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ABSTRACT OF DISSERTATION

APPLICATIONS OF GENERALIZED INFERENCE

There are many statistical inference problems in mixed linear models for which ex-
act solutions are not available. In these cases, standard statistical software packages
such as SAS and S-PLUS either use asymptotic procedures or methods based on the
Satterthwaite-type approximations.

In this dissertation, it is shown that generalized inference (generalized pivotal quan-
tity, generalized confidence interval, generalized test variable and generalized P-value)
may be used as an alternative to asymptotic approximations or other small sample ap-
proximations. After presenting the definitions pertaining to generalized inference, we
show how to extend the concept of generalized confidence intervals to simultaneous gen-
eralized confidence intervals. We also show how to extend generalized tests of hypotheses

to multiparameter problems. Specifically, the following problems were addressed.

1. All pairwise comparisons of cell-means in unbalanced heterogeneous one-way ANOVA

(Extended Tukey)

2. Pairwise comparisons of treatment means to a control mean in unbalanced het-

erogeneous one-way ANOVA (Extended Dunnett)
3. All cell-means in balanced two-factor crossed mixed linear model.

4. All pairwise comparisons of cell-means in balanced three-factor nested factorial

mixed linear model.

iil
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Other applications considered in this dissertation include the use of generalized
confidence intervals to compare two non-nested linear models when the response and
the predictors have jointly a multivariate normal distribution.

Generalized tests were developed for the following problems.

1. Testing the equality of the cell means in unbalanced heterogeneous one-way ANOVA

2. Testing the equality of the cell means in balanced three-factor crossed mixed linear

model with interactions.

Simulation studies were used to estimate the error rates for each problem considered.

Comparisons to other existing procedures were carried out when appropriate.
Amany Hassan Abdel-Karim
Statistics Department
Colorado State University

Fort Collins, CO 80523
Fall 2005
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Chapter 1

INTRODUCTION

Statistical inference plays a key role in many practical applications involving
decision making in the presence of partial or uncertain information. Point esti-
mation, confidence intervals, and hypotheses testing, are the three main modes of
statistical inference. Exact confidence intervals and tests can be constructed if there
exist appropriate pivotal quantities for parameters of interest. If appropriate piv-
otal quantities do not exist, approximate methods are used to construct confidence
intervals and hypotheses tests.

Generalized likelihood ratio tests are a class of tests that can be developed in
very general situations. Except in simple situations, they are not exact tests but
are usually asymptotically efficient. The distribution of the generalized likihood
ratio statistic is typically intractable, and hence asymptotic arguments are used to
provide a justification for their use in large samples.

In the context of mixed linear models, Satterthwaite (1941, 1946) introduced
approximate methods that can be used for testing and constructing confidence in-
tervals when the variance of the parameter estimate can be expressed as a linear
combination of expected mean squares. However, Satterthwaite’s method is not sat-
isfactory if the coefficients of the linear combination of expected mean squares are
not all of the same sign. Several studies have been conducted to address such situ-
ations but still many practitioners are using Satterthwaite and other unsatisfactory
approximate methods because there are no standard software packages that can be

used in other procedures.
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In 1989, Tsui and Weerahandi introduced the concept of a generalized test vari-
able (GTV) and generalized P-value (GPV) for testing one-sided hypotheses. They
applied these concepts to compare means of two exponential distributions and to test
the mean of the truncated exponential distribution. Weerahandi (1993) extended
the idea of GPV and introduced the concepts of generalized pivotal quantity (GPQ)
and generalized confidence interval (GCI). He used the GCI to construct confidence
intervals for the variance of random effect in a random effect model. Since then
several studies have been conducted to solve various problems using generalized
inference.

In 1994, Zhou and Mathew used the concept of GPV for testing hypotheses
in balanced and unbalanced cases (unequal cell frequencies) to test the significance
of variance component in mixed linear model and to compare the random effects
variance components in two independent mixed linear models. In 2000, Chang and
Huang used the concepts of GClIs for largest mean, largest quantile, and largest
signal-to-noise ratio when there are at least two normal populations. Chiang (2001)
introduced the method of surrogate variables which is a systematic approach for
constructing confidence intervals for functions of variance components in balanced
mixed effects linear models. The intervals are exactly the same as generalized con-
fidence intervals.

In 2002, Iyer and Patterson introduced a simple, but general, recipe for con-
structing GPQs which can be used to obtain GCI, GTV and GPV of a single un-
known parameter for large class of practical problems. They applied the recipe
to many problems and demonstrated that all previously published GCIs could be
obtained using their recipe. Witkovsky (2002) extended the concepts of GCI and
GPV to construct approximate simultaneous confidence intervals and to test si-
multaneously all contrasts of means, in a one-way classification model (generalized
Scheffé). He also constructed conservative GCls for all pairwise mean differences

simultaneously and tested all pairwise comparisons of means based on GPV.
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In 2003, Krishnamoorthy and Mathew used the ideas of GPV and GCI to
construct exact confidence intervals and tests for a single lognormal mean of small
and large samples. They also constructed intervals and tests for the ratio (or the
difference) of two lognormal means. In 2004, they developed one-sided tolerance
limits in balanced and unbalanced one-way random models, for observable random
variable X, X ~ N(u, 02+ 02) and unobservable random effect p+7, 7 ~ N(0, o2).

In 2004, Gamage et al. used the concept of GPV to test the equality of mean
vectors for two multivariate normal populations with unequal covariance matrices.
Lee and Lin (2004) constructed GCI and GPYV for the ratio of means of two normal
populations.

Hannig et al. (2004) extended the recipe of Iyer and Patterson (2002) and
provided a general construction procedure for a special class of Generalized Pivotal
Quantities which they called Fiducial Generalized Pivotal Quantities (FGPQ). They
further established a connection between GCls and Fisher’s fiducial inference. In
addition they proved a theorem which establishes the asymptotic exactness of GCls
under fairly general conditions.

Most of the previous works dealt with applying the concepts of generalized in-
ference to solve problems concerned one parameter. This dissertation is aimed at
developing a systematic way for constructing simultaneous GCIs based on FGPQs
for more than one parameter and apply it to unbalanced heterogeneous one-way
ANOVA and balanced mixed linear models. The GCI was also used to compare two
non-nested linear models. The GTV was constructed to test more than one param-
eter simultaneously in unbalanced heterogeneous one-way ANOVA and balanced
mixed linear models.

The dissertation is organized as follows. Basic definitions of mathematical
statistics and terminology involving generalized inference are given in Chapter 2.

Chapter 3 contains basic statistical results that are used throughout the dissertation.
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Chapter 4 concerns one-way ANOVA. Simultaneous generalized confidence intervals
were developed for all pairwise mean differences (extension of Tukey’s method). The
performance of the suggested method was assessed by computer simulation and the
results were compared with Dunnett’s (1980) results using other methods rather
GCls. Simultaneous confidence intervals for comparing all treatment means with a
single control (extension of Dunnett’s procedure) were also introduced. The perfor-
mance of the suggested method was tested by computer simulation. Data examples
were used for each problem to illustrate the computations.

In Chapter 5, GCIs in balanced mixed linear models are introduced. We dealt
with two problems. The first problem is construction of simultaneous GCls for all
means in two-factor crossed balanced mixed linear model. Computer simulation
was performed to assess the performance of the suggested method. Second problem
is constructing simultaneous GCls for all pairwise mean differences in three-factor
nested factorial balanced mixed linear model. Computer simulation was performed
to assess the performance of the suggested method and to compare the results with
SAS. Data example was used for each problem to illustrate the procedures.

Chapter 6 deals with using GCls to compare two non-nested linear models by
developing a GCI for the ratio of residual variances of the two models. Computer
simulation was conducted to assess the performance of the suggested method and
to compare the results with Ahlbrandt (1988) using other methods rather GCIs. A
data example was used to show how the procedure works in applications.

In Chapter 7 we consider development of a GTV for testing vector of parameters
and applied it to two problems. The first problem was testing the equality of all
means in an unbalanced heterogeneous one-way ANOVA. Computer simulation was
carried out to assess the performance of the suggested method. A data example was
used to show how the procedure works and to compare the result with Weerahandi’s

(1995) result for the same data example. The second problem was testing the
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equality of all means in three-factor crossed balanced mixed linear model. Computer
simulation was carried out to assess the performance of the suggested method and
to compare the results with Satterthwaite’s method for solving this problem using
SAS. A data example was used to show how the procedure works. Finally, Chapter 8

provides some concluding remarks.
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Chapter 2

GENERALIZED INFERENCE
DEFINITIONS AND NOTATIONS

In this chapter we provide the basic definitions related to generalized pivotal
quantity (GPQ), generalized confidence interval (GCI), generalized test variable
(GTV) and generalized P value (GPV). These concepts are generalizations of the
established concepts such as pivotal quantity, confidence interval, test statistics and
P value. Section 1 and Section 2 of this chapter present the basic definitions.
Section 3 outlines a recipe for a systematic way to construct generalized inference

for one parameter as presented by Iyer and Patterson (2002).

2.1 Basic Definitions

Basic definitions related to statistical inference are presented according to
Lehmann (1986) and Casella and Berger (2002) as the sources.

Let X be a vector of observable data with realizations & where the distribution
of X depends on vector of unknown parameters £. Suppose £ = (6,7) where 0 is a
scalar parameter of interest and 7 is a nuisance parameter (possibly vector).
Pivotal Quantity
Suppose Q(X;8) has a distribution that does not depend on the unknown parame-

ters. Then Q(X;0) is said to be a pivotal quantity for 6.
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Confidence Interval

Suppose L(X) and U(X) are functions of X such that P[L(X) < 6 < U(X)] =
1 — a. The random interval [L (X),U(X))] is called an interval estimator for
where 1 — « is the confidence coefficient.

Test Statistic

Suppose Hy is a null hypothesis. A test statistic for testing Hy is a statistic used to
define the rejection region associated with the test.

P-value

The P-value associated with a hypothesis test is the smallest significance level at

which the hypothesis would be rejected with probability 1 for given observations.

2.2 Generalized Inference

Statistical inference based on generalized pivotal quantity, generalized confi-
dence interval, generalized test variable, or generalized P value is called generalized
inference. Define & = (0,7n) where 0 is a scalar parameter of interest and 7 is the
nuisance parameter (possibly a vector). Let X to be the vector of observable data
with observed values .

The following definitions are obtained from Weerahandi (1989, 1991, 1993,
1995), Chang and Huang (2000), Iyer and Patterson (2002) and Hannig et.al. (2004).

Generalized Pivotal Quantity (GPQ)

Consider R = r(X;x,€) be a function of (X;a,€). Then R is said to be a
generalized pivotal quantity for 4 if it satisfies the following two properties:
Property A: The probability distribution of R is free of unknown parameters.
Property B: The observed value of the generalized pivotal quantity, defined as

Tobs = r{x; x, £), does not depend on the nuisance parameters 7.
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Fiducial Generalized Pivotal Quantity (FGPQ)

In property B above, suppose r(z;x,£) = 6. Then r(X;x, ) is called a Fiducial
generalized pivotal quantity.

Generalized Confidence Interval

Suppose R(X;x,£) is a FGPQ for . An equal-tailed two sided GCI for 6 is given
by Ra <6 < Ry_a where R, is the 1007% of the distribution of R.

Remark: A generalized confidence interval is an interval obtained using a general-
ized pivotal quantity, so it is not necessarily an exact confidence interval, i.e., the
confidence coeflicient is not necessarily 1 — a.

Generalized Confidence Region (GCR)

Let © be the parameter space of 6. Define C_, to be the region satisfying Pr|[R €
Ci-a) = 1 — a. Then the 100(1 — a)% generalized confidence region for 6 is the
subset of the parameter space given by {6 € O|res € Ci—a}-

Generalized Test Variable (GTV).

Weerahandi (1989, 1993) considered the problem of testing one sided null hypotheses
of the form Hy : 6 < 0y against H, : 6 > 05. Let X be a random quantity having
a density function fx (a;§). A generalized test variable is defined to be a function

of the form T(X; z, £) satisfying the following three requirements:
o tos = T(x;x, &) is free of 7.

e For fixed « and &, = (6o,7n), the distribution of T(X;x, &) is free of the

nuisance parameters 7.

e For fixed ¢ and n, Pr[T(X;x, &) > t|0] is nondecreasing function of 6 that is

T(X;x, &) said to be stochastically increasing in 6.

Weerahandi (1995) considered the problem of testing two sided null hypotheses.
Let X be a random vector having a density function fx (x,£). A generalized test

variable is a function of the form T(X; x, £) that satisfies the following requirements:
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e For fixed x and &, = (6y,n), the distribution of T(X; x, £,) does not depend

on the nuisance parameters 7.
o tops = T(x;x,&) does not depend on nuisance parameters 7.

o Pr(l(X;z, &) >t] > Pr{T(X;z,&,) >t] for all values of 8 and given any

fixed t,x, and 7.

Generalized P-value (GPV)
Suppose T(X;x,€) is a generalized test variable for testing the null hypothesis
Hy : 6 < 6, against H, : 8 > 0. The generalized P—value can be calculated as

follows.

o If T(X;x, &) is stochastically increasing in 6, then GPV =
PriT(X;x, &) = tons| = o).

o if T(X;x,&) is stochastically decreasing in 6, then GPV =
PrT(X;x, &) < tows|f = 0]

Suppose T(X;x,&) is a generalized test variable for testing the null hypothesis
Hy : 0 > 0y against H, : 0 < 6. The generalized P—value can be calculated as

follows.

o If T(X;z,&) is stochastically increasing in 6, then GPV =
PriT(X;xz, &) < tos|0 = bg).

o If T(X;x, &) 1is stochastically decreasing in 6, then GPV =
Pr(T(X;x, &) > tows|0 = 6o).

Remark
If the problem of testing two-sided null hypotheses, then GPV =
Pr{T > tyus|0 = 0] as long as the GTV tends to take large values when Hj is not

true.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



10
2.3 Iyer and Patterson Recipe (2002)

Iyer and Patterson (2002) introduced a simple recipe for calculating generalized
pivotal quantity, generalized confidence intervals, generalized test and generalized
P-value. This recipe can be used to solve many problems. The recipe says:

Define D to be the observable data vector with observed values d,
€ = (&,-,&) € Q C RF, and ¥ = h(&, - ,&) be a scalar function of &
for which a confidence interval is required.

Suppose that the conditions (a) and (b) given below hold:

(a) There exist functions fi,- -, fx, with f; : R¥ x R¥ — R; such that, if you define
Uy, Uy by Uy = fi(D;€),i=1,--- k. Then U = (Uy,---,Ug)" has a joint
distribution that is free of &.

(b) For each D, there exists a mapping g¢(D,.) : Rf¢ — RF
such that: g(D;f(D,&) = & where f = (fi,--,fk) le,
(9:1(D; (D3 8)),- - ge(D; [(D; §))) = & Define:

R = R(D;d,§)

= h(gi(d; f(D,§)), -, gx(d; f(D,§)))
= h(g(d;U),--- ,gx(d; U)) (2.1)

then; the following statements are true:

(1) R is a generalized pivotal quantity for ¥ = h(§).

(2) Raja <9 < Ry_q2 is an equal tailed two sided generalized confidence interval
for ¥ (one sided generalized confidence bounds are obtained in an obvious manner).
(3) The generalized test variable for testing Hy : ¢ < ¥y against H, : ¥ > 9o, and

the generalized p-value are as follows.

T = T(D;d,¢)
= h(§) - R
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11

= 9—R (2:2)

GPV = pr{T(D:d, &) >0y =} (t=0) (2.3)

Remark (1)

The required percentiles of R can be estimated using Monte-Carlo methods or ana-
lytical approximations.

Remark (2)

The previous procedure for obtaining generalized confidence intervals or tests is valid

when (Ui, -+, Ug) are mutually independent or if they are not independent.
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Chapter 3

KEY RESULTS FROM LINEAR MODELS AND MATHEMATICAL
STATISTICS

This chapter contains a collection of basic key results that are used in this disser-
tation. The first section states some important matrix results. The second section
outlines some basic results on sufficiency, completeness and uniformly minimum
variance unbiased estimator (UMVUE). A summary of important results concern-
ing linear and quadratic forms in normal random variables is given in Section 3.
Section 4 gives an overview of the Tukey and Dunnett simultaneous confidence in-
terval procedures for the balanced one-way classification model. Section 5 outlines
the notation and some main results about balanced mixed linear models. Section 6

deals with some basic results for multivariate normal distribution.
3.1 DMatrix Results
3.1.1 Kronecker Products of Matrices

The discussion of balanced linear models are facilitated by using Kronecker
products of matrices. The following definition and properties are according to Hock-
ing (1996). The Kronecker (direct) product of the p x ¢ matrix A and m x n matrix
B is the matrix of size pm X gn denoted by A ® B and defined by

Thus A ® B is obtained by replacing each element of the matrix A by the matrix
B multiplied by that element. The essential properties of Kronecker products are

given below.
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13
e (A®B)=A"® B
e (A B)'=A"1'@ B7L
e AR (BRC)=(A®B)®C.
e (A® B)(C® D)= AC ® BD.
e (A+B)®(C+D)=A®C+A®D+B®C+B®D.

3.1.2 Some Matrix Identities

1. Let U, = J,J! denote a matrix of ones of size n X n, J, is a column vector

U

of nonesand S, =1, — —nﬁ Then

Uu.,S, = 0
Spdn = 0

(Cholesky decomposition) Assume that A is a nxn symmetric and positive
definite matrix. Then A = §’S where S is an upper triangular matrix. S can

be defined as

Su o=
Slj = = 2, . ,
i—1
Sii = ap — Z Sl%i? 1>1
k=1
1 i—1
Sij = -§— (aij — ZSszkJ> , J>1
i o1
Sij = 0, 2> 7 (32)

In particular, |A| =[], Sz (Hocking, 1996).
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3.2 Basic Results about Sufficiency, Completeness and Uniformly Min-
imum Variance Unbiased Estimators

3.2.1 Complete and Sufficient Statistics in the Exponential Family

The following results about sufficient and complete statistics were obtained
from Lehmann and Casella (1998).
Exponential Family: A family Fj of distributions is said to form an s-dimensional

exponential family if the distributions Py have densities of the form

Py(z) = eap (Z n:(0)Ti(z) — 5(9)) h(z) (3.3)

with respect to some common measure u. Here, 7; and § are real-valued functions
of the parameters and 7; is real-valued statistic, and x is a point in the sample space
X, the support of the density. Use 7; as the parameter, the density can be expressed

in the canonical form as follows.

p(zln) = exp <Z niTi(z) — A(?’I)) h(z) (3.4)

where 7,---,7ns are called the natural parameters and eA( =
[ eXimanT@p(z)du(z).

Full rank exponential family: If the exponential family has the form of Equation
(3.4) is minimal in the sense that neither T’s nor the n’s satisfy a linear constraint
and the parameter space contains an s-dimensional rectangle, then the exponential
family is said to be a full rank.

Sufficient statistics and the Factorization Theorem: A necessary and suffi-
cient condition for a statistic T' to be sufficient for a family P = {Fy,0 € Q} of z
dominated by a o-finite measure p is that there exist non-negative functions gy and

h such that the densities pg of Fy satisty,

po(z) = go[T(2)]h(z) (a.e.p)
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Definition of complete statistic: Let f (¢|0) be a family of pdfs for a statistic
T(X). The family of probability distributions is called complete if Fyg(T) = 0 for
all 8 implies pg (¢ (T) =0) = 1 for all . Which equivalent to T(X) is called a
complete statistic.
Theorem on Complete statistics: If X is distributed with density in Equation
(3.4), and the family is full rank, then 7' = (T3, --- ,Ts) is complete.
Proposition on Minimal sufficient statistics: If X is distributed with density
Equation (3.4), then T' = (T3, - - ,T}) is minimal sufficient provided that the family
satisfies one of the following conditions:

(a) It is of full rank.

(b) The parameter space contains s + 1 points 7 (j = 0,---,s). Which span
E in the sense that they do not belong to a proper affine subspace of E; where E;
is s-dimensional Euclidean space.
Procedure for calculating minimal sufficient statistics: Let P be a finite
family with densities p;, ¢ = 0,1,2,---, k, all having the same support. Then, the

statistic

T(X) = (

p1(X) poAX) pk(X)>
po(X) po(X)" " po(X)

is minimal sufficient.
3.2.2 Uniformly Minimum Variance Unbiased Estimator (UMVUE)

The following result about UMVUE is obtained from Hocking (1996).
Lehmann-Scheffé theorem: Suppose t is a complete and sufficient vector for

the vector of unknown parameters . Assume that there exists p(t) such that

E[p(t)] = 6. Then p(t) is UMVUE for 6.
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3.3 Results about Linear and Quadratic Forms

Hocking (1996) was used as the reference for the results in this section.
Let Y be an N-vector of random variables such that Y ~ N(u, V). Let A (sym-
metric) and B be matrices of known constants having dimension N x N and ¢ x N,

respectively. Then the following results are hold.

1. Let L = BY be a linear form in Y. Then L has a normal distribution with

E(L) = Bp
Var(L) = BVB'

In the case where B does not have full row rank, Var(L) is a positive semidef-

inite matrix whose rank is the rank of B.

Further, if L; = B{Y and Ly, = B,Y are two linear forms, the matrix of

covariances of elements of L; and Ly is given by

CO’U(Ll, LQ) = B1VB,2

2. Let Q; = Y'AY and Q, = Y'A,Y be quadratic forms with matrices A;
and As, then

COU(Ql, QQ) = 2tT(A1VA2V) + 4[,LIA1VA2[L

If L = BY is a linear form and Q = Y'AY is a quadratic form, then

Cov(L,Q) = 2BV Ap

3. Y ~ N(u,V) and Q = Y'AY, then Q ~ xZ, with 7 = r(A) and X =

l‘—"/—ég if and only if AV is idempotent.

4. Y ~ N, V), Q, = Y'AY, and Q, = Y'A,Y, then Q, and Q, are
independent if and only if A;V Ay = 0.
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5 £ Y ~ N(u,V), Q@ =Y'AY and L = BY, then Q and L are independent
if and only if BV A = 0.

The following result follows from the general results above.

6. Let Y;, i =1,2,---, N be a random sample from a normal distribution with

mean g and variance o?. The sample mean and the sample variance are given

by
_ 1 X
1 _
§? = WZ(YZ-~Y)2. (3.5)

where E(Y) = g and Var(Y) = ‘;\,—2 The statistics Y and S? are independently

distributed as ¥ ~ N(u, &) and S? ~ :Z=x3_,.

7. Joint independence of linear and quadratic forms: Assume the vector of obser-
vations Y ~ N(u, V). Consider the linear forms W, = C;Y, j =1,2,---,1
and quadratic forms Q, = Y'A,Y i = 1,2,--- k. Suppose the quadratic
forms are pairwise independent, the linear forms are pairwise independent,
and the linear forms and quadratic forms are pairwise independent. Then Q,

Q,, -, Qp, Wy, Wy, ..., W, are jointly independent.

3.4 A Summary of Tukey and Dunnett Procedures

The following is a summary of Tukey and Dunnett procedures for pairwise com-
parisons of means in the balanced one-way ANOVA. These procedures were
originally developed for balanced, homoscedastic one-way classification models. We
will extend these procedures in Chapter 4 to unbalanced and heteroscedastic situa-

tions.
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3.4.1 Tukey’s Simultaneous Cls

Consider an experiment with data Y;; satisfying one-way, fixed effects analysis

of variance model
}/;] — ,U’i—{_eijj i:17...’a, j:l,...’n (3.6)

where e;; ~ N(0,0?) and p; and o? are unknown parameters. Dunnett (1980)

mentioned that Tukey’s multiple range test (1953) provides Tukey’s simultaneous

a{a—1)

confidence intervals for 5

pairwise differences p; — p; which have the form
(. — 5.) £ c SE@i. — ¥5.)

where

SE(i. — ;) = /var (g — 9;) = \/%,
where ; is the observed value of 5" sample mean, Y;, s? is the observed value of ith
sample variance S?, and ¢ = %q(a,a, (N —a)), and g(a,a,(N — a)) denotes the
critical value from the studentized range table of a normal populations.

In 1956, Kramer extended Tukey’s multiple range test to the case of unequal
sample sizes. which provided the simultaneous confidence intervals for all pairwise
comparisons of a population means.

1
- ) aload) s (L4 1) (37)
where ¢(a; a,d) is the upper 100(1 — a) percentile point of the distribution of the
studentized range of a normal populations, d is the degrees of freedom and n; and

n; are the sample sizes associated with groups ¢ and j respectively.
3.4.2 Dunnett’s Cls for Comparing all Means to a Control

Dunnett (1955) derived a method for constructing simultaneous confidence

intervals for comparing the means of a set of treatments with the mean of a
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control treatment. Consider the observations X;;, ¢ = 0,---,p; j = 1,---, N;

are independent and normally distributed with mean p; and common variance

0. The sample mean and sample variance are respectively X; = Zjvz’l );;J and
= 2
St o= 5P Z;\;l (KXo ) with observed values #; and s? respectively where
n= (3", N)—(p+1) and X, is the sample mean for the control treatment.
Define
Ko - Xo) = (s —
7, = ( . 0) (14i — po) (3.8)
.
N, T No
Define T; = %, ¢ =1,---,p. The simultaneous confidence intervals for comparing

all the means to a control with joint confidence coefficient 1 — « are.

1 1
7y —Totdlsy)—+—, i=1--
x. ‘,'EO 7,8 NZ + N07 ? ) 7p
where d can be calculated by
pr{Tul <dj,-- || <dy} = 1—«a (3.9)

Dunnett designed the tabulated values based on equal sample sizes for all the treat-
ments including the control one. The tables can be found in his paper for 1—a = 95%

and p < 9.

3.5 Balanced Mixed Linear Models

The following is a summary of definitions and important results about balanced
mixed linear models from Satterthwaite (1941, 1946) and Hocking (1996).
The balanced mixed linear models contain fixed and random factors with same num-
ber of replications to each factor combination. These models used to construct exact
confidence intervals and exact tests for the fixed effects, variance components and
functions of variance components.

If there are no exact confidence intervals nor tests, suggested procedure as Sat-

terthwaite approximate method can be used. The following is a summary of concepts
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and theorems of balanced mixed linear models which will be used in chapters 5 and
7.

Define T to be the set contains all subsets of the factors in the model such that
T = {Tr,Tg} with elements t = 5 (t;) where TF contains the subsets of fixed fac-
tors and Tx contains the subsets of random factors. Consider the mixed linear model

has the form,
Y = Xa+ZB+e (3.10)

where: Y is an observable random vector, X is a non-random design matrix;

X = [XOI | X ] where Xy = 17 and each matrix X is of size N by ay,

@t = [[;c; @i such that Xy, = C1®- - Cyqq where C, = I, ifr €t and C, = J,, if
r ¢ t. The vector « is an unobservable parameters and it consists of all fixed effects
a;. The vector Z is a non random-design matrix, 3 is an unobservable random
vector of parameters; Z = [ | |2y ] where each matrix Z, is of size
N by a; such that Z;, = C, ® -+ Cjyy where C,. = I, ifr € t, C, = J,, if
r ¢ t and e is an unobservable random vector with independent random variables
which have normal distributions with zero means and a common variance ¢e. It is
assumed that B, ~ N (0, $;I) where ¢, is the variance component for factor ¢ . All
the random variables are assumed to be mutually independent. The expectation

and the variance of Y have the following forms:

EY) = Xa
Vo= ) Vi
teTr

Vi = Li1® - Q@ Lk,
L. =1, ifret
= U, ifré¢t

where Ly, = U,.
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Fundamental Results
ANOVA table is used to test fixed effects and variance components. Assume Y ~

N(Xa, V), define the sum square of factor ¢ to have the form.
SS(t) = Y'AY (3.11)

where 4, =G1Q - Gyy1; G, =8, ifrety, G, =1, ifr €ty, and G, = gljﬁar
if r ¢ t. The rank of A; is r, = 7(As) = ([T;ep, @) (Hjetz (a; — 1)) Then,

SS(t
t = tg(tl) € TR, ‘L ~ X%n,o) t e TR
3
SS(E)
t = tQ(tl) € TF, 5, ~ X(n,z—h,a;X:XtOét) te Ty (312)
where
N
A = — .
: >, om (3.13)
meTr and mDt
with ENZ = HT¢m ar, N = ay---agn. The statistics (&, ¢ € Tr and SSm,m €

Tg) are complete and sufficient statistics and also are mutually independent. The
estimates &, and (;AS of o and ¢ respectively are minimum variance and unbiased
estimates. The expectations of mean square errors for fixed and random effects

have the forms:

1
EMS(t) = /\t—i-r—a;X;Xtat teTr
t
EMS(m) = \p meTg (3.14)

A solution to the normal equations (X'V'X)a = X'V7'Y is obtained by
calculating &; = H,Y ~ N(ay, M(X X)), t € Tr, Y is the vector of the
sample means and H; = B; ® - - - ® By, f is the number of fixed effects, B, = S,,
if r € g,

B,=1, ifr €ty,and B, = EI;J;T if r ¢t
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Exact F-tests and approximate F-tests

Suppose we need to test that the fixed effect oy is zero. Assume the expected mean
square for a; has the form A, 4-Q(t) where Q(t) = o} X X ;0. Assume there exists
a random effect o, such that EMS(au,) = A Thus, under the null hypothesis,

_ M5
= sy~ Freom (3.15)

Assume that such an m does not exist, then suppose that there is a linear combi-
nation of variance components which has the form \; = ZmETR ImAm.
Let MS* = ZmeTR gmM S,,. Under the null hypothesis, the Satterthwaite approxi-

mation method is as follows:

MS(t
F MS(*) ~ Fr» (3.16)
* (ZmeTRgmMSm)2 . ) .
where v* = = sz~ is the Satterthwaite’s approximate degrees of freedom
meTR vm
for M S*.

Approximate confidence intervals for fixed effects: Let 6 be a function of fixed
effects and let § be the estimate of 0. Assume Var(f) = > mery ImEMSm = 1 and
the estimate of it is @’(é) = 2. Then the approximate (1 — o) confidence interval
for 6 has the form

0 F t1_ajou (3.17)

where v* is the Satterthwaite’s degrees of freedom. It is well known that the ap-
proximation does not always work well if ? is a linear combination of EMS with

both positive and negative coefficients. Otherwise, the approximation works well.

3.6 Results about the Multivariate Normal Distribution

The results of this section were taken from Anderson (1984) and Casella and
Berger (2002).

The vector X of size p has a multivariate normal distribution iff

X = p+AZ (3.18)
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where

p = EX)
¥ = Var(X)=AA
where 3 is a positive definite matrix, A is a lower triangular matrix and Z is a

vector of independent standard normal random variables. The density of X has the

form

1 1 5 (g
Ixe) = G| @ Wl e w619

Notice that Z can be expressed as Z = A™' (X — p).
Theorem: Consider Zy,---,Zy_; (N > p) to be independent such that Z; ~
N(0,%) where ¥ = AA’ and A is a lower triangular matrix. Define M to be the

sample covariance matrix and has the form

M = —> (X;-X)(X;- X)’

- L Sz
N-—1& 70
where X; ~ N(p, X). The density of S has the form
|S|%((N—1)_p_1) exp (—1tr='8)
AV B | T TR (V- 1) + 1=
The distribution associated with the density in Equation (3.20) is called W,(3%, N —

(3.20)

1). The matrix S can be expressed as S = BB’ where b;; = 0, ¢ < j. The
distribution of M = Nlle is W, (ﬁz, N — 1).

Bartlett Decomposition: Let Zq, .-+, Zy_; be independent random variables
such that Z; ~ N(0,I). Then S = Zf\:ll Z.Z; may be written as UU’ where
U11, U2t, -+ , Upp are independent such that u;; =0, 4 < j; u; ~ N(0,1), i > j and

ug ~ Xin_1)_ir1 degrees of freedom. Note that B = AU.
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Chapter 4
SIMULTANEOUS GCIS IN ONE-WAY CLASSIFICATION MODEL

In this chapter we constructed simultaneous Cls for all pairwise mean differences
and comparing all treatment means to a control in unbalanced one-way ANOVA
with unequal variances. Section 1 is a review of previous work concerned the si-
multaneous Cls for all pairwise mean differences or multiple pairwise comparisons
with a control in One-way classification model. Section 2 discusses an extension of
Tukey’s simultaneous confidence intervals for all pairwise differences of treatment
means using generalized inference. Section 3 concerns a simulation study. Section 4
presents an example. Section 5 discusses an extension, using generalized inference,
of the Dunnett simultaneous intervals for comparing treatment means to a control.
Section 6 deals with a simulation study. Section 7 presents an example.

4.1 A Review for Multiple Comparisons of the Means in One-way Clas-
sification Model

Several studies have concerned the construction of simultaneous CIs for pairwise
differences of means in the one-way ANOVA model under homogeneous variances.
In 1980, Dunnett constructed conservative simultaneous Cls for all pairwise
mean differences using Tukey-Kramer method in unbalanced homogeneous one-way
ANOVA model. Dunnett (1980) introduced simultaneous Cls for all pairwise mean
differences in unbalanced heterogeneous one-way ANOVA model. The confidence

intervals’ estimates have the form

2 g2\?
(gi—gjj)iAij,a,k(S +—J) (4.1)

-t
n; 5
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where 7; and s? are the observed values of i*® sample mean, Y; and i*" sample
variance, S? respectively, and A;; ., was chosen to achieve, if possible, the desired
joint confidence coefficient to be 1 — . The methods considered for choosing Ajjq «
were GH (Games and Howell, 1976), C(Cochran, 1964) , Ty (Tamhane, 1977, 1979)
and T3 (Siddk, 1967). Dunnett (1980) carried out a simulation study to compare
the error rates resulted from applying the four procedures for different sample
sizes and variances. The number of simulation was 10,000. Dunnet found that the
performance of the TK procedure is not acceptable for unequal variance situations.
The GH intervals are always shorter than the C' intervals and the T3 intervals are
always longer than T3 intervals. The procedures 75 and T3 are both conservative
and they become identical in the known variance case (degrees of freedom — 00),
whereas for finite degrees of freedom the T3 procedure is less conservative than T;
procedure. The estimated error rates for each of the four procedures are shown in
Table 4.1.1.

Stoline (1981) concerned homogeneous unbalanced one-way classification
model. He compared different procedures used to solve the problem of constructing
simultaneous Cls for all pairwise mean differences for k£ populations with same
variance and different sample sizes and means. These procedures were Tukey (T,
1953), Scheffé (S, 1953), Tukey-Kramer (TK, 1956), Benferroni (B, 1966), Dunn
(D, 1974), Spj¢tvoll-Stoline (1", 1973), Hochberg (GT2, 1974), Hunter’s (H, 1976),
Gabriel’s (G, 1978) and Genizi- Hochberg(GH, 1978). It was concluded that B, H,
GH, D, T and GT?2 are conservative. The T K simultaneous intervals are narrower
than 77, GT2 and B methods. The TK procedure is superior to the GH method
when there are two distinct sample sizes and also generally preferred to the H
method except for some imbalanced cases.

Richmond (1982) considered multiple mean comparisons in unbalanced homo-

geneous one-way classification model where the observable data has N, (i, o%$2)
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Table 4.1.1: Estimated Error Rates for all Pairwise Comparisons (Nominal Value is o = 0.05) (Dunnett, 1980)

M

C

T

Simulation (1)
n; = (7,7,7,7)

Z2 Zg

Zoo

X1

Simulation (2)
ni = (7,9,11,13)
) rg

Loo

n;
1

Simulation (3)
= (7,7,7,7,7,7,7,7)

Ta s ZToo

GH

0.5
1.0
2.0
4.0
10.0

0.0531
0.0503
0.0506
0.0519
0.0493

0.0473 0.0466
0.0504 0.0495
0.0472 0.0456
0.0440 0.0402
0.0418 0.0356

0.0453
0.0493
0.0453
0.0406
0.0363

0.0534
0.0527
0.0488
0.0475
0.0422

0.0482 0.0458
0.0526 0.0507
0.0474 0.0479
0.0467 0.0430
0.0411 0.0396

0.0441
0.0503
0.0485
0.0419
0.0395

0.0622
0.0593
0.0603
0.0570
0.0521

0.0512 0.0457 0.0443
0.0528 0.0495 0.0491
0.0499 0.0440 0.0430
0.0444 0.0374 0.0355
0.0391 0.0310 0.0286

0.5
1.0
2.0
4.0
10.0

0.0277
0.0246
0.0281
0.0339
0.0380

0.0354 0.0430
0.0322 0.0442
0.0348 0.0425
0.0366 0.0387
0.0369 0.0349

0.0453
0.0493
0.0453
0.0406
0.0363

0.0349
0.0306
0.0293
0.0328
0.0353

0.0404 0.0435
0.0377 0.0469
0.0374 0.0447
0.0383 0.0415
0.0373 0.0384

0.0441
0.0503
0.0485
0.0419
0.0395

0.0260
0.0225
0.0258
0.0298
0.0319

0.0311 0.0400 0.0443
0.0296 0.0424 0.0491
0.0302 0.0380 0.0430
0.0306 0.0340 0.0355
0.0292 0.0290 0.0286

0.5
1.0
2.0
4.0
10.0

0.0376
0.0366
0.0367
0.0372
0.0353

0.0381 0.0383
0.0387 0.0405
0.0377 0.0383
0.0352 0.0328
0.0320 0.0296

0.0378
0.0417
0.0379
0.0350
0.0308

0.0402
0.0407
0.0364
0.0354
0.0317

0.0384 0.0369
0.0419 0.0421
0.0389 0.0397
0.0364 0.0354
0.0315 0.0322

0.0384
0.0425
0.0404
0.0354
0.0328

0.0328
0.0323
0.0325
0.0310
0.0267

0.0333 0.0333 0.0346
0.0345 0.0375 0.0383
0.0322 0.0319 0.0330
0.0277 0.0271 0.0261
0.0230 0.0221 0.0223

T3

0.5
1.0
2.0
4.0
10.0

0.0434
0.0392
0.0403
0.0421
0.0400

0.0392 0.0387
0.0397 0.0409
0.0395 0.0383
0.0365 0.0333
0.0343 0.0298

0.0378
0.0417
0.0379
0.0350
0.0308

0.0434
0.0438
0.0393
0.0373
0.0344

0.0398 0.0374
0.0436 0.0423
0.0397 0.0401
0.0373 0.0358
0.0332 0.0324

0.0384
0.0425
0.0404
0.0354
0.0328

0.0433
0.0424
0.0436
0.0419
0.0367

0.0372 0.0340 0.0346
0.0381 0.0378 0.0383
0.0351 0.0325 0.0330
0.0322 0.0275 0.0261
0.0273 0.0225 0.0223

Ty

0.5
1.0
2.0
4.0
10.0

0.0662
0.0453
0.0713
0.0944
0.1046

0.0662 0.0648
0.0455 0.0466
0.0708 0.0654
0.0851 0.0789
0.0907 0.0815

0.0646
0.0493
0.0638
0.0762
0.0780

0.1163
0.0492
0.0369
0.0412
0.0411

0.1140 0.1109
0.0488 0.0493
0.0375 0.0376
0.0395 0.0393
0.0380 0.0365

0.1121
0.0503
0.0385
0.0392
0.0374

0.0937
0.0485
0.0949
0.1402
0.1645

0.0928 0.0898 0.0905
0.0494 0.0497 0.0491
0.0954 0.0941 0.0940
0.1360 0.1340 0.1341
0.1566 0.1522 0.1509

M is the method used

. C' is the variance multiplier.
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distribution where p and ¢? are unknown parameters and €2 is known positive defi-
nite matrix . He constructed conservative simultaneous Cls among treatment means
to a control in unbalanced case. The simultaneous CIs became exact when sample
sizes are equal. He also constructed simultaneous ClIs for all mean pairwise compar-
isons in balanced case. These simultaneous CIs are conservative or exact depending
on the critical value used.

Uusipaikka (1985) constructed exact simultaneous Cls for multiple compar-
isons among three and four mean values when the estimated p mean values

distributed as normal, {0,0%V'} where 6 and o? are unknown parameters and

V = diag(

B
n1 ’ np

). He mentioned that, Tukey-Kramer is practically as good as
the exact intervals unless the imbalance is extreme of the design. Spurrier and Isham
(1985) developed exact simultaneous Cls for pairwise comparisons of three normal
means assuming that there are k independent normal populations with means u;,
sample sizes n; and common unknown variance o?. This procedure produced simul-
taneous Cls for the pairwise differences of three normal means which are uniformly
shorter than the Tukey-Kramer intervals for unequal sample sizes. Both methods
are equivalent for equal sample sizes case. If there are four populations, then com-
putations become intractable.

Hayter (1989) provided simultaneous Cls for pairwise comparisons assuming
the cell means have N,(u, 02V') distribution where p and o2 are unknown parame-
ters and V is known positive-definite and symmetric matrix. The simultaneous Cls
are conservative when the studentized range distribution used for calculating the
critical value. The simultaneous Cls are exact using the critical value he derived.

Witkovsky (2002) constructed simultaneous GCIs for all pairwise mean dif-
ferences in unbalanced heterogeneous one-way ANOVA assuming k£ random sam-

ples from normal populations with mean pu;, sample size n; and variance ¢? for
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i =1,---,k. The following are 100(1 — a))% simultaneous Cls (generalized Scheff¢é)

52 S?
(yi—yj)i’ﬁj,l_% n—z+—ﬁ; i=1,---,k, j=i+1,---,k

(Ff)
K 1w
’Yijvl_a = \/F[;-‘vfhfj)sol.?](l o a)

K

¥ . . fis2, . fic3 .
where F{;’f f0n] 18 the cdf of the random variable Ff; ~ X2 <———;§’ A __JXC {'U)’

o2 53
= L
S b1 2 — win(n) — i 2 coc?(i) — -
k=k—1, s =sin*(py) = 7 Cpy = COS (pij) = 7T Pid = arctan
n g iy

« is the chosen nominal significance level, f; = n; — 1 and f; = n; — 1. He devel-

g

oped simulation runs to construct tables of the critical values 7f;;_, for o = 0.05,
k=1---,5 fi=1,---,10, f; = fi,---,10 and ¢;; = [0°:10°:90°]. From the
simulation runs, he concluded that the simultaneous GClIs are quite conservative.
For the unbalanced one-way classification model with unequal variances, none of
the previous authors appear to have developed simultaneous generalized confidence
intervals for pairwise differences among means that extend the traditional Tukey
or Dunnett intervals which are exact simultaneous interval procedures in balanced,

homoscedastic cases. This is the topic for the rest of this chapter.

4.2 Extension of the Tukey Method for Heterogeneous, Unbalanced
One-Way ANOVA Using GClIs

Consider a independent normal populations such that the i* population has

2

sample size n;, mean y; and variance o7 , i = 1,2,---,a where y; and o? are
unknown parameters. The model has the form
Y;;jZ/Li-i-Eij, t=1,---,a, 7=1,---,1n4 (4.2)

where Y;; denotes the j¥ response in the i population, u; is the expected response
corresponding the i population and €;; ~ N(0,0?) are independent, let Y be the

vector of responses arranged in lexicographic order. Thus Y ~ MV N(u,X") where
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¥* is a diagonal matrix with o2 on diagonal. Define V; to be the sample mean and
S? to be the sample variance with observed values ; and s? respectively.
Thus Y ~ MV N(p,X) where X is a diagonal matrix with 2—2 on diagonal. The aim

was to construct simultaneous GCls for all pairwise mean differences p; — p;, @ # J.

Let
SS,  (m—1)S? Y —
Ui: 22(” 2)1’ ‘/z: Uiﬂ’. (43)
ag; g; \/—n—z

We note that U; ~ x2 _;, Vi ~ N(0,1) and U; and V; are mutually independent

random variables. Thus

o 2 _ .
ﬁ=@ﬁﬁi, pi =Y, = Vit

The FGPQs for o; and p;, respectively, are as follows.

(ni — 1)s;

R, = ,
T Ui

AR (4.4)

Proposition 4.2.1

Consider the one-way layout with unequal sample sizes and heterogeneous vari-
ances as described in Equation (4.2). Define Y;, S2, to be the sample mean and
the sample variance, respectively, for group 7, with observed values Z; and s?. Then
Y ~ MV N(u,X) where X is a diagonal matrix with ‘7—’5 on diagonal. Let R, and
Ry, be the FGPQs for o; and p;, respectively, as defined in Equation (4.3). Then

the two-sided simultaneous GCls for all pairwise mean differences p; —p;, @ # j are
(Ai — fij) £ di—ar/Var(fs — i), @5 ] (4.5)

where d;_, is the 1 — a percentile point of the distribution of

v Inim1 = 7Ty
D = max | Y= —— \/_JA ’ (4.6)
5| e i)
with
2
Var(s - i) = 1| 20+ 2 @)
14 n;
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and its realized value given by

N L 53 8
var(fi; — fi;) = s (4.8)
i

where T,,,_; and Tp,,_; are independent ¢ random variables with degrees of freedom
n; — 1 and n; — 1 respectively.
Proof:

Using the FGPQs for y; and p;, we get the following FGPQs for p; — 15, 1 # 7.

o (ni — 1)s? (n; —1)s?
R,ui—uj = (yi - yj) - n J ’I’L
i j
_‘_uj
2
= (4 —9;) — - (n1—1)s2 nJ—1)SZ

(ni—1)o2 (n] Do

- 33 (4.9
= (gl - g) - —Z—Tni—l - _Tnj—l 4.9
J ; nj

The FGPQ for p; — p1; is a linear combination of independent ¢ distributions. So the

distribution of Ry, is free of all parameters. The observed value r,,_; of Ry,
is Ty —u; = (T —¥5) — (% — pa) — (g5 — p3)) = pi — p; which does not depend on the

nuisance parameters. So R, is a generalized pivotal quantity for p; — p;. Notice

that
Si_ R
D = max \/n_tTn/_\l A\m—jinlj—l
o i73|\Joar (i — )

The distribution of D is free of unknown parameters. The 1 — « percentile d;_, of

the random variable D may be obtained by computer simulation.

4.3 Simulation Study

A simulation study was conducted to assess the performance of the simultaneous
GClIs for all pairwise comparisons of the cell means p; — 15, ¢ # j and to compare

the results with those obtained using the methods discussed in Dunnett (1980).
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Without loss of generality, it was assumed that g = 0. The simulation settings
were chosen to exactly match those used by Dunnett (1980). The simulations were
used to estimate the coverage error rates. The sample sizes, variance multipliers

and multiplication factors used in the simulations are summarized in Table 4.3.1.

Table: 4.3.1: Parameters and Sample Sizes for the Simulation Study

Sample size (7,7,7,7), (79,11,13), (7,7,7,7,7,7,7,7)
Variance Multiplier | 0.5, 1, 2, 4, 10
Multiplication factor | 1, 2, 8, oo
All combinations of Sample sizes, Variance Multipliers and Multiplication factors
were used in the simulation study.

4.3.1 Simulation Details

The simulation was carried out using the following steps.
Step 1. Set u; =0, ¢ =1,---,a. Select one of the settings for sample size, variance
multiplier and multiplication factor.

Step 2. Generate Y; independent of S? as follows

_ o2
Yi - ,LL1+‘/:L _—l_) i=1,"',a
n
2
o U;
S} = —4—, i=1--,a
! ni—l

where V; are independent N (0, 1) distributions and U; are independent x72 _; distri-
butions and all variables are jointly independent. The value o2 is the desired value
for the variance of the i group. The observed values of Y; and S? are ¥; and s?

respectively.

Step 3. For ¢ =1,...,Q, generate independent random vectors
(V... U@ VO, . v,

where U ~ X2 _; and V{9 ~ N(0,1), for i = 1,...,a and all random variables

are jointly independent. We used @ = 10000. Define
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2 2
(@) . [ 85 ) )
Rlli—uj - (yi - yj) - ;L_;Tni——l - ;,L;Tnj—l

where Téf)_l and T, TE?)—l are independent ¢ distributions with degrees of freedom n; —1

and n; — 1 respectively. There are ,1(%1_) of ng)_uj of s — ;.

Thus

Step 4. Forg=1,---,Q, calculate

5 — ;) — B9
D, = max (3 ﬁ)A uﬁ a
| Ve )
—ii—T(L,I) 1= S5 (q) 1
= max | Y% T: A‘/n_jAnJ_ (4.10)
all i#j var(fd; — ()

where Dar(fi; — fi;) = Z—’z + % Order D, such that D; < --- < Dg. For oo = 0.05,
the required percentile dy g5 of the distribution of D is estimated by Degsgo in (4.10).
If the true p; — pj, ¢ # j are all covered simultaneously by the respective GCls,
then record this case as a success.

Step 5. Repeat steps 1 — 4 for M times. We used M equal to 10000. Let p be the
proportion of successes out of the M trials. Then 1 — p is the estimated familywise

coverage error rate. The estimated familywise error rates for all the combinations

in table 4.3.1 are shown in Table 4.3.2.
4.3.2 Discussion of Simulation Results

The results in Table 4.3.2 show that, the simultaneous GCIs are conservative
when sample sizes are small. when the sample sizes n; increase, the estimated
familywise coverage error rates approach the nominal error rate. When variances
are known, the estimated familywise cover error rates are very close to the nominal

error rate.
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Table 4.3.2: Estimated Familywise Coverage Error Rates for the Differences
i — i where i =# j = 1,--- ,a Using Simultaneous GCIs (nominal o = 0.05)

Variance multiplier

Simulation (1)

Simulation (2)

Simulation (3)

n; = (7,7,7,7) n; = (7,9,11,13) n; = (7,7,7,7,7,7,7,7)
T I Ty Loo I T2 I Lo T Z2 T3 Too
0.5 0.0339 0.0445 0.0502 0.0507 | 0.0406 0.0428 0.0485 0.0498 | 0.0323 0.0425 0.0496 0.0522
1.0 0.028 0.0407 0.0508 0.0498 | 0.0345 0.0419 0.0473 0.051 | 0.028 0.0407 0.0502 0.0512
2.0 0.0343 0.0416 0.0508 0.0495 | 0.0341 0.0446 0.0480 0.0492 | 0.035 0.0421 0.0525 0.0495
4.0 0.0404 0.0474 0.0524 0.05 | 0.0397 0.0463 0.0475 0.0492 | 0.0403 0.0438 0.0541 0.0497
10.0 0.0468 0.0491 0.0516 0.0512 | 0.0436 0.0478 0.0503 0.0512 | 0.0444 0.047 0.0537 0.0494
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4.3.3 Comparison of Simultaneous GCIs with Dunnett (1980) Simulta-
neous Cls

When sample sizes are small, the estimated familywise error rates using GH
procedure is closer to 0.05 than using simultaneous GCIs. When sample sizes are
moderate and variances are very divergent, the estimated familywise error rates

using simultaneous GCIs are closer to 0.05 compared to procedures mentioned by

Dunnett (1980).

4.4 Example

An example is presented to illustrate the computations of simultaneous GCls
for all pairwise mean differences in one-way ANOVA model. The data were taken
from Ott (1993). Consider data collected to compare the means of three different

population groups (treatments). These data are shown in Table 4.4.1.

Table: 4.4.1: Data from Ott (1993) for Three Different Treatment Groups

Trt 1 35.8 29.8 389 333 281 27.1 27.1 279
384 258 28.2 282 227 36.0 259
Trt 2 248 20.1 195 19.2 232 178 149 174
25.5 256 179 193 16.6 18.6 20.1 24.7
23.3 19.2 221 21.1
Trt 3 197 174 184 188 17.0 223 20.7 220
(Control) | 21.9 16.6 19.5 19.5 21.2 16.6 22.3 153
-23.1 195 11.7 221 219 176 198 16.0
20.4
The following summary statistics were computed.

71 = 30.213, Ty = 20.545, I3 = 19.252
varl = 34.57, var2 = 8.24, vard = 10.37

stdl = b.88, std2 = 2.87, std3 = 3.22

The simultaneous GCIs for all pairwise mean differences were constructed for the

three groups. The simultaneous GCls are

5.9 < M1 — U2 < 13.5
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The difference of the variances of populations 1 and 3 is larger than the difference
of the variances of populations 2 and 3, this should lead to a CT for ps; — us that is
narrower than for g, —p3. This was found when using simultaneous GCls procedure.

Using SAS (Tukey option), the simultaneous Cls are

4.5 Extended Dunnett Method for Heterogeneous Unbalanced One-
Way ANOVA

Consider the one-way model described in Equation (4.2) with a independent
normal populations such that the it® group has sample size n;, mean y; and variance
02,i=1,2,---,a. Yi; denotes the j** response in the " group, Let Y be the vector
of responses arranged in lexicographic order. Thus ¥ ~ MV N(u, X*) where X* is
a diagonal matrix with 02 on diagonal. Define Y; to be the sample mean for the i
group and S? to be the sample variance, with observed values 7; and s? respectively.
Let Y denote the vector of sample means. Then Y ~ MV N(u,X) where X is a
diagonal matrix with %i on diagonal. The aim is to construct simultaneous GCls
for all differences p; — ptq, ¢ = 1,--- ,a — 1. In the following proposition, we will
use the FGPQs for u; and o; given in Equation (4.4). We will also use the notation
already established in this chapter.

Proposition 4.5.1

Consider the one-way layout model given in Equation (4.2). The two sided

simultaneous GCls for all mean differences p; — g, ¢ =1,-+- ,a — 1 are given by
(/zi_lja)j:dl—a W(ﬂi_ﬂaL i=1--,a—-1 (413)

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



36

where d;_, is 1 — « percentile point of the distribution of

,Tnz 1= Tna—l
D = max v Vs (4.14)
all i#] Uar(ui — Ma)
— S2 52
Var(f — ) = n— + n— (4.15)
2 2
Bar (i — i) = 4+ (4.16)

n e
where Dar(fi; — i) is the observed value of @(ﬂi — ), Tn,—1 and T,,, 1 are inde-

pendent ¢ random variables with degrees of freedom n; — 1 and n, — 1, respectively.

Proof

Using the FGPQs for u; and p,, thus the FGPQs for p; —pgai=1,--+,a—1

o / (ni —1)s? [(ng —1)s2 1
Rui—ua = (yz - ya) - ’I’L Va n
2 2
= (yl - ya) - n_ (nz—l)S2 na—1)52

(n; —1)0 (na—1)o

52 52
== _’i —_— —a _ —iTn_ - aTn — 41
(y y) n 1 _Tla a—1 ( 7)

The FGPQ for p; — i, is a linear combination of independent ¢ distributions. So the

are

distribution of R,,,_,,, is free of all parameters. The observed value r,,_,, of R, _,
I8 Tpi—pa = (%i — ¥a) — ((%i — 3) — (Yo — Ba)) = Hi — pa Which does not depend on
the nuisance parameters. So R, is a generalized pivotal quantity for p; — p,.
Notice that

AT — =T,

P v (4.18)
i=1,,a—1 ’UG,'I"(IM' - /1'(1)

The distribution of D is free of unknown parameters. The 1 — o percentile dy_, of

the random variable D may be obtained by computer simulation.
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4.6 Simulation Study

A simulation study was conducted to assess the performance of the simultaneous
GClIs for all pairwise comparisons of cell-means of the form p; — g, i =1,-++ ,a—1.
It was assumed without loss of generality that g = 0. The number of samples
used were a = 4 and a = 8 The sample sizes are 7,7,7,7 and 7,9,11,13 for
a =4and 7,7,7,7,7,7,7,7 for a = 8. The variances are (1,c,c?,¢*) for a = 4
and (1,1,¢,¢,c? c% ¢, %) for a = 8 where ¢ = {.5,1,4,10}. Different sample sizes
and variances were used to investigate the effects of these changes on the familywise
coverage error rates. Both sample sizes and variances were also multiplied by 2, 8, co
such that the degrees of freedom associated with the sample variance cover a wide

range. The simulation settings match exactly those used by Dunnett (1980). Table

4.3.1 gives the parameters and their values used in the simulation study.
4.6.1 Simulation Details

The simulation was carried out using the following steps.
Step 1. Set p; =0, i =1,---,a. Select one of the settings for sample size, variance
multiplier and multiplication factor.
Step 2. Generate Y; independent of S? as follows

_ o2

Y, = :U’1+‘/’L _i7 izla"'7a
s
o2U; :
St = n:—ll’ i=1-,a

where V; are independent N(0, 1) distributions and U; are independent x2 _; distri-
butions and all variables are jointly independent. The value o7 is the desired value
for the variance of the i group. The observed values of Y; and S? are 7; and s?
respectively.

Step 3. For g =1,...,Q, generate independent random vectors

(U{q), N ORTCNS _y(q)) ,
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where the component random variables are jointly independent, Ui(q) ~ th,_l, and

V9 ~ N(0,1), for i = 1,...,a. We used Q = 10000. Define

(i — 1)s;

Ty U,i(q) .

TNy / s; | s2
R/Sz)—lta - (y’L - ya) — n—ZT"SIZI)_l — n_aTrEZ)_l

where T, ,Eq) , and T,SZ)_I are independent ¢ distributions with degrees of freedom n; — 1

Rl(g) = g — V;(Q)

Thus

and n, — 1 respectively.
Step 4. For g =1,---,Q, calculate

84 T _ _Sa T
/m; ni—1 e ng—1
D, = max —_— =

all i#a ’UCL’T‘(/,Li — ,Ula)

(4.19)

where Dar(fi; — ty) = Z—Q—l— % Order D, such that Dy < -+ < Djgogo. If @ = 0.05 is
used, then dy g5 is estimated by Dgsgg and is used to construct simultaneous GCls for
all pairwise differences p; — g, ¢ = 1,--+ ,a—1. If the true p; —pg, i=1,-+-,a—1
are covered simultaneously by the GClIs, then is recorded as a success.

Step 5. Repeat the steps 1 — 4 M times. We used M equal to 1000. Let p be
the proportion of successes in the M trials. Then 1 — p is the estimated familywise

coverage error rate. The estimated familywise error rates for all the parameter

combinations considered are shown in Table 4.6.1.
4.6.2 Discussion of Simulation Results

The simulation results in Table 4.6.1 show that when the sample sizes n; in-
crease, the estimated familywise coverage error rates are close to the nominal error
rate of 0.05 except for a = 4 (unequal sample sizes) and a = 8 when the variances
are moderate or very divergent. In all cases, the performance of the simultaneous

GCIs appears to be acceptable.
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Table 4.6.1
Estimated Familywise Coverage Error Rates for the Differences
it; — Jig Wwhere i = 1,--- ,a — 1 Using Simultaneous GCIs (nominal oo = 0.05)

Variance multiplier

Simulation (1)

Simulation (2)

Simulation (3)

n = (7,7,7,7) n; = (7,9,11,13) n = (7,7,7,7,7,1,7,7)
1 ) s Lo T Iy Tg Too I i) Ty Lo
0.5 0.03 0.051 0.055 0.049 | 0.037 0.055 0.050 0.031]0.026 0.024 0.054 0.063
1.0 0.031 0.042 0.049 0.051 | 0.034 0.053 0.053 0.030 | 0.018 0.026 0.049 0.060
2.0 0.037 0.042 0.054 0.048 | 0.034 0.064 0.046 0.035|0.024 0.031 0.043 0.049
4.0 0.042 0.049 0.059 0.041 | 0.042 0.078 0.039 0.046 | 0.029 0.035 0.042 0.045
10.0 0.048 0.052 0.060 0.043 | 0.047 0.080 0.042 0.042 | 0.034 0.038 0.042 0.045
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4.7 Example

Using the same data example as in Section 4.4, simultaneous generalized con-

fidence intervals for p; — pig, i=1,--- ,a — 1 are

—9< pp— 3 <35 (4.20)

The difference of the variances of populations 1 and 3 is larger than the difference
of the variances of populations 2 and 3, this should lead to a CI for u; — us that
is narrower than for p; — ps and this what we found using simultaneous GCls
procedure. SAS was used to calculate simultaneous 95% confidence limits (Dunnett

option), we obtained the following results

8.3 S H1 — U3 S 13.6
—1.1 < g — pz < 3.7. (4.21)
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Chapter 5

APPLICATIONS OF GENERALIZED INFERENCE IN BALANCED
MIXED LINEAR MODELS

In this chapter we developed simultaneous generalized confidence intervals for
all cell-means in balanced two-factor crossed mixed linear model with interaction.
We also developed simultaneous generalized confidence intervals for all pairwise
differences among cell-means in balanced three-factor nested factorial mixed linear
model. To our knowledge, there are no exact simultaneous confidence intervals
in these cases. The methods we propose can be generalized to other simultaneous
confidence interval problems in balanced mixed models in a straightforward manner.

Section 1 contains a review of literature related to simultaneous intervals in
mixed linear models. Section 2 discusses construction of simultaneous generalized
confidence intervals for all cell-means in balanced two-factor crossed mixed linear
model with interaction. Section 3 concerns a simulation study. Section 4 presents
an example. Section 5 deals with simultaneous generalized confidence intervals for
all pairwise differences of cell-means for balanced three-factor nested factorial mixed
linear model. Section 6 contains a simulation study. Section 7 presents an example.

Section 8 contains an appendix.

5.1 Review of Literature

The following is a brief review of some previous works on the topic of simul-
taneous inference in mixed models. In 1987, Edwards and Berry considered the

problem of constructing simultaneous confidence intervals for p linear combinations
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of the fixed effects parameters B in mixed linear models. The method is based on
the assumption that ,B ~ Ni(B,0%V) where V is a known symmetric, positive-

definite matrix and ¢? is unknown parameter. Simultaneous confidence intervals

were developed for p specified linear combinations of 3, denoted by 8; = c;,B
where ¢; = (cj1, - ¢k), 3 = 1,...,p. Exact simultaneous confidence intervals
for 61, -, 0, have the form
~ 1
c;ﬂ:twa (chJ)2 j=1,---,p

where w, is the upper-a percentile point of the distribution of W =

M} The critical value w, may be estimated using Monte Carlo

maxi<j<
=P {&(c;ch)z

methods.
Cheung and Chan (1996) considered the problem of constructing simultaneous

pairwise ClIs in unbalanced two-way fixed effects model, the model has the form
)/ijkzﬂij+€ijk izl;"')ra j:]-)"'?Ca kzl)"'?”’ij (51)

where j1;; are the means of the 5 level of factor B at the i™" level of factor A and ;5%
are independent N(0,0?) random variables. Cheung and Chan (1996) constructed
exact and approximate simultaneous pairwise Cls for all mean differences. The exact

100(1 — @)% level simultaneous pairwise Cls for p;, — u4, are given by

(ytu Yiv — dS“ '—+ yw yw+d S“ —+— )
Ny Ny

where 3, and ¥, ¢ = 1,--+,7, 1 < u # v < ¢ are the observed values of iut"

2 and

and iv'* sample means, S? is minimum variance unbiased estimator of o
do is the critical value. The approximate simultaneous pairwise CIs were used
when the sample sizes are not extremely divergent. The only difference between

exact and approximate simultaneous pairwise Cls is the critical value. A copy of the

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



43

FORTRAN program for computing the critical values is available from STATLIB at
http:\\www.statlib.cmu.

Cheung (1998) extended the work of Cheung and Chan (1996) by developing
simultaneous one-sided intervals for all pairwise differences of the cell-means in the
two factor model of Equation (5.1).

Cheung et al. (2003) constructed exact 100(1— )% level simultaneous pairwise
CIs for g, — sy for the model (5.1) where €, are independent N(0,07). The
simultaneous pairwise Cls have same construction as in Equation (5.2) but with
different critical values and &; instead of S. Using Tukey-Kramer critical values
leads to conservative intervals.

5.2 Simultaneous GCIs for all Means in Balanced Two-factor Crossed
Mixed Linear Model with Interaction

This section deals with constructing simultaneous generalized confidence inter-
vals for all means in balanced two-factor crossed mixed linear model with factor A

being fixed and factor B being random. Specifically, let
Yij,c = M+Oéi+,3j+’7ij+€ijk, i=1,---,a, j = 1,--- ,b7 k:l,... ,n(5.3)

where Y;;;, denotes the k% response for the i*" level of A and the 7 level of B, q is
effect of i** level of main fixed effect of factor A, 8; ~ N(0,03) is effect of 3% level
of random main effect of factor B, ;; ~ N(0, 0',2Y) is effect of 15" level of the random
interaction effect, and e;;; ~ N(0,02) are the random effect associated with repli-
cates. All random variables are mutually independent. Thus Y ~ MV N(u,3")
where X* = O’%V2+U,QYV12+O'2Iabn, Vo=U,I,QU,, Vi, =I,I,0U,, I, is
the a x a identity matrix and U, is the matrix of size a X a with all elements equal

to one . Define the vector Y by Y = (¥;,...,Y,.). Then Y has the distribution

YNN(I"’aE)
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2 2
no; + o

bn

I,+

2
93

b

Sy,

The ANOVA table for this model is as follows.

Table 5.2.1: ANOVA Table for Balanced Two-factor Crossed Mixed

Linear Model with Interaction

Source df 5SS EMS
! Ub Un 2 2
A a—1 Y SG®T®_ Y | no? + o7 + nbQ ()
n
B b—1 Y'(Ua®5b(8>ﬁ Y | nol+ o2+ nadj
a n
AB |(a=Dp-1) |V (sa®sb®gﬂ Y no? + o2
n
Residual | ab(n —1) Y (I,2I,8S,)Y o2

The term Q(u;) in the ANOVA table is a function of the expected responses p; =

i+ «; corresponding to level i of factor A. We observe that

_ n(o% + 02) + o2 1
Var(7, ) = MBE AL

—— [EMS(8) + (a — DEMS(y)]

where FMS represents ezpected mean square. Thus EMS(0) represents the ex-

pected mean square corresponding to 3, etc. An estimator of this variance is given

by
1

Var(Y;) = .

MS(B) + (a = 1)MS(7)]

where M S stands for the mean square statistic for the effect under consideration.
This variance estimator does not have a scaled chi-square distribution and exact si-
multaneous confidence intervals for the collection of 11,4 = 1,..., a are not available.
In this situation, simultaneous generalized confidence intervals can be constructed.
, la)" be the vector of expected responses corresponding to levels

Let p = (pa,- ..

of factor A. Generalized pivotal quantities for the parameters o3, 02, 02 and p

¥?
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are needed to construct the simultaneous generalized confidence intervals for the

collection of ;¢ =1,...,a. To this end, we define the following quantities.
SS
U, = —7&%@ ~ Xi_1s Y = anog + nag + o2
SS(y
Uy = —Q ~ X%a—l)(b—l)a by = na'?/ + 03
550
S(e
Us = 5 " Xab(n—1): be = 0. (5.4)

We also observed that

SS(8) _ 55()

o} =

A CL’I’LUl GTLUQ

2 _ 580 _8S()

v TLU2 7’LU3
SS(e)

2 =

o, 7,

Hence we obtained the following generalized pivotal quantities RJ%, Rag, and R,

for 03, 02, and o2, respectively.

e - S06) _s0)

anl;  anl,

— (ano? +no’ +07) (%fg%_)) ~ (no? + o?) (ﬁ%) (5.5)

R, = ss(v) _ ss(e)

Uy nls
— (n02+0_2) 38(7) _(0_2\)< 83(6) > (5 6)
T 7 nSS(y) ¢\ nSS(e) '
Ry = ssU(e)
2 ss(e)
— UeSS(e) (6.7)
Let

1 [ss(y) 1 (ss(8) ss(v)
= — I, — U,.
> bn< Us ) +abn< U Us
It can be easily verified that Ry is a FGPQ for the variance matrix X of Y. The

observed sums of squares for v, 3,and e are ss(7), ss(3), ss(e) respectively.
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Proposition 5.2.1
Consider a balanced two-factor crossed mixed linear model with fixed factor A
and random factor B defined in Equation (5.3). Define A to be the lower-triangular
cholesky factor of ¥ so that
T=AA (5.8)

Let

Ry, = -b% <-‘93U(2l>) I+ allm <33[f) - S‘iﬁ?) U, (5.9)

where U; ~ x2_, is independent of Uy ~ X?a-—l)(b—l) and Z is a vector of independent

N(0,1) distributions. Let R 4 be the lower-triangular cholesky factor of Ry, so that
Ry, =RARy. (5.10)
Then Ry, FGPQ for p, defined by
Ru=9—-RpZ (5.11)

The two-sided simultaneous generalized confidence intervals for the collection of

Wi, t=1,...,a, are given by
ﬂi + dl——a ’U/C'L\’f'(,[l@) (512)

where d,_,, is the lower 1 — « percentile point of the distribution of

‘gl — Rui
D = max { ——= 5.13
1<i<a { var () } ( )
Var (i) = —(MS(8) + (a ~ DMS()), (5.14)
T (3) = ——(ms(8) + (a — Dims()) (5.15)

is the observed value of Var(i), MS(8) = SS(8)/(b—1), MS(~) = SS(v)/(a —
1)(b— 1), ms(B) = ss(8)/(b— 1), ms(y) = ss(y)/(a — 1)(b— 1) and R,, is the i"

component of Ry.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



47

Proof:

The elements of the matrix Ry, are functions of independent x? random vari-
ables Uy and U. Thus Ry is a function of independent N(0,1) and x* random
variables. So the distribution of Ry, is free of all parameters. The observed value
rp of Ry is given by ryy = 4 — AA (g — u) = p which does not depend on

nuisance parameters. Thus Ry is a generalized pivotal quantity for p. Notice also

B o R 7
D = max Iyl—/\ﬂl = max Bl_/_\i\ — max Ifié l
1<i<a var(f;) var(f;) var(f;)

and hence the distribution of D does not depend on unknown parameters.

that

Here, given a vector y = (y1,...,Ys), we use the notation max{|y|} to mean
maxi<i<n{|¥i|}. The 1—a percentile d;_, of the random variable D may be obtained

by computer simulation.

5.3 Simulation Study

A simulation study was conducted to assess the performance of the simultaneous
GClIs for the collection {u;,7 =1,...,a}. Without loss of generality we can assume
that 4 = 0 and 62 = 1. A proof of this fact is given in the Appendix to this
chapter. Several different combinations of sample sizes and values of ag and 03
were considered. The familywise coverage error rates were estimated via simulation.
The parameter and sample size settings that were used in the simulation study are

summarized in Table 5.3.1.
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Table 5.3.1: Parameter and Sample Size Settings for the Simulation
Study

Quantity Values
(a,b,m) | (3,5,5), (3, 5, 10), (3, 10, 5), (3, 10, 10)
(5, 5, 5), (5, 5, 10), (5, 10, 5), (5, 10, 10)
(10, 10, 10), (10, 100, 10)

025 0.25, 0.50, 1.00, 4.00, 16.00
o? 0.25, 0.50, 1.00, 4.00, 16.00

All combinations of values of (a,b,n), 03, and o2
were considered in the simulation study

5.3.1 Simulation Details

The simulation study is conducted using the following steps.
Step 1. Set p; = 0, =1,...,a and 02 = 1. Select one of the settings for sample
sizes and variance parameters from Table 5.3.1. Calculate 3, the variance matrix
for the vector of factor A marginal sample means. Calculate A as in Equation (5.8).
Step 2. Generate the object (Y, SS(8),55(7), SS(e)) with independent compo-

nents as follows.

Y = u+AZ,
SS(B) = (anoj+no>+a2)U,
SS(v) = (no?+a2)Us,

SS(@) = O'SUg

where Z is a a x 1 vector of independent N (0, 1) random variables and Uy, Us, Us are
independent x2 random variables, independent of Z, and with degrees of freedom
equal to b—1, (a — 1)(b—1), and ab(n — 1), respectively. Denote these realizations

by (9,55(8), s(7), s3(e))-

Step 3. Generate @) independent copies of

o (42) v (49242
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where Uj is a chi-squared random variable with (b — 1) degrees of freedom and Us
is a chi-squared random variable with (a — 1)(b — 1) degrees of freedom and Uj,
U, are independent. Correspondingly, calculate ) independent copies of R 4 using
Equation (5.9). Denote these by RE,s and RA,y respectively, for s =1,...,Q. We
used ) = 10000. Further calculate @) independent copies of the random vector Z
whose components are independent N(0, 1) random variables. Denote these by Zj,
s=1,...,Q.

Step 4. For s =1,...,Q, calculate

RALZ

g

var ()

D, = max

where

T () = a%—ﬁ(ms(ﬁ) + (a — Dms(7))

with ms(f) = ss(6)/(b— 1) and ms(y) = ss(7)/[(a = 1)(b - 1)].

Step 5. Sort the values Di,...,Dgo to obtain the sample order statistics
Dqy,..., D). Set di_o = Djgu-a))- When a = 0.05 and ) = 10000, we have

dl—a = D9500-

Step 6. Construct the simultaneous confidence intervals as
Ty + di_o\/0ar(fi;)

and test if the true p; fall in the constructed confidence intervals simultaneously. If
they do, then count this as a success. Otherwise, count it as a failure.

Perform M independent repetitions of steps 1-6 above. We used M = 1000.
Calculate the proportion of these M trials that result in a success, i.e., the proportion
of times the GCIs simultaneously cover their respective parameters. Denote this
proportion by p. This is the estimated familywise coverage rate. The corresponding

familywise error rate is ¢ =1 — p.
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The simulations were run for different number of replications, levels of fixed and
random factors, and different combinations of ¢3 and o2 (62 = 1) and the familywise
coverage error rates associated with 95% simultaneous GCls were estimated. Table

5.3.2 summarizes the results of the simulation runs.
5.3.2 Discussion of Simulation Results

The number of replications n does not have a noticeable effect on the estimated
coverage error rates. When the number of levels of both fixed factor and the random
factor are small, the estimated coverage error rates are smaller than a = 0.05. But
when the number of levels of the random factor B becomes larger, the estimated
coverage error rates are closer to 0.05. The estimated coverage error rates are very
close to the stated value of 0.05 when number of levels of the fixed and random
factors are large and the number of levels of the random factor is larger than the

number of levels of the fixed factor.

5.4 Example

An example is discussed to illustrate the computation of simultaneous GCIs
for all cell-means in the model of Section 5.2. This example was obtained from
Hocking (1996, Example 15.9) and detailed data were obtained from Milliken and
Johnson (1984). A company is considering replacing the machines used to make a
certain component in one of its factories. Three different brands of machines were
available. Six employees were randomly selected to participate in the experiment.
Each employee was asked to operate each machine three different times. The data

are shown in table 5.4.1.
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Table 5.3.2: Estimated Coverage Error Rates Associated with 95%
Simultaneous GCls for {u;,7 =1,...,a} for Different Combinations of

a, b, n, ag and 03.

Estimated
albln 0[23 03 o2 | Correlation | coverage error rate
315|5]025(025] 1 0.357 0.026
315151025105 |1 0.263 0.020
315151025 1 1 0.172 0.021
315151025/ 4 1 0.056 0.021
31515025 16 | 1 0.015 0.022
315|505 (02571 0.526 0.031
355105 1|05 |1 0.417 0.026
315|5] 0.5 1 1 0.294 0.025
3|55 05 4 1 0.106 0.020
3{5{5]05 1| 16 |1 0.03 0.022
3155 1 10251 0.690 ' 0.032
3155 1 05 |1 0.588 0.032
31515 1 1 1 0.454 0.026
3151(5 1 4 1 0.192 0.021
31515 1 16 | 1 0.058 0.021
3155 4 {0251 0.899 0.044
3|15|5| 4 0511 0.851 0.042
3|55 4 1 1 0.769 0.037
3|55 4 4 1 0.488 0.029
3|/5|5]| 4 16 | 1 0.198 0.022
3|1515| 16 {025} 1 0.973 0.048
3155 16 | 05 |1 0.958 0.049
3{5{5]| 16 1 1 0.930 0.046
3|1515]| 16 4 1 0.792 0.038
3155 16 16 | 1 0.497 0.029

The column labeled ‘Correlation’ gives the correlation between any pair of marginal

means of factor A.
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Table 5.3.2:(continued) Estimated Coverage Error Rates Associated
with 95% Simultaneous GCls for {u;,2 = 1,...,a} for Different Com-

binations of a, b, n, o5 and 2.

Estimated
a|b|n| g | 02 |oZ]| Correlation | coverage error rate
3151101025 [0251 1 0.417 0.026
3151101025] 05 | 1 0.294 0.025
3151101025 1 1 0.185 0.021
3195(101025] 4 1 0.057 0.021
315110025 ] 16 | 1 0.015 0.022
3195110 05 (02511 0.588 0.032
315110105 105 |1 0.454 0.026
3195]10) 0.5 1 1 0.312 0.026
315110 0.5 4 1 0.109 0.02
31510 05| 16 |1 0.03 0.022
315110 1 (0251 0.741 0.036
315(|10] 1 05 |1 0.625 0.031
315|110 1 1 1 0.476 0.029
315(10] 1 4 1 0.196 0.021
31510 1 16 |1 0.058 0.021
315110 4 |025] 1 0.919 0.046
31510 4 05 |1 0.869 0.043
315110 4 1 1 0.784 0.037
315110 4 4 1 0.494 0.03
315110 4 16 | 1 0.199 0.022
315110 16 |025] 1 0.978 0.05
315110 16 | 0.5 | 1 0.964 0.049
35|10 16 1 1 0.936 0.048
31510 16 4 1 0.796 0.038
315110 16 16 |1 0.498 0.031

The column labeled ‘Correlation’ gives the correlation between any pair of marginal

means of factor A.
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Table 5.3.2.(continued) Estimated Coverage Error Rates Associated
with 95% Simultaneous GClIs for {y;,i = 1,...,a} for Different Com-

binations of a, b, n, 3 and o?.

Estimated
a| b |n| g5 | 02 |o?| Correlation | coverage error rate
3110151025025 1 0.357 0.036
3110751025} 05 |1 0.263 0.035
3110151025 1 1 0.172 0.029
3110{5(025| 4 1 0.056 0.033
3110]5}025) 16 | 1 0.015 0.033
311015105 [025} 1 0.526 0.04
311015105 |05 |1 0.417 0.036
31105 | 0.5 1 1 0.294 0.034
311075 0.5 4 1 0.106 0.031
311015105 | 16 |1 0.03 0.034
311015} 1 [025]1 0.690 0.042
311015 1 05 |1 0.588 0.04
371015 1 1 1 0.454 0.038
371015 1 4 1 0.192 0.03
311015 | 1 16 | 1 0.058 0.033
311015 4 (0251 0.899 0.051
31105 4 05 |1 0.851 0.052
311015 | 4 1 1 0.769 0.046
311015 | 4 4 1 0.488 0.04
311015 4 16 | 1 0.198 0.031
3110151 16 [025 | 1 0.973 0.051
31105 16 | 05 | 1 0.958 0.052
3105 | 16 1 1 0.930 . 0.051
31105} 16 4 1 0.792 0.049
31105 16 16 | 1 0.497 0.039

The column labeled ‘Correlation’ gives the correlation between any pair of marginal

means of factor A.
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Table 5.3.2.(continued) Estimated Coverage Error Rates Associated
with 95% Simultaneous GClIs for {u;,7 = 1,...,a} for Different Com-

binations of a, b, n, 03 and o2,

Estimated
a|b|n| op | o2 |02 | Correlation | coverage error rate
3110710(0251025] 1 0.417 0.036
3710110025 | 05 | 1 0.294 0.034
31101107025 1 1 0.185 0.03
311010025 4 1 0.057 0.033
3110710025 ] 16 | 1 0.015 0.033
3110110] 056 |025] 1 0.588 0.04
311071005 |05 |1 0.454 0.038
311010 0.5 1 1 0.312 0.034
3110|107 0.5 4 1 0.109 0.031
3110710105 | 16 | 1 0.030 0.034
3110710, 1 (0251 0.741 0.044
3110]10] 1 0511 0.625 0.04
3110110 1 1 1 0.476 0.038
3110710 1 4 1 0.196 0.031
3110110 1 16 | 1 0.058 0.033
3110110 4 1025} 1 0.919 0.051
3110110 4 05 |1 0.869 0.055
3110110} 4 1 1 0.784 0.048
311010 4 4 1 0.494 0.04
311010 | 4 16 | 1 0.199 0.031
311010} 16 [025 1 0.978 0.051
3110110} 16 | 0.5 | 1 0.964 0.051
3710]101 16 1 1 0.936 0.051
311010 16 4 1 0.796 0.049
3110]10] 16 | 16 | 1 0.498 0.039

The column labeled ‘Correlation’ gives the correlation between any pair of marginal

means of factor A.
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Table 5.3.2.(continued) Estimated Coverage Error Rates Associated
with 95% Simultaneous GCIs for {u;,7 = 1,...,a} for Different Com-

binations of a, b, n, o} and o2.

Estimated
a|b|n| gf | 02 | o2 | Correlation | coverage error rate
9191510251025 1 0.357 0.03
51515102505 |1 0.263 0.031
515151025 1 1 0.172 0.033
21915025 4 1 0.056 0.036
515(15(025| 16 | 1 0.015 0.037
5151505 025} 1 0.526 0.031
5(5(5] 05 05 |1 0.417 0.029
51515 0.5 1 1 0.294 0.031
5155 0.5 4 1 0.106 0.033
51315705 | 16 |1 0.030 0.036
5151565 1 102511 0.690 0.04
91919 1 05 |1 0.588 0.029
51915 1 1 1 0.454 0.029
519515 1 4 1 0.192 0.033
5155 1 16 | 1 0.058 0.036
51565 4 025} 1 0.899 0.044
5(5|5| 4 05 |1 0.851 0.042
5155 4 1 1 0.769 0.041
5(5|5| 4 4 1 0.488 0.031
51595 4 16 | 1 0.198 0.034
515|5] 16 025 | 1 0.973 0.043
515|56] 16 | 05 |1 0.958 0.044
5|5 |5 16 1 1 0.930 0.042
51551 16 4 1 0.972 0.042
555} 16 16 | 1 0.497 0.031

The column labeled ‘Correlation’ gives the correlation between any pair of marginal

means of factor A.
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Table 5.3.2.(continued) Estimated Coverage Error Rates Associated
with 95% Simultaneous GCls for {p;,7 = 1,...,a} for Different Com-

binations of a, b, n, 0'% and 0,2Y.

Estimated
a|b| n| o | 02 |d?| Correlation | coverage error rate
5151(1101025]025| 1 0.417 0.029
51511010251 05 | 1 0.294 0.031
5151101025 | 1 1 0.185 0.032
5151101025 4 1 0.057 0.036
515110]1025| 16 | 1 0.015 0.037
515|110 05 |025] 1 0.588 0.029
515|101 05 | 05 |1 0.454 0.029
515110 0.5 1 1 0.312 0.031
215110 ] 0.5 4 1 0.109 0.033
515110 05 | 16 | 1 0.03 0.036
515|110 1 0251 0.741 0.041
d15110] 1 05 |1 0.625 0.034
515110 1 1 1 0.476 0.029
515110} 1 4 1 0.196 0.035
55|10 1 16 | 1 0.058 0.036
515110 4 025} 1 0.919 0.041
o5 10| 4 05 |1 0.869 0.043
20(5110] 4 1 1 0.784 0.042
51510 4 4 1 0.494 0.031
215|110 4 16 | 1 0.199 0.034
515110 16 | 025} 1 0.978 0.043
51510 16 | 05 | 1 0.964 0.044
515110 16 1 1 0.936 0.042
515110 16 4 1 0.796 0.042
515110 16 16 1 1 0.498 0.031

The column labeled ‘Correlation’ gives the correlation between any pair of marginal

means of factor A.
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Table 5.3.2.(continued) Estimated Coverage Error Rates Associated
with 95% Simultaneous GCIs for {u;,7 = 1,...,a} for Different Com-

binations of a, b, n, 03 and o2,

Estimated
a| b in| o | 02 | 02| Correlation | coverage error rate
5110 15(0251025} 1 0.357 0.047
5110151025 05 | 1 0.263 0.05
5110151025 1 1 0.172 0.047
5110151025} 4 1 0.056 0.053
511051025 16 | 1 0.015 0.059
5110151 05 1025} 1 0.526 0.047
511051 05 | 05 |1 0.417 0.045
51105 0.5 1 1 0.294 0.049
511015 0.5 4 1 0.106 0.048
511015 0.5 16 1 0.030 0.057
511015 1 025| 1 0.690 0.046
51105 1 05 |1 0.588 0.048
51105 1 1 1 0.454 0.047
511015 1 4 1 0.192 0.046
511015 1 16 1 0.058 0.052
511015 4 1025 1 0.899 0.051
511015 4 0511 0.851 0.049
51105 4 1 1 0.769 0.046
5110|5 4 4 1 0.488 0.048
511015 4 16 1 0.198 0.047
51105 16 (025] 1 0.973 0.054
511051 16 | 05 | 1 0.958 0.053
511015 | 16 1 1 0.930 0.053
51105} 16 4 1 0.792 0.046
51105 | 16 16 |1 0.497 0.048

The column labeled ‘Correlation’ gives the correlation between any pair of marginal

means of factor A.
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Table 5.3.2.(continued) Estimated Coverage Error Rates Associated
with 95% Simultaneous GCls for {u;,72 = 1,...,a} for Different Com-

binations of a, b, n, 0§ and o2.

Estimated
a|b|n| oy | 02 |0l | Correlation | coverage error rate
5110]10{0.25{0.25| 1 0.417 0.045
5110110]025| 05 | 1 0.294 0.049
5110110]025| 1 1 0.185 0.047
5010110025 4 |1 0.057 0.052
5110110025 16 | 1 0.015 0.059
5110110} 05 | 025 1 0.588 0.048
5(110110 05 [ 0.5 | 1 0.454 0.047
51010 0.5 | 1 1 0.312 0.048
5110110105 | 4 |1 0.109 0.048
5110110} 05 | 16 | 1 0.030 0.057
5110110 1 025 1 0.741 0.046
5110110 1 |05 |1 0.625 0.049
511010} 1 1 1 0.476 0.048
511010 1 4 11 0.196 0.047
511010 1 16 |1 0.058 0.052
5110710 4 1025 1 0.919 0.053
5/10110 4 |05 |1 0.869 0.048
511010 | 4 1 1 0.784 0.046
511010 4 4 |1 0.494 0.048
5110110 4 16 | 1 0.199 0.047
511010 ] 16 | 025 | 1 0.978 0.055
5110|110 16 | 05 | 1 0.964 0.055
5(10}110| 16 1 1 0.936 0.053
5110|101 16 4 |1 0.796 0.046
511010 16 | 16 | 1 0.498 0.048 |

The column labeled ‘Correlation’ gives the correlation between any pair of marginal

means of factor A.
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Table 5.3.2.(continued) Estimated Coverage Error Rates Associated
with 95% Simultaneous GClIs for {u;,7 = 1,...,a} for Different Com-

binations of a, b, n, 03 and o2.

Estimated
a | b|n| of | 62 |02 Correlation | coverage error rate
1010110025025 1 0.417 0.037
101101101025 05 | 1 0.294 0.036
101107101 0.25 1 1 0.185 0.039
10110110 0.25 4 1 0.057 0.044
10110110025 | 16 1 0.015 0.041
101101101 0.5 026 1 0.588 0.039
1011010 0.5 | 0.5 | 1 0.454 0.037
10]101]10] 0.5 1 1 0.312 0.038
10110 |10 ] 0.5 4 1 0.109 0.04
101104110 0.5 16 1 0.030 0.042
10 1 10 | 10 1 025] 1 0.741 0.045
10 | 10 | 10 1 05 |1 0.625 0.039
10 ;10 | 10 1 1 1 0.476 0.036
10 {10 | 10 1 4 1 0.196 0.038
10110 |10 1 16 1 0.058 0.044
10110 |10 4 0251 0.919 0.048
101010 4 0.5 |1 0.869 0.049
101010 4 1 1 0.784 0.046
10 | 10 | 10 4 4 1 0.494 0.036
10|10 {10 4 16 1 0.199 0.037
101010 16 |0.25| 1 0.978 0.051
1011010 16 | 05 | 1 0.964 0.05
1011010 | 16 1 1 0.936 0.048
101010 | 16 4 1 0.796 0.046
10 {10 1 10| 16 16 | 1 0.498 0.036

The column labeled ‘Correlation’ gives the correlation between any pair of marginal

means of factor A.
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Table 5.3.2.(continued) Estimated Coverage Error Rates Associated
with 95% Simultaneous GClIs for {;,¢ = 1,...,a} for Different Com-

binations of a, b, n, 0 and ¢2.

Estimated
a| b | n| o5 | 02 | 02| Correlation | coverage error rate
101100 {10 {0.25{0.25 | 1 0.417 0.055
101100101025 0.5 | 1 0.294 0.052
10 {100 [ 10025 ] 1 1 0.185 0.045
10100 | 10025 | 4 1 0.057 0.048
10110010025} 16 | 1 0.015 0.052
161100107 0.5 [0.25] 1 0.588 0.061
10110010, 0.5 | 05 | 1 0.454 0.054
101100 | 10| 0.5 1 1 0.312 0.050
10 1 100 | 10 | 0.5 4 1 0.109 0.045
101100110} 05 | 16 | 1 0.030 0.049
1010010} 1 0251 0.741 0.060
1010010 ] 1 05 |1 0.625 0.061
10110010 1 1 1 0.476 0.053
10110010 1 4 1 0.196 0.046
101100 {10 1 16 | 1 0.058 0.048
1010010 4 0251 0.919 0.062
101100 | 10| 4 05 |1 0.869 0.062
10 | 100 | 10} 4 1 1 0.784 0.058
10110010} 4 4 1 0.494 0.051
101100 (10| 4 16 | 1 0.199 0.046
10110010 16 [ 0.25 | 1 0.978 0.062
1010010} 16 [ 0.5 | 1 0.964 0.065
101100 | 10 | 16 1 1 0.936 0.065
10| 100 { 10| 16 4 1 0.796 0.058
101100 | 10| 16 16 | 1 0.498 0.051

The column labeled ‘Correlation’ gives the correlation between any pair of marginal

means of factor A.
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Table 5.4.1. Productivity Scores for Machine-Person Example

Machine | Person 1 2 3

52.0 | 52.8 | 53.1
51.8 | 52.8 | 53.1
60.0 | 60.2 | 58.4
51.1|52.3 | 50.3
50.9 | 51.8 | 51.4
46.4 | 44.8 | 49.2
62.1 | 62.6 | 64.0
59.7 | 60.0 | 59.0
68.6 | 65.8 | 69.7
63.2 | 62.8 | 62.2
64.8 | 65.0 | 65.4
43.7 | 44.2 | 43.0
67.5 | 67.2 | 66.9
61.5 | 61.7 | 62.3
70.8 | 70.6 | 71.0
64.1 | 66.2 | 64.0
72.1 1720 71.1
62.0 | 61.4 | 60.5

—
—

CO W W W WNNNNNNDR
YU W = O U R WN = O Ok W

Here Machine is considered a fixed factor and Worker is a random factor. The linear
model used to analyze the data is a balanced two-factor crossed mixed linear model

given below.
Y;jk:M+ai+ﬁj+7ij+eijk7 /l::]‘)...’37 jzla"'76a k:1773

where Yj;i, denotes the k™ response for the ¢ machine and the 5% worker, o is the
it level of a fixed machine effect, 3; ~ N(0, ag) is the j** level of a random worker
effect, vi; ~ N(0, 02) is the 45" level of the random interaction effect, e;;x ~ N(0, 07)
is the error term, and all random variables are mutually independent. The following
summary statistics were computed.

Y. = 92.39, ..o = 60.32, y..3 = 66.27,
ss(a) = 1755.26, ss(f) = 1241.89, ss(y) = 462.53.

Generalized simultaneous confidence intervals were constructed for all three marginal

means for machines. These are as follows.

45.00 < pp <59.70, 52.97 < pe < 67.67, 58.92 < pug < 73.62
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5.5 Simultaneous GCIs for all Pairwise Differences in Three-factor
Nested-factorial Model

This section concerns constructing simultaneous GClIs for all pairwise cell-mean
differences for three factor nested factorial model. The factors are denoted by A, B,
and C where A and B are fixed factors and C' is a random factor. Levels of factor C
are nested within levels of factor A but crossed with those of B. The mixed linear

model we considered has the following form.

Yijuw = p+ o+ 05+ (aB)iy + e + (@B7) k) + ejnt,
i=1,--a,j=1,---bk=1,---¢,l=1,---n. (5.16)

Here Y;;x; denotes the {** response corresponding to the i level of A, j*" level of B
and k'™ level of C, q; is the effect of i level of fixed main effect A, 3; is the the effect
of 7' level of fixed main effect B, (aB); is the effect of 5" level of the interaction
effects between factors A and B, vz ~ N (0,0?)( A)> is the effect of k(i) level
of random main effect C' (nested within A) , (aB7)k@ ~ N (O,U%C( A)) denotes
the effect of jk(i)™ level of interaction effects between B and C (nested within
A), eijri ~ N (0,02) are the error terms, and all random variables are mutually

independent. Thus Y ~ MV N(u, ¥*) where

¥ = 02 Vew + 0som Vo + 02 Lasen, (5.17)

VC(A):Ia®Ub®Ic®Un7 and VBC(A):Ia®Ib®Ic®Un-

Let i denote the vector of marginal cell-means (arranged in lexicographic order)
corresponding to the level combinations of factors A and B and let Y denote the
corresponding sample cell-means arranged in lexicographic order. We then have

Y ~ N(u,X) where ¥ is a ab x ab matrix given by

1
Y =—-Dupa®Iy (5.18)
nc
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and Dy, = (nU]QBC(A) +02)I,+ naé(A)Ua. The ANOVA table for the model of this

section is given in Table 5.5.1.

Table 5.5.1. ANOVA Table for the Balanced Three-Factor Nested-Factorial
Mixed Linear Model

Source df SS EMS
A a1 Y (SeoolealUa)y | nbod, +
noBoay + 00+
nbcQq (1)
B b—1 Y'(%@Sb(@yf@Qnﬂ)Y Nopea) T 06+
nacQa(p)
AB | @a-1)(-1) | Y (sa 280U Un') Y | node ol +
ncQiz(p)
C(A) a(c—1) ' (Ia 20 8,8 UT) Y | nbod, +

2 2
Nopoay + 0

BC(A) |a(b—1)(c—-1)| Y’ (Ia ®S,®S5:.® Un—") Y nogo + 06

Residual |  abe(n — 1) Y(I,9,I.88,)Y o2

The quantities Q1 (pt), Q2(pt), and Q12(pe) are functions of the fixed effect parameter

. The following results are easily verified.

2 2 .
Var(Yy. — Yis) = ~ (nohow) +07) = —~ (EMS(BC(A)), j+#s

Var(Vy ~Yiy) = — (nbu + nobou +07)

- % (EMS(C(A) + (b— 1)EMS(BC(A))), i#r, and,
Var(Vy, —Yes)) = P (noZ(ay +nogea + )

_ b_iﬁ (EMS(C(A) + (b= 1)EMS(BC(A))) i+#rj+#s.

Minimum variance unbiased estimators of these variances are obtained by substi-

tuting mean squares in place of expected mean squares in the above expressions.
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Note that @(Ym —Y,;.),i # r, and @(YW —Y.s.),i # 1,7 # s, do not
have scaled chi-square distributions. Thus there are no exact simultaneous Cls
for collection of pairwise differences p;; — prs. So we considered construction of
simultaneous generalized confidence intervals for these differences.

Generalized pivotal quantities for the parameters ag( A 01250( 4)) o2 and also for
the vector p are needed to construct the simultaneous GCls for all pairwise differ-
ences of cell-means corresponding to the fixed factors.

First define the following quantities.

55(C(4))

U = _¢—C(A)_7 Yoy = b”U(QJ(A) +”‘71230(A) +0?
SS(BC(A
SS(e

U3 = wi )a ¢e = 03‘

Note that Uy, Us,, Uz are independent x2 random variables with degrees of freedom

equal to a{c — 1), a(b—1)(c — 1), and abc(n — 1), respectively.

The FGPQs for 0’%( " 0']230( 4y, and o2 are given below. For ease of notation,

they are denoted by 6%( Ay 51230( 4y, and 52, respectively.

2 <¢C(A) SS(C(A))> B (¢BC(A) SS(BC(A))> |

0c(a)

nbSS(C(A)) nbSS(BC(A))
s ([ ¥Boay ss(BC(A)) e s5(€)
TBC() T ( n SS(BC(A)) ) B <n55(e)>’
52 — we 88(6)
¢ SS(e)

As usual we use upper case notation for denoting observable random variables and
lower case for the corresponding realized value.

_ 1 _ _
Since Var (Y;j,.) = (;l—c(nag(A) +na]290(A) -+—062)> and Cov (Y;j”,Y;s,,)) =

o2 )
( OC(A)>’ we can conclude that a FGPQ for (Var(Y;.)) is given by
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ben U, A and a FGPQ for Cov(Y}; ,Y;;.)) is given by
the quantity 2)1_ (SS(C(A)) _ 88(BC(A))
cn

Ux Us
Proposition 5.5.1

1 (ss(C(A)) - 1)33(BC(A))

). Then the following proposition.

Consider the balanced three-factor nested factorial mixed linear model defined
in Equation (5.16). Let Y be the vector of responses arranged in lexicographic
order and Y be the vector of marginal sample cell-means corresponding to level

combinations of the fixed factors A and B. Thus
Y ~ MV N(u,¥")

where X* is defined in Equation (5.17) and Y ~ N(u,X) where X is defined in

Equation (5.18). Then a generalized pivotal quantity for p is given by
Ry = y—-RaZ (5.19)
where 7 is the realized value of Y. A FGPQ for ¥ is given by
Ryy=E®I,

where F is the a X a matrix given by

o)) ()

Ui, Uy, Z are independent random variables with U; ~ Xi(c_l), Uy ~ Xi(b—l)(c—l)
and Z a vector of length ab consisting of independent standard normal distribution.

Let R A be a matrix such that

REZRARIA

The two-sided simultaneous GCls for all mean differences p;; — p,s are given by

(ﬂij - ﬂrs) + dl—a W(ﬁ,w - /:Lrs) (52())
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where dy_, is the lower 1 — o percentile point of the distribution of the random

variable D defined as follows.

D= |(gU - (’grs.‘) - Rﬂz‘j—urs
o max T AV = «
Viar(Yi. = Ys.)

1<i,r<a,
1<43,8<b

Note that
s - 2ms(BC(A .
var(Yy. —Yis) = ———(WM, JF#s
(T, — V) = DCEN O ImBOA) o ang,
S - 2 (ms(C(A)) + (b —1)ms(BC(A . :
TGy V) = 2SN EO=DmaBO)

and ms represents the realized values for the various mean squares in the ANOVA
table.
Proof:

The elements of matrix Ry, are functions of independent x* random variables.
Thus the elements of Ry, are functions of independent N(0,1) and x* random ran-
dom variables. So the distribution of Ry is free of all unknown parameters. The
realized value of Ry, denoted by ry, isry =9y — A A7Yy — p) = p which does
not depend on nuisance parameters. Thus Ry, is a FGPQ for u. Furthermore, the
distribution of D is easily verified to be free of unknown parameters. The percentile

d1_q of the distribution of D may be conveniently obtained by computer simulation.

5.6 Simulation Study

A simulation study was conducted to assess the performance of the simultaneous
GCIs for the collection {u;; — prs,i,7 =1,...,a, j,s = 1,...,b}. Without loss of
generality, we can assume that g = 0 and 02 = 1. See Proposition A2 in the
Appendix to this chapter. Several different combinations of numbers of levels for

each factor and values of 0%( A) and 0]230( 4) Were considered. The familywise coverage
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error rates were estimated via simulation. The parameter and sample size settings

that were used in the simulation study are summarized in Table 5.6.1.

Table 5.6.1. Parameter and Sample Size Settings for the Simulation

Study

Quantity Values

(a,b,c) |(3,3,2),(3,3,10), (4, 4, 2), (4, 4, 10)
(5, 5, 2), (5, 5, 10)

U%(A) 0.25, 0.50, 1.00, 4.00, 16.00
a%C(A) 0.25, 0.50, 1.00, 4.00, 16.00

All combinations of values of (a,b,c), oé( 4)» and

01230( a) were considered in the simulation study
with the exception that 0(2:,( A = 0.5,4 and
U%C( 4= 0.5, 4 were not considered for the combi-
nations (a, b,c) = (5,5,2) and (a,b,¢) = (5, 5,10).
The number of replications n was taken to be 1 in
all cases.

5.6.1 Simulation Details

The simulation study was conducted using the following steps.

Step 1. Set p;; = 0foralll <i<a,1<j<bandset ol =1. Select one of
the settings from Table 5.6.1 for the number of levels for the factors and variance
parameters. Calculate X*, the variance matrix of the vector of the observations.
Step 2. Generate the data vector Y from the appropriate multivariate normal
distribution. Calculate SS(C(A)), SS(BC(A)). Here Y is the full data vector and
SS(C(A)), SS(BC(A)) are ANOVA sums of squares corresponding to the effects
C(A) and BC(A). The vector Y may be generated as

Y=A"Z"
where Y, Z* are vectors of length aben and A* is a matrix such that

A*AY =3,
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Using the raw data vector Y, the sample means Yij_‘, the random effects sums
of squares SS(C(A)) and SS(BC(A)), and the corresponding mean squares are

calculated as follows:

C n
Vi = =503 Vi (5.21)

k=1 [=1
S%w==Y(Q®%@(L—%0®QY
s - S oo
SSpcy = Y (Ia ® (Ib - %) ® (IC - gc—c) ® 1) Y
MSpoa Cwaéﬁig?_l). (5.23)

Step 3. Generate ) independent copies of the random vector Z of length ab
consisting of independent N(0, 1) components. Denote these by Z,..., Z(). In-
dependently generate ) independent copies of U; ~ XZ(C—1) and Uy ~ XZ(b—l)(c—l)
where U, is independent of U,. Denote these by Uy 4, Usy, forg=1,...,Q.

Step 4. Generate () independent copies of the random matrix Ry, denoted by

Rg,q, g=1,...,Q, using

o (40 )] [ (000) ] o,

Calculate R A, such that R A,qRIA,q = Ry.
Step 5. For g =1,...,Q, calculate

Ru,=0—-RAZ.

Step 6. For g =1,...,Q, calculate

U. RaZ
D, = max l”’rs AA ‘
7 *
1<i,r<a lij’mz Lijirs
1<4,s<b
i“JF#T,S8
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where I’ is a row vector which has a 1 in the position corresponding to p;;, —1 in

the position corresponding to p,, and zeros elsewhere. Thus I'p = Hij — prs- The

quantity l;j’mf)*lij,s is equal to var(Y;;. — Yys ). Note that

2 2

o (n&%C(A) +67) = — (ms(BC(A))) when i=r,j# s,and
var( —ij..—Yrs..) = 2 R R . 2

E (TLO"%«(A) -+ TLO'%C(A) -+ O'Z) = % (ms(C(A) + (b — 1)m8(BC(A))>

when i # 7.

In our study we used ¢ = 10000 and o = 0.05. So the value of dg g5 is estimated by
D 9500) where D3y, ..., D@oooo) are the realizations of D arranged in ascending order.
Using this estimated value of dg g5 the full set of simultaneous GCls are calculated for
all pairwise differences ji;;— 5. If the confidence intervals simultaneously cover their
respective true values then a success is recorded. Otherwise a failure is recorded.

The entire process is repeated M times where M is a large number. We used
M = 1000 in our study. The proportion of successes p out of these M trials is
computed. Then 1 — p is the estimated familywise coverage error rate. The sim-
ulations were run for all parameter settings. The estimated simultaneous coverage

error rates are shown in Table 5.6.2.
5.6.2 Discussion of Simulation Results

When the number of levels of the random effect is small then the estimated
coverage error is less than 0.05. When the number of levels of the random effect is
large then the estimated coverage error is somewhat larger than 0.05. The estimated
coverage error is close to 0.05 when both number of levels of fixed factors and random

effects are large.

5.6.3 Comparison of GCIs with Intervals Obtained from SAS for all Pair-
wise Differences pi;; — firs

Approximate simultaneous confidence intervals for all pairwise differences p;; —

Uys may also be obtained by using the statistical software package SAS.
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Table 5.6.2. Estimated Coverage Error Rates Associated with Nom-

inally 95% Simultaneous GCls for all Pairwise Comparisons p;; — firs,

i,r =1,...,a, 3,8 = 1,...,b, for Different Combinations of a, b, ¢,

0%( A and U%C( A)- The Value of 02 Was Taken to be 1 for Every Case.

Estimated
Coverage Standard Standard
alblec O%( A 0]230( 4y | Error Rate | Average; | deviation; | Average, | deviation,
31312 .25 .25 0.032 10.082 2.801 11.243 2.828
31312 .25 . 0.032 11.019 3.059 12.120 3.024
31312 .25 1 0.032 12.682 3.017 13.704 3.385
31312 .26 4 0.032 19.924 5.524 20.811 5.059
31312 .25 16 0.035 36.607 10.146 37.590 9.073
3132 .D .25 0.035 10.199 2.848 12.245 3.226
3132 D D 0.031 11.134 3.102 13.061 3.389
3132 .5 1 0.031 12.795 3.558 14.551 3.703
3132 D 4 0.033 20.012 5.550 21.389 5.254
3132 .5 16 0.033 36.666 10.164 37.922 9.179
31312 1 .25 0.04 10.343 2.914 13.975 3.968
31312 1 .5 0.036 11.287 3.171 14.712 4.085
3132 1 1 0.036 12.957 3.626 16.071 4.323
31312 1 4 0.032 20.165 5.602 22.486 5.656
3132 1 16 0.032 36.766 10.195 38.562 9.391
31312 4 .25 0.044 10.585 3.058 21.221 7.248
3132 4 D 0.042 11.570 3.331 21.769 7.273
3131}2 4 1 0.041 13.306 3.809 22.802 7.335
313]|2 4 4 0.04 20.685 5.828 27.951 7.937
31312 4 16 0.031 37.268 10.361 42.145 10.689
31312 16 .25 0.046 10.643 3.142 37.623 14.519
31312 16 D 0.048 11.663 3.436 38.006 14.499
31312 16 1 0.046 13.465 3.953 38.728 14.476
31312 16 4 0.044 21.170 6.116 42.442 14.495
3132 16 16 0.038 38.266 10.803 53.561 15.523

Average; and Standard deviation; are, respectively, the average and the standard

deviation of lengths, over 1000 simulations, of a confidence interval for the differences

Pij — Mrs With @ =71, j # s.

Average, and Standard deviationy are, respectively, the average and the standard

deviation of lengths, over 1000 simulations, of a confidence interval for the differences

Hij — Wrs With 5 5 7.
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Table 5.6.2 (continued). Estimated Coverage Error Rates Associated

with Nominally 95% Simultaneous GClIs for all Pairwise Comparisons

Wij — s, 5,7 =1,...,a, j,s = 1,...,b, for Different Combinations of

a, b, c, U%(A) and O'%C(A). The Value of 62 Was Taken to be 1 for Every

Case.
Estimated
Coverage Standard Standard
alb]| ¢ 0'%( A | 9B Error Rate | Average; | deviation; | Average; | deviations
313110 .25 .25 0.056 3.203 0.307 3.522 0.287
313110 .25 5 0.055 3.509 0.336 3.804 0.308
313110 .25 1 0.057 4.051 0.387 4.313 0.346
31310 .25 4 0.059 6.403 0.611 6.856 0.524
31310 .25 16 0.060 11.804 1.125 11.934 0.945
31310 .5 .25 0.054 3.200 0.307 3.800 0.323
31310 .5 .D 0.058 3.507 0.337 4.064 0.341
31310 s} 1 0.057 4.051 0.388 4.546 0.374
313110 .5 4 0.057 6.405 0.612 6.743 0.539
313110 5 16 0.059 11.806 1.253 12.022 0.954
31310 1 .25 0.054 3.191 0.309 4.291 0.394
31310 1 b 0.056 3.499 0.338 4.530 0.406
31310 1 1 0.055 4.046 0.389 4.971 0.431
31310 1 4 0.056 6.406 0.613 7.043 0.574
31310 1 16 0.058 11.808 1.126 12.195 0.970
31310 4 .25 0.054 3.133 0.306 6.414 0.709
313,10 4 5 0.054 3.443 0.336 6.589 0.713
313110 4 1 0.053 3.994 0.389 6.919 0.720
313110 4 4 0.054 6.381 0.617 8.582 0.787
31310 4 16 0.056 11.811 1.131 13.175 1.081
31310 16 .25 0.056 3.061 0.297 11.326 1.416
31310 16 .5 0.057 3.363 0.327 11.442 1.414
31310 16 1 0.056 3.901 0.380 11.664 1.413
313110 16 4 0.054 6.267 0.612 12.829 1.418
3310 16 16 0.052 11.751 1.397 16.407 1.539

Average; and Standard deviation; are, respectively, the average and the standard

deviation of lengths, over 1000 simulations, of a confidence interval for the differences

Hig — Hrs with 4 =T,] 7é 8.

Average; and Standard deviation, are, respectively, the average and the standard

deviation of lengths, over 1000 simulations, of a confidence interval for the differences

fij — pys With 4 5 7.
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Table 5.6.2 (continued). Estimated Coverage Error Rates Associated

with Nominally 95% Simultaneous GCIs for all Pairwise Comparisons

Wij = Hrsy 8,7 =1,...,a, j,s = 1,...,b, for Different Combinations of

a, b, c, 0’%( 4 and U%C( 4)- The Value of o7 Was Taken to be 1 for Every

Case.
Estimated
Coverage Standard Standard
alblec 0(2]( ) 0%30( 4y | Error Rate | Average; | deviation; | Average; | deviation,
41412 .25 .25 0.022 9.869 1.883 10.940 2.065
41412 .25 .5 0.022 10.783 2.058 11.785 2.193
41412 .25 1 0.024 12.408 2.370 13.313 2.436
41412 .25 4 0.026 19.473 3.726 20.169 3.582
41412 .25 16 0.029 35.760 6.855 36.390 6.392
4142 .5 .25 0.02 9.988 1.910 11.955 2.441
41412 .5 D 0.02 10.903 2.082 12.740 2.539
41412 D 1 0.021 12.526 2.390 14.173 2.731
41412 D 4 0.026 19.574 3.741 20.762 3.760
41412 D 16 0.028 35.824 6.862 36.727 6.480
41412 1 .25 0.022 10.128 1.953 13.702 3.133
41412 1 D 0.021 11.055 2.127 14.408 3.191
41412 1 1 0.02 12.691 2.432 15.713 3.318
4142 1 4 0.022 19.739 3.765 21.881 4.130
41412 1 16 0.025 35.941 6.874 37.386 6.662
41412 4 .25 0.039 10.317 2.057 20.943 6.034
41412 4 .9 0.038 11.289 2.239 21.473 6.031
41412 4 1 0.036 13.003 2.560 22.471 6.040
442 4 4 0.022 20.257 2.906 27.404 6.267
41412 4 16 0.022 36.484 6.962 41.036 7.860
41412 16 .25 0.047 10.264 2.094 37.112 12.231
41412 16 .5 0.045 11.262 2.296 37.504 12.213
41412 16 1 0.046 13.033 2.647 38.236 12.181
41412 16 4 0.039 20.633 4.114 41.886 12.068
41412 16 16 0.022 37.467 7.243 52.566 12.378

Average; and Standard deviation; are, respectively, the average and the standard

deviation of lengths, over 1000 simulations, of a confidence interval for the differences

Wij = frs With i =1, j # s.

Average, and Standard deviation, are, respectively, the average and the standard

deviation of lengths, over 1000 simulations, of a confidence interval for the differences

Mij — fhrs With § # 7.
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Table 5.6.2 (continued). Estimated Coverage Error Rates Associated

with Nominally 95% Simultaneous GCIs for all Pairwise Comparisons

Wij — Hrs, &, 7 = 1,...,a, j,s = 1,...,b, for Different Combinations of

a, b, c, 0'%( 4 and O'%,C( 4)- The Value of 02 Was Taken to be 1 for Every

Case.
Estimated
Coverage Standard Standard
aldb]| c aé( A 01230( 4) | Error Rate | Average; | deviation; | Average; | deviation,
414110 .25 .25 0.055 3.503 0.244 3.843 0.246
414110 .25 ) 0.055 3.837 0.267 4.151 0.263
4141101 .25 1 0.053 4.431 0.308 4.706 0.295
4141101 .25 4 0.055 7.006 0.485 7.186 0.445
414110 .25 16 0.053 12.918 0.894 13.024 0.802
414110 b .25 0.057 3.498 0.247 4,147 0.281
414110 .D D 0.056 3.834 0.270 4.435 0.295
414110 D 1 0.056 4.430 0.310 4.961 0.322
414110 .5 4 0.054 7.007 0.486 7.357 0.459
414110 D 16 0.054 12.918 0.894 13.119 0.809
414110 1 .25 0.053 3.483 0.249 4.683 0.349
414110 1 ) 0.053 3.821 0.272 4.944 0.358
414110 1 1 0.056 4.420 0.313 5.425 0.378
414110 1 4 0.055 7.005 0.489 7.686 0.492
41410 1 16 0.054 12.919 0.895 13.308 0.824
41410 4 .25 0.059 3.405 0.252 6.987 0.658
414110 4 .5 0.055 3.745 0.277 7.180 0.657
41410 4 1 0.054 4.348 0.319 7.545 0.658
414110 4 4 0.053 6.966 0.499 9.366 0.698
4141|10 4 16 0.056 12.915 0.903 14.378 0.930
414110 16 .25 0.063 3.313 0.244 12.299 1.346
414110 16 D 0.059 3.641 0.268 12.429 1.342
414110 16 1 0.055 4.226 0.312 12.677 1.336
414110 16 4 0.059 6.811 0.504 13.975 1.316
414110 16 16 0.052 12.823 0.922 17.905 1.370

Average; and Standard deviation; are, respectively, the average and the standard

deviation of lengths, over 1000 simulations, of a confidence interval for the differences

Pij = prs With i =17, j # s.

Average, and Standard deviationy are, respectively, the average and the standard

deviation of lengths, over 1000 simulations, of a confidence interval for the differences

Wij — prs With @ # 7.
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Table 5.6.2 (continued). Estimated Coverage Error Rates Associated

with Nominally 95% Simultaneous GCIs for all Pairwise Comparisons

Wij — brs, &7 = 1,...,a, 73,5 = 1,...,b, for Different Combinations of

a, b, c, aé( A and O%C( A)- The Value of o2 Was Taken to be 1 for Every

Case.
Estimated
Coverage Standard Standard
alb| c O'%( 4) O%C( A) Error Rate | Average; | deviation; | Average, | deviations
5151 2 .25 .25 0.022 9.730 1.463 10.660 1.714
515 2 .25 1 0.02 12.225 1.834 12.981 2.005
551 2 .25 16 0.02 35.206 5.287 35.530 5.190
5151 2 1 .25 0.039 10.008 1.539 13.304 2.619
5151 2 1 1 0.029 12.531 1.904 15.279 2.777
515 2 1 16 0.019 35.398 5.313 36.485 5.446
5151 2 16 .25 0.051 10.049 1.694 35.583 9.935
515 2 16 1 0.052 12.791 2.137 36.733 9.889
515 2 16 16 0.038 37.029 5.726 51.012 10.325
51510 .25 .25 0.054 3.720 0.200 4.063 0.200
515|10] .25 1 0.05 4.705 0.252 4.978 0.240
515,10 .25 16 0.055 13.712 0.731 13.789 0.654
5{5]|10 1 .25 0.047 3.700 0.203 4.935 0.294
515110 1 1 0.052 4.696 0.255 5.725 0.313
51510 1 16 0.052 13.716 0.733 14.085 0.670
515(10] 16 .25 0.043 3.499 0.192 12.848 1.206
51510 | 16 1 0.047 4.467 0.247 13.253 1.188
5|5]10| 16 16 0.047 13.619 0.750 18.858 1.160

Average; and Standard deviation; are, respectively, the average and the standard

deviation of lengths, over 1000 simulations, of a confidence interval for the differences

pij — prs With i =17, 7 # s.

Average; and Standard deviationy are, respectively, the average and the standard

deviation of lengths, over 1000 simulations, of a confidence interval for the differences

Hij — Hrs with 7 '_/é T
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Table 5.6.3 reports the estimated coverage errors for nominally 95% simultaneous
confidence intervals obtained using PROC MIXED in SAS. The parameter settings

used for the simulation study are those given in Table 5.6.1.

Comparison of the simulation results for GCIs and SAS intervals

When the number of levels of the random factor is small the estimated coverage
errors associated with the simultaneous GClIs are less than the estimated coverage
error rates for the SAS intervals. The average lengths of the simultaneous GClIs is
larger than the corresponding SAS intervals. When Jé( 4) is large then the estimated
coverage errors associated with the SAS intervals are larger than those associated
with simultaneous GCIs. When the number of levels of the random factor is large
the estimated coverage errors and the average lengths of the intervals for the two
methods are very close to one another and the coverage probabilities are close to

the nominal value of 95%.

5.7 Example

We now illustrate the computation of simultaneous GCIs for the three way
nested factorial model using a data example taken from Hocking (1996, Example
15.10). This example is based on a study of high efficiency particulate air (HEPA)
categories. For the study two aerosol types were used with filters from each of two
different manufacturers. Each manufacturer provided three different filters. Since
the filters were unique to the manufacturer, filters are nested within manufacturer.

The data from this example are shown in the Table 5.7.1.
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Table 5.6.3. Estimated Coverage Error Rates Associated with Nomi-

nally 95% Simultaneous Cls from SAS PROC MIXED for all Pairwise

Comparisons fi; — firs, 4,7 = 1,...,a, j,8 = 1,..., b, for Different Com-

binations of a, b, ¢, Ué( A) and O'%C( A) The Value of 02 Was Taken to

be 1 for Every Case.

Estimated
Coverage Standard Standard
al|lbl|c ag( A) oréﬂ A) Error Rate | Average; | deviation; | Average; | deviationy
3(1312] .25 .25 0.054 9.071 2.570 10.395 2.509
31312 .25 5 .052 9.911 2.793 11.240 2.699
31312]| .25 1 0.051 11.402 3.191 12.760 3.053
31312 .25 4 0.050 17.877 4.936 19.527 4.658
3132] .25 16 0.050 32.796 9.000 35.420 8.450
3({312] .5 .25 0.050 9.161 2.654 11.158 2.763
313|2] .5 5 0.052 10.012 2.882 11.954 2.931
313(2] b 1 0.052 11.512 3.282 13.400 3.248
31312 .5 4 0.050 17.983 5.011 19.963 4.770
31312 5 16 0.050 32.868 9.043 35.667 8.506
3132 1 .25 0.053 9.216 2.724 12.489 3.282
3132 1 5 0.051 10.085 2.968 13.220 3.408
31312 1 1 0.050 11.619 3.390 14.562 3.661
3132 1 4 0.054 18.142 5.140 20.791 5.009
31312 1 16 0.050 33.001 9.128 36.151 8.624
31312 4 .25 0.073 9.164 2.766 18.203 5.841
3132 4 5 0.071 10.057 3.027 18.763 5.859
3132 4 1 0.066 11.640 3.493 19.812 5.917
31312 4 4 0.053 18.433 5.448 24.979 6.565
3132 4 16 0.054 33.534 9.543 38.856 9.400
313121 16 .25 0.089 8.969 2.707 31.491 11.484
313]2]| 16 5 0.086 9.854 2.976 31.880 11.813
31312 16 1 0.084 11.430 3.452 32.610 11.756
31312 16 4 0.073 18.329 5.532 36.406 11.683
31312] 16 16 0.054 34.005 10.080 47.630 12.765

Average; and Standard deviation; are, respectively, the average and the standard

deviation of lengths, over 1000 simulations, of a confidence interval for the differences

Hij = Hrs Wlth’LZT',]?éS

Average, and Standard deviation, are, respectively, the average and the standard

deviation of lengths, over 1000 simulations, of a confidence interval for the differences

fhij — Mrs With i # 7.
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Table 5.6.3 (continued). Estimated Coverage Error Rates Associated

with Nominally 95% Simultaneous Cls from SAS PROC MIXED for

all Pairwise Comparisons p;; — pirs, 4,7 = 1,...,0a, 7,8 = 1,...,b, for

Different Combinations of a, b, c, aé( A) and U%C( 4) The Value of o2

Was Taken to be 1 for Every Case.

Estimated
Coverage Standard Standard
alb| c 0?}( A) J%C( A) Error Rate | Average; | deviation; | Average, | deviations
313110 .25 .25 0.056 3.191 0.302 3.517 0.285
313710 .25 5 0.057 3.493 0.328 3.800 0.307
3131101 .25 1 0.060 4.027 0.374 4.310 0.346
313110 .25 4 0.058 6.328 0.571 6.587 0.524
313110 .25 16 0.059 11.607 1.027 11.940 0.947
313110} .5 .25 0.057 3.191 0.309 3.788 0.319
313]10] .5 .5 0.058 3.497 0.337 4.054 0.337
313(10( .5 1 0.057 4.039 0.386 4.537 0.372
313|110 .5 4 0.060 6.359 0.586 6.740 0.539
313110 .5 16 0.058 11.636 1.038 12.027 0.955
31310 1 .25 0.056 3.174 0.311 4.268 0.387
313110 1 .5 0.056 3.484 0.340 4.509 0.400
313110 1 1 0.056 4.031 0.393 4.952 0.426
313110 1 4 0.056 6.383 0.604 7.034 0.571
313110 1 16 0.060 11.681 1.058 12.196 0.971
3(3(10 4 .25 0.060 3.103 0.305 6.351 0.695
313]|10 4 5 0.059 3.411 0.336 6.527 0.698
313]10 4 1 0.057 3.960 0.390 6.860 0.705
313110 4 4 0.056 6.349 0.622 8.537 0.774
31310 4 16 0.057 11.774 1.122 13.153 1.075
313110 16 .25 0.063 3.024 0.293 11.187 1.391
313110 16 D 0.064 3.322 0.323 11.304 1.389
313110| 16 1 0.060 3.855 0.376 11.527 1.386
33110 16 4 0.060 6.205 0.610 12.701 1.390
313110 16 16 0.053 11.685 1.146 16.311 1.509

Average; and Standard deviation; are, respectively, the average and the standard

deviation of lengths, over 1000 simulations, of a confidence interval for the differences

Mijg — Hrs withéi=r, 7 7£ S.

Average, and Standard deviations are, respectively, the average and the standard

deviation of lengths, over 1000 simulations, of a confidence interval for the differences

fij — frs With 4 7 7.
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Table 5.6.3 (continued). Estimated Coverage Error Rates Associated

with Nominally 95% Simultaneous Cls from SAS PROC MIXED for

all Pairwise Comparisons p; — firs, 4,7 =

1,...,a, j,s =1,...,b, for

Different Combinations of a, b, c, og( A) and o%c( 4)- The Value of o2

Was Taken to be 1 for Every Case.

Estimated
Coverage Standard Standard
albjc aé( A) U%C( 4) Error Rate | Average; | deviation; | Averages | deviations
41412 .25 .25 0.040 9.087 1.815 10.195 1.817
41412 .25 . 0.040 9.940 1.978 11.020 1.950
41412 .25 1 0.041 11.451 2.267 12.507 2.197
41412 .25 4 0.040 18.000 3.520 19.128 3.334
41412 .25 16 0.042 33.050 6.413 34.685 6.041
41412 .5 .25 0.041 9.125 1.851 10.954 2.055
4142 .5 . 0.042 9.989 2.017 11.732 2.162
4142 . 1 0.039 11.514 2.310 13.146 2.371
41412 5 4 0.041 10.076 3.565 19.563 3.425
41412 5 16 0.043 33.114 6.447 34.932 6.084
41412 1 .25 0.047 9.116 1.883 12.284 2.549
41412 1 5 0.04 9.996 2.056 12.996 2.614
41412 1 1 0.039 11.549 2.358 14.302 2.757
41412 1 4 0.040 18.174 3.630 20.389 3.634
41412 1 16 0.039 33.128 6.506 35.414 6.175
41412 4 .25 0.088 8.932 1.874 18.007 4.898
41412 4 .5 0.080 9.821 2.060 18.546 4.877
41412 4 1 0.071 11.400 2.387 19.559 4.865
4142 4 4 0.047 18.233 3.765 24.568 5.097
41412 4 16 0.039 33.555 6.724 38.114 6.850
414121 16 .25 0.092 8.685 1.800 31.315 10.199
414121 16 D 0.091 9.546 1.983 31.682 10.154
41412 16 1 0.096 11.084 2.310 32.377 10.071
41412 16 4 0.088 17.865 3.749 36.014 9.796
41412 16 16 0.047 33.581 6.960 46.874 10.022

Average; and Standard deviation; are, respectively, the average and the standard

deviation of lengths, over 1000 simulations, of a confidence interval for the differences

Hij = Hrs withé=r, j #S'

Average, and Standard deviation, are, respectively, the average and the standard

deviation of lengths, over 1000 simulations, of a confidence interval for the differences

Hij — Prs with 3 7é r.
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Table 5.6.3 (continued). Estimated Coverage Error Rates Associated

with Nominally 95% Simultaneous Cls from SAS PROC MIXED for

all Pairwise Comparisons p;; — prs, 4,7 = 1,...,¢a, j,s = 1,...,b, for

Different Combinations of a, b, c, O%( 4) and 0]290( A The Value of o2

Was Taken to be 1 for Every Case.

Estimated
Coverage Standard Standard
alb]| c aé( A) U%C( 4 | Error Rate | Average; | deviation; | Average, | deviation,
44110 .25 .25 0.056 3.491 0.244 3.831 0.243
414110 .25 D 0.056 3.824 0.266 4.139 0.260
414110 .25 1 0.055 4.415 0.304 4.695 0.292
414110 .25 4 0.055 6.958 0.465 7.176 0.441
414110 .25 16 0.054 12.772 0.834 13.011 0.797
414110 ) .25 0.057 3.482 0.247 4.127 0.276
414110 D .5 0.060 3.818 0.270 4.416 0.290
414110 ) 1 0.058 4.414 0.310 4.943 0.318
414110 .5 4 0.054 6.977 0.477 7.343 0.455
414110 .0 16 0.056 12.800 0.845 13.104 0.804
414,10 1 .25 0.053 3.458 0.250 4.648 0.342
414110 1 .5 0.056 3.796 0.273 4911 0.351
414110 1 1 0.056 4.396 0.314 5.395 0.371
414110 1 4 0.056 6.982 0.488 7.662 0.486
414110 1 16 0.055 12.839 0.863 13.288 0.818
414110 4 .25 0.062 3.364 0.251 6.902 0.646
414110 4 .5 0.061 3.701 0.275 7.096 0.646
414710 4 1 0.056 4.301 0.319 7.462 0.647
414110 4 4 0.053 6.915 0.500 9.297 0.685
414110 4 16 0.058 12.870 0.902 14.329 0.918
41410 16 .25 0.066 3.269 0.241 12.136 1.325
414110 16 D 0.065 3.592 0.266 12.264 1.321
414110 16 1 0.065 4.170 0.310 12.509 1.314
414110 16 4 0.062 6.729 0.501 13.805 1.293
414110 16 16 0.054 12.722 0.925 17.761 1.345

Average; and Standard deviation; are, respectively, the average and the standard

deviation of lengths, over 1000 simulations, of a confidence interval for the differences

Hig — Hrs with i =17, j 7é 3.

Average, and Standard deviation, are, respectively, the average and the standard

deviation of lengths, over 1000 simulations, of a confidence interval for the differences

Hig — Hrs with ¢ 7é .
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Table 5.6.3 (continued). Estimated Coverage Error Rates Associated

with Nominally 95% Simultaneous Cls from SAS PROC MIXED for

all Pairwise Comparisons fi;; — firs, ¢, 7 = 1,...,0a, 5,8 = 1,...,b, for

Different Combinations of a, b, c, aé( A) and 01230( A)- The Value of o2

Was Taken to be 1 for Every Case.

Estimated
Coverage Standard Standard
alb| c aé( A) 01230( 4 | Error Rate | Average | deviation; | Average, | deviations
915| 2 .25 .25 0.046 9.136 1.437 10.070 1.508
515 2 .25 1 0.042 11.520 1.791 12.364 1.811
515 2 .25 16 0.036 33.238 5.049 34.334 4.915
515 2 1 .25 0.066 9.120 1.498 12.076 2.142
55| 2 1 1 0.058 11.573 1.873 14.088 2.317
515 2 1 16 0.034 33.419 5.131 35.036 5.048
515 2 16 .25 0.106 8.625 1.475 30.500 8.453
515| 2 16 1 0.106 11.016 1.889 31.550 8.337
515 2 16 16 0.067 33.573 5.544 46.044 8.413
515110 .25 .25 0.054 3.708 0.200 4.050 0.197
515110 .25 1 0.052 4,693 0.251 4.966 0.237
5151101 .25 16 0.058 13.597 0.693 13.771 0.649
515110 1 .25 0.052 3.671 0.203 4.897 0.286
51510 1 1 0.056 4.669 0.256 5.691 0.306
515110 1 16 0.052 13.664 0.717 14.060 0.664
515110 16 .25 0.048 3.455 0.188 12.687 1.190
5915110 16 1 0.051 4.410 0.242 13.083 1.170
515110 16 16 0.052 13.506 0.749 18.699 1.131

Average; and Standard deviation; are, respectively, the average and the standard

deviation of lengths, over 1000 simulations, of a confidence interval for the differences

i — s With i =171, j # 5.

Average, and Standard deviation, are, respectively, the average and the standard

deviation of lengths, over 1000 simulations, of a confidence interval for the differences

Hij = Prs with 1 7é r.
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Table 5.7.1. HEPA Filter Example from Hocking (1996).

Manufacturer | Aerosols | Filter | Response
1 1 1 0.787
1 1 2 0.088
1 1 3 0.078
1 2 1 0.717
1 2 2 3.633
1 2 3 1.833
2 1 1 1.080
2 1 2 0.177
2 1 3 0.130
2 2 1 0.897
2 2 2 0.700
2 2 3 1.757

Summary statistics for the above data are shown below.

11 = 318, G2 =2.061, o = .462, Joo = 1.118,
SS(A) = 0.478, SS(B) = 4.316, SS(AB) =0.887, SS(C(A)) = 1.766
SS(BC(A)) = 4.099.

Simultaneous GCIs which were constructed for all pairwise differences of the cell-

means corresponding to level combinations of the fixed factors. We obtained the

following.

—4.967 < p11 — pi2 < 1.480
—3.879 < g1 — oo < 2.568
—2.871 < piq7 — poy < 2.581
—1.783 < py9 — pog < 3.669
—3.526 < 11 — poo < 1.926
—1.127 < p1o — poy < 4.325 (5.24)

Simultaneous confidence intervals were also constructed for all mean differences of

the fixed effects using SAS. These are as follows.

—5.003 S K11 — M2 S 1.516

—3.915 < pg1 — fian < 2.604
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—1.814 S H1ia — 22 S 3.700
—3.557 S H11 — HU22 _<_ 1.956

—1.158 < piyg — o1 < 4.355 (5.25)

We observed that simultaneous GClIs are somewhat narrower intervals than the

corresponding SAS intervals.
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5.8 Appendix

Proposition Al:

In the simulation study of Section 5.3 we may assume, without loss of generality,
that g =0 and 02 = 1.
Proof:

Using the notation introduced in Section (5.2) the vector of sample means can

be represented as

Y=pu+AZ

where A is a matrix such that ¥ = AA’. Define £, = (0,---,0,1,0,---,0), where
the ith element is 1 and the other elements are zero. Then the sample marginal
mean corresponding to level ¢ of factor A is given by Z; = li§ and a FGPQ R, for
H; is given by

R, = lLRy.

Also

~

Var () = LSl
is the estimated variance of Y;. Note that
Ry =liRu=1[g—RpZ].
The matrix R 4 is a matrix such that

, L (ss(y) L [ss(B) ss(y)
RARA_RE—BE< U, >Ia+abn< Uy U, Ua

where Uy ~ x2_, is independent of Uy ~ X%a—l)(b—l)' Note that the random variable

D in Equation (5.13) is given by

Ly — LRy LRAZ

D= max ————-"— = H<1ax .
1<i<a ~ 1<i<a -
ngli l;Zli
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Define
K = max M
1<i<a \/iﬁ
K may also be expressed as
K = max ll;AZl.
== s

The coverage probability of the simultaneous GClIs is given by p = Pr(K < d;_,)

where d;_, is 1 — « percentile of the distribution of the random variable D. Observe

that K < d;_, if and only if Pr(D < K) <1—a. Now D < K holds if and only if
;R iRaZ| | |l AZ|

max —————

1<i<a /l 2 1<z<a /l E

max [l;R 4 Z| < max |l AZ)|

1<i<a

if and only if

The matrix X can be expressed as

103 102 1
— 2 B8 Y 2ok
Y=o (b sUa + (—b——2 + —bn> Ia> = o X",

So A = 0, A*™ where A** is a matrix such that ¥** = A* A" and it depends on

2 2
o4 o5
only on the ratios — and — 2
o2 lops

A FGPQ for the matrix X can be expressed as

Ry = 1 (88(7)>1a+ 1 (88(5) _ 88(7)) U,

bn U2 abn U1 U2
_ 1 uy(no? + o?) I 1 uﬂanaﬁ%—noﬁ%—af)_w(nas—i-ag) -
bn U, 7 abn U U, ¢
no?
>
1
2 | 1a uz<02 i >
= — €
€ bn UQ
ancs  noz 2
B v v
o, [ (5 ”(a “)
+abn Uy B Us
fry O-SRE**
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So Rqg = o.Rp+ where Ry~ is a; matrix2such that Ryver = R g+ RIA“
9
ol
Max)<i<q lliaeRA**Zi < max <<, |lio. A** Z| which in turn holds if and only if

and U'Y. Thus D < K if and only if

and it depends only on the ratios —
UC

/ ! *%
e %%’illiRA“)Zl < o, %IsliaJS)g\liA Z|.

So D < K if and only if

/ / *%k
max |[[R g+)Z]| < gl&)g\liA VZ|

1<i<a
o3 o2
which neither depends on p nor on o2 but only depends on the ratios —g and —%
Ue UC
. . . of 0} .
Thus Pr(D < K) is a function only of the ratios — and — . Therefore, without
O—E 0-8

loss of generality we can take 4 = 0 and 02 = 1 in the simulation study of Section 5.3.

Proposition A2:

In the simulation study of Section 5.6 we may assume, without loss of generality,
that g =0 and o2 = 1.
Proof:

The proof of this proposition is similar to that of Proposition A1l.
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Chapter 6

USING GCIS TO COMPARE NON-NESTED LINEAR MODELS

Prediction is a fundamental application of statistics because the response vari-
able Y of interest may be a future value or a difficult or an expensive quantity to
measure. Prediction is typically based on one or more predictor variables or co-
variates. A question that often arises in practice is “which, if any, of two sets of
predictor variables is better for predicting Y than the other?” A distinction is often
made between the situations where one set of predictors is a subset of the other and
where neither set of predictors is a subset of the other. In the former case, one set
of predictors is said to be nested in the other and in the latter case the two subsets
are said to be non-nested.

This chapter is primarily concerned a comparison of non-nested sets of predic-
tors although the methods we propose are applicable for comparing nested models
as well. Section 1 reviews previous works relating to comparison of of non-nested
linear models. Section 2 shows how GCls can be used to compare non-nested sub-
sets of predictors. Section 3 deals with a simulation study. Section 4 concerns an
example. Section 5 contains a small simulation study for constructing GCIs when

the number of predictors is large. Section 6 is an appendix.

6.1 Review of Literature

Cox (1961) appears to be the first serious published work to consider a com-
parison of non-nested linear models. One of the problems he discussed was com-

paring two regression models. There were two hypotheses: H; : E(Y) = Ao and
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H,: E(Y) = BB, where A and B are given matrices and « and 3 are vectors of
unknown parameters, not necessarily with the same number of components.

Later on, several studies have concerned a comparing non-nested linear models.
Davidson and Mackinnon (1981) presented what they called the J-test. Watnik et
al. (2001) concluded that the J test over-rejects the true model especially if the
rank of the design matrices are large. They also developed a finite sample adjusted
J-test.

The above mentioned investigations were concerned with deciding which of the
two models is the correct model. A different approach to non-nested model compar-
ison was suggested when investigating which subset of predictors leads to smaller
prediction errors. In this context, Efron (1984) developed approximate confidence
intervals for the difference in mean squared error (MSE) of prediction for two non-
nested linear models using bootstrap procedures.

Abhlbrandt (1988), in his Ph.D. dissertation, discussed this problem in consid-
erable detail. The following is the outline of his findings.

Let Y be the dependent variable and X, -, Xgimst be predictors. He pre-

dicted the response Y using one of two subsets of predictors, say A and B, where
A=31U53 and B=S2US3,

neither S; nor S, is empty, S; = (X1, , Xg), S2 = (Xg41,+* » Xkym), and Sz =
(Xkgms1, s Xgimet). 1t was assumed that k& and m are positive integers so that
neither S7 nor Sy is empty. However S3 is allowed to be empty, i.e., the two subsets
of predictors may have no common predictor variables. The subsets of predictors
A =85 US8; and B = .5, US; are non-nested since neither set is a subset of the
other. Denote m + k +t by p. Then T is a (p + 1)-dimensional random vector.
Consider the random vector T ~ MV N(u,¥) where

Y '
W le(le"'an>7

T = |w, W= (Xias,- -, Xeom)' (6.1)
Wz W3 = (Xk+m+17 te >Xk+m+t)l'
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Ho Yoo 201 202 203
Hq Yo X1 X i3

= Yy = 6.2

H Ha Yoo o1 Moo o3 ( )
3 Yo 31 32 X33

Suppose a random sample of size n is available from the distribution of T". Denote
the matrix of observations by
i X ... Xy
: : f : (6.3)
Yo X1 .. Xpp
Denote the n x 1 vector of responses by Y and the n x 1 columns of data from the
p predictor variables by X1, ..., X,.
1
Let m and —S denote the maximum likelihood estimators of p and %, respec-
n

tively, based on the above multivariate sample of size n. In particular, S is the

sample sum of squares and cross-products matrix. Define

Mo Soo So1 So2 503

m;y S0 S11 S12 Sz
m ms S20 S Sz Sos ( )
ms Sz Sz Ss Ss3

Ahlbrandt (1988) mentioned that the problem of determining if the two subsets of
predictors are equivalent for predicting Y using one of the two subsets of variables,
A or B is reduced to a test of the equality of the residual variances from the cor-

responding two (non-nested) linear models. First define the following quantities.

= (S0 Xos) S = (S Tos)
m= (0 2 n= (22 2)
%= (50 ) s (goon | geee)
vi= (il i) vae (et
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S, = (501 503) Sy = (502 503)

_(Su Sis (S22 Sy
5a = <531 533> Si= (532 533> ' (6.5)
e =Y —po13(W1,Ws) and €2 = Y — g o3(Wo, W), with

oW1, W3)=EY|W,W3) = u+ 2,37V,
0.23(Wa, W3) = E(Y|Wq, W3) = o+ X2, 'V, (6.6)

then € = (e1, 1) ~ MV Ny(0, 3¢), where

20_13 = VGT(El) = EOO — 2123—12,1

Yo23 = Var(es) = Top — Za 2 ' 2 (6.7)
and
Z0‘13,0.23 = COU(EL 62) = Yoo — 21251211 - 2222{12{2 + 21251252512’2-

The special case when k = m =t = 1 was considered in detail by Ahlbrandt (1988)
to test Hy : Xo13 = Xoo3 versus Hy : Yoz # Xoo3. He used an extension of the
well-known Pitman-Morgan test for equality of variances as well as several bootstrap
methods. Ahlbrandt (1988) carried out a simulation study to examine the relative
performances of the different methods he considered. He recommended Extension
Pitman Morgan test to compare non-nested subsets of predictors. The test statistic

that he suggested for testing Hy : Y13 = 223 is

= Z?Zl(ﬁii - €§¢)(£1i 'i' €2i) (6.8)

(Dimq(er — €24)? D70 (€1 + €24)?)

where ¢; = Y — [ip13 and & =Y — [ig3 are vectors of estimated prediction errors.

Nl

The decision rule is reject Hy if and only if

n—1 3
I’f’l 11— > tn—~1,1-—%-
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Under the null hypothesis, the test statistic has approximately a Student’s ¢-
distribution with n — 1 degrees of freedom.
For his simulation study, Ahlbrandt (1988) noted that, without loss of generality

one could assume
~ MV Np41(0, P) (6.9)

where

1 Py Py Po
Py I Py Py

P 6.10
Py Pn I P (6.10)

Py P3y Py 1
with P;; = (E;%> pIF (Zj_j%), and X7 = (Z;%) (2;%)/. He considered various
sample sizes (n = 20,n = 50, and n = 100), and a-levels (a = .01, @ = .05, and
a = .10). Furthermore, he considered 79 distinct specifications for the matrix P.
For each simulation run corresponding to specified o value and n,
Ahlbrandt(1988) summarized the results for the 79 covariance matrix specifications

by calculating the six quantities listed in Table 6.1.1. If type I error is in fact equal

a then 1000 simulations used to estimate error rates are independent Bernolli trials

with probability of rejection equal «. Thus sd(a) = a(llogoa }. Statistics 5 and 6 in
Table 6.1.1 were used to determine how many of the estimated type one error rates
are significantly different from «a. If Statistic 5 is large then the Cls will be liberal.
If Statistic 6 is large then the Cls will be conservative. The simulation results will
will be shown in Table 6.3.1 for the extended Pitman-Morgan method reported by
Ahlbrandt (1988) for the case k = m =t = 1 and compares them with simulation

results for the performance of GCls.
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Table 6.1.1: Six Statistics for Summarizing Simulation Results.

1. Mean of the estimated type-I errors

2. Standard deviation of the estimated type one errors

!
(ZZil(dk - d)2> 2
78 |

3. Maximum upper deviation of the estimated type one errors

(Jax (0, (di — a)),

4. Maximum lower deviation of the estimated type one errors

pmax (0, (o —d)),

5. Percentage of the estimated type one errors above a + 2 sd(&)
79

ket L(cin>at2sd(a)

79

x 100,

6. Percentage of the estimated type one errors below o — 2 sd(&)

79
k=1 L(cs<a—2sd(a))

100.
79 x 100

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



92

6.2 GCIs Method to Compare Non-Nested Subsets of Predictors

We continue to use the notation of Section 6.1. Thus Y denotes the response
variable and X,---, X, denote the predictors. Also A and B are two non-nested
subsets of predictors with A = S;US;, B = S U S3, S; = {X1,--, Xk}, S2 =
{Xkt1, -+, Xeam} and Sy = {Xgims1,- -+, Xp}. Again S; and Sy are assumed to
be nonempty but S; is allowed to be empty.

Let T, u, 3, m, and S be the quantities defined in Equations (6.1), (6.2), and
(6.4). As before we are interested in testing the null hypothesis Hy : ¥g 13 = Xo.23
where ¥y 13 and Xg 03 are as defined in Equation (6.7).

Proposition 6.2.1

Let A and B be a lower triangular matrices such that

T =AA (6.11)

and S = BB’ (6.12)

Recall that S is the sample sum of squares and cross-products matrix. Let Sy denote
the observed value of § and By the corresponding observed value of B. Define R 4
by

Ry =BU™! (6.13)
where U is a lower triangular matrix of jointly independent random variables Uy,

i < j such that

Ui ~ \/Xa—i- (6.15)

Then R 4 is a FGPQ for A and Ry, is a FGPQ for X where Ry, can be calculated
as follows.

Ry, = RAR/A (6.16)
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Proof:

The components of U matrix are N(0,1) and \/m distributions and all the
elements are independent. Thus the the components of U™} are free of unknown
parameters. The components of the matrix By are constants. So the probability
distribution of R4 = ByU™! is free of unknown parameters which leads to the
probability distribution of Ryy = R AR’A to be free of unknown parameters.

Ryp = ByU™!, then Rp = ByB'A. Thus TA = BOBglA = A which leads
to ryy = AA' = ¥ which does not depend on nuisance parameters. Thus Ry =
RAR’A is FGPQ for X.

Corollary 6.2.1

Let § = h(X) denotes any function of the elements of ¥ and Ry = h (Ry)
denotes the same function of the elements of Ry». Then Ry is a FGPQ for 0.
Proof.

Using proposition 6.2.1, The probability distribution of Ry, are free of unknown
parameters which leads to the components of Ry = h (RZ) is free of unknown
parameters. Thus the probability distribution of Ry = h (RE) is free of unknown
parameters. From Proposition 6.2.1, ryy = AA' = X which leads to rg = h (rz) =
h(X) = 0 which does not depend on nuisance parameters. Thus Ry is a FGPQ for
6.

The following proposition is an immediate consequence of Corollary 6.2.1

Proposition 6.2.2

Let § = =% denote the ratio of variances of the conditional distribution of Y

given the predictors in set A and B, respectively. Then a GCI for 6 is given by
Ry o <0 < Rgi_a/ (6.17)

where Ry . denotes the 1007% percentile of the distribution of Ry. A test of the null
hypothesis Hy : 3913 = Xg.23 based on the GCI will reject Hy whenever the value 1

is not contained in the GCI.
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6.3 Simulation Study

A simulation study was developed to assess the performance of the GCI for § =
o013
Yo.23
in Ahlbrandt (1988). Without loss of generality, we may assume that g = 0 and

and to compare the results with those obtained using the methods discussed

that 3 has ones along its diagonal.

Sample sizes n = 20, n = 50, and n = 100 were used to investigate the effects of
different sample sizes on the type-1 error rate. Seventy nine different configurations
were considered for . The sample sizes, level of significance and the 3 matrices
used in the simulation study matched exactly those considered by Ahlbrandt (1988).

Type-I error rates were estimated by simulation and the same set of 6 summary
measures were calculated as in Ahlbrandt (1988) for assessing the performance of

GCIs and for comparing the performance with Ahlbrandt’s (1988) methods.

6.3.1 Simulation Details

The simulation was conducted using the following steps.
Step 0. Select a sample size n and one of the 79 X matrices. For the chosen X
compute A such that ¥ = AA’ where A is a lower triangular matrix.

Step 1. Simulate a lower-triangular, random matrix U™ such that

Ui ~ N(0,1) i>j,

and U~ /X2, (6.18)

where all the nonzero elements of U™ are jointly independent.
Step 2. Define B by
B=AU".
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Step 3. Generate 10000 independent, lower-triangular, random matrices Uy, g =

1,...,10000, such that

Ugij ~ N(0,1) i > j,

and Uy ~ \/X%—i (6.19)

where Uy,; denotes the (¢, j) element of U,.

Step 4. Calculate the ¢ realization of the FGPQ for the matrix A as
RA,q = BOU;1

and the FGPQ for the matrix 3 as

RE,q = RA,qRIA’q'

Recall that By was obtained in Step 2.

Step 5. Calculate the ¢'* realization of the FGPQ Ry for 0 as

R, = REO.IS
q70 - R ‘
230.23

Step 6. Arrange the values R,9, ¢ = 1,...,10000, in increasing order and let
R(50), R(250), R(500), R(9500), R(9750), and R(9950) be, respectively, the 50,
the 250", the 500", the 9500**, the 9750%", and the 9950"* values in the sorted list.
Then 100(1 — &)% GCIs for 6 are given by [R(50), R(9950)], [R(250), R(9750)], and
[R(500), R(9500)], respectively, for a = 0.01, 0.05, 0.1.

Step 7. Repeat the calculations of Step 1 through Step 6 for M times. We used M
equal to 1000. In each instance, record whether or not # is inside the realized 1 — «
GCI (a = 0.01,0.05,0.10). Calculate the proportions p(a) (a = 0.01,0.05,0.10)
of times out of the 1000 data simulations the quantity 8 is not contained in the
calculated GCL Then p(«) is the estimated type-I error rate for the given sample

size n and the selected variance matrix X..
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6.3.2 Discussion of Simulation Results

The same six summary quantities were calculated as given in Table 6.1.1. The
statistics were calculated for sample sizes n = 20, n = 50, and n = 100 and nominal
type-I error rates equal to 0.01, 0.05, and 0.1. The results are shown in Table 6.3.1.
The average of the estimated type-I errors is very close to the nominal error rates in
each case and the standard deviations are small. The percentage of the estimated
type-1 errors above a + 2sd(&) and the percentage of the estimated type-I errors

below a — 2sd(&) are small enough for the GClIs to be useful in practice.

Table 6.3.1: Simulation Results for Assessing the Performance of GCls in
Comparison to Ahlbrandt’s (1988) Results for the Extended Pitman-Morgan
Method.

Extended
Pitman-Morgan GCI

Quantity n |a=001 a=00 a=010{a=001 a=005 a=0.10

Average 20 | 0.01116 0.06638 0.11341 | 0.01038  0.05057  0.10072
Average 50 | 0.01010 0.05210 0.10538 | 0.01033 0.05205  0.10254
Average 100 | 0.01049 0.05099 0.10195 | 0.01011 0.04978  0.09913
st.Dev. 20 | 0.00546 0.01267 0.01636 | 0.00336  0.00803  0.01100
st.Dev. 50 | 0.00334 0.00777  0.00933 | 0.00322 0.00738 0.01032
st.Dev. 100 | 0.00335 0.00822 0.00991 | 0.00326  0.00662  0.00855
Max above 20 | 0.01300 0.03400  0.05000 0.012 0.017 0.026
Max above 50 | 0.00700 0.01600  0.02800 0.01 0.018 0.03
Max above 100 | 0.00900 0.02100  0.02400 0.01 0.013 0.018
Max below 20 | 0.01000 0.03600  0.05100 0.007 0.019 0.033
Max below 50 | 0.01000 0.02600  0.01900 0.006 0.017 0.021
Max below 100 { 0.00600 0.02000  0.01900 0.006 0.013 0.019
% above 20 | 17.72152 27.84810 37.97468 | 3.79747 1.26582  2.53164
% above 50 | 1.26582  3.79747  7.59494 | 2.53164 8.86076  6.32911

% above 100 | 2.53165 8.86076 6.32911 | 2.53164 0 1.26582
% below 20 | 7.59494 5.06329 2.53165 | 1.26582  2.53164  3.79747
% below 50 | 1.26582  3.79747  1.26582 0 1.26582  1.26582
% below 100 0 2.53165  2.53165 0 0 2.53164

The values in the table are summaries for estimated type-I errors calculated over 79

different selections of X.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



97

6.3.3 Comparison of Results of GCIs with Ahlbrandt (1988)

The average of the estimated nominal errors for different sample sizes using
Proposition 6.2.2 is less than using Ahlbrandt (1988) except for n = 50 and a = 0.05.
The standard deviation of the estimated type-I error are less than using Ahlbrandt
(1988) except for n = 50 and o = 0.1. The results are better using Proposition
6.2.2 for maximum upper deviation, except for n = 50 when a = 0.01,0.05,0.1 and
n = 100 when o = 0.01 and for maximum lower deviation, except for n = 50 when
a = 0.1. The results are higher for Ahlbrandt, for percentage of the estimated type-I
errors above when n = 20 and for percentage of the estimated type-1 errors below

when n = 20,50 and « = 0.01, 0.05.

6.4 Example

We used a data example from the book “Regression Analysis concepts and
applications” by Graybill and Iyer (1994, Example 4.8.3) to illustrate the method
of GCI for comparing non-nested subsets of predictors. An investigator is studying
a population of males who have lived in mountain isolation for several generations.
The response variable was Y = height of these males at age 18 years. The predictor
variables were X7 = length at birth, X3 = mother’s height at age 18, X3 = father’s
height at age 18, X, = maternal grand mother’s height at age 18, X5 = maternal
grand father’s height at age 18, X¢ = paternal grand mother’s height at age 18, and
X7 = paternal grand father’s height at age 18.

A simple random sample of 20 males of age 18 or more was drawn from the
study population. To illustrate the method of this chapter, we choose the first three
variables, X, X, and X3 and compare the subset of predictors {X;, X3} with the
subset {X3, X3}. The data are given in Table 6.4.1.
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Table 6.4.1
Subject Y X1 X2 X3 SUbjGCt Y Xl X2 X3
1 67.2 19.7 60.5 70.3 11 67.5 189 63.3 704
2 69.1 19.6 649 704 12 73.3 20.8 66.2 70.2
3 67.0 194 654 65.8 13 70.0 20.3 649 68.8
4 724 194 634 719 14 69.8 19.7 63.5 70.3
5 63.6 19.7 65.1 65.1 15 63.6 199 62.0 65.5
6 727 196 65.2 7T1.1 16 64.3 19.6 63.5 65.2
7 68.5 19.8 64.3 679 17 68.50 21.3 66.1 654
8 69.7 19.7 653 68.8 18 70.5 20.1 64.8 70.2
9 68.4 19.7 64.5 68.7 19 68.1 20.2 62.6 68.6
10 70.4 199 634 703 20 66.1 19.2 622 67.3

The following GCIs were obtained following the procedure outlined in this chapter.

2
o

99% GClis  04< X% <49
0Y|X2,X3
Oy ix1 X

95% GClis 0.6 < 2% <3
Oy|X2,Xs
012/|X1 X3
Oy|X2.X3

. - . 2 . 2 .
In particular, we cannot reject Ho: 0yx, x, = Oy|x, x, &t any of the levels consid-
ered.

6.5 A Small Simulation Study to Assess the Performance of GCIs When
the Number of Predictors is Large

We conducted a small simulation study to evaluate the performance of GCls
for the ratio of two conditional variances when there are a total of nine predictor
variables and two non-nested subsets A and B of predictors each have five predictors
with one predictor in their intersection. The simulation procedure is identical to that
in the case of three predictors as in Section 6.3.

As mentioned earlier, we may assume without loss of generality that the di-
agonal elements of the variance maftrix ¥ of the 10 dimensional random vector

(Y, X1,...,Xg) are all equal to 1. For the simulation study, 10 such different %
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matrices of size 10 x 10 were generated by first generating 10 random upper trian-
gular matrices A whose columns are of unit length and then calculating X = A’ A.
Let a;; denote the (i, ) element of A. For ¢ > j the elements a;; are zero. For

1 <1 <10, define
9—i
Qi = <H cos(@i’q)) cos(0; 10-:)
q=1
and, for ¢ < 7,
10—j :
Qjj = (H COS(9i7Q)> Sin(gi,ll—j)
g=1
The angles 0, ; are generated randomly and independently, using a uniform distri-
bution over the interval [0, 27].
The simulation results are summarized in Table 6.5.1. We noted that the esti-

mated type-I error & appears to be closer to the nominal value o for n = 50 than

for n = 25.

Table 6.5.1: Simulation Results of GClIs for the Case k =m =4, t = 1.

Case n a=001 a=005 a=010||Case n «a=001 a=005 a=0.10
1 25 0.008 0.04 0.082 6 25 0.008 0.053 0.101
1 50  0.012 0.051 0.109 6 50 0.018 0.056 0.116
2 25 0.016 0.073 0.138 7 25 0.012 0.054 0.114
2 50 0.014 0.062 0.123 7 50 0.013 0.063 0.11
3 25 0.029 0.097 0.18 8 25 0.015 0.052 0.105
3 50 0.015 0.066 0.138 8 50 0.009 0.047 0.103
4 25 0.01 0.067 0.118 9 25 0.006 0.042 0.091
4 50 0.008 0.058 0.111 9 50 0.007 0.039 0.091
5 25 0.017 0.069 0.126 10 25 0.024 0.081 0.153
5 50 0.011 0.063 0.121 10 50  0.018 0.056 0.109

The reported values are estimated type-I error rates for GClIs for the case k = m = 4,
t = 1, based on 1000 simulated data sets, for n = 25 and n = 50, for 10 different,
randomly generated settings for 3. Each subset of predictors has 5 variables with

one common predictor between the two.
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6.6 Appendix

Let (Xi,...,Xip), 2 = 1,...,n denote a random sample of size n from a p-
dimensional (n > p) normal distribution with mean g and variance matrix 3. Let

S denote the sample sum of squares and cross-products matrix whose (u, v) element

is given by
n
Su'u = Z(Xqu - XU)(XQ’U - X’U)
q=1

where

_ 1 &

Xt = ‘7; Z th

q=1

the sample mean corresponding to the n observations X1, . . ., Xy, on the t** variable
X;.

We list here some well-known facts from the theory of multivariate normal
distributions that are used in the construction of a FGPQ for X. Details may
be found in T. W. Anderson(1984). book titled “An Introduction to Multivariate
Statistical Analysis”.

Let ¥ = AA’ be the Cholesky decomposition of ¥ with A a lower-triangular
matrix. Let § = BB’ be the Cholesky decomposition of S with B a lower-
triangular matrix. Then the joint distribution of the elements of B is the same
as the joint distribution of the elements of the matrix AU where U is a lower-
triangular matrix whose elements U;; are jointly independent, U;; ~ N(0,1) for

i>jand Ui ~x2_ ,fori=1,...,p.
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Chapter 7

GENERALIZED TEST VARIABLES AND GENERALIZED
HYPOTHESES TESTS

This chapter deals with generalized test variables (GTV) and generalized P-
value (GPV). Section 1 is a review of literature concerning tests of hypotheses for
equality of cell-means in mixed linear models. Section 2 discusses the use of GTV
and GPV for testing the equality of cell means simultaneously in unbalanced hetero-
geneous one-way ANOVA. Section 3 presents a simulation study that was conducted
to examine the performance of generalized hypothesis test. Section 4 gives an illus-
trative example. Section 5 considers generalized tests for testing simultaneously the
equality of cell-means in balanced three-factor mixed linear model with interactions.
Section 6 outlines the details of a simulation study we conducted to examine the
performance of this generalized hypothesis test and provides an overview of Sat-
terthwaite approximation procedures and compares Satterthwaite approximations

to generalized tests. An illustrative example is provided in Section 7.

7.1 Review of Literature

In 1989, Tsui and Weerahandi introduced the concept of generalized test vari-
ables (GTV) which can be used in situations where no exact test is available. They
also introduced the concept of generalized P-value (GPV) for one sided tests and
they illustrated these concepts with examples. Weerahandi (1991) used the concepts

of (GTV) and (GPV) for one-sided test for testing variance components in one-way
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random classification model and extended the result to certain balanced random
and mixed models.

Leping and Mathew (1994) applied the concepts of GPV to test the significance
of a variance component and to compare variance components in two independent
balanced and unbalanced mixed models when exact F-tests do not exist.

In 1995, Weerahandi introduced the concepts of GTV for two-sided tests. Weer-
ahandi (1995) considered the problem of testing equality of cell- means in unbalanced
ANOVA under heterogeneous error variances and proposed a generalized F-test us-
ing an appropriately defined generalized P-value (GPV). He considered a linear

model of the form
Yij:/“b+ai+€ij>izl,"',k)jzly"',ni (7.1)

where Yj; are the random variables representing the observations taken from k pop-
ulations, n; is the sample size of the i* population, u + a5, which we denote by
L, is the mean of the i*" population, Zle a; = 0, and ¢;; are independent random
variables with €;; ~ N(0,07). The realized values of Y;; will be denoted by ;.
The sample means and the sample variances (MLEs) of the k treatments are

Y; _ - & , §2 — Enl: (YU — Yz)2 (7_2)

n.
j=1 "t =1

with corresponding realized values ¢; and s, respectively.

Consider the null hypothesis of equal means written as
Hy:ai=apy=---=q;=0. (7.3)

Weerahandi defined the standardized between-group sum of squares S, by

(Zk nzﬁ)z
k - L

- _ zYz 2 i=1 2
Sb—Sb(O’Q"' 2):§ n( ) 01

NEE
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Denote the realized value of Sy by 3,. Weerahandi (1995) gave the following formulas
for GTV and GPV for testing Hy in Equation (7.3).

— S'b(o-l,...,géz
Sb(5’2 2" ’S’?’;—‘g)
N -k n15% naS3
=1—-F<{H, 1n_
P { kLNk[k—-lsb<B1B2"'Bk—1’(1"Bl)B2”'Bk_l’

n3ss o msE )1 }
(1— B3)B3---By—1' 1= By

where Hy_y n_i is the cdf of the F' distribution with £ — 1 and N — k degrees of
freedom and the expectation is taken with respect to independent beta random

variables By, ..., Bx_1 defined by

B——— % . Ba ini_l Py~ 1 | =1,2, k-1
j Qa3 ™~ ela ) b = L4, — 4
i= zmmSZ AN 2 J

where

In 2000, Seo and Srivastava considered the two components mixed linear model
Yij=pi+ate; d=1--,n5; j=1,---,p
where o; and ¢;; are jointly independent, o; are iid N(0,02) and ¢;; are iid N(0, o2).
They developed exact tests as well as large sample tests of
Hy:py=pp=...=

Witkovsky (2002) concerned with calculating GPV for multiple comparisons
of cell means in unbalanced heterogeneous one-way ANOVA. He considered the

following null hypothesis and GPV.

Ho: 09 =py—p; =00 i=1--,k j=i+1-- )k

=1 — pp 2/7% 2/”1 SN pig)2
pl=1-p {Xk 1<xf,/f1+xf]/f1) < (% — 75) 90)} (7.4)

He considered that the null hypothesis will be rejected if min; ; p¥ < c.
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7.2 A General Approach for Constructing Generalized Tests

In this section we outline a general procedure for constructing generalized tests
of hypothesis about vector of parameters in the presence of nuisance parameters.
We then apply the procedure to the one-way ANOVA model with unequal sample
sizes and unequal variances and observe that the resulting test is the one given in
Weerahandi (1995).

Proposition 7.2.1

Let Y be a random vector whose distribution depends on a p-dimensional pa-
rameter £ where £ = (6, ¢) where 6 is g-dimensional and ¢ is p — ¢ dimensional.
The component @ is the parameter of interest and the component ¢ is the nuisance

parameter. Suppose we wish to test the following null hypotheses.
Hozh¢(9)=0, for izl,...,T. (75)
Let y denote the realized value of Y. Suppose the following conditions hold.

1. A FGPQ is available for ¢p. Denote this by R¢.

2. A quantity Q(Y, ¢) exists with the property that, when Hy holds, the distri-

bution of Q(Y, ¢) is free of all unknown parameters.

3. The joint distribution of Q(Y, ¢) and R¢, under Hy, is free of unknown

parameters.

Let the quantity 7(Y; y, &) be a generalized test variable for testing Hy such that.

QY, )
Q(y, Bgy)

The generalized P-value for the test is Pr[T > 1|Ho| as long as T(Y;y, &) takes

T(Y;y,8) =

large values when Hj in not true.
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Proof:

We verify that T(Y';y, €) satisfies the requirements for it to be a GTV.

(a) The realized value of T(Y ,y, &) is t = T(y;y,&) which is easily seen to
equal 1 because the realized value of R§ is €. Hence T'(y,y, &) is free of all unknown
parameters.

(b) Since joint distribution of Q(Y, ¢) and Rd” under Hy, is free of unknown
parameters, it follows that the distribution of T(Y , y, &) is free of unknown param-
eters under Hy. Hence T(Y ,y, €) satisfies the requirements for it to be a GTV for
testing Hp.

Remark

To rule out uninteresting generalized tests, the following condition may be added

pr{T(Y;y,€&) >t} > pr {T(Y;y,&) >t}
This condition ensures that the test is unbiased.

7.2.1 Testing Equality of Cell-Means in Unbalanced Heterogeneous
One-Way ANOVA

Consider the linear model
YijZUi+Eija 7;:1;"',0‘; le7anz

where Y;; are random variables representing the observations which are taken from
a populations with realized values y;;, p; is the mean of it" population, and n; is
the sample size from the i"* population. The error variables ¢;; are independently
and normally distributed as N(0,c?). The variance parameters ¢2,i = 1,...,a, are
unknown. The random vector Y is a vector whose elements are Y;; arranged in

lexicographic order such that Y ~ N(u, V') where

p=Wg, B = (k2. ., H),
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Jpn, O 0 0 oI, 0 0
0 Jp, 0 ... O 0 o3I, 0
w=| 0 0 Jng - 0 | andV = 0 0 0
0 0 0 ... Jn, 0 0 N
Consider the problem of testing Hy : p3 = po = -+ = p, versus H,: p; # p; for

some ¢ ¥ 7. The null hypothesis Hy can be expressed as

Hy: HB=0 versus H,: HB3+#0

where
1 -1 0 0
1 0 -1 0
H = )
1 0 O -1

Let fi denote the BLUE of 3 assuming o? are known. It is easily verified that
p=(WVIW) ' Wvly = v

where Y is the sample mean vector of size a x 1. We have

po~N(p,X) (7.6)
where
o3 o2
Y= (WVW)™ = diag (—L, e —“—) :
T, g
Let ¢ denote the parameter vector consisting of uy, ..., g, 0%,...,02. Let 8 be the
component of & consisting of uy,...,u, and let ¢ be the component consisting of

0?,...,0% Define Q(Y, ¢) by

A

Q(Y,¢) = (HB)Y (Var(HB)) " (HP). (7.7)

The quantity Q(Y, ¢) can be simplified and rewritten as

2
s n; 1 ey

QY. ¢) = ZYi.zp - (ZYZ‘.E_?)
i=1 ¢ 21‘:133 i=1 g

)
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From standard linear model theory (Graybill, 1976), Q(Y ,¢) has the distribution

QY , ) ~ xa_1(N)

where x2_;(\) denotes a chi-squared distribution with a — 1 degrees of freedom and

noncentrality parameter A given by
A= (HB)(Var(HB)) ' (HB)

which is zero if and only if Hy holds. Observe that

2
Raf = 01'2 %?7
i —1)5?
is a FGPQ for o2, where s? is the realized value of S?. Since V; = (_n__# has a
O

chi-squared distribution with n; — 1 degrees of freedom, one may write

(n; —1)s?

R =

In this form it is clear that the distribution of R,z is free of unknown parameters.
Define RCZ" = (Ra%, ooy Ry2).
Proposition 7.2.2

T(Y,y,€) = QY,9)

——— is a GTV for testing Hj.
Q(y> R¢) ’
Proof:

We will verify that the three assumptions of Proposition 7.2.1 are satisfied.

(1) qu is a FGPQ for ¢.

(2) The distribution of Q(Y, ¢) is free of unknown parameters when Hj holds. In
this case Q(Y', @) has a central chi-squared distribution with a — 1 degrees of free-

dom.

(3) Observe that {Y1,...,Y,} and {S2,...,S?} are independent. Since Ry, is a func-
tion of SZ,i = 1,...,a but Q(Y, @) is a function of ¥;, we can conclude Q(Y, ¢)
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and Q(y,R¢) are independent. By construction, the distribution of Q(y, R¢) is
free of unknown parameters and the distribution of Q(Y, ¢) is free of unknown pa-
rameters when Hj holds. Therefore the distribution of T(Y, y, £) is free of unknown
parameters when Hy holds.

Since the assumptions of Proposition 7.2.2 are satisfied we conclude that
T(Y,y,&) is a GTV for testing Hy.

Straightforward algebra shows that the GTV of Proposition 7.2.2 is the same
as the GTV for testing Hy given in Weerahandi (1995).
Remark
The unbiasedness condition is satisfied here because The denominator of T(Y; vy, &)
is constant, say c. Under Hy the numerator has x2_; but if the null hypothesis is
false, then the numerator has X?z—l, »- It is known that pr {X?i, =l > pr{xi>ch
Thus, pr{T(Y;y,&) >t} > p{T(Y;y,&,) >t} for all @ and given any fixed ¢,y
and ¢.

7.3 Simulation Study

A simulation study was conducted to assess the performance of the GTV and
GPV for testing the equality of the cell means. Without loss of generality, it was
assumed that g = 0. The simulation settings were chosen to exactly match those
used by Dunnett (1980).

The simulations were used to estimate the coverage error rates. The sample
sizes, variance multipliers and multiplication factors used in the simulations are

summarized in Table 4.3.1.
7.3.1 Simulation Details

The simulation was carried out using the following steps.
Step 1. Set y; =0, i =1,---,a. Select one of the settings for sample size, variance

multiplier and multiplication factor as summarized in Table 4.3.1.
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Step 2. Generate Y; independent of S? as follows

N

_ o
YPi = ,U"L+‘/’L _l'a izla"'7a
%
217
2= Zi%i =14

where V; are independent N(0,1) distributions and U; are independent x2 _; distri-
butions and all variables are jointly independent. The value o2 is the desired value
for the variance of the i group. The observed values of Y; and S? are %; and s?
respectively.

Step 3. For ¢ =1,...,Q, generate independent random vectors

(v®,...,u@)

where the component random variables are jointly independent, Ui@ ~ Xf“_l, for

i=1,...,a. We used @ = 10000. Define

GTV® — QY. o) (7.8)

Q(y7 qu)

where the numerator say U in Equation (7.8) has x2 | under Hy and the denomi-

nator has the form

a

2
772 Uq 1 2 gmnqu
QYV(y,R,) = _YmYs — ( _______1_>
A e e b L 2 -1

Define the observed value of GTV to be t. The value of ¢ is 1. Thus GPV has the

form
GPVYW = pr{GTV@ >t}, ¢t=1
Thus
2
° 2nUS 1 L GinmU?
GPV@W =1—pr|UI< Y% - ook S
DI ey el Kl O % oy
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2
a =2 q a i q
yinUj 1 gi.nUj
N P el ) s S () L
o (= 1) () > it (_n_n—_lU)(ﬁj <i=1 (i —1) (S?)>

where G? is the cdf of x2_; and the E is the expectation with respect to independent
Ui(q) ~ Xf“_l. The expectation is approximated by using simulation to obtain GY and
then sample mean is calculated. Calculate the proportion of values which satisfies
GPV less than a = 0.05 and consider as a false rejection.

Step 4. Repeat the steps 1-3 for M times (we used M=1000), calculate the pro-
portion of false rejection in M repetitions. Then These provides empirical estimates

of the type-I error rates. Table 7.3.1 summarizes the results of the simulation runs.
7.3.2 Discussion of the Simulation Results

When the sample sizes are big and equal, the estimated type-1 error rates are
close to 0.05. When the sample sizes are different, the estimated type-I error rates

are close to 0.05 most of the cases.

7.4 Example

An example is discussed to illustrate the computation of GTV and GPV for
testing equality of the cell-means for the model given in Equation (7.1). Four pop-
ulations are being compared. The following summary of statistics were obtained

from Weerahandi (1995).

n, =6, 7 =131, 55 =1.90
Ng = 0, gg = ].4]., S9 = 1.70
ns =5, 73 =146, s3=0.89
Ny = 7, g4 = 129, Sq4 = 0.55

where ¢; and s? are observed values of Y; and S? which based on MLE of the

parameters. The null hypothesis is Hy : 1 = pg = p3 = pg. Using the GTV of the

previous section, a generalized P value was calculated for Hy.
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Table 7.3.1 Estimated Type-I Error Rates for Generalized Test for Testing Hg : 11 = - - - = pq at Level a = 0.05

Variance multiplier

Simulation (1)

Simulation (2)

Simulation (3)

= (7,7,7,7,7,7,7,7)

ni = (7,7,7,7) ni = (7,9,11,13) n;

X1 T2 xIg Loo T ) g Too I T2 s Too
0.5 0.062 0.062 0.050 0.054 | 0.053 0.062 0.049 0.050 [ 0.097 0.069 0.059  0.048
1.0 0.065 0.058 0.047 0.052 | 0.052 0.055 0.041 0.052 {0.083 0.060 0.059  0.053
2.0 0.072 0.070 0.046 0.054 | 0.047 0.060 0.042 0.052 {0.082 0.066 0.064 0.056
4.0 0.080 0.072 0.051 0.052 { 0.050 0.056 0.052 0.053 | 0.088 0.073 0.065 0.058
10.0 0.081 0.073 0.048 0.048 | 0.054 0.062 0.053 0.048 | 0.097 0.078 0.062  0.0564

T11
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We obtained GPV = 0.046 which is less than o = 0.05. So Hy may be rejected
at the 0.05 level. Weerahandi (1995) calculated a GPV for this example and he
obtained GPV = 0.046. Using the procedures of GTV and GPV lead to the same
test as the one in Weerahandi (1995) for the equality of means in an unbalanced,
heterogeneous, one-way ANOVA model. However, these procedures are applicable
to more general situations as well.

7.5 Test of Equality of Cell-Means in the Balanced Three-factor Crossed
Mixed Linear Model with Interactions

We consider the balanced three-factor mixed linear model given by

Yijkr = pb+ i + B + 7 + (a8)i; + (@7)ik + €ijirs

1=1,---0a; leaba k:]-)ca r=1,---n, (79)

where Yj;i, denotes the " response corresponding to i level of factor A (fixed),
7% level of factor B (random), and k" level of factor C' (random), a; is the effect of
i™ level of the main effect A, B; ~ N(0,0%) is the effect of 5" level of the random
main effect B, vy, ~ N(0,02) is the effect of k™ level of the random main effect C,
(aB)ij ~ N(0,0%p) is the effect of 15" level of the interaction effect between factors
A and B, (ay)g ~ N(0,0%;) is the effect of ik level of the interaction between
factors A and C, €5 ~ N(0, af) are the error terms. It is assumed that all random

variables are mutually independent. Thus Y ~ MV N(u, ¥*) where

T = 0LV +0iVi+ 035V + 040 Vis + 02l gen,
Vo = U, 0L, U. U,
Vs = U, U1, 0U,,
Vig = 1,2, QU . QU,y,
Vis = I,Uy 1. QU,.
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where I, is the a x a identity matrix and U, is the matrix of size a X a with all
elements equal to one. Define
— 1
Yii= 5> Yir
3.k,
so that Y;_ is the marginal sample cell-mean corresponding to level i of factor A.
Let the @ x 1 vector Y be the vector of sample marginal cell means for factor A.

Then the distribution of Y is given by
Y ~ Ny, %)
where ¥ is the a X a matrix given by

1 1
T = [ncoi g + nboie + 07 I, + - [cog + boZ] U,

The ANOVA table for the model is in Table 7.4.1 as follows.

Table 7.4.1: ANOVA Table for Balanced Three-factor Crossed Mixed Linear

Model with Interactions

Source df SS EMS
A a—1 Y’ (Sa®%‘l® l{“ ®7’—1)Y neod g + nbode
+07 + nbeQ(p)
B b—1 Y'(U;“ ® S, ® ({“® U;")Y nacoy + neo g + o2
C c—1 Y’(%“@%@SC®%)Y nabo? + nbo? s + o2
AB @-1)(b-1) | Vv (sa 80 Ug Tﬂ—) Y nco? + o2
AC (a—1)(c—-1) Y’ (Sa ® % ®S.® T”) Y nbo%s + 02
Residual | a(ben —b—c+1) | Y ([, 9, ®I.®8S,) Y+
v (Les,es.ol:)y+ o2
Y (S.@8eS.0Us)y

where Q(p) is a function of expected responses; p. Let p = (ug,-- -, pa) where

Wi = i+ a; denote the expected response corresponding to level ¢ of factor A.
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We aimed to test the null hypothesis Hy : puy = -+ = u, against the alternative
hypothesis H; that at least two cell means are different. The null hypothesis of equal
means can also be written as Hy : o = - = g = 0. Under the null hypothesis of

equal cell-means, the expected mean square corresponding to factor A is

EMS(A) = ncol g + nboi + o2

= EMS(AB) + EMS(AC) — EMS(Residual)

So the mean square of the factor A, under Hy, does not have a scaled central chi-
squared distribution but has a distribution that is the same as a linear combination
of central chi-squared distributions. Thus there is no exact test for Hy. In this
situation a generalized test variable can be constructed . This is facilitated by first

obtaining FGPQs for 0%, 0%¢ and o2. Define

U, = S—S@, Vap = nCUiB =+ 03
sétie
Uy = Z2520 dhag =nbo’e + o
S80S
e
U3 '(,De ) ¢e - 0-3’

where U1 ~ X7, -1y U2 ~ Xfac1yee1yr Us ™~ Xpen—b—cp1y a0d Ur, Us, Us are
jointly independent. The FGPQs for 0%, 045, and o2 are given by

R ss(AB)  ss(e)
Tan ncl; ncUs
ss(AB) ncojp + 02 ss(e) of
nc  SS(AB) ne SS(e)
ss(AC)  ss(e)
Tac TbbUg nbU3
ss(AC) nboic + 0. ss(e) o2

nb  SS(AC) nb SS(e)

Il

_ ss(e)
" o)

_ ssle) 5

= 55(e)°°

where ss(AB), ss(AC), ss(e) are the realized values of SS(AB), SS(AC), SS(e),

respectively.
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Let £ be the parameter vector whose components are py, ..., fa, 05, 0%, 045,

2 2

Let @ be the component of & consisting of py, ..., u, and ¢ be the
component consisting of 0%, 0, 0%, 0%¢ and o2. Define Ry = {Rgi1 o Roz s Roz -

Proposition 7.5.1

Define
SS(A
Q. ¢)= 25
Ya
so that
_ss(A) ss{A)
Q (y7R¢> - RwA - ss(JlB) + 33(1}40) o sij(e) .
Then T(Y;y,§) = TQ(—YI;ﬂ is a GTV for testing Hy : piy = ... = pg.
o(vrg)
Proof:

R¢ is FGPQ for ¢. Note that, under Hy, Q(Y, ¢) has a central x? distribution
with a — 1 degrees of freedom. Furthermore Q(Y', ¢), R,z , Ry2 , Ry2, are jointly
independent. The distribution of Q(Y, ¢) is free of unknown parameters under H,.
The distribution of @ (y, R¢) is free of unknown parameters by construction. Thus
the distribution of T(Y;y, £) is free of unknown parameters under Hy. It follows
that the conditions of Proposition 7.2.1 are satisfied. Hence T(Y, vy, €) defined by

Q. Ry s5(A) v
is a GTV for testing Hy. Also the GPV for the test is

GPV = Pr[T(Y,y,€) > 1| Hy|.

The null hypothesis is rejected if GPV is smaller than the specified a.

Remark

The unbiasedness condition is satisfied here because the denominator of T(Y;y, £)
is constant, say c. Under H, the numerator has x%_; but if the null hypothesis is
false, then the numerator has x2_; ,. It is known that pr {x}, > c} > pr {x3 > ¢}
which leads to pr {T(Y;y,&) >t} > pr {T(Y;y,&;) > t}.
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7.6 Simulation Study

A simulation study was conducted to assess the performance of the generalized
test of the null hypothesis Hy : 13 = ... = p, in the model given in Equation (7.9)
and to compare it with the performance of the commonly used approximate F-test
using Satterthwaite’s degrees of freedom. Several different combinations of number
of levels of factors and values of 0% 5, 0%, and o2 were considered. These different
combinations (except the last two combinations of levels of factors) were obtained
from Calvin (1985) who conducted a simulation study for a related problem. Differ-
ent combinations of variance parameters were chosen as follows. Each of 025, 0%,

and o2 was allowed to take values 0,0.2,0.4,0.6,0.8,1 subject to the requirement

2

that o4 + 0%- < 1 and 02 = 1 — 0% — 0%p. If this assignment resulted in o
AB T 0ac e AB ~ Oac e

taking the value 0, then the value of o2 was set at 0.01 and the value of the larger
remaining variance parameters was decreased by 0.01. The familywise type-1 error
rates were estimated via simulation. The sample size settings that were used in the
simulation study are given in Table 7.6.1. The value of n was taken to be 1 in every

. . 2 2 2 .
case. Each combination of values for (a, b,c) and (035, 053¢, 02) was considered.

Table 7.6.1: Factor Level Settings for the Simulation Study

Quantity Values
(a,b,e) | (2,3,3), (2,34), (2,3,10), (3,3,3), (3,3,5), (3,3,10),
(3,5,10), (4,44), (5,5,10), (10,10,10), (10,10,100), (10,100,100)

7.6.1 Simulation Details

The simulation study is conducted using the following steps.
Step 1. Select one of the settings for factor levels (a,b,c¢) and one of the allowed

combinations for (o4 5,044, 02).
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Step 2. Generate the objects (with independent components) (SS(A), SS(AB),
SS(AC), SS(Residual)) and (MS(A), MS(AB), MS(AC), M S(Residual)) as fol-

lows.
SS(A) = (ncodp+nbohc+02) Xt 1y, MS(A) = s;s_(Al))
SS(AB) = (ncols +02) Xfanyory MS(AB) = ¢ fs()’?bB_) :
SS(AC) = (nboic + 02) Xfa-ny(e-1, MS(AC) = { fi()?f_) 1)
S5(6) = (02) Xhnmboerry MS(e) = 2o

a(ben —b—c+1)

where X?c denotes a chi-squared random variable with f degrees of freedom.
Denote the corresponding realized values by (ss(A), ss(AB), ss(AC), ss(e)) and
(ms(A), ms(AB), ms(AC), ms(e)), respectively.
Step 3. (Satterthwaite) Calculate

ms(A)
ms(AB) + ms(AC) — ms(e)

F — ratio =

and F — tabulated = 1 — « percentile from a central F' distribution with numerator
degrees of freedom equal to a — 1 and denominator degrees of freedom equal to o*

where
(ms(AB) + ms(AC) — ms(e))”
AR (ms(AC)E  (ms(@))”
(a—1)b-1) (a—1)c—=1) alben—b—c+1)
If ms(AB) + ms(AC) — ms(e) in the numerator of 7* and the denominator of the

~ %

F— ratio is zero or negative, then there are two possible courses of action one could
take. One possibility is to replace ms(AB) + ms(AC) — ms(e) by 0.0001 in both
the numerator of * and the denominator of F'— ratio. This leads to the following

calculations.

ms(A)
max{ms(AB) + ms(AC) — ms(e),0.0001}’
P (max{ms(AB) + ms(AC) — ms(e), 0.0001})> (71)
(ms(AB))* (ms(AC)) (ms(e))”
(a—1)(b~1) (a—1)(c—1) alben—b—-c+1)

and

F —ratio =
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The other possibility is to use 0.0001 in the denominator of the F'— ratio and keep
the negative value in the numerator of o*. Thus the following alternate calculations.
ms(A) N
max{ms(AB) + ms(AC) — ms(e), 0.0001}’ &
= (ms(AB) 4+ ms(AC) — ms(e))? (7.12)
~ (ms(AB))? (ms(AC))? (ms(e)> =
(a—=1)(b-1) (a—1){c—=1) alben —b—c+1)

We considered both possibilities. If F-ratio is greater than or equal to F'—tabulated,

d

F — ratio =

then Hy is rejected. This is counted as a false rejection since the statistic SS(A) is
generated from a central chi-squared distribution assuming that Hy holds.
Step 4. (GPV) Forr =1,---, P, generate independent realizations of the following

chi-squared random variables.

U ~ X1, U1(T) ~ X%a—l)(b—l)? Uzgr) ~ X?a—l)(c—l)’ and U3(T) ~ Xi(bcn-—b—c-}-l)'

AB AC
We used P = 10000. Then calculate ssé(r) ), SS((] 9 ) and %E—f)—). Calculate
1 2 3
Q (y,R¢) = ‘;;1(:) = 35(?3)+53(isc(fl_)ss(ﬂeii?ual). Using these, calculate the general-
U‘I‘ U’r T

Us

ized test variable T™ (Y, y,€). Since Ry, can be negative with nonzero probability,

one might consider two alternative modified definitions of T (Y, y,&). One choice

is to define
SS(A) maX{R¢(A), 0}
TO(Y  y, &) = 7.13
Y,y,8) 88(A) Y4 ( )
and the other choice is to use
AR
TOY y,¢) = SS(A) [ Ryl (7.14)

ss(A) Y4
Although it appears to be no logical reasoning leading to the Equation 7.14, we
consider it here because other authors (e.g., Weerahandi, 1993) have tried this ap-
proach.

Next, calculate the proportion of the values T"(Y,y,€), r = 1,..., P, that
are greater than 1. Denote this proportion by p. This is an estimate of the GPV

for testing Hy. If p is less than o then record this as a false rejection.
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Step 5. Repeat the steps 1-4 M times (we used M = 1000). Calculate the propor-
tion of false rejections for the Satterthwaite’s approach and for the generalized test.
These provide empirical estimates of the type-I error rates for the two procedures.

Table 7.6.2 summarize the results of the simulation study.
7.6.2 Discussion of the Simulation Results

Using GPV: when the number of levels of the factors in the model is small, the
test is quite conservative since the type-1 error rates are smaller than the nominal
value of & = 0.05. When Equation (7.14) is used to calculate the GTV, the estimated
type-1 error rate is closer to the nominal value when compared to the results obtained
by using Equation (7.13). (We do not, at this time, have a theoretical explanation
for this). As the number of levels of at least one of random effects increases, the
difference between the two approaches becomes negligible for most of the cases. As
the number of levels of random factors is large in comparison with the number of
levels of the fixed factor, the estimated type-I error rates approach the nominal value
of 0.05 for most of the cases.

Using Satterthwaite’s procedure: when the number of levels of the factors
in the model is small, the empirical error rates are smaller than the nominal value
of & = 0.05. When using Equation (7.12), the empirical error rates get closer to
0.05. When the number of levels of the fixed factor is small but the number of
levels of random factors is moderate or large, then the empirical type-1 error rates
using either Equation (7.11) or Equation (7.12) are nearly the same for most of the
cases considered. Increasing the number of levels for factors such that the number
of levels of random factors is larger than that of the fixed factor leads to empirical

error rates that are close to 0.05 in most of the cases.
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Table 7.6.2: Estimated Type-I Error Rates for Satterthwaite’s Procedure and

GTV Procedure for Testing Hy : p; = - -+ = u, at Level a = 0.05.
Generalized Test Satterthwaite
Empirical Empirical
Type-1 Error Type-1 Error
alb|c|oiy|d4ic | 0> | using (7.13) | using (7.14) | using (7.11) | using (7.12)
213131 O 0 1 0 0 0 0.133
21313 0 0.2 | 0.2 0 0.008 0.001 0.043
21313] 0 02 | 04 0 0.005 0 0.069
21313] 0 0.2 | 0.6 0 0.004 0 0.085
21313] O 0.2 | 0.8 0 0.004 0 0.094
213131 0 04 ] 0.2 0 0.013 0.004 0.034
21313 0 04 | 04 0 0.008 0.001 0.045
21313 0 04 | 0.6 0 0.005 0 0.053
213131 0 0.6 | 0.2 0 0.016 0.006 0.029
21313 0 0.6 | 0.4 0 0.012 0.002 0.039
213131 0 0.8 | 0.2 0.001 0.021 0.009 0.029
213137 0 ]0.99]0.01 0.031 0.043 0.035 0.035
21313]02 0 0.2 0 0.012 0.001 0.04
213(13]02 0 0.4 0 0.005 0 0.072
213(3] 0.2 0 0.6 0 0.003 0 0.084
21313 0.2 0 0.8 0 0.002 0 0.097
2131310202 0.2 0 0.009 0.002 0.019
21313102 02|04 0 0.006 0.001 0.037
21313102102 06 0 0.005 0.001 0.049
2131370204 0.2 0 0.010 0.002 0.012
2(3(3[02 (0404 0 0.009 0.001 0.029
2131310210602 0 0.009 0.007 0.016
213{31(02]0.79]0.01 0.012 0.013 0.047 0.047
21313} 04 0 0.2 0 0.020 0.003 0.025
21313]04 0 0.4 0 0.012 0.001 0.041
2131304 0 0.6 0 0.008 0 0.060
21313104 )02 02 0 0.011 0.005 0.014
21313104 |02 04 0 0.008 0.002 0.025
213{3104 | 04| 0.2 0 0.010 0.005 0.009
21313] 04 )0.59]0.01 .009 0.009 0.038 0.038
213{3] 0.6 0 0.2 0 0.022 0.006 0.020
2131306 0 0.4 0 0.016 0.002 0.031
213130610202 0 0.012 0.007 0.012
21313059 04 |0.01 0.009 0.010 0.041 0.041
2133} 0.8 0 0.2 0 0.027 0.008 0.019
21313079 0.2 |0.01 0.015 0.015 0.052 0.052
2(3(3{099} 0 |0.01 0.044 0.049 0.051 0.051
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Table 7.6.2: (continued) Estimated Type-I Error Rates for Satterthwaite’s

Procedure and GTV Procedure for Testing Ho : g = - - - = pq at Level a = 0.05.
Generalized Test Satterthwaite
Empirical Empirical
Type-1 Error Type-1 Error
al|b|clodp|o4c | o2 | using (7.13) [ using (7.14) | using (7.11) | using (7.12)
213141 0 0 1 0 0 0 0.106
213741 0 0.2 ] 0.2 0.001 0.018 0.004 0.025
21314} 0 02 | 04 0 0.009 0.002 0.043
213{4}1 0 0.2 | 0.6 0 0.006 0 0.053
213141 0 02 { 0.8 0 0.004 0 0.063
213141 0 04 | 0.2 0.005 0.027 0.010 0.019
21314 0 04 | 04 0.001 0.018 0.004 0.025
21314 0 04 | 0.6 0 0.012 0.004 0.035
213141 0 0.6 | 0.2 0.007 0.030 0.012 0.018
213141 0 06 | 04 0.002 0.023 0.008 0.021
213141 0 0.8 | 0.2 0.008 0.032 0.015 0.020
213141 0 [099]0.01 0.049 0.052 0.051 0.051
21314102 0 0.2 0 0.016 0.001 0.022
21314102 0 0.4 0 0.010 0 0.044
21314102 0 0.6 0 0.007 0 0.059
213141 0.2 0 0.8 0 0.004 0 0.069
2131410202102 0.001 0.012 0.005 0.008
213141020204 0 0.011 0.002 0.017
21314102102 06 0 0.011 0.001 0.028
213140204 02 0.002 0.014 0.011 0.012
2131410204104 0.001 0.012 0.004 0.011
2131410206 |02 0.002 0.015 0.021 0.021
2134102 {0.79]0.01 0.018 0.018 0.045 0.045
21314104 0 0.2 0.001 0.025 0.004 017
21314104 0 0.4 0 0.016 0.001 023
21314104 0 0.6 0 0.012 0 0.038
2131470402102 0.003 0.012 0.012 0.014
21314104 |02 ] 04 0.001 0.012 0.004 0.013
21314704 |04 |02 0.004 0.013 0.013 0.014
213(4] 04 (059 0.01 0.013 0.013 0.040 0.040
21314106 0 0.2 0.002 0.025 0.011 0.019
21314 06 0 0.4 0.001 0.020 0.004 0.021
21314706 | 0202 0.004 0.014 0.021 0.023
213141059 04 |0.01 0.014 0.014 0.039 0.039
2131408 0 0.2 0.004 0.027 0.014 0.020
213147079 0.2 0.01 0.016 0.016 0.050 0.050
213141099 0 jo0.01 0.036 0.044 0.038 0.038
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Table 7.6.2: (continued) Estimated Type-I Error Rates for Satterthwaite’s

Procedure and GTV Procedure for Testing Hy : puy = - -+ = pgq at Level a = 0.05.
Generalized Test Satterthwaite
Empirical Empirical
Type-1 Error Type-1 Error
a|b| c|o%p| o4 | o2 | using (7.13) | using (7.14) | using (7.11) | using (7.12)
2131101 0O 0 1 0 0.013 0 0.074
213]101 0 | 02|02 0.017 0.022 0.028 0.028
213]101 0 | 02| 04 0.003 0.020 0.016 0.020
213]10] 0 | 02| 06 0.001 0.019 0.004 0.011
213101 0 | 02038 0 0.016 0.004 0.013
213|101 0 | 04|02 0.023 0.024 0.037 0.037
213]101 0 | 04 )04 0.017 0.022 0.028 0.028
2131101 0 | 04|06 0.009 0.020 0.019 0.021
213|101 0 | 06 | 02 0.028 0.028 0.041 0.041
2131101 0 |06 | 04 0.021 0.023 0.034 0.034
2131101 0 | 0.8 | 02 0.029 0.029 0.043 0.043
213|10f 0 {099 {0.01 0.047 0.047 0.048 0.048
21310102 | 0 |02 0.011 0.054 0.022 0.031
213(10102 ] 0 | 04 0.004 0.045 0.010 0.023
213]10102 | 0 |06 0.001 0.041 0.005 0.023
213110702 { 0 |08 0.001 0.033 0.001 0.028
213|101 02|02 02 0.026 0.028 0.059 0.059
213110102 |02} 04 0.017 0.027 0.038 0.038
213110102 {02 | 06 0.010 0.027 0.023 0.025
2131101 02 | 04 | 0.2 0.023 0.023 0.046 0.046
213110102 |04 |04 0.021 0.024 0.042 0.042
213110102 | 06 | 0.2 0.019 0.019 0.042 0.042
21310 0.2 {0.79 { 0.01 0.019 0.019 0.043 0.043
213110104 | 0 | 02 0.029 0.061 0.037 0.043
213110104 0 | 04 0.011 0.054 0.022 0.032
213110104 0 | 06 0.005 0.047 0.014 0.027
21311004 | 02|02 0.036 0.040 0.066 0.066
213(10)04 1|02 ]| 04 0.027 0.037 0.051 0.051
213/10] 04 | 04 | 02 0.027 0.028 0.068 0.068
213110 0.4 |0.59]0.01 0.024 0.024 0.058 0.058
213110106 | 0 | 02 0.036 0.061 0.040 0.045
2131006 | 0 | 04 0.019 0.058 0.030 0.040
213110 06 | 02 | 0.2 0.041 0.042 0.069 0.069
2131101059 0.4 |0.01 0.033 0.033 0.068 0.068
213|10{08 | 0 | 02 0.041 0.061 0.041 0.043
213]1010.79] 0.2 | 0.01 0.048 0.048 0.081 0.081
2137101099 | 0 |0.01 0.063 0.063 0.062 0.062

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.




123

Table 7.6.2: (continued) Estimated Type-I Error Rates for Satterthwaite’s

Procedure and GTV Procedure for Testing Hy : puy = - - - = g at Level o = 0.05.
Generalized Test Satterthwaite
Empirical Empirical

Type-1 Error

Type-1 Error

a|blc|oip|o4c | o |using (7.13) | using (7.14) | using (7.11) | using (7.12)
313131 0 0 1 0 0.003 0 0.061
313131 0 0.2 | 0.2 0 0.018 0.005 0.015
313131 0 0.2 | 04 0 0.010 0.001 0.02
31313 0 0.2 | 0.6 0 0.003 0 0.014
313113 0O 0.2 | 0.8 0 0.006 0 0.026
31313 O 04 | 0.2 0.004 0.025 0.011 0.016
31313 0 0.4 | 04 0 0.018 0.005 0.015
313131 0 04 | 06 0 0.013 0.001 0.015
313131 0 0.6 | 0.2 0.010 0.034 0.022 0.024
31313 0 0.6 | 0.4 0.002 0.020 0.008 0.013
313131 0 0.8 | 0.2 0.020 0.037 0.026 0.027
313131 0 [0.99)0.01 0.050 0.050 0.048 0.048
3133 0.2 0 0.2 0.002 0.022 0.006 0.010
3133 0.2 0 0.4 0 0.010 0.002 0.016
3133 0.2 0 0.6 0 0.008 0 0.022
313131 0.2 0 0.8 0 0.008 0 0.027
313131020202 0.005 0.017 0.013 0.013
31313102 | 02|04 0.001 0.016 0.004 0.009
313131020206 0 0.014 0.001 0.011
31313102 ] 04 ] 0.2 0.006 0.020 0.018 0.018
313({3102 |04 04 0.002 0.019 0.007 0.008
31313102 )06 |02 0.011 0.020 0.024 0.024
31313102 0.7910.01 0.018 0.018 0.040 0.040
3131304 0 0.2 0.009 0.034 0.021 0.022
3131304 0 0.4 0.002 0.022 0.006 0.010
3131304 0 0.6 0.001 0.012 0.004 0.015
313{3104 |02 02 0.007 0.015 0.022 0.022
3131310410204 0.005 0.016 0.010 0.012
313{3(104 (0402 0.009 0.019 0.023 0.023
3131304 10.59)0.01 0.017 0.017 0.038 0.038
31313} 06 0 0.2 0.017 0.040 0.027 0.027
31313/ 06 0 0.4 0.006 0.031 0.013 0.015
31313106 |02 ] 0.2 0.011 0.017 0.027 0.027
313{31059| 04 |0.01 0.013 0.013 0.041 0.041
3131308 0 0.2 0.025 0.045 0.037 0.037
3131310791 0.2 ]0.01 0.020 0.020 0.057 0.057
313131099 0 {0.01 0.058 0.058 0.056 0.056
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Table 7.6.2: (continued) Estimated Type-I Error Rates for Satterthwaite’s

Procedure and GTV Procedure for Testing Hg : 1 = - - - = pq at Level a = 0.05.
Generalized Test Satterthwaite
Empirical Empirical

Type-1 Error

Type-1 Error

using (7.11)

using (7.12)

alblc|oip|cio
31315] 0 0
3135 0 | 02
31315 0 | 0.2
31351 0 |02
3{3(|5] 0 |02
3135 0 | 04
31315 0 | 04
3135 0 | 04
313|15] 0 | 06
3135 0 | 06
3|35 0 |08
313!5] 0 |0.99
31315102 O
3135021 0
313{5{02 ] 0
3135|021 0
31315102 ] 02
3131510202
313(5]02] 02
3131502 04
3131510204
3131502 06
31315102 (0.7
3/3]5{041] 0
313(5[04 ] 0
31315104 | O
31315)04 | 02
3|3(5{ 04|02
3/3(5]04 104
3{3(5]| 04 |0.59
313(5/06 | O
313[5]06 ] 0
3{3|5] 06 | 02
313(5[059]| 0.4
31315108 ] 0
3135079 0.2
313[5]099| 0

0.01
0.2
0.4
0.6
0.8
0.2
0.4
0.6
0.2
0.4
0.2

0.01
0.2
0.4
0.6
0.2
0.4
0.2

0.01
0.2
0.4
0.2

0.01
0.2

0.01

0.01

using (7.13) | using (7.14)

0 0.011
0.008 0.027
0.003 0.028
0.002 0.025
0.002 0.023
0.022 0.032
0.008 0.027
0.005 0.028
0.03 0.033
0.016 0.030
0.034 0.035
0.041 0.041
0.019 0.043
0.008 0.042
0.006 0.038
0.004 0.035
0.023 0.03
0.013 0.032
0.012 0.031
0.025 0.027
0.017 0.030
0.027 0.027
0.027 0.027
0.027 0.046
0.019 0.043
0.011 0.042
0.032 0.036
0.019 0.037
0.031 0.032
0.025 0.025
0.034 0.046
0.024 0.045
0.039 0.041
0.030 0.030
0.039 0.046
0.038 0.038
0.047 0.047

0.001
0.015
0.005
0.003
0.002
0.027
0.015
0.007
0.034
0.017
0.037
0.041
0.024
0.013
0.008
0.007
0.040
0.017
0.014
0.044
0.027
0.046
0.052
0.029
0.024
0.020
0.051
0.033
0.051
0.052
0.034
0.027
0.054
0.055
0.039
0.061
0.049

0.061
0.061
0.008
0.013
0.018
0.027
0.016
0.011
0.034
0.017
0.037
0.041
0.026
0.018
0.019
0.022
0.040
0.018
0.016
0.044
0.027
0.046
0.052
0.029
0.026
0.024
0.051
0.033
0.051
0.052
0.034
0.028
0.054
0.055
0.039
0.061
0.049
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Table 7.6.2: (continued) Estimated Type-I Error Rates for Satterthwaite’s

Procedure and GTV Procedure for Testing Hy : pq = - -+ = p, at Level o = 0.05.
Generalized Test Satterthwaite
Empirical Empirical
Type-1 Error Type-1 Error
albl| c|odg |04 | o2 | using (7.13) | using (7.14) | using (7.11) | using (7.12)
313110 O 0 1 0 0.022 0 0.037
313110 O 02 | 0.2 0.022 0.025 0.031 0.031
313{10 O 02 | 04 0.012 0.026 0.021 0.022
313110 O 0.2 | 0.6 0.010 0.028 0.013 0.014
3131107 0O 0.2 | 0.8 0.004 0.026 0.010 0.014
313110 0 04 | 0.2 0.026 0.026 0.038 0.038
313|10] O 04 | 04 0.022 0.025 0.031 0.031
313110 O 0.4 | 0.6 0.017 0.027 0.025 0.025
313110 O 0.6 | 0.2 0.028 0.028 0.039 0.039
313110 O 06 | 04 0.027 0.027 0.037 0.037
313110 0O 0.8 | 0.2 0.032 0.032 0.041 0.041
3{3|10| 0 |0.99|0.01 0.038 0.038 0.039 0.039
313110} 0.2 0 0.2 0.032 0.042 0.032 0.033
313110 0.2 0 0.4 0.017 0.038 0.021 0.023
313|110 0.2 0 0.6 0.013 0.038 0.014 0.018
31310} 0.2 0 0.8 0.008 0.037 0.010 0.014
313110} 0.2 | 02| 0.2 0.030 0.030 0.047 0.047
313110{02 | 0204 0.028 0.029 0.041 0.041
313110102 {02 06 0.025 0.032 0.034 0.035
3131100204 | 02 0.028 0.028 0.042 0.042
313110 02| 04 | 04 0.028 0.028 0.042 0.042
31310} 0.2 | 0.6 | 0.2 0.024 0.024 0.043 0.043
3131101 0.2 ]0.790.01 0.024 0.024 0.045 0.045
313(10] 0.4 0 0.2 0.040 0.042 0.036 0.036
313(10| 04 0 0.4 0.032 0.042 0.032 0.033
313110 04 0 0.6 0.023 0.041 0.024 0.026
313]10] 04 | 02} 0.2 0.035 0.035 0.052 0.052
313110104 | 02| 04 0.033 0.034 0.047 0.047
313|10) 04 | 04} 0.2 0.032 0.032 0.047 0.047
313110 0.4 |0.59|0.01 0.027 0.027 0.046 0.046
313110 0.6 0 0.2 0.042 0.042 0.039 0.039
31310 0.6 0 0.4 0.037 0.041 0.035 0.035
31311006 | 02| 0.2 0.035 0.035 0.052 0.052
3131101059 0.4 |0.01 0.033 0.033 0.053 0.053
313110] 0.8 0 0.2 0.042 0.042 0.041 0.041
313110]0.79| 0.2 |0.01 0.038 0.038 0.053 0.053
3131101099} 0 |0.01 0.042 0.042 0.042 0.042
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Table 7.6.2: (continued) Estimated Type-I Error Rates for Satterthwaite’s

Procedure and GTV Procedure for Testing Hg : p; = -+ - = pq at Level a = 0.05.
Generalized Test Satterthwaite
Empirical Empirical
Type-I Error Type-1 Error
alb| c|o%g | i | o2 | using (7.13) | using (7.14) | using (7.11) | using (7.12)
315110 O 0 1 0.006 0.043 0.004 0.014
315110 0O 0.2 | 0.2 0.043 0.043 0.051 0.051
3151101 0 0.2 | 04 0.047 0.047 0.045 0.045
315110 0 02 | 0.6 0.042 0.045 0.039 0.039
3151101 O 0.2 | 0.8 0.034 0.044 0.035 0.035
3151101 O 04 | 0.2 0.051 0.051 0.055 0.055
315110 0O 04 | 04 0.043 0.043 0.051 0.051
315110 O 04 | 0.6 0.045 0.045 0.047 0.047
3151101 0 0.6 | 0.2 0.052 0.052 0.055 0.055
315110 0 06 | 04 0.046 0.046 0.054 0.054
3i(5{10| 0 0.8 | 0.2 0.053 0.053 0.056 0.056
315110 0 |0.99]0.01 0.055 0.055 0.055 0.055
315|110 0.2 0 0.2 0.057 0.058 0.060 0.060
31510 0.2 0 0.4 0.053 0.056 0.054 0.054
3(5]10| 0.2 0 0.6 0.049 0.054 0.046 0.046
315110 0.2 0 0.8 0.045 0.053 0.040 0.040
315110102 | 02| 0.2 0.049 0.049 0.059 0.059
35110 0.2 0204 0.048 0.048 0.056 0.056
315{10( 02| 0.2 { 0.6 0.047 0.047 0.053 0.053
3/5]10] 0.2 1] 04 | 0.2 0.045 0.045 0.060 0.060
315110102 |04 | 04 0.042 0.042 0.057 0.057
315110 0.2 | 06 | 0.2 0.044 0.044 0.056 0.056
3(5110| 0.2 0.79 | 0.01 0.045 0.045 0.060 0.060
315110 04 0 0.2 0.058 0.058 0.060 0.060
315110 0.4 0 0.4 0.057 0.058 0.060 0.060
31510 04 0 0.6 0.055 0.057 0.056 0.056
315110 04 | 0.2 | 0.2 0.054 0.054 0.066 0.066
3/5(10]04 | 02 | 04 0.051 0.051 0.064 0.064
315110104 | 04 |02 0.050 0.050 0.059 0.059
315|110 04 |0.59 |0.01 0.044 0.044 0.060 0.060
3151101 0.6 0 0.2 0.060 0.060 0.060 0.060
315110 06 0 0.4 0.057 0.057 0.060 0.060
315110 06 | 0.2 | 0.2 0.054 0.054 0.064 0.064
3151101059 0.4 {0.01 0.050 0.050 0.066 0.066
3151101 0.8 0 | 02 0.060 0.060 0.060 0.060
315(110]0.79 ] 0.2 |0.01 0.055 0.055 0.065 0.065
3151101099 0 |(0.01 0.061 0.061 0.060 0.060
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Table 7.6.2: (continued) Estimated Type-I Error Rates for Satterthwaite’s

Procedure and GTV Procedure for Testing Hy : p1 = - - - = p, at Level a = 0.05.
Generalized Test Satterthwaite
Empirical Empirical
Type-1 Error Type-1 Error
albic|oip|dis | o2 |using (7.13) | using (7.14) | using (7.11) | using (7.12)
41414] 0 0 1 0 0.019 0 0.017
414141 0 0.2 | 0.2 0.037 0.046 0.040 0.040
414141 0 0.2 | 04 0.020 0.041 0.020 0.022
41414 0 0.2 | 0.6 0.012 0.038 0.012 0.015
414141 0 02 | 08 0.004 0.033 0.005 0.008
414141 0 04 | 0.2 0.049 0.050 0.048 0.048
414141 0 04 | 04 0.037 0.046 0.040 0.04
414141 0 04 | 0.6 0.027 0.043 0.029 0.031
41414) 0 0.6 | 0.2 0.052 0.052 0.053 0.053
4(414] 0 06 | 04 0.045 0.049 0.045 0.045
41414 0 0.8 | 0.2 0.051 0.051 0.054 0.054
41414 0 [0.99|0.01 0.055 0.055 0.056 0.056
41414102 0 0.2 0.028 0.035 0.024 0.024
414141 0.2 0 0.4 0.015 0.033 0.014 0.014
41414102 0 0.6 0.007 0.031 0.009 0.009
41414102 0 0.8 0.003 0.032 0.002 0.003
41414102 02|02 0.029 0.029 0.040 0.040
41414102 02| 04 0.027 0.031 0.033 0.033
41414102 |02 06 0.023 0.030 0.028 0.028
41474102 |04 | 02 0.032 0.032 0.047 0.047
41414102 |04 |04 0.032 0.034 0.044 0.044
41414102 |06 | 02 0.040 0.040 0.056 0.056
41414102 ]0.79|0.01 0.041 0.041 0.060 0.060
4141404 0 0.2 0.038 0.040 0.034 0.034
41414104 0 0.4 0.028 0.035 0.024 0.024
414141] 04 0 0.6 0.022 0.033 0.019 0.019
4141410402102 0.028 0.028 0.040 0.040
41414104 |02 |04 0.027 0.029 0.037 0.037
41414104 | 04 | 0.2 0.029 0.029 0.044 0.044
41414] 04 |0.59|0.01 0.033 0.033 0.048 0.048
41414106 0 0.2 0.037 0.038 0.035 0.035
41414106 0 0.4 0.032 0.036 0.033 0.033
4141406 | 021} 02 0.029 0.029 0.039 0.039
414141059 04 |0.01 0.029 0.029 0.044 0.044
41414108 0 0.2 0.038 0.038 0.036 0.036
414141079 0.2 |0.01 0.032 0.032 0.037 0.037
414141099 0 |0.01 0.036 0.036 0.038 0.038
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Table 7.6.2: (continued) Estimated Type-I Error Rates for Satterthwaite’s

Procedure and GTV Procedure for Testing Hy : py = - -+ = g at Level a = 0.05.
Generalized Test Satterthwaite
Empirical Empirical
Type-1 Error Type-1 Error
a|b| ¢ |o4g |04 | 0 | using (7.13) | using (7.14) | using (7.11) | using (7.12)
515(10| 0 0 1 0.019 0.048 0.012 0.012
o15110} O 0.2 | 0.2 0.051 0.051 0.055 0.055
515110 0O 02 | 04 0.053 0.053 0.055 0.055
515710 0 0.2 | 0.6 0.052 0.052 0.055 0.055
515110 O 0.2 | 0.8 0.051 0.051 0.049 0.049
5i5110| O 04 | 0.2 0.051 0.051 0.052 0.052
5i(5(10 O 04 | 04 0.051 0.051 0.055 0.055
5151101 O 04 | 0.6 0.054 0.054 0.054 0.054
5151101 O 0.6 | 0.2 0.051 0.051 0.051 0.051
515110 O 0.6 | 0.4 0.052 0.052 0.053 0.053
515110 0 0.8 | 0.2 0.049 0.049 0.049 0.049
515110 0 |0.99]0.01 0.048 0.048 0.047 0.047
5151101 0.2 0 0.2 0.051 0.051 0.054 0.054
5151101 0.2 0 0.4 0.053 0.053 0.050 0.050
515110 0.2 0 0.6 0.049 0.049 0.050 0.050
5(151]10| 0.2 0 0.8 0.049 0.049 0.047 0.047
515110 0.2 | 0.2 | 0.2 0.045 0.045 0.049 0.049
5(5(101 02 ] 02 {04 0.046 0.046 0.049 0.049
5151101 02 | 0.2 | 06 0.046 0.046 0.050 0.050
515110 02 | 04 | 0.2 0.040 0.040 0.048 0.048
5(5110| 02 | 04 | 04 0.039 0.039 0.048 0.048
5/5(10] 02 | 06 | 0.2 0.042 0.042 0.046 0.046
51510 0.2 10.790.01 0.041 0.041 0.048 0.048
5(5110| 0.4 0 | 02 0.053 0.053 0.054 0.054
51510 0.4 0 | 04 0.051 0.051 0.054 0.054
515110 0.4 0 0.6 0.052 0.052 0.051 0.051
515110} 04 | 0.2 | 0.2 0.048 0.048 0.053 0.053
51510 04 | 0.2 { 04 0.048 0.048 0.053 0.053
5(5(10|1 04 | 04 | 0.2 0.044 0.044 0.049 0.049
5/5|10| 0.4 |0.59 | 0.01 0.043 0.043 0.046 0.046
5i5(10| 0.6 0 0.2 0.053 0.053 0.054 0.054
51510 0.6 0 0.4 0.054 0.054 0.054 0.054
5/5110| 06 | 0.2 | 0.2 0.048 0.048 0.056 0.056
5151101059 | 0.4 |0.01 0.047 0.047 0.055 0.055
51510 0.8 0 | 02 0.053 0.053 0.054 0.054
515(10(0.79| 0.2 {0.01 0.048 0.048 0.057 0.057
5151101099 0 |0.01 0.054 0.054 0.054 0.054
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Table 7.6.2: (continued) Estimated Type-I Error Rates for Satterthwaite’s

Procedure and GTV Procedure for Testing Hy : py = - - = u, at Level a = 0.05.
Generalized Test Satterthwaite
Empirical Empirical
Type-1 Error Type-1 Error

a | b|cloig|0oic | o2 |using (7.13) | using (7.14) | using (7.11) | using (7.12)
10,1010} O 0 1 0.053 0.053 0.048 0.048
101010} O 0.2 | 0.2 0.056 0.056 0.057 0.057
10110110 O 02 |04 0.055 0.055 0.055 0.055
10110710 O 0.2 | 0.6 0.055 0.055 0.056 0.056
10110110 O 0.2 | 0.8 0.055 0.055 0.056 0.056
10)10]10] O 04 | 0.2 0.057 0.057 0.057 0.057
10110110} O 0.4 1 0.4 0.056 0.056 0.057 0.057
10{10(10} O 0.4 | 06 0.056 0.056 0.056 0.056
10[10]10| O 0.6 | 0.2 0.058 0.058 0.058 0.058
1010110 O 0.6 | 04 0.057 0.057 0.057 0.057
101010} O 0.8 | 0.2 0.058 0.058 0.059 0.059
1011010} O |0.99]0.01 0.059 0.059 0.059 0.059
101010 0.2 0 0.2 0.054 0.054 0.054 0.054
10110 10| 0.2 0 0.4 0.053 0.053 0.053 0.053
10110110 0.2 0 0.6 0.051 0.051 0.052 0.052
10| 10|10 0.2 0 0.8 0.051 0.051 0.051 0.051
1011010} 02 | 0.2 | 0.2 0.049 0.049 0.052 0.052
101010} 02 | 0.2 | 04 0.050 0.050 0.053 0.053
10110110} 02 | 0.2 | 0.6 0.050 0.050 0.052 0.052
1011010} 0.2 | 0.4 | 0.2 0.052 0.052 0.053 0.053
1011010} 0.2 | 04 | 04 0.051 0.051 0.054 0.054
1011010} 0.2 | 0.6 | 0.2 0.052 0.052 0.055 0.055
1011010 | 0.2 {0.79 | 0.01 0.053 0.053 0.054 0.054
1011010 04 0 0.2 0.055 0.055 0.056 0.056
10{10| 10| 0.4 0 0.4 0.054 0.054 0.054 0.054
10110| 10| 0.4 0 0.6 0.054 0.054 0.054 0.054
1011010} 04 | 0.2 | 0.2 0.047 0.047 0.049 0.049
10110{10] 04 | 0.2 | 04 0.048 0.048 0.049 0.049
1011010} 04 | 04 | 0.2 0.049 0.049 0.052 0.052
1011010} 0.4 |0.59 {0.01 0.050 0.050 0.052 0.052
10 (10| 10| 0.6 0 0.2 0.055 0.055 0.056 0.056
1010|101 0.6 0 0.4 0.055 0.055 0.056 0.056
1011010} 06 | 0.2 | 0.2 0.046 0.046 0.050 0.050
10110|10]0.59 | 0.4 | 0.01 0.048 0.048 0.050 0.050
10 {10 | 10} 0.8 0 0.2 0.055 0.055 0.055 0.055
101010079 | 0.2 | 0.01 0.050 0.050 0.053 0.053
10110107099 | 0 |0.01 0.054 0.054 0.054 0.054
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Table 7.6.2: (continued) Estimated Type-I Error Rates for Satterthwaite’s

Procedure and GTV Procedure for Testing Hg : uy = - -+ = pg at Level a = 0.05.
Generalized Test Satterthwaite
Empirical FEmpirical
Type-1 Error Type-1 Error

a | b | ¢ |o4g |04 | o2 |using (7.13) | using (7.14) | using (7.11) | using (7.12)
10(10(100| O 0 1 0.047 0.047 0.047 0.047
10110100 O 0.2 | 0.2 0.054 0.054 0.054 0.054
10 (10100} O 0.2 | 04 0.055 0.055 0.056 0.056
10{10{100| 0O 0.2 | 0.6 0.056 0.056 0.058 0.058
10(10({100] O 0.2 | 0.8 0.054 0.054 0.058 0.058
107101100 O 04 | 0.2 0.054 0.054 0.054 0.054
10110100} O 04 ] 04 0.054 0.054 0.054 0.054
1010100 O 04 | 0.6 0.055 0.055 0.055 0.055
10110100 | O 0.6 | 0.2 0.054 0.054 0.054 0.054
101101100 O 06 | 04 0.054 0.054 0.054 0.054
10110100 O 0.8 | 0.2 0.053 0.053 0.053 0.053
1010100 O |0.99!0.01 0.051 0.051 0.051 0.051
10110 | 100 | 0.2 0 0.2 0.043 0.043 0.044 0.044
10 |10 | 100 | 0.2 0 04 0.043 0.043 0.044 0.044
10 |10 | 100 | 0.2 0 0.6 0.043 0.043 0.044 0.044
10| 10 { 100 | 0.2 0 0.8 0.043 0.043 0.044 0.044
1010 ({100{ 0.2 | 0.2 | 0.2 0.045 0.045 0.046 0.046
1010100 0.2 { 0.2 | 0.4 0.045 0.045 0.046 0.046
101101100 0.2 | 0.2 | 0.6 0.045 0.045 0.046 0.046
10110 (100} 0.2 | 0.4 | 0.2 0.047 0.047 0.050 0.050
101101100} 02 | 04 | 04 0.047 0.047 0.050 0.050
101101100| 0.2 | 0.6 | 0.2 0.052 0.052 0.053 0.053
10110 {100 | 0.2 | 0.79 | 0.01 0.052 0.052 0.054 0.054
1010|100 | 0.4 0 0.2 0.043 0.043 0.044 0.044
10|10 | 100 | 04 0 0.4 0.043 0.043 0.044 0.044
10110100 | 04 0 0.6 0.043 0.043 0.044 0.044
10101100 0.4 | 0.2 | 0.2 0.045 0.045 0.046 0.046
10110100} 04 | 0.2 | 04 0.045 0.045 0.046 0.046
10110100} 04 | 04 | 0.2 0.045 0.045 0.047 0.047
10110 (100 | 0.4 | 0.59 | 0.01 0.046 0.046 0.047 0.047
10 {10 | 100 | 0.6 0 0.2 0.043 0.043 0.044 0.044
10 110 | 100 | 0.6 0 0.4 0.043 0.043 0.044 0.044
10110 {100| 0.6 | 0.2 | 0.2 0.044 0.044 0.045 0.045
10 1 10 ) 100 { 0.59 | 0.4 | 0.01 0.045 0.045 0.046 0.046
1010|100 | 0.8 0 0.2 0.043 0.043 0.044 0.044
10110 {100 | 0.79 | 0.2 | 0.01 0.044 0.044 0.045 0.045
10101001099 | 0 |0.01 0.043 0.043 0.049 0.049
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Table 7.6.2: (continued) Estimated Type-I Error Rates for Satterthwaite’s

Procedure and GTV Procedure for Testing Hy : p1 = - -- = p, at Level « = 0.05.
Generalized Test Satterthwaite
Empirical Empirical
Type-1 Error Type-1 Error
a | b | ¢ |oig | 0ic| 02 | using (7.13) | using (7.14) | using (7.11) | using (7.12)
101001100 O 0 1 0.056 0.056 0.056 0.056
101100 (100! O 0.2 ] 0.2 0.059 0.059 0.059 0.059
1011001100 O 02 ] 04 0.059 0.059 0.059 0.059
101100 {1001 © 0.2 | 0.6 0.059 0.059 0.059 0.059
101100100 O 0.2 | 0.8 0.059 0.059 0.059 0.059
101100100 O 04 | 0.2 0.060 0.060 0.059 0.059
10 {100 {100( O 0.4 | 0.4 0.059 0.059 0.059 0.059
101100100 O 0.4 | 0.6 0.059 0.059 0.059 0.059
10100100 O 0.6 | 0.2 0.060 0.060 0.059 0.059
101100 |{100( O 0.6 | 0.4 0.060 0.060 0.059 0.059
10100 {100| O 0.8 | 0.2 0.060 0.060 0.059 0.059
10 {100 {100 0 {0.990.01 0.060 0.060 0.060 0.060
10 { 100 | 100 | 0.2 0 0.2 0.056 0.056 0.056 0.056
10 | 100 | 100 | 0.2 0 0.4 0.056 0.056 0.056 0.056
10 | 100 | 100 | 0.2 0 0.6 0.056 0.056 0.056 0.056
10 | 100 | 100 | 0.2 0 0.8 0.056 0.056 0.056 0.056
10100 {100 | 0.2 | 0.2 | 0.2 0.056 0.056 0.056 0.056
101100 {100 0.2 | 0.2 | 04 0.056 0.056 0.056 0.056
101100 }{100] 0.2 | 0.2 | 0.6 0.056 0.056 0.056 0.056
1011001100 | 0.2 | 0.4 | 0.2 0.054 0.054 0.055 0.055
101100 1100} 0.2 | 04 | 04 0.054 0.054 0.054 0.054
101100 {100 | 0.2 | 0.6 | 0.2 0.056 0.056 0.056 0.056
10 { 100 | 100 { 0.2 | 0.79 | 0.01 0.056 0.056 0.056 0.056
10 | 100 | 100 | 0.4 0 0.2 0.056 0.056 0.057 0.057
10 { 100 | 100 | 0.4 0 0.4 0.056 0.056 0.056 0.056
10 | 100 | 100 | 0.4 0 0.6 0.056 0.056 0.056 0.056
10} 100 | 100 | 0.4 | 0.2 | 0.2 0.056 0.056 0.056 0.056
10 {100 {100 | 0.4 | 0.2 | 0.4 0.056 0.056 0.056 0.056
10 {100 | 100 | 0.4 | 0.4 | 0.2 0.056 0.056 0.056 0.056
10 ] 100 { 100 | 0.4 | 0.59 | 0.01 0.055 0.055 0.056 0.055
10 { 100 | 100 | 0.6 0 0.2 0.056 0.056 0.057 0.057
10 | 100 | 100 | 0.6 0 0.4 0.056 0.056 0.056 0.056
10100100 | 0.6 | 0.2 | 0.2 0.056 0.056 0.056 0.056
10 | 100 | 100 | 0.59 | 0.4 | 0.01 0.056 0.056 0.056 0.056
10 {1 100 | 100 | 0.8 0 0.2 0.056 0.056 0.057 0.057
10 {100 | 100 { 0.79 | 0.2 | 0. 0.056 0.056 0.056 0.056
10 {100 {100 {099 | 0 |0.01 0.057 0.057 0.057 0.057
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7.6.3 Comparison of the Simulation Results for Testing y; = --- = p, Us-
ing Satterthwaite’s Approximation Procedure and the GPV Pro-
cedure

When number of levels of the factors in the model is small, & from using Sat-
terthwaite approximation procedure is better than GPV for most of cases. By
increasing the number of levels of random effects, & from using Satterthwaite ap-
proximation procedure is sometimes better than GPV and sometimes & from using
GTV with absolute value in the denominator is better than Satterthwaite approxi-
mation procedure. Increasing the number of levels for factors such that the number
of levels of random effects is larger than the number of levels of the fixed effect, GPV
gives better results for & most of the cases compared to Satterthwaite approximation
procedure. When the number of levels of the factors is large or very large, & from

both procedures are very close to each other.

7.7 Example

The data for this example were obtained from Hocking (1996, Exercise 15.8).
Littel (1987) examined the data shown in Table 7.7.1 from a semiconductor plant
interested in comparing four “modes” (factor A) of a process condition. Other
factors in the experiment were “wafer” with 3 levels (factor B) and “position” with
4 levels (factor C). For this example, “mode” was regarded to be a fixed factor and

“wafer” and “position” were regarded to be random factors. The response variable

is denoted by Y.
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Table 7.7.1 A semiconductor plant data from Hocking (1996)

A/B|C| Y AIB|IC| Y AYB|C| Y

1(1]1}522 2121577 3131|1622
111]2)561 21212623 31312]6.29
1113 }6.11 2123|557 31313563
111]4/6.33 21214159 313 14/6.36
1127116.13 213111643 4111]116.75
112121614 2131|2581 41112697
1123560 21331583 41113 ]6.02
112141591 213)46.12 411]4]6.88
113111549 311|1]5.66 412116.22
11312460 31112625 412]2)6.54
11313149 3113|546 41213612
11314542 31114508 41214661
2111]1]5.78 312]116.53 413111]6.05
2111]216.52 3121|216.50 413126.15
21113590 312(3]6.23 4713|3555
21114567 31241684 41314613

The sums of square and mean squares were computed from the above data were
used for testing simultaneously equality of cell-means corresponding to the levels of

the fixed factor. These summary statistics are as follows.

ss(A) = 3.112, ss(AB) =3.195, ss(AC) =0.809, ss(e) = 2.667,

ms(A) = 1.037, ms(AB) =0.532, ms(AC) = 0.090, ms(e) =0.111.

The GPV computed using Equation (7.13) is 0.222. The GPV computed using
Equation (7.14) is also 0.222 in this case. The decision is not to reject Hy : py =
to = p3 = g at level o = 0.05. Both versions of the Satterthwaite approximation
also yield a P-value equal to 0.222. In particular, the F-ratio is equal to 2.029 and

F-tabulated is equal to 5.125 for both versions of the Satterthwaite approach.
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Chapter 8

SUMMARY

Generalized inference is based on the concepts of generalized pivotal quantity
(GPQ), generalized confidence interval (GCI), generalized test variable (GTV) and
generalized P-value (GPV). These concepts were first introduced by Tsui and Weer-
ahandi (1989) and Weerahandi (1993). Since then, several authors have applied
these concepts to solve various inference problems. Most of the previous studies
were concerned with applications of generalized inference for a single parameter.

In this dissertation, we explored a systematic way for constructing GTV, GPV
and simultaneous GCIs for more than one parameter. Simultaneous GCls were
developed in unbalanced heterogeneous one-way ANOVA and in balanced mixed
linear models. Comparing two non-nested linear models was also considered. The
GTV and GPV were then calculated in unbalanced heterogeneous one-way ANOVA
and in balanced mixed linear models.

In unbalanced heterogeneous one-way ANOVA we dealt with simultaneous GClIs
for all pairwise mean differences (extended Tukey) and simultaneous GClIs for pair-
wise mean comparisons to a control (extended Dunnett). Simulation studies were

conducted to assess the performance of extended Tukey and extended Dunnett and
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to compare the extended Tukey with Dunnett (1980) at different number of groups
with different sample sizes at « level of 0.05. When sample sizes are large, extended
Tukey and extended Dunnett methods work satisfactory.

Systematic procedures were introduced to construct simultaneous GCIs for all
cell-means in balanced two-factor crossed mixed linear model with interaction and
simultaneous GClIs for all pairwise cell-mean differences in balanced three-factor
nested factorial mixed linear model. We carried out simulation studies to examine
the performance of simultaneous GCls. The estimated type-I errors resulted from
simultaneous GCls in balanced three-factor nested factorial model were compared
to estimated type-I errors from SAS analysis at « level of 0.05. The proposed
procedures work well when number of levels of the factors in the model increased
such that number of levels of the random factor is larger than number of levels of
the fixed factor(s).

The GCIs were used to compare two non-nested linear models where the re-
sponse and the predictors have multivariate normal distribution. A simulation study
was carried out to assess the performance of the GCIs using the estimated type-I
errors and the results were compared with Ahlbrandt (1988) at different sample
sizes with « level of 0.01, 0.05 and 0.10. The GCIs performed satisfactory for most
of the cases.

Two problems were solved using GTV and GPV. First problem was testing
equality of all cell-means in unbalanced heterogeneous one-way ANOVA. Simulation

study was conducted to assess the performance of GTV and GPV for different
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number of groups with different sample sizes at « level of 0.05. The proposed
procedure performed satisfactory when sample sizes are large. The second problem
was testing the equality of all cell-means in balanced three-factor crossed mixed
linear model with interactions. A simulation study was carried out to examine
the performance of the proposed procedure and to compare it with Satterthwaite’s
approximate procedure at « level of 0.05. The proposed procedure works satisfactory
when the number of levels of random factors is larger than number of levels of fixed
factors or when the number of levels is large for all factors. We presented an example
for each problem to illustrate the computations.

The methods discussed in this dissertation can be extended to a number of
other problems where exact frequentist solutions are as yet unavailable. This can

be a subject for future works.
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