifetime of the donor particle, we expect to observe a decrease in 

the intensity of the donor emission as the energy transfer rate increases. Assuming the emission 

region centered about (3, -2) nm is donating energy, as its lifetime suggests, we might expect to 

see evidence of decreased emission. This is not the case; the intensity of the “donor” region is 

~150 kcnts/sec, which is notably similar to intensities observed in single QDs (Fig. 2.6a). A 

possible explanation for this is that the donor region of the cluster may have been comprised of at 

least two QDs. 

Many other clusters also exhibited signatures of energy transfer based on the presence of 

significantly shorter lifetime emission. Fig. 2.6c and d display histograms of the intensity and 
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lifetime of eight different QD clusters. Sample #1 is the representative QD cluster that we have 

been discussing. From the histograms, we observe that the shortest lifetimes of the single QDs in 

Fig 2.6b are still significantly longer than the lifetimes exhibited by some of the clusters shown in 

Fig. 2.6d7.  SR images of the clusters showed that some behaved like the representative one, 

exhibiting multiple regions with correlated position, lifetime, and intensity changes which allowed 

us to hypothesize about direction of energy transfer through the cluster (Fig. 2.9). This may have 

been facilitated by the ~10% distribution of core sizes and particle sizes found within the synthesis 

batch that resulted in a distribution of band gaps among individual QDs[77,78]. The distribution 

of band gaps among individual QDs may have allowed them to take on preferred roles as either 

energy donors or acceptors within the clusters.  

 
7 There are also some interesting features in the lifetimes of the clusters where they exhibit bi-
modal or even tri-modal distributions, which is in contrast to the single QDs which all have uni-
modal distributions. This may be caused by a combination of heterogeneity among the lifetimes 
of the different QDs within the clusters, as well as the effects of energy transfer.  
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Figure 2.9 Super-resolution images of QD clusters. Three different QD clusters are displayed 
in the three panels. Images in the top row are color-scaled according to intensity I in kcounts/s, 
and images in the bottom row are color-scaled according to lifetime τ in ns. Cluster i. appears to 
be two QDs with centers spaced 9 nm apart. The truncated lifetime on the right that is signnificantly 
shorter than the lifetimes of isolated QDs suggests energy transfer in the system from right to left. 
Cluster ii. appears to have at least 3 spatially distinct regions of emisison. The high intensity in the 
center of the image may be a result of energy transfer toward the center, and the truncated lifetime 
of the region in the upper left supports this hypothesis. Cluster iii. does not exhibit emission with 
a truncated lifetime compared to single QDs, suggesting energy transfer may not be present. The 
high intensity associated with the region surrounding y = -10 nm suggests that the emission from 
multiple QDs is contributing to the centroids located in that region.   

 

Returning to the representative cluster (Figs. 2.7 and 2.8), it appears that the significantly 

shorter lifetime and lower intensity of the centroids located near the origin occurs because QD(s) 

on that side of the cluster were transferring energy to the QD(s) on the left side. We speculate that 

the highest intensity and longest lifetime emission comes from the largest QD with the lowest 

energy band gap, and when that QD blinks off, we observe emission from the QD with the next 
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lowest band gap. In that case, the centroid position may shift between the locations of the two 

lowest-energy QDs within the cluster. It is notable that the longest lifetime contribution from many 

of the QD clusters (Fig. 2.6d) is shorter than typical lifetimes of individual QDs (Fig. 2.6b), 

including the representative cluster. This could possibly be caused by stripping of the ligand during 

the clustering process which alters the radiative decay pathways compared to the single QDs that 

are not exposed to the non-solvent. We did not explore this feature further.  

In summary, we have described a SR lifetime imaging technique capable of assessing dynamic 

processes within small QD clusters, such as the presence and direction of energy transfer based on 

lifetime and intensity mapping.  

2.4: Unabbreviated time-resolved SR microscope setup 

Pulses with a ~100 picosecond full-width at half max (FWHM) were delivered at a repetition 

rate of 5 MHz from a 485 nm diode laser (PicoQuant LDH-P-C485 with a PDL-800-B driver).  

The repetition rate was approximately three times slower than the typical relaxation rates (1/60 ns 

= 17 MHz) of QDs, which ensured they had a high probability of relaxing before the arrival of the 

next pulse. If the system does not relax before the arrival of the next laser pulse, something called 

“wrap-around” occurs in which photons with lifetimes longer than the pulse period will appear to 

be caused by excitation from a subsequent laser pulse. This can alter early parts of the arrival time 

distribution and prevent one from accurately computing fluorescence decay parameters8. Directly 

after the laser head, two mirrors steered the light into a 20 air objective which then coupled the 

light into a single mode optical fiber that removed higher modes from the laser beam. Upon exiting 

 
8 An exception can be made for the case in which the decay is mono-exponential, for which it can 
be shown that wrap-around (aka “pile-up”) will have no impact on the fluorescence decay 
histograms, and one can still accurately measure the decay rate.  
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the fiber, the light was collected and re-columnated by a 10 air objective. To remove possible IR 

contributions in the excitation, the light was filtered with 485 nm notch filter. Next, two mirrors 

steered the light into the back port of an inverted microscope (Olympus IX-71) and a dichroic 

mirror (D101 488, Semrock) reflected it into an infinity corrected 1.3 numerical aperture (NA) oil 

objective with a 100 magnification (Olympus). To achieve a tightly focused probe region, the 

light must be correctly steered into the center of the back of the objective. To ensure this, we focus 

light onto the surface of a glass coverslip and collect an image of the scattered excitation when the 

top surface of the coverslip is in focus (which is when the scattered excitation has the highest 

intensity). When the beam is misaligned, this image will appear elliptical, and it will change in 

both orientation and location as the z position of the objective is adjusted above and below the 

focus. When the beam is aligned, this image will appear more symmetrical, and it will only expand 

and contract about one location as we adjust the z position of the objective relative to the coverslip9. 

The ~630 nm emission from QDs deposited on the surface of a substrate (usually a glass 

coverslip) was collected by the same objective, transmitted through the same long-pass dichroic 

filter, and directed out of the microscope by a full mirror. (Immediately upon exiting the 

microscope, the light passed through a 800 nm short pass (SP) dichroic filter and a 800 nm SP 

filter (Edmund optics). These are part of the focal lock system we will describe later.) Before 

focusing the columnated emission with a 450 mm tube lens (resulting in an overall 250 

magnification), the light was filtered with a 488 nm long pass filter (Semrock) to remove 

contributions from the scattered excitation. At the focus of the tube lens, the emission was collected 

 
9 To collect this image, we put a pellicle beamsplitter behind the back port of the objective. Most 
(98%) of the excitation passes through it on the way to the coverslip. Some scattered excitation is 
reflected by the dichroic beamsplitter back to the pellicle, and a small fraction of that scatter is 
then focused onto a camera (Thorlabs).  
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by a bundle of four square optical fibers (03208-REVA, CeramOptec). Each fiber aperture 

(“pixel”) had a 100 μm width (area 100  100 μm2) and the four were arranged in a 2  2 array 

with 15 μm of cladding separating each aperture. Each fiber was connected via an FC fiber coupler 

to a single photon counting avalanche photodiode detector (SPCM AQ 4C, Perkin Elmer). 

 The APD detectors released a transistor-transistor logic (TTL) pulse each time a photon was 

detected that was inverted and attenuated to -200 mV before passing to a counting module 

(Hydraharp 400, Picoquant). A nuclear instrument modules (NIM) pulse, referred to as the “sync 

pulse”, was also passed to the Hydraharp from the laser driver synchronous to each time it released 

an excitation pulse. By recording the arrivals of these pulses, the Hydraharp allowed us to employ 

a method called time-correlated single photon counting (TCSPC), in which the arrival time of each 

photon relative to the start of the experiment (“macro-time”) and the arrival time of each photon 

relative to the most recent laser pulse (“micro-time”) were recorded. We used the macro-time to 

monitor the number of detected counts per unit time; the Hydraharp measured the macro-time by 

counting the sync pulses. We used the micro-time to monitor the fluorescence decay and determine 

photon pair correlations, which will be discussed later in the thesis; the Hydraharp measured the 

micro-time with a time-to-digital converter (TDC) by measuring the time delay between the sync 

pulse arrival and the TTL pulse arrival. After recording a micro-time, the TDC had a dead time of 

~80 ns during which time it could not record another micro-time. Each detector had its own TDC, 

so the relative time between different photon detections occurring within 80 ns of one another 

could be measured, provided the photons were registered by different detectors. Symphotime 64 
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software (Picoquant v 2.4) compiled the digital output from the Hydraharp into binary files with a 

.ptu tag, and we read10 and analyzed the .ptu files with Matlab. 

The short duration of the excitation pulses ensured we could precisely record their arrival 

time, which was necessary so that we could then precisely record the arrival time of photons 

relative to when the system was excited (the micro-times). The variation in the arrival times of the 

sync pulses and other pulses in the electronics contributed to the overall instrument response 

function (IRF), though the main contribution to the IRF came from the APD detectors.  The 

convolution of the IRF with the true decay gives the measured decay, so it was important to 

measure the IRFs for each detector if we wanted to recover parameters from the true decay that 

are on the same or shorter timescales as the IRF. We don’t show any results from extracting these 

shorter time components in this thesis, but we include some documentation of how to do this here 

for future reference. To measure the IRF, we removed the LP 488 filter and acquired photons from 

scattered laser excitation off the surface of a glass coverslip11. Fig. 2.10a shows the IRFs for the 

four channels. We found that the data in each detector fit reasonably well to a bi-exponential decay 

convoluted with a fit to IRF for that respective detector. While many IRFs reported in literature 

for setups employing APD detectors are well-fit by a Gaussian, that was not so in our case. We 

found a reasonable fit (shown in Fig. 2.10b) to our IRFs required a five-parameter function with 

the form, 

 
10 The Matlab code for reading raw .ptu files was adapted from the Picoquant demo code and 
written by Omri Bar-Elli and Ron Tenne and is currently available here: 
https://www.mathworks.com/matlabcentral/fileexchange/61789-read_ptu_v1-filepath 
 
11 Ideally, one measures the IRF at the wavelength of their emission of interest. To do this, we 
would measure the decay from a fluorophore with a well-characterized decay that emits near 630 
nm, and then back out the IRF from the data, which is the convolution of the known fluorophore 
decay with the IRF.  
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which accommodated their fast rise and exponentially decaying tail. The D parameter accounted 

for the dark count contribution. We suspect that a Gaussian was not representative of the IRFs in 

our system because the light from the optical fibers was not directed onto the most responsive 

regions of the APD detectors when we used the FC couplers. 

 

Figure 2.10 Instrument response functions and fitting the fluorescence decays. (a) Measured 
instrument response functions (IRFs) for the four channels. (b) A fit (red) using Eqn. 2.1 to the 
IRF in one channel (black points) for which A was 4.5e5, B was 2.6e5, C was 2.1, D was 2,000, 
and 𝑡଴ was 3.25 ns. (c) The fluorescence decay in one channel (black points) and its fit (red line) 
to the convolution of a bi-exponential decay and the fitted IRF. The inset shows the early part of 
the decay. 

Apart from the 𝑡଴ parameter, which was responsible for shifting each channel forward or 

backward in time, the IRFs were not significantly different among the detectors. We measured the 

IRF each time we turned the detectors on because their  𝑡଴ values changed by ± 0.1 ns from day-

to-day. We fit the decays to the four channels separately to accommodate the different IRFs in 

each channel12. To fit them, we used the convolution of a bi-exponential with Eqn. 2.1.  Fig. 2.10c 

shows a fit to the data recorded from a cluster of QDs which had a 66% contribution of a 100 ns 

 
12 We should not forget the ± 0.1 ns variations of  𝑡଴.  While small compared to the lifetimes of 
the emitters we study, these “temporal misalignments” may have unanticipated consequences for 
the time-resolved localization analysis that we present in Chapters 5 and 6. 

𝐼𝑅𝐹(𝑡) = ൣ1 + tanh൫𝐴(𝑡 − 𝑡଴)൯൧ൣ𝐵𝑒஼(௧ି௧బ)൧ + 𝐷, (2.1) 
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lifetime, and a 34% contribution of a 0.7 ns lifetime. The temporal precision is limited by our 

ability to confidently fit the convolution of the IRF with the decay.  

We placed the optical fiber bundle at the focus of the tube lens, which we identified using 

fluorescence correlation spectroscopy (FCS) of Rh110 in water. The correlation function provided 

by FCS allowed us to extract the brightness per molecule and width of the probe region, which 

were, respectively, maximized and minimized when the optical fibers were placed at the focus of 

the tube lens. For collecting FCS, we swapped the oil objective for a water objective, which had a 

longer working distance. This allowed us to collect light from deeper within the solution, avoiding 

the effects of fluorophore-surface interactions on the correlation function. We also adjusted the 

lateral position of the optical fiber bundle with a translation stage so that only one of the four 

detectors was receiving signal before collecting FCS data. 

In addition to collecting the IRF at the start of the experiment, we also had to measure the 

relative collection efficiencies of the four detectors and align the fiber bundle in x and y. To 

measure the collection efficiencies (which were all within 10% of one another), we illuminated the 

fibers with uniform white light from an overhead lamp, and then took the ratio of the average 

counts in each detector to the average counts in detector 1, each measured over a 20 second period. 

This was done with all the emission filters mentioned above (488 LP and 800 SP) in place. To 

align the x and y position of the optical fiber bundle, we placed an aqueous solution of QDs 

(Invitrogen) on the surface of a coverslip and adjusted the objective focus ~5 nm above the surface 

of the coverslip. The x and y positions of the bundle were then adjusted the fiber bundle location 

with the translator stage until the average counts in each detector (now corrected for by taking the 

product of the relative efficiency of that detector with its true average) were approximately equal. 
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This ensured that when the QD was in the center of the probe region, the emission of the QD was 

in the center of the four fibers.   

Each time a new sample was examined, the optimal z position of the objective relative to the 

sample surface was identified and maintained. For this, we placed a QD in the center of the probe 

region and adjusted the objective height to maximize the counts received by the detectors. It was 

necessary to maintain this focus so the size of the PSF, was also maintained. For this, another piezo 

stage (Mad City Labs Nano F Series) holding the microscope objective received feedback from a 

piezo driver (Nano-Drive, Mad City Labs). Input for the driver was obtained by monitoring the 

image of 850 nm light reflected from the surface of the sample using a CRISP autofocus unit and 

ASI piezo Z. An 800 nm dichroic SP (Edmund Optics) directed the infrared light from the source 

to the coverslip, and it directed the reflected light back to the autofocus unit for imaging13.  Each 

time we acquired a new focus, it was necessary to measure the size of the PSF. The procedure for 

this is detailed in Section 3.3.  

To complicate matters, the entire fiber bundle could be rotated so that the y axis was not 

orthogonal to the plane of the ground. This is akin to taking a picture while you hold a camera 

diagonally instead of portrait or landscape. This rotation, if significantly large, must be accounted 

for when measuring the PSF and correlating images collected on this microscope with images of 

 
13 For record keeping purposes, we note the z position maintained with a different system prior to 
June of 2020. The objective height was still adjusted by the same piezo holder (Mad City Labs 
Nano F Series), and feedback was provided by monitoring IR light reflected off the surface of the 
sample coverslip. For this image, a 785 nm laser beam (LDM 785, Thorlabs) was directed through 
the side port of the microscope and into the objective by a notch dichroic (NF D01 785, Semrock) 
and the reflected IR light was collected on a camera (DCC 1645C HQ, Thorlabs). The image 
moved as a function of z due to astigmatism introduced by purposely misaligning the IR beam. 
From that position, proportional and integral feedback were computed by a LabVIEW program, 
and the output, via a breakout box (NI-PCle-6321 I/O, NI SCB 68A, National Instruments), was 
sent to the piezo driver (Nano-Drive, Mad City Labs). 
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the same sample collected on other microscopes. We have adjusted the fibers so this angle is <3 

degrees (see Section 3.3), and we do not account for it when correlating images of samples 

examined with multiple microscopes.  

To distinguish singles from clusters, we analyzed the photon pair correlation, g2(t), for each 

dataset. g2(t) is a histogram made up of the number of coincident photon arrivals between pairs of 

detectors for a given lag time between the arrival of photons in each detector. Fig. 2.11a and b 

show such photon pair correlations, g2(t), for the representative single QD and cluster of QDs 

described in Sections 2.2 and 2.3, respectively. The y axis displays the number of photon pair 

coincidences, g2(t), and the x axis displays the lag time. We note that unlike a traditional Hanbury 

Brown and Twiss scheme that has two independent single photon counting channels, we have a 

total of four channels. This enables us to measure six distinct pair correlations, and here we report 

their sum. Peaks are visible at nonzero integer multiples of the laser pulse period (T = 200 ns). The 

ratio of the peak at zero lag time to the average of the peaks at other lag times, g2(0)/ g2(T), is 

indicative of the presence of an isolated emitter or multiple emitters, as there is a low probability 

of collect a pair of photons from a single QD after a single laser pulse has arrived. We found g2(0)/ 

g2(T) was greater than 0.5 for all clustered samples (in which non-solvent was added) and it was 

less than 0.3 for all single QD samples prepared. It was computed by dividing the area of the T=0 

peak (from -100 ns to 100 ns) to the average of the area of the side peaks centered at -600, -400, 

400, and 600 ns. 
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Figure 2.11 The second-order correlation function, g2(t). (a) g2(t) plotted for the representative 
QD single and (b) representative QD cluster that were described in Sections 2.2 and 2.3, 
respectively. Each correlation function is accumulated from 500 seconds of data. g2(0)/ g2(T) = 
0.2 for the single and g2(0)/ g2(T) = 0.7 for the cluster.  
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CHAPTER 3. Locating a single emitter with four pixels 
 

Despite the minimal information contained in a four-pixel image, we can use it to locate the 

centroid of the emission profile created by a sample in our microscope to within several 

nanometers. If the emission profile is created by a single emitter, such as a single quantum dot 

(QD), the centroid of the point spread function (PSF) corresponds to the location of that emitter. 

If the emission profile is created by multiple emitters spaced closer than the diffraction limit, it is 

not possible to locate each of the emitters by locating the centroid in a single image. For those 

systems, which includes the small QD clusters that we have studied, the centroid will be located 

at a weighted average of all the emitters’ locations. To circumvent this issue, researchers purposely 

examine emitters that go through states of high and low emissivity (“blinking”)14, and they locate 

the emission centroid in many consecutive images. This so-called super-resolution image shows 

the centroid location dancing among and between the true locations of the different emitters as 

they blink on and off, and this is the premise behind super-resolution microscopy15. The true 

locations of the individual emitters can be extracted from the SR image by filtering out data for 

which the intensity is high, this way it becomes more likely that only a single emitter is contributing 

to the emission profile at any one time. 

 
14 Blinking of an organic fluorophore occurs when the emitter temporarily enters a “triplet state”. 
In contrast, blinking of a QD occurs when a charge is trapped on the nanoparticle, which opens 
nonradiative relaxation pathways that compete with (and outcompete when the QD blinks off) the 
radiative pathways. 
15 Another method for SR microscopy called stimulated emission depletion microcopy (STED) 
does not rely on the stochastic blinking of emitters, but instead uses a doughnut shaped laser beam 
to stimulate emission from all but the few (or ideally one) remaining emitters located at the center 
of the doughnut. The emission from these emitters arrives much later than the stimulated emission, 
and they are known to be located at the center of the stimulated emission beam.  



 
 

37 
 

To locate the emission centroid in our images, we use a method called maximum likelihood 

estimation (MLE), which involves maximizing a likelihood distribution for the location of an 

emitter given the counts recorded in a set of pixels in a designated time interval (usually between 

10-100 ms). This location corresponds to the most likely emitter location given the counts recorded 

in the four pixels. The MLE approach is generally cited as the best method for single molecule 

localization[45]. In the first section of this chapter, we derive an expression for the likelihood 

distribution for the location of an emitter. In Section 3.2, we show how the likelihood distribution 

can be maximized to locate an emitter from the data recorded with our time-resolved SR 

microscope, and we discuss the localization precision that is achievable.  

One reason that we get away with using only 4 pixels to precisely locate the emitter is because 

we provide the likelihood distribution with the size and shape of the PSF. Without that information, 

we would not be able to converge on a single most-likely location. Section 3.3 describes why this 

is the case and how we measure the PSF in an experiment. Other parameters that impact the 

localization precision are discussed in Section 3.2, including the magnification, the number of 

pixels, and the distance of the emitter from the origin. 

3.1: A likelihood distribution 𝓛𝑪𝑾 for the location of an emitter 

undergoing continuous excitation 

Most groups that apply MLE in the super-resolution community use a standard form of the 

likelihood distribution to describe their data. Surprisingly, we could not locate a reference that 

provided more than paltry details on how to formulate it[71]. To remedy this, we provide a 
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comprehensive derivation of the standard form in this section16. We will see one critical 

assumption—that the emitter undergoes continuous wave (CW) excitation – must be made to 

arrive at the standard likelihood distribution, so we ultimately refer to it as ℒ஼ௐ. Readers may 

notice this is one of several likelihood distributions for the location of a single emitter that are 

derived in this dissertation; the other distributions are derived in Chapter 6 and account for the 

pulsed excitation that our setup uses. Aside from being correct, there are other advantages to using 

those distributions and we take advantage of them in Chapters 6 and 7. However, for cases of 

locating a single emission centroid in our experiments, we have found that ℒ஼ௐ achieves the same 

accuracy and localization precision. 

In general, a likelihood distribution is constructed as follows: one writes down an expression 

for the probability of an event occurring given some inputs about the system, and then the 

expression is used in reverse, so the probability distribution of an event given the inputs becomes 

the likelihood distribution of the inputs given the event[80]. In our case, the event is that a certain 

number of photons are collected in each pixel after the emitter has been illuminated for a period 

of time. The probability of our event depends of inputs such as the location of the emitter.  

 
16 Some of the text in this chapter copied directly from two of our papers[51,93]. For reference 93, 
Megan Dunlap collected and analyzed the data, and wrote the manuscript. Duncan Ryan provided 
technical assistance with the optical alignment and provided feedback during the development of 
the localization algorithm. Peter Goodwin assisted with data interpretation, photon counting 
electronics, and optics. James Werner provided the equipment for the time-resolved super-
resolution microscope and assistance with the single photon counting electronics. Jennifer 
Hollingsworth and Somak Majumder provided the QD samples. Martin Gelfand assisted with the 
development of the localization algorithm and data interpretation. Alan Van Orden assisted with 
developing of the microscope and localization algorithm. A.V.O., M.G., P.G., M.D., and D. R. 
edited the manuscript. 
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We begin by considering a simplified scenario in which a total of N photons strike a total area 

A, and a sub-area 𝐴ଵ receives a portion of those photons. Assuming the photons are distributed 

uniformly, it follows that the probability of photons striking the sub-area is 𝑝 =  ஺భ୅ , and the 

probability that photons strike outside the sub-area is 𝑞 = 1 −  ஺భ୅  .  The probabilities of different 

possible outcomes are the terms of the binomial expansion, (𝑞 + 𝑝)ே = ෍ ቀ𝑁𝑖 ቁ 𝑞ேି௜𝑝௜ே௜ୀ଴ ; a 

single term, 𝑝(𝑚ଵ; 𝑁) = ே!௠భ!(ேି௠భ)! ቀ1 − ஺భ஺ ቁேି௠భ ቀ஺భ஺ ቁ௠భ
, in the summation represents the 

probability 𝑝(𝑚ଵ; 𝑁) that 𝑚ଵ photons strike 𝐴ଵ,  given that N photons strike A. For the case of 

several sub-areas receiving some of the N total photons, the probability of 𝑚ଵ photons striking 𝐴ଵ, 𝑚ଶ photons striking 𝐴ଶ, and so on, can be written as a term in a multinomial expansion: 

The semicolon is used to indicate this is the conditional probability for 𝑚ଵ, 𝑚ଶ, … given N photons. 

It is often assumed an emitter under continuous illumination in a time window 𝛥𝑡 has a 

Poisson distribution of N.  Let us recall the conditions that give rise to the Poisson distribution 

before we use it in our likelihood analysis. For radiative decay from a single pathway the emission 

follows an exponential distribution with a characteristic emission lifetime of 𝜏, so the normalized 

distribution of emission times is 𝜓(𝑡) = ଵఛ ⋅ eି௧ ఛ⁄  .  Integrating this gives the probability 𝑝ୣ௠௜௧ =
∫ 𝑑 ௱௧଴ 𝑡ᇱ ⋅ 𝜓(𝑡ᇱ) = 1 − eି ೩೟ഓ  that the fluorophore will emit between time zero and  𝛥𝑡. (It follows 

that the probability of not emitting is 1 − 𝑝ୣ௠௜௧ =  eି ೩೟ഓ .)  The probability 𝑝(1, 𝛥𝑡; 𝜏) that the 

𝑝(𝑚ଵ, 𝑚ଶ, … ; 𝑁) = ே!௠భ!௠మ!…(ேି௠భି௠మି⋯ )! ቀ஺భ஺ ቁ௠భ ቀ஺మ஺ ቁ௠మ … ቀ1 −
஺భା஺మା⋯஺ ቁேି௠భି௠మି⋯

. 

(3.1) 
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emitter gives off one, and only one photon during a time interval 𝛥𝑡, is the probability that emission 

takes place at a time 𝑡ᇱ between zero and 𝛥𝑡,  multiplied by the probability that no photons are 

emitted in the remainder of the interval between 𝑡ᇱ and 𝛥𝑡. 

By writing the probability that no photons are emitted between 𝑡ᇱ and 𝛥𝑡 as 1 − 𝑝ୣ௠௜௧ we 

are tacitly assuming that the emitter is immediately re-excited after emitting a photon at 𝑡ᇱ .  
Following the same reasoning, the probability of getting two photons, and only two photons, from 

a single emitter during 𝛥𝑡 is the product of the probability to emit the first photon at a time  𝑡ᇱ 
between 0 and 𝛥𝑡, and the probability to emit the second photon at a time t’’ between 𝑡ᇱand 𝛥𝑡, 

integrated over all values of 𝑡ᇱ and 𝑡ᇱᇱ, 

Continuing this exercise for 3, 4, .... photons, we can deduce the probability to emit N photons in 

a time 𝛥𝑡 is 

The Poissonian expressed by Eq. 3.4 is valid for an emitter undergoing continuous wave (CW) 

excitation with the caveat that the emitter is immediately re-excited after each emission. Perhaps 

𝑝(1, 𝛥𝑡; 𝜏) = න 𝑑 ௱௧
଴ 𝑡ᇱ ⋅ 𝜓(𝑡ᇱ) ⋅ ቎1 − න 𝑑 ௱௧ି௧ᇲ

଴ 𝑡ᇱᇱ ⋅ 𝜓(𝑡ᇱᇱ)቏  → 𝑝(1;  𝛥𝑡, 𝜏) =  𝛥𝑡𝜏 ⋅ eି௱௧ ఛ⁄  
(3.2) 

𝑝(2, 𝛥𝑡, 𝜏) = න 𝑑 ௱௧
଴ 𝑡ᇱ ⋅ 𝜓(𝑡ᇱ) ⋅ න 𝑑 ௱௧ି௧ᇲ

଴ 𝑡ᇱᇱ ⋅ 𝜓(𝑡ᇱᇱ) ቎1 − න 𝑑 ௱௧ି௧ᇲି௧ᇲᇲ
଴ 𝑡ᇱᇱᇱ ⋅ 𝜓(𝑡ᇱᇱᇱ)቏

= 12 ൬𝛥𝑡𝜏 ൰ଶ eି௱௧ ఛ⁄  

(3.3) 

𝑝(𝑁; 𝛥𝑡, 𝜏) =  1𝑁! ൬𝛥𝑡𝜏 ൰ே eି௱௧ ఛ⁄ . (3.4) 
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that is common knowledge for researchers in our field, but we found no discussion of this, at least 

in the SR microscopy literature.  

Multiplying Eq. 3.1 and Eq. 3.4 and summing over all N gives the probability to find counts 𝑚ଵ, 𝑚ଶ, … in the respective sub-areas during 𝛥𝑡, 

The expression is simplified if we let 𝑁ᇱ = 𝑁 − 𝑚ଵ − 𝑚ଶ − ⋯ , and the sum in Eq. 3.5 is 

recognizable as the series expansion of an exponential,  

from which it follows that the probability to receive counts 𝑚ଵ, 𝑚ଶ, … in the sub-areas 𝐴ଵ, 𝐴ଶ, 
during 𝛥𝑡 given an emission lifetime 𝜏 is equal to 

Eq. 3.7 is a product of Poisson distributions for each subarea 𝐴୩. We note that the ratio  ௱௧ఛ  is the 

average number of total photons 𝑁ഥ that strike the area A, and the product ஺ౡ஺ ௱௧ఛ = ஺ౡ஺ 𝑁ഥ  is the 

average number of photons that strike the sub-area 𝐴୩. In summary, the Poissonian in Eq. 3.4 turns 

the multinomal probability distribution in Eq. 3.1 into the Poissonian probability distribution 

displayed in Eq. 3.7.  

𝑝(𝑚ଵ, 𝑚ଶ, … ; 𝛥𝑡, 𝜏)  = ∑ 𝑝(𝑚ଵ, 𝑚ଶ, … ; 𝑁)𝑝(𝑁; 𝛥𝑡, 𝜏)ஶேୀ଴  

= ෍ ே!௠భ!௠మ!…(ேି௠భି௠మି⋯ )! ቀ஺భ஺ ቁ௠భ ቀ஺మ஺ ቁ௠మ … ቀ1 −ஶேୀ௠భା௠మା⋯
஺భା஺మା⋯஺ ቁேି௠భି௠మି⋯ ଵே! ቀ௱௧ఛ ቁே eି௱௧ ఛ⁄ . 

(3.5) 

𝑝(𝑚ଵ, 𝑚ଶ, … ; 𝛥𝑡, 𝜏) = ቀಲభಲ ೩೟ഓ ቁ೘భቀಲమಲ ೩೟ഓ ቁ೘మ…௠భ!௠మ!… eି௱௧ ఛ⁄ ෎ ଵேᇲ! ቀ1 − ஺భା஺మା⋯஺ ቁேᇲஶ
ேᇲୀ଴ ቀ௱௧ఛ ቁேᇲ

, 
(3.6) 

𝑝(𝑚ଵ, 𝑚ଶ, … ; 𝛥𝑡, 𝜏) = ቀಲభಲ ೩೟ഓ ቁ೘భቀಲమಲ ೩೟ഓ ቁ೘మ…௠భ!௠మ! eି௱௧ ఛ⁄ eቀ೩೟ഓ ቁቀଵିಲభశಲమశ⋯ಲ ቁ = ∏ ቀಲౡಲ ೩೟ഓ ቁ೘ౡ௠ౡ! 𝑒ಲౡಲ ೩೟ഓ௞ . 
(3.7) 
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We should not that people will often approximate a multinomial as a Poissonian for entirely 

different reasons than ours.  One way is by assuming that the average number of photons, N(Aଵ + Aଶ +  Aଷ +)/A, is much less than the total possible number of photons, N. That gives a Poissonian 

distribution, which is defined as the limit of the multinomial as both N and A go to infinity while 

the two sums, Aଵ +  Aଶ +  Aଷ + ⋯ and mଵ + mଶ + mଷ + ⋯ , remain finite[81].  In our case, we 

cannot apply this approximation because A represents our PSF, which does not go to infinity. 

Another way to arrive at the Poissonian is by arguing that (Aଵ +  Aଶ +  Aଷ + ⋯ )/A ≪ 1. Once 

again, that is not the case for our detection scheme, where the pixels are collecting a large fraction 

(~60%) of the total photons emitted.  

The background counts 𝑏୩ in each pixel can be incorporated into the expression in a 

remarkably simple manner. The background is characterized during the experiment by exciting a 

portion of the coverslip with no emitters. It is made up of dark counts from the APD detectors, 

scattered excitation light that is transmitted through the detection filters, and fluorescence of the 

glass coverslip to which the emitters are attached. All four pixel’ backgrounds are well-described 

by a Poisson distribution 𝑝௕(୩)(𝑏௞; 𝛽௞) =  ୣషഁೖ௕ೖ! (𝛽௞)௕ೖ   where 𝛽௞ is the average number of 

background counts in pixel k[82].  Fig. 3.1 shows histograms of the background counts we 

recorded for exciting a glass coverslip and Poissonian fits to each of them.   
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Figure 3.1 Poissonian distribution background counts recorded in each detetor. The 
normalized histograms of background counts for all four pixels are shown above with overlays of 
Poisson distributions with means 𝛽ଵ = 54, 𝛽ଶ = 47,  𝛽ଷ = 54, and 𝛽ସ = 50 counts, per 100 ms, for 
each pixel. Detector dark counts, autofluorescence of the glass coverslip, and leaked excitation 
light through the spectral filters contribute to the background. 

 

While 𝑚୩ is the photon count acquired in each pixel, the actual count that is measured in an 

experiment 𝑀୩ =  𝑚୩ + 𝑏୩ is made up of both detected photon arrivals and background counts. 

We can express the probability in terms of the measured counts in all four pixels {𝑀୩} as the 

discrete convolution of Eq. 3.7 and 𝑝௕(௞)(𝑏୩),  

This can be simplified. Let us modify a portion of the expression involving only one pixel after 

putting in the explicit forms for 

Multiplying and dividing by 𝑀ଵ!  leaves us with a summation that can be recognized, conveniently, 

as a multinomial expansion, 

For multiple pixels, the contribution from each is modified by the background counts in the same 

way.  The result is that the probability of the set of pixel counts {𝑀୩} given a Poisson distribution 

of signal and a Poisson distribution of background is 

𝑃({𝑀୩}; 𝑁ഥ) = ෍ 𝑝(𝑀ଵ − 𝑏ଵ, 𝑀ଶ − 𝑏ଶ, … ;  𝑁ഥ)    𝑝௕(ଵ)(𝑏ଵ)௕భ,௕మ,… 𝑝௕(ଶ)(𝑏ଶ) …. (3.8) 

𝑝(𝑀ଵ − 𝑏ଵ) =  ቀಲభಲ ேഥቁಾభష್భ(ெభି௕భ)!  and 𝑝௕(ଵ)(𝑏ଵ) = ୣషഁభ௕భ! (𝛽ଵ)௕భ. 
(3.9) 

ୣషഁభெభ! ෎  ெభ! (ெభି௕భ)!௕భ!  ቀ஺భ஺ 𝑁ഥቁெభି௕భ
௕భୀ଴ (𝛽ଵ)௕భ =  ୣషഁభெభ! ቀ஺భ஺ 𝑁ഥ + 𝛽ଵቁெభ

. 
(3.10) 



 
 

44 
 

We note that this expression the same form as Eq. 3.7, except that each factor ቀ஺ౡ஺ 𝑁ഥቁெౡ
 in Eq. 3.7 

has been replaced by ቀ஺ౡ஺ 𝑁ഥ + 𝛽୩ቁெౡ
. 

The location (X,Y) of the emitter is incorporated by expressing the area overlap ஺ౡ஺  as the 

integral of the PSF over the cross-sectional area of the optical fiber aperture.  

Here we assume a Gaussian PSF characterized by widths 𝑤௫ and and 𝑤௬, and optical fibers with 

square apertures with side lengths a located at (𝑥௞ , 𝑦௞). The values of ηk account for the differences 

in efficiency among the four detectors, and they are determined for each pixel by illuminating the 

pixels with lamp light, collecting photon counts, and calculating the constants that would give 

uniform counts on each of the pixels. The integral can be factorized and simplified17 to give ஺ౡ஺  =η௞𝐼௫𝐼௬, where 

and 

 
17 Substitute  𝑢 =  (x − X)/ඥ2𝑤௫ଶ 

𝑃({𝑀୩}; 𝑁ഥ,  {𝛽௞}) = ൤eିேഥቀಲభశಲమశ⋯ಲ ቁ൨ ⋅ ൥ቀಲభಲ ேഥାఉభቁಾభୣషഁభெభ! ⋅ ቀಲమಲ ேഥାఉమቁಾమୣషഁమெమ! ⋅ … ൩. 
(3.11) 

஺ౡ஺ = η௞ න ∫ d𝑥௬ೖାమೌ௬ೖିమೌ d𝑦௫ೖାమೌ௫ೖିమೌ
ଵଶగ௪ೣ௪೤ eି(௫ିଡ଼)మ ଶ⁄ ௪ೣమeି(௬ିଢ଼)మ ଶ⁄ ௪೤మ . 

(3.12) 

𝐼௫ = ଵଶ ⋅ ൤e𝑟𝑓 ൬మೌା௫ೖିଡ଼ඥଶ௪ೣమ ൰ − erf ൬ିమೌା௫ೖିଡ଼ඥଶ௪ೣమ ൰൨, (3.13) 
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The number of expected counts in each pixel is then 𝜇୩ = ஺ౡ஺ 𝑁ഥ. Having incorporated the emitter 

location and PSF width, the probability to get a set of counts {𝑀୩} in each pixel is 

At this point, we reverse the independent and dependent variables, and identify the probability 

distribution for the counts {𝑀୩} given the location (X, Y) and given the average counts 𝑁ഥ as the 

(unnormalized) likelihood disttribution ℒ஼ௐ(X, Y, 𝑁ഥ) for  X, Y, and 𝑁ഥ for an emitter undergoing 

CW excitation[80], 

Since we are only concerned with determining the position of the centroid, we integrate 

over all of 𝑁ഥ to get a reduced distribution. If we express 𝑁ഥ as the dimensionless variable 𝑍 = ∑ 𝜇௞௞ , and use 𝑟௜ = ఓ೔∑ ఓೖೖ  to denote the relative fraction of counts in each pixel, the reduced 

distribution can be expressed as an integral over Z,   

Because the integrand is strongly peaked when {𝑀୩} ≫ 1, we can make the Gaussian 

approximation by expanding the argument of the exponential to second order in X, Y, and Z. In 

that case, the integral over Z gives the same result as replacing the integral with its the integrand 

evaluated at its peak Zmax(X,Y) (apart from a normalization constant). When evaluating the ℒ஼ௐ 

𝐼௬ = ଵଶ ⋅ ቎e𝑟𝑓 ቌమೌା௬ೖିଢ଼ටଶ௪೤మ ቍ − erf ቌିమೌା௬ೖିଢ଼ටଶ௪೤మ ቍ቏. 
(3.14) 

P({𝑀୩}; 𝑁ഥ,  {𝛽௞}, 𝑤, 𝑋, 𝑌) = [eିఓభାఓమା⋯] ⋅ ቂ(ఓభାఉభ)ಾభୣషഁభெభ! ⋅ (ఓమାఉమ)ಾమୣషഁమெమ! ⋅ … ቃ. (3.15) 

ℒ஼ௐ(𝑋, 𝑌, 𝑁ഥ; {𝑀୩},  {𝛽௞}, 𝑤) = [eିఓభାఓమା⋯] ⋅ ቂ(ఓభାఉభ)ಾభୣషഁభெభ! ⋅ (ఓమାఉమ)ಾమୣషഁమெమ! ⋅ … ቃ. (3.16) 

ℒ஼ௐ(𝑋, 𝑌; {𝑀୩}, {𝛽௞}, 𝑤) = ∫ 𝑑𝑁ഥℒ஼ௐ(𝑋, 𝑌, 𝑁ഥ)ஶ଴ = ∫ 𝑑𝑍 𝑒ି௓𝑒∑ ெೖ ୪୬(௥ೖ௓ାఉೖ)రೖసభஶ଴ . (3.17) 
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for different values of X and Y  we use this replacement procedure; we solve for the value of Z(X,Y) 

that maximizes the expression by taking the derivative of the exponent  

and setting it to zero each time the likelihood is computed for a given X and Y. The reduced 

likelihood distriubtion in its final form is 

The position of the centroid for each set of {𝑀୩} is located by numerically finding the values of 𝑋௠௔௫ and 𝑌௠௔௫ that maximize ℒ஼ௐ (Fig. 3.2). For this we use the downhill simplex method[83], 

which involves climbing to the top of the surface and decreasing the step sizes as we approach the 

maximum18. 

 
Figure 3.2 Log-likelihood distribution for X and Y. We plot the log of the (unnormalized) 
likelihood distribution ℒ஼ௐ (𝑋, 𝑌; {𝑀୩}, {𝛽௞}, 𝑤) for the centroid location, (X,Y), given the total 
counts in each of the four pixels, {𝑀୩}, the background counts in each of the pixels, {𝛽௞}, and the 
width 𝑤 of the PSF. This is maximized to find the values Xmax and Ymax that correspond to the most 

 
18 After identifying 𝑋௠௔௫ and 𝑌௠௔௫, the most likely value of 𝑁ഥ can be determined from 𝑍௠௔௫, 

where 𝑁ഥ =  𝑍௠௔௫ ቀ∑ 𝑐௞ ஺ೖ(௑೘ೌೣ,௒೘ೌೣ)஺ସ௞ୀଵ ቁିଵ. 

ௗௗ௓ (−𝑍 + ∑ 𝑀௞ ln(𝑟௞𝑍 + 𝛽௞)ସ௞ୀଵ ) = −1 + ∑ ௥ೖெೖ௥ೖ௓೘ೌೣାఉೖ௞  = 0, (3.18) 

ℒ஼ௐ (𝑋, 𝑌; {𝑀୩}, {𝛽௞}, 𝑤) = 𝑒ି௓೘ೌೣ𝑒ெభ ୪୬(௓೘ೌೣ௥భାఉభ)𝑒ெమ ୪୬(௓೘ೌೣ௥మାఉమ). (3.19) 
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likely location of the centroid. The counts were generated from a Monte Carlo simulation of an 
emitter located at (50,50) nm. Parameters in the simulation mimicked the 𝑤, {𝛽௞}, and total 
photons 𝑁ഥ that are found in experiments. The values Xmax and Ymax that correspond to the maximum 
of ℒ are determined by numerically locating the peak of the ln(ℒ). The log distribution has a 
smaller gradient than ℒ, making it computationally tractable to compare values when the surface 
is strongly peaked.  

 

3.2: Locating single emitters with 𝓛𝑪𝑾 and characterizing the localization 

precision 

Now that we know the assumptions that go into ℒ஼ௐ, we can use it to analyze data from single 

QDs that are sparsely dispersed on the surface of a glass coverslip. Data is typically collected for 

60-600 sec, and then spit into many shorter time windows 𝛥𝑡. For each 𝛥𝑡, we bin the detected 

photons to get {𝑀୩} and then compute the most likely centroid location (Xmax, Ymax) . Fig. 3.3 shows 

the centroid location of a single QD measured from the counts acquired for 𝛥𝑡=100 ms over the 

course of a 100 s experiment. The origin is defined as the center of the optical fiber bundle, which 

is roughly (10 nm, 30 nm) relative to the location of the QD. Before acquiring data, we align the 

optical fiber bundle so that that its center corresponds to the center of the optical probe region 

where the excitation power is highest. In the figure, we do not correct for the slow <0.1 nm/s lateral 

drift of the sample in the positive direction that is visible in the trajectory of Ymax.  
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Figure 3.3 Centroid location (Xmax, Ymax) of a single QD monitored over time. The location is 
computed every 100 ms for 100 s of data. The brief segments where no location is plotted, for 
instance near 14 s, are times during which the signal has fallen close to the level of background 
counts and no centroid location can be discerned. There is slow lateral drift of the sample which 
can be seen from the gradual movement <0.1 nm/s of both  Xmax and Ymax in their respective positive 
directions.  

Assuming fluctuations in the position of a single QD monitored in an experiment are entirely 

due to shot noise, the localization precision 𝜎௑ and 𝜎௒ in X and Y, respectively, can be accurately 

estimated by computing standard deviation of many measurements of Xmax and Ymax over the course 

of time. However, mechanical drift of the sample in the x and y directions is inevitable in our 

experiment and serves to increase 𝜎௑ and 𝜎௒, making the calculated localization uncertainty larger 

than reality. This can be partially corrected for by fitting the sequence of X and Y positions to 

straight lines, or by low frequency filtering, before calculating their distributions. Alternatively, 𝜎௑ and 𝜎௒ can be determined for relatively short segments of time during which the drift is 

insignificant. Using the latter approach for the positions shown Fig. 3.3, we determined the 

standard deviations for ten segments of the data, each one lasting 10s of the data. We found a 

precision of ~4 nm for each segment. Most commonly, we select longer segments of data over 

which the drift is approximately linear (as a rule, that is almost always the case), and we compute 

the precision from the standard deviation of the locations after a linear fit to the x and y positions. 
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It is useful to explore how 𝜎௑ and 𝜎௒ change as a function of different parameters such as 𝑁ഥ, the 

number of pixels in the camera, and PSF size. We do this by analyzing Monte Carlo simulated 

data sets[84]. First, we explore the precision for different simulated datasets with four pixels where 

the PSF size and background levels mimic what we see in experiments19, and the value of 𝑁ഥ is 

varied. For each dataset, we repeated the following “study” 1,000 times: first, we generated N 

photons drawn from a Poisson distribution with an average 𝑁ഥ. Each photon was given a coordinate 

drawn from a Gaussian PSF with a fixed width located at the center of four pixels. Next, we 

collected the photons in four pixels and we determined Xmax and Ymax using the MLE procedure 

described in Section 3.2. We determined the localization uncertainty for a particular 𝑁ഥ from the 

standard deviation of the distribution of Xmax and Ymax. We repeated the study for different values 

of 𝑁ഥ, and we observed that the localization precision scales as 1 ඥ𝑁ഥ⁄ , as expected from the central 

limit theorem. Fig. 3.4 illustrates this relationship; each marker corresponds to the precision  ඥ𝜎௑ଶ + 𝜎௒ଶ determined from a simulated dataset that used a particular 𝑁ഥ. Within an experiment, the 

total photons collected from a single QD are 𝑁ഥ~20,000-30,000, corresponding to a localization 

precision of 3-5 nm (Fig. 3.3)20. To compare our results from experiments with results from 

simulations, consider the QD for which the centroid locations are plotted in Fig. 3.3. The total 

counts ∑ 𝑀௞ସ௞ୀଵ  were ~17,000 counts/100 ms for 𝑁ഥ~30,000 photons. A simulation that mimicked 

 
19We select values for the parameters in the simulation that are equal to what we observe in 
experiments, so 𝑤௫ = 𝑤௬ = 160 nm and 𝛽ଵ = 𝛽ଶ =𝛽ଷ =𝛽ସ =50 counts/100 ms. 
20 The most probable value of 𝑁ഥ is centered around 30,000 photons/100 ms for the QD examined 
in Fig. 3.3. When the emitter is close to the origin, ~40% of 𝑁ഥ constitutes counts that strike the 
cladding that surround each fiber rather than the optical fiber aperture where the photons are 
detected, so the typical detected counts from a single QD is ~18,000 counts/100 ms under these 
excitation conditions 
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the counts, PSF width, and location of that QD yielded a slightly better localization precision of 

~3 nm21.  

 
Figure 3.4 Localization precision follows the central limit theorem. The markers indicate the 
localization precision ඥ𝜎௑ଶ + 𝜎௒ଶ determined from Monte Carlo simulated experiments of a single 
emitter repeatedly creating N photons drawn from a Poisson distribution with a different mean 𝑁ഥ. 
Some of the N photons are “detected” and the emitter is located with MLE. The standard deviation 
in X and in Y of the repeated localizations, 𝜎௑ and 𝜎௒, is determined. Each experiment used a 
different 𝑁ഥ. The linear fit emphasizes that the relationship between 𝑁ഥ and the precision is what 
would be expected by the central limit theorem. For single QDs under the excitation conditions 
described in Chapter 2.4,  𝑁ഥ is ~20,000-30,000 photons/100 ms, allowing for a precision of ~3 nm 
per 100 ms time window.  

 

The magnification of the microscope (which can stretch or shrink 𝑤) plays a role in 𝜎௑ and 𝜎௒. One can imagine if the magnification is too small, then all the photons could land on a single 

pixel, or worse, all the photons could land on the cladding between the pixels. Both those scenarios 

would make it difficult to obtain much information about the emitter location. The precision 

deteriorates exponentially with small 𝑤௉ௌி and it quickly becomes impossible to locate the emitter. 

 
21The small discrepancy between the precision determined from simulated data and the precision 
determined from experimental data indicates that our simulation does not fully describe the 
experimental system. In other words, additional processes such as technical noise (vibrations) exist 
in the experiment that are unaccounted for when constructing the simulated data. 
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On the other hand, if the magnification is too large, the precision will not be optimized because 

the counts will not change as significantly as a function of the emitter location. (The relationship 

between precision and 𝑤 is not so sensitive for large 𝑤. For example, for a PSF size that is twice 

the optimal width, the precision only worsens by ~10%.) With our setup where each pixel is 100 

um across and the cladding separates the pixels by 15 μm, the optimal width of the PSF is 𝑤 ≈50 

μm, which we achieve with a 250× magnification. Figure 3.5a illustrates the likelihood distribution 

for X and Y for the simulated case of an emitter at the origin in which the magnification approaches 

the lower limit at which point it becomes impossible to locate the emitter. The effects of this are 

quite beautiful because the pixel geometry gets traced out by the likelihood distribution; the 

distribution is highest wherever there is cladding because the magnification is so low that there is 

a probability the emitter could be hiding between the pixels. 

 It is interesting to learn how 𝜎௑ and 𝜎௒ fare when the camera has more pixels. We simulate 

a case in which we have 8 pixels arranged in a 3×3 square with one corner pixel missing. This 

may seem like an odd choice, but we had the option of using this arrangement in the lab rather 

than the 4-pixel detection scheme used throughout this thesis. Each pixel is again 100 µm across 

and 15 µm of fiber cladding separates each one.  In terms of 𝜎௑ and 𝜎௒, Fig. 3.6 shows that we 

have little to gain in precision by using more pixels. Comparing two simulated cases of an emitter 

at the origin, we can see there is <1 nm improvement. It is useful to note that the optimal precision 

for the for the 8-pixel case, which we are showing in Fig. 3.5, requires a ~2× higher magnification 

than the 4-pixel case. The 250× magnification that we use for the 4-pixel case will actually put us 

in the regime in which the PSF is too small for the 8-pixel case and then it is not possible to 

precisely locate the emitter. Fig. 3.5b shows how the likelihood distribution behaves under these 
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circumstances. There is a high probability for the emitter to be somewhere in the central 100 ×100 

μm pixel, and low probability of it being anywhere else. 

 
Figure 3.5 Log-Likelihood distributions for the X and Y position of the emission centroid for 
small magnification (small PSF widths). (a) A likelihood distribution generated from simulated 
data of an emitter located at the origin. The PSF widths of the simulated emitter are similar to the 
width of the optical cladding, so few counts are collected by the pixels. The likelihood distribution 
then “knows” the emitter is probably anywhere except above the pixels, and this is why there are 
indentations in the distribution where each of the pixels are located. (b) A likelihood distribution 
generated from simulated data of an emitter located at the origin where photons are collected by 
an 8-pixel camera. Because the PSF is far smaller than the width of the optical fibers, the 
distribution shows there is equal probability for the emitter to be anywhere within the area of the 
center pixel.  

 
Figure 3.6 Comparing the precision of four and eight-pixels detection schemes. Simulation 
results are presented for both the four-pixel detection scheme (red) and eight-pixel detection 
scheme (blue). There is a nominal improvement in the precision with a larger number of pixels. A 
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total signal of 18 kcounts per 0.1 ms bin, typical for a single QD, affords ~3 nm of precision with 
both detection schemes. 

The precision also suffers if the magnification is too high (the PSF width is too large), but 

there is a great benefit to operating in this regime if you need a larger field of view over which to 

monitor the emitter. In simulated cases that mimic our experimental signal, background, and ~50 

μm PSF width in the image plane (which we get with 250x magnification), we run into issues when 

the emitter is farther than 350 nm from the origin. At these distances, two or three of the pixels 

receive few counts, but we rely on their sparse signals to locate the emitter. Out here, the 

localization precision is poor, and the average centroid location that we identify is significantly 

inaccurate- the peak of the likelihood distribution is skewed farther from the origin than the true 

location, and the inaccuracy is proportional to the distance from the origin22. This inaccuracy is 

eliminated if we use a higher magnification, and it is also eliminated if we use more pixels in our 

detection scheme. 

 However, we should not forget that we do not have uniform excitation of our coverslip. If 

an emitter has drifted or moved 300 nm from the origin, it is also ~300 nm from the center of the 

probe region and has little probability of excitation. In light of this, the limiting cases we just 

discussed where the peak of the distribution no longer accurately pinpoints the true location are a 

little irrelevant. Fig. 3.7 displays (a) 𝑁ഥ, (b) x position, and (c) y position determined for a single 

QD that we monitored for ~ 20 minutes. A linear fit to the positions shows a drift velocity of (0.2, 

0.1) nm/s, and we can see the 𝑁ഥ is significantly lower when the emitter is >100 nm from the origin. 

 
22 One wonders if this effect would be ameliorated by analyzing data that uses the true Bessel 
function rather than a Gaussian surrogate for the PSF.  
 



 
 

54 
 

This is not the result of an inability to accurately get 𝑁ഥ from the MLE, but is caused by the emitter 

drifting out of the center of the probe region where the excitation power is highest23.   

 
Figure 3.7 Monitoring a single QD drifting out of the probe region. (a) The 𝑁ഥ value, in counts 
per 0.5 s, rises slightly for the first 400 sec of data and then gradually falls. This is caused by drift 
of the QD in and out of the probe region. (b) The x location in nm is determined for every 0.5 s of 

 
23 If we assume that the level of emitted counts is directly related to the excitation power (for QDs 
under these excitation conditions, that is not necessarily true), we can use the drifting to estimate 
the size of the probe region. The maximum value of 𝑁ഥ is ~12,000, which occurs at t = ~400s for 
which the location is (25, 50) nm, and this is the location of the center of the probe region. The 
half max of the excitation profile would cause 𝑁ഥ to be ~6,000, and that occurs at t = ~1,050 s when 
the position is (50, 140) nm.  The change in position corresponds to the half width at half max, 
which is 93 nm. For a Gaussian excitation profile, this corresponds to a width of ~80 μm. In 
comparison, sigma is ~74 nm for a diffraction limited spot with a wavelength of 485 nm! 
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data, and it has a velocity of 0.2 nm/s (c) The y location determined with every 0.5 s of data has a 
velocity of 0.1 nm/s)24.  

Aside from quantifying 𝜎௑ and 𝜎௒ by examining the standard deviation of a collection of 

peak locations, we can also identify them by examining the curvature of the likelihood surface 

about its peak, which will dictate how well we can perform each localization. Fig. 3.8a shows two 

different likelihood distributions in yellow and purple which correspond two different sets of 

counts that we provided to the MLE. The yellow set of counts had a higher value of 𝑁ഥ and the 

purple set of counts had a lower value of 𝑁ഥ. The curvature of the two distributions illustrates how 

there is greater uncertainty (larger curvature, worse precision) when the counts are lower. Fig. 3.8b 

shows how this plays out in the standard deviations of the centroid locations that are plotted for a 

single QD. One can see that the lower counts correspond to the purple-colored locations, and these 

have a larger standard deviation than the positions determined with higher counts that are colored 

yellow. 

 
Figure 3.8 Examining the curvature of the likelihood surfaces as a function of intensity. (a) 
Log-likelihood distributions for locating an QD with high counts (yellow) and with low counts 
(purple) are shown. The width about the peak corresponds to the localization precision. When the 

 
24 The 𝑁ഥ values are lower for the data displayed in this figure compared to other singles shown in 
this section and that is because we examined this QD with a lower excitation power and on a 
different substrate (a SiN SEM window). 

× 
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counts are lower, the width is higher, reflecting greater uncertainty in that localization. When the 
counts are higher, the width is narrower, reflecting less uncertainty in that localization. (b) This 
shows the centroid locations found for a single QD, color-scaled according to the number of 
detected counts. The lower counts are reflected in the locations that are colored purple, and we can 
see these have a wider distribution than the locations that are colored yellow for high counts.   

 

 The surfaces of the likelihood distributions are ellipsoidal25, so we fit them with a 

multivariate Gaussian. We begin by making a series expansion about the peak of the likelihood 

distribution, (𝑋௠௔௫ , 𝑌௠௔௫).  Notice that the first derivative terms do not appear because they are 

equal to zero at the peak.  

Neglecting higher terms than the second derivative assumes that the likelihood distribution is so 

strongly peaked that those terms are insignificant. The exponent is concisely expressed in terms of 

the Hessian matrix, [𝐻], so  

where [𝐻] = ൦ பమப௑మ ln (ℒ(𝑋௠௔௫ , 𝑌௠௔௫))  பమபଡ଼ பଢ଼ ln (ℒ(𝑋௠௔௫ , 𝑌௠௔௫))பమபଡ଼ பଢ଼ ln (ℒ(𝑋௠௔௫ , 𝑌௠௔௫))  பమப௒మ ln (ℒ(𝑋௠௔௫ , 𝑌௠௔௫))  ൪  

and 𝛩 = ൬𝜃ଵ𝜃ଶ൰ = ൬𝑋 − 𝑋௠௔௫Y − 𝑌௠௔௫ ൰. 

 
25 Differences in the X and Y curvatures exist when 𝑤௫ ≠ 𝑤௬. 

ℒ(X, Y) = e୪୬ ℒ(ଡ଼,ଢ଼) ~ e୪୬ ℒ(௑೘ೌೣ,௒೘ೌೣ)ା பమப௑మ ୪୬ (ℒ(௑೘ೌೣ,௒೘ೌೣ))(௑ି௑೘ೌೣ)మଶ!     
 ⋅ e ಢమಢೊమ ୪୬ (ℒ(௑೘ೌೣ,௒೘ೌೣ))(ౕషೊ೘ೌೣ)మమ! ା ಢమಢ౔ ಢౕ ୪୬ (ℒ(௑೘ೌೣ,௒೘ೌೣ))(ଡ଼ି௑೘ೌೣ)(ଢ଼ି௒೘ೌೣ)

. 

(3.20) 

ℒ(𝑋, Y) =  ℒ(𝑋௠௔௫ , 𝑌௠௔௫) ⋅ e భమ(௵)೅[ு](௵), (3.21) 
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The second term in the likelihood expression is a decaying Gaussian in two dimensions; this is 

obvious if it is written in terms of the diagonal matrix of eigenvalues and the principal coordinates,  

provided that the eigenvalues are negative. In Eq. 3.22,  𝛩௣ =  ൬𝜃ା𝜃ି൰. The variances, 𝜎ା =
ට ିଵଶఒశ   and 𝜎ି  = ට ିଵଶఒష  , are now expressed along the direction of the principal coordinates and 

the distribution at the peak is  

3.3: Measuring the point spread function width 

Up until this point, we have made little mention of the width of the PSF 𝑤, though it plays a 

crucial role in the centroid localization. As one would expect, the 𝑤 used in the MLE must agree 

with the true width of the PSF for the centroid to be accurately located. Some localization 

algorithms (cite thunderStorm) maximize the likelihood distribution over 𝑋, 𝑌, and 𝑤, and they are 

able to identify a single maximum in the 3-dimensional distribution. However, we found that 𝑤 

cannot be determined from MLE with the information provided by a four-pixel image. In other 

words, we cannot identify a single maximum of ℒ(𝑋, 𝑌, 𝑤); there are an infinite number of 

combinations of (𝑋, 𝑌) that are equally likely if 𝑤 is a free parameter.   

To uncover this property, we ran Monte Carlo simulations in which we collected a set of 

counts {𝑀୩} from background and an emitter located at (25, 25) nm with a Gaussian PSF. We then 

attempted to maximize ℒ (𝑋, 𝑌, 𝑤; {𝑀୩}), but found there was a flat ridgeline in the distribution 

12 (𝛩)்[𝐻](𝛩) →  12 ൫𝜃௣൯் ൤𝜆ା 00 𝜆ି൨ ൫𝜃୮൯ =  12 𝜆ା𝜃ାଶ + 12 𝜆ି𝜃ିଶ (3.22) 

 ℒ(𝑋௠௔௫ , 𝑌௠௔௫) ⋅ e ି ଵଶఙశమ  ఏశమ ି ଵଶఙషమ  ఏషమ . (3.23) 
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where a different value of 𝑤 would allow for a different but equally likely (𝑋, 𝑌). Fig. 3.9 

illustrates this flat ridgeline by showing cuts in ℒ (𝑋, 𝑌, 𝑤) for different values of 𝑤. From left to 

right, it displays ℒ(𝑋, 𝑌, 𝑤 = 132 𝑛𝑚), ℒ(𝑋, 𝑌, 𝑤 = 165 𝑛𝑚), and ℒ(𝑋, 𝑌, 𝑤 = 198 𝑛𝑚). When 𝑤 agrees with the true width of the simulated emission PSF, the maximum of the likelihood 

correctly locates the centroid, so the center surface has a peak located near (25, 25) nm. On the 

other hand, the surfaces on the right and left which we generated with a 𝑤 that does not agree with 

the width in the simulation, and they are peaked in the wrong location. This indicates that 𝑤 cannot 

be determined from the counts in four pixels when the location of the centroid is also unknown.  

Therefore, it is necessary to obtain 𝑤 in a separate measurement if the centroid is to be located for 

a four-pixel detection scheme26. It is interesting to note that the three distributions in Fig. 3.9 widen 

as a function of 𝑤, and we are able to visualize how the localization precision can change with 

different magnifications, as we discussed earlier.  

 
Figure 3.9 Likelihood surfaces from a likelihood volume. Three cuts in the (unormalized) 
likelihood distribution ℒ (𝑋, 𝑌, 𝑤; {𝑀୩}) are displayed for different values of 𝑤. From left to right, 
the surfaces are ℒ(𝑋, 𝑌, 𝑤 = 132 𝑛𝑚), ℒ(𝑋, 𝑌, 𝑤 = 165 𝑛𝑚), and ℒ(𝑋, 𝑌, 𝑤 = 198 𝑛𝑚). Color 
scaling indicates their heights, which are identical. The counts {𝑀୩} used as input for the surfaces 
are generated from a simulation of an emitter with a Gaussian PSF that has a width of 165 nm and 
is located at (25 nm, 25 nm). As expected, the location of the peak of ℒ agrees with the actual 

 
26 One wonders if we could identify a single maximum in ℒ (𝑋, 𝑌, 𝑤) if we had used the 8-

pixel detection scheme that we discussed earlier. If that is the case, then the 8 pixel scheme has a 
significant advantage over the 4-pixel one.  
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location of the emitter when 𝑤 agrees with the true width of the PSF, which is the case for the 
surface in the center. We observe that the maxima of the likelihood distributions are identical for 
all three surfaces (and we find they are identical for any selection of 𝑤 if X, Y, and 𝑁ഥ are unknown).  

 

We devised and implemented a simple method for determining the 𝑤 that required no 

additional microscope components or changes to the experimental setup. It relies on accurate 

movement of the piezoelectric stage in the x and y directions to measure 𝑤௫ and 𝑤௬ , thereby 

accounting for ellipticity of the PSF. First, we follow the same procedure outlined above for 

locating and acquiring data from a single QD. After recording counts for a brief segment of time 

(~2-3 sec), T, we displace the stage (the QD) by 𝐷ௌሬሬሬሬ⃗ = 𝐷ௌ 𝑥ො + 0 𝑦ො and again record counts for T. 

We bin the registered counts over all of T from each measurement to compile two sets of {𝑀୩}. 

From these we compute two locations with the MLE, using a dummy PSF size characterized by 𝑤௫(௚௨௘௦௦) and  𝑤௬(௚௨௘௦௦). We used these locations to define 𝐷ெ௅ாሬሬሬሬሬሬሬሬሬሬ⃗ , the distance separating the two 

locations. 𝐷ெ௅ாሬሬሬሬሬሬሬሬሬሬ⃗  points the same direction as 𝐷ௌሬሬሬሬ⃗  27, but the two vectors only agree in magnitude, as 

we have seen, if 𝑤௫(௚௨௘௦௦) and  𝑤௬(௚௨௘௦௦) are consistent with the true PSF widths. 

The method by which we determine determine 𝑤௫(௚௨௘௦௦) and  𝑤௬(௚௨௘௦௦) that give agreement 

between the stage movement and the MLE-determined movement is illustrated in Fig. 3.10. The 

red surface in Fig. 3.10a is generated from two sets of {𝑀୩} gathered in an experiment for which 𝐷ௌ = 50 nm and T = 3 sec. The selection of 𝑤௫(௚௨௘௦௦) and  𝑤௬(௚௨௘௦௦) determines ห𝐷ெ௅ாሬሬሬሬሬሬሬሬሬሬ⃗  ห. The blue 

plane at z = 50 nm illustrates ห𝐷ௌሬሬሬሬ⃗  ห. The intersection between the red surface and the blue plane 

gives a curve which shows the combinations of 𝑤௫(௚௨௘௦௦) and  𝑤௬(௚௨௘௦௦) for which 𝐷ௌሬሬሬሬ⃗ = 𝐷ெ௅ாሬሬሬሬሬሬሬሬሬሬ⃗ .  One 

 
27 This is because the axes of the stage are parallel with the axes that define the detection plane, as 
shown in Fig. 3.11 and accomanying text. 
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can see that many combinations satisfy the condition. We return to the experiment, and this time 

we acquire counts before and after we move the QD by 𝐷ௌሬሬሬሬ⃗ = 0 𝑥ෝ + 𝐷ௌ 𝑦ො.  Again, we determine 

two locations from MLE and their separation depends on 𝑤௫(௚௨௘௦௦) and  𝑤௬(௚௨௘௦௦); that relationship 

is given by the black surface in Fig. 3.10a. The intersection between both red and black surfaces 

and the plane gives us a single point, 𝑤௫ = 150 nm and 𝑤௬ = 160 nm, which satisfies  𝐷ௌሬሬሬሬ⃗ =𝐷ெ௅ாሬሬሬሬሬሬሬሬሬሬ⃗ .  

 
Figure 3.10 Measuring the point spread function widths 𝒘𝒙 and 𝒘𝒚.  (a) The blue plane 
indicates the movement of the piezoelectric stage in either the x or y direction by 50 nm; the red 
and black surfaces show the distance that the emitter moved in 𝑥ො and in 𝑦ො, respectively, which 
depends on the width parameters 𝑤௫(௚௨௘௦௦) and  𝑤௬(௚௨௘௦௦) used by in  the MLE. The point of 
intersection between the three surfaces gives the widths 𝑤௫ and 𝑤௬ that allow for agreement 
between the calculated movement based on MLE, and the actual movement done with the stage. 
(b) Repeated movements of the stage and recordings of the pixel counts are done to acquire many 
measurements of 𝑤௫ and 𝑤௬. (c) Histogram of 𝑤௫ values for which 𝑤ഥ௫ is 164±9 nm and of 𝑤௬ 
values for which 𝑤ഥ௬ is 162±10 nm. 

In practice, the stage movement and measurment of 𝑤௫ and 𝑤௬ are done many times (see 

Fig. 3.10b) for each coverslip that we examined. Their average values 𝑤ഥ௫ and 𝑤ഥ௬ are used in the 

MLE for data that is acquired from that coverslip. It is found for a given coverslip, that the 

measured 𝑤ഥ௫ and 𝑤ഥ௬ do not change significanty, even with manual stage movement in the x, y, 

and z directions, as long as the z-locking mechanism described in Ch. 2 is providing feedback to 
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the piezoelectric objective mount. When a new coverslip is  placed on the stage, the focus must be 

re-acquired, and the width must be measured again.   Fig. 3.10c shows a histogram of the values 

of 𝑤௫ and 𝑤௬ plotted in 3.10b. From this, we calculate 𝑤ഥ௫ and 𝑤ഥ௬ and the standard deviations 𝜎௪ೣ 

and 𝜎௪೤  of the widths. These not only reflect uncertainty of the widths, but also encompass the 

localization uncertainty which is limited by 𝛥𝑡 and the positioning uncertainty of the piezoelectric 

stage. Typically, 𝛥𝑡 = 3 s is selected. This interval is short enough that the emitter has not moved 

significantly due to lateral drift, but long enough so that 𝑁ഥ will be fairly large, thus 𝜎௑ and 𝜎௒ will 

be fairly small. The displacement that we chose to use, 𝐷ௌ= 50 nm, is much larger than the ~3 nm 

reported positioning uncertainty of the stage and the ~2 nm centroid localization uncertainty, but 

small enough that we do not move the emitter out of the probe region.  

If the x and y axes of the fibers are not identical to x and y axes of the stage, this must be 

accounted for when measuring the PSF widths and for the correlated electron microscope imaging 

that is discussed in Chapter 5. We eliminate that step by ensuring that movements of the stage (for 

example, NSEW) correspond to identical movements of the emitter28. Fig. 3.11 illustrates the small 

mismatch (<3 degrees) between the stage and image axes that exists in our setup. A QD was moved 

50 nm N, S, E, and W, and the black points label the locations found when assuming a symmetrical 

PSF with 250 nm widths. The red points label the locations found after recovering the correct 

displacement values was 220 nm in x and 250 nm in y. From both sets of locations, one can see 

 
28 Any 180-degree flips or 90-degree rotations necessary for aligning the stage and image axes can 
be done by swapping the defined locations of the pixels in the analysis software. We ensure that 
the respective kitty-corner pixels in the real detection scheme remain kitty-corner in the software-
defined detection scheme, because some definitions for the pixel locations are impossible to 
achieve with flips and rotations of the detection scheme.  
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the slight counterclockwise rotation of the image which is caused by a slight rotation of the fiber 

bundle relative to the x and y axes of the stage that we disregard.  

 

 

Figure 3.11 Displacing a QD by 50 nm to recover the point spread funciton width. A QD was 
moved 50 nm to the N, S, E, and W from the origin, and the black points label the centroid locations 
that were found assuming (incorrectly) a symmetrical PSF with a width of 250 nm. The red points 
label the centroid locations that were found using the measured PSF widths of 230 and 250 nm in 
x and y. The true 50 nm displacements are recovered when using the measured PSF. The slight 
counterclockwise rotation of the found locations relative to the x and y axes is because the xy axes 
of the detectors are rotated slightly relative to the xy axes of the stage.  

 

On a side note, some readers might wonder how fluctuations in𝑤௫  and 𝑤௬  impact the 

likelihood distriubiton and our localization precision. We can explore this by taking the PSF to be 

a Gaussian distribution centered at 𝑤ഥ௫ and 𝑤ഥ௬, and integrating ℒ ൫𝑋, 𝑌; 𝑤௫, 𝑤௬ , {𝑀୩}, {𝛽௞}൯, Eq. 

3.18, over the distriubtion of 𝑤௫  and 𝑤௬ , 

ℒ௥௘ௗ. (𝑋, 𝑌; {𝑀୩}, {𝛽௞})
=    12𝜋𝜎௪ೣ𝜎௪೤ ඵ 𝑑𝑤௫𝑑𝑤௬ ℒ൫𝑋, 𝑌; 𝑤௫ , 𝑤௬ , … ൯𝑒ି(௪ೣି௪ഥೣ )మ ଶఙೢೣమൗ 𝑒ି൫௪೤ି௪ഥ೤ ൯మ ଶఙೢ೤మൗ . 

(3.24) 
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The integration broadens the likelihood distribution in X and Y, reflecting our lack of knowledge 

in the value of the width. On the other hand, because the height of ℒ ൫𝑋, 𝑌; 𝑤௫ , 𝑤௬ , {𝑀୩}, {𝛽௞}൯ 

is independent of 𝑤௫ and 𝑤௬ (as we saw earlier in this section), the most likely centroid location 

(Xmax,Ymax) for the reduced distribution is the same as (Xmax,Ymax) for the original distribution, ℒ ൫𝑋, 𝑌; 𝑤ഥ௫ , 𝑤ഥ௬ , {𝑀୩}, {𝛽௞}൯. 

While the MLE constructed in this manner accounts for astigmatism of the PSF, it 

unfortunately does not account for rotations that may exist. Through simulations of an emitter 

located within ~140 nm of the origin (or center of the fiber bundle in the image plane) with a 

rotated elliptical Gaussian PSF, we probed both the accuracy of finding the absolute location of an 

emitter, and the accuracy of finding the relative distance between closely spaced emitters when 

rotations were present and the MLE did not account for them. Provided that the emitter was not 

located at the origin, the rotation had a significant impact on the accuracy in finding the absolute 

location. We found that the localization inaccuracy was exacerbated by increasing the ellipticity, 

rotation angle, and absolute distance of the emitter from the origin.  A 45° rotation caused the 

biggest discrepancy between the actual and found locations.   

We were concerned about inaccuracies that our results would have because we were not 

accounting for possible rotations. To see how unaccounted rotations would impact our localization 

accuracy, we simulated an elliptical Gaussian with widths and absolute distance from the origin 

that were similar to the conditions found in experiments, and then we located the emitter with MLE 

assuming no rotation. The simulated PSF was 200 by 300 nm and rotated by 45 degrees. When 

analyzing the data, we did not assume the PSF was 200 by 300 nm, but instead we measured the 

PSF. For this, we simulated data for which the rotated PSF was repeatedly displaced by 50 nm 

from the origin in x and y, and we solved for the widths  𝑤௫ and 𝑤௬ that would allow us to recover 
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the 50 nm displacements (the same way we did the measurement for experimental data described 

earlier in the section). For this measurement, we assumed the PSF was a 2-D Gaussian aligned 

along x and y. We used the recovered 𝑤௫ and 𝑤௬ to test the accuracy of locating the centroid of the 

rotated PSF when it was placed different distances from the origin. There was up to a 10 nm 

discrepancy between the found and actual location when the PSF was placed 100 nm from the 

origin; the closer the emitter was to the origin, the less impact the rotation had on the accuracy.  

That suggests that the absolute locations of the centroids reported in this thesis may be misplaced 

by up to 10 nm depending on their departure from the origin. We also studied the effect of the 

rotations on the distance between closely spaced emitters. We found that the separation between 

emitters (8 nm was used as the simulated separation) was never significantly altered, regardless of 

rotation angle, ellipticity, or absolute distance of the emitters from the origin. That indicates we do 

not need to account for a rotated PSF in order to uncover the distances between closely spaced 

centroids, provided we are measuring the PSF widths in the manner described above.  

Other groups with similar time-resolved detection schemes with few pixels have used an 

additional camera that has enough pixels to measure 𝑤௫ and 𝑤௬ by splitting the emission among 

the time-resolved detectors and the camera[57]. This is advantageous for systems in which there 

are changes in the focal position because that alters 𝑤௫ and 𝑤௬ . With our method, we must re-

measure 𝑤௫ and 𝑤௬  if the focal position changes. However, there is an advantage to using our 

method because it self-corrects for inconsistencies between the actual PSF, which is a Bessel 

function, and the surrogate Gaussian PSF, so that we recover correct absolute changes in distances 

and have an accurately scaled SR image. If we were to instead fit a Gaussian or Bessel function to 

an image of the PSF that has more pixels and use those fits to parameterize the Gaussian that we 

assume in the MLE, we would not necessarily achieve an accurately scaled image. 
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CHAPTER 4. Examining quantum dot interactions part 2: 
Correlated Optical and Electron Microscope Imaging 

 

As a reminder, in Chapter 2 we resolved multiple regions of emission within small QD 

clusters, and we found the lifetime and intensity of the emission differed among these regions for 

some of the clusters. Importantly, we identified regions that had lower intensity and significantly 

shorter lifetimes, often less than 20 ns, compared to the lifetimes of single QDs, which were all 

tightly distributed about ~40 ns. In a system where energy transfer is present, it can be shown that 

the emission from donor particles has a truncated lifetime and lower intensity. Given that, we 

hypothesized that energy transfer was responsible for the behavior we observed in clusters, and 

that the quenched lifetime and intensity were coming from regions of the clusters that were 

donating energy. We wanted to explain the behavior in the context of Förster transfer between 

donor and acceptor nanoparticles. However, the SR images only provided a picture of the average 

locations of the emission centroids, and a comparison to models for energy transfer would be more 

fruitful/concrete if we knew the number of QDs in the cluster and their true distances from one 

another.  

To access that information, we developed a workflow for acquiring scanning electron 

microscope (SEM) images of the same clusters we examined with the time-resolved super-

resolution microscope. Section 4.1 presents these “correlated” images and demonstrates our ability 

to carry out this measurement. In Section 4.2, we introduce four simple kinetic models- a single 

QD with a single radiative decay pathway, a single QD with both radiative and nonradiative decay 

pathways, a pair of non-interacting QDs, and lastly, a pair of interacting QDs. The first two models 

will be used in Section 4.3 to interpret the time-resolved data of single QDs, and the latter two 
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models will be used in Section 4.4 to interpret the data of pairs of QDs that we identified with the 

correlated SEM imaging.  

To carry out the correlated measurements, which are described in further detail in Section 

4.5, we spin-coated clustered QDs on SEM grids with 10-20 nm thick windows made of 

amorphous silicon nitride or amorphous silicon dioxide. Each grid was then inverted onto the 

surface of a glass coverslip before collecting optical images. The glass coverslip hindered our 

ability to collect emission, and we lost ~80-90% of the signal, but it ensured the immersion oil for 

the microscope objectives did not contaminate the sample prior to SEM imaging. A coordinate for 

each photoluminescent spot relative to the corner of the SEM window was measured, and this was 

used to find the identical cluster in the SEM so we could correlate the optical and electron images. 

Importantly, we found that the photoluminescence behavior of single QDs was significantly altered 

on the SEM grids compared to the behavior on glass coverslips presented in Section 2.2. This 

required us to re-characterize the behavior of single QDs because that informs our interpretation 

of the behavior of QD clusters.  

4.1: Correlated optical and electron microscopy imaging 

We start by presenting correlated time-resolved SR images and SEM images of QD 

clusters. The number of QDs in the clusters ranged from 2-10, and we have turned our attention to 

clusters containing only two QDs, for which the interpretation of the photoluminescence behavior 

in terms of simple kinetic models (as presented in the next section) will be more tractable. Fig. 4.1 

displays data from six different pairs of QDs. They are organized from top to bottom according to 

their center-to-center separation distance measured from their SEM images, which are displayed 

in the left-hand column. The second and third columns display the SR images that are color-scaled 
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according to the average photon arrival time 𝑡̅ and number of counts N, respectively29. (The 

positions in the images are identical, only the color-scaling changes.) Each point on a SR image 

corresponds to a centroid location that was found with 0.5 s of data, and each image is a composed 

of 300-500 s of data. The underlying structures from the SEM images agree with the SR images, 

and this is shown clearly in the fourth column, which overlays the SEM images and N-scaled SR 

images.  

Centroid positions associated exclusively with the true locations of the QDs will only occur 

when one of the QDs has blinked completely off for the entire 0.5 sec interval and the other QD 

remains in an emissive state. Otherwise, the centroid location will be partway between the two 

QDs. Indeed, we identify many centroid locations partway between each pair because these QDs 

spend the majority of their time in the ON state.  

 
29 𝑡̅ is determined for each interval by taking the average of the arrival times of detected counts in 
the four pixels and then correcting for the arrival times of the background contribution by 
subtracting a weighted average of the background arrival time distribution. The counts N are the 
same as the counts that we defined as 𝑁ഥ in Chapter 3. We determine them by maximizing the 
likelihood distribution presented in Eqn. 3.19. 
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Figure 4.1 Electron and optical images of QD pairs. Each row displays a different pair of QDs, 
organized from top to bottom with decreasing separation distances. The scale bars are 15 nm in 
every SEM image (first column). The second and third columns display SR images of each QD 
pair, where x and y axes correspond to the centroid position in nm that was determined every 0.5 
s for 300-500 seconds per sample. The positions in columns two and three are identical. The images 
in column two are color-scaled according to 𝑡̅, and that color scale is identical for all images; the 
images in column three are color scaled according to the counts N. Scales are identical across each 
row. Column 4 shows a superposition of the SEM (column 1) and SR (column 3) images.  

 

The behavior of the first pair of QDs from Fig. 4.1, Pair-1, is highlighted in Fig. 4.2.  The 

values of 𝑡̅, N, x position, and y position as a function of time are plotted in 4.2(a-d), and their 

respective histograms are displayed in 4.2(e-h). The pair was rotated 10 degrees counterclockwise 

so that the separation vector between the two QDs in the SEM image was parallel with the y axis. 

This is convenient for observing position changes in the SR data caused by blinking, which will 

be seen exclusively in the y position. From the histogram of y positions (h), one can see that the 

majority of localizations are centered about y = -40 nm. By imposing intensity thresholding, we 

can eliminate segments of the data for which the N is high so both of the emitters are likely 

contributing to the emission. We recover the positions associated with lower N, which usually 

correspond to times when only a single QD is ON. Fig. 4.2i and j display histograms of x and y 

positions that remain after applying a threshold of N =39,000. This was found to be an optimal 

intensity threshold for recovering the precise locations of the individual QDs30. We can see the 

distribution of y positions is bimodal with peaks separated by 27 nm. Quite beautifully (though to 

be expected), this separation is nearly identical to the 28 nm center-to-center distance that we 

measure from the SEM image, highlighting our ability to resolve blinking emitters.  

 
30 The choice of thresholds is sensitive single we are working in the tail of the distribution. To 

peaks emerge as N is lowered below ~40,000. But as N is lowered below 39,000 there are few 
datapoints considerable loss of precision.  
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Figure 4.2 Time-resolved super-resolution data from Pair-1. The pair was monitored for 475 
seconds, and the photons were binned every 0.5 sec to determine the (a) average arrival time 𝑡̅, (b) 
counts N, (c) x position, and (d) y position. The cluster was rotated so that the separation vector 
between the QDs was parallel to the y axis. Histograms of the values for each observable are 
plotted in (e) through (h). With thresholding, we removed data for which there were greater than 
N=39,000, which allowed us to remove data for which both the QDs were likely in the on state. 
(i) and (j) show histograms of x and y positions, respectively, after thresholding. The bi-modal 
distribution of y positions has means that are separated by the same distance as the two QDs in the 
SEM image (superimposed).  
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While we sought to create clusters of QDs, we ended up forming and collecting correlated 

images of single QDs. Fig. 4.3a and b shows a SR images of a single QD for which we achieve 2 

nm precision in x and y. Fig. 4.3a is color-scaled according to N and (b) is color-scaled according 

to 𝑡̅. The emission centroid is distributed about a single mean. The same QD was imaged with 

electron microscopy after the optical measurements, and that image is displayed in Fig. 4.3c. The 

QD is ~11 nm across. In this thesis, we will not try to glean anything else from the correlated single 

-dot images. However, we note recent work with correlated imaging has been devoted to the 

structural basis for optical behavior at the single particle level[85–87] and we could choose to 

examine how the PL blinking, lifetime, and intensity are related to the particle diameter and shape 

in the future. It is interesting note that we are getting 2 nm localization precision for finding the 

emission centroid of an object that is 11 nm across. One wonders if we should expect to spatially 

resolve multiple features on a QD and observe dynamics in the SR image for a single QD. If indeed 

there are spatially localized trap states associated with different radiative pathways, we are not 

observing them here, either because our localization precision is too low, or because we are 

averaging over many radiative decays with our 0.5 s bin times. 

  
Figure 4.3 Optical and electron microscopy images of a single QD. The centroid position 
associated with a single QD is found every 0.5 s for 170 s. The positions are drift-corrected and 
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plotted with the color scale indicating counts N (a) and average arrival time 𝑡 ̅in ns (b). The 
localization precision is 2 nm in x and y. The scanning electron micrograph image in (c) is collected 
from the same QD, which is revealed to have a diameter of ~ 11 nm. All three images have the 
same scale.  

 

4.2: Simple models for independent and interacting emitters 

Now we take the reader through calculations of the quantum yield, the arrival time 

distribution, and the average arrival times for models of increasing complexity. In the next section, 

we will interpret QD singles and pairs through the lens of these rate models. 

Case I: A single QD 

Let us first consider the case of a single QD that relaxes via a radiative decay pathway with 

a rate R. The probability 𝑃(𝑡) to be in the excited state at a time 𝑡 is governed by the rate equation, 

for which the solution  

is an exponential decay from the initial probability 𝑃(0)31, the same as the one we are accustomed 

to seeing for the case of radioactive decay[88]. Since 𝑅𝑃(𝑡) is the number of photons emitter per 

unit time, it follows that the quantum yield, 

is equal to the probability 𝑃(0) that the QD was excited at a time zero. The arrival time distribution,  

 
31 Here is one way to understand that 𝜓(𝑡) = 𝑅𝑃(𝑡) is the probability distribution for emitting a 
photon at time t.  Consider that 𝑅𝑑𝑡 is equal to the number of times the system can relax during a 
time window 𝑑𝑡 if the system is excited, and 𝑃(𝑡) is equal to the probability that the system is in 
the excited state at a time t. So the product 𝑅𝑃(𝑡)𝑑𝑡 is equal to the number of photons emitted by 
the system during 𝑑𝑡. 

ௗ௉(௧)ௗ௧ = −𝑅𝑃(𝑡), (4.1a) 

𝑃(𝑡) = 𝑃(0)𝑒ିோ௧ (4.1b) 

Φ = න 𝑅𝑃(𝑡)𝑑𝑡 = 𝑃(0)ஶ
଴  

(4.1c) 
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for a photon emitted by the QD is normalized by dividing the emission flux 𝑅𝑃(𝑡) by Φ. The first 

moment of the arrival time distribution is the average arrival time,  

which in this case is simply the lifetime 1/𝑅. When examining experimental data, it is easier to 

compute 𝑡̅ than it is to compute 𝜓(𝑡)—we get 𝑡̅ by taking the average of the photon arrival times 

that we record, whereas to find 𝜓(𝑡) we must fit a multi-exponential decay to the histogram of 

recorded photon arrival times.  

Case II: A single blinking QD 

While we would like to keep our model as simple as possible, we must also account for 

blinking of the QDs, where blinking refers to a behavior in which the QD switches from an “ON” 

state described by equations 4.1(a-d), and stochastically and reversibly occupies a “OFF” state in 

which it emits less light. Blinking is discussed in further detail in Ch. 1. The arrival time 

distribution of photons that are emitted in the OFF state (if there are any at all) is typically narrower 

than the distribution of photons emitted in the ON state.  Blinking occurs on a range of time scales 

in CdSe/CdS QDs from several milliseconds up to several minutes. One way to incorporate 

blinking within the model is to introduce a nonradiative decay pathway with a rate D that competes 

with R. When D is much larger than R, the QD effectively switches OFF. For this system, the 

probability for the system to be in the excited state at a time t is governed by the rate equation, 

and the excited state probability has a faster exponential decay than the previous case, 

𝜓(𝑡) = 𝑅𝑃(𝑡)Φ = 𝑅𝑒ିோ௧ 
(4.1d) 

𝑡̅ = ∫ 𝜓(𝑡)𝑡𝑑𝑡ஶ଴ = ଵோ, (4.1e) 

ௗ௉(௧)ௗ௧ = −(𝑅 + 𝐷)𝑃(𝑡), (4.2a) 
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Consequently, the quantum yield  

is reduced by the factor ோோା஽, the arrival time distribution 

is narrower because it is governed by the sum 𝑅 + 𝐷, from which it follows the average arrival 

time 

is smaller. Notice that both the lifetime and the quantum yield decrease as D increases, which 

agrees with experimental findings of correlated lower intensity and shorter lifetime emission 

during blinking events[52,89].   

Case III: Two non-interacting QDs 

Now consider a system that consists of a cluster of two non-interacting QDs. The excited 

state probability 𝑃ଵ(𝑡) for the first QD, “QD1”, is governed by 

and the excited state probability 𝑃ଶ(𝑡) for the second QD, “QD2”, is governed by 

These are two independent versions of case II, so the results just add. The quantum yield is the 

sum 

𝑃(𝑡) = 𝑃(0) 𝑒ି(ோା஽)௧.  (4.2b) 

Φ = ∫ 𝑅𝑃(0) 𝑒ି(ோା஽)௧𝑑𝑡ஶ଴ = ோோା஽ 𝑃(0) , (4.2c) 

𝜓(𝑡) = 𝑅𝑃(𝑡)Φ = (𝑅 + 𝐷)𝑒ି(ோା஽)௧ 
(4.2d) 

𝑡̅ = න 𝜓(𝑡)𝑡𝑑𝑡ஶ
଴ = 1𝑅 + 𝐷 

(4.2e) 

ௗ௉భ(௧)ௗ௧ = −(𝑅ଵ + 𝐷ଵ)𝑃ଵ(𝑡), (4.3a) 

𝑑𝑃ଶ(𝑡)𝑑𝑡 = −(𝑅ଶ + 𝐷ଶ)𝑃ଶ(𝑡) 
(4.3b) 
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of the quantum yields of both QDs. The normalized photon arrival distribution  

is a weighted sum of the arrival time distributions for QD1 and QD2, with weights given by 

and  

Thus, we see that a bi-exponential arrival time distribution (which we will observe later in this 

chapter) can be interpreted in the context of a model of two independent emitters. Lastly, the 

average arrival time is a weighted sum 

of the lifetimes of the individual QDs.  

Case IV: Two interacting QDs 

The last case we will examine is that of two quantum dots that are interacting through Förster 

transfer. Here, the two rate equations from case III are coupled. We will assume that the band gap 

of QD2 is much smaller than QD1, so the Förster transfer is predominantly from QD1 to QD2, and 

reverse energy transfer from QD2 back to QD1 is negligible. The coupled equations are, 

and 

Φ = Φଵ + Φଶ = 𝑅ଵ𝑅ଵ + 𝐷ଵ 𝑃ଵ(0) + 𝑅ଶ𝑅ଶ + 𝐷ଶ 𝑃ଶ(0) (4.3c) 

𝜓(𝑡) = 1Φ ൫𝑅ଵ𝑃ଵ(𝑡) + 𝑅ଶ𝑃ଶ(𝑡)൯ = 𝑤ଵ(𝑅ଵ + 𝐷ଵ)𝑒ି(ோభା஽భ)௧ + 𝑤ଶ(𝑅ଶ + 𝐷ଶ)𝑒ି(ோమା஽మ)௧ (4.3d) 

𝑤ଵ = ುభ(బ)ೃభವభశೃభುభ(బ)ೃభವభశೃభ ାುమ(బ)ೃమವమశೃమ , 
(4.3e) 

𝑤ଶ = 1 − 𝑤ଵ = ುమ(బ)ೃమವమశೃమುభ(బ)ೃభವభశೃభ ାುమ(బ)ೃమವమశೃమ . 
(4.3f) 

𝑡̅ = න 𝜓(𝑡)𝑡𝑑𝑡ஶ
଴ = 𝑤ଵ(𝑅ଵ + 𝐷ଵ) + 𝑤ଶ(𝑅ଶ + 𝐷ଶ) 

(4.3g) 

ௗ௉భ(௧)ௗ௧ = −(𝑅ଵ + 𝐷ଵ + 𝐹)𝑃ଵ(𝑡), (4.4a) 
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with solutions given by[90] 

and 

The normalized distribution of arrival times is  

where the quantum yield 

acts as normalization constant. Substituting 4.4c and 4.4d into 4.4e and 4.4f, we find  

where  

Lastly, the average arrival time can be written, 

Eqn. 4.4g shows that the arrival time distribution is a bi-exponential. This begs the question of 

whether or not this interacting system can be distinguished from the non-interacting system of case 

ௗ௉మ(௧)ௗ௧ = −(𝑅ଶ + 𝐷ଶ)𝑃ଶ(𝑡) + 𝐹𝑃ଵ(𝑡), (4.4b) 

𝑃ଵ(𝑡) = 𝑃ଵ(0)𝑒ି(ோభା஽భାி)௧, (4.4c) 

𝑃ଶ(𝑡) = 𝑃ଶ(0)𝑒ି(ோమା஽మ)௧ + ி௉భ(଴)(ிାோభା஽భିோమି஽మ) ൫𝑒ି(ோమା஽మ)௧ − 𝑒ି(ோభା஽భାி)௧൯. (4.4d) 

𝜓(𝑡) = ோభ௉భ(௧)ାோమ௉మ(௧)஍ , (4.4e) 

Φ = න ൫𝑅ଵ𝑃ଵ(𝑡) + 𝑅ଶ𝑃ଶ(𝑡)൯𝑑𝑡ஶ
଴  

(4.4f) 

𝜓(𝑡) = ቂቀ𝑅ଵ𝑃ଵ(0) − ோమி௉భ(଴)(ிାோభା஽భିோమି஽మ)ቁ 𝑒ି(ோభା஽భାி)௧ + ቀ𝑅ଶ𝑃ଶ(0) +
ோమி௉భ(଴)(ிାோభା஽భିோమି஽మ)ቁ 𝑒ି(ோమା஽మ)௧ቃ ଵ஍, 

(4.4g) 

Φ = ோభ௉భ(଴)(ோభା஽భାி) + ோమ௉మ(଴)(ோమା஽మ) + ோమி௉భ(଴)(ிାோభା஽భିோమି஽మ)(ோమା஽మ) − ோమி௉భ(଴)(ிାோభା஽భିோమି஽మ)(ோభା஽భାி), (4.4h) 

𝑡̅ = ∫ 𝜓(𝑡)𝑡𝑑𝑡ஶ଴ = ଵ஍ ቀ ோభ௉భ(଴)(ோభା஽భାி)మ + ோమ௉మ(଴)(ோమା஽మ)మ + ோమி௉భ(଴)(ிାோభା஽భିோమି஽మ)(ோమା஽మ)మ −
ோమி௉భ(଴)(ிାோభା஽భିோమି஽మ)(ோభା஽భାி)మቁ. 

(4.4i) 



 
 

77 
 

III, for which the distribution was also a bi-exponential.  Notably, when the radiative and 

nonradiative decays are equal (so 𝑅ଵ = 𝑅ଶ and 𝐷ଵ = 𝐷ଶ), Φ,  𝜑(𝑡), and 𝑡̅ will all be equivalent to 

the case of two non-interacting emitters (equations 4.3 c, d, and g).  

We now consider how blinking would impact this interacting system (Eqn. 4.4g) by taking 

the limits as the nonradiative decay rates go to infinity. For the case where the acceptor turns OFF 

(𝐷ଶ → ∞) but F remains the same, we see that only the first term of 𝜓(𝑡) survives, 

and the decay will be a mono-exponential with a lifetime  𝑡̅ = 1/(𝑅ଵ + 𝐷ଵ + 𝐹). It follows that Φ 

decreases to Φ = ோభ௉భ(଴)(ோభା஽భାி). This explains the energy transfer signature of shorter lifetime and 

lower emission that we referred to in Chapter 2, and which is often used to diagnose energy transfer 

in the literature.   On the other hand, for the case where the donor turns off (𝐷ଵ → ∞) the system 

behaves like an isolated QD described by Eqns. 4.2c-d. There will be no indication that energy 

transfer is taking place. 

4.3: Interpreting single quantum dot behavior  

Let us now turn our attention to the quantum yields, arrival time distribution, and average 

arrival time observed in single QDs, which we will use to interpret more QD cluster behavior in 

Section 4.4. The average arrival time 𝑡̅ of photons and the number of counts N for a single QD32 

and are plotted in Fig. 4.4. We should/can interpret N as a scaled version of the quantum yield. 𝑡̅ is 

determined for every 0.5 sec interval for 170 s and is plotted versus time in Fig. 4.4a. A histogram 

of the 𝑡̅ values in Fig. 4.4b shows a distribution that is centered about 57 ns. N is also determined 

for every 0.5 sec interval, and it is plotted versus time in Fig. 4.4c. A histogram of N in Fig. 4.4d 

 
32 This is the same QD that was examined in Fig. 4.3. 

𝜓(𝑡) = ଵ(ோభା஽భାி) 𝑒ି(ோభା஽భାி)௧, (4.5) 
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shows a distribution that is centered about 25,000 counts. We attribute fluctuations in 𝑡̅ and N to 

charges that are temporarily trapped on the QD, providing non-radiative pathways for the system 

to relax[15,91]. In the context of the model described by Eq. 4.2(a-c), the nonradiative rate D 

would fluctuate due to charging and this would cause 𝑡̅ and Φ to change accordingly. Additionally, 

the trapped charges may change the transition dipole which, in turn, would change both the 

probability of excitation 𝑃(0) and the radiative rate 𝑅 [92]. 

 
Figure 4.4 Representative time-resolved microscope data from an isolated QD. (a) The 
average arrival time 𝑡 ̅for photons emitted by the QD is determined every 0.5 sec for 170 seconds 
of data and a histogram (b) of 𝑡̅. (c) The number of counts N is determined for every 0.5 s with 
MLE1 and (d) a histogram N.  

 
A compilation of the normalized histograms of the 𝑡̅ and N for 44 single QDs that were 

attained with 0.5 sec bins are displayed in Fig. 4.5, illustrating the large variation in behavior 

among different single QDs. Each sample was studied under the same excitation conditions for 

durations between 60 and 1200 seconds (the median experiment duration was 300 s). The samples 
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are organized according to the mean value of 𝑡̅ from smallest to largest, which ranges from 10-90 

ns. Fig. 4.5a displays the distributions of 𝑡̅, which are ~10 ns wide for each sample. Fig. 4.5b shows 

the same distributions as a contour plot. Fig. 4.5c displays the distributions of N in each sample, 

and Fig. 4.5d displays the same distributions as a contour plot. 



 
 

80 
 

 
Figure 4.5 Compilation of average arrival time and counts for single QDs (a-b) normalized 
histograms of the 𝑡̅ values in ns for 44 different QDs, (c-d) normalized histograms of the counts N 
for each single QD. The values for 𝑡̅ and N were determined for every 0.5 sec interval, and each 
QD was studied for between 60 and 1200 sec.  
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The relationship between N and 𝑡̅ is illustrated in Fig. 4.6a for a single QD33. This type of 

plot is commonly referred to as a fluorescence lifetime intensity distribution (FLID). It is useful to 

realize that N is directly proportional to the quantum yield Φ, so the FLID should be interpreted as 

a plot of a scaled Φ versus 𝑡̅. Let us therefore attempt to interpret the FLID in terms of the kinetic 

model for the single QD with blinking that we introduced in the previous section. Because we are 

interested in learning about the blinking behavior, we must focus on the portions of the FLID 

where N changes, and this is in the tail of the distribution. This happens less frequently, but we 

will focus our attention on this data. In the previous section, we saw that Φ = ௉(଴)ோோା஽  and 𝑡̅ = ଵோା஽ 

for this model (“case 2”), so the FLID is a plot of Φ = 𝑃(0)𝑅𝑡̅.  If 𝑃(0)𝑅 were independent of 𝑡̅, 
a plot of Φ versus 𝑡̅ should be a straight line with a slope 𝑃(0)𝑅. If 𝑃(0)𝑅 was dependent on 𝑡̅, 
then Φ would not be linearly related to 𝑡̅. In trying to understand whether or not a relationship 

exists between 𝑃(0)𝑅 and 𝑡̅, it is then useful to consider the plot of the log(Φ) versus the log(𝑡̅); 
the slope of that will be equal to one if 𝑃(0)𝑅 is constant, whereas the slope will be greater or less 

than one if 𝑃(0)𝑅 changes with 𝑡̅. In Fig. 4.6a, we show a log-log plot of N (which is a scaled Φ) 

versus 𝑡̅. The logarithmic slope is nearly one, which supports the hypothesis that 𝑃(0)𝑅 is 

independent of 𝑡̅. We should then consider that 𝑡̅ = ଵோା஽ and understand that 𝑅 is likely constant 

(unless 𝑃(0) and 𝑅 are both changing and cancelling one another out). This means that changes in 𝐷 are likely responsible for the blinking. 

 
33 This happens to be the same QD that was examined in Figs. 4.3 and 4.4. 
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Figure 4.6 Fluorescence lifetime intensity distributions (FLIDs). (a) The counts N versus 
average arrival time 𝑡̅ in ns for data from the representative QD highlighted in the text and Figs. 
4.3 and 4.4. Panels (b-d) plot N versus 𝑡̅ for 21 other QDs. The y-axes are scaled for visualization. 
The logarithmic slope is around one for all the FLIDs, and the dashed line with a slope of one has 
been added as a guide to the eye. 

 

As long as we are only interested in the logarithmic slope, a log-log plot is also useful for 

comparing the scaled Φ versus  𝑡̅ relations for many different QDs on a single graph. Fig. 4.6b-d 

shows examples of many FLIDs, which have been artificially shifted up and down relative to one 

another. We observe that the logarithmic slope is equal to one for nearly all the QDs that we 

examine. Outliers exist with a non-unity slope, and these might be examples of QDs for which 

there is a relationship between 𝑃(0)𝑅 and 𝑡̅.  
A simpler model to explain the tails of the FLIDs would be to consider “case 1” that we 

introduced in the previous section, which we can get from case 2 by setting 𝐷 equal to zero. For 

this possible scenario, the FLID would simply be a plot of Φ = 𝑃(0) versus 𝑡̅ = ଵோ. Changes in 𝑃(0) and 𝑅 and would (of course) cause changes in Φ and 𝑡̅, but would they cause the relationship 

that we observe? We know that 𝑃(0) is proportional to the absorption rate, and we know that both 



 
 

83 
 

the absorption rate and radiative rate 𝑅 are governed by the same physical mechanisms (the 

transition dipole moment)[92]. Given that, we might expect that as 𝑅 increases, 𝑃(0) also 

increases, so that Φ decreases with increasing 𝑡̅.  Obviously, we see the opposite of this trend in 

the FLIDs of single QDs (Fig. 4.6), which supports the assumption that D must be included in our 

model.  On the other hand, we see a hint of a relationship between 𝑅 and 𝑃(0) by turning our 

attention away from the tail behavior and plotting the average values of 𝑡̅, 〈𝑡̅〉 and the average 

values of 𝑁, 〈𝑁〉 from each FLID for many single QDs, as shown in Fig. 4.7. A dashed line with 

a slope of negative one fits well through the data. A slope of negative one implies that 𝑃(0) is 

directly proportional to 𝑅, and suggests that the transition dipole is different for each QD. 

 
Figure 4.7 Average fluorescence lifetime intensity distribution. The mean of the counts 〈𝑁〉 
and mean of the arrival times 〈𝑡̅〉 were determined from the FLIDs for 44 isolated single QDs and 
plotted here (these are the same samples highlighted in Fig. 4.5). This average FLID bears little 
resemblance to the FLIDs of individual QDs shown in Fig. 4.6, and it does not show that the counts 
and 𝑡̅ are proportional. Instead, it may show the opposite trend- that the counts and 𝑡̅ are inversely 
proportional, and the dashed line is meant to highlight that relationship. For a typical system, we 
expect the probability of excitation and the rate of emission to be directly proportional, and the 
behavior of this FLID may indicate that.  

 
For the sake of completeness, we have also characterized 𝜓(𝑡) by fitting the fluorescence 

decays. A bi-exponential performed best without over-parameterizing the fit. The biexponential 
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𝜓(𝑡) = ௪భఛభ 𝑒ି௧/ఛభ + ௪మఛమ 𝑒ି௧/ఛమ  was characterized by two lifetimes 𝜏ଵ and 𝜏ଶ, and two weights such 

that 𝑤ଵ + 𝑤ଶ = 1. For this analysis, we did not de-convolve the data from the instrument response 

function (IRF), which is discussed in Section 2.4, though we did consider the IRF when choosing 

where to begin the fit. To avoid characterizing time-scales where the IRF would impact the data 

the most, we chose to begin our fit at 6 ns beyond the peak of the IRF. An example of a bi-

exponential fit for a 0.5 ns time window is plotted in Fig. 4.8a34. To ensure that the fit performed 

well through multiple decades of the decay, we fit the data on semi-log axes. We found this 

procedure gave robust fits for single QDs, even as their lifetimes and counts fluctuated 

dramatically. Fig. 4.8b and c show the distributions in the lifetimes 𝜏ଵ and 𝜏ଶ extracted from the 

fit for 43 different QDs. (These sample numbers correspond to the same ones that were shown in 

Fig. 4.5.) Not all of the fits were reliable – especially time segments in which only a single 

exponential was necessary to get a good fit - the second exponential and its weight tended to run 

amok in those cases. We culled the data before making the lifetime histograms by tossing out fits 

in which we were less than 70% confident in the values of the parameters. Fits for which one 

lifetime and its corresponding weight were determined with high precision while the other lifetime 

and its weight were determined with low precision were indicative of a case where a mono-

exponential fit was adequate. In those cases, we ignored the lifetime and weight that had low 

precision.  

 
34 Each bin in the arrival time histogram is 0.96 ns. Does this seem like an odd selection? It should. 
The temporal resolution of the Hydraharp is 16 ps. If we do not bin the arrival time data in multiples 
of 16 ps, the histograms will alternate between having fewer and more counts because it will be 
impossible to fit an integer number of 16 ps into 1 ns or other natural choices. This will give the 
histogram a comb-like appearance.  
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Figure 4.8 Bi-exponential fits for characterizing the arrival time distributions of single QDs. 
(a) A bi-exponential tail fit (red) to the histogram of photon arrival times acquired during a 0.5 s 
bin. Histograms of the short tau1 and long tau2 lifetime parameters were made for 43 different 
single QDs and plotted in (b) and (c), respectively. The black points label the mean of each 
distribution. Each QD was examined for 60-1200 seconds, and samples 1-43 correspond to sample 
#1-43 of the data shown in Fig. 4.5. Fit parameters with <70% confidence were not included in the 
histograms.  

 

4.4: Interpreting quantum dot pair behavior 

Let us now turn our attention back to the pairs of QDs introduced in Section 4.1. Recall the 

model of two interacting emitters from Eqns. 4.4a-i. One of the more obvious signatures of energy 

transfer will be a combined decrease in both Φ and 𝑡̅, which will occur if the acceptor QD turns 

off (𝐷ଶ ≫ 𝑅ଶ) but continues to accept energy. We notice that Pair-6, separated by 8.7 nm, may 



 
 

86 
 

have this signature; from the SR images displayed in Fig. 4.1 we notice that the emission centroids 

on the left are associated with a lower N and shorter 𝑡̅ relative to the centroids on the right. We 

would like to try to explain the behavior with the simplest possible models in mind. Fig. 4.9 

displays more data from this pair that we can examine to aid our discussion. The 𝑡̅, N, x position, 

and y position are determined every 0.5 s and plotted versus time for 300 s of data. Their respective 

histograms are plotted to the right. Once again, the pair has been rotated so that their separation 

vector is parallel to the y axis. In this case, 𝑡̅, N, and y position simultaneously change (as opposed 

to the previous example where we saw simultaneous changes in only the position and N). We can 

use either 𝑡̅ or N to threshold the data as we did in the previous case. Using 𝑡̅=40 ns as a threshold, 

we can identify N, x, and y associated with segments above (plotted in red) and below (plotted in 

blue) the threshold. We can see that the shorter 𝑡̅ values correspond to lower intensities and a 

distribution of y positions with a mean of -6.2 nm (standard error of the mean is 0.3 nm). Longer 𝑡̅ values correspond to higher intensities and a distribution of y positions centered about y = -10.2 

nm (standard error of the mean is 0.1 nm). On average, the y positions of the two distributions are 

separated by 4.0 +-0.3 nm. We found that we could achieve the same separation by thresholding 

N at a value of ~15,000. We could not achieve a separation distance of greater than 4 nm by 

lowering or raising the thresholds on either N or 𝑡̅. One would expect to observe a distance in the 

SR image that approaches their actual separation distance of 8.7 nm if we have examined the pair 

for enough time to capture the QDs in various ON and OFF states. Perhaps our measurement was 

merely not long enough to do this. However, a more interesting explanation for the 4 nm separation 

is that while the centers are separated by 8.7 nm, the interaction between the two QDs may cause 

the most probable locations for exciton recombination and emission from each of the QDs may 

only be separated by 4 nm.   
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Figure 4.9 Time-resolved super-resolution data from Pair-6. Pair-6 from Fig. 4.1 was 
monitored for 300 seconds, and the photons were binned every 0.5 sec to determine the (a) the 
average arrival time 𝑡̅ (b) counts N, (c) x position, and (d) y position. The pair was rotated so that 
the separation vector between the QDs was parallel to the y axis. The data is color coded according 
to the value of 𝑡̅ in each bin; red indicates 𝑡̅>40 ns and blue indicated 𝑡̅<40 ns. Histograms of the 
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values for each observable are plotted in (e) through (h); the data for 𝑡̅>40 ns and 𝑡̅<40 ns are 
histogrammed separately and colored accordingly.  

Rather than focus on 𝑡̅, this time we will consider the distribution of arrival times  𝜑(𝑡), 

determined by histogramming the photon arrivals. Like the arrival time distributions for single 

QDs, the distributions for pairs of QDs also fit well to a biexponential 𝜑(𝑡) = 𝑤ଵ ൬ ଵఛభ 𝑒ି ೟ഓభ൰+ 

𝑤ଶ ൬ ଵఛమ 𝑒ି ೟ഓమ൰, with weights  𝑤ଵand  𝑤ଶ and lifetimes 𝜏ଵ and 𝜏ଶ, respectively.  Fig. 4.10a-d show 

the fit parameters determined every 0.5 s for Pair-6. For the majority of the 300 sec, we found that 𝜏ଵ fluctuated about 20 ns with a weight 𝑤ଵ of ~0.2, while 𝜏ଶ fluctuated about 70 ns with a weight 𝑤ଶ of ~0.8. Fits were tossed out for which we were not >70% confident in their parameters. It was 

rare that the system was completely non-emissive so that neither parameter could be determined 

with confidence. Though there were many time bins for which the decay was mono-exponential, 

and for these instances, 𝜏ଵ and 𝑤ଵ could be determined with confidence but 𝜏ଶ and 𝑤ଶ could not 

be determined, or visa versa. In those cases, we would assign the confident lifetime 100% of the 

weight. For ~70% of the data, we confidently determined all four parameters, and we found that 

the longer lifetime dominated the decay, 𝑤ଶ contributed ~80% of the weight. However, for time 

bins where the decay was mono-exponential, we could usually only determine the shorter lifetime 

contribution with confidence and the longer lifetime contribution went away. This is most obvious 

for the segment between ~100 and 200 sec where 𝜏ଶ is not plotted because we are not confident in 

its fit, 𝑤ଶ is set to zero, and 𝑤ଵ is set to one.  

Let us entertain the possibility that 𝜏ଵ and 𝑤ଵ correspond to the contribution of one QD, 

and 𝜏ଶ and 𝑤ଶ correspond to the contribution of the other QD.  If this is the case, we should expect 

the positions associated with these two contributions to be separated by ~8.7 nm. We then sort the 

position data based on which contribution has the larger weight. The final two panels of Fig. 4.10 
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plot the centroid position versus time, and are color coded to indicate the positions for which 𝑤ଵ  

is greater than 𝑤ଶ (blue), or 𝑤ଵis less than 𝑤ଶ (red). With this thresholding, we find that the two 

centroids are separated by 3.3 +-0.3 nm. They are closer in proximity than what we found by 

thresholding N and 𝑡̅. We suspect this is because the fits to the bins containing few counts had to 

be tossed out because they were not within the confidence bounds that we required, but these bins  

with few counts were also more likely to correspond to emission from a single QD. These same 

bins help to identify the location of the QD with the low counts and short lifetime, and we were 

able to keep them when we did the simple counts and 𝑡̅ thresholding.  

The simplest model that can describe the behavior of Pair-6 is that of two non-interacting 

emitters (albeit that is a bit anticlimactic). Based on the broad distribution in 𝑡̅, N, and 𝜑(𝑡) that 

was observed among different single QDs (shown in Fig. 4.5 and 4.8), it is possible that the QD 

with the shorter lifetime merely has a higher nonradiative decay rate than the other one, and that 

is the end of the story. 

If energy transfer is indeed occurring in these systems, we wonder if we can interpret the 

biexponential in the context of equation 4.4g in order to determine the energy transfer rate 𝐹. We 

simplify our analysis by considering the case of 𝐷ଵ = 𝐷ଶ = 0. In this limit, 

  𝜑(𝑡) = 𝑤ଵ ൬ ଵఛభ 𝑒ି ೟ഓభ൰ +  𝑤ଶ ൬ ଵఛమ 𝑒ି ೟ഓమ൰ = 𝑤ଵ(𝑅ଵ + 𝐹)𝑒ି(ோభାி)௧+ 𝑤ଶ𝑅ଶ𝑒ିோమ௧  
with weights of 

 𝑤ଵ = ௉భ(଴)൫௉భ(଴)ା௉మ(଴)൯ ଵிାோభ ቀ𝑅ଵ + ோమிிାோభିோమቁ.   

and 
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 𝑤ଶ = ௉మ(଴)൫௉భ(଴)ା௉మ(଴)൯ + ௉భ(଴)൫௉భ(଴)ା௉మ(଴)൯ ிிାோభିோమ.  

The short lifetime displayed in the first panel of Fig. 4.10 fluctuates about a mean value of 19 ns, 

and it can be interpreted as the  𝜏ଵ = ଵ(ோభାி). The long lifetime in the third panel fluctuates about a 

mean value of 69 ns, and it can be interpreted as  𝜏ଶ = ଵோమ. The values of  𝜏ଵ and  𝜏ଶ alone do not 

give us information about  𝐹.  

One wonders if our combined knowledge of the parameters from the bi-exponential fit can 

help us measure 𝐹. If we know the value of 𝑅ଵ, we will be able to solve for 𝐹 using only 𝜏ଵ. On 

the other hand, if we know the value of only 𝑃ଵ(0), then we can solve for 𝑃ଶ(0), 𝑅ଶ, 𝑅ଵ, and 𝐹 in 

terms of  𝑤ଵ, 𝑤ଶ, 𝜏ଵ, and 𝜏ଶ. Unfortunately, we do not know the values of 𝑃ଵ(0) or 𝑅ଵ in our 

experiment, they vary from QD to QD, so it will not be possible for us to extract 𝐹. The fluctuating 𝐷ଵ and 𝐷ଶ add even more complication to this problem. In an ideal world, we could systematically 

measure changes in 𝜏ଵ as a function of the separation between the QDs, while maintaining all the 

other parameters (𝑅ଵ, 𝑃ଵ(0), 𝐷ଵ, 𝑅ଶ, 𝑃ଶ(0), and 𝐷ଶ), then a change in 𝜏ଵ would indicate a change 

in 𝐹.  
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Figure 4.10 Time-resolved super-resolution data from QD Pair-6. Bi-exponential fits were 
performed for every 0.5 sec interval of 300 seconds of data for Pair-6 of the QDs shown in Fig. 
4.1 to extract 𝜏ଵ, 𝑤ଵ, 𝜏ଶ, and 𝑤ଶ, which are plotted in a-d, respectively. The x and y positions of 
the emission centroid are plotted in (e) and (f). The pair was rotated so that the separation vector 
between the QDs was parallel to the y axis. The positions are color-coded blue for segments during 
which the weight of the short lifetime component was larger than the weight of the long lifetime 
component (𝑤ଵ > 𝑤ଶ), and visa-versa for the red-colored positions. Histograms of the x and y 
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positions are plotted in g and h, respectively. The blue histograms were built from positions for 
which 𝑤ଵ > 𝑤ଶ, and the red positions were built from positions for which 𝑤ଶ > 𝑤ଵ. 

4.5: Correlated Experiment Details 

Different sample preparation and an additional wide-field imaging step was required for 

collecting correlated SR and SEM images. For the data presented in this chapter, the QDs were 

deposited on SEM grids that had 20 nm thick SiN windows. The SEM grids were silanized with 

(3-Aminopropyl) triethoxysilane (919-30-2) via vapor deposition prior to spin coating nanomolar 

concentrations of QDs and clustered QDs onto them. Each grid was placed face-down onto a glass 

coverslip as shown in Fig. 4.11a so that the immersion oil from the objectives used in optical 

imaging would not contaminate the sample. Next, it was imaged with a wide-field microscope 

previously described[49] (Fig. 4.11b) so the locations of the photoluminescent spots could be 

accurately referenced to a corner of the SEM window. The sample was then transferred to the time-

resolved (TR) microscope where the photoluminescent spots were imaged one at a time. An image 

of the total counts recorded in the four detectors during an 80x80 um raster scan (as shown in Fig. 

4.11c). One can see that the samples in the wide-field and TR setups were easily correlated, so we 

could assign accurate coordinates to the samples studied with the TR setup and then correlate those 

with SEM images35. Next, electron microscope images were collected on a FEI Magellan 400 

SEM. An insertable STEM detector was used and the SEM was operated in STEM mode at 30 kV 

and 200 pA36.   

 
35 We found the locations of the photoluminescent spots from the time-resolved images relative to 
the SEM window corners could be determined accurately, so one could, in principle, skip the wide-
field imaging. However, both drift of the sample during the time it takes to raster scan the stage 
with the time-resolved setup and blinking of the QDs complicate this procedure, and it is 
convenient and reliable to acquire the wide field images for measuring the sample coordinates.  
36 SEM images were collected by Chris Sheehan at the Center for Integrated Nanotechnologies at 
Los Alamos National Laboratory 
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Figure 4.11 Correlated SR and SEM imaging workflow. (a) QDs were spin coated onto a SEM 
grid with 20 nm thick SiN windows which was placed face-down on glass coverslip. This 
prevented immersion oil from the objectives used in optical imaging from contaminating the 
sample. (b) The grid was imaged with a wide field microscope so the locations of the 
photoluminescent spots could be referenced to a corner of the window. In this image, the corner is 
faintly visible in the lower left. (c) A raster scan of the same window recorded with the TR setup, 
illustrating agreement between the two images.  

 
Two rotations were important to note for accurately correlating the TR and SEM images: a 

180 degree flip about the y axis (or x axis depending on how the coordinates of the grid are defined) 

because the grid had been inverted face-down onto the coverslip for TR imaging, and also the 

rotation of the grid relative to the axes of the TR image. As discussed in Section 3.3, the axes of 

the microscope stage are the same, apart from a small angle mismatch, as the axes defined for the 

image. However, we needed to account for the rotation of the SEM grid relative to the stage. To 

measure that, we captured an image as we raster scanned over a portion of the sample near the 

corner of the grid with an overhead lamp on. The contrast between light transmitting through the 

SEM window and being blocked by the frame of the grid allowed us to measure the rotation.  

Though we examined QDs from the same synthesis batch as Chapter 237, we washed new 

solutions from QDs that were stored under nitrogen. The washing procedure and length of 

 
37 Pair-1 and Pair-2 were formed in a mixture of two different sizes of CdSe/CdS QDs. One 

was the same QDs that were studied in Chapter 2 (synthesis batch “SM152N2” that had a peak 
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exposure to air differed for these QDs compared to the ones in Chapter 2, so the ligand coverage 

and oxidation of the samples in this chapter differs from the previous one. Lastly, the clustering 

procedure differed slightly- we added non-solvent in lower quantities (10x lower) to a more 

concentrated (10x higher) solution of QDs. These changes may have impacted the behavior of 

singles and clusters, and they may be what caused the heterogeneity in lifetimes and intensities 

that was not present in Chapter 2, rather than the change in substrate. Additionally, we lowered 

the laser repetition rate from 5 to 2.5 MHz, and we lowered the average excitation power from 200 

to 100 nW in this chapter compared to Chapter 2. The reason for this was that we eventually 

realized that the 5 MHz did not provide substantial time for the QDs to relax given that some QDs 

had contributions to their arrival time distributions with lifetimes approaching 100 ns. The 

decrease in excitation power allowed us to maintain the same energy per pulse with the slower 

frequency.  

It is important to note (and we have mentioned this previously in the thesis) that the choice 

of the bin time can significantly alter the information that you glean from a dataset. When the time 

bin is too long, you risk averaging over important features in the data; when the time bin is too 

short, you lose precision, so important features in the data can become smeared together. We have 

found that any bin width greater than ~20 ms errs on the side of being too long (for these QDs 

under these excitation conditions), and we average over some features in the arrival time and 

counts38. However, a 0.5 s bin time is necessary for the data we collect on silicon membranes 

 
emission wavelength of ~630 nm). The other had four monolayers of CdS shell deposited on a 
CdSe core that was about half the size (synthesis batch “SM1BN3” that had a peak emission 
wavelength of ~597 nm). Pairs 3-6 were clusters formed solely from SM152N2; all of the single 
QD measurements were done on SM152N2. 
38 One finds that with shorter bin times, the blinking behavior of the lifetime and intensity are more 
binary. The appearance of a continuum of intensity levels and lifetimes is partly an artifact of 
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because it allows for localization precision on the spatial scale of the QDs, which is important for 

capturing position dynamics in the QD clusters.  With a shorter bin time, we would have too poor 

of localization precision to detect significant changes in the position on the necessary spatial scale.

 
averaging between these two difference states. We plan to return to this data and explore the 
information that we get by using shorter bin times.  
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CHAPTER 5. Formulating a time-resolved likelihood 
distribution for superior localization capabilities 

 

In Chapter 3 we constructed a likelihood distribution ℒ஼ௐ(𝑋, 𝑌; 𝑚ଵ, 𝑚ଶ, 𝑚ଷ, 𝑚ସ) for the 

location (X,Y) of an emitter undergoing continuous wavelength (CW) excitation given the counts 𝑚ଵ, 𝑚ଵ, 𝑚ଷ, and 𝑚ସ detected in our four pixels after some interval of time (usually around 100 

ms). Though some assumptions that underlie ℒ஼ௐ are obviously invalid for images collected with 

our TR microscope in which emitters undergo pulsed excitation, we used it to analyze our images 

for expediency because no distribution that assumed pulsed excitation was present in the literature. 

Our first published paper used ℒ஼ௐ to locate the emission centroids of single QDs and small 

clusters of QDs, though any affects of using a technically incorrect distribution to analyze our data 

were not clear at the time.  Several groups like ourselves have reported on locating emitters 

undergoing pulsed excitation, but they have either used least squares fitting to the PSF[57] or 

maximized ℒ஼ௐ[51,93,94] – presumably because they also lacked a suitable alternative. 

During the spring of 2020, we returned to and solved the problem of constructing a likelihood 

distribution appropriate for systems undergoing pulsed excitation. This chapter presents our 

formulation of the correctly likelihood distribution, which we will refer to as called ℒ௉௨௟௦௘ௗ(𝑋, 𝑌; 𝑚ଵ, 𝑚ଶ, 𝑚ଷ, 𝑚ସ), for finding the location of an emitter undergoing pulsed excitation. 

To our knowledge, this is the first formulation of a pulsed likelihood distribution for the location 

and the first correct application of MLE for locating emitters undergoing pulsed excitation39.  

 
39 Spoiler alert: we find the accuracy and precision for locating emitters from the TR microscope 
appears ambivalent to the choice of ℒ஼ௐ versus ℒ௣௨௟௦௘ௗ, despite the inconsistency of applying ℒ஼ௐ 
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Soon after formulating ℒ௉௨௟௦௘ௗ, we realized that it could be extended to incorporate 

information about photon arrival times that are collected with our detection scheme. Including the 

arrival time information gives what we call the “time-resolved likelihood distribution” ℒ்(𝑋, 𝑌; 𝑚ଵ(𝑡), 𝑚ଶ(𝑡), 𝑚ଷ(𝑡), 𝑚ସ(𝑡)) for the emitter location, which depends on the arrival times 

t of the counts registered in each pixel relative to the pulsed excitation. We will first show how ℒ்  

is constructed, and then we will examine data that we have analyzed with ℒ் . We will see that the 

photon arrival time information allows us to achieve superior localization precision.  

We should point out that we are not the first group to exploit the arrival time information to 

improve localization capabilities. Some groups have used the arrival time information to process 

the data after locating the emitters. For example, higher resolution images have been produced by 

comparing the fluorescence decays recorded in pixel of an image to a model of the fluorescence 

decay, and then they remove data that disagrees with the model[94]. Others use the arrival time 

information to process the images before attempting to locate the emitters. This has been done 

primarily using photon arrival time pair correlations that can be computed from the single photon 

arrival times. They have been used to reconstruct images with reduced PSF sizes prior to locating 

emitters, which can provide better localization precision.[62,95–97].  The pair correlations have 

also been used to verify that only a single isolated emitter is present prior to locating it[65], and to 

identify segments of the photon stream where it is probable that more than one emitter is 

contributing to the signal; that data is removed prior to locating the single emitter[57]. 

Additionally, photon arrival times have been used to resolve emitters with disparate 

lifetimes18,19,21,22,25. Prior to locating the emission centroids in an image containing multiple 

 
to pulsed data.  We suspect that the two distributions become equivalent in the limit of a large 
number of detected counts, though this remains to be shown. 
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fluorophores, images can be split into multiple images based on the probability of contributions to 

the fluorescence decay from each emitter. Each image is analyzed separately so that the location 

found in each one corresponds to a different type of fluorophore[98,99]. The lifetime information 

can also be applied to filter data after the PSF locations have been retrieved in order to resolve 

emission centers with disparate lifetimes[51,70].  All these methods benefit from using the arrival 

time information to process the data either before or after the emitters have been located. Our 

method for locating emitters with ℒ்  is distinct from these other approaches because it allows us 

to insert the arrival time information directly into the localization algorithm, circumventing any 

need for pre- or post-processing of the images.    

The first two sections of this chapter deal with deriving the likelihood distributions; ℒ௉௨௟௦௘ௗ 

is constructed in 5.1, and it is extended in 5.2 to generate ℒ் . Readers interested in the bottom line 

may skip ahead to Section 5.3, where we use ℒ்  to localize single emitters in simulated and 

experimental data. Here we show how inclusion of temporal information can provide better 

localization results for certain conditions. Section 5.4, is a repository for the information that is 

necessary to implement these pulsed likelihood distributions, including the particularly tricky 

business of how each of the parameters in the distributions are calculated. In Section 5.5, we 

describe our method for calculating and sorting the probabilities of different outcomes in the model 

that is used to make  ℒ௉௨௟௦௘ௗ and ℒ஼ௐ. This is a lengthy but crucial calculation that must be carried 

out numerically to generate both ℒ௉௨௟௦௘ௗ and ℒ஼ௐ. 
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5.1: Formulating 𝓛𝒑𝒖𝒍𝒔𝒆𝒅: A probability distribution for emitters 

undergoing pulsed excitation 

To formulate the time-resolved likelihood distribution ℒ௣௨௟௦௘ௗ(𝑋, 𝑌; 𝑁) for the location (X,Y) 

of a QD given a set of counts 𝑚1, 𝑚2, 𝑚3, 𝑚4 by four pixels after N pulses have arrived40, we start 

by building a model that contains the probability of every possible set of outcomes for the system 

after a single laser pulse arrives. Contributions to the counts include photons emitted by the QD, 

detector dark counts, and background counts (which are treated separately from the dark counts 

for reasons that will become clear soon). Let us begin the formulation by considering contributions 

to the counts from the QD in the absence of background. First, we define the probability 𝜀 that the 

QD emits a single photon after the arrival of a laser pulse. The probability that no photon is emitted 

is 1 − 𝜀, assuming there is zero probability that more than one photon is emitted by the QD after 

a single laser pulse excites it. (Implicit in here is another assumption that the system relaxes 

completely before the arrival of each subsequent pulse. Next, we introduce a probability 𝐶௞(𝑋, 𝑌, 𝑥௞ , 𝑦௞, … ) that pixel k collects the emission41. This depends on the QD location and PSF, 

and the pixel’s location (𝑥௞, 𝑦௞), dimensions, and collection efficiency of the detector. The 

probability that pixel k does not collect a photon is 1 − 𝐶௞. For now, consider just one pixel. The 

emission and collection probabilities are independent, so each of the four terms generated by the 

expansion of their product, 

 
40 This N has a different meaning than the one from Chapter 3. Here it is the number of pulses 

that have arrived during a designated time window whereas back then it referred to the number of 
photons striking the detection plane.  
41 𝐶௞ equivalent to the area ratio ஺ౡ஺  that we defined and used in Section 3.1. 

൫𝜀 + (1 − 𝜀 )൯൫𝐶௞ + (1 − 𝐶௞)൯ = 𝜀𝐶௞ + 𝜀(1 − 𝐶௞) + (1 − 𝜀 )𝐶௞ + (1 − 𝜀 )(1 − 𝐶௞) (5.1) 
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corresponds to the probability of a particular set of outcomes. In (1), the first term 𝜀𝐶௞ is the 

probability that a photon is emitted and detected in pixel k. The other three probability terms in (1) 

correspond to sets of outcomes where nothing was detected in pixel k. Their sum, 𝜀(1 − 𝐶௞) +(1 − 𝜀 )𝐶௞ + (1 − 𝜀 )(1 − 𝐶௞) = (1 − 𝜀𝐶௞), gives the total probability that no photon is detected 

in pixel k, either because nothing was emitted or because the emitted photon missed pixel k.  

To consider a system with four pixels, we extend the argument by including the collection 

probabilities 𝐶ଵ, 𝐶ଶ, 𝐶ଷ, 𝐶ସ of each of the pixels, so the ten terms generated by the expansion of 

the product, 

are the probabilities of every possible set of outcomes. The probability tree in Fig. 5.1 enumerates 

this 4-pixel system. Each outcome is described at a vertex of the tree, and the bold-face labels on 

each branch are the probability of each outcome that a particular branch leads to. A set of outcomes 

can be determined by following a single path through the tree, and the probability of a set of 

outcomes is the product of the probabilities that label the branches traveled on that path. For 

example, the probability that a QD photon is emitted and lands in pixel 4 is equal to 𝜀𝐶ସ. 

൫𝜀 + (1 − 𝜀 )൯൫𝐶ଵ + ⋯ + 𝐶ସ + (1 − 𝐶ଵ − ⋯ − 𝐶ସ)൯, (5.2) 
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Figure 5.1 Probability tree for collecting photons from a single emitter in four pixels. This 
tree depicts all possible outcomes(vertices) for collecting photons from a single QD with four 
detectors. The probability of each outcome labels the branch that leads to it. Each outcome is 
described at a vertex, and the probability to arrive at each outcome is written on the branch that 
leads to it. A set of outcomes can be determined by following a single path through the tree, and 
the probability of that set of outcomes is equal to the product of the probabilities on each of the 
branches that are traveled on that path. We cannot distinguish between the different outcomes 
within our data, so we define observables 𝑜௜ that we can measure. For this system, there are four 
types of observables, 𝑜ଵ, 𝑜ଶ, 𝑜ଷ, and 𝑜ସ which are written in the column to the right of the tree.  

Let’s pause here and pretend that all outcomes of our system are described by the expansion 

of Eq. 5.2 Then, we are ready to write the likelihood distribution for the emitter location. We have 

some background that must be included later. To write the distribution for the emitter location, 

consider the probabilities of each set of events after N pulses have arrived, which is Eq. 5.2 raised 

to the Nth power. That can be written as a multinomial expansion. Each term in the multinomial 

is the probability of detecting a set of counts, 𝑚ଵ, 𝑚ଵ, 𝑚ଷ, and 𝑚ସ, after N pulses have arrived, 
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If we keep track of how 𝑃 changes as we vary the values of X and Y that we expect for the emitter 

location (recall that X and Y enter the expression via the collection probabilities 𝐶௞(𝑋, 𝑌) of the 

four pixels), we obtain a likelihood distribution for the emitter location given the set of detected 

counts after N pulses have arrived, 

The peak of ℒ corresponds to the most likely location of the emitter. We could finish our discussion 

here if we decided to neglect the contributions of background42, and this distribution would be the 

pulsed likelihood distribution ℒ௉௨௟௦௘ௗ that we discussed in the introduction. Before introducing the 

background contributions, we need to do a little organizing, or else things are going to get very 

messy.  

 
42 Readers may be wondering what happens if we use the simple distribution in Eq. 5.4 to locate 
the emitter, and neglect to account for background in the system. We have explored this with 
simulations and the results are not devastating. The major harm arises in the accuracy of your 
localization if the emitter is not located at the origin. Without expecting background in a system 
that indeed has background, the emitter location is stretched away from the origin and its actual 
location. (Similarly, if one expects more background than what is actually present, an emitter will 
be pushed away from its actual location and toward the origin.) These shifts can be as small as 1% 
from the true location, or we have seen them as large as 40% (the shifts away from the correct 
location are proportional to how badly you have mis-estimated the background and also 
proportional to how far the emitter is from the origin). 

𝑃(𝑚ଵ, 𝑚ଶ, 𝑚ଷ, 𝑚ସ; 𝑁) = 𝜀𝐶ଶ௠మ𝜀𝐶ଷ௠య𝜀𝐶ସ௠ర
∙ (1 − 𝜀𝐶ଵ − 𝜀𝐶ଶ − 𝜀𝐶ଷ − 𝜀𝐶ସ)ேି௠భି௠మି௠యି௠ర ൬ 𝑁𝑚ଵ, 𝑚ଶ,  𝑚ଷ, 𝑚ସ൰ 

(5.3) 

ℒ(𝑋, 𝑌; 𝑚ଵ, 𝑚ଶ, 𝑚ଷ, 𝑚ସ, 𝑁) = 𝜀𝐶ଶ௠మ𝜀𝐶ଷ௠య𝜀𝐶ସ௠ర ∙ (1 − 𝜀𝐶ଵ − 𝜀𝐶ଶ − 𝜀𝐶ଷ −
𝜀𝐶ସ)ேି௠భି௠మି௠యି௠ర ∙ ൬ 𝑁𝑚ଵ, 𝑚ଶ,  𝑚ଷ, 𝑚ସ൰. 

(5.4) 
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As observers, we can only monitor arrivals (and nonarrivals) in the pixels, not the specific sets 

of outcomes, so it is important to sort the various sets of outcomes into observables that we are 

capable of recording in the experiment. For example, the tree in Fig. 5.1 distinguishes between the 

set of outcomes in which no QD photon is emitted and the set of outcomes in which a QD photon 

is emitted but not detected. However, both of those share the same null observable (nothing 

detected). For instances like these, which will be very common once the background is included, 

we need to a way of grouping multiple sets of outcomes that share the same observable. To do this, 

we define four observables: ℴଵ indicates a count was detected in pixel 1, ℴଶ indicates a count was 

detected in pixel 2 and so on for pixels 3 and 4. The observables corresponding to each set of 

outcomes are written in the column to the right of the tree in Fig. 5.1. 

In addition to grouping the sets of outcomes into observables, we also group the probabilities 

of the sets of outcomes into “observable probabilities”. For the system in Fig. 5.1, the probability 

of ℴଵ is 𝒫ଵ and it is equal to 𝜀𝐶ଵ; the probability of ℴଶ is 𝒫ଶ and it is equal to 𝜀𝐶ଶ;  and so on for 

pixels 3 and 4. Now, the sum of the probabilities of all possible sets of outcomes (generated by 

expanding Eq. 5.2) can be written, 

We can rewrite the likelihood distribution from Eq. 5.4 in terms of the observable probabilities, 

Reframing our system in terms of observables and observable probabilities like we did with this 

one will make our work more tractable for more complicated systems.  

𝒫ଵ + 𝒫ଶ + 𝒫ଷ + 𝒫ସ + (1 − 𝒫ଵ − 𝒫ଶ − 𝒫ଷ − 𝒫ସ).   (5.5) 

ℒ(𝑋, 𝑌; 𝑚ଵ, 𝑚ଶ, 𝑚ଷ, 𝑚ସ, 𝑁) =  𝒫ଵ௠భ  𝒫ଶ௠మ𝒫ଷ௠య𝒫ସ௠ర(1 −  𝒫ଵ −  𝒫ଶ − 𝒫ଷ −
 𝒫ସ)ேି௠భି௠మି௠యି௠ర ൬ 𝑁𝑚ଵ, 𝑚ଶ,  𝑚ଷ, 𝑚ସ൰. 

(5.6) 
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Other contributions to the counts aside from the QD emission include scattered laser 

excitation, fluorescence of the coverslip, and detector dark counts. The dark counts do not depend 

on the excitation, but arrive uniformly and randomly/uncorrelated in time, so we treat these 

separately from the excitation-dependent sources. We define the probability 𝜙஽௞ to register (and 1 − 𝜙஽௞ not to register) a dark count in pixel k. The other sources for background counts are 

caused by the arrival of the laser pulse, so we group them together and define the probability 𝐵௞ that pixel k receives (and 1 − 𝐵௞ that pixel k does not receive) a count from either the scattered 

excitation or coverslip fluorescence. We consider a system that contains QD emission, dark counts, 

and background counts by taking the product of these independent outcomes  

The terms generated by the expansion of 5.7 correspond to the probabilities of every possible set 

of outcomes for our system.  

The probability tree in Fig. 5.2 enumerates all possible sets of outcomes for the more 

complicated system described by Eq. 5.7. For simplicity, we exclude pixels 3 and 4 and the dark 

count contributions from the tree.  Once again, a set of outcomes can be determined by following 

a single path through the tree, and the probability of a set of outcomes is the product of the 

probabilities that label the branches traveled on that path. For example, the probability to emit a 

photon, detect it with pixel 1, and receive no background counts in pixels 1 or 2 is equal to 𝜀𝐶ଵ(1 − 𝐵ଵ)(1 − 𝐵ଶ). The observable corresponding to each set of outcomes is written in the 

column to the right of the tree. Because sources of counts can arrive from the QD, background, or 

൫𝜀 + (1 − 𝜀 )൯൫𝐶ଵ + ⋯ + 𝐶ସ
+ (1 − 𝐶ଵ − ⋯ − 𝐶ସ)൯ ෑ ൫𝐵௞ + (1 − 𝐵௞)൯ ෑ (𝜙஽௞ସ௞ୀଵସ௞ୀଵ+ (1 − 𝜙஽௞)). 

(5.7) 
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dark counts, it is possible to detect multiple counts in one or more pixels after a single laser pulse 

arrives, so we defined a new observable 𝑚வ to keep track of sets of outcomes where there was 

more than one arrival. The definition of ℴவ  is a bit nuanced43. In Fig. 5.2, there are 16 sets of 

outcomes that are sorted into three observables: ℴଵ, ℴଶ, and ℴவ. The probabilities of those 

observables, respectively, are the observable probabilities 𝒫ଵ, 𝒫ଶ, and 𝒫வ44. To compute them, we 

take the sum of the probabilities that result in the same observable. For example, four paths lead 

to  ℴଵ, and the sum of their probabilities is 𝒫ଵ= 𝜀𝐶ଵ𝐵ଵ(1 − 𝐵ଶ)+ 𝜀𝐶ଵ(1 − 𝐵ଵ)(1 − 𝐵ଶ)+ 𝜀(1 −𝐶ଵ)𝐵ଵ(1 − 𝐵ଶ)+(1 − 𝜀 )𝐵ଵ(1 − 𝐵ଶ).  

For the full system that contains four pixels, the five observable probabilities, 𝒫ଵ, 𝒫ଶ, 𝒫ଷ, 𝒫ସ, 

and 𝒫வ  come from organizing and summing all 2,560 terms generated by the expansion of 5.7, so 

we can rewrite it as, 

Unlike the expansion and organization that could be done by hand for the system described by Eq 

5.2, the expansion and organization of Eq. 5.7 into observable probabilities requires a more 

automated approach. Section 5.5 details this procedure, which involves generating a column matrix 

containing the probabilities of all possible outcome sets; each element is equal to the probability 

of a particular set of outcomes. In addition, a projection matrix made up of zeros and ones is 

 
43 Specifically, when two or more counts are registered in at least two different pixels, the set of 
outcomes is assigned the observable ℴவ.  When two or more counts are registered in a single pixel 
k, the set of outcomes is not assigned ℴவ, but is instead assigned ℴ௞. This has to do with 
accommodating electronic effects called “lock-out” in our detectors, and we’ll discuss it in more 
detail later in the chapter.  
44 The observable probability of a single observable is equal to the sum of the probabilities of all 
possible sets of outcomes that result in that observable.  

𝒫ଵ + 𝒫ଶ + 𝒫ଷ + 𝒫ସ+𝒫வ + (1 − 𝒫ଵ − 𝒫ଶ − 𝒫ଷ − 𝒫ସ−𝒫வ).   (5.8) 
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generated for each observable type. The product of the transpose of the probability matrix and a 

specific projection matrix gives its corresponding observable probability. 

 
Figure 5.2 Probability tree for collecting photons from a single emitter and background 
counts in two pixels. This tree illustrates all possible outcomes when collecting photons from a 
single QD and background in two detectors. Each outcome is described at a vertex, and the 
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probability to arrive at each outcome is written on the branch that leads to it. A set of outcomes 
can be determined by following a single path through the tree, and the probability of that set of 
outcomes is equal to the product of the probabilities on each of the branches that are traveled on 
that path. For this system, there are three types of observables, 𝑜ଵ, 𝑜ଶ, and 𝑜வ to which the outcomes 
can be assigned, and these are written in the column to the right of the tree. 

Now that we have finished defining a probability model that incorporates all the major sources 

for counts in our experiment, we are ready to construct ℒ௣௨௟௦௘ௗ. Like previous likelihood 

distribution constructions, we first consider the probabilities of all possible observables for the 

system after N pulses have arrived by raising the sum of the observable probabilities (Eq. 5.8) to 

the Nth power, and then we express this as a multinomial expansion. A single term in the 

multinomial is equal to the probability to collect a set of counts, {𝑚௜}=(𝑚ଵ, 𝑚ଶ, 𝑚ଶ, 𝑚ସ, 𝑚வ) after 

N pulses have arrived. The likelihood distribution for the emitter location can then be written as 

The maximum of ℒ௣௨௟௦௘ௗ corresponds to the most likely location for an emitter excited by the 

pulsed excitation in the presence of fluorescent background and detector dark counts. While we 

could finish our discussion here and use Eq. 5.9 to analyze our data, we will instead push ahead to 

get the likelihood distribution ℒ்  that incorporates the photon arrival time information. We will 

see that ℒ்  will allow us to get better localization precision than ℒ௣௨௟௦௘ௗ for certain conditions. If 

for some reason we do not want to use (or we cannot/do not collect) the temporal information, we 

can still use ℒ்  to locate the emitter, and there is a parameter that we can easily toggle to remove 

the time-dependence of the distribution.  

 ℒ௣௨௟௦௘ௗ(𝑋, 𝑌; {𝑚௜}, 𝑁) = 𝒫ଵ௠భ 𝒫ଶ௠మ𝒫ଷ௠య𝒫ସ௠ర𝒫வ௠ಭ∙ (1 −  𝒫ଵ − 𝒫ଶ − 𝒫ଷ −  𝒫ସ− 𝒫வ)ேି௠భି௠మି௠యି௠రି௠ಭ ൬ 𝑁𝑚ଵ, 𝑚ଶ,  𝑚ଷ, 𝑚ସ, 𝑚வ൰ .    
(5.9) 
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5.2: Formulating 𝓛𝑻: A probability distribution that accounts for 

photon arrival time distributions 

With time-correlated single photon counting data, we record not only the arrival times of each 

count relative to the start of the experiment (which allows to compute 𝑚ଵ, 𝑚ଶ, 𝑚ଶ, 𝑚ସ, 𝑚வ for 

each set of N pulses that excites the system), but we also collect the time it takes for each count to 

arrive relative to the most recent laser pulse. The most expedient way to include that information 

in our model is to distinguish between photons that arrived before or after one designated time tc 

between the time t=0 when each laser pulse arrives, and the time t=T when a subsequent laser pulse 

arrives. One can utilize the temporal information more fully by segregating the arrivals more than 

two time windows - there are some advantages to that which we will speculate about later - but we 

have not done that yet and only work with two time windows. To distinguish between counts 

arriving in the time window “a”, between 0 and tc, and the time window “b”, between tc and T, we 

define more observables. The observables ℴଵ௔, ℴଶ௔, ℴଷ௔, and ℴସ௔ denote arrivals that occur in time 

window a for each of the pixels; the observables ℴଵ௕, ℴଶ௕, ℴଷ௕, and ℴସ௕ denote arrivals that occur 

in time window b for each of the pixels.  

Now we must determine the probability of those observables given the distributions of arrival 

times from the emitted photons, background counts, and detector dark counts. To that end, we 

introduce a probability 𝜙ఌ that a photon from the QD is emitted during the time window a, which 

is between t = 0 and t= tc. The lifetime of the emitters that we study (~30-80 ns) are much shorter 

than T, so the probability that a photon is emitted in a time window b between tc  and T, is 

approximately 1 − 𝜙ఌ. In theory, 𝜙ఌ  can be obtained by integrating the normalized decay function 

for the emitter from zero to tc. However, it is more convenient (and accurate) to obtain 𝜙ఌ by 
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integrating directly over the measured (or simulated) photon arrival distribution so that we can 

accommodate for a fluorescence lifetime that often fluctuates over the duration of the experiment 

for QDs, and to accommodate for effects of the instrument response function. Details of this 

measurement are provided in Section 5.4. Fig. 5.3a displays the photon arrival distribution for a 

single QD, and the shaded blue area is equal to 𝜙ఌ. 

 
Figure 5.3 Determining the probabilities of emitter and background photon arrival times. 
(a) A normalized histogram of the arrival times from photons emitted by the QD is created from 
data of a single QD after subtracting the contribution from background fluorescence and detector 
dark counts. The histogram is split into two periods based on whether photons arrive before (blue) 
or after (red) tc. The probability that a single photon is emitted between time zero when the pulse 
arrives and time tc is ϕக and the probability a photon is emitted between tc and T is 1-ϕக. (b) A 
normalized histogram of the arrival times of background photons is also spit in two segments. The 
probability that a single background photon is emitted between zero and tc is ϕ୆ and the probability 
that a single background photon is emitted between tc and T is 1-ϕ୆. 

In tandem, we introduce the probability 𝜙஻ of a background photon being emitted in time 

window a. This is equal the area underneath the normalized photoluminescence decay from 

recorded background emission between 0 and tc. Fig. 5.3b displays the normalized distribution of 

background fluorescence recorded experimentally and 𝜙஻  which is the shaded blue area.  Once 

again, the lifetime of the background fluorescence (~2 ns for our experiments) is much shorter 

than T, so the probability of a background photon arriving in time window b is 1 − 𝜙஻, which is 

equal to the shaded red area in Fig. 5.3b. Lastly, we consider the arrival times of the dark counts. 

Recall that we previously defined 𝜙஽௞ as the probability to detect a dark count in pixel k between 

0 and T. Now we rewrite that 𝜙஽௞ as the sum 𝜙஽௞௔+𝜙஽௞௕  of the probability to detect a dark count 
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in pixel k during time window a, and the probability to detect a dark count in pixel k during time 

window b. It follows that the probability of detecting no dark count during T is (1 − 𝜙஽௞௔−𝜙஽௞௕). 

More details on how to compute 𝜙ఌ , 𝜙஻, {𝜙஽௞௔}, and {𝜙஽௞௕} are provided in Section 5.4. 

Incorporating the various arrival time probabilities for the QD, background, and dark counts 

into the model, we can write the probabilities of all possible sets of outcomes for the system after 

a single laser pulse arrives, which are equal to the 51,840 terms generated in the expansion of the 

product, 

Each term corresponds to the probability of achieving a particular observable  ℴ௜, where i = 1a, 

2a, 3a, 4a, 1b, 2b, 3b, 4b, >, and we sort the 51,840 terms into nine corresponding observable 

probabilities 𝒫௜(𝜀, {𝐶௞}, {𝐵௞}, 𝜙ఌ , 𝜙஻ , {𝜙஽௞௔}, {𝜙஽௞௕}), where i = 1a,2a,3a,4a,1b,2b,3b,4b,> for 

this system. That procedure is detailed in 3.8. Now we can express (3.1.7a) as a sum of the nine 

observable probabilities, 

Notice that we do not keep track of the photon arrival time distributions for the multi-arrival events. 

These constitute <1% of our data, so there is little information to gain by sorting of the arrival 

times of each count in the multi-arrival event (plus it makes our work much harder by adding 

additional observables!!).   

൫𝜀 + (1 − 𝜀 )൯൫𝐶ଵ + ⋯ + 𝐶ସ + (1 − 𝐶ଵ − ⋯ − 𝐶ସ)൯൫𝜙ఌ + (1 − 𝜙ఌ)൯൫𝜙஻
+ (1 − 𝜙஻)൯ ෑ ൫𝐵௞ + (1 − 𝐵௞)൯ ෑ (𝜙஽௞௔ + 𝜙஽௞௕ସ௞ୀଵସ௞ୀଵ+ (1 − 𝜙஽௞௔−𝜙஽௞௕)) .    

(5.10) 

𝒫ଵ௔ + 𝒫ଶ௔ + 𝒫ଷ௔ + 𝒫ସ௔ + 𝒫ଵ௕ + 𝒫ଶ௕ + 𝒫ଷ௕ + 𝒫ସ௕ + 𝒫வ + (1 − 𝒫ଵ௔ − ⋯ ).   (5.11) 
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To consider the system after N pulses have arrived, we raise Eq. 5.11 to the Nth power and 

write it as a multinomial expansion. The probability 𝑃({𝑚௜}; 𝑁, {𝒫௜})  to observe a set of counts {𝑚௜} after N pulses is a coefficient of the multinomial expansion. Recall that the information about 

the emitter location (X,Y) is contained in the collection probabilities {𝐶௞} which make up the 

observable probabilities {𝒫௜} . At this point, it is simply a matter of reversing the independent and 

dependent variables of 𝑃({𝑚௜}; 𝑁, {𝒫௜}) to define the time-resolved likelihood distribution,  

For every set of N pulses (typically 2.5e5 pulses), we use the downhill simplex method[83] to 

identify the maximum of the ln (ℒ்) in two dimensions. The values of (𝑋, 𝑌) that maximize ln (ℒ்) correspond to the most likely location (𝑋௠௔௫ , 𝑌௠௔௫) of the emitter during the time those N 

pulses arrived45. 

We are quite excited to be using Eq. 5.12 for the centroid estimation, because it feels as if we 

are truly conducting time-resolved super-resolution microscopy for the first time. Finding the 

locations based only on the counts 𝑚ଵ, 𝑚ଶ, 𝑚ଶ, 𝑚ସ, 𝑚வ, and then associated a lifetime with that 

centroid after the fact (which is essentially what we did in Chapter 3) does not make full use of the 

time information. While MLE with ℒ்  performs well for single emitters, as will be shown in the 

next two sections, the fantastic thing about it is that we can use it to identify the locations of two 

 
45 If for some reason you don’t want to use the arrival time information (or perhaps you have pulsed 
excitation, but did not collect the arrival times relative to each laser pulse), you can let tc =0. In 
that limit, ℒ்=ℒ௣௨௟௦௘ௗ. 

ℒ்(𝑋, 𝑌; {𝑚௜}, 𝑁, {𝒫௜})
= ൭ෑ 𝒫௜௠೔௜ ൱ ൭1 − ෍ 𝒫௜௜ ൱ேି∑ ௠೔೔ ൬ 𝑁𝑚வ, 𝑚ଵ௔, 𝑚ଵ௕, 𝑚ଶ௔, 𝑚ଶ௕ , …൰ .   

(5.12) 
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emission centroids (ergo resolve two nonblinking emitters!) provided they have disparate 

lifetimes. That is the subject of Chapter 6.  

5.3: Localizing single emitters in simulated and experimental data with 𝓛𝑻 

In order to test out our algorithm, we simulated data of a point emitter in the presence of 

background and detector dark counts. The data was constructed similar to probability model 

described in Section 5.2, so a simulated system was excited with some number of pulses N, and 

for each pulse we determined if a photon arrived, in which pixel it arrived, and when it arrived. 

After N pulses, the simulated counts were binned into {𝑚௜}, where i = 1a, 2a, 3a, 4a, 1b, 2b, 3b, 

4b, and >, and ln (ℒ்) was maximized to determine the most likely emitter location. To generate 

data, we input values for the following probabilities that were defined earlier: 𝜀, {𝐵௞}, 𝜙ఌ , 𝜙஻ , and {𝜙஽௞௔}. Systematically varying these input probabilities gave us a chance to explore the accuracy 

and precision of our localization method (i.e., MLE with ℒ்  ) for different conditions. The 

localization precision 𝜎 = ඥσଡ଼ଶ+σଢ଼ଶ was determined by repeating each simulation 100 times and 

computing the standard deviation of the X and Y locations found for the simulations.  

The extent to which the arrival time information is exploited depends on the selection of tc so 

we analyzed simulated data with various values of tc to explore how its value impacted the 

localization precision. Fig. 5.4a displays 𝜎 versus tc. Each point on the figure is measured from the 

standard deviation of 100 locations found for an emitter with a lifetime of 30 ns in the presence of 

a 2 ns lifetime background and detector dark count levels that mimicked experimental values. 

Because the temporal distributions of the background and emitter are different, we expect ℒ்  will 

allow us to localize the emitter with superior precision, provided that we have a reasonable 
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selection of tc. For these simulations, the precision is at its worst, 𝜎 ≈ 12 nm for tc = 0, because 

the time information is not being utilized in the analysis; for tc =0 the probability of an emitter 

arrival 𝜙ఌ and background arrival 𝜙஻ are equivalent (both are equal to zero)46. The same is true 

when tc = T. Both of these limiting cases are equivalent to analyzing the data with MLE using ℒ௣௨௟௦௘ௗ. The optimal selection of tc was ~10 ns for which 𝜎 was minimized at 𝜎 ≈ 4 nm. For this 

selection of tc, the values of 𝜙ఌ  and 𝜙஻ were most disparate, and ℒ்  took advantage of that 

information. 

 
Figure 5.4 The localization precision σ is improved with time-resolved imaging. (a) The 
selection of tୡ impacts σ of the emitter. Each point on the plot is the standard deviation σ =ඥσଡ଼ଶ+σଢ଼ଶ of 100 locations determined from 100 sets of counts generated by a simulated system 
that contains a single emitter in the presence of fluorescence background and detector dark counts. 
Without time filtering (t୵ ≈ 0), σ is ~12 nm, whereas with time filtering and selecting the optimal 
value of 10 ns for t୵,  σ is ~4 nm.   (b) σ depends exponentially on the ratio of IB / I of background 
counts to total counts; it is computed from analyzing simulated data for various levels of 
background signal while maintaining the same emitter and dark count behavior that was described 
in (a) for each simulation. The precision rises slower with time-resolved imaging (tୡ = 10 ns), 

 
46 Caveat: the improvement in precision with the arrival time information was only achieved for 
levels of background counts that far exceed the levels recorded in experiments of single QDs on a 
glass coverslip. In typical experiments where T = 200 ns and N = 5e5 pulses, ~50 counts/N of 
background was recorded in each pixel. The results in Fig. 5.4a were achieved with an artificially 
enhanced background in which ~2,400 counts/N of background was recorded in each pixel.  
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plotted filled circles, than without time-resolved imaging (tୡ ≈ 0 ns), hollow circles, which shows 
that the time-resolved imaging improves the localization capabilities in high background systems. 

 

To explore the impact of background counts on the localization precision, we simulated data 

with the probability of background counts in each pixel {𝐵௞} ranging between zero to 50 times the 

experimentally measured values for {𝐵௞}. The lifetime of the background and emitter were 2 ns 

and 30 ns, respectively, the same as the previous simulation. Each simulation was repeated 100 

times and the locations were determined twice: once with MLE using ℒ்  and a selection tc =0 ns, 

and once with MLE using ℒ்  and a selection tc = 10 ns. The localization precision was determined 

from the standard deviation of the 100 locations for each level of background for both the tc =0 

and tc =10 locations. These are plotted in Fig. 5.4b as a function of the ratio IB/I of background 

counts to total signal. For the 10 ns selection (filled markers), the precision worsens slightly as IB/I 

increased. In contrast, the precision rapidly deteriorates as IB/I increases if the temporal 

information is not included in the analysis. The empty markers in Fig. 5.4b display 𝜎 for repeated 

simulations with a selection for tc of 0 ns, for which 𝜙ఌ and 𝜙஻ are equivalent so no temporal 

information is included in ℒ் .  For lower levels of background where IB/I < ~0.4, there is no 

significant difference between the precision achieved with or without the temporal information 

(filled versus empty markers). For higher levels of background where IB/I >0.4, there were 2- to 

3-fold improvements in the localization precision because the disparity in the lifetimes of the 

background and emitter prevented the background from dominating our information about the 

emitter location in ℒ்47.   

 
47Some readers might incorrectly equate MLE using ℒ୘ with MLE using ℒ୮୳୪ୱୣୢ on data that has 
been filtered with something called “time-gating”[65,107–111] because both methods take 
advantage of disparate lifetimes between the emission of interest and the background. For time-
gating, photon arrivals within a certain time window between 0 and T are discarded whereas they 
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While we simulated a system of high background counts with a shorter lifetime than the 

emitter because that agreed with our experimental data, we also explored cases where the 

background has a longer lifetime that approaches the emitter lifetime, or cases where the 

probability of detector dark counts approach the probability of emitted photons. In any of these 

scenarios (provided the temporal distributions of the emitter versus the background and dark 

counts are different and that we choose a reasonable value for tc), we observe improvements by 

doing MLE with ℒ் .  

From experimental data, the location of the QD was repeatedly determined every 0.1 sec for 

60 sec of data by maximizing ln(ℒ்). The X and Y values that gave the maximum for each 0.1 s 

are plotted in Fig. 5.5 and the localization precision was determined from their spread. In this case, 

the precision is ±3 nm in x and y, for which the total counts per 0.1s, ∑ 𝑚௜ , was ~15,000. The 

precision follows the central limit theorem and improves with longer time bins at the expense of 

capturing shorter timescale dynamics that may occur in the system. We selected 0.1 seconds as a 

balance between these competing interests. These locations were determined for tc = 10 ns, because 

that selection gave the optimal precision for simulated data of an emitter and background with 

lifetimes similar to this data (Fig. 5.4a). However, the selection of tc for analyzing this data is 

arbitrary because the background contribution is relatively low. We would like to point out that 

this is the first time a single emitter undergoing pulsed excitation has been located using a 

likelihood distribution that accounts for the pulsed excitation.  

 
are not discarded for MLE using ℒ୘. However, the improvements in precision for the high 
background simulation using ℒ୘ may be identical if ℒ୮୳୪ୱୣୢ was used on time-gated data. This will 
not be the case for data in which the background and emitter lifetimes are similar. In cases like 
these, the time-gated method will be of no use (and may worsen the precision) whereas MLE with ℒ୘ will either maintain the optimal precision or yield improvements.  
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Figure 5.5 Single QD localized with the time-resolved likelihood distribution 𝓛𝐓. A graph of 
the x and y locations for a single QD determined every 0.1 sec for 60 sec total. These are 
determined by maximizing ln (ℒ୘) (Eqn. 5.12). Drift of the emitter in x and y is significant during 
this interval, and it is corrected with a linear fit before the locations are plotted.  

While the application of ℒ்  may give the same precision and accuracy as the application of ℒ஼ௐ to experimental data acquired with pulsed excitation, it is still useful for the single molecule 

localization community to know that an analysis method exists to correctly accommodate pulsed 

excitation. Moreover, the next chapter extends the formulation so that we can take advantage of 

the temporal information and locate multiple nonblinking emitters, provided they have disparate 

lifetimes. This achievement is only made possible by the work done in this chapter.  

5.4: Measuring parameters for 𝓛𝑻  
The signal is made up of arrival times from the QD, scattered excitation, coverslip 

fluorescence, and detector dark counts. ℒ் depends on parameters pertaining to each of those that 

we must determine from a few independent measurements aside from the four-pixel image of the 

QD emission. First, consider the parameters that we need related to the detector dark counts, which 

are uniformly distributed in time and arrive with a rate 𝑅஽௞ that is different for each of the four 

pixels, k = 1,2,3,4. 𝑅஽௞ is ~500 counts/sec in each pixel. For the MLE, we must know the 

probability 𝜙஽௞௔ = ∫ 𝑅஽௞𝑒ିோವೖ௧ =௧೎଴ 𝑅஽௞𝑡௖  to detect a dark count between time 0 and tୡ in pixel 
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k, and the probability 𝜙஽௞௕ = ∫ 𝑅஽௞𝑒ିோವೖ௧ =௧்೎ 𝑅஽௞(𝑇 − 𝑡௖) to detect a dark count between time tୡ and T (the laser pulse period and time at which the clock resets to zero) in pixel k.  To measure 𝑅஽௞ in each pixel, we take the average of detected counts in each pixel for 60 s of data while the 

laser is blocked.  We have found it is constant throughout a day’s experiments if the detectors are 

left on, and we measure it each time we turn on the detectors. 

 Next, consider background contributions from scattered excitation and coverslip 

fluorescence. We must quantify the probabilities 𝐵ଵ, 𝐵ଶ, 𝐵ଷ, and 𝐵ସ to detect a background count 

in each of the pixels and the probability 𝜙஻ to detect a background photon between 0 and tୡ. We 

distinguish these background contributions from the dark counts because they have a different 

distribution in time - they usually have a lifetime of ~ 3 ns, and their levels depend on the excitation 

power. They contribute between zero and 2,000 counts/second/detector depending on the substrate 

and excitation power.  Their levels do not change with time, but they depend on the z position of 

the objective relative to the substrate. We measure them once for each substrate by collecting 

counts {𝑚௞} from the surface for ~60 seconds without a QD in the field of view. We measure them 

after determining the optimal z position for collecting signal from QDs on the surface of the 

coverslip. If the z position is altered, it is (usually) necessary to re-measure the background. For 

glass coverslips, we found the background is constant across the surface of the coverslip, and 

nearly identical from coverslip to coverslip. We assume in our analysis that the probability 𝜙஻ to 

detect a photon between 0 and tc is identical for the four detectors (Actually, this probability can 

vary slightly <1% among the four detectors because they are mis-aligned in time, or because they 

each have different IRFs.) To determine 𝜙஻, we subtract a scaled48 histogram of the dark count 

 
48 The histogram must be scaled if the acquisition time of the background measurement and dark 
count measurement are not equal. To scale them, we divide each histogram by the total acquisition 



 
 

118 
 

arrival times from a scaled histogram of the total background . The sum of the bins from zero to tc 

is equal to 𝜙஻. The likelihood distribution also requires knowledge of the probability to detect a 

background count between tୡ and T, and we assume it is equal to 1 − 𝜙஻ because the lifetime of 

the background is much shorter than T.  To determine 𝐵ଵ, 𝐵ଶ, 𝐵ଷ, and 𝐵ସ,  we maximize a 

likelihood distribution ℒ({𝐵௞}; 𝑁, {𝑚௜}) = (∏ 𝒫௜௠೔௜ )(1 − ∑ 𝒫௜௜ )ேି∑ ௠೔೔ ൬ 𝑁𝑚வ, 𝑚ଵ, 𝑚ଶ, …൰ that 

depends on the observable probabilities 𝒫௜({𝐵௞}, {𝑅஽௞}), where i=1,2,3,4, and >. To get the 

observable probabilities, we must organize the terms generated by the expansion of ∑ ൫𝐵௞ + (1 − 𝐵௞)൯൫𝜙஽௞ + (1 − 𝜙஽௞)൯ସ௞ୀଵ . This can be done using the matrix algebra procedure 

described in Section 5.5.  

The probability 𝜙ఌ that a QD emits a photon between 0 and tୡ must also be determined in 

order to localize an emitter. It fluctuates over the course of a measurement, and we must determine 

it for each time over which we bin the photons to get a location. To measure it, we subtract a 

scaled49 histogram of the background and dark counts arrivals from a scaled histogram of the total 

arrivals that occur during a particular time bin, and then normalize that histogram.  The sum of the 

bins from zero to tୡ is equal to  𝜙ఌ. This conveniently requires no fitting of the arrival time 

distributions, so the method does not require us to assign a particular model to the data based on 

our fitting parameters.  

 
time for their respective measurements. This way, both the histograms become the histograms of 
arrivals per second and can then be subtracted. 
49 Once again, the histogram must be scaled if the bin time for the QD emission and the background 
measurement time are not equal. To scale them, we divide the QD histogram by the bin time, and 
we divide the background histogram by the total acquisition time for its measurement. This way, 
both the histograms become the histograms of arrivals per second and can then be subtracted.  
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There are temporal discrepancies among the four channels that are caused by differences in 

cable length and other electronics, which means that t=0 is not identical for all four pixels. We use 

delays in the software to synchronize the signals, but it is impossible to align them perfectly in 

time. To account for these discrepancies, we could introduce probabilities of photon arrival times 

that are unique for each detector {𝜙ఌ௞} and probabilities of background arrival times that are 

unique for each detector {𝜙஻௞}. However, we have adjusted the delays of the channels relative to 

one another for simulated data, and found that higher temporal discrepancies (>1 ns) than what we 

have (<0.1 ns) would be necessary to significantly impact the localization outcomes.  

Detector dead time refers to an effect in which we cannot register multiple events on a single 

detector within ~50 ns of one another. After the dead time has passed, we can register another 

event on that detector. This means that there is a small but finite probability of detecting two events 

on a single detector within a single laser pulse period of our experiments, which have either 200 

or 400 ns periods. However, in our formulation of the likelihood, we stipulated that there was zero 

probability of detecting more than one event on a single pixel during a single period. To make the 

model agree with the data, we find it simpler in this case to manipulate the data rather than the 

model. We do this by discarding all secondary, tertiary, etc.  arrivals that occur in one pixel during 

a single laser pulse period from our data. In this way, the model more accurately describes the 

data. A perfect accommodation for the dead time would go one step further and account for dead 

time that carries over into the next laser pulse period. For example, if a photon arrives at t = 390 

ns, and the clock resets to zero at t = 400 ns, it will be impossible to detect another event in that 

pixel until 50 ns later when t>40 ns. We neglected to account for this. However, it is not a major 

concern because we know that set of outcomes does not occur frequently for our system in which 

the lifetimes of the background and emitter are much shorter than T.  
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The PSF widths, 𝑤௫ and 𝑤௬, are measured once per coverslip after the z position is optimized 

and locked. To extract them, we move a QD by known distances (±50 nm in x and y) with the 

piezoelectric stage and then solve for the 𝑤௫ and 𝑤௬ of an assumed 2D Gaussian PSF that 

accurately recover the changes in distance in both x and y. We typically measured  𝑤௫ ≈ 𝑤௬ ≈ 

150 nm for a QD in focus. We find that the PSF size does not change significantly when we 

repeatedly measure it with QDs located in different places on the coverslip, regardless of manual 

adjustments to stage position, provided the z position is locked. Here we have a 250x magnification 

of the PSF image which results in a PSF that is ~80 um FWHM that is collected by the 100 um 

optical fiber apertures. The measurement procedure is described in more detail in Chapter 3. 

To determine the probability 𝐶௞ to collect a photon from the QD in pixel k, we take the integral 

of the PSF over the cross-sectional area of the optical fiber aperture, and we multiply that by the 

relative detector efficiency ηk for each pixel.  See Eqns. 3.12-3.14 for details. 

In the initial versions of our analysis, we let the emission probability 𝜀 be a floating parameter 

that was determined along with the location. 𝜀 varies with the changing emissivity of the QD 

during the duration (~1-10 min) of an experiment (presumably due to processes such as 

temporarily trapped charges that change the relaxation pathways). For every set of N pulses 

(typically 2.5e5 pulses), we identified the maximum of the ln (ℒ்) in three dimensions. The values 

of (𝑋, 𝑌, 𝜀) that maximize ln (ℒ்) correspond to the most likely location (𝑋௠௔௫ , 𝑌௠௔௫) of the 

emitter and the most likely emission probability 𝜀௠௔௫ during the time those N pulses arrived50. We 

later found a faster alternative by solving for 𝜀 in terms of the counts received from the emitter and 

 
50 If for some reason you don’t want to use the arrival time information (or perhaps you have a 
pulsed system, but you did not collect the arrival times relative to each laser pulse), you can let tc 
=0. In that limit, ℒ்=ℒ௣௨௟௦௘ௗ. 
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the probability to receive those counts. To solve for 𝜀, consider the sum of photons from the QD 

that have arrived in every pixel before tୡ divided by the number of pulses N that have arrived, 

which is equal to the probabilities to detect a count in one of the pixels during time window a after 

one pulse has arrived. Here, 𝔪ଵ௔ + 𝔪ଶ௔ + 𝔪ଷ௔ + 𝔪ସ௔ are the sum of the counts from only the QD. 

We determine them by subtracting the background and detector dark counts (that are measured in 

dependently of the emitter as we discussed earlier) from the total signal. Knowing 𝜙ఌ, we can solve 

for 𝜀. The collection probabilities 𝐶௞(𝑋, 𝑌) depend on the emitter location, so the value of 𝜀 will 

change as we sample the likelihood distribution.  

Similarly, the sum of the counts from the QD that have arrived in every pixel between tୡ and 

T divided by N, 

is equal to the sum of the probabilities to detect a photon from the QD in one of the pixels during 

time window b after one pulse has arrived. Eqns. 5.13 and 5.14 can be used as an alternative way 

to find both 𝜀 and 𝜙ఌ51. It would be useful if we could identify the emitter location for the case of 

a fluctuating rather than constant background, so the values of 𝐵ଵ, 𝐵ଶ, 𝐵ଷ, and 𝐵ସ are different for 

each time bin that we determine the location.  As we showed earlier, we independently measure 

the background probabilities and assume they are constant for a given substrate at a given focal 

 
51 Whereas earlier in this section we showed how to get 𝜙ఌ from the arrival time histogram of the 
data. 

𝐴௔ = 𝔪ଵ௔ + 𝔪ଶ௔ + 𝔪ଷ௔ + 𝔪ସ௔𝑁 = 𝜀𝜙ఌ ෍ 𝐶௞ସ௞ୀଵ , (5.13) 

𝐴௕ = 𝔪ଵ௕ + 𝔪ଶ௕ + 𝔪ଷ௕ + 𝔪ସ௕𝑁 = 𝜀(1 − 𝜙ఌ) ෍ 𝐶௞ସ௞ୀଵ   (5.14) 
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position. While this is a fine assumption for the substrates that we examine, it is not always the 

case, and improperly accounting for the background causes localization inaccuracies. Neither MLE 

using ℒ஼ௐ nor MLE using ℒ௣௨௟௦௘ௗ allow us to locate the emitters without knowing the background 

probabilities, but it may be possible to extract the background probabilities and the emitter location 

if we implement MLE with ℒ் . This is still under investigation, though we suspect we may be 

successful if both 𝜙ఌ and 𝜙஻ are known quantities.   

5.5: Determining the observable probabilities 𝓟𝒊 
The likelihood distributions presented in this chapter are a function of observable probabilities 𝒫௜, which are the probabilities to see a particular observable 𝑜௜ after a single laser pulse arrives. 

For our four-pixel system, we define a set of nine different observables {𝑜௜} where i = 1a, 2a, 3a, 

4a, 1b, 2b, 3b, 4b, and >, and each 𝑜௜  has a corresponding 𝒫௜ that we must determine. For the 

likelihood distribution ℒ் , the 𝒫௜ values can be determined by expanding Eq. 5.10 and then 

summing the terms that correspond to each observable 𝑜௜. For example, one of the terms generated 

by expanding Eq. 5.10 is 𝜀𝐶ଵ𝜙ఌ(1 − 𝜙஻) ∏ (1 − 𝐵௞)ସ௞ୀଵ ∏ (1 − 𝜙஽௞௔ − 𝜙஽௞௕)ସ௞ୀଵ , and if we 

inspect that set of outcomes, we see it corresponds to a single photon from the QD count being 

detected in pixel 1 during time window a, so we will observe 𝑜ଵ௔. The probability of that set of 

outcomes will contribute to the corresponding observable probability for 𝑜ଵ௔, so 𝒫ଵ௔ = 𝜀𝐶ଵ𝜙ఌ(1 − 𝜙஻) ∏ (1 − 𝐵௞)ସ௞ୀଵ ∏ (1 − 𝜙஽௞௔ − 𝜙஽௞௕)ସ௞ୀଵ + ⋯ . Individual inspection and sorting 

of the sets of outcomes (51,840 for our system) is impossible, so we created a numerical method 

for doing this without inspection. This involves constructing a column vector [P] that has 51,840 

elements corresponding to each of the terms generated from the expansion of  Eq. 5.10, and it 

involves constructing “observable matrices" [𝒪௜] (each of them also have 51,840 elements) that 

give the observable probability when they are multiplied by [P], so 𝒫௜ = [𝑃]் [𝒪௜]. In this section, 



 
 

123 
 

we will provide an example of how to construct [P] and its corresponding [𝒪௜] matrices for a 

system in which photons from a single QD are collected by two pixels, and we will provide another 

example for a system in which photons from background and a single QD are collected by two 

pixels (which is the system illustrated in Fig. 5.2)52. Constructing the matrices for the full system 

of four pixels collecting dark counts, background counts, and QD photons in two different time 

windows is too long for a formal writeup, but we believe we have left the reader with all the 

necessary tools to construct the 𝒫௜ for more complicated systems.  

For the first example, [P] is a vector whose elements correspond to the terms generated by 

multiplying the emission outcomes 1 =  𝜀 + (1 − 𝜀) and the detection outcomes 1 = 𝐶ଵ + 𝐶ଶ +(1 − 𝐶ଵ − 𝐶ଶ). We express the emission outcomes as a 2×1 column matrix, 

and we express the detection outcomes as a 1×3 row matrix, 

Multiplication of the two matrices (5.15a) and (5.15b), 

gives a 2 × 3 matrix. If we transpose and vectorize it, we find that  

 
52 Note that there may be a more concise way solve this problem, this was just the one that we 
came up with to get the job done. 

ቂ 𝜀(1 − 𝜀)ቃ, (5.15a) 

[𝐶ଵ 𝐶ଶ (1 − 𝐶ଵ − 𝐶ଶ)]. (5.15b) 

ቂ 𝜀(1 − 𝜀)ቃ [𝐶ଵ 𝐶ଶ (1 − 𝐶ଵ − 𝐶ଶ)] =
൤ 𝜀𝐶ଵ 𝜀𝐶ଶ 𝜀(1 − 𝐶ଵ − 𝐶ଶ)(1 − 𝜀)𝐶ଵ (1 − 𝜀)𝐶ଶ (1 − 𝜀)(1 − 𝐶ଵ − 𝐶ଶ)൨, 

(5.15c) 
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It is simple to interpret each of the elements in [P] symbolically and sort them into 

observables probabilities: the first element is the probability to detect a photon in pixel 1 and it is 

equal to the observable probability 𝒫ଵ= 𝜀𝐶ଵ; the second element is the probability to detect a 

photon in pixel 2 and it is equal and it is equal to the observable probability 𝒫ଶ= 𝜀𝐶ଶ. The 

observable probability to detect nothing is the sum of elements 3 through 6. For a more 

complicated system than this one, it is not efficient to sort the elements of [P] into observable 

probabilities by hand, so we generate two 6×1 observable matrices by modifying and then 

multiplying the vectors that were originally used to make [P]. First, we focus on the outcome where 

a photon is emitted, so 𝜀 = 1. The column matrix (5.15a) becomes 

Next, we focus on the outcome in which the photon lands in pixel 1, so 𝐶ଵ = 1 and 𝐶ଶ = 0. 

The row matrix (5.15b) becomes, 

The product of (5.16a) and (5.16b) generates a 2x3 matrix, and rewriting its transpose as a column 

vector gives the 6x1 observable matrix, 

[𝑃] = 𝑣𝑒𝑐([2 × 3]்) =
⎣⎢⎢
⎢⎢⎡

𝜀𝐶ଵ𝜀𝐶ଶ𝜀(1 − 𝐶ଵ − 𝐶ଶ)(1 − 𝜀)𝐶ଵ(1 − 𝜀)𝐶ଶ(1 − 𝜀)(1 − 𝐶ଵ − 𝐶ଶ)⎦⎥⎥
⎥⎥⎤. 

(5.15d) 

ቂ10ቃ, (5.16a) 

[1 0 0]. (5.16b) 
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We call this observable matrix [𝜀ଵ]. Notice that the first element in [𝜀ଵ] is a one, and the first 

element in [P] corresponds to the probability that an emitted photon was detected in pixel 1. All 

the other elements in [𝜀ଵ] are zero, and all the other elements in [P] correspond to probabilities 

where nothing is collected in pixel 1. For this system, there are no contributions to the counts in 

pixel 1 apart from the emitter, so [𝜀ଵ] = [𝒪ଵ]. (The next example will require more finesse to get 

the observable matrices).  

The observable probability  𝒫ଵ to detect a count from the emitter in pixel 1 can be extracted 

by multiplying [P]T and [𝒪ଵ], which conveniently gives back the term in the first row of [P]. 

Similarly, we can extract the observable probability 𝒫ଶ to detect a count from the emitter in pixel 

2 using the observable matrix [𝒪ଶ]. To generate it, we set 𝜀=1 in (5.15a), we set  𝐶ଵ = 0 and 𝐶ଶ =1 in (5.15b), and we multiply them.  

𝑣𝑒𝑐 ൬ቀቂ10ቃ ∗ [1 0 0]ቁ்൰ = ⎣⎢⎢
⎢⎢⎡100000⎦⎥⎥

⎥⎥⎤  ≡ [𝜀ଵ] (5.16c) 

 𝒫ଵ = [𝑃]்[𝒪ଵ] =  
⎣⎢⎢
⎢⎢⎡

𝜀𝐶ଵ𝜀𝐶ଶ𝜀(1 − 𝐶ଵ − 𝐶ଶ)(1 − 𝜀)𝐶ଵ(1 − 𝜀)𝐶ଶ(1 − 𝜀)(1 − 𝐶ଵ − 𝐶ଶ)⎦⎥⎥
⎥⎥⎤

்

⎣⎢⎢
⎢⎢⎡100000⎦⎥⎥

⎥⎥⎤ = 𝜀𝐶ଵ. 

(5.17) 
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Once again, the only nonzero term in [𝜀ଶ] is in the same row as the term in [P] that corresponds to 

the probability that an emitted photon was detected in pixel 2. For this system, there are no 

contributions to the counts in pixel 2 apart from the emitter, so [𝜀ଶ] = [𝒪ଶ]. Just as we calculated 𝒫ଵ, the observable probability 𝒫ଶ to detect a count in pixel 2 is the product, 

We have just completed the process for generating [P] and its corresponding observable matrices [𝒪ଵ] and [𝒪ଶ] for the case of two pixels receiving counts from a single QD, so the observable 

probabilities that are used in the likelihood distribution can be extracted from [P] without 

inspection.  

Let us now extract the observable probabilities for the system described by the probability 

tree in Fig. 5.2. First, we account for the probability of background counts arriving in pixel 1 by 

taking the product of [P] in Eq. 5.15d and a 1 × 2 matrix that contains the probabilities of 

background counts arriving in pixel 1 which gives a 6 × 2 matrix. If we transpose and vectorize it, 

we generate a new 12 × 1 probability matrix,  

𝑣𝑒𝑐 ൬ቀቂ10ቃ ∗ [0 1 0]ቁ்൰ = ⎣⎢⎢
⎢⎢⎡010000⎦⎥⎥

⎥⎥⎤ ≡ [𝜀ଶ]. (5.18) 

 𝒫ଶ = [𝑃]்[𝒪ଶ]. =  
⎣⎢⎢
⎢⎢⎡

𝜀𝐶ଵ𝜀𝐶ଶ𝜀(1 − 𝐶ଵ − 𝐶ଶ)(1 − 𝜀)𝐶ଵ(1 − 𝜀)𝐶ଶ(1 − 𝜀)(1 − 𝐶ଵ − 𝐶ଶ)⎦⎥⎥
⎥⎥⎤

்

⎣⎢⎢
⎢⎢⎡010000⎦⎥⎥

⎥⎥⎤ = 𝜀𝐶ଶ. 

(5.19) 
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The 6x1 matrices [𝜀ଵ] and [𝜀ଶ] must be extended so their unity terms remain in the same rows 

as the terms in [P’] that indicate a QD photon arrived in pixel 1 and pixel 2, respectively. To do 

that, we multiply both matrices by a 1 × 2 vector of ones which gives two matrices that can are 

transformed and vectorized to give two 12 × 1 matrices, 

Notice that the unity terms in [𝜀ଵ′]and [𝜀ଶ′] correspond to the rows of [P] that contain the 

probability receiving a QD count in detectors 1 and 2, respectively: 

 

[𝑃′] = 𝑣𝑒𝑐(([𝑃] ∗ [𝐵ଵ 1 − 𝐵ଵ])்) =
⎣⎢⎢
⎢⎢⎢
⎡ 𝜀𝐶ଵ𝐵ଵ𝜀𝐶ଵ(1 − 𝐵ଵ)𝜀𝐶ଶ𝐵ଵ𝜀𝐶ଶ(1 − 𝐵ଵ)𝜀(1 − 𝐶ଵ − 𝐶ଶ)𝐵ଵ𝜀(1 − 𝐶ଵ − 𝐶ଶ)(1 − 𝐵ଵ)⋮ ⎦⎥⎥

⎥⎥⎥
⎤
. 

(5.20) 

[𝜀ଵ′] = 𝑣𝑒𝑐(([𝜀ଵ][1 1])்) = ⎣⎢⎢
⎢⎢⎡11000⋮ ⎦⎥⎥

⎥⎥⎤  and   [𝜀ଶ′] = 𝑣𝑒𝑐(([𝜀ଶ][1 1])்) = ⎣⎢⎢
⎢⎢⎡00110⋮ ⎦⎥⎥

⎥⎥⎤. (5.21a,b) 
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This must be the case so the product [𝑃′]்[𝜀ଵ′] pulls out all the probability terms where a QD 

photon was detected in pixel 1, and the product [𝑃′]்[𝜀ଶ′] pulls out all the probability terms where 

a QD photon was detected in pixel 2. 

We must also define a 12 × 1 matrix [𝐵ଵ]  that has unity terms in the same rows as the terms 

in [P’] that indicate a background photon arrived in pixel 1. For this, we require a 12 × 1 matrix 

that has alternating zeros and ones, which we can get from the product, 

Notice that the unity terms in [𝐵ଵ] correspond to the rows of [𝑃′] that contain the probability of 

receiving a background count in detector 1: 

 

We knew we wanted that alternating one-zero form so that the product [𝑃′]்[𝐵ଵ] pulls out all the 

probability terms containing the probability a background photon is detected in pixel 1.   

Next, we incorporate the probability of background counts from detector 2 by multiplying [𝑃′] by the detector 2 background probabilities which gives a 24 × 1 matrix, 

[𝐵ଵ] = 𝑣𝑒𝑐
⎝⎜
⎜⎛⎝⎜⎜

⎛
⎣⎢⎢
⎢⎢⎡111111⎦⎥⎥

⎥⎥⎤ ∗ [1 0]⎠⎟⎟
⎞்

⎠⎟
⎟⎞ = ⎣⎢⎢

⎢⎢⎡10101⋮ ⎦⎥⎥
⎥⎥⎤. 

(5.22) 
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The matrices [𝜀ଵ′], [𝜀ଶ′], and [𝐵ଵ] must also be extended to give 24 × 1 matrices with unity terms 

that are in the same rows as the corresponding probabilities in [P’’]. Once again, we extend these 

by multiplying them by 1 × 2 unity vectors which gives 

In addition, we define a matrix [𝐵ଶ] that keeps track of terms in [P’’] for which a background 

photon arrives in pixel 2. For this, we require a 24 × 1 matrix that has alternating zeros and ones 

which we get from the product, 

[𝑃′′] = 𝑣𝑒𝑐(([𝑃′] ∗ [𝐵ଶ 1 − 𝐵ଶ])்) =
⎣⎢⎢
⎢⎢⎢
⎢⎢⎡ 𝜀 ஺భ஺ 𝐵ଵ𝐵ଶ𝜀 ஺భ஺ 𝐵ଵ(1 − 𝐵ଶ)𝜀 ஺భ஺ (1 − 𝐵ଵ)𝐵ଶ𝜀 ஺భ஺ (1 − 𝐵ଵ)(1 − 𝐵ଶ)𝜀 ஺మ஺ 𝐵ଵ𝐵ଶ⋮ ⎦⎥⎥

⎥⎥⎥
⎥⎥⎤
. 

(5.23) 

[𝜀ଵᇱᇱ] = 𝑣𝑒𝑐(([𝜀ଵ′] ∗ [1 1])்) = ⎣⎢⎢
⎢⎢⎡11110⋮ ⎦⎥⎥

⎥⎥⎤, (5.24) 

[𝜀ଶ′′] = 𝑣𝑒𝑐(([𝜀ଶ′] ∗ [1 1])்) = ⎣⎢⎢
⎢⎢⎡00001⋮ ⎦⎥⎥

⎥⎥⎤, and 

(5.25) 

[𝐵ଵ′] = 𝑣𝑒𝑐(([𝐵ଵ] ∗ [1 1])்) = ⎣⎢⎢
⎢⎢⎡11001⋮ ⎦⎥⎥

⎥⎥⎤. (5.26) 



 
 

130 
 

There are only three observable probabilities 𝒫ଵ, 𝒫ଶ, and 𝒫வ that can be extracted from [𝑃′′] 
(Eq. 5.23) using three observable probability matrices [𝒪ଵ], [𝒪ଶ], and [𝒪வ], so we need to parse [𝜀ଵ′′], [𝜀ଶ′′], [𝐵ଵ′], and [𝐵ଶ] to get the observable matrices. To do this, the computer compares the 

values of [𝜀ଵ′′], [𝜀ଶ′′], [𝐵ଵ′], and [𝐵ଶ] for each row, and places either a zero or one in the same row 

of each of the observable matrices. Here are the observable matrices side-by-side with the original 

ones, so you can interpret different rows and confirm how the elements in the observable matrices 

are assigned: 

[𝜀ଵ′′] =

⎣⎢⎢
⎢⎢⎢
⎢⎢⎢
⎢⎢⎢
⎢⎢⎢
⎢⎡1111000000000000⋮ ⎦⎥⎥

⎥⎥⎥
⎥⎥⎥
⎥⎥⎥
⎥⎥⎥
⎥⎤

 ;    [𝜀ଶ′] =

⎣⎢⎢
⎢⎢⎢
⎢⎢⎢
⎢⎢⎢
⎢⎢⎢
⎢⎡0000111100000000⋮ ⎦⎥⎥

⎥⎥⎥
⎥⎥⎥
⎥⎥⎥
⎥⎥⎥
⎥⎤

;    [𝐵ଵ′] =

⎣⎢⎢
⎢⎢⎢
⎢⎢⎢
⎢⎢⎢
⎢⎢⎢
⎢⎡1100110011001100⋮ ⎦⎥⎥

⎥⎥⎥
⎥⎥⎥
⎥⎥⎥
⎥⎥⎥
⎥⎤

 ;   [𝐵ଶ] =

⎣⎢⎢
⎢⎢⎢
⎢⎢⎢
⎢⎢⎢
⎢⎢⎢
⎢⎡1010101010101010⋮ ⎦⎥⎥

⎥⎥⎥
⎥⎥⎥
⎥⎥⎥
⎥⎥⎥
⎥⎤

     ⟹    [𝒪ଵ] =

⎣⎢⎢
⎢⎢⎢
⎢⎢⎢
⎢⎢⎢
⎢⎢⎢
⎢⎡0101000000000100⋮ ⎦⎥⎥

⎥⎥⎥
⎥⎥⎥
⎥⎥⎥
⎥⎥⎥
⎥⎤

 ;  [𝒪ଶ] =

⎣⎢⎢
⎢⎢⎢
⎢⎢⎢
⎢⎢⎢
⎢⎢⎢
⎢⎡0000001101100010⋮ ⎦⎥⎥

⎥⎥⎥
⎥⎥⎥
⎥⎥⎥
⎥⎥⎥
⎥⎤

 ;   [𝒪வ] =

⎣⎢⎢
⎢⎢⎢
⎢⎢⎢
⎢⎢⎢
⎢⎢⎢
⎢⎡1010110010001000⋮ ⎦⎥⎥

⎥⎥⎥
⎥⎥⎥
⎥⎥⎥
⎥⎥⎥
⎥⎤

 . 

 

Let us manually parse the first four rows of [𝜀ଵ′′], [𝜀ଶ′′], [𝐵ଵ′], and  [𝐵ଶ] to give ourselves an 

idea of how the computer does this. The first element of [𝑃′′] is  𝜀 ஺భ஺ 𝐵ଵ𝐵ଶ and it corresponds to a 

multi-arrival observable, so [𝒪வ](1,1)=1 and [𝒪ଵ](1,1) = [𝒪ଶ](1,1) = 0. The computer 

[𝐵ଶ] = 𝑣𝑒𝑐
⎝⎜
⎜⎛⎝⎜⎜

⎛
⎣⎢⎢
⎢⎢⎡11111⋮ ⎦⎥⎥

⎥⎥⎤ ∗ [1 0]⎠⎟⎟
⎞்

⎠⎟
⎟⎞ = ⎣⎢⎢

⎢⎢⎡10101⋮ ⎦⎥⎥
⎥⎥⎤. 

(5.27) 
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concludes this because the sum of the first row of the tag matrices is greater than 1, and it assigns 

one to the first element of [𝒪வ] and zero to the first element of [𝒪ଵ] and [𝒪ଶ]. The second element 

of [𝑃′′] is 𝜀 ஺భ஺ 𝐵ଵ(1 − 𝐵ଶ) and it corresponds to a set of outcomes where there are two arrivals in 

pixel 1. As we mentioned earlier in the definition of the multi-arrival observable ℴவ, multiple 

arrivals in a single pixel are designated as single arrival events, so we need the following elements 

for the observable matrices: so [𝒪வ](2,1) = 0 and [𝒪ଵ](2,1) = 1, and [𝒪ଶ](2,1) = 0. The 

computer compares the values of [𝜀ଵ′′], [𝜀ଶ′′], [𝐵ଵ′], and [𝐵ଶ] in the second row and assigns the 

proper values to the observable matrices.  

Just like the first and second elements of [𝑃′′], the third element also corresponds to a set 

of outcomes with more than one arrival. In this case, events are detected in more than one pixel, 

so this is considered a multi-arrival observable. The computer concludes this because the sum row 

three elements of the observable tag matrices is three, and it can only be greater than two if there 

are arrivals in more than one pixel. Consequently, [𝒪வ](3,1) = 1, [𝒪ଵ](3,1) = 0, and [𝒪ଶ](3,1) =0. The fourth row of [P’’] is simple to interpret as a set of outcomes that should contribute to 𝒫ଵ 

because the fourth element of all the tag matrices is zero except for [𝜀ଵ′′](4,1)=1, so the computer 

assigns [𝒪வ](4,1) = 0, [𝒪ଵ](4,1) = 1, and [𝒪ଶ](4,1) = 0.. This is basic premise for to parse the 

rows of the original tag matrices numerically and create new tag matrices that correctly pull out 

the observable probabilities.  

In our actual experiment, four detectors register dark counts, fluorescent background, and 

photons from a single emitter either before or after a cut time tc, so the number of terms in the 

overall probability matrix is much larger and there are more event tag matrices that must be sorted 

into the nine final observable matrices, [𝒪௜], (where i = 1a,2a,3a,4a,1b,2b,3b,4b,>).  However, 



 
 

132 
 

the procedure for generating the probability matrix and tag matrices remains the same, and we 

hope we have given the reader the tools to work out that scenario.
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CHAPTER 6. Resolving non-blinking emitters 
 

This work is an extension of the time-resolved analysis method introduced in the previous 

chapter. As a reminder, we introduced the likelihood distribution ℒ்(𝑋, 𝑌; {𝑚௜}, 𝑁) for the location (𝑋, 𝑌) of an emitter given the set of counts {𝑚௜} arriving in the four pixels after N pulses had 

arrived. We incorporated the photon arrival time information into the distribution by sorting the 

counts based on whether each of their micro-times was shorter or longer than a designated cut time 𝑡௖ within the laser pulse period. For example, 𝑚ଵ௔ was the number of times that a single count was 

registered in pixel 1 before 𝑡௖, and 𝑚ଵ௕ was the number of times that a count was registered in 

pixel 1 after 𝑡௖. The set of counts {𝑚௜} = 𝑚ଵ௔, 𝑚ଵ௕ , 𝑚ଶ௔, 𝑚ଶ௕ … included the contributions to the 

four pixels before and after 𝑡௖. 

Now, we will extent the method to find the locations of two emitters by maximizing a 

likelihood distribution ℒ்(𝑋ଵ, 𝑌ଵ, 𝑋ଶ, 𝑌ଶ; {𝑚௜}, 𝑁) for the locations (𝑋ଵ, 𝑌ଵ) and (𝑋ଶ, 𝑌ଶ). Provided 

the emitters have different lifetimes, we will see that we can access both of their positions through 

the same set of counts {𝑚௜}. Unlike most SR methods, this does not require blinking of the emitters 

to resolve them. It is analogous to multi-color SR imaging, in which nonblinking emitters can be 

resolved if they are spectrally different[100–102]. Here, we take advantage of the time regime 

rather than the energy regime.   

We note that another method for extracting the locations of two nonblinking emitters based 

on disparities in lifetime was already developed by Heilemann, et. al[98]. This method (as far as 

we can tell) fits a bi-exponential 𝜓(𝑡) = ௪భఛభ 𝑒ି ೟ഓభ + ௪మఛమ 𝑒ି ೟ഓమ  to the arrival time distribution in each 

pixel and uses the weights to divide the counts 𝑚௞ in each pixel into two subsets, 𝑤ଵ𝑚௞ and 𝑤ଶ𝑚௞. 
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Next, a likelihood distribution is maximized for a location (𝑋ଵ, 𝑌ଵ) given the counts 𝑤ଵ𝑚ଵ, 𝑤ଵ𝑚ଶ, 𝑤ଵ𝑚ଷ, …. Additionally, a likelihood distribution is maximized for a location (𝑋ଶ, 𝑌ଶ) 

given the counts 𝑤ଶ𝑚ଵ, 𝑤ଶ𝑚ଶ, 𝑤ଶ𝑚ଷ, …. The accuracy of this method no doubt suffers when the 

weights and lifetimes cannot be confidently determined. We have yet to compare its performance 

to our method. 

6.1: Analyzing data with 𝓛𝑻 

To benchmark the analysis method, we first analyzed simulated data. Fig. 6.1a illustrates the 

capability of the technique to successfully resolve two emitters with disparate lifetimes. For the 

simulation, one emitter (QD1) with a lifetime of 5 ns was placed at the origin (𝑋ଵ, 𝑌ଵ)= (0, 0) nm, 

and another emitter (QD2) with a lifetime of 50 ns was placed 5 nm away at (𝑋ଶ, 𝑌ଶ)= (3.5, 3.5) 

nm. The simulation was run for 25 “seconds”, and the locations of both emitters were found by 

maximizing ℒ்(𝑋ଵ, 𝑌ଵ, 𝑋ଶ, 𝑌ଶ; {𝑚௜}, 𝑁) for every time window Δ𝑡 = 0.25 sec. The locations plotted 

in blue correspond to the locations identified for QD1 and those in red correspond to the locations 

identified for QD2. The localization precision (𝜎௑ଵ, 𝜎௒ଵ)= (1.3, 1.2) nm found for QD1 was the 

same as the localization precision (𝜎௑ଶ, 𝜎௒ଶ)= (1.2, 1.3) nm for the emitter with the 50 ns lifetime; 

both of these were determined from the standard deviation of locations found for the respective 

emitters. We found their respective average locations (〈𝑋ଵ〉, 〈𝑌ଵ〉) = (0.0±0.1, 0.0±0.1) nm and (〈𝑋ଵ〉, 〈𝑌ଵ〉) = (3.6±0.1, 3.4±0.1) nm agreed (were practically indistinguishable) with the ones used 

to simulate the data53. 

 
53 To maximize the likelihood with the “simplex method”, we sampled the peak of ℒ்with 
increasingly smaller step sizes. For analyzing this data, 0.1 nm step sizes were the smallest ones 
used in the routine.  
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Figure 6.1 Resolving nonblinking emitters with disparate lifetimes. Simulated data of two 
emitters with lifetimes of 5 and 50 ns, located at (0, 0) nm and (3.5, 3.5) nm, respectively, is 
analyzed by maximizing ℒ்(𝑋ଵ, 𝑌ଵ, 𝑋ଶ, 𝑌ଶ) to recover the locations (𝑋ଵ, 𝑌ଵ) and (𝑋ଶ, 𝑌ଶ) of both 
the emitters. (a) Pairs of locations found for each Δ𝑡 = 0.25 sec are plotted in blue and red for 25 
sec of data, and their averages (〈𝑋ଵ〉, 〈𝑌ଵ〉) = (0.0±0.1, 0.0±0.1) nm and (〈𝑋ଵ〉, 〈𝑌ଵ〉) = (3.6±0.1, 
3.4±0.1) agree with the true locations. (b) The superimposed locations in green are found by 
maximizing the likelihood distribution ℒ்(𝑋, 𝑌) for the location of a single emitter for each Δ𝑡 of 
the same simulated data, for which locations are found halfway between the two true locations of 
the emitters at (1.8±0.1, 1.7±0.1) on average.   

Fig. 6.1b superimposes the locations (plotted in green) that are found by maximizing the 

likelihood distribution ℒ்(𝑋, 𝑌) derived in the previous chapter for the location (𝑋, 𝑌) of one 

emitter54. These are found with a localization precision of (𝜎௑ , 𝜎௒)= (0.7, 0.7) nm and their average 

(1.8±0.1, 1.7±0.1) is halfway between the locations of the two emitters, which is exactly what one 

expects to attain anytime they are locating two non-blinking emitters. This should remind readers 

of the SR imaging of QD pairs from Chapter 4, in which we were often identifying locations 

halfway between two nonblinking QDs. One wonders if we can now return to the same datasets 

and resolve them if they have disparate-enough lifetimes. We will attempt this in the next section. 

To simulate the data shown Fig. 6.1, we selected a pulse period of T=400 ns and emission 

probabilities 𝜀ଵ = 𝜀ଶ = 0.1. Typically, experimental values for 𝜀 are ~0.01, so we would have to 

 
54 When maximizing ℒ் , these locations are used as a starting location for a global search that 
samples random locations about that starting location. Depending on the sample , the global search 
examines points ± 10-50 nm from the starting location before beginning the simplex method where 
increasingly smaller step sizes (down to 0.1-2 nm) are used to approach the peak.  
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collect experimental data for ten times as long to obtain the same level of counts. The background 

and dark count contributions were comparable to measured values from experiments. For these, 

we simulated a background with a lifetime of 2 ns, and probability per pulse of  𝐵௞ = 2.5𝑒 − 4 

which was the same for each pixel, and a rate of dark counts  𝑅஽௞=500e-9 counts/sec which was 

also the same for each pixel. A Δ𝑡 of 0.25 sec was selected, meaning N = 625,00055. The simulated 

and experimental data were analyzed with the same program which required two additional files: 

data collected with only the background and dark counts, and data collected with only the dark 

counts. The program used these to extract the values of  {𝐵௞}, 𝜙஻, {𝜙஽௞௔}, and {𝜙஽௞௕}. To 

duplicate the experimental workflow, we simulated data of background and dark counts, and data 

containing contributions from only dark counts. We also included the instrument response function 

(IRF) some simulations to mimic experimental data56.  This does not impact the localization 

accuracy provided that our selection or calculation of  𝜙ఌଵ, 𝜙ఌଶ, and  𝜙஻, appropriately 

incorporates the IRF. 

 When analyzing the simulated data shown in Fig. 6.1, we provided the localization 

algorithm with the counts {𝑚௜}, the number of pulses N, the PSF widths in x and y, and the lifetimes 𝜏ଵ and 𝜏ଶ of the emitters. We let the algorithm determine 𝜀ଵ, 𝜀ଶ, {𝐵௞}, 𝜙஻, and {𝜙஽௞௔}, for which it 

indeed extracted values that match the ones used to generate the simulation. Of the information 

provided to the localization algorithm, the {𝑚௜}, N, and the PSF widths can easily be ascertained 

from experimental data57. However, that is not true for the 𝜏ଵ and 𝜏ଶ , which the simulation uses to 

 
55 It took 108 minutes to run this simulation on a Lenovo-920 laptop. 
 

57 See Section 3.3 for details on how to measure the PSF. We assume it is the same for both emitters 
when analyzing experimental data, which will not be the case if the emission wavelengths of the 
two emitters are substantially different since the width of the PSF is directly proportional to the 
wavelength of light.  
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compute the necessary parameters 𝜙ఌଵ = 1 − 𝑒ି௧೎/ఛభ and 𝜙ఌଶ = 1 − 𝑒ି௧೎/ఛమ. For the analysis of 

experimental data that we do later in this section, we must estimate 𝜙ఌଵ and 𝜙ఌଶ, which presents a 

significant hurdle.  

We solved for 𝜀ଵ and 𝜀ଶ in a similar way that we solved for 𝜀 in the previous chapter. Notice 

that the number of photons collected from both QDs before tc divided by the total number of pulses 

N, 

is equal to the sum of the probabilities to detect a photon after a single pulse has arrived from one 

of the QDs in one of the pixels before a time tc. Here, 𝔪ଵ௔ + 𝔪ଶ௔ + 𝔪ଷ௔ + 𝔪ସ௔ is the sum of the 

counts from only the two QDs.  We determine them by subtracting the average background and 

detector dark count contributions from the total signal. These, as we discussed earlier, are 

measured independently of the emitter. The sum 𝔪ଵ௕ + 𝔪ଶ௕ + 𝔪ଷ௕ + 𝔪ସ௕  of the photons 

collected from both QDs after tc gives a second relationship: 

We use Eqns. 6.1 and 6.2 to solve for 𝜀ଵ and 𝜀ଶ in terms of 𝐶௞(𝑋ଵ, 𝑌ଵ), 𝐶௞(𝑋ଶ, 𝑌ଶ), 𝜙ఌଵ, and 𝜙ఌଶ. 

We must keep solving for 𝜀ଵ and 𝜀ଶ as we sample the likelihood distribution for different values 

of 𝑋ଵ, 𝑌ଵ, 𝑋ଶ, and 𝑌ଶ because the collection probabilities 𝐶௞ depend on these locations, but this 

gives us an easy way to extract these parameters correctly, provided that we have supplied the 

correct values for 𝜙ఌଵ and 𝜙ఌଶ. Alternatively, we can find for  𝜀ଵ and  𝜀ଶ by sampling the likelihood 

𝔪ଵ௔ + 𝔪ଶ௔ + 𝔪ଷ௔ + 𝔪ସ௔𝑁 = 𝜀ଵ𝜙ఌଵ ෍ 𝐶௞(𝑋ଵ, 𝑌ଵ) + 𝜀ଶ𝜙ఌଶ ෍ 𝐶௞(𝑋ଶ, 𝑌ଶ)ସ௞ୀଵସ௞ୀଵ , (6.1) 

𝔪ଵ௕ + 𝔪ଶ௕ + 𝔪ଷ௕ + 𝔪ସ௕𝑁= 𝜀ଵ(1 − 𝜙ఌଵ) ෍ 𝐶௞(𝑋ଵ, 𝑌ଵ) + 𝜀ଶ(1 − 𝜙ఌଶ) ෍ 𝐶௞(𝑋ଶ, 𝑌ଶ)ସ௞ୀଵସ௞ୀଵ . 
(6.2) 
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distribution in six dimensions; this is done by maximizing ℒ்(𝑋ଵ, 𝑌ଵ, 𝜀ଵ, 𝑋ଶ, 𝑌ଶ, 𝜀ଶ), but it is 

computationally costly. Both methods give the same  𝜀ଵ and  𝜀ଶ. 

 Just as the selection of 𝑡௖ mattered in the previous chapter, it plays a role in the analysis 

here. We found the precision was optimized when the values of 𝜙ఌଵ and 𝜙ఌଶ were most disparate, 

and that disparity could be toggled with 𝑡௖. For the simulation in Fig. 6.1, a selection of 𝑡௖ = 14 

ns was used because that yielded values 𝜙ఌଵ=0.94 and  𝜙ఌଶ=0.24 which were farthest apart.  

Unsurprisingly, the localization precision depended on the disparity of the emitters’ lifetimes. 

Fig. 6.2 illustrates decrease in precision that occurs as the lifetimes of the two emitters grow close 

to one another. In these simulations, the emitter at the origin was given a lifetime of 50 ns, and the 

second emitter located 20 nm away at (14, 14) nm was given lifetimes of 10, 25, and 40 ns for the 

respective simulations. The locations found by analyzing the three simulations are plotted in Fig. 

6.2(a-c). The red points correspond to the locations found for the emitter with the 50 ns lifetime, 

and the blue points correspond to the locations found for the emitter with the shorter lifetime. The 

localization precision and average locations for the three simulations are summarized in Table 6.1. 

Additionally, in Fig. 6.2c, we can start to see artifacts that arise when trying to resolve emitters 

with lifetimes that are too similar: the spread in localizations is skewed perpendicular to the 

separation vector between the two emitters. When this phenomenon occurs, we know that we are 

on the cusp of not being able to identify multiple locations, which occurs when the likelihood 

distribution develops ridges or multiple peaks of equal height.  
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Figure 6.2 Precision is related to the difference in lifetimes. Pairs of locations are found with 
MLE for three different simulations of two emitters located at (0, 0) nm and (14, 14) nm, 
respectively. The respective locations found for the emitters are plotted with colors corresponding 
to the short (blue) and long (red) lifetimes of the emitters which were (a) 10 and 50 ns, (b) 25 and 
50 ns, and (c) 40 and 50 ns, respectively. 

 

Apart from the lifetime changes, the parameters in the simulations analyzed to generate Fig. 

6.2 were identical to those used to generate the data for Fig. 6.1. Each simulation was run for 15 

seconds and Δ𝑡 was 0.25 sec. For the analysis,  𝑡௖ was selected to maximize the difference between 𝜙ఌଵ and 𝜙ఌଶ which was achieved with values of 20 ns, 35 ns, and 45 ns for the respective 

simulations. The analysis program was provided with the true values of 𝜙ఌଵ and 𝜙ఌଶ for each of 

the simulations.  

Table 6.1. 

Resolving simulated emitters with lifetimes approaching one another. 

 𝜏ଵ 
(ns) 

𝜏ଶ 
(ns) 

ඥ𝜎௑ଵଶ + 𝜎௒ଵଶ ඥ𝜎௑ଶଶ + 𝜎௒ଶଶ 〈𝑋ଵ〉 〈𝑌ଵ〉 〈𝑋ଶ〉 〈𝑌ଶ〉 
Simulation 

1 
10 50 2.2 1.0 0.0 ± 

0.2 
0.1 ± 
0.2 

14.2 ± 
0.2 

14.0 ± 
0.2 

Simulation 
2 

25 50 4.0 4.5 0.0 ± 
0.4 

0.7 ± 
0.4 

14.9 ± 
0.4 

13.9 ± 
0.4 

Simulation 
3 

40 50 10.1 11.1 0.2 ± 
0.9 

0.9 ± 
0.9 

15 ± 1 14 ± 1 
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We were eager to apply this analysis method to experimental data collected from single QDs 

for which we had observed bi-exponential decays with distinct lifetimes. We wondered if the 

different radiative decay pathways were associated, on average, with different regions on the QD 

(or not), and if this method could be used to extract that information. While we would expect 

photons to be emitted symmetrically with respect to the QD center because the QD is a sphere, 

disorder may break that symmetry. We hypothesized that trapped charges, lattice defects, or 

interactions with the substrate might introduce asymmetries in the exciton migration before 

recombination that resulted in preferential recombination on specific regions of the QD.  On spatial 

scales above the diffraction limit, similar time-resolved microscopy methods have been used to 

monitor the exciton lifetime in relation to the structure of a material[103,104], and our method 

would allow one to explore that relationship on smaller spatial scales.  

We have applied the method to real data, but the results of our analysis hinge upon the values 

of 𝜙ఌଵ and 𝜙ఌଶ that we must provide to the algorithm58. We have found the method is extremely 

sensitive to the selection of these parameters, so we must figure out a way to obtain their values. 

This is where the problem currently stands.   

6.2: Extending  𝓛𝑻  for locating two emitters 

We start by building a model that contains the probabilities of every possible set of outcomes 

after a single laser pulse arrives. Recall from Chapter 5 the various probabilities that were related 

to the QD emission: 𝜀 was the probability that a photon was emitted by the QD after a laser pulse 

 
58 One way we have approached this issue is to pretend that we know the lifetime of one of the 
emitters is short (<7 ns) and select a 𝑡௖ value that is >~20 ns, then we can safely assume that 𝜙ఌଵ 
is equal to one. Then, we fit a mono-exponential with a rate 1/𝜏 to the tail of the arrival time 
distribution, and we assume that the second emitter’s probability of arrival before  𝜙ఌଶ = 𝑒ି௧೎/ఛ 
can be accurately defined in terms of the tail fit.  
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arrived, and 𝐶௞(𝑋, 𝑌) was the probability that the photon was collected in pixel k, which depended 

on the location (𝑋, 𝑌) of the QD. To incorporate the temporal information, we defined the 

probability 𝜙ఌ that the photon arrived before 𝑡௖, and we assumed the lifetime of the QD was much 

shorter than the laser pulse period T, so 1 − 𝜙ఌ  was the probability that the photon arrived after 𝑡௖ and before T. The probabilities of all possible outcomes for the QD emission after the arrival of 

a single laser pulse could then be identified as terms in an expansion of the product, 

Now, we consider the contributions from two emitters which we will call QD1 and QD2 

located at (𝑋ଵ, 𝑌ଵ) and (𝑋ଶ, 𝑌ଶ), respectively, that have respective emission probabilities 𝜀ଵ and 𝜀ଶ, 

collection probabilities 𝐶௞(𝑋ଵ, 𝑌ଵ) and 𝐶௞(𝑋ଶ, 𝑌ଶ), and arrival time probabilities 𝜙ఌଵ and 𝜙ఌଶ.  The 

probabilities of all possible outcomes for the QDs’ emission after the arrival time of a single laser 

pulse can be expressed as a product, 

of their respective emission probabilities 𝜀ଵ and 𝜀ଶ, collection probabilities 𝐶௞(𝑋ଵ, 𝑌ଵ) and 𝐶௞(𝑋ଶ, 𝑌ଶ), and arrival time probabilities 𝜙ఌଵ and 𝜙ఌଶ. Once again, we will assume that both QDs 

have much shorter lifetimes than T, so 1 − 𝜙ఌଵ and 1 − 𝜙ఌଶ are the probabilities that each of the 

QDs decay before the next pulse arrivals.  Just as we saw in Chapter 5, contributions from the 

background and detector dark counts will extend the product,  

൫𝜀 + (1 − 𝜀 )൯൫𝐶ଵ + ⋯ + 𝐶ସ + (1 − 𝐶ଵ − ⋯ − 𝐶ସ)൯൫𝜙ఌ + (1 − 𝜙ఌ)൯ (6.1) 

൫𝜀ଵ + (1 − 𝜀ଵ )൯ ቀ𝐶ଵ(𝑋ଵ, 𝑌ଵ) + ⋯ + 𝐶ସ(𝑋ଵ, 𝑌ଵ) + ൫1 − 𝐶ଵ(𝑋ଵ, 𝑌ଵ) − ⋯ −
𝐶ସ(𝑋ଵ, 𝑌ଵ)൯ቁ ൫𝜙ఌଵ + (1 − 𝜙ఌଵ)൯൫𝜀ଶ + (1 − 𝜀ଶ )൯ ቀ𝐶ଵ(𝑋ଶ, 𝑌ଶ) + ⋯ + 𝐶ସ(𝑋ଶ, 𝑌ଶ) +

൫1 − 𝐶ଵ(𝑋ଶ, 𝑌ଶ) − ⋯ − 𝐶ସ(𝑋ଶ, 𝑌ଶ)൯ቁ ൫𝜙ఌଶ + (1 − 𝜙ఌଶ)൯, 

(6.2) 
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We then expand Eqn. 6.3 and express this as a sum of outcome probabilities. We have no way of 

distinguishing between every outcome, so we sort the outcomes into observable probabilities 𝒫௜(𝜀ଵ, 𝜀ଶ, {𝐶௞(𝑋ଵ, 𝑌ଵ)}, {𝐶௞(𝑋ଶ, 𝑌ଶ)}, 𝜙ఌଵ, 𝜙ఌଶ, {𝐵௞}, 𝜙ఌ , 𝜙஻, {𝜙஽௞௔}, {𝜙஽௞௕}), where i = 

1a,2a,3a,4a,1b,2b,3b,4b,>, using the matrix algebra method from Section 5.5.  

To consider the system after N pulses have arrived, we raise Eq. 6.3 to the Nth power and write 

it as a multinomial expansion. A single term in the expansion is equal to the probability to observe {𝑚௜} given N pulses and the set {𝑃௜} of observable probabilities. Reversing the dependent and 

independent variables, we end up with the likelihood distribution for the locations of both emitters,  

which readers may recognize as the same form for the likelihood distribution that was written in 

Eqn. 5.12.  For every N pulses, we use the downhill simplex method to identify the maximum of ln (ℒ்) in four dimensions, 𝑋ଵ, 𝑌ଵ, 𝑋ଶ, and 𝑌ଵ, which corresponds to the most likely locations of 

both emitters.  

  

൫𝜀ଵ + (1 − 𝜀ଵ )൯ ቀ𝐶ଵ(𝑋ଵ, 𝑌ଵ) + ⋯ + 𝐶ସ(𝑋ଵ, 𝑌ଵ) + ൫1 − 𝐶ଵ(𝑋ଵ, 𝑌ଵ) − ⋯ −
𝐶ସ(𝑋ଵ, 𝑌ଵ)൯ቁ ൫𝜙ఌଵ + (1 − 𝜙ఌଵ)൯൫𝜀ଶ + (1 − 𝜀ଶ )൯ ቀ𝐶ଵ(𝑋ଶ, 𝑌ଶ) + ⋯ + 𝐶ସ(𝑋ଶ, 𝑌ଶ) + ൫1 −
𝐶ଵ(𝑋ଶ, 𝑌ଶ) − ⋯ − 𝐶ସ(𝑋ଶ, 𝑌ଶ)൯ቁ ൫𝜙ఌଶ + (1 − 𝜙ఌଶ)൯൫𝜙஻ + (1 − 𝜙஻)൯ ∏ ൫𝐵௞ + (1 −ସ௞ୀଵ𝐵௞)൯ ∏ (𝜙஽௞௔ + 𝜙஽௞௕ + (1 − 𝜙஽௞௔−𝜙஽௞௕))ସ௞ୀଵ . 

(6.3) 

ℒ்(𝑋ଵ, 𝑌ଵ, 𝑋ଶ, 𝑌ଶ; {𝑚௜}, 𝑁, {𝒫௜})
= ൭ෑ 𝒫௜௠೔௜ ൱ ൭1 − ෍ 𝒫௜௜ ൱ேି∑ ௠೔೔ ൬ 𝑁𝑚வ, 𝑚ଵ௔, 𝑚ଵ௕, 𝑚ଶ௔, 𝑚ଶ௕ , …൰ ,   

(6.4) 
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CHAPTER 7. Conclusion 
 

Let us now summarize the key findings of this dissertation, which was devoted to 

understanding how the configuration of QDs within small clusters impacts their energy transfer. 

For this purpose, we developed a time-resolved super-resolution (SR) microscope capable of 

simultaneously monitoring the emission centroid with nanometer-scale localization precision and 

recording the arrival of single photons with sub-nanosecond temporal resolution. The development 

of the microscope is described in Chapter 2, along with its application to the study of single 

CdSe/CdS QDs and small clusters of QDs. We were able to resolve multiple regions of emission 

within clusters by virtue of their blinking, and we were able to identify the lifetime and intensity 

associated with different regions of the cluster. Moreover, correlated lifetime and intensity 

behavior confirmed that energy transfer was occurring within the clusters, and we localized regions 

responsible for accepting and donating energy within the clusters.  

 Electron microscopy was necessary for uncovering the number and configuration of QDs 

within the structure, and we acquired correlated images of QDs clusters with both the time-

resolved SR microscope and SEM in Chapter 4. This allowed us to identify the lifetime and 

intensity associated with different quantum dots within the cluster. The success of this experiment 

has implications for future studies of (blinking) photoluminescent nanostructures, for which we 

now have the capability of discerning the lifetime and intensity of different regions of the 

nanostructure with nanometer-scale precision.  

Unlike the clusters presented in Chapter 2, we could not confirm the presence of energy 

transfer for the clusters examined with correlated imaging. Their behavior could be explained in 
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terms of a superposition of the emission from single QDs, without needing to expand the model to 

include energy transfer. In addition, we showed that knowing the lifetime and intensity of the 

individual QDs within cluster of QDs would not provide sufficient information for extracting the 

rate of energy transfer. At a minimum, quantifying the energy transfer rate would require 

knowledge about the lifetime or intensity of one of the QDs within the cluster when it is isolated. 

While we are capable of measuring the lifetime and intensity of isolated QDs, these are 

significantly different for each QD, which means the values we select for the single QD will dictate 

the energy transfer rate that we extract.  

A discovery was made in Chapter 4 when we sought to explain the relationship between 

the intensities and lifetime of different single QDs. The tail of the distribution for every single QD 

showed the intensity was linearly proportional to the lifetime. The tail behavior could be explained 

by a system containing a nonradiative and radiative pathway for which the nonradiative pathway 

turns on and off and there are no modifications to the radiative rate.  

Much of this thesis was devoted to constructing likelihood distributions for the location of 

an emitter given the counts collected in our four-pixel detection scheme. The likelihood 

distribution is maximized to identify the most likely location of the emitter. In Chapter 3, we took 

readers through the derivation of a distribution that is widely used in SR literature. A significant 

assumption of CW excitation is made in this formulation, and we were wary of using this 

likelihood distribution for analyzing our data given that we used pulsed excitation.   

In Chapter 5, we returned to the formulation of a likelihood distribution for the emitter 

location because we were interested in incorporating the photon arrival time information that is 

recorded in each pixel, suspecting that would increase the amount of information we could extract 

from our system. In Chapters 2-4, our position analysis had been agnostic to the arrival times in 
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each pixel. The new likelihood distribution formulated in Chapter 5 allowed us to incorporate the 

photon arrival time information into the localization procedure, and we demonstrated that the 

temporal information is beneficial when identifying emitters in the presence of high levels of 

background. An unintended benefit to formulating the time-resolved likelihood distribution was 

that it correctly accounted for the pulsed excitation. In Chapter 6, we extended the time-resolved 

likelihood distribution so that it anticipated the presence of two emitters. This allowed us to 

identify the locations of two simulated emitters by maximizing the distribution, provided they have 

disparate lifetimes.  

 Currently, our group is applying the time-resolved likelihood distribution to analyze 

experimental data from several different systems. We are examining DNA templates with a dye 

molecule and QD separated by known distances for which we will be able to localize both the dye 

and QD using the time-resolved likelihood distribution. We will also attempt to quantify the rate 

of energy transfer between the QD and the dye. In addition, we are examining “tadpole” 

nanostructures[105] which have unique lifetimes associated with the head and tail portions of the 

structure.  

For sufficient photon counts, the localization precision of the time-resolved distribution is 

smaller than the size of a single QD. The bi-exponential decay rates that we observed in single 

QDs may be evidence that two radiative decay pathways exist. If one of these pathways is caused 

by a localized defect on the QD, our method should be able to identify its location. We will pursue 

this hypothesis in the future.  
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LIST OF ABBREVIATIONS 

 

APD  avalanche photodiode 
CCD  charge-coupled device 
CW  continuous wavelength 
FCS  fluorescence correlation spectroscopy  
FRET  Förster resonance energy transfer 
HOMO highest occupied molecular orbital 
IR  infrared  
IRF  instrument response function 
LP  long pass 
LUMO  lowest unoccupied molecular orbital 
MLE  maximum likelihood estimation 
NA  numerical aperture  
NIM  nuclear instrumentation module  
PSF  point spread function 
QD  quantum dot 
SMLM  single molecule localization spectroscopy 
SP  short pass  
SPAD  single photon avalanche photodiode 
SR  super-resolution 
STED  stimulated emission depletion 
TCSPC time-correlated single photon counting 
TIRF  total internal reflection 
TR  time-resolved  
TTL  transistor-transistor logic 
 

 

 

 

 

 

 

 

 

 

 


