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ABSTRACT

EKEDAHL-OORT AND NEWTON STRATIFICATIONS ON UNITARY SHIMURA
VARIETIES, AND ON HODGE-NEWTON REDUCIBLE LOCAL SHIMURA DATA OF
ABELIAN TYPE

This thesis consists of two parts. In the first part, we develop techniques to study the inter-
actions between Ekedahl-Oort stratification and BT,,, stratifications with Newton stratification on
unitary Shimura varieties. We focus on the case of a unitary Shimura variety with signature (3, 2).
This work is in collaboration with Emerald Andrews, Deewang Bhamidipati, Maria Fox, Steven

R. Groen, and Heidi Goodson.

The second part addresses a new case of the Harris-Viehmann conjecture, which establishes
a parabolic induction formula on the cohomology groups associated to non-basic local Shimura
data. It follows that all supercuspidal representations on a Shimura variety are concentrated along
the basic locus, making the conjecture relevant to the Langlands program. Historically, many
cases of the Harris-Viehmann conjecture have been approached with the additional condition of
Hodge-Newton reducibility on the underlying local Shimura datum. Building on previous work by
E. Mantovan (EL/PEL case) and S. Hong (Hodge case), we extend the proof of the conjecture to
unramified non-basic local Shimura data of abelian type under the assumption of Hodge-Newton
reducibility. We leverage X. Shen’s construction of Rapoport-Zink spaces of abelian type at the

hyperspecial level. This is joint work with Xinyu Zhou.
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Chapter 1

Introduction

Shimura varieties and their local analogues, Rapoport-Zink spaces, are algebraic objects that
exist in multiple mathematical worlds; namely, number theory (via automorphic forms), algebraic
geometry (as varieties), and representation theory (via Galois representations). This makes them
a Rosetta stone, enabling us to provide answers in one field by translating the questions into the
language of another. They are central to the Langlands program, which seeks to relate the ¢-adic
cohomology of these arithmetic varieties to the representation theory of reductive groups. This
dissertation investigates the geometric and cohomological properties of these spaces in two parts.

The first part consists of Chapters 2-3, which use the lens of Ekedahl-Oort and Newton strati-
fications to study unitary Shimura varieties. This part is the result of a collaboration with Emerald
Andrews, Deewang Bhamidipati, Maria Fox, Steven R. Groen, and Heidi Goodson.

Chapter 2 focuses on the geometry of unitary Shimura varieties of signature (¢ — 2,2), and
explores how the Ekedahl-Oort stratification and the Newton stratification interact with each other.
We develop techniques, such as p-rank analysis and the forgetful map to Siegel modular varieties,
to determine when these strata intersect. We present a complete answer for the case of the unitary
Shimura variety of signature (3,2) in Theorem 2.6.7. The contents of this chapter can be found
in [1] and [2].

In Chapter 3, we shift focus to p-divisible groups. We attempt to answer the following question:
for a positive integer m, and for a unitary Shimura variety of signature (a,b), can we express a
bound on m as a function of @ and b for which the stratification based on p™-torsion group schemes
of the unitary Shimura variety is a strict refinement of the Newton stratification?

We answer this question for the supersingular locus in terms of min(a, b) in Corollary 3.5.7.
Our technique involves refining the predictions of [3] by exploiting the added symmetry imposed
by the unitary structure, captured in the signature (a,b). The contents of this chapter can be found

in [4].



The second part of the thesis, consisting of Chapter 4, addresses the cohomology of certain
local Shimura varieties. Specifically, it studies how Rapoport-Zink spaces of abelian type satisfy
the Harris-Viehmann conjecture under the assumption of Hodge-Newton reducibility. We recall
the definition of local Shimura data and present some examples of the same in Section 4.2. In
Section 4.3, we summarize Hong’s strategy, then present the construction of Rapoport-Zink spaces
of Hodge type (originally developed in [5]). This lays out the foundation for the proof of the
Harris-Viehmann conjecture for unramified local Shimura data of Hodge type under the assump-
tion of Hodge-Newton reducibility (published in [6]). In Section 4.4, we recount the construction
of Rapoport-Zink spaces of abelian type in [7]. In Section 4.5, we verify that the construction
of local Shimura varieties of abelian type at the hyperspecial level in [7] is compatible with Weil
descent datum. To follow the strategy in [6], we need to establish some auxiliary formal schemes
and intermediate results, which is the focus of Sections 4.6 to 4.10. We recover a special case of
the Harris-Viehmann conjecture for local Shimura data of adjoint type in Section 4.11, in Theo-
rem 4.11.3. We prove the Harris-Viehmann conjecture in section 4.12. The main result is Theo-

rem 4.12.1. This is an ongoing collaboration with Xinyu Zhou.



Chapter 2

Stratifications on unitary Shimura varieties

Unitary Shimura varieties are moduli spaces of abelian varieties over an algebraically closed
field of positive characteristic, equipped with extra structures such as a polarization and an action
of a quadratic imaginary field. One way to study these moduli spaces is by stratifying them on the
basis of certain algebro-geometric and arithmetic invariants. In this chapter, we discuss some in-

teractions between Ekedahl-Oort and Newton stratifications for certain unitary Shimura varieties?.

2.1 Background

To define an integral model of such a Shimura variety, we fix a prime p > 2, a positive integer
¢, non-negative integers a and b such that a + b = ¢, and a quadratic imaginary field K. We further

assume that the prime p is inert in &, and so we identify Ok /(p) as [ 2 throughout.

Definition 2.1.1. We use the PEL datum (K, Ox ®zZ,,*,V, (-,), A, G, h) of Kottwitz [8], de-

fined as follows:

K is the quadratic imaginary field introduced above, with * being the non-trivial automor-

phism of K over Q.

V is a K-vector space of dimension ¢, equipped with a perfect alternating Q-bilinear pairing

(,-) 1V xV - Qsuch that (zv,w) = (v,z*w) forall z € K and v, w e V.

G is the algebraic group of K-linear symplectic similitudes of (V (+,-)). We assume that

G'R is isomorphic to the real algebraic group GU(a, b).

Ais an Ok ®zZ ) -invariant lattice of V' ®q Q,, such that the alternating form induced by

(-,-) is a perfect Z,-form.

2This chapter is based on: E. Andrews, D. Bhamidipati, M. Fox, H. Goodson, S.R. Groen, and S. Nair, “Ekedahl-
Oort strata and the supersingular locus in the GU(g-2, 2) Shimura variety," arXiv:2405.04464 (2024) [1] and “The
Ekedahl-Oort and Newton stratification of the GU(3,2) Shimura variety" arXiv:2510.01090 (2025) [2].



* h:Resg/r(Gom,c) = Gr is the homomorphism of real algebraic groups that maps z € C* to

diag(ze,z%).

Let L be the reflex field associated to the PEL-datum (K, Og ®zZ,, *, V,(-,-), A, G, h); if
a=>bthen L = Q, and L = K otherwise. Let [ be the residue field of L. Let Afc denote the ring
of finite adeles with a trivial component at p. Fix a compact open subgroup C? c G (A?). For
CP small enough, the construction of Kottwitz [8] attaches to this PEL datum a smooth, quasi-
projective scheme M(a, b)c» over Spec(Op (,)) with the following moduli interpretation.

Let S be an O, (,)-scheme. Then the set M(a, b)c»(S) parameterizes isomorphism classes of

tuples (A, ¢, A, §), where:

A is an abelian variety over S of dimension q.

t: Ok ®7Z() - End(A) ®7Z, is a nonzero homomorphism of Z,,)-algebras such that the

Rosati involution on End(A) ®7 7 induces the involution * on O ®77 ;).

* \isaone-dimensional Q-subspace of Hom(A, A¥)®zQ that contains a p-principal O g ®77 -

linear polarization.

§:Hi(A,Af) » V ®q Af mod C? is a CP-level structure.

We also require that (A,:) meets Kottwitz’s determinant condition of signature (a,b). Two
tuples (A, ¢, A, &) and (A’ ¢/, N, ") are isomorphic if there exists a prime-to-p isogeny from A to
A’, commuting with the action of O ®77Z,), mapping & to £’ and A to .

The integral model M(a, b)c» has relative dimension of ab. The main object of study for this
paper is the characteristic p unitary Shimura variety, denoted by M (a,b), which is the fibre
at p of M(a,b)cr. In particular, M(a,b) is defined over the residue field F of L at p and is of
dimension ab. Since M(a,b)cr = M(b,a)c», for the rest of this chapter we assume without loss
of generality that 0 < b < a. Many important properties of M (a,b) can be understood in terms of

its geometric points. For this reason, we fix an algebraic closure k of [.



We recall the definitions of the Ekedahl-Oort and Newton stratifications of M(a,b). For more
details, see [9].

The Ekedahl-Oort stratification is based on the isomorphism class of the p-torsion group schemes.
Two field-valued points (A, ¢, A\, &) and (A’, ', N, &) of M(a,b) are in the same Ekedahl-Oort
stratum if and only if the p-torsion group schemes equipped with induced action and polarization,
(A[p],t, ) and (A’[p],¢', \'), are isomorphic over k. The Ekedahl-Oort strata are locally closed,
and the closure of each Ekedahl-Oort stratum is a union of Ekedahl-Oort strata.

The Newton stratification, on the other hand, is based on the isogeny class of p-divisible groups.
Two field-valued points (A, ¢, A,€) and (A’, ¢/, N, £") of M(a,b) are in the same Newton stratum
if and only if the p-divisible groups equipped with induced action and polarization, (A[p>=],¢, \)
and (A’[p*],', \"), are isogenous (in a way that respects the actions and polarizations) over k.
Newton strata are locally closed, and the closure of each Newton stratum is a union of lower-
dimensional Newton strata. The unique closed Newton stratum of M (a,b) is the basic locus.
When the prime p is inert, the basic locus coincides with the supersingular locus, which param-
eterizes supersingular abelian varieties with extra structures. We denote it as M (a, b)*s. In par-
ticular, a point (A, ¢, \,§) of M(a,b) is contained in the supersingular locus if and only if A is a

supersingular abelian variety.

Remark 2.1.2. When the prime p is split, the basic locus is the same as the supersingular locus if

and only if the signature of the unitary Shimura variety is of the form (a,a).

In dimension 1, the Ekedahl-Oort and Newton stratifications coincide, distinguishing supersin-
gular elliptic curves from ordinary ones. However, as the dimension increases, the two stratifica-
tions diverge from one another, and their interaction can be much more varied. A guiding question

is:
Question 2.1.3. When do a Newton stratum and an Ekedahl-Oort stratum of M (a, b) intersect?

For many applications, the basic locus is of greater interest than an arbitrary Newton stratum. As

such, our primary concern is to understand:



Question 2.1.4. Which Ekedahl-Oort strata of M(a,b) intersect M(a,b)**?

We note that Question 2.1.4 is especially relevant, as Ekedahl-Oort stratification can be used
to give intrinsic explanations for exotic geometric phenomena observed on the basic locus (as
in [10] and [11]). In turn, geometric descriptions of the basic locus have applications to the Kudla-
Rapoport program and p-adic representation theory: initial results of the Kudla-Rapoport program
used concrete descriptions of basic loci (see [12] and [13], which relied on [11]) to study the
intersection theory of special cycles on Shimura varieties. Furthermore, according to the Harris-
Viehmann conjecture [14] [15], cohomology groups attached to basic loci are important sources of
supercuspidal representations, and are therefore of value to the Langlands program.

The answer to Question 2.1.4 is trivial for min(a,b) = 0, and has been answered fully when
min(a,b) = 1 (in [11]) and when (a,b) = (2,2) (following from results in [16]). Due to the work
of Goertz and He [17], answering Question 2.1.4 for other signatures is expected to be far more
complicated, as these Shimura varieties are no longer of “Coxeter type”. However, in [18], we
provide a complete answer to Question 2.1.3 (and therefore Question 2.1.4) for signature (3,2), in
the process developing techniques that apply in the general signature (¢ — 2,2). That will be the

focus of the rest of this chapter.

2.2  Weyl Group Cosets

Results of [19] relate the study of the Ekedahl-Oort strata to cosets in a certain Weyl group. This
section introduces the relevant Weyl group cosets and their minimal-length coset representatives.
The Weyl group that is relevant for the study of M(a,b) is W = &, the symmetric group on

q = a + b elements. We consider 11 as a Coxeter group with a set of simple reflections
S ={s1,...,8.1},where s; = (i, i + 1).

The length of w € W, denoted ¢(w), is the length of a shortest expression for w as a product

of simple reflections. It is proved in [20, Proposition 1.5.2] that the length of an element w € &,



can be computed as the number of inversions, i.e., the cardinality of the set

Inv(w) :={(4, j)|i < jand w(i) >w(j)}. (2.1)

In particular, IV has a unique element wy of maximal length, where wo(k) = ¢+ 1 - k.

For the non-empty subset Ji,p) = {S1,..-, Savb-1} \ {sp} of S, we let Wi, = W, denote
the subgroup of W generated by J(, ). Note that W, ;) is a parabolic subgroup of WW. It follows
from [21, Proposition 2.4.4] that every coset of W, ;) \ W contains a unique minimal-length coset
representative. Let W (a,b) be the collection of such minimal-length coset representatives for

W(ap) \ W.The following theorem is paraphrased from Theorem 6.7 of [19]:

Theorem 2.2.1 (Moonen). There is a bijection of sets:

{Ekedahl-Oort Strata of M(a,b)} «<— W(a,b).

We now recall some properties of Moonen’s construction. (See also [22].) Let GG be the group
of Ok ®z Z(;)-linear symplectic similitudes of A. Then G is a group scheme over Z,, and we
let G be its special fibre. Moonen [19] gives an explicit identification of the Ekedahl-Oort strata
with Wx\W4, for a certain subgroup W depending on the signature. Concretely, Wy \Wg can
be described as

{(wy,ws) € W(a,b) x W(b,a) | wy = wowywp}.

As the map m — womwy gives an isomorphism W (a,b) ¥ W(b,a), one has Wx\Wz 2
W(a,b).

For any v € W(a,b), let M(a,b), denote the corresponding Ekedahl-Oort stratum and let
(G, ty,Ay) denote the corresponding p-torsion group scheme. One observes that since G, is a
p-torsion group scheme, the action of O on G, via ¢, factors through Ok /(p). Since p is
assumed to be inert, O /(p) = [ 2, and we abuse notation and refer to this induced action of [,

as ¢, as well. Moonen uses (contravariant) Dieudonné theory to describe (G., ¢, A,). For each



v € W(a,b), he constructs the standard object (V,, F',V'). This is the Dieudonné module of G.,,
consisting of a vector space N, of dimension 2¢ over k, I a Froby-semilinear operator on V., and
V a Froby '-semilinear operator on N, described explicitly on a basis. The action ¢, is recorded
by a splitting N, = N.,; & N, 5. By Theorem 6.7 of [19], A, is uniquely determined by (G, ¢-),
so it is unnecessary to record the corresponding polarization of V..

The primary usefulness of the Weyl group coset perspective of Ekedahl-Oort strata comes from
a natural partial order that can be defined on the minimal Weyl coset representatives. This partial
order, which we shall refer to as the Closure order, corresponds precisely to topological closure
relations among the Ekedahl-Oort strata on the moduli space M(a, b).

For example, let my denote the topological closure of the Ekedahl-Oort stratum
M(q-2,2),. Let y<~' symbolize the Closure order between the two Ekedahl-Oort strata. By [9,

Theorem 1.2],
/\/l(q—2,2)v,: U M(q-2,2),.
vy

Thus, to understand closure relations among Ekedahl-Oort strata, it suffices to analyze the
Closure order relations in W (¢—-2,2). In[18], we fixed an index set v, ,, for natural representatives
of Ekedahl-Oort strata of M (q-2,2), using the Weyl group coset representatives. We recount that
here:

Forl<u<wv<q,let

Yuw = (2,3,...,0)(1,2,...,u). (2.2)

We note that v, , fixes every element in the set {j | v < j < ¢} and

j+2 ifl1<j<u-1,
1 if j =,
Yuw(J) = (2.3)

j+1 ifu+l1<j<v-1,

2 if j=v.




Then:

Lemma 2.2.2. [18] The Weyl group coset representatives indexing the Ekedahl-Oort strata for the
unitary Shimura variety M(q - 2,2) is given by W(q - 2,2) = {7, | 1 < u < v < ¢}, where the

length of each representative is £(y,,) = v+ v — 3.

2.3 Newton stratification on unitary Shimura varieties

The Newton stratification partitions the special fibre of Shimura varieties of PEL type on the
basis of the isogeny classes of the p-divisible groups of the underlying abelian varieties with extra
structures. More precisely, two points (A, ¢, A\, £) and (A’, ¢/, N, £’) are in the same Newton stra-
tum if there exists an isogeny between the p-divisible groups A[p>] and A’[p>] that respects the
induced action and polarization.

By the Dieudonné-Manin theorem, any p-divisible group decomposes into simple isoclinic
factors up to isogeny. For coprime non-negative integers m and n, let G,, , be an isoclinic p-
divisible group of dimension m, codimension n and height m + n. Up to isogeny, it decomposes

as:

i=1

Here /; is called the multiplicity of G,,, ,,,. For the p-divisible groups on both sides of Equation

(2.4) to have the same height and dimension, we must have

igimi = i&ni =q
i=1 i=1

m;

One then defines the slopes «; =

- The multiset of slopes of A is writtenas a4 = [aﬁl ey 047‘7].
After relabeling factors in Equation (2.4) if necessary, we may assume 0 < o < -+ < o, < 1. Since
A is principally polarized, Gy, »,, and G, ,,, occur with the same multiplicity. Therefore we have
a; + a1 = 1 forall 1 <4 < r. Connecting line segments with the slopes in a4 gives a polygon

from (0,0) to (2¢,q). We shall refer to this polygon as the Newton polygon of A.



Given a k-point (A, ¢, A, &) on M(a,b), there are additional restrictions on the Newton polygon
of A (for details, see [23]).

For M(3,2), there are four possible Newton polygons:
1. The Newton polygon with slopes (s = [%5];
2. The Newton polygon with slopes 3; = 3,1, 2];

3. The Newton polygon with slopes 3, = [‘%2, %3, %2];

'Sy
N
e

i~

—_

4. The Newton polygon with slopes SBmax = [%

Given a multiset « of slopes, we denote by M (3,2)* the Newton stratum corresponding to «
via the Dieudonné-Manin theorem. The unique closed Newton stratum M (3,2)% = M(3,2)Ps
is known as the supersingular locus or basic locus. On the other extreme, the open and dense
Newton stratum M (3,2)°'d = M(3,2)Bmax is known as the p-ordinary locus.

We will answer the following question: Given a permutation v, , € W(3,2) and a multiset of

slopes «, does the Ekedahl-Oort stratum M (3, 2),, , intersect the Newton stratum M (3,2)>?

2.4 Arguments based on p-ranks

Our goal is to understand the interaction between the Ekedahl-Oort stratification and the New-
ton stratification of M(3,2). The first tool that we use to achieve this goal is the p-rank. Recall
that k is an algebraically closed field of characteristic p. The p-rank of an abelian variety A over

k is the integer 0 < f4 < dim A such that

Alp](k) = (Z/pZ)’*. (2.5)

Two k-points (A, ¢, \, &) and (A’ ', N, €") of M(3,2) are in the same p-rank stratum if A and A’
have the same p-rank. For 0 < f < 5, we denote by M(3,2)(f4=/) the p-rank f stratum of M(3,2).

The closure of a p-rank stratum is the union of all smaller p-rank strata.

10



We note that the Ekedahl-Oort stratification is a refinement of the p-rank stratification. In
particular, if M is the mod-p Dieudonné module corresponding to an Ekedahl-Oort stratum, then
the p-rank of M equals the k-dimension of the largest subspace of M on which F' acts bijectively.

Since the p-rank is an invariant under isogenies, it follows that the Newton stratification is also
a refinement of the p-rank stratification. In particular, f4 equals the multiplicity of the slope 0 in
the Newton polygon of A. It follows from the list of Newton polygons that the non-empty p-rank
strata of M(3,2) are M(3,2)a=0) M(3,2)J2=2) and M(3,2)(F2=4). Since the Ekedahl-Oort
stratification and the Newton stratification both refine the p-rank stratification, an Ekedahl-Oort

stratum and a Newton stratum can only intersect if they are contained in the same p-rank stratum.

Lemma 2.4.1. We have

M(3,2)Ua=D = M(3,2)° = M(3,2),, ., (2.6)

M(3,2)U4=D) = M(3,2)% = M(3,2),,, UM(3,2),,, (2.7)

M(3,2)Ua=0 = M(3,2) uM(3,2)%= |J M(3,2),,,- (2.8)
v<b or u=1

Furthermore, the following closure relations hold:

M(3,2)rd = M(3,2),,, = M(3,2), (2.9)
M(3,2)% = M(3,2),,, = M(3,2)F472) u M(3,2)4=0), (2.10)
M(3,2)% = M(3,2),,, = M(3,2)F4=0), (2.11)

Proof. Equations (2.6), (2.7) and (2.8) follow immediately from computing the p-ranks of the
Ekedahl-Oort strata, for instance by constructing the standard objects introduced in [19, 4.9].

As for the closure relations, observe that the density of the p-ordinary locus directly implies
Equation (2.9). Furthermore, Equation (2.10) follows from the purity of p-rank strata and the fact
that M(3,2)., , is the only Ekedahl-Oort stratum in M (3, 2)(#4=2) that has the same dimension as

M(3,2)Ja=2), Finally, Equation (2.11) follows using the same argument. O
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Lemma 2.4.1 gives a complete answer for all Ekedahl-Oort strata and Newton strata of positive
p-rank, since M(3,2)(7a=%) and M(3,2)(/2=2) contain only one Newton stratum. We henceforth

restrict our attention to Ekedahl-Oort strata and Newton strata of p-rank 0.

2.5 Arguments based on the Siegel modular variety

2.5.1 The forgetful map

In this section, we utilize the forgetful map from the unitary Shimura variety M(a,b) to the

Siegel modular variety A,. The forgetful map is defined as

\I]a,b : M(CL, b) e Aq

(A7 [’7 )\7 6) = (A7 )\7 5)7

where a + b = g. The forgetful map V¥, ; induces a map on Ekedahl-Oort strata. More precisely,

let W, be the set of permutations w € Gy, satisfying
wl()<w(2)<<wl(q) and w(i)+w(2q+1-1i)=2q+1.

By [19, 3.6], the Ekedahl-Oort strata of A, correspond bijectively to elements of W,. Thus
W, induces a map

Yap: W(a,b) > W,

Given w € W, let A, , denote the corresponding Ekedahl-Oort stratum of A,,.
In [18, Theorem 5.2], the map 1,2 o is completely described for general ¢ > 2. We can leverage
these results by setting ¢ = 5. For ., € W(a,b), let us denote w,, , = V32(Yun) € W,. We first

consider the cases when As ,, , is contained in the supersingular locus of As.

Lemma 2.5.1. The Ekedahl-Oort strata M(3,2).,, , and M(3,2),, , are contained in M (3, 2)%.
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Proof. This is the case ¢ = 5 of [18, Corollary 5.4]. The explicit description of 13 5 is used to show
that w; 5(3) = w1,3(3) = 3, so As,, , and A5, , are contained in the supersingular locus of Aj;

by [24]. This implies that M(3,2),, , and M(3,2),, , are contained in M (3,2)%*. O

2.5.2 Minimal Ekedahl-Oort strata

An Ekedahl-Oort stratum of a PEL-type Shimura variety is called minimal if all the parame-
terized abelian varieties in the Ekedahl-Oort stratum have isomorphic p-divisible groups. A min-
imal Ekedahl-Oort stratum is completely contained in one Newton stratum. While the existence
and uniqueness of minimal Ekedahl-Oort strata in Newton strata of unitary Shimura varieties is
in general unknown, every Newton stratum of A, contains a unique minimal Ekedahl-Oort stra-
tum [25,26]. The Dieudonné modules of these minimal Ekedahl-Oort strata are constructed ex-

plicitly in [27, 5.3].

Lemma 2.5.2. The Ekedahl-Oort stratum A;,M, , 1s the minimal Ekedahl-Oort stratum of A; with

slope sequence 31 = 3,1, 2]. Thus, the Ekedahl-Oort stratum M (3,2)., , is completely contained

in M(3,2)81.

Proof. This is an application of [18, Proposition 5.11] with (n1,n92,n3) = (1,1,3). First, [18,
Theorem 5.2] gives

w2,4 = ¢3,2(72,4) = (27 67 874)(37 77 97 5)

Additionally, we construct the minimal Ekedahl-Oort stratum corresponding to the slope sequence

a =[1,1,3]. In the notation of [27, 5.3], its mod-p Dieudonné module is given by
My=M z®& M ®Ms;.

Finally, one verifies via [19, 3.6] that M, corresponds to the permutation w 4.
Thus we have proved that As ,, , is the minimal Ekedahl-Oort stratum of the Newton stratum

AP, This implies that M (3, 2).,, , must be contained in M (3,2)#:. O

V2,4
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2.5.3 Generic slopes

In this section, we use the results of [28] to compute slopes of generic Newton polygons of
strata in the Siegel modular variety A, to obtain results for Ekedahl-Oort strata for the unitary
Shimura variety M (q — b, b). For our purposes, it suffices to compute the first slope of the generic
Newton polygon for a given stratum, since it follows from [28, Theorem 4.1] that all other polygons
for the Ekedahl-Oort stratum must have first slope greater than or equal to this value. We will use
this fact to shed light on some interactions between the Ekedahl-Oort and Newton stratifications in

signature (3,2).

Definition 2.5.3. A final sequence is a function ¢ : {0,1,...,2¢} — {0,1,...,q}, satisfying the

following conditions:
* ¢(0) =0
s w(i-1)<p(i)<p(i-1)+1forl<i<2g;
e p(2¢-i)=q—i+(i)for0<i<2q.

In the language of [28, Definition 2.2], this is a final sequence stretched from an elementary se-

quence. We will write a final sequence down as an ordered tuple ¢ = [p(1),...,©(29)].
Given an element w € G4,, we can construct its corresponding final sequence ¢ as follows:
* Set ¢(0) =0;
e For1<i<2q,ifw(i)>q,setp(i)=p(i-1)+1;
* For1<i<2q,ifw(i)<q,setp(i)=¢(i-1).

Given v, , € W(3,2), let ¢,,,, denote the final sequence corresponding to wy, , = ¥3.2(Yu.w)-
We now demonstrate how to compute the first slope of the Newton polygon of a generic point

in a given Ekedahl-Oort stratum from the above construction. Note that, for ease of notation, our

14



exposition differs slightly from that of [28]. We first define a map on the set S = {1, ...,2¢} based

on the image of the final sequence . Let ¢ be the map defined by

(@) ife(d) £0,
¢(i) = (2.12)

g+t otherwise.

Definition 2.5.4 ( [28, Definition 3.1]). Let D = n$2,¢7(S) and let C =D n{g+1,...,2q}. The

generic first slope associated with ¢ is
_#C
= :

We refer to this as the Harashita first slope. With this setup, we can prove the following results.

A

Lemma 2.5.5. The generic first slope of the Ekedahl-Oort stratum A, , is 2.

Proof. First, [18, Theorem 5.2] gives wy 4 = ¥32(71.4) = (3,6,4)(5,7,8) and hence

@1,4 = [0707 17 1727273737475]'

It is computed in [28, Example 3.19.(3)] that the generic first slope is % [l
Lemma 2.5.6. The generic first slope of the Ekedahl-Oort strata A, ., ; and A, , is %

Proof. From [18, Theorem 5.2] we have that w; 5 = w3 = (2,6,4,3)(5,7,8,9) and hence

P15 = P23 = [07 17 17 172a273747475]'

Following Equation (2.12) and Definition 2.5.4, we compute D = {1,2,6} and C = {6}. Therefore

#C _ 1 ]

the generic first slope is 77 = 3.

Remark 2.5.7. An abstract way to view the phenomenon w; 5 = w 3 is that the Ekedahl-Oort strata
M(3,2),, , and M(3,2),,, have the same underlying p-torsion group scheme with polarization,

but a different action of [ 2.
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Lemma 2.5.8. The generic first slope of the Ekedahl-Oort stratum A, ,, , is %

Proof. First, [18, Theorem 5.2] gives wy 4 = ¥32(71,4) = (3,6,4)(5,7,8) and hence

(;01,4 = [0707 17 1a2a273737475]'

It is computed in [28, Example 3.19.(3)] that the generic first slope is % U
Lemma 2.5.9. The generic first slope of the Ekedahl-Oort strata A, ., , is 1

5

Proof. We note ws 4 = ¥35(73,4) gives rise to

P34 = [07 17 27 37 4a 4)474747 5]

By Harashita’s algorithm in [28], we compute the generic first slope to be % 0

Corollary 2.5.10. The Ekedahl-Oort strata M(3,2)., ,, M(3,2),, , and M(3,2)
in M(3,2)%.

~a.5 are contained

Proof. 1t follows from Lemma 2.5.8 that the first slope of any Newton polygon occurring on the

Ekedahl-Oort stratum M(3,2),, , is at least % Similarly, Lemma 2.5.6 posits that the first slope

1,4
of any Newton polygon occurring on M(3,2),, , or M(3,2),,, is at least 3. On the other hand,
the only Newton polygon on M (3,2) whose first slope is at least % is the supersingular Newton
polygon S = [%5] Thus [ is the only Newton polygon that can occur on the Ekedahl-Oort strata

in question. In other words, these Ekedahl-Oort strata are contained in the supersingular locus

M(3,2). O

Remark 2.5.11. It is insightful to compare Corollary 2.5.10 to Lemma 2.5.1. As opposed to
As ., and As ,, ,, the Ekedahl-Oort strata As ., ,, As ., ; and As ,, , are not contained in the su-
persingular locus of A5;. However, the non-supersingular Newton polygons that occur on these
Ekedahl-Oort strata of A5 are not Newton polygons that occur on M(3,2). In terms of our moduli

interpretation, there are non-supersingular abelian varieties in these Ekedahl-Oort strata of A5, but
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these abelian varieties do not admit an action of O of signature (3,2) with compatible polariza-

tion.

2.6 Lifting to p-Divisible Groups

By lifting a fixed p-torsion group scheme to a p-divisible group, and applying Rapoport-Zink
uniformization [29], one can explicitly produce a point in the intersection of an Ekedahl-Oort stra-
tum and a Newton stratum. In this section, we show that M(3,2),,, intersects the supersingular
locus, by explicitly constructing a point in the intersection M (3, 2),, , N M(3,2)%. To do this, we
first use p-adic Dieudonné theory to construct the p-divisible groups of these points; we then use
the p-divisible groups and Rapoport-Zink uniformization to construct points of M(3,2).

Let Z, = W (k) be the ring of Witt vectors of k, denote by Frob = W (Froby) the lift of Froby,

to Z,, and let Q, = Zp[}o]. Note that Q, is isomorphic to the completion of the maximal unramified

extension of Q,, with ring of integers isomorphic to Zp, and that the residue field of Zp is k. Let

©1, o be the two embeddings of O into Qp.

Definition 2.6.1. For any scheme S over k, a unitary p-divisible group of signature (q — b,b) over

S is atriple (X, tx, Ax), where
1. X is a p-divisible group over S of height 2¢ and dimension g;

2. 1x: Ok ®z Z, -~ End(X) is an action satisfying the signature (¢ — b, b) condition
charpol(u(a) | Lie(X)) = (T = ¢1(a))"™(T = ¢a(a))" € Z,[T],

forall a € Ok;

3. Ax : X - XV is a p-principal polarization, meeting the following O -linearity condition
)\X ] Lx(a) = LX(E)V o Ax,

for all a € Og.
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Over an algebraically closed field, we may study unitary p-divisible groups linear-algebraically.

Definition 2.6.2. A unitary p-adic Dieudonné module of signature (q — b,b) over k is a tuple
(M, M =M, & My, F,V,{-,-)), where

1. M is a free Zp—module of rank 2g¢;

2. M = M, & M, is a decomposition into rank-¢ summands;

3. F': M - M is a Frob-semilinear operator, V' : M — M is a Frob!-semilinear operator,

with FFoV =V o F =p;

4. (-,-) is a perfect alternating Z,-bilinear pairing on M such that (Fz,y) = (x, Vy)fb, for all

x,y € M,
5. dlm[k(Ml/FMg) =q - b and dlm[k(Mg/FMl) = b;
6. ['and V are homogeneous of degree 1 with respect to the decomposition M = M; & My;

7. M, and M, are each totally isotropic with respect to (-, -).

For the rest of this section, we consider signature (3,2) and ¢ = 5. By contravariant Dieudonné
theory, there is an anti-equivalence of categories between unitary p-divisible groups and unitary p-
adic Dieudonné modules, both of signature (3, 2) over k. When no confusion arises, we abbreviate

unitary p-divisible groups as X and unitary p-adic Dieudonné modules as M.

Lemma 2.6.3. Let GG,,, be the p-torsion group scheme occurring as the p-torsion subgroup for

3,4

points in the Ekedahl-Oort stratum M(3,2),, ,. There exists a supersingular unitary p-divisible

group X 4 of signature (3,2) over k such that X5 4[p] 2 G, ,, respecting action and polarization.

73,42

Proof. We aim to construct a supersingular unitary p-divisible group X3 4 of signature (3,2) such

that X54(p] 2 G Using contravariant p-adic Dieudonné theory, it suffices to construct a unitary

Y3,4°
p-adic Dieudonné module M of signature (3,2) such that all of the slopes of the isocrystal M/ [%]

are equal to % and such that M /pM is isomorphic to the mod-p Dieudonné module of G, ,.
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Let M be the free Zp-module with basis {e;, fi}1<i<5. Let M; be the submodule spanned by
{€;}1<i<5 and let My be the submodule spanned by { f;}1<;i<5. Define F' (resp. V) as the Frob-

semilinear (resp. Frob™*-semilinear) operator defined on the basis of M as in Table 2.1 below.

Table 2.1: F" and V on M for 73 4.

Flei)=fs | V(er) =pfa | F(f1) =-pes | V(f1)=e2
Fez)=pfi | V(ea)=f3 F(f)=e V(f2) =pes
Fles)=f2 | V(es)=J1 | F(fs)=pea | V([f3)=pes
Fles)=fs | V(ea) =pfs | F(fa)=pes | V(fa)=e5
Fles)=pfa | V(es)==fi | F(fs)=es |V(f5)=per

We define an alternating pairing (-, -) on M by the condition that (e;, f;) = (-1)*"14,; and claim
that (M, M = M, ® M,, F,V,{-,-)) is a unitary p-adic Dieudonné module of signature (3,2) since

it satisfies each condition of Definition 2.6.2. Indeed:

* M, and M, both have rank 5, so M = M; & M, has rank 10 = 2q.

* The operators F' and V' are homogeneous of degree 1 with respect to the decomposition M =
M, & Ms. Let Ar and Ay be the matrices given by the action of F' and V, respectively, on
the chosen basis. Since A and Ay have integer entries, to check that F oV =V o F' = p, it

suffices to verify that Apr Ay = Ay A = pld, which is true by construction.
* The condition that (e;, f;) = (-1)"14;; extends uniquely to a perfect alternating Zp—bilinear
pairing on M, and under this pairing M; and M, are each totally isotropic.

Let B be the matrix of this alternating form, and note that B has integer entries. To check that
(Fx,y) = (x, Vy)ob it suffices to verify that AZB = BA,, which can be verified using the

description of F' and V' in Table 2.1 and the definition of (-, -).

¢ From the definition of F', we have M;/F M, = Spany{es, e3, e5} and My/F M, = Spang { f1, f41}.
In particular, dimy (M;/F Ms) = 3 and dimy (My/F M) = 2.
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By contravariant Dieudonné theory, M defines a unitary p-divisible group X3, of signature

(3,2).

We use [30, Lemma 6.12] to compute the slopes of the isocrystal M [%] Note that for any

positive integer m, we find that

FlOm(M) — pf)m]\47

and so p—max{k € Z: F'O" M c p*M} = 3. Therefore,
lim L max{keZ: F"M cp"M} =1,

and by [30] all slopes of M [}3] are equal to % Accordingly, X3 4 is supersingular.

Finally, we show X34[p] = G,,. Define N as M /pM = Spany{e;, f;}}, with splitting N =
N1® N, and F'and V operators induced from those on M. We will follow the procedure of [19, 3.5]

to compute the permutation w € W (3,2) associated to N. Following from the definition of F' and

V', the Dieudonné module NV has final filtration

0 c(f3) c{ea, f3) c(eq, fs, f5) c {e1,ea, f3, f5) c (1, eq, fa, f3, [5) € (e1, €2, €4, fo, f3, [5)
c (e1,e2, €4, f1, fo, f3, f5) € (€1, €2, eq, €5, f1, fo, f3, [5) € (€1, €2, e, 65, f1, f2, f3, f1, f5) € N.

Intersecting with V; gives the filtration C' ,
0 c(eq) c(e1,eq) c{e1,e9,e4) € {e1,€9,€4,€5) € Ny.
The function 7, (j) = dim(C} ; n N[F']) is then given by
m(1)=m(2) =0, m(3) =1, n(4) =n(5) =2.

The permutation w corresponding to 1 is (1,3)(2,4). As 34 is also equal to (1,3)(2,4), it

follows that X5 4[p] = G.,, ,, which finishes the proof. O

Y349
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Recall that the supersingular locus M(3,2)% is uniformized by a formal scheme called a
Rapoport-Zink space. As a framing object, let (X, tx, \x) be a fixed supersingular unitary p-

divisible group of signature (3,2) over k.

Definition 2.6.4. For any scheme S over k, denote by N (3,2)(S) the set of isomorphism classes

of tuples (X, tx, Ax, px ), where:
* (X, tx,Ax) is a unitary p-divisible group of signature (3,2) over S;
* px : X = Xis an Og-linear quasi-isogeny identifying Ay and Ay up to scaling in Q.

By [29], the functor defined above is represented by a formal scheme over k which is locally
formally of finite type; we will also denote the underlying reduced scheme of this representing

object (a “signature (3,2) unitary Rapoport-Zink space") as ' (3,2).

Proposition 2.6.5. The Ekedahl-Oort stratum M(3,2),, , intersects the supersingular locus and

the Newton polygon stratum M (3, 2)(1:2:1],

Proof. We first address the supersingular locus.

By the uniformizaton theorem of Rapoport and Zink [29], there exist groups {I'; };?:1 (arising as
subgroups of the Q,-points of the algebraic group defining the automorphisms of X, and depending
on the level structure implicit in the definition of M (3,2)) such that there is an isomorphism of

schemes over k
| JNV(3,2)/T'; = M(3,2)%.
j=1

In particular, there is a surjection of k-points

|;|N(3, 2)(K) — M(3,2)"(K).

Let G,,, be the p-torsion group scheme occurring as the p-torsion subgroup for points in the

3,4

Ekedahl-Oort stratum M(3,2)., ,. By Lemma 2.6.3, there exists a supersingular unitary p-divisible
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group X3 4 of signature (3,2) over k such that X3 4[p] 2 G.,,. By [11, Lemma 6.1], there exists a

V3,4°
quasi-isogeny px,, : X34 — X that is Ok-linear and identifies the polarizations, up to Qx-scaling.
That is, (Xs4, tx, .45 Axy45 Px5.) defines a k-point of N'(3,2). Let (Ag4,ta,,, Aag,»Eas,) be the
image of (X34, tx4,, Axy4: Px54) i M(3,2)%(k).

Since A;4[p] = X34[p] 2 G, ,. as the p-torsion group schemes equipped with extra structure,

V3,40
the k-point (As 4, t4,,, A4y, €a;,) of M(3,2) lies in the Ekedahl-Oort stratum indexed by 73 4.
That is, (As 4,45, A4y, €4,,) is an explicit point in the intersection M (3,2),, , N M(3,2)%.
We now address M (3, 2)[%’%’%]. By Lemma 2.5.9, the image of 73 4 under the forgetful map
to the underlying Siegel modular variety is ws 4 with generic slope % The corresponding Newton

polygon is completely nested inside the Newton polygon with first slope ;. Thus, the Ekedahl-Oort

stratum M(3,2).,,, must generically intersect M (3, 2)li23], O

Remark 2.6.6. By [17, Theorem A], M (3,2) is not of Coxeter type, so Ekedahl-Oort stratification
does not refine the Newton stratification. Every Ekedahl-Oort stratum apart from M(3,2)., ,

is completely contained in one Newton stratum. Hence, it must be that M(3,2),,, intersects

M(3,2) as well as M(3,2)l23],

Theorem 2.6.7. The interaction between the Ekedahl-Oort stratification and the Newton stratifi-

cation of M(3,2) is as follows:

1. The Ekedahl-Oort strata M(3,2), ,, M(3,2)4, 5, M(3,2)4, ., M(3,2),, ; and M(3,2),,,

15
are contained in the Newton stratum M (3, 2)[5 ]

2. The Ekedahl-Oort stratum M (3,2),, , is contained in the Newton stratum M (3, )24,

3. The Ekedahl-Oort stratum M (3, 2),, , intersects both M (3, 2)[% | and M(3,2)li21],

4. The Ekedahl-Oort strata M(3,2)., ; and M(3,2),, ; are both contained in the Newton stra-
21312
tum M (3, 2)[0 i,

9;;4
1 °2°1

5. The Ekedahl-Oort stratum M (3, 2).,, ; equals the Newton stratum M (3, 2)!

We summarize these results in Table 2.2.
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Table 2.2: Newton and Ekedahl-Oort Interactions for M (3,2)

[0, 3, 11| [0% 5, 17] [, 3 1] (5]
71,2 empty empty empty containment
71,3 empty empty empty containment
V1,4 empty empty empty containment
72,3 empty empty empty containment
71,5 empty empty empty contarnment
V2,4 empty empty containment empty
V2,5 empty containment empty empty
V3,4 empty empty generic intersection | intersection
V3,5 empty containment empty empty
V4,5 equal empty empty empty
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2.7 Generating mod-p Dieudonné modules of a fixed signature

We can attempt to generalize the construction in Lemma 2.6.3 further, by presenting an Ekedahl-
Oort stratum in a unitary Shimura variety as a mod-p Dieudonné module with the given signature,
then lifting it to a p-adic Dieudonné module. We will focus on the case when the Ekedahl-Oort
stratum is indecomposable, i.e., when it does not lie in the image of a product map of smaller
unitary Shimura varieties.

The contents of this section are part of an upcoming paper, in collaboration with Emerald

Andrews, Deewang Bhamidipati, Maria Fox, Heidi Goodson, and Steven R. Groen.

2.7.1 The case of signature (q - 2,2)

Suppose ¢ > 2 is odd. Fix a positive integer 12 < gq. The following information captures a mod-p

Dieudonné module in signature (g — 2,2):

fiifor2<i<qandi+ R fisnforl<i<qg-landi+ R-1
F(e;) = V(e;) =
Ofori=1,R Ofori=R-1,q
(-1)%e, = —¢, fori=1 egfori=R-1
F(fi)= erp_1 fori=R V(fi) = e fori=q
Ofor2<i<qgandi# R Oforl1<i<qg-landi+ R-1

We will denote this object by Bs(q, R), where:

* ¢ is the dimension of the abelian varieties being parameterized.
* The subscript 2 indicates that the signature is of the form (¢ — 2,2).

* R is a parameter controlling all possible sgn(q — 2,2) mod-p Dieudonné modules.

We adhere to the polarization (., .) given in [11], namely:

24



{ei, f5) = (1)1
(€i,e;) =0

(fir fi)=0

(F(ei),e5) = (e, V(e;))

(F(f0), fi) = (fi, V([3))

(z,y) = ~(y, 2)°
It follows from the above that (V' (e;),e;) = (e;, F'(e;)) and (V(f;), f;) = (fi, F'(f;)). Note that
at the level of mod-p Dieudonné modules, we have F'oV =0 =V o F. When we lift By(¢, R) to a
p-adic Dieudonné module By (g, R), the lift identity gives us: F oV =p =V o F.. Any successful
lift to a p-adic Dieudonné module must obey the polarization in conjunction with this identity.
Let {1, ..., €, Fivoes fq} be the basis of By(q, R), where we send é; — e; and f; > f; on taking
mod p. Note that there are infinitely many choices for such a “change of basis"; we are going with

the most natural lift. So we must have the polarization:

(@, f) = (~1)™16
(€,€;) =0

(fi fi) =0

(F(é:),¢;) = (&, V(¢)))

(F(f). fi) = (F V(D)

25



Lemma 2.7.1. The following is a p-adic Dieudonné module, denoted by By (g, R), which lifts the

mod-p Dieudonné module By (q, R):

pf'qfori=1 fisnforl<i<qg-landi+ R-1

F(é)=1f_ for2<i<qgandi+ R V(&)={pfafori=R-1

pr_1f0r2'=R —pflfori=q

(-1)1e, =-¢, fori=1 péisiforl<i<g-landi+ R-1

F(fi)= pé;i_yfor2<i<qgandi+ R V(fi): egpfori=R-1

€r_q fori=R ep fori=gq

Proof. By construction, we know that B, (¢, R) agrees with By (g, R) upon going mod p. We verify

the polarization property holds by direct computation. [

Example 2.7.2. We use this notation to do an explicit example. Consider the case of B2(7,6). In
the gamma notation introduced earlier, this would be indexed by M(5,2),, ;. Its Kraft word would

be V?(F~1V)(F~1)5V F-1. It has the following mod-p Dieudonné module structure:

fiafor2<i<T7andi+6 fimforl<i<6andi+5b
F(e;) = V(e;) =
Oforz=1,6 O0fore=5,7
—erfori=1 epfori=5
F(fi)= erp_1fori=6 V(fi)= epfori=7
Ofor2<i<Tandi+6 Ofor1<i<6andi+5

From this, it is fairly straightforward to compute its Ekedahl-Oort type, which we find to be

[0,1,2,3,3,4,4,5,5,6,6,6,6,7]. Moreover, Harashita’s algorithm [28] reveals the first slope of
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the generic Newton polygon intersecting the Ekedahl-Oort stratum in the underlying Siegel mod-
ular variety to be % As such, a priori, one cannot expect the Ekedahl-Oort stratum M (5,2),, ; to

intersect with the supersingular locus. Yet, we have the following result:

Lemma 2.7.3. The Ekedahl-Oort stratum M(5,2),, ; corresponding to the mod-p Dieudonné

module B5(7,6) intersects the supersingular locus.

Proof. The following is a p-adic Dieudonné module, denoted by By(7,6), which lifts the mod-p

Dieudonné module By(7,6):

pf7fori:1 ﬁ+1f0r1£i£6andi¢5
F(éi)=1f_for2<i<T7andi#6 V(€)=1{pfsfori=5

pf5f0ri:6 —pflforiz'?

—eyfori=1 péisforl<i<6Gandi+5
F(fi)=<pé, for2<i<Tandiz6 V(f)={éxfori=5

es fori =6 e fori=7

We note that for every m € Z., the following holds:
FYM™(By(7,6)) = p™™By(7,6).

Let n = n(m) = 14m and k = k(m) = 7m. By Zink’s lemma [30], the slope of the isocrystal
obtained from By(7,6) is:

1 14m 1
lim ~{ max & : F"(By(7,6)) € p"By(7,6)} = lim 7_”" -
m—> 00 m

n—-oo n
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Thus, the slope of the Newton polygon corresponding to the p-divisible group associated to the
p-adic Dieudonné module By(7,6) is 1. In other words, we have constructed a point on M (5,2)
that lies on the Ekedahl-Oort stratum corresponding to B(7,6) and on the supersingular locus.

]

2.7.2 Potential generalization to higher signatures

Suppose g > 2 is odd. Let the mod-p Dieudonné module in sgn(q-b, b) be denoted by By,(q, R),

where R = (R, ..., Ry_1). This consists of the following information:

ficifor2<i<gandi# R;:1<j<b-1
F(ei)z

Ofori=1,R;:1<j5<b-1

finforl<i<g-landi# R;-1:1<j<b-1
V(ei)z

Ofori=q,R;j-1:1<j<b-1

(-1)%e,=—¢, fori=1

F(fl)z eR_lfori:Rj:lngb—l

Ofor2<i<gandi# R;:1<5<b-1

epfori=R;-1:1<j<b-1

VI(fi)=1e fori= q

Ofor1<i<g-landi#R;-1:1<j<b-1

Let the p-adic lift be denoted by B,(¢, R). We present the tentative structure, once again requiring

that the polarization and F'o V' =p =V o I' be obeyed together:
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pfq fori=1

F(é)={fiifor2<i<qgandi+R;:1<j<b-1

pfriifori=R;:1<j<b-1

fmforlgz'Sq—landi;tRj—l:lsjsb—l

V(&) =\pfg, fori=R;-1:1<j<b-1

—pfy fori=q

(-1)1e, =—¢, fori=1

F(f)=\péiyfor2<i<qandi# R;:1<j<b-1

éRj_lfOIiZRjtlngb—l

péi+1f0r1$i£q—1and2’¢Rj—1:1Sjéb—1

V() =1ép, fori=Rj-1:1<j<b-1

e, fori=q
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Chapter 3

Traverso’s Isogeny Conjecture

The isogeny cutoff of a p-divisible group X (defined over an algebraically closed field of char-
acteristic p) measures the amount of p-torsion necessary to determine its isogeny class. The min-
imal height of X measures its distance to the closest minimal p-divisible group (in the sense of
Oort). In this chapter, we study these invariants for supersingular unitary p-divisible groups of
signature (a,b). The results can be reinterpreted in the language of the stratifications of unitary

Shimura varieties based on p-power torsion group schemes. 3.

3.1 Introduction

Given a p-divisible group X over an algebraically closed field of characteristic p, there are
two objects that capture partial information about X: its p-torsion subgroup X [p] and its Newton
polygon. When X is the p-divisible group of an elliptic curve, the p-torsion group is enough to
determine the Newton polygon. In general, Traverso’s Isogeny Conjecture [31, Conj 5] predicts
how much p-power torsion is needed to determine the Newton polygon. This number is called the
isogeny cutoff and is expressed in terms of the dimension and height of X. Traverso’s conjecture
was proven by Nicole and Vasiu [3], with a further refinement in [32].

The papers [3] and [32] both also investigate properties of the minimal height of a p-divisible
group X. This is a measure of the distance between X and the closest minimal p-divisible group.
The minimal height can be used to give an upper bound on the isogeny cutoff, but it is also an
interesting geometric invariant of X in its own right. In this chapter, we study both the minimal
heights and the isogeny cutoffs of p-divisible groups arising from points in the supersingular locus

of unitary Shimura varieties.

3The contents of this chapter are found in: E. Andrews, D. Bhamidipati, M. Fox, H. Goodson, S.R. Groen, and S. Nair,
“Traverso’s Isogeny Conjecture for Some Unitary p-Divisible Groups" arXiv:2507.19708 (2025) [4].
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Such “unitary p-divisible groups” come equipped with a signature, which is a pair of integers
(a,b). Heuristically, the complexity of X grows with min(a,b), which we can assume without
loss of generality is a.

Unitary p-divisible groups fit into the larger collection of p-divisible groups of dimension g =
a + b and height 2¢. It is useful to note how much the extra symmetry imposed by the signature
(a,b) action (and compatible polarization) influences the minimal height and isogeny cutoff of X.
Indeed, using only the information of the height and dimension, one would expect that the minimal
height of a supersingular p-divisible group X could be as much as | 4] [32] and the isogeny cutoff

could be as much as [ ] [3].

3.2 Background

In this section, we give the definition of our main objects of study, unitary p-divisible groups,
and their linear algebraic incarnations, unitary Dieudonné modules. We will also recall some useful
results from the literature on the structure of these Dieudonné modules.

Throughout this paper, k will denote an algebraically closed field of characteristic p. Let W (k)
denote the ring of Witt vectors over k, with Frobenius automorphism ¢ and fraction field W (k)q.
For any W (k)-module M, we’ll use Mgq to denote M ®yy ) W (k)q. Let K be the degree 2
unramified extension of Q,, with ring of integers O. Let ¢y and ¢, denote the two embeddings
of K into W (k)gq. Given a containment A € B of two W (k)-lattices in a W (k)q-vector space, we
write A €,, B to mean that the 17/ (k)-module B/A has length n.

Throughout the paper, a and b will always be nonnegative integers. Following [11], we make

the following two definitions.
Definition 3.2.1. A unitary p-divisible group of signature (a, b) over kis a tuple (X, ¢, \) where

* X is a p-divisible group over k, of dimension a + b and height 2(a + b);

* 1: Ok — End(X) is an action satisfying the signature (a,b) condition: for all m € O,

charpol(¢(m) | Lie(X)) = (T = o(m))*(T = ¢1(m))" e W (k)[T];
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* \: X - XVis a p-principal polarization, meeting the following O k-linearity condition, for
all m e Og:

Aow(m) =u(m)" o\

When no confusion is possible, we’ll refer to this tuple only as X.

Definition 3.2.2. A unitary Dieudonné module of signature (a, b) over kis atuple (M, F, V. (-,-), M

My & M) where

» M is a free W (k)-module of rank 2(a + b);

e FF: M - M is a o-semilinear operator, V' : M — M is a o~!-semilinear operator, with

FoV=VoF=p;

e () : M x M - W(k) is a perfect alternating W (k)-bilinear pairing on M such that

(F(x),y) =(x,V(y))° forall x,y € M,

* M = My ® M, is a decomposition of M into rank-(a + b) summands, each totally isotropic

with respect to (-, -), with the property that F' and V' are homogenous of degree 1, such that

pMy Sy FM, S, My and  pM; S, F'M,y S, M.

When no confusion is possible, we’ll refer to this tuple only as M.

As discussed in [11], for any algebraically closed field k, covariant Dieudonné theory gives a
bijection between the collection of all unitary p-divisible groups of signature (a, ) over k and the
collection of all unitary Dieudonné modules of signature (a,b) over k.

Note that reversing the labeling of the embeddings ¢, and ¢, or on the level of Dieudonné
modules the labeling of M, and M, changes the signature from (a,b) to (b,a). So, without loss

of generality, we will always assume a < b, so that min(a, b) = a.
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Recall that a p-divisible group is called supersingular (resp. superspecial) if it is isogenous
(resp. isomorphic) to a product of the p-divisible groups of supersingular elliptic curves. We refer
to the corresponding p-adic Dieudonné module supersingular (resp. superspecial).

Let (M, F,V,{(-,-), M = My & M) be a unitary Dieudonné module over k of signature (a,b).
Due to the compatibility between the action and the polarization, much of the structure of M is
controlled by the submodule M, (or, symmetrically, M;). To see this, for either : = 0 or ¢ = 1, it is

possible to define a new pairing on M;, as

{-5-) « Mix M > W (k)

(@, y) = (z, F(y))-

We will use the same notation to denote the extension of scalars of this pairing to a W (k)q-

valued pairing on (M, )q. Given a W (k) lattice L ¢ (M;)q, we denote
LY ={ze(M;)q| (= y) e W(k) forall y e L}.

Let 7 be the o2-linear operator %F 2=V-1oF. As F and V interchange M, and M;, note
that 7 is an operator on each (M/;)q. Some useful properties of 7 and the pairing (-,-)), due to

Vollaard [33], are recorded below.

Proposition 3.2.3. Let (M, F,V,(-,-), M = My & M,) be a unitary Dieudonné module over k of

signature (a,b). For either i = 0 or ¢ = 1, and any W (k) lattice L c (M;)q, we have the following:
(L) = 7(L);
© (L)Y =7(L);

* M; = F~Y(pM},,), with indices mod 2.
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The relationship between M, and M, can be expressed in the following four (equivalent) chain

conditions:

])]\40v c, My g, MOV, pMal Ca T(MQ) Sp Mov,

pMY <, My €, My, pMy ¢, 7(My) €, M.

Proof. These statements can be found in [33, Subsection 1.11, Proposition 1.12, and Remark 1.13].
Note that the article of Vollaard is concerned only with the Dieudonné modules of supersingular

p-divisible groups, but that assumption is not relevant to these statements. [

3.3 Isogenies to Superspecial p-Divisible Groups

In this section, for any supersingular unitary p-divisible group X of signature (a,b), we will
construct a superspecial p-divisible group X and an isogeny p : X — X with the property that
ker(p) € X[p?] (in fact, contained in X [p®~!] when a = b).

Consider a supersingular unitary p-divisible group X over k of signature (a, b), with Dieudonné

module (M, F,V,(-,-), M = My & M;). For any ¢ > 0, we define W (k) lattices

T; = MO +T(M0) + .- +Ti(M0),

Si = M1 + T(Ml) + -+ Ti(Ml).
Lemma 3.3.1. Let M be a unitary p-divisible group of signature (a,b) over k. Assume that M is
supersingular. There exist integers m and n such that 7}, and .S,, are T-invariant.

Proof. Note that because M is supersingular, the operator F' is a slope % operator on the isocrystal
Mg. So, the operator 7 on both (M)q and (M )q is slope zero. Then, the existence of m and n

follows from [29, Proposition 2.17]. OJ

We have the following lemmata that will be relevant for bounding the isogeny cut-offs:
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Lemma 3.3.2. Let M be a supersingular unitary Dieudonné module over k of signature (a,b). Let

m be minimal such that 7;,, is 7-invariant. Then,

p*Tr € pTY, € pMy 4 My € T, € pP T

Lemma 3.3.3. Let M be a supersingular unitary Dieudonné module over k of signature (a, b). Let

n be minimal such that \S,, is 7-invariant. Then,

paSn cM,cS,.

When a = b, the results in Lemma 3.3.2 and Lemma 3.3.3 can be improved slightly.

Lemma 3.3.4. Let M be a supersingular unitary Dieudonné module over k of signature (a,a). Let

m be minimal such that 7}, is 7-invariant, and let n be minimal such that .S, is 7-invariant. Then,

p* 1T, cMycT,, and p*'S,cM,cS,.

Proposition 3.3.5. Let M be a unitary Dieudonné module of signature (a,b) over an algebraically
closed field k. Define
A=M+7(M)+7*(M) +---.

Then A is the Dieudonné module of a superspecial p-divisible group over k, and

Further, when a = b,
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Proof. Note that A = Ag + A, where

AO = MO + T(Mo) + 7'2(M0) + e = Tm,

A1 = M1 + T(Ml) + 7'2(M1) + - = Sn,
and then apply Lemmas 3.3.2 and 3.3.3 to see that
p*Ac M cA.

Because the F' and V' operators commute with 7 and M is stable under F' and V, A is also
stable under F' and V. So, A is the Dieudonné module of a p-divisible group. This p-divisible
group is superspecial, because the condition that 7(A) = A is equivalent to F'A = VA.

When a = b, by Lemma 3.3.4,

p"*Ac M cA. O

Corollary 3.3.6. Let X be a supersingular unitary p-divisible group of signature (a,b). Whena < b
there exists a superspecial p-divisible group X and an isogeny p : X — X with Ker(p) ¢ X[p].

When a = b, there exists an isogeny p : X — X with Ker(p) ¢ X[p*1].

Proof. This follows from Proposition 3.3.5 and covariant Dieudonné theory. 0

3.4 Minimal Heights

The goal of this section is to translate the results of the previous section into the language of
minimal heights, and to give a complete description of minimal heights occurring for supersingular

unitary p-divisible groups of signature (a, b). From [32], we have the following definition:

Definition 3.4.1. Let X be a supersingular p-divisible group. The minimal height of X is the
smallest integer ¢x such that there exists an isogeny p : X — X to a superspecial p-divisible group,

with ker(p) € X [p2x].
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As noted in [32], the minimal height of X can also be thought of as a “minimal distance" to a

superspecial p-divisible group.

Lemma 3.4.2. Let X be a unitary p-divisible group of signature (a,b) over an algebraically closed
field, with associated Dieudonné module M . Let gx be the minimal height of X.

With A = M +7(M) + 72(M) + -, the integer ¢y can also be characterized as the minimal
integer ), such that

pMAcMcA.

Proof. By covariant Dieudonné theory, the lattice inclusions p" A € M c A define an isogeny
pa + X — X, to the superspecial p-divisible group X, with the property that ker(p,) ¢ X [p™].
So, gx <7y

On the other hand, by definition of ¢x, there exists a superspecial p-divisible group X and an
isogeny p : X — X with ker(p) ¢ X[p9x]. If My is the p-adic Dieudonné module of X, this gives
an inclusion

M c My

with the property that p?x My € M < My.
Since X is superspecial, F'My = V My and so 7(My) = My. But then,

McM+7(M)+72(M) +-- € My,

which is simply the notation for the inclusions

M c A c My.

In particular, p?x A ¢ pix My ¢ M c A € My. By the minimality of r,;, we have gx > ;.

Thus, qx =Tn- [
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It follows immediately from the above lemma that if X; and X, are two supersingular p-
divisible groups over k, of minimal height ¢; and ¢,, then the minimal height of X; x; X, is
max(qi, gz)-

We will now give a series of examples of specific p-divisible groups and their minimal heights.

These examples will be used in Theorem 3.4.6.

Example 3.4.3. Consider a and b with a + b = g odd, with the convention that a < b. (Though,
since a + b is odd, this immediately implies a < b.) For notational convenience, set r = 92;1. In this
example, we construct a supersingular unitary p-divisible group of signature (a,b) over k, with a
minimal height of a.

To define the unitary Dieudonné module M, ) = (M), F,V,(-,), Map) = Mo & M), we
set My = Spany,gy{e1, ..., e,} and My = Spany, o {f1, ..., fo}, with M(ap) = Mo & M.

Let the F' operator be extended o-semilinearly from the conditions:

F(e;) = fi 1<i<a,
F(e;) =pf a+l1<j<yg,
F(fj) =pejn r+1<j<r+a,
F(fi) =€ otherwise,

and V' be defined as pF~!.

Note that, by construction,

pMO Sy FM1 Ca Mg and le Ca FMO Sy Ml.

We define the pairing (-, -) : M(4) X M(q,5) = W (k) by choosing 6 € W (k)* such that 67 = -0,
and setting

<€i7 fr+i) =0

forall 1 <i < g, and (e;, f;) = 0 otherwise, declaring M, and M, to both be totally isotropic with

respect to (-, -), and setting ( f;, e;) = —(e;, f;)-
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The fact that this pairing has the property that (F'(x),y) = (z,V(y))° can be checked as a
matrix computation: ALB = (BAy )7, where Ar and Ay are the matrices defining /' and V' on the
basis {ey,..., ey, f1,..., fy}, and B is the matrix of the form (., -).

However, note that it is essential that g is odd. To see this clearly, let k£ = | £ ] — a, and observe

that if we want (-, -) to have the F" and V' compatibility above, then

0 = (e1, fr1)
= (F9p ™ frin, fr1)
= (P fra1, VO fra)”
= (p frar,pber)”
= (fr1,e1)”
- ()",

so g must be odd.
To show that M, ;) is supersingular, we use [30, Lemma 6.12] to compute the first slope of the

isocrystal (M, 4))q. For any positive integer m,

F2"™(Mapy) = 27" Map),

and so

lim %max{k €Z:F"Mqy) S pkM(aJy)} = %7

n—oo

and by [30, Lemma 6.12] the first slope of (Mqp))q is % But since the Newton polygon has
non-decreasing slopes, and goes from (0,0) to (g, 2g), all slopes must be equal to 3.
We’ve shown that M, ;) is a supersingular unitary Dieudonné module of signature (a,b). Let

X(a,p) be the corresponding p-divisible group.
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Finally, we compute the minimal height of X, ). Let A ) = M(ap)+7(Map)) + T2 Mg py +---
By definition of " and V' on M, ),

7%(e1) = p “eqs1,

and so while p*A € M) S A, it is not true that p>*A c M, ;). Then, by Lemma 3.4.2, the

minimal height of X, ) is a.

Example 3.4.4. Consider a and b with a + b even, and a < b. In this example, we construct a
supersingular unitary p-divisible group of signature (a,b) over k, with a minimal height of a.
Since a < b, and a + b is even, it is also true that a < b - 1. So, we can consider M, ;1) (With

its additional structure) and define M 1) as in Example 3.4.3. We then define M, ) as

Mapy = Map-1y ® Mo 1)

with the F' and V' maps and the polarization defined as a product as well.

Note that M, ) is a unitary p-adic Dieudonné module of signature (a,b) because it has been
constructed as a product of p-adic Dieudonné modules of signatures (a,b — 1) and (0,1). Since
M, ) 1s a product of supersingular Dieudonné modules, it is also supersingular.

Let X(,,) be the p-divisible group associated to M, ). By construction,

Xap) = X(ap-1) XKk X(0,1)-

Note that, by the previous example, X, ;-1) has minimal height a. Since F'M 1) =V M 1), the
p-divisible group A 1) is superspecial, so has minimal height 0. Then, X/, ;) has minimal height

max(a,0) = a.

Example 3.4.5. In this example, we construct a supersingular unitary p-divisible group of signature

(a, a) over k, with a minimal height of a — 1.
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Let M(q-1,4) be the p-adic Dieudonné module of signature (a - 1,a) constructed in Exam-
ple 3.4.3. Define M, o) exactly as M1y of Example 3.4.3, but with (M,9))o = (M(0,1))1 and
(Ma0y)1 = (M,1))o. As aresult, M ) is a superspecial p-adic unitary Dieudonné module of
signature (1,0).

Now, define M, 4 as the product

M(a,zz) =: M(a—l,a) ® M(1,0)7

equipped with product F' and V' operators and product polarization. By construction, M, ,) is a
supersingular unitary Dieudonné module of signature (a,a). Let X (a,0) = X(a-1,a) Xk X(1,0) be the
corresponding p-divisible group. Since X(,_; ) has minimal height a — 1 and X; oy has minimal

height 0, it follows that X, ,) has minimal height a — 1.

The three previous examples combine to construct a supersingular p-divisible group X, ) of
signature (a,b), for any signature (with the convention that a < b). When a # b, this p-divisible

group has minimal height a. When a < b, the minimal height is a — 1.

Theorem 3.4.6. Let a and b be nonnegative integers, with the convention that a < b. If a < b, then
for any supersingular p-divisible group X over k of signature (a,b), the minimal height of X is
at most a. Furthermore, for any 0 < ¢ < a, there exists a supersingular p-divisible group over k of
signature (a,b) with minimal height exactly g.

If a = b, the minimal height of any supersingular p-divisible group over k of signature (a,a) is
at most a — 1. Furthermore, for any 0 < ¢ < a— 1, there exists a supersingular p-divisible group over

k of signature (a,a) with minimal height exactly g.

Proof. First, consider the case where a < b. By the first statement in Corollary 3.3.6, the minimal
height of any supersingular p-divisible group X over k of signature (a,b) is at most a.
By Examples 3.4.3 and 3.4.4 (depending on the parity of a + b), there exists a supersingular

p-divisible group X, ) of signature (a,b), with minimal height a. Extending these examples, for
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any 0<g<a,

X(gb) Xk X(1,0) Xk X(1,0) Xk *** Xk X(1,0)

a - q times
is a supersingular p-divisible group that has a minimal height of q.
Now consider the case where a = b. By the second statement in Corollary 3.3.6, the minimal
height of any supersingular p-divisible group X over k of signature (a,a) is at most a — 1.
In Example 3.4.5, we constructed a supersingular p-divisible group X, 4 of signature (a,a),

with minimal height a — 1. Extending this example, forany 0 <g<a -1

X(g.a) Xk X(1,0) Xk X(1,0) XK *** Xk X(1,0)

a — q times

is a supersingular p-adic Dieudonné module of signature (a,a) with corresponding p-divisible

group of minimal height q. [

3.5 Isogeny Cutoffs

In this section, we apply the results of the previous section to understand isogeny cutoffs of

supersingular unitary p-divisible groups.

Definition 3.5.1. The isogeny cutoff of a p-divisible group X is the minimal non-negative integer
bx such that, for any other p-divisible group X', an isomorphism X [p®x | = X'[p’x] implies the
existence of an isogeny X — X'. In other words, bx is the smallest level of p-power torsion that

determines X up to isogeny.

Definition 3.5.2. Fix nonnegative integers a and b, with the convention that a < b. We define
the signature (a,b) supersingular isogeny bound to be the least B, ) such that bx < B, for
all supersingular unitary p-divisible groups X of signature (a,b), defined over any algebraically

closed field k of characteristic p.

Remark 3.5.3. If X is a unitary p-divisible group of fixed signature (a,b), it also makes sense to

define the enhanced isogeny cutoff by, as the minimal non-negative integer such that, for any other
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unitary p-divisible group X" also of signature (a, b), an isomorphism X [pbx ] = X'[pbx] respecting
the action and polarization on both X and X', implies the existence of an isogeny X — X'’. Note
that then bx < by. One can similarly define the enhanced signature (a,b) supersingular isogeny
bound E(a,b)- In that case, we find B/(mb) < Bap)-

However, note that [11, Lemma 5.1], the values of EX and E(a,b) do not depend on whether or

not we require the isogeny X — X' to respect the unitary action and polarization.

We will now construct an explicit example of a unitary p-divisible group with a large isogeny

cutoff.

Example 3.5.4. Let k£ > 1, and consider (a,b) with a + b = g odd. We will construct a p-divisible
group * X, ) such that * X, 1y [p*] = X(4p)[p¥] (Where X, ) is the p-divisible group constructed
from (Map), £V, (-,), M(ap) = Mo @ M) in Example 3.4.3).

As before, set r = 92;1. Let *Mqp) = (Map), Fie, Vies (-5 ), M(ap) = Mo @ M), so all the data of
’fM(ayb) agrees with that of M, ;) in Example 3.4.3, except for Fj, and V}, which we alter from F’

and V' by the following four changes:

Fk(fa) = €a+1 +pk€17
Fk(€r+1) = pfr+1 —pk+1fr+a+17
Vk(€a+1) :pfa _pk+1fg7 and

Vk(fr+1) =€r41 +pk6r+a+1-

The property that (Fi(x),y) = (x,Vi(y))° can again be checked as a matrix computation:
AL B = (BAy,)". By construction, the action on *M(,) is still of signature (a,b), we have
F,oV,=V,0oF,=p,and F = F;, mod p¥and V =V, mod p*.

Therefore, for each £ > 1, we’ve constructed a unitary p-divisible group *X, ) of signature
(a,b), such that * X, 1) [p*] = X (4) [P*]. In fact, this isomorphism respects the induced action and

polarization on both *X, ;)[p*] and X, ;) [p*], since by construction the splitting of Dieudonné
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modules into 0 and 1 parts was identical, and the polarization form on both Dieudonné modules
was also identical. Note that we do not claim that * X, ;) is supersingular. In fact, we have the

following result:

Lemma 3.5.5. Consider (a,b) witha+b =g odd, andlet 1 < k < (a — 1). Then the first Newton

slope of * X, ) is at most % In particular * X, 3 is not supersingular.

Now, we can combine the above Example 3.5.4 with the slope computation of Lemma 3.5.5
and the results on minimal height to understand both isogeny cutoffs and the supersingular isogeny

bounds.

Theorem 3.5.6. Fix nonnegative integers a and b, with the convention that a < 0. Let X be any
supersingular unitary p-divisible group of signature (a,b) over k.

If a < b, then the isogeny cutoff by of X is at most a + 1. If a = b, then the isogeny cutoff by
is at most a. Further, when a < b we have the following constraints on the supersingular isogeny
bounds:

a< E(a,b) < B(a,b) <a+1

and when a = b, we have:

a-1< E(a,a) < B(a,a) <a.

Proof. We showed in Theorem 3.4.6 that any supersingular unitary p-divisible group of X of
signature (a, b) has minimal height at most a (when a < b) and minimal height at most « — 1 (when
a =Db).

Lemma 6.3 of [32] observes that the isogeny cutoff of any p-divisible group is at most one
more than the minimal height, so bx < a+ 1 (when a < 0) and bx < a (when a = b).

Since the above bounds on bx hold for any supersingular unitary p-divisible group of signature
(a,b), this gives the upper bounds on supersingular isogeny cutoffs: B(,;) < a + 1 (when a < b)
and B(qq) < a.

For the lower bounds, first consider the case when a < b and a + b is odd, and recall the p-

divisible groups X, and “~1X, ) constructed in Examples 3.4.3 and 3.5.4, respectively. Note
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that X, ;) is supersingular but, by Lemma 3.5.5, the p-divisible group *~1.X, ) is not. However,

Xapp" 12 Xy "]
(in a way respecting actions and polarizations on both sides). So, for X = X, ),
a SEX and a<by.
But then, by definition of the supersingular isogeny bounds, we must have
a< B’(mb) and  a< By

and so a < E(&b) < B(a,b) <a+1.
Next, in the case where a < b and a + b is even, note that a < b — 1, so we may consider
Y = X(ap) = X(ap-1) Xk X(0,1) of Example 3.4.4 and Y’ = “‘1X(a7b,1) Xy X(0,1)- As in the previous

case, Y is supersingular, Y is not supersingular, and Y [p*~!] =2 Y’[p?~!]. Since a < by,
a< E(a,b) < B(a,b) <a+1.

Finally, when a = b, we consider Y = X(,4) = X(q-1,0) Xx X(1,0) of Example 3.4.5 and Y’ =
2 X (4-1,0) Xk X(1,0). Since Y is supersingular, Y is not supersingular, and Y [p®2] = Y'[p*~2],
we have

a-1< E(a7a) < B(a,a) <a. ]

Recall the Ekedahl-Oort stratification of M(a,b), where two k-points (Ay, ¢y, \1,1;) and
(Aa, L2, Ay, 12) are in the same Ekedahl-Oort stratum if and only if A;[p] and As[p], equipped with
their induced action and polarization, are isomorphic. Generalizing the Ekedahl-Oort stratification
is the BT, stratification of M(a,b): for m = 1, this is exactly the Ekedahl-Oort stratification. In

general, the BT, stratification (defined for Shimura varieties of Hodge type by Vasiu in [34]) is
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defined by the property that two k-points are in the same BT, stratum if and only if the group
schemes A;[p™] and As[p™] are isomorphic, with their induced action and polarization. Note that
this is a stratification in the sense of [35, Remark 2.1.1]; in particular, for m large enough, there are
infinitely many strata. Given a valid p™-torsion group scheme G with extra structure, we’ll denote
the BT,,, stratum defined by G as M (a,b)g.

The next result follows from Theorem 3.5.6.

Corollary 3.5.7. Fix nonnegative integers a and b, with the convention that a < b. Let m > a + 1 if
a<bandm>aifa=0>.

For each BT,, stratum M (a, b)¢, and for any algebraically closed field k, either
M(a,b)c(k) € M(a,b)* (k)

or

M(a,b)e(K) n M(a,b)*(K) = @.

Proof. We will show that, if M(a,b)q(k) has a non-empty intersection with M (a, b)**(k), then
M(a,b)a(k) € M(a,b)ss(k).

Consider a k-point (Ay, 1, A1,m1) in M(a,b)q(k) n M(a,b)**(k), and let (As, 12, A2, 72) be
any other point of M(a,b)qs. Let (X1,1, A1) and (X3, 12, A2) be the unitary p-divisible groups of
signature (a,b) defined from these points.

By the assumption that these two points both lie in the same BT,, stratum M(a,b)g, we have
that X;[p™] and X,[p™] are isomorphic (with their induced action and polarization). Theorem
3.5.6 tells us that E(a,b) < m. So, in particular, we have Exl <m.

Since X;[p™] = X5[p™] and gxl < m, the p-divisible groups X; and X, are isogenous, and so

the point (A, 12, A2, 72) is also contained in the supersingular locus M (a, b)**. O

Corollary 3.5.8. Fix nonnegative integers a and b with the convention that a < b. Let m > a + 1 if

a<bandm>aifa="0.
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There exists a set G of p™-torsion group schemes G (equipped with action and polarization),

each with corresponding BT, stratum M (a, b)¢, such that

| | M(a,b)e = M(a,b)*.

GeG

Proof. This follows from Corollary 3.5.7 and the fact that the supersingular locus M (a, b)** and

the BT,, strata are defined as reduced subschemes of M (a,b). [l

47



Chapter 4

A new case of the Harris-Viehmann conjecture

Let p > 2 and ¢ be distinct primes. Rapoport-Zink spaces are formal moduli spaces of p-
divisible groups, originally constructed in [29] as a local analogue of PEL-type Shimura vari-
eties. Rapoport-Zink spaces that parameterise dimension 1 p-divisible groups are called Lubin-
Tate spaces. Their /-adic cohomology played a crucial role in modern algebraic number theory
by realizing the local Langlands correspondence for GL,, [36]. This indicates a more general phe-
nomenon, where the (-adic cohomology of appropriate local analogues of Shimura varieties can
materialize the local Langlands correspondence. Rapoport and Viehmann conjectured the exis-
tence of local Shimura varieties in [15], laying the foundation for a general theory of the local
analogues of Shimura varieties. They start with a local Shimura datum, and associate a tower of
rigid analytic spaces to it. In this chapter, we focus on the Harris-Viehmann conjecture, which
provides a parabolic inductive formula for the /-adic cohomology of local Shimura varieties when

certain criteria are satisfied by the underlying local Shimura data.

4.1 Notations

» Fix algebraic closures [, and @p of [, and Q, respectively.

Qp is the p-adic completion of the maximal unramified extension Q",

W =W (F,) is the ring of Witt vectors,

* ( is a connected reductive group over Q,,

Let o € Gal(Q,/Q,) be the relative Frobenius automorphism. b and & in G(Q,) are o-

conjugate if there exists some g € G(Q,) such that b’ = gbo(g)2,

B(G@) is the Kottwitz set associated to G (c.f. [37] for more details on this),

I' = Cal(TQ,/Q,).
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4.2 Background

Definition 4.2.1. [15, Definition 5.1] A local Shimura datum over Q, is a triple (G, [b],{u})

where
1. G is a connected reductive group over Q,. E.g. G = GL,(Q,).
2. [b] € B(G) is a o-conjugacy class.
3. {u} is a conjugacy class of cocharacters y : G,, — G@p.
such that the following conditions hold:
1. [b] € B(G,{u}) (the subset of the Kottwitz set bounded by {x}, c.f. [29]).
2. p is minuscule, i.e. |u| € {-1,0,1}.
Moreover, we have the following quantities associated with a local Shimura datum:

1. The field of definition of {y}, called the reflex field, which lives inside @p. It is denoted
by E = E(G,{u}). Let Wg be the Weil group of the reflex field £. For example, let
w:G,, — GLn(Qp), mapping z ~ diag(z, 1,...,1). Then E = Q,,.

2. The flag variety F/ ,, which is an adic space over Spa(E, O). Flg , 15 denotes its base

change to E=FE. Qp.

3. The reductive algebraic group .J, over Q,, for b € [b]. It acts on F. le ,..iz» and has the functor

of points:
Jy(R)={ge G(RorQ,) : b=gbo(g)"} 4.1)

for any Q,-algebra R. Note that the isomorphism class of .J, depends only on the o-

conjugacy class of b.

4. The weakly admissible open subspace ]:Eg?u € Fig, ..z This is stabilized by the action of

Jp(Q,) on ]-"EG%E.
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In this thesis, we will be paying attention to non-basic unramified local Shimura data.

Definition 4.2.2. A local Shimura datum (G, [b], {1}) is basic if b is a basic element of the Kot-
twitz set B(G); i.e., the Newton map N,  associated to [b] factors through the centre Z(G) of the

group G. If that is not the case, (G, [b],{1}) is non-basic.

Definition 4.2.3. [7, Definition 3.4] GG is unramified if it is quasisplit over Q,, and splits over Q}".
Equivalently, G' admits a reductive model over Z,,. A local Shimura datum (G, [b], {t}) of Hodge

type is unramified if G is unramified.

In [29], the local Shimura data considered came exclusively from PEL data. Like with the

global theory of Shimura varieties, there are more general cases than that:

Definition 4.2.4. [15, Remark 5.4(i)] [7, Definition 3.4] A local Shimura datum (G, [b], {u}) is
of Hodge type if there exists an embedding G = GL(Wj) for some Q,-vector space V', and a local
Shimura datum (GL(V'), [b'],{i'}) such that [b] and {;} are mapped to [0'] and { '} respectively.

Here, {;/} corresponds to (17,07°") for some integer 0 < 7 < n = dim(Wy).
Examples of local Shimura datum of Hodge type

1. Any local Shimura datum (G, [b], {x«}) of EL/PEL type (coming from an EL/PEL Shimura

datum) is also of Hodge type.

2. Let (G, X) be a (global) Shimura datum of Hodge type, i.e. there exists some embedding
into the Siegel Shimura datum (G, X) < (GSp, S*), where S* are the connected compo-
nents of the Siegel upper half-space. Let i be the cocharacter associated to X, and take
[b] € B(G, {t}). Then (Gq,, [b], {1}) is a local Shimura datum of Hodge type that is not of
PEL type.

From any local Shimura datum (G, [bg], {1c}), we get an associated “adjoint-type” datum
(G, [bgaa ], {ptgaa }), where G* := G/Z(G) is the adjoint quotient of G. In fact, the quotient

map G - G induces a map of Kottwitz sets B(G) - B(G?1). We write bgaa for the image of
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bg € B(G) under this map. We then write
m
figad : Gy —> Gg, ~ G%i

for the induced cocharacter of G*d. The morphism (G, [b],{p}) — (G4, [b&!], {u&'}) is a
morphism of local Shimura data.

This leads us to the following definition:

Definition 4.2.5. [7, Definition 3.4] A local Shimura datum (G, [b¢], {ic}) is of abelian type if
there exists a local Shimura datum (H, [by ], {un}) of Hodge type such that there is an isomor-
phism of the associated adjoint local Shimura data (G4, [bgaa ], {f1gaa }) 2 (H?, [bpaa], {ftgaa}).
In particular, a local Shimura datum (G, [bg], {c}) of abelian type is unramified if G is unrami-

fied, and an associated local Shimura datum (H, [by |, {11y }) of Hodge type is also unramified.

Remark 4.2.6. If one were to compare the terminology with that of the global theory of Shimura
varieties, then Definition 4.2.5 should more accurately label these to be local Shimura data of

pre-abelian type.
Examples of local Shimura datum of abelian type

1. Any local Shimura datum (G, [b], {ut}) of Hodge type is also of abelian type.

2. Let G = PGL, for n > 2. Take a minuscule cocharacter uy : G, — H = GL, and

[by] € B(GL,, ). Let i = jiprea and bg = bgaa. Then (G, [bg], {pc}) is of abelian type

and not of Hodge type.

A major development to the theory of local Shimura varieties came in [38], wherein an explicit
construction of local Shimura varieties was done in the category of diamonds. Following the advent

of the language of perfectoid spaces and diamonds, the following milestones were reached:

1. W. Kim constructed Rapoport-Zink spaces of Hodge type in [5], coming from local Shimura
data of Hodge type. These work as integral models of the corresponding local Shimura

varieties.
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2. X. Shen generalized this to Rapoport-Zink spaces of abelian type in [7], coming from un-

ramified local Shimura data of abelian type.

There are two classical conjectures concerning the cohomology of local Shimura varieties. The
Kottwitz conjecture formulates the existence of supercuspidal representations realizing the local
Langlands correspondence, arising from local Shimura varieties with an underlying basic local
Shimura datum [39]. Our focus will be on what lies outside the basic locus, captured by the Harris-
Viehmann conjecture, which provides a parabolic inductive formula for the /-adic cohomology
of local Shimura varieties. In particular, it asserts that all the supercuspidal representations are
concentrated in the basic locus.

Before recounting a brief history of results on the Harris-Viehmann conjecture, we build some

motivation.

Definition 4.2.7. Let X be an abelian scheme over a finite field [/ ,. For some n € Z,, the

Frobenius induces a linear action

" O HE (X /W(F))

The p-adic valuation of the eigenvalues yields the multiset {n\}, and the multiset of rational

slopes {\} of the Newton polygon. The Newton polygon is an isogeny invariant.

Definition 4.2.8. Abelian varieties A and B over [, are in the same Newton stratum if A[p>] and
B[p*°] are isogenous p-divisible groups. Equivalently, the Newton polygons of A and B are the

same.

For a fixed dimension g, Newton strata are locally closed in 4,. There is a natural partial
ordering on the set of Newton strata induced by the nesting of the Newton polygons. The smallest
element in this partial ordering is the basic locus, which is the unique closed Newton stratum. In
certain PEL settings, it parameterizes supersingular abelian varieties with extra structures, and in

these cases also known as the supersingular locus.
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For an abelian scheme X, consider the Hodge filtration:
Hirls(X/W(I}_)) Qw(F) I}_p = HcllR(X/l]'_p) =F'>Fl>0

The Hodge polygon of X captures the Hodge filtration. It starts at (0, 0), with sides given by line
segments of length h7'=7 = dim FJ/FJ+! and slopes j for 0 < j < 1. It is not an isogeny invariant.
By Mazur-Ogus [40], the Hodge polygon of an abelian variety always lies above its Newton
polygon.
A Hodge polygon HP x and Newton polygon NP x are Hodge-Newton reducible if they either
have a coincident side, or their contact point is a break point of the Newton polygon.

We can rephrase Hodge-Newton reducibility in the vocabulary of local Shimura data:

Definition 4.2.9. [15, Definition 4.24] Let F' be a finite extension of Q,,, and F be the completion
of its maximal unramified extension. Let (G, [b], {i}) be an (unramified) local Shimura datum.
The pair ([b],{}) is called Hodge-Newton reducible if there exists a proper parabolic subgroup
P with Levi factor L (with both defined over F'), a representative u/ € {11} which factors through

L and an element b’ € [b] n L(F) such that:

o [b,] e B(L,{u}}) where [ ] is the L-o-conjugacy class of b" and {1} } is the L-conjugacy

class of {p'}.

« Only non-negative characters occur in the action of 1/ and v on (Lie R,(P)) ®r F, where

R, (P) is the unipotent radical of P.

We call the local Shimura datum (G, [b], {11} ) Hodge-Newton reducible if ([b], {x}) is Hodge-

Newton reducible.

Example of Hodge-Newton reducibility [41, Example 3.1.2] Let G = Resp,, jz, GL,, where
Oy is the ring of integers of a finite extension F' of Q,. For a partition n = Y}, ji, the Levi factor

L is of the form

L = H Res@F /ZpGij
k=1
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Using the Newton map, we can obtain the slopes of the Newton polygon (1, ..., v,) from [b], and

the slopes of the o-invariant Hodge polygon 7t = (p1, ..., pt) from {u}. Let

C
mc::ij forO<c<r
k=1

Let v,,, denote the last slope of the ¢*?-block, and let v,,_,; denote the first slope of the (c+1)*-
block. This distinction is important as a given block might have multiple slopes. The local Shimura

datum (Reso,, ;z, GLy, [b], {11}) is Hodge-Newton reducible with respect to L when:

* The Newton polygon meets the Hodge polygon at points specified by the Levi subgroup:

Me c
Zua= Zub foreach 1 <c<r.
a=1 b=1

* These points are break points of the Newton polygon: v, < ;.41 foreachO<c<r—-1.

For example, for G = Resp,.jz,GL4 and L = Resp,.;z,GL1 x Resp,. /z, GL1 x Resp,. jz,GLy , the

slopes of the Newton polygon Newt(b) are v; =0 <o = 1< w3 =14 =2.5.

Remark 4.2.10. A purely group-theoretic definition of Hodge-Newton reducibility is given in [42,
Definition 3.1] and [43, Definition 2.1], which is applicable in a more general setting involving
local shtuka spaces. As proved in [42, Lemma 3.3], it reduces to the definition mentioned above

when G is quasi-split.
History of results on the Harris-Viehmann conjecture:
1. Boyer proved the Harris-Viehmann conjecture for Drinfeld modular varieties in [44].

2. Mantovan proved the Harris-Viehmann conjecture in the PEL type case for a special kind of
Hodge-Newton reducibility in [45], assuming that the Newton polygon coincides with the

Hodge polygon up to or from the nontrivial break contact point.
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3. Shen established the Harris-Viehmann conjecture for the PEL type case with a more general
form of Hodge-Newton reducibility in [46], assuming that the contact point is a break point

of the Newton polygon.

4. Hong proved the Harris-Viehmann conjecture in the Hodge type case in [6], assuming Hodge-

Newton reducibility.

5. Hansen gave another proof of the conjecture in [47] for G = GL,, under the Hodge-Newton
reducibility assumption. He used the construction of local Shimura varieties by Scholze

in [38].

4.3 Introduction to thesis project

Our main goal is to establish the Harris-Viehmann conjecture for unramified local Shimura
data of abelian type that are Hodge-Newton reducible. We work with Rapoport-Zink spaces arising
from unramified local Shimura data of abelian type as constructed in [7]. Our primary strategy is

to follow the outline laid down in Serin Hong’s thesis [41].

4.3.1 Hong’s strategy:

The following conditions are imposed on the local Shimura data (G, [b], {u}):

1. (G,[b],{u}) is unramified: G admits a reductive model over Z,,.

2. (G,[b],{p}) is of Hodge type: i.e., for some n, there exists the following embedding of

local Shimura data:
(G, [b],{n}) = (GL,, [V'],{n})

3. (G,[b],{p}) is Hodge-Newton reducible with respect to a parabolic subgroup P ¢ G with

Levi factor L.
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The first two conditions ensure that the corresponding local Shimura variety arises from a
Rapoport-Zink space of Hodge type constructed by Kim [5], which has a concrete interpretation as
a moduli space of p-divisible groups. The third condition helps ensure that (G, [b], {11}) naturally
reduces to a local Shimura datum (L, [b1],{xz}) coming from the specified Levi subgroup. In
particular, (GL,, [0'],{i}) is also Hodge-Newton reducible if and only if G is a split group. As
such, in most cases, (GL,,, [b'], {1'}) is not Hodge-Newton reducible.

Hong’s primary strategy was to factor this embedding through a Hodge-Newton reducible “EL
realization”, that inherits the EL interpretation from (GL,,, [0'], {¢'}) while retaining the Hodge-

Newton reducibility of (G, [b],{u}).

(G.[0].{})

/\

(G, [0],{n}) > (GLa, [V], {1})

Figure 4.1: EL realization

Explicitly, the way to construct the EL realization is as follows. Fix a Borel B c G with a maximal
torus 7. Suppose G has the associated root datum (X*(7"), ®, X (T), ®V) and the Weyl group 2.
Let E; be the field of definition for each orbit of X *(7")/€2. Then:

G = H Reso, jz,GLm,
j J

The closed embedding (G, [b], {1:}) = (G,[b],{7i}) induces a closed embedding of Rapoport-
Zink spaces RZq — RZg. Once in this EL realization setting, the method for proving the Harris-

Viehmann conjecture reduces to three main steps:

1. Construct an appropriate Rapoport-Zink space out of the EL realization.
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2. Establish the parabolic induction formula in the conjecture for the Rapoport-Zink space built

from the EL realization.

3. Pull back along the closed embedding RZ; — RZg, and obtain the parabolic induction

formula in the conjecture for the original local Shimura datum of Hodge type.

4.3.2 Rapoport-Zink spaces of Hodge type

We briefly recount the theory of Rapoport-Zink spaces of Hodge type and their rigid analytic
fibres, following [5].

Fix an unramified local Shimura datum (G, [b],{i}) of Hodge type, along with a faithful G-
representation A € Repy (G). The condition of being unramified allows us to pick b € [b] and
1€ {u} such that b € G(Z,)u(p)G(Z,). This allows for the construction of an F-isocrystal with
G-structure, that gives rise to a p-divisible group with G-structure up to isogeny, denoted by X =
(X, (t;)), where (t;) is a collection of crystalline tensors (c.f. [5] for the detailed construction).
Let Nilpzp denote the category of Zp—algebras where p is nilpotent.

We define the set-valued covariant functor =, on Nilpy as follows: for any 12 € Nilp; , Z,(R)
is the set of isomorphism classes of pairs (X,:), where X is a p-divisible group and the map
v Xgyp, — Kpgyp is a quasi-isogeny. =, is independent of the choice of b € [b] N G(Z,)1(p)G(Z,)
up to isomorphism. It was shown in [29] that the functor =, is represented by a formal scheme RZ,
which is locally formally of finite type and formally smooth over Zp. Let g1, be the universal
p-divisible group over RZ.

For a pair (X, ¢), we get an isomorphism of F-isocrystals with G-structure induced by ¢

D(¢) : D(Rryp)[1/p] = D(Xgy) [1/p]

Let (tx;) denote the inverse image of the tensors (¢;)  under this isomorphism.
Let Nilp3" be the collection of formally smooth and formally finitely generated algebras over
Zp/pnzp for some n € Z,. This is a full subcategory of Nilp; . Let (s;) be a family of crystalline

tensors. We define the set-valued covariant functor Egi) on Nilp3" as follows: take any I € Nilp3",
P P
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a morphism [ : Spf (R) — RZ,, and a p-divisible group X over Spec (R) which pulls back to
f*Rar,p over Spf (R). Then f € ES”(R) if and only if there exists a (unique) family of tensors

(t;) on D(X) such that the following holds:

* For an ideal of definition / of R containing p, the pullback of (t;) over R/I is compatible

with the pullback of (¢x ;) over R/I.

* Let R be a p-adic lift of R that is formally smooth over Zp. Then the following R-scheme is
a G-torsor:

PR = ISOIHR((D(X)R, (tl)R)y (A* ®Zp R, S; ® 1))

 The Hodge filtration of X is a {o~!(p~1) }-filtration with respect to t;.

By [5, Theorem 4.9.1], there exists a closed formal scheme RZ which is formally smooth over
Zp and locally formally of finite type over Spf Zp, representing the functor Egi) on Nilpszr:. Its
isomorphism class only depends on the local Shimura datum of Hodge type (G, [b],{1}), and is
independent of the choice of (s;). By [48], RZ¢ admits a rigid analytic fibre, denoted by RZrGig. By
varying the level structure K¢ ¢ G(Z,,), we can construct a tower of étale coverings of this rigid
analytic fibre, written as Rzgg. At the infinite level, this construction is the local Shimura variety
of Hodge type conjectured by [15] and proven in [5]. The cohomology groups of this object detect
the representations of G(Q,), J»(Q,), and Whg.

To state the Harris-Viehmann conjecture, we need to set out some notations:

Let (G,[b],{i}) be a non-basic unramified local Shimura datum over Q, which is Hodge-
Newton reducible with respect to a parabolic subgroup P of G with Levi factor L. Fix a prime
¢ # p. Let RZ be the Rapoport-Zink space associated to the local Shimura datum. Let K, c G(Q,)
be a maximal compact subgroup determining the level structure. We get a directed system via the
partial ordering induced by reverse inclusion K, < K} : < K, 2 K. Let p be an admissible
(-adic representation of .J,(Q,).

We first define

4,5 oo . j i Kp
H(RZE), = lim Ext, o ((RZE"), p)

p
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From this, we get a virtual representation:

H'(RZg), = ) (-1)™HY(RZg),
i,j>0
Theorem 4.3.1. [41, Theorem 1] Let (G, [b], {i}) be a non-basic unramified local Shimura datum
of Hodge type. Suppose it is Hodge-Newton reducible with respect to a parabolic subgroup P of
G with Levi factor L. Fix a prime ¢ # p. For any admissible Q,-representation p of J,(Q,), the
virtual representation of G(Q,) x Wy is expressed by the following parabolic inductive formula:

. (e} G D . (S
H*(RZE), = Ind5 (& H (RZT),

It follows that the virtual representation H*(RZg ), contains no supercuspidal representations of
G(Q,). On the other hand, suppose (G,[b],{p}) is basic. Then .J, is an inner twist of G, so
there is no non-trivial Levi subgroup available for parabolic induction. Thus, all supercuspidal

representations are concentrated along the basic locus.

Strategy to prove Harris-Viehmann in this setting

The method (originally devised in [45]) is as follows:

1. By the existence of the EL-realization, we have G and corresponding Levi subgroup L com-
ing from a fixed parabolic P. The closed embedding G — G induces the closed embedding
of Rapoport-Zink spaces of Hodge type RZs < RZz by [5]. In [45], P is used to construct
the formal scheme RZp. By [49], the pullback of RZ3 over RZ gives rise to the space
RZp, which is the analogue of a Rapoport-Zink space corresponding to a fixed parabolic P

of GG.

2. It is then shown that the tower of rigid analytic spaces over RZ¢ has a fibration by the tower

of rigid analytic spaces over RZp. This is proved by:
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Lemma 4.3.2. [41, Lemma 4.3.1] The rigid analytic fibres of RZq, RZp and RZ, fit into

the following diagram

RZ"®

2SN

RZ® RZp#

Figure 4.2: Relations between RZg, RZp and RZy.

such that:

(a) sis aclosed immersion.

(b) m; is a fibration in balls, i.e. the fibres are isomorphic to a formal spectrum of a power

series ring over Zp.
(c) o is an isomorphism.
3. The cohomologies of RZs, RZ; with RZp are compared via this lemma. We summarize
how Lemma 4.3.2 is used to prove the Harris-Viehmann conjecture (from [6]):
Fact: For every integer m > 0, there exists a formal scheme ) : RZEDm) —> RZp with the
following properties:
1. For any R € Nilp; , a morphism f : Spf (R) — RZp factors through RZEDm) if and
only if the filtration f*X%[p™] splits.
2. The map 7, : RZp — RZ/, induces an isomorphism between the formal schemes RZp

and RZEDm) over RZ;.

Let K, = ker(P(Z,) — P(Z,/p™Z},)). Let P,, and P,, be two distinct covers of RZ;m),

defined by two Cartesian diagrams:
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rig,(m) / , Rz Xom
Pm E— Rzp 7)m RZP

| | | e

Kim) rig rig,(m) rig
RZ,"™ —— RZY Rz&™ 5 RZY

Figure 4.3: Covers of RZE;.m).

Let D = dim(RZp) - dim(RZy). By [6, Prop 4.3.2], since 71 is a fibration in balls as per

Lemma 4.3.2, we have the following quasi-isomorphism for every integer m > 0:

RTJ(RZp™ g, €,y Q) 2 RU(RZ, ™ ®, C,,Qy(~D))[-2D]

This yields
H*(RZ7), = H*(RZE),

Since 75 is an isomorphism between the rigid analytic generic fibres as per Lemma 4.3.2, we

obtain:

Rzgp ~ Rzgp - RZ:E ] RZ}IngP(Qp)
Kp\G(Qp)/P(Qp)

In particular, this yields:

L[] oo G P L[] oo
H*(RZZ), = Ind G H* (RZE),,

4.4 Rapoport-Zink spaces of abelian type

In this section, we review Shen’s construction of Rapoport-Zink spaces of abelian type in [7].

Definition 4.4.1. A local Shimura datum (G, [b], {i1}) is of abelian type, if there exists an associ-

ated local Shimura datum of Hodge type (H, [by], {{+x}) such that there is an isomorphism of the
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adjoint local Shimura data (G4, [bgaa ], {ptgaa }) = (H?4, [bgaa ], {ftfraa }). A local Shimura datum
(G, [bg],{nc}) of abelian type is called unramified if G is unramified and there is an associated

unramified local Shimura datum (H, [by ], {in }) of Hodge type, satisfying (G4, [bgaa ], {f1aa }) =

(Hadv [bHad]v {/LHad})'

In particular, any local Shimura datum of Hodge type is also of abelian type, and the following

example establishes the latter as a strictly larger class of objects:

Example 4.4.2. [15, Example 5.6] Let G = PGL,, and H = GL,, for n > 2. Consider a non-
trivial minuscule cocharacter juy : G,, > GL, and [by] € B(GL,,uy). Take pg = pigaa and
[bc] = [byaa]. Then (G, [b],{x}) is an unramified local Shimura datum of abelian type that is not

of Hodge type.

The associated local reflex field E = E(G, [be], {11 }) is an unramified extension of Q,, giving
rise to £ = Wq and Op=W.

We will recount how Shen used unramified local Shimura data of abelian type to construct
formal Rapoport-Zink spaces of abelian type in [7]. To do that, we first need to develop the group
theory further.

Let 71 (G) be the fundamental group of G. For a local Shimura datum (G, [bg], { e }), con-

sider the Kottwitz map (c.f. [50]):
ke G(Wo) — m(G)

sending g € G(W)u(p)G(W) to the class of ug. Then there exists ¢y, . € m1(G) such that
kc(be) = pa = (1= 0)Chg g, With a unique 71 (G)"-coset, where I' = Gal(Q,/Q,).

Let (H,[by],{pn}) be an unramified local Shimura datum of Hodge type associated to the
unramified local Shimura datum (G, [b¢], {1 }) of abelian type.

Consider the map wy « X/ (br) — cpypym(H)E. Let X[ (by)* ¢ X[ (byr) be its fibre
OVer Cp, . and RZy ¢ RZy to be the corresponding formal subscheme. Similarly, we have

XG (ba)* € XS (be) as the fibre of the map wg : X & (ba) = Cogue ™1 (G)' OVer ey, -
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By [7, Corollary 2.6], X& (bg)* = X[ (byr)*. This motivates setting RZ¢, := RZj;. Moreover,

by [7, Theorem 2.1], X&.(ba) = Jo (Qp) X (be)*. We define

RZ¢ = Jy, (Q,)RZE = || Rz
JbG(Qp)/JbG(QP)+
. ——perf
where Jy, (Qp) 2 Jo, (Qp)* 1= Staby, (q,) (X7, (be)*). By construction, RZg = XG (ba).

This construction is independent of the auxiliary local Shimura data of Hodge type, as there

is a canonical isomorphism RZj;, = RZj;, for two distinct such choices (Hi, [bu, ], {pm, }) and

(H27 [bH2]7 {/’LH2})'

By [7, Prop 4.9], we have the following results:
1. RZ¢gaa =RZy /X (Zy)T.
2. RZ¢ = B (RZgea) where f¢ : i (G)F — mi(G29)T.

Lemma 4.4.3. Let (G, [bg],{1c}) be an unramified local Shimura datum of abelian type, and
(H,by,{nn}) be the associated local Hodge type Shimura datum. Assume the natural map
m(H)' » m(H*)' = 711 (G*1)T is surjective. Then we have the following isomorphisms be-

tween formal schemes over Spf Z,,:
RZ& =RZy; 2 RZy[m (H)' 2 RZgea[m (H*)Y 2 R gaa [7r1 (G*)T

Proof. By construction, RZ;, = RZ};. The right-action of 71 (H)' on ¢, ,,,m (H)' induces an

action on RZy. More precisely, any g € 71 (H )" induces an isomorphism
Ry : CbH»NHﬂ_l(H)F - CbH7uH7T1(H)F'

This induces a Cartesian diagram
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RZy - > RZp

L L

R
CbH,MHﬂ-l(H)F _9> CbH7MH7T1(H)F

Figure 4.4: R; and R,

The isomorphism Ry is the induced action of g on RZy. In particular, all fibres of wy are
identified under the action of 7y (H)". Thus, RZ/, = RZ}; 2 RZy/m (H).

By [7, Proposition 4.9], we have

RZw/ X (Zi)" 2 RZcua.

By [51, Lemma 1.5], we have a short exact sequence:

0— X.(Zy) — m(H) — 7 (H) — 0

Consider the left exact functor M — MT. Under the assumption 7 (H)" - m (H*d)", we get

0— X.(Zg)' — m(H)' — 7 (H*H' — 0

In particular, we see that

RZz = RZY = RZg/m ()T 2 (RZ/ X (Ze)") J10 (H Y 2 RZ ga 701 (G

]

Remark 4.4.4. The condition that the map 7 (H)" — 7 (H?d) is a surjection is true for most

standard unramified algebraic groups considered for the study of (local) Shimura varieties. There
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is a natural long exact sequence in Galois cohomology:

0— 1 (Zy)" — m(H)" — 7 () — HY(T,7(Zy)) — ...

The surjectivity we desire occurs if and only if H'(I", 71(Zy)) = 0. This happens in almost all

cases when H is unramified.

4.5 Welil descent datum

In this subsection, we discuss the Weil descent data for Rapoport-Zink spaces of abelian type.
In particular, H*(RZg ) will be a virtual representation of G(Q,) x Wg, where Wy, is the Weil
group associated to the reflex field £ = E(G, {ug}) of the local Shimura datum of abelian type
(G, [bc]. {nc}).

There is a natural way of constructing Weil descent data on RZ following Shen’s construction
of RZ¢. The idea is as follows: A Weil descent datum in the case G = GL,, is discussed in [29]. We
can define a Weil descent datum on a Rapoport-Zink space RZ of Hodge type by restriction along
a Hodge embedding H < GL,. Assuming RZy is associated with RZ, we can then “transfer”
this Weil descent datum from RZy to RZg. We note that the above construction recovers the case
of local Shimura varieties and Rapoport-Zink spaces of Hodge type from the local Shimura datum
(H, [bu], {p})-

We first review the Weil descent data in the Hodge type case as constructed in [5, §7.3]. Assume
(H,[bg],{pn}) is an unramified local Shimura datum of Hodge type, and fix a Hodge embedding
v (H,[bu],{pu}) = (GL,,[V'],{w'}). This ¢ is a map of local Shimura data induced by a
closed embedding ¢ : H - GL, of groups. Then by the construction of RZy in [5], we get a
closed immersion of formal groups tgz : RZy — RZ¢qr,. The latter space RZ¢y, has a natural
and explicit Weil descent datum in terms of p-divisible groups. Kim in [5] then defines the Weil

descent datum on RZy to be the restriction of that on RZy,, along the closed immersion trz. We
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denote this Weil descent datum as

im - (m)
oM RZy > RZY)

where 7 is the relative Frobenius on E over E, and RZg) = RZp xgpt Opr Spf Op. As the

Kim

notation suggests, ¢ (H)

a priori depends on the choice of Hodge embedding «. We check in the

next lemma that it is independent of this choice.

Lemma 4.5.1. The Weil descent datum @?IQI‘]“L) is independent of the Hodge embedding H < GL,,.

Proof. Let (H,[by],{pm}) be an unramified local Shimura datum of Hodge type. Consider two
Hodge embeddings ¢ : H — GL,, and ¢ : H - GL,,. We get a third Hodge embedding by taking
the product ¢ := v x/ : H & GL,,,,,. It then suffices to verify that the Weil descent data defined by
¢ and ¢"" coincide, which is clear since the induced embedding f : GL,, - GL,,.,, commutes with

Weil descent data on both sides. O]

Theorem 4.5.2. There exists a Weil descent datum ®She" for a local Shimura datum (G, [b¢], {11c})

of abelian type.

Proof. Let (H,[by],{1n}) be alocal Shimura datum of Hodge type associated to (G, [b¢ ], {ic})-
From the compatibility between @R and ®Kim, the action of the Weil descent datum 7z must be
equivariant with the morphism of v-sheaves wy : RZy — 71 (H)'. Since Shen’s Rapoport-Zink
spaces are built out from an auxiliary local Shimura datum of Hodge type, the relevant Weil descent
datum 75 must be equivariant with wg : RZg — m1(G)'.

Let 7¢; € Gal(Ko/Eg) where Ko = W (F,)[1]. Since Wg c T for E = E(G,{u}), the action

of the Weil descent datum on 7, (G)" is trivial. By equivariance, we see that:

wa(ta(*)) = Ta(wa(*)) = wa(*).
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In particular, 7¢(+) = * in the m;(G) -coset RZ*, yielding RZg = RZ: ™. Tt follows that
RZg = Jpo (Qp)RZE = (Jpe (Qp)RZE)T) = RZ(GT). Hence, lim H*(RZ&) is endowed with a

natural action of W,.. O

Lemma 4.5.3. The Weil descent datum ®3°" is independent of the auxiliary choice of Hodge type

(G)
datum (H, [by],{pu})-

Proof. Let (Hy,[by, |, {pm, }) and (Hz, [ba, ], {11m, }) be two distinct auxiliary local Shimura data
of Hodge type associated to the same local Shimura datum (G, [bg], {uc}) of abelian type. Recall
that by [7, theorem 4.6], we have a canonical identification RZ}; = RZj;, =: RZ¢,. The construc-

tion of the Weil descent datum in Theorem 4.5.2 follows. ]

Remark 4.5.4. The Weil descent datum can alternatively be characterized in the language of p-adic

local shtukas. See [52] and [53] for greater detail.

4.6 Relations to the Hodge case

Definition 4.6.1 ( [6] 4.1.4). Let (G, [bg], {11c}) be a local Shimura datum, and fix a parabolic
subgroup Py of G with Levi factor Lg and unipotent radical Ug. The datum (G, [be], {ug}) is
called Hodge-Newton reducible with respect to P and Lg (Hodge-Newton-reducible, for short) if

there exists y € {11} and b € [be] N La(Q,) with the following properties:
1. pug € {ug} factors through L.
2. bg € [ba] N La(Q,) such that [be] n La(Z,) e (p) La(Z,) is non-empty.
3. the action of /i and v, on Lie(Ug) ®q, Qp produces only non-negative characters.

Recall our strategy is to use the known results of Harris-Viehmann in the Hodge-Newton-
reducible Hodge type case to deduce results for the Hodge-Newton-reducible abelian type case.
However, given an unramified local Shimura datum of abelian type that is Hodge-Newton-reducible,
it is not true that any associated datum of Hodge type is Hodge-Newton-reducible. But the follow-

ing lemma shows that we can at least find one that is Hodge-Newton-reducible.
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Lemma 4.6.2. If a local abelian type Shimura datum (G, [bs ], { ¢ }) is Hodge-Newton-reducible,
then there exists an associated local Shimura datum (H, [by],{g}) of Hodge type that is also

Hodge-Newton-reducible.

Proof. Since (G, [bc],{pc}) is Hodge-Newton-reducible (with respect to some fixed parabolic
subgroup P and Levi subgroup L), by definition, there exists a corresponding local datum
(La, [bc], {1c}) coming from the Levi group of G with the properties in Definition 4.6.1. This

correspondence is maintained upon passing to the adjoint local data. By definition,

(Gadv [bGad]7 {MGad}]) = (Hadv [bGad]’ {MH‘"“‘})7

so we can set (Lgad, [bgaa ], {ptgaa}) = (Lpaa, [bgaa], {ftgaa}) as the adjoint for some datum
(Ly,[bu],{pnu}) from (H,[b],{pn}). We choose any such H and L.

We claim there is some by and minuscule py such that (H,[by],{ug}) is Hodge-Newton
reducible with respect to (Ly, [by],{pg}). To see this, we can pick a lift of iz by setting
g = g N Ly. The kernel of the map from the lift to ziz.a is contained in the cocharacter group
of the centre of Ly. For any A € X,(Z(Lg)), the pairing with any weight coming from pp is

trivial. Thus, pyy is minuscule since {ftgaa} = {1gaa } is minuscule.

Let €T € [bGad] N LGad(Zp)MGad (p)LGad(Zp) = [bGad] N LHad(Zp)ILLHad (p)LHad(Zp). Let y be
the lift of z in Ly (Z,)sus(p) L (Z,). Then by can be set to be the o-conjugacy class of .
O

Proposition 4.6.3. Suppose a local Shimura datum (G, [bg], {uc}) of abelian type is Hodge-
Newton-reducible. Then its adjoint local Shimura datum (G?¢, [bgaa |, {j1g=a } ) embeds into (PGL,,, [bpaL, |, { ptrc

with the embedding factoring through (H4, [b5], {5 }) where

A = Resg/q,PGLy 2 Lga = Resgq, PGLy,, x ... x Resg g, PGLy,
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Proof. Let (H,[by],{un}) be an associated Hodge-Newton reducible local Hodge type Shimura
datum, whose existence is guaranteed by the previous lemma. It embeds into the local Shimura

datum (GL,, [bar, ], {1, } ). factoring through the EL realization (G, [b], {1z }), where
H= Reskq,GL, 2 L = Resg/q,GLm, x ... x Resk q, GLi,
[6, 4.2.1] Passing to the level of adjoint local data, we find that

(Gad’ [bGad]7 {:uGad}) = (Hadv [bHad]v {MHad}) > (Gde> [b,ad]’ {NGL?Ld})a

and must factor through (A4, [bgaa]{ftgaa})-

Now,

(G, [bgaa], {pugeat) = (H™, [bygaa], {ptpraa})
(éad7 [béad]v {Mé&d}) = (ﬁadu [bﬁadL {Mﬁ‘dd})

(GLy, [bGde] Abgraa}) = (PGL,, [bpa, |, {ppcL, })

Together, this gives us

(H, (o] {na}) — (H*, [bpgaa], {pgaa}) > (H*, [bggaa], {1720 }) > (PGLy, [brar, ] {ppcr, })

We record the following group-theoretic lemma for later use.

69



Lemma 4.6.4. Let G be a connected reductive group over a field k. Let G = [G, G] be the

derived subgroup of GG. Then there is a natural isomorphism
G = Gder XZ(Gder) Z(G),

where the right-hand side is the contracted product. Furthermore, there is a natural isomorphism

for any central subgroup C c Z(G):
Z(G]C) ~ Z(G)]C.

Proof. The map
T G x g ueny Z(G) = G, (g,2) = g2

is a well-defined homomorphism. Suppose 7(g,z) = gz = 1. So g = 271 € Z(G9). Since the
pair (271, 2) is equivalent to (1, 1) in G x 5 (gaery Z(G), we see 7 is injective. On the other hand,
G = GYr- Z(@G). Thus, 7 is also surjective. The equality Z(G/C') ~ Z(G)/C holds for any central

subgroup C. [

Example 4.6.5. Consider G = GL,,. Then G4* = SL,,, Z(G9") = p,, and Z(G) = Gy,

4.7 Functoriality of Rapoport-Zink spaces

We present some basic results concerning the functoriality of local Shimura data. Some of the

results may have been known, but we include them for exposition.

Lemma 4.7.1. Let (G, [bg],{pc}) and (G’ [ber], {1tc'}) be unramified local Shimura data of
abelian type. Then (G x G, [ba, bar ], {i, 1'}) is also an unramified local Shimura datum of abelian
type. Here [bg, ber] is defined to be the o-conjugacy class of (bg, ber) € G(Q,) x G'(®Q,) for any

representative bg of [bg] (resp. ber of [bar]). {1q, per } is defined similarly.

Proof. Let (H,[b],{ny}) and (H',[V'],{pn}) be the local Shimura data of Hodge type associ-
ated with (G, [b¢], {1c}) and (G’, [be ], {par }), respectively. By [41, Lemma 2.4.2(i)], we know
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that (H x H',[by, by ], {itn, g }) is an unramified local Shimura datum of Hodge type. Since
(G % G/)ad ~ Gad % G/ad ~ Had x H/ad ~ (H % Hl)ad,
We see that this is a local Hodge datum associated to the datum (G x G, [bg, b ], {1, g })-

Hence, the latter is unramified of abelian type. [

The following proposition provides some basic functorial properties for Rapoport-Zink spaces

of abelian type. This is a generalization of [5, Theorem 4.9.1].

Proposition 4.7.2. Let (G, [bg], {ig}) and (G, [bar], {i1c'}) be unramified local Shimura data

of abelian type. Write RZq (resp. RZq/, RZa« ) for the Rapoport-Zink space associated to the
datum (G7 [bG]7 {/’LG}) (resp’ (G,7 [bG’]7 {/’LG'})’ (G x G,7 [bG7 bG’]7 {,LL, ,U/}))

1. There is a natural isomorphism

RZG XSpf(Zp) RZG/ > RZGXG’7

2. For any map f : (G,[bg],{uc}) — (G',[be], {1c'}) between local Shimura data which

are unramified of abelian type, there exists an induced morphism
RZG — RZG/
which is a closed embedding if the underlying group homomorphism f : G — G” is a closed

embedding.

Proof. Let (H,[by],{pu}) (resp. (H',[by],{1n})) be an unramified local Shimura datum of
Hodge type associated to (G, [bg], {pc}) (resp. (G', [ber], {ic:})). To simplify notations, we will
write RZ¢ for the Rapoport-Zink formal scheme associated to (G, [b¢], {11¢}), and similarly for

other local Shimura data. We will freely use the notations from [7].

71



1. Recall for the local Shimura datum (H,[by],{y}) of Hodge type, we can form a coset
Copupy ™1 (H)Y in the group 71 (H)'; see [7, §2.2] for the construction. The formation of this
coset is functorial in (H, [bg ], {{+x }) by the functoriality of the Kottwitz map and the Galois

action. Note that there is an isomorphism

7'I7T1(H)F ><7T1(H,)F ;Wl(HXH,)F.

There is a natural isomorphism

@ Cop T (H)Y X ¢y m (H)Y = cpppm (H x H')E

compatible with the Weil descent datum.

Fix elements x € ¢y, ., 71 (H)" and x( € ¢y, .., m (H')', and take yo := gp(xo, (). There

is a natural map of étale sheaves

wg - RZH g CbH’“Hﬂ'l(H)F

and RZj, is defined to be the fibre

RZ3; = wi (x0).

The constructions of RZ};, and RZ};, 5 are similar.

By the construction of the spaces RZs and RZ, we only need to show there is an isomor-
phism
RZ}{ X RZ;{/ i R‘Z;{XH"

This then follows from the natural isomorphism

RZH X RZHI ; RZHXH’
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shown in [41, Proposition 2.6.6].

2. By the [53, Proposition 1.2.1], if there exists a formal scheme that is flat, normal and locally

formally of finite type whose v-theoretic integral model is of the form Mt then

(G.[bc){nc})’

it must be unique. Such a formal scheme is explicitly constructed by Shen, which we have

been denoting by RZ.

From f : G — G’, we get an induced map of local Shimura data:

f : (G’ [bG']’ {HJG'}) - (G,’ [bG"]’ {“G’})

Consider the induced map on the associated Hodge-type groups fy : H — H’ such that

by~ fu(by) = by:. By [41, Proposition 2.6.6(ii)], this induces a map
RZH g RZH/,

of the associated Rapoport-Zink spaces of Hodge type.

We now use [53, Proposition 3.6.2]: a closed embedding of local Shimura data

f : (G7 [bG]7 {NG}) - (Glﬂ [bG’]7 {NG’})

induces the following closed immersion of v-sheaves:

. int int
F+ MG ety — MG o tua))

where G and G’ are parahoric models of G and G’ respectively. The statement now is a

special case of Lemma 4.7.3 below.
O]

Lemma 4.7.3. Let X and ) be two flat and normal formal schemes locally formally of finite type

over Spf O, andlet §: X © 5 Y°bea morphism between the associated v-sheaves over Spd O .
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If f is a closed immersion, then there exists a unique morphism f : X — ) between formal schemes

over O such that f is a closed immersion and that f< = j.

Proof. By [52, Proposition 18.4.1], there exists a unique morphism f : X — ) representing f, i.e.,
f© =§. We only need to verify f is a closed immersion. Since the problem is Zariski-local on the
target, we may assume X = Spf A* and J = Spf B*. Write X, (resp. ), for the adic generic
fibre of X' (resp. ))). As pointed out in [52, Remark 18.4.3.], A* (resp. B*) can be identified as the
ring of power-bounded functions on the generic fibre &X', (resp. ;). The map § induces a closed
immersion f,, : X2 — J/f7> , and hence a surjection Oy%> = e O X9 Since X, is a smooth analytic

adic space over Spa E , we have an identification
I'(x,,0%) =~ F(X,?, 0")

and similarly for )). This in particular means we obtain a surjection B* - A*, which shows the

map f is a closed immersion. [
Remark 4.7 .4.

1. We note that the argument in the second part of the proof applies to any local Shimura data,

as long as the v-theoretic integral model ./Vll(“gt baliue))

space, i.e. a formal scheme which is formally smooth and formally locally of finite type over

is represented by a Rapoport-Zink

Spf OE

2. A rather elementary but crucial point is that the v-sheaf functor X - X< on formal schemes
is in general not fully faithful. Thus, the proposition above relies on the nice geometric

properties of the Rapoport-Zink spaces.

Corollary 4.7.5. Let (G, [bgaa ], {iigaa}) = (G'2d,[bgraa], {jicraa}) be a closed embedding
of unramified local Shimura data of adjoint abelian type. This induces a closed embedding of

Rapoport-Zink spaces RZgaa - RZgraa.

Proof. This immediately follows, since it is a special case of the abelian type. [
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For an unramified local Shimura datum of abelian type (G, [bs], {{ic}), and a compact open
subgroup K¢ c G(Q,), we write RZIG(G for the local Shimura variety with K -level structure.

Let (H,[by],{nn}) be an associated local Shimura datum of Hodge type. Let K’ for the
image of K under the map G — G2d = H2d, Let Ky be preimage of K’ along the quotient map
H — H*. Then Ky c H(Q,) is an open compact subgroup, and RZ§H is a local Shimura variety
of Hodge type with K-level structure, built from the datum (H, [by ], {un})-

When no confusion would arise, we write K = K¢ c G(Q,).

4.8 Constructions of auxiliary spaces at the adjoint level

In this section, we construct a few formal schemes related to the adjoint local Shimura datum
(G2 [bgaa ], {ptgaa } ). We should explain why this adjoint datum needs separate constructions, as
we already have the Rapoport-Zink space RZ.s from [7]. The subtlety comes from our strategy of

using the correspondence diagram as in [6, Lemma 4.3.1] for the datum (G, [bg ], {1 }) of abelian

type:

RZp
N
RZrLii RZp®

Figure 4.5: Relations between RZ¢q, RZp, and RZ,,.

We must relate it to the correspondence diagram for the Hodge type (H, [by ], {1tm}). It is natural
to think the connection between the two diagrams is given by an analogous diagram for the adjoint
datum (H?4, [byaa], {ftf7ea } ). Denote by Ppaa (resp. Lpaa) the image of Py (resp. Ly) under the
quotient map H - H#d. But note that in general Pjq is not the adjoint quotient of Py (similarly
for Ly). Thus, existing results such as [7, Proposition 4.9] do not directly tell us what the Rapoport-

Zink space associated to Ppaa or Lyaa 1s. We will resolve this problem in this subsection.
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Lemma 4.8.1. Let (G, [b¢], {11¢}) be an unramified local Shimura datum of abelian type, and let
(Lg, [bc], {1c}) be the local Shimura datum corresponding to a Levi subgroup Lg ¢ G. Then

(L, [ba], {pc}) is an unramified local Shimura datum of abelian type.

Proof. Let (H,[bg],{pr}) be an unramified local Shimura datum of Hodge type associated to
(G, [ba]), {pc}). Write L’ for the image of L under the map G - G2 ~ H2d. Then let Ly be
preimage of L’ along the quotient map H — H?d, Thus, Ly is an (unramified) Levi subgroup of
H, and (H,[by],{pn}) induces an unramified local Shimura datum (L, [by], {pr}) of Hodge

type. It is then easy to check (Ly, [by], {in}) is associated to (Lg, [ba], {pc})- O

Lemma 4.8.2. Let (G, [bg],{1c}) be an unramified local Shimura datum of abelian type, with
a Levi subgroup Lg c G. Let Iy, 1,31, be the set of LG(ZP)—conjugacy classes of Lg with

cocharacter representative i such that

Loy e{pc}.

2. [ba] N La(Z,) 1 (p) L(Z,) is non-empty.
Then

L. Iy, uc),Le 18 NON-empty.

2. Forany {pf,} € Iy, (e}, Le» the tuple (Lg, [be], {1, }) is an unramified local Shimura datum

of abelian type.

Proof. Let (H,[by],{pm}) be an unramified local Hodge type Shimura datum that is associated

to (G, [bc],{ic}), with a Levi subgroup Ly c H.

1. There exists an unramified Levi subgroup Ly ¢ H, such that (L, [be], {i1c}) is associated
to (Ly, [bu],{pu}). Associated to Iy, ()00 there is Iy, u,1.0,,- The non-emptiness

follows from [15].

2. Consider the local Shimura datum (L, [bg], {11, }) of abelian type, and its associated lo-

cal Shimura datum (Lg,[bg], {#};}) of Hodge type. Since H is unramified, so is Ly.
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By [Lemma 4.1.2 Hong], we know that (Lg,[bg], {it%}) is unramified. It follows that

(Le, [be], {p}) is an unramified local Shimura datum of abelian type.

4.9 Constructions of parabolic Rapoport-Zink spaces

Recall that for an unramified local Shimura datum (H, by, {uy}) of Hodge type, we have a
map

WH - RZH d CbH,”Hﬂ'l(H)F,

and the fibre over the point ¢;,, ,,,, is by definition RZ};. The same applies to a Levi subgroup Ly
of H: RZp,, = Wi} (Chypy) is the fibre of wr, : RZp,, — chy 1 (Lir)T

Since RZy is of Hodge type, we adopt the construction of the correspondence diagram from [6,
§4].

From Q7 ¢ Q}, we obtain a surjective homomorphism

pim(Ly) =X (Tw)/Qr,, » X.(Tu)/Qp = m(H).

Note we have ©(Cpy ) = Copoun- Let o8 2 m (L)t - m(H)' be the map induced by taking
I'-invariants on the map ¢. We get a map of cosets ¢y, ,,, m1(Lg)t > copy ™ (H)E.

We have a natural map wp,, = wp o To i : RZp, — ¢y ., We define RZp, = wp! (Coypuyy )
to be the fibre, and also set RZ},, := RZp, following Shen.

By construction, RZ¢; = RZy, RZp, = RZp, and RZ} , = RZ}, are closed formal subschemes
of RZy, RZp, and RZp,,, respectively. We extend the construction to the rigid analytic generic
fibre to obtain RZ;™® = RZ;1"®, RZp'® = RZp™ and RZ;"™® = RZ}"® respectively.

Let 7T1+7G = 7riH = ﬂlﬁH‘RZ;{rig and Wf’LG = WI:LH = MLy Rzzﬁ;. Similarly, we can define
Ty o = Mo gy i= o, H‘Rzmg. We note that L — H induces the closed embedding ¢y : RZp,,, = RZy

b b H

by [5, Theorem 4.9.1].
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We define the formal scheme RZp, = J,,(Q,)RZ}p, . Let RZ;i be its rigid analytic generic

fibre.
Lemma 4.9.1.
1. There is a map 7 ¢ : RZ?,i — RZrLii.
2. Sq is a closed immersion
3. my g 1s a fibration in balls.
Proof. 1. We first prove this for the +-closed formal subschemes:
T a(RZp®) = 7 g (RZ ) = 1) (Wi (Comun)) = T g © Wir 0 To,11) ™ (0(Coprpan)
=T 11 Mo O Wi © P(Copppuy) € Wiy (Coppurr) = Rzzifig - Rzzgg
Thus, we get the map RZYE = Jy, (Q)77 o(RZE™) =5 J,, (Q,)RZ; 1 = RZTE .
2. The composition my ¢ © 5¢ : RZrLii > Rzgg is the closed embedding on the rigid analytic

generic fibre that is induced by the closed embedding of local Shimura data

(La,[bc], {na}) = (G, [ba], {nc})-

It follows that ss is a closed immersion.

3. It suffices to show that Wf’c is a fibration in balls. This follows from [6, Lemma 4.3.1] by

restricting to RZ}Zg = RZ;;ig.
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4.10 More on Formal subschemes

We revisit the notations from earlier. Recall that we set RZ; . := RZ}  and RZp,, := RZp, . We

write Hi (RZ59) = HL (RZ5Y, Q) for any compact open subgroup K¢ of G(Q,). We also write

H'(RZg) = lim HL(RZE).
KgcG(Qp)

This is a representation of G(Q,,) x Wg on Q,-vector spaces. For an admissible /-adic representa-

tion p of J,,(Q,), we write

HY(RZE) = lim Bxt), ) (H'(RZE), p)
KcG(Qp)

Each H%/(RZ{ ), has a natural action of G(Q,) x Wg. We get a virtual representation:

H'(RZ), = ¥ (~1)*HY(RZS),.

3,720

The following corollary is a consequence of Lemma 4.9.1.

Proposition 4.10.1. There is an isomorphism between the following virtual /-adic representations

of Pg(Qp) X WEI
H*(RZ17), = H'(RZEY),
Proof. We define a formal subscheme RZ;’ém) =y owlg}{ (Cbyuy ) that is equipped with the map

(P9 RZ;’C(;m) —> RZ},.. We get natural diagrams:

Let D¢, = dim(RZp,,) - dim(RZj ). It follows that we have the following quasi-isomorphism

for every integer m > O:

+K' — +K =
RTU(RZp, "™ ® Cp,Qp) = RT(RZ, "™ ®y Cp Q(-Dg))[-2D¢].
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+rig,(m) *KG (m)

K
Pém — Ry, Pl — Rip,

| | ! [

+K,G,(m) +rig +rig,(m) +rig
RZ,, ™ —— RZ} RZ;"®" s Rz},

Figure 4.6: Covers revisited for + components.

This yields
H*(RZ17), = H*(RZE]),

]

Proposition 4.10.2. There is an isomorphism between the following virtual /-adic representations

of Pe(Q,) x Weg:
H*(RZS,), = H*(RZ3,),

Proof. We use the notation of Proposition 4.10.1, and add a few more:

* RZ1, = oo (Q)RZ],,, RZE = Joo (Q)RZ; 1%, RZE™ = J, (Q,)RZy ™.

K& (m)
Pg

+ rig,(m rig,(m +K ¢ ,(m
* RZp, = Jo,(Q,)RZ},, RZE (m) _ JbG(Qp)Rz;Gg< ). RZ, ™ = Jo, (Q,)RZ

We use this in the Cartesian diagrams:

rig,(m K¢ m

Joes(Qp) Pl — RZEM™ oo (Qp) Py — RZpS™
1] |
RZp&™ —— RZE RZIE™ — R7E

Figure 4.7: Covers revisited for the abelian case.
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In particular, we get the following equality:

H.(RZ?G )p = H.(R‘Zzog)P

4.11 Adjoint level

We note that RZy, ., = RZg, /X.(Zx)" is distinct from but related to the formal space

RZ 1,y = RZp, | X (Z1 ).

Lemma 4.11.1. There is an identification:
RZLGad = RZL?{d X1 ((Lyg)ad) Wl(LHad)F

Proof. Recall that L j.a is the image of Lz under the projection H — H?4, and can be identified

with Ly /Zy. By the third isomorphism theorem, we see:

(L)™' =Lu/Zry = (L) Z)/(Ziy|Zr) = Lusa|(Z1y ] Za)

In other words, there is a short exact sequence:
0— Zp,/Zy — Lysa — (Lyr)™ — 0

By [51], it follows that there exists a related short exact sequence:

0 — Xo(Z1,)/X(Zr) — mi(Lygaa) — m((Ly)™!) — 0
Taking the I'-invariant subgroups is exact, giving us:

0— Xo(Z1,)" /X (Z1)" — mi(Lpea)t — m((Lr)*)" — 0
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Now we consider a group-theoretic result.

Lemma 4.11.2. Let .2 be a formal scheme over I that is locally formally of finite type, with
actions of group W-schemes H, and H,. Suppose there is a short exact sequence of group schemes

over W
0— Hi/Hy,— Gy — Gy —0
Then
(2 |Hy) xg, G122 |Hy

Proof. Let GG be a group scheme acting on the formal scheme 2". By [54, Tag OAIR], the fppf site
of a formal scheme is subcanonical. This implies the étale site is subcanonical. So we may regard
2, H;, and G; (i = 1, 2) as étale sheaves over Spf W.

Fact: Suppose there is a set S with the action of groups H; and H,. If there is a short exact

sequence of groups
0— Hi/Hy — G — Gy, —0
Then
(S/Hy) xg, G1 = S/H,

]

For us, we have 2 = RZLH, Hl = X*(ZLH)F, HQ = X*(ZH)F, Gl = Wl(LHad)F and Gg =

m1((Lg )2, Thus, we find:

RZL(;ad = RZLHad = RZL%? Xﬂl((LH)ad) Wl(LHad)F.
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This establishes the following projection:
RZp 0y = RZ1, 0 2 RZ 10 X, (1)) T1 (Lpgsa)” > RZ g = RZ .

LetRZp ,, = RZp,/X.(Zg)". This gives rise to the following diagram:

Ut T2, H,=

rig H rig R rig
RZ}E " Rz > RZ":

l/XAzH)F l/XAZH)F /

rig rig rig rig
% H =
RZLHad 7T17Had RZPHad 71'27Had )= RZHad RZGad
pll /oﬂ-ly[_[ad
rig _ rig
RZ"E, = RZ"%,
H G

Figure 4.8: Extending to adjoint level.

In particular, since ;g is a fibration of balls, s0 is 7 faa.
Let K2 be the image of Ky under the map H — H?d. Let K}?4 = K% n Ppaa(Z,). We use

this construction to define

i(R7EEYY . prip7 K
H'(RZp" )= H' (RZp) | X.(Zn)).
i o . i K/ad
H'(RZg, )= lim H'(RZp"
Kiad

By [6, Prop 4.3.2],

H*(RZ,), = H(RZ3,),.
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Recall that by definition, H2d = G4, L jjaa = Lgaa and Ppaa = Pgaa. By the functoriality of He,
H(RZE ), = H*((RZ1, /X (Z0))™), = H*((RZp, [X. (Zir))™), = H*(RZE, ),
Now, by [6, Prop 4.3.3], we know that :
RZE" = | | RZp,,.

KH\H(QP)/PH(Qp)

Observe that by definition, K/ Zy = Kg/Zg. Thus, by the third isomorphism theorem:

KH\H(QP)/PH(QP) = (KH/ZH)\Had(Qp)/PHad(Qp)
= (Kol Ze)\G* ()] Pona (Q) = K ua\G*(Q,) Pna (Q).

We use this in the following manner:

Kga
RZG" = RZ"[X(Zp)' = L) RZp!/X.(Zm)"
KH\H(QP)/PH(QP)
K ad
= | RZpS".

Kgad\Gad(Qp)/PGad (QP)

It follows that

. Gad (Qp) ° )
H*(RZgw) =Indy, (@) H'(RZE_,),.

This completes the proof of the following theorem:

Theorem 4.11.3. Let (G, [bg], {11¢}) be an unramified non-basic local Shimura datum of abelian

type, which is Hodge-Newton reducible with respect to a fixed parabolic subgroup P and Levi

factor L¢. Then for any admissible Q,-representation p»d of Tb0a (Qp), We have

° (o) G Qp ° 0o
H* (RZ&.4), = IndPGai WHRZE ),
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4.12 The abelian case

We combine our prior results to deduce the main theorem for the abelian case.

Theorem 4.12.1. Let (G, [bg], {1t }) be an unramified non-basic local Shimura datum of abelian
type, which is Hodge-Newton reducible with respect to a fixed parabolic subgroup P and Levi

factor L. Then for any admissible Q,-representation p of .Jj,. (Qp), we have:

° o G Qp [ oo
H*(RZ3), = Indp{%) H (RZ),

as virtual representations of G(Q,) x Wg.
Proof. Let K¢ ¢ G(Z,) and Ky ¢ H(Z,) be corresponding open compact subgroups. Recall

from the exposition on Lemma 4.3.2 that we have:

H D H\Xp

In particular, by restricting to the + components, we obtain:

RZLS™ = RZE" = | ] RZp1"
KH\H(QP)/PH(QP)

Observe that by definition, K/ Zy = Kg/Zg. Thus, by the third isomorphism theorem:

Ky\H(Qp)/Pu(Qp) = (Ku/Zu)\H*(Qp)/Pga(Qyp)
2 (Ka/Za)\G* (Qy) [ Pea(Qp) = K\G(Qy) /P (Qy)-

Hence, we can rewrite the expression as

RZ&ST = L] RZpo.
KG\G(QP)/PG(QP)
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We now utilize the action of J,,(Q,) to get the full abelian case.

RZES = J,.(Q,)RZE

Ka,
= JbG(Qp) |_| RZPS :
KG\G(QP)/PG(QP)

I
=
N

=
Q
+

JbG (Qp)/JbG (Qp)* Ke\G(Qp)/Pa(Qp)

1l
j=w
N

53
+

KG\G(QP)/PG(QP) Jbg(Qp)/JbG (Qp)+

- || RZ36.
KG\G(Qp)/PG(Qp)

Thus, we find:

. oo G(Qp . oo
H*(RZ3), = Ind}p{) H (RZ,),-

Earlier, we showed in Proposition 4.10.2 that
H'(RZ}’S’G )y = H'(RZE"G )p-
We combine these two results to get

° [ o] G Qp L[] [ee]
H*(RZF), = Indp{%) H(RZ.),.

]

Remark 4.12.2. The authors in [55] have recently proved the Harris-Viehmann conjecture in
the Hodge—Newton reducible case using very different methods, by studying the moduli stack

of parabolic bundles on the Fargues-Fontaine curve.

86



Bibliography

(1]

(2]

(3]

(4]

[5]

[6]

[7]

[8]

[9]

[10]

Emerald Andrews, Deewang Bhamidipati, Maria Fox, Heidi Goodson, Steven R Groen, and
Sandra Nair. Ekedahl-Oort strata in the GU(q — 2,2) Shimura variety. arXiv preprint
arXiv:2405.04464, 2024.

Emerald Andrews, Deewang Bhamidipati, Maria Fox, Heidi Goodson, Steven R Groen, and
Sandra Nair. The Ekedahl-Oort and Newton stratification of the GU(3,2) Shimura variety.

arXiv preprint arXiv:2510.01090, 2025.

Marc-Hubert Nicole and Adrian Vasiu. Traverso’s isogeny conjecture for p-divisible groups.

Rendiconti del Seminario Matematico della Universita di Padova, 118:73-83, 2007.

Emerald Andrews, Deewang Bhamidipati, Maria Fox, Heidi Goodson, Steven R. Groen, and

Sandra Nair. Traverso’s isogeny conjecture for some unitary p-divisible groups, 2025.

Wansu Kim. Rapoport—Zink spaces of Hodge type. In Forum of Mathematics, Sigma, vol-

ume 6, 2018.

Serin Hong. Harris—Viehmann conjecture for Hodge—Newton reducible Rapoport—Zink

spaces. J. Lond. Math. Soc. (2), 2018.

Xu Shen. On some generalized Rapoport—Zink spaces. Canadian Journal of Mathematics,

72(5), 2020.

Robert E. Kottwitz. Points on some Shimura varieties over finite fields. J. Amer. Math. Soc.,

1992.

Eva Viehmann and Torsten Wedhorn. Ekedahl-Oort and Newton strata for Shimura varieties

of PEL type. Mathematische Annalen, 356(4):1493-1550, 2013.

Maria Fox. The GL, Rapoport—Zink space. International Mathematics Research Notices,

2022(3):1825-1892, 2022.

87



[11] Inken Vollaard and Torsten Wedhorn. The supersingular locus of the Shimura variety of

GU(1, n-1) II. Inventiones mathematicae, 184(3):591-627, 2011.

[12] Stephen Kudla and Michael Rapoport. Special cycles on unitary Shimura varieties I. Unram-

ified local theory. Inventiones mathematicae, 184(3):629—682, 2011.

[13] Stephen Kudla and Michael Rapoport. Special cycles on unitary Shimura varieties 1I: Global
theory. Journal fiir die reine und angewandte Mathematik, 2014(697):91-157, 2014.

[14] Michael Harris. Local Langlands correspondences and vanishing cycles on Shimura varieties.

In European Congress of Mathematics, pages 407-427, 2001.

[15] Michael Rapoport and Eva Viehmann. Towards a theory of local Shimura varieties. Miinster

J. Math, 2014.

[16] Benjamin Howard and Georgios Pappas. On the supersingular locus of the GU(2, 2) Shimura
variety. Algebra Number Theory, 8(7):1659-1699, 2014.

[17] Ulrich Gortz and Xuhua He. Basic loci of Coxeter type in Shimura varieties. Camb. J. Math,

3(3):323-353, 2015.

[18] Emerald Anne, Deewang Bhamidipati, Maria Fox, Heidi Goodson, Steven R Groen, and
Sandra Nair. Ekedahl-Oort strata and the supersingular locus in the GU(g-2, 2) Shimura

variety. arXiv preprint arXiv:2405.04464, 2024.

[19] Ben Moonen. Group schemes with additional structures and Weyl group cosets. In Moduli

of abelian varieties, pages 255-298. 2001.

[20] A. Bjorner and F. Brenti. Combinatorics of Coxeter Groups. Graduate Texts in Mathematics.

Springer Berlin Heidelberg, 2006.

[21] Anders Bjorner and Francesco Brenti. Combinatorics of Coxeter groups, volume 231. 2005.

88



[22] Amy Wai Ling Jane Wooding. The Ekedahl-Oort stratification of unitary Shimura varieties.
McGill University (Canada), 2016.

[23] Michael Rapoport and Melanie Richartz. On the classification and specialization of f-

isocrystals with additional structure. Compositio Mathematica, 103(2):153-181, 1996.

[24] Maarten Hoeve. Ekedahl-Oort strata in the supersingular locus. Journal of the London

Mathematical Society, 81(1):129-141, 2009.

[25] Frans Oort. Minimal p-divisible groups. Annals of mathematics, 161(2):1021-1036, 2005.

[26] Frans Oort. Simple p-kernels of p-divisible groups. Advances in Mathematics, 198(1):275-
310, 2005.

[27] Aise Johan de Jong and Frans Oort. Purity of the stratification by Newton polygons. Journal

of the American Mathematical Society, 13, 2000.

[28] Shushi Harashita. Ekedahl—Oort strata and the first Newton slope strata. Journal of Algebraic

Geometry, 2007.

[29] Michael Rapoport and Thomas Zink. Period spaces for p-divisible groups. Number 141 in

Annals of Mathematics Studies. Princeton University Press, 1996.

[30] Thomas Zink. Cartier theory of commutative formal groups. Teubner-Texte zur Mathematik,

68, 1984.

[31] Carlo Traverso. Specializations of Barsotti-Tate groups. In Symposia Mathematica, Vol.

XXIV, pages 1-21. Academic Press, 1981.

[32] Eike Lau, Marc-Hubert Nicole, and Adrian Vasiu. Stratifications of Newton polygon strata
and Traverso’s conjectures for p-divisible groups. Annals of Mathematics, pages 789-834,

2013.

89



[33] Inken Vollaard. The supersingular locus of the Shimura variety for GU(1, s). Canadian

Journal of Mathematics, 62(3):668-720, 2010.

[34] Adrian Vasiu. Level m stratifications of versal deformations of p-divisible groups. arXiv

preprint math/0608032, 2006.

[35] Adrian Vasiu. Crystalline boundedness principle. In Annales scientifiques de I’ Ecole normale

supérieure, volume 39, pages 245-300, 2006.

[36] Michael Harris and Richard Taylor. On the geometry and cohomology of some simple

Shimura varieties. Annals of Mathematics, 1999.

[37] Robert E. Kottwitz. Isocrystals with additional structure. Compositio Mathematica,

56(2):201-220, 1985.

[38] Peter Scholze. p-adic geometry. In Proceedings of the International Congress of Mathemati-

cians, pages 899-933, 2018.

[39] Michael Rapoport. Non-Archimedian period domains. In Proceedings of the International

Congress of Mathematicians, pages 423434, 1995.

[40] Arthur Ogus. Frobenius and the Hodge spectral sequence. Advances in Mathematics, 2001.

[41] Serin Hong. On Hodge—Newton reducible local Shimura data of Hodge type. PhD thesis,

California Institute of Technology, 2018.

[42] Miaofen Chen. Fargues—Rapoport conjecture for p-adic period domains in the non-basic case.

Journal of the European Mathematical Society, 2023.

[43] Miaofen Chen and Jilong Tong. Weakly admissible locus and Newton stratification in p-adic

Hodge theory. arXiv preprint arXiv:2203.12293, 2022.

[44] Pascal Boyer. Mauvaise réduction des variétés de Drinfeld et correspondance de Langlands

locale. Inventiones mathematicae, 138, 1999.

90



[45]

[46]

[47]

[48]

[49]

[50]

[51]

[52]

[53]

[54]

[55]

Elena Mantovan. On non-basic Rapoport-Zink spaces. In Annales scientifiques de I’Ecole

normale supérieure, volume 41, 2008.

Xu Shen. On the Hodge—Newton filtration for p-divisible groups with additional structures.

International Mathematics Research Notices, 2014.

David Hansen. Moduli of local shtukas and Harris’s conjecture. Tunisian Journal of Mathe-

matics, 2021.

Pierre Berthelot. Cohomologie rigide et cohomologie rigide a support propre. Premiere partie.

1996.

Serin Hong. On the Hodge—Newton filtration for p-divisible groups of Hodge type. Mathe-
matische Zeitschrift, 2019.

Robert E. Kottwitz. Isocrystals with additional structure. II. Compositio Mathematica,

109(3):255-339, 1997.

Mikhail V. Borovoi. The algebraic fundamental group and abelian Galois cohomology of
reductive algebraic groups. Technical report, Max-Planck-Institut fiir Mathematik, Bonn,

1989.
Peter Scholze and Jared Weinstein. Berkeley lectures on p-adic geometry. 2020.

Georgios Pappas and Michael Rapoport. p-adic shtukas and the theory of global and local

Shimura varieties. Cambridge Journal of Mathematics, 2024.
The Stacks project authors. The stacks project. https://stacks.math.columbia.edu, 2026.

Linus Hamann and Naoki Imai. Dualizing complexes on the moduli of parabolic bundles.
Journal fiir die reine und angewandte Mathematik (Crelles Journal), 2025(825):139-183,
2025.

91


https://stacks.math.columbia.edu

	Abstract
	Acknowledgements
	Dedication
	List of Tables
	List of Figures
	Introduction
	Stratifications on unitary Shimura varieties
	Background
	Weyl Group Cosets
	Newton stratification on unitary Shimura varieties
	Arguments based on p-ranks
	Arguments based on the Siegel modular variety
	The forgetful map
	Minimal Ekedahl-Oort strata
	Generic slopes

	Lifting to p-Divisible Groups
	Generating mod-p Dieudonné modules of a fixed signature
	The case of signature (q-2,2)
	Potential generalization to higher signatures


	Traverso's Isogeny Conjecture
	Introduction
	Background
	Isogenies to Superspecial p-Divisible Groups
	Minimal Heights
	Isogeny Cutoffs

	A new case of the Harris-Viehmann conjecture
	Notations
	Background
	Introduction to thesis project
	Hong's strategy:
	Rapoport-Zink spaces of Hodge type

	Rapoport-Zink spaces of abelian type
	Weil descent datum
	Relations to the Hodge case
	Functoriality of Rapoport-Zink spaces
	Constructions of auxiliary spaces at the adjoint level
	Constructions of parabolic Rapoport-Zink spaces
	More on Formal subschemes
	Adjoint level
	The abelian case

	Bibliography

