FORMATION OF ROLL WAVES IN

LAMINAR SHEET FLOW

by

Pierre Y. Julien and David M. Hartley

U

January 1985

Civil Engineering Department
fngineering Research Center
Colorado State University
Fort Collins, Colorado

3

CER84-85PYJ-DMH13




FORMATION OF ROLL WAVES IN

LAMINAR SHEET FLOW

by

Pierre Y. Julien and David M. Hartley

Su

January 1985

Civil Engineering Department
Engineering Research Center
Colorado State University
Fort Collins, Colorado



ACKNOWLEDGMENTS

This study has been completed at the Engineering Research Center at
Colorado State University. The support of a NATO post-doctoral fellow-
ship to the first author provided by the Natural Sciences and Engineer-
ing Research Council of Canada is gratefully acknowledged. The authors
would also like to thank the U.S. Department of Agriculture, Agricul-
tural Research Service for providing additional resources for this

study.

ii



TABLE OF CONTENTS

Section

II.

- III.

Iv.

ACKNOWLEDGMENTS .
LIST OF TABLES .
LIST OF FIGURES .
LIST OF SYMBOLS .

INTRODUCTION

THEORY ON THE STABILITY OF LAMINAR SHEET FLOW .
2.1 Steady uniform laminar sheet flow characteristics
2.2 Critical Froude number and Vedernikov criteria .
2.3 Distance required for the formation of roll waves
2.3.1 Celerity of roll waves
2.3.2 Perturbation analysis e .

ERIMENTAL INVESTIGATION OF ROLL WAVES .
Laboratory equipment and experimental procedure
Data summary .

Data analysis .

3.3.1 Wavelength, perlod and celerlty . .o

3.3.2 Critical distance for the formation of roll
waves

E
3.
3.
3.

L\)Nl—l%

SUMMARY AND CONCLUSIONS .
BIBLIOGRAPHY

APPENDIX I - Derivation of the Coefficients B and vy
for Laminar Sheet Flow . e e e e e

- APPENDIX II - Experimental Data .

iidi

[N W ¥, B SV SV

12
14
14
14
18
22

24

26

33



LIST OF TABLES

Table
1 Data Summary . . . . . . . . . . . . 0. 0w e
LIST OF FIGURES
Figure

1 Dimensionless variables ¢ and ¥ as a function
of Froude number

2 Dimensionless celerity as a function of Froude number .

3 Dimensionless critical distance as a function
of Froude number

iv

17



LIST OF SYMBOLS

Description

cross~sectional area for uniform flow

cross-sectional area for flow with a small perturbation

cross-sectional area for gradually varied flow
channel width for uniform flow

channel width for flow with a small perturbation
channel width for gradually varied flow

wave celerity

velocity of the wave relative to the mean velocity u

Chézy coefficient

empirical constants in Eqs. 29 and 34
Froude number

critical Froude number

gravitational acceleration

uniform flow depth

flow depth for flow with a small perturbation
gradually varied flow depth

friction parameter

wavelength

wetted perimeter

unit discharge

Reynolds number

hydraulic radius

channel slope

friction slope

friction slope for flow with a small perturbation



Symbol

G

s g1 € =1

(=2 ]

Ve

Description

friction slope for gradually varied flow

time

wave period

mean wave period

velocity

mean velocity for uniform flow

mean velocity for flow with a small perturbation
mean velocity for gradually varied flow
Vedernikov number

distance from the water surface

functions of flow variables in Eqs. 22 and 23
momentum correction factor

constant of integration

transformed distance moving with the wave
kinematic viscosity of water

distance downslope

critical distance at which roll waves are formed

functions of the Froude number

vi



I. INTRODUCTION

Sheet flow is classified as '"wide" open channel flow because
channel walls do not affect the flow pattern. Wide open channel flow
exists when the ratio of channel width to flow depth is larger than 10
(Chow, 1959). The hydraulic properties of sheet flows depend on the
relative magnitude of inertia and viscous forces. The ratio of these
two forces defines the Reynolds number, Re. For wide open channels the
Reynolds number is equal to the ratio of the volumetric flow rate (unit
discharge) to the kinematic viscosity of water. Laminar flow conditions
prevail when Re < 500 for smooth surfaces. The corresponding unmit
discharge must be less than about 5 cmz/s for the usual range of water
temperatures. In laminar sheet flows the viscous forces damp the veloc-
ity fluctuations and the motion of fluid particles follow smooth paths.
In turbulent flow (Re > 2000 for smooth surfaces) inertia forces
overcome the friction forces and fluid particles move erratically,
transferring mass and momentum between adjacent flow regions.

Under both laminar and turbulent conditions sheet flows can be
unstable such that an initially small perturbation of the water surface
amplifies with time and with distance downstream until a well-defined
wave pattern is observed. These amplified perturbations are called roll
waves.

Previous treatments of the formation of roll waves in laminar sheet
flows were mainly confined to the definition of necessary conditions for
the occurrence of surface instability. It became apparent with theore-
tical derivation for turbulent flow (Montuori, 1963 and Liggett, 1975)
that conditions based on the Froude number are not sufficient since the

length required for the formation of roll waves is not considered. In



this study, previous theories relating to this distance are modified in
the light of laminar sheet flow characteristics. An experimental study
was conducted in order to verify the results of the theoretical
analysis.

The characteristics of steady, uniform sheet flows are first
described in Chapter II, followed by a theoretical analysis of free
surface instability. Chapter III presents the results of the experi-
mental study performed in the Hydraulics Laboratory of the Engineering

Research Center at Colorado State University.



II. THEORY ON THE STABILITY OF LAMINAR SHEET FLOW

The analysis of the free surface stability of laminar sheet flows
assumes that steady uniform flow conditions exist prior to the occur-
rence of a small perturbation of the water surface. This chapter dis-
cusses the characteristics of laminar, steady uniform sheet flow, and
the criteria which have been used to determine its stability.
Expressions for the length of roll wave formation are derived.

2.1 Steady uniform laminar sheet flow characteristics

The principal variables describing laminar, steady uniform sheet
flows are: the slope S, the flow depth h, the mean velocity ﬁ, the
unit discharge q, the gravitational acceleration g, and the kinematic
viscosity V. Two nonlinear partial differential equations were derived
by Saint-Venant to describe gradually varied unsteady flows. These are
respectively the continuity and the momentum relationships. For steady
uniform sheet flows, the continuity equation can be written as:

q=uh . (1)
The momentum equation reduces to the so-called kinematic wave approxima-
tion for which the bed slope S 1is equal to the friction slope Sf.
The friction slope in the laminar region is defined as follows from the

Darcy-Weisbach equation (in Chow, 1969):

- (kv
S¢ = ( gy ) 2)

::"Ir:n
N .

in which K is the friction coefficient. After combining Eqs. 1 and 2,

the mean velocity and flow depth are:

1/3
2= 8g ) S1/3 q2/3 (3)
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Kv -1/3 1/3
8g q

h = ( (4)

These relationships are valid for uniform or gradually varied
laminar sheet flows only. The distribution of velocity u at a
distance y from the water surface is expressed by the following

relationship (see Chow, 1959):

u = l%§§ (h2_y2) . (5)

This velocity profile decreases parabolically from a maximum of 1.5
times the mean velocity at the free surface to zero at the boundary.

2.2 Critical Froude number and Vedernikov criteria

In deriving a fundamental stability criteria for the water surface,
several approaches were used by different researchers. Early investiga-
tions by Thomas (1939) and Stoker (1957) suggested that the flow is
unstable when S > 4g/C2 in which C is the Chézy coefficient. The fore-
most criterion for instability published in the Russian literature was
derived by Vedernikov (1945,1946). For laminar flows, the Vedernikov
number Ve can be written as:

= -r &
Ve = 2F (1 Rh 8A) (6)

in which Rh is the hydraulic radius; P is the wetted perimeter; and A is
the cross-sectional area. The Froude number F equals the ratio ﬁ/JEE
which represents the ratio of inertia to gravity forces. For an infin-
itely wide channel, the Vedernikov number is equal to twice the Froude
number and the flow becomes unstable when the Froude number exceeds 0.5
(Ve > 1). This critical Froude number was also reported by Robertson

and Rouse (1941) and Powell (1948). Mayer (1961) observed roll waves in



subcritical laminar sheet flows but mistakenly concluded that roll waves
can form only when the slope is larger than 3 percent. Yih (1954,
1963,1977) and Benjamin (1957) solved the problem of stability of sheet
flows down an inclined plane using the Orr-Sommerfeld equation. For

very long waves the flow is unstable when:

Re >

(7)

O\IU1
<]

in which Re is the Reynolds number.

This criterion was also suggested by Taylor and Kennedy (1961). If
Eq. 2 is substituted into Eq. 7 and a K value of 24 corresponding to a
smooth channel is assumed, a critical Froude number. of FC = 0.53
results which is close to the Vedernikov criteria for wide rectangular
channels. Ishihara et al. (1961) also suggested the critial value Fc =
0.577.

Unfortunately, these criteria based on the Froude number ignore the
distance along the channel required for the formation of roll waves.
This factor becomes extremely important for subcritical sheet flows
since previous studies for turbulent flows (Montuori, 1963) demonstrate
that the distance at which the waves are fully developed increases to
infinity as the Froude number approaches the critical value.

2.3 Distance required for the formation of roll waves

When the flow is unstable (Ve > 1) a minor perturbation of the
water surface will induce the formation of small waves. The amplitude
of these waves will increase gradually as they move downstream until a
bore is formed and the wave breaks. The distance travelled between the
point at which the perturbation is initiated and the breaking point of

the wave defines the distance required for the formation of roll waves.



This distance, §C, is determined theoretically from the following
procedure using the celerity of roll waves.

2.3.1 Celerity of roll waves

The total celerity, ¢, of a small gravity wave moving in a fluid

with a uniform velocity distribution along the vertical is:
c =u + 4gh . (8)

In the more general case of a nonuniform vertical velocity
distribution, the celerity can be theoretically derived from the momen-
tum equation. After the momentum correction factor, Bm, is used instead
of an empirical coefficient, the equation for celérity' suggested by

Arsenishvili (1965) becomes:

= a - a - _2
c=d+ec, =P i+gh+B (B -1 )
in which <, is the celerity of the wave relative to the mean velocity
ﬁ; and
h
1 2
ﬁm = f uwdy . (10)
u h o

When ﬁm=1, Eq. 9 reduces to Eq. 8. TFor sheet flows, however, the
momentum correction factor Bm = 1.2 1is obtained from Eqs. 5 and 10.

The ratio of celerities c/Jgh is:

ST J1+p 8 -DF (11)

Equations 9 and 11 are used to compute the celerity of roll waves.

2.3.2 Perturbation analysis

The following perturbation analysis of the shallow water equation
has been used by Liggett (1975) to determine the distance Ec' As
viewed from a fixed coordinate system the constant u + SR defines the

propagation speed of the wave. The flow appears to be steady to an



observer moving downstream with the speed of the wave. 1In the
derivation, the space and time coordinates x and t are replaced by

£ =x and n, defined by:
= (u+ c )t - & (12)

in which £ is the position relative to a fixed observer of a point on
the wave while n defines its position relative to the moving coordi-
nate system. This coordinate transformation allows the conservation of
mass and momentum for a prismatic channel without lateral inflow to be

written as follows (Dracos and Glenne, 1967):

Sh oh ah du
B, (i+c ) BqG + agBg (55E - aqG) ?gﬁ G) =0 (13)
and - ‘
- 8uG 8u Su ah 8h
(U*Co) 50 “z* ) t g (‘E— ~"—) = g(s- SfG) (14)

in which the subscript G designates gradually varied flow variables.
A small perturbation of an initially steady uniform flow is then

considered. The perturbed variables h', u, B' and A' «can be

defined as follows:

2

oh' 1 3"h' 2
h' =h+o7—n+5——n + ... (15)
an 2 302
=gy N+ s o’ N+ .. (16)
an 2 anZ
- 9B' oh' ;
B’-—B“l‘gﬁT—a'ﬁ-—n""... a7)
- 9A' ah’
A' —A+é—h'T“-—8n n+... : (18)

in which the perturbed variables are primed while the uniform flow

variables remain unprimed.



The truncated series are valid for small values of n and the
solution is examined in the neighborhood of n=0.

The perturbed friction slope, S%, can be approximated by
substituting h' and ‘u' for the depth and velocity in Eq. 2. After

considering only the first order terms of the series:

1
oa+ifn
u
st =8 . + ... (19)
£ 1+ % §%~ n)2 '

- 13u' _223h |
Sf =8 + Sn( - an h 5n ) + ... (20)

The perturbed variables of Egqs. 15 through 18 and 20 replace the

gradually varied flow varibles h B., A, and SfG in Eqs. 13 and

G’ lEG’ G’ "G

'14 to describe fluid motion when a small perturbation is imposed. The
terms of equivalent powers of 1 are set equal and after several
elementary algebraic manipulations presented in Appendix I, the shallow

water equations can be combined to give:

52h" v 2 oh'

SEor B (5 ) tys=o0 (21)

?
in which for rectangular channels (B = B' and ggv = 0), the coefficients

B and y are respectively:

_ 3g
B— 2 - (22)
¢ “+2uc +gh
o o
2
2¢c F
y=80- ") |—>1— (23)
u u 2+ :3 s U >
u c F
o

The derivation presented in Appendix I improves the one given by

Liggett (1975) since the wave celerity defined by Eq. 9 is not



restricted to the relationship c, = JQB. The coefficients B and y are
a function of the variables S, ﬁ, . h, F and g and Eqs. 22 and 23
reduce to the coefficients ?roposed by Liggett for the particular case
when c, = Jgﬁ.
The solution of Eq. 21 is:
oh' _ £

an ~ Be , V& (24
Y

in which £ is a constant of integration along the longitudinal distance
£. The critical distance §C at which the wave breaks is assumed to occur
when the water surface is vertical. Mathematically, this condition is

obtained when the denominator of Eq. 24 is set equal to zero, or when:

==4n(- t ¢ . 2
gc Y n( Y ) (25)
After combining Egs. 22, 23 and 25, the distance §c can be written

as follows:

_h 5 |
£, =3 {(¥[o + GG (26)
, F2 <, -
in which, ¥ = |——S— [(2 + 2+ 2= ) (27)
‘ 2c F u c F
: (o]
= -1
u
and,
cin <,
¢ = £n (2 5 -—) . (28)
u u

From Eq. 10, co/ﬁ can be written as a function of the Froude number
for a given value of ﬁm; Taking Bm = 1.2 for laminar sheet flows, the
variables ¥ and ¢ from Eqs. 27 and 28 are dimensionless and unique
functions of the Froude number as plotted in Fig. 1. For supércritical

flows, ¥ has a nearly constant value of 2.0 while ¢ increases
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Fig. 1. Dimensionless variables ¢ and ¥ as a function of Froude number.



11

gradually with the Froude number. It can also be demonstrated that over
a fairly wide range of slopes the expression ln(gg) will be substan-
tially constant. If ¢ is small compared to 1n(§g then the

following approximate relationship for £C can be written:

~n h
§C=D-S~‘ (29)

in which D is equivalent to the factér in braces in Eq. 26 and is
approximately constant. Equations 25 and 29 represent alternate expres-
sions for evaluating gc, the latter expression being a simplified
expression of the former for supercritical flows. The ability of
Eqs. 25 and 29 to predict the distance Ec is evaluated with laboratory

data described in the following section.
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I1I. EXPERIMENTAL INVESTIGATION OF ROLL WAVES

Laboratory experiments were conducted in the Hydraulics Laboratory
at the Engineering Research Center. The experiments determined laminar
flow conditions which produced roll waves. Measured roll wave charac-
teristics included the length required for their formation, wave
frequency and wave celerity.

3.1 Laboratory Equipment and Experimental Procedure

A 0.21 m wide by 9.75 m long, rectangular flume constructed of
plexiglass and supported by an aluminum I-beam was utilized for the
experimental runs. A pump circulated water from a tailbox to the head
end of the flume. The slope of the flume was adjusted with a screw
jack. Discharge was controlled by a valve located on the discharge side
of the pump. The range of flow conditions investigated were as follows:

3 to 5.5x10-4 mzlsec

Unit Discharge 6.5x10°

Channel Slope 1.5 to 4.0 percent

Water Temperature 20.0 to 24.0°C
Discharge was obtained using the volumetric method in which time and‘
water volumes were measured with a stopwatch and a graduated cylinder.
Channel slope was set using the screw jack and a slope scale which had
been calibrated with a surveyor's level. Water temperature was measured
using an electronic digital thermometer. Reynolds numbers were calcu-
1a£ed using the unit discharge’and the viscosity obtained from water
temperature. The theoretical value of the friction parameter, K, was
verified by measuring the surface velocity, ug, qf small buoyant
particles (styrofoam and paper) under steady uniform sheet flow condi-

tions. The friction factor, K, was calculated from measured u values

using Eqs. 5 and 4:
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. | - (30)

An average value of K = 25.7 was determined from the surface velocity
measurements in the experimental flume. This result was considefed
sufficiently close to the theoretical value of K = 24 to justify its
use in calcnlating the uniform flow depth, h, and the mean velocity, ﬁ,
from Eqs. 3 and 4.

For each of the 31 main experimental runs the flow conditions were
given sufficient time to reach equilibrium before discharge measurements
were made. Roll waves were noted by visual inspection when é well-
defined breaking wave front could be observed across the entire width of
the flume. The lenéth §c, for roll wave formation was estimated with
the aid of reference marks at 0.61 m (2 ft) intervals along the trans-
parent side walls of the flume. Consecutive reference marks which
bounded the point where roll waves could first be observed wére noted.
The distance from the upstream end of the flume to the midpoin£ befween
the two noted reference marks was used to define the distance for roll
wave formation gc.

In addition to the formation length, roll wave period (frequency)
and celerity were also measured. Wave period was determined by counting
the number of flow surges over a given amount of time at the downstream
end of the flume. Wave celerity was determined by timing the progress
of 5 or more wave crests over a known distance and averaging the
results. |

All the data collected in this experimental investigation are
presented in Appendix II. The main data base is composed of the first
31 experimental runs while the additional data (runs 32-57) were

collected during a preliminary investigation.
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3.2 Data Summary

A summary of the experimental data is presented in Table 1. The
first 5 columns read as follows: slope, flow Reynolds number, wave
celerity, wave period, and distance for roll wave formation. Wave
celerity and period values represent the average of several measurements
for each rum. InkTable 1, the parameters in columns 6 to 15 are calcu-
lated from columns 1 to 5 and will be discussed in the following section
dealing with the analysis of experimental data.

3.3 Data analysis

The velogity, flow depth and Froude number were- computed from the
measured slope and Reynolds number using Eqs. 2, 3 and 4. These three
variables are shown in Table 1 in columns 6, 7 and 8. The first part of
this analysis of experimental data is focused on the evaluation of the
wavelength, period and celerity.

3.3.1 Wavelquth, period and celerity

In this section three important characteristics of roll waves are
discussed: the wavelength, the period and the wave celerity. The wave-
length can be evaluated from the wave celerity and the period. The
observed values of the ratio C/JEH. have been plotted against the
Froude number on Fig. 2a. The agreement with the theoretical relation-
ship (Eq. 11 with ﬁm = 1.2) is exceilent. Equation 11 can also be

written as the ratio of the wave celerity to the mean flow velocity u.

c1im

_ 1
=8, +/—F-§ +B (B -1) . (31)

For unstable flows (F>0.5), the ratio c/u calculated from Eq. 31

(ﬂm = 1.2) decreases from 3.26 to a minimum of 1.69 as shown in Fig. 2b.



Table 1. Data Summary

- B 8SE
Run S Re ¢ T £ u h F b :‘1 Y€ e — D E
: m/s s h m/s mm m m ¢ u mm
(1) 20 3 @ 6 (6) (7 @ 9 Qo) (11) (12) (13) (14) (15)

.91

1 0.040 335 0.46 1.33 0 0.24 1.37 2.11 176 -15.4 -14.0 -16.5 6.03 26.6 1.80
2 0.040 400 0.50 1.61 0.91 0.27 1.43 2.31 154 -14.2 -12.9 -15.3 4.74 25.4 1.71
3 0.040 500 0.57 1.96 0.91 0.32 1.55 2.58 124 =-12.1 -11.0 ~-13.3 3.53 23.5 1.59
4 0.035 68 0.22 1.27 2.74 0.08 0.8 0.89 588 -21.3 -58.3 -61.3 147.30 - -
5 0.035 95 0.26 1.28 1.52 0.10 0.94 1.05 441 -20.8 =-31.7 -34.7 51.20 56.6 3.81
6 0.035 141 0.34 1.45 1.52 0.13 1.07 1.28 270 -21.8 -33.2 -35.7 30.50 49.7 3.35
7 0.035 188 0.34 1.32 2.13 0.16 1.19 1.48 289 -14.9 -31.8 -34.7 28.70 62.6 4.26
8§ 0.035 265 0.42 1.37 2.13 0.20 1.31 1.76 197 =-14.7 -31.3 -33.9 18.40 56.9 3.81
9 0.035 380 0.43 1.19 2.74 0.26 1.49 2.11 222 -8.2 =22.4 =-25.7 14.40 64.4 4.33
10 0.030 90 0.24 1.35 2.13 0.09 0.98 0.95 503 -16.8 -35.9 -39.3 72.70 - -
11 0.030 122 0.25 1.43 2.13 0.11 1.07 1.10 487 =-12.9 -27.5 =-31.1 49.60 59.7 4.02
12 0.030 200 0.36 1.47 2.74 0.16 1.25 1.41 252 -12.5 -34.2 -37.2 33.10 65.8 4.36
13 0.030 260 0.41 1.25 2.13 0.19 1.37 1.61 202 ~-11.7 -24.9 ~-27.7 23.10 46.6 3.99
14 0.030 340 0.42 1.37 2.13 0.22 1.49 1.84 207 =-9.7 -20.6 ~-23.7 16.30 42.9 3.66
15 0.030 460 0.48 1.35 1.52 0.28 1.68 2.15 174 -7.0 -10.6 -13.8 5.90 27.1 1.83
16 0.030 550 - - 1.52 0.31 1.77 2.35 - - - - 4.68 25.8 1.74

Gl



Table 1. (Continued)
. - 8 y 8S€_
un S Re c T £, u h F 1 5 Y€, e — D E
m/s s n m/s mm m m u mm
1)y 2 3G & ) 6) (@ @) ) (o) (11) (12) (13) (14) (15)
17 0.025 65 - - 7.62 0.07 0.91 0.74 - - - - 380.00 - -
18 0.025 71 - - 7.62 0.07 0.94 0.77 - - - - 340.00 - -
19 0.025 85 0.22 1.52 3.35 0.08 1.01 0.84 576 12.9 -41.4 -45.2 118.00 - -
20 0.025 104 0.24 1.52 3.35 0.10 1.07 0.93 497 -8.3 -27.6 -31.7 91.00 - -
21 0.025 130 0.33 1.54 2.74 0.11 1.16 1.04 272 15.1 =-41.4 -44.3 54.70 59.1 3.96
22 0.025 200 0.34 1.61 2.74 0.15 1.34 1.29 276 -9.4 =-25.7 -29.3 30.70 51.1 3.44
23 0.025 246 0.38 1.75 2.13 0.17 1.43 1.43 227 -9.5 -20.2 -23.3 18.20 37.2 2.50
24 0.025 320 0.44 1.52 1.52 0.20 1.55 1.63 175 -9.4 -14.3 -17.2 9.20 24.5 1.62
25 0.025 420 0.47 1.19 0.91 0.24 1.71 1.87 164 -7.5 -6.8 -9.9 3.83 13.3 0.88
26 0.025 530 0.50 1.15 1.52 0.28 1.86 2.10 155 -6.0 -9.2 -12.4 4.65 20.4 1.37
27 0.015 140 0.26 1.72 2.74 0.10 1.40 0.84 410 -4.1 -11.3 -15.9 41.60 - -
28 0.015 173 0.27 1.33 2.13 0.11 1.52 0.93 393 -4.3 -9.2 =-13.7 24.30 - -
29 0.015 260 0.33 1.43 2.13 0.15 1.74 1.14 284 -3.6 -7.7 -12.0 14.20 18.4 1.25
30 0.015 320 0.40 1.23 2.13 0.17 1.86 1.26 197 4.4 -9.4 -13.2 10.80 17.2 1.16
31 0.015 450 0.43 1.08 1.52 0.21 2.07 1.50 183 -3.6 -5.4 -9.4 5.90 11.0 0.88
Mean 1.41 -22.5 -=25.7 38.5 2.67
Standard Deviation 0.20 13.1 13.0 18.5 1.28

91
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Fig. 2. Dimensionless celerity as a function of Froude number.
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The measured wave periods T shown in Table 1 (column 4) were fairly
constant with a mean value of T = 1.41 seconds and a standard
deviation of 0.20 seconds.

The wavelength L can be approximated by taking the product of the
celerity ¢ and the mean wave period. The fbllowing relationship for

the wavelength is obtained from Eq. 8 with ﬁm = 1.2 and T = 1.41:

L,

R

cT = 1.69 u + 1.41 J%h +0.24 02 (32)
The wavelength can also be written in the following dimensionless
form, L/uT. It is easily demonstrated from Eq. 31 with Bm = 1.2 that

the dimensionless wavelength varies with the Froude number as follows:

=1.20 + 15 +0.24 (33)
F

5 |

This equation is more general than Eq. 32 since it depends on the

wave period T as opposed to the mean value T = 1.41 s used in Eq. 32.

3.3.2 Critical distance for the formation of roll waves

In Section 2.3.2, two equations were theoretically derived to
define the criticai distance gc. Prediction of gc ’from Eq. 25
requires evaluation of the parameter, &, while Eq. 29, valid omnly for
supercritical flows, requires the evaluation of the parameter D. 1In
this section, both relationships are examined in the light of experi-
mental data for laminar sheet flows.

In Eq. 25, the distance §C is a function of B, Yy, and €. The
parameters B and Y are computed from Eq. 22 and 23 and presented in
Columns 9 and 10 in Table 1. The values of £n &€ calculated from
-Eq. 25 using measured values of §C are presented in Column 12,

Table 1. The values of £n & range from -61 to -9.4 with a mean value
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of -25.7. As suggested by Montuori (1963) and Liggett (1975), the
values of 2n(:%§) or ch were computed as shown in Table 1 (Col. 11).

Measured values of §c were converted to the dimensionless
parameter gSﬁc/ﬁz in column 13 of Table 1 and plotted against the
Froude number in Fig. 3. This figure clearly defines a region where
roll waves were observed (£ > -35/y) and a region where roll waves
were not completely developed (£ < -5/y). Between these limits exists a
zone of uncertainty defined by -35/y < £C < =5/y. This figure can be
used to estimate the distance for the formation of roll waves from the
parameter Y. The evaluation of Yy from Eq. 23 is possible provided
the variables §, ﬁ, <, and F are known.

If the flow is supercritical, the evaluation of gc from Eq. 29
involves only the flow depth, slope and the coefficient D. It was
demonstrated in Section 2.3.2 that D is substantially constant if ¢
is small compared to 1n(S/3¢). This condition is satisfied for the
range of data in this experimental study. The values of D tabulated
in column 14 (Table 1) were computed from the experimental values of
§C, S and h using Eq. 29. The mean value for D is 38.5 with a stan-
dard deviation equal to 18.5. Equation 29 is therefore recommended to
estimate §c for supercritical flows, when depth and slope are known.

The flow depth in Eq. 29 can also be replaced by a function of the

slope and the Reynolds number from Eq. 4:

~ Re
. ZE 4/3 ' (34)

KV2 1/3
in which, E = D(—ﬁg) . (35)
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These relationships indicate that for the séme slope and Reynolds
number, the constant E, and therefore the critical distance, §c,
increases with increasing viscosity and surface roughness, K. The
parameter E, has dimensions of length. Values of E from the
experiments are tabulated in column 15 of Table 1. This parameter has a
mean value of 2.67 mm and a coefficient of variation of 48 percent.
Equation 34 is recommended for supercritical laminar sheet flows over
smooth surfaces. It should be noted that the mean values of the coeffi-
cients, D = 38.5 and E = 2.67 mm, apply to the range of conditions used
in this experimental study. These values may not be applicable beyond

this range.
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Fig. 3. Dimensionless critical distance as a function of Froude number.
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IV. SUMMARY AND CONCLUSIONS

The formation of roll waves in laminar sheet flows is examined
using a theoretical analysis supported by experimental data. Previous
investigations indicate that roll waves are theoretically possible in
laminar sheet flows at Froude numbers as low as 0.50. The existence of
roll waves at Froude numbers near the lower limit is difficult to verify
experimentally because of the extreme channel lengths required. How-
ever, in this study, roll waves were observed in laminar, subcritical
flow at a Froude number as low as 0.74.

The parabolic velocity distribution in laminar sheet flows implies
that the momentum correction factor is larger than unity (Bm = 1.2).
Since the celerity of roll waves depends on the momentum correction
factor, the relatiomnship c = u + gh suggested in previous studies is
not applicable to laminar sheet flows. The recommended relationship for
¢ uses the momentum correction factor, Bm’ instead of an empirical
coefficient proposed by Arsenishvili. The proposed relationship reduces
to ¢, = JEF when Bm = 1 and is in good agreement with the measured
celerities of roll waves when Bm = 1.2 as shown in Fig. 2. The measured
periods of roll waves remained fairly constant in the experimental study
at T = 1.41 second. The wavelength is shown to vary between 1.69 uT < L
< 3.26 uT.

The linearized derivation by Liggett (1975) of the length, gc,
required for the formation of roll waves has been modified because
experimental evidence demonstrates that the assqmption c, = JEH does not
hold true for laminar sheet flows. The modified derivation gives more
general expressions for the coefficients B and y which reduce to those

proposed by Liggett when Bm = 1. The results indicate that the length
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§C is a function of several flow variables and a constant of integration
£ which could be calculated from experiments. Though the parameter
2n € varies from -61 to -9.4, the dimensionless distance shown in Fig.
3 displays a relationship to the Froude number similar to the one found
by Montuori (1963) for turbulent flows. These results show that in
laminar flows, the distance Ec’ is inversely proportional to y. For
supercritical flows, §C is proportional to the ratio of flow depth and
slope. ’Alternatively, an equivalent function of Reynolds number and

slope may be used.
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APPENDIX I

Derivation of the Coefficients B and Yy

for Laminar Sheet Flow
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A. Coordinate Transformation of the Equations of Continuity and
Momentum

The equations of continuity and momentum for shallow flow in a

prismatic channel (Liggett, 1975a) are given by:

oh 5h Su
G G G _
B 5t * U 5% * Ao 5k 1.1
and
du u.9u 9h
¢ . %%% G _ i
5t Tox T 83x - 8(5- Sg) (1.2)

in which x is the downslope distance and the subscript G designates

gradually varied flow. We now define an alternative set of coordinates:

£ =x (1.3)

=
it

(u + co)t - X (1.4)

in which u is the uniform flow velocity.

The variable, £, represents the distance between the origin of the
fixed coordinate system and one point moving with characteristic speed,
(u + co). The variable, n, defines position in the moving coordinate
system.

Differential operators given by the chain rule are:

9 _9 93 .93

9x ~ 9x dE T e an ’ (1.5)
and

9 _2323 o3

3t ~ ot 9E T Bt an (1.6)
From 1.3 and 1.4:

98 _ (1.7)

ox
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an _
i = -1 (1.8)
g% = (u + c,) (1.9)
98 _
5% -0 (1.10)

Substituting 1.7 and 1.8 into 1.5, and 1.9 and 1.10 into 1.6 results in:

3 _3 _9
3% - 9 " o (1.11)
3 _ - ) |

Equations 1.8 and 1.11 show that despite the dependence of n and 3
evident in Eq. 14, 9n/8¢ = 0 in the transformed coordinate system.

Using 1.11 and 1.12, 1.1 and 1.2 are ttansformed into:

- dh, _ (3h, 3h du, dug
BG(U + CO) 'a'n—' + uGBG 52— - "a—ﬁ-“ + AG é? - ‘a‘ﬁ— =0 (1.13)
and

) du,  _ (aﬁG du, dh, 3hg
G e+ il - ) + oo - ) = 5C s (10

in which & and n are the new independent variables. Note that
Eqs. 1.13 and 1.14 are identical to Eqs. 13 and 14 in the text.

B. Perturbation Analysis of the Transformed Equations of Cbntinuity
and Momentum

Given a small perturbation, the flow variables hG’ GG’ BG and AG
in Eqs. 13 and 14 (1.13 and 1.14) are replaced by the perturbed vari-
ables, h', ﬁ'; B' and A' as defined in Eqs. 15 through 18. For the
sake of convenience,-thé partial derivatives of the perturbed variables
are written using the following notation:

& = oh'

h* = .é_ﬁ.. (1.15)
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o = 207
h 3N (1.16)
-, _ du'
o= =
u an (1.17)
2=,
T = Q.g_ (1.18)
an
+ _ 9B’
B' = 5y (1.19)
_aa
B = Sh (1.20)

Using Eqs. 1.15 through 1.20, and Eqs. 15 through 18, and 20 in the
text, first order approximations for variables in the perturbed continu-

ity and momentum equations can be written as follows:

u' = u+ ukn (1.21)
B' = B + B'hin (1.23)
A' = A + Bh*n (1.24)
e L3
s; = s[1+ (& - 2% (1.25)
f - h
u
35 ~ RN
5ﬁ 2 u* + 2u n (1.26)
oh'
e~ hY o
= h* + 2h¥**n (1.27)
dh' _ dh*
53— = 55* n (1.28)
du' _ du¥
55— = ag n (1.29)

Assuming a perturbation, the continuity and momentum equations are given

by:
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- dh' _ -,n. k' _ 8h' cu' _du'y
B'(u + Co) 55— + u'B (&—- an ) + A (52— an ) =0 (1.30)
and

Gre Poad@ -2+ 5@ - M) pys-5)

Note that the mean velocity in the term (ﬁ + co) remains unaffected by
the perturbation because this term represents the characteristic speed
which is assumed to be constant.

Substiﬁuting the right hand sides of Eqs. 1.21 through 1.29 into
Eqs. 1.30 and 1.31, dropping second order and higher terms and simplify-

ing results in:

. + .2 - oh*
3 Xy ~
c [B(b* + 2h**n) + B'h*"n] + uB —523

- ok | - -
- 2Buth¥n + A(ngﬂ - Gk - 20N) = 0 (1.32)

=% 4 om - Qutn _ =2 3h* y
co(u" + 2u®¥*n) + u —%Eﬂ - u¥’n + g( - h* - 2h*¥*p)

- s g - 2%, (1.33)
u

As n approaches zero, zero and first order terms in n on the
left hand sides of Eqs. 1.32 and 1.33 can each independently be set

equal to the respective right hand sides and rearranged to yield
Bc h¥ = Auk (1.34)

Co r X gha (1.35)

2Bc pik + Btc h*z + Ba Q%_

-2Bu*h® + A(g%i - 20%%) = 0 (1.36)
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After assuming a rectangular channel (B+ = 0 and A = Bh),

Eq. 1.36 is divided by Bco and Eq. 1.37 by g to yield respectively:

2h%% w dh* _ wrh* _h o duk _ -, .
T Y4 2 te ( dE 2uk) =0 (1.38)
o ) o
and,
@ -- = - ,
o) u*u* _ u du*  dh¥* u*  2h*
2 - + ~ + -2h** + §(— - =—) 20 . (1.39
3 8 g 3¢ 3t (ﬁ h) Sk
Adding Eqs. 1.38 and 1.39 cancels the term h** as follows:
dh* u du* ~u _h 2u* whuk
1+ —) + - +=) - * -
3t ( co) )3 ( g co) c g
- 2 o %*
+ ook (=2 - 2Ry, gt 2hE L (1.40)
g <, 5 h

Equation 1.35 is solved for u* and differentiated with respect to

n to obtain an expression for u** as follows:

uk %93 (1.41)
o]

e o~ 8 dh*

unw = Co an (1.42)

The right hand sides of Egs. 1.41 and 1.42 are substituted into

Eq. 1.40 to yield:
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2
R 2c F
oh  + 2u EE_) 38  pape 4 D788 a-—2
32 2 2 -
o ¢ <, uc u
" (2 - 28 = g (1.43)
n c 2
o

Assuming that the partial derivatives in the first and last terms
of Eq. 1.43 are of similar magnitude while noting that the coefficient
of the last derivative is always much smaller than the first, the last

term is dropped to give:

2
& = 2c F
Oh* 4 2u  ghy 38 e85 (13- ° _y=2o (1.44)
52* c 2 2 -
o ¢C c uc u
0 o o
This equation is in the form:
St~ - B BAF ¥ yht = 0 (1.45)
B = 5 3§ (1.46)
¢ “ +2uc_+ gh
0 o
S 2coF2 <,
y=58 0 - —2-)(5—= ) . (1.47)
u u co+2cou+gh

These two relationships for f and Yy reduce to those found by

Liggett (1975) for the particular case where ¢, = Jgh.
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APPENDIX II

Experimental Data
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Water Unit Roll Wave 3 4
Date Run Slope Temp. Discharge Formation ATC ATP
o
¢ cmz/sec m sec sec
10/19/84 1 0.040 20.0 3.33 0.61 Nol 3.2 27.0
1.22 Yes? 3.4 25.0
3.2 28.0
3.3
3.3
10/19/84 2 0.040 20.0 3.97 0.61 No 3.0 31.8
1.22 Yes 3.0 31.4
3.2 33.6
3.0
3.0
10/19/84 3 0.040 20.0 4.97 0.61 No 2.6 40.6
1.22 Yes 3.0 42 .4
2.6 35.8
2.8
2.6
2.8
2.8
2.8
2.9
2.4
3.0
2.9
10/19/84 4 0.035 20.0 0.68 2.44 No 7.0 25.2
3.05 Yes 6.8 25.2
7.4 23.6
7.2 26.8
6.9
10/19/84 5 0.035 20.0 0.94 1.83 No 5.6 25.6
2.44 Yes 6.6 24.6
5.6 26.6
6.6
5.4
10/19/84 6 0.035 20.0 1.40 1.22 No 4.4 28.2
1.83 Yes 4.2 32.0
5.0 26.2
4.2
4.5
10/19/84 7 0.035 20.0 1.87 1.83 No 4.6 25.0
2.44 Yes 4.2 27.8
4.4
4.6
4.6

INo roll waves observed at this length.
2Rol1 waves observed at this length.

3Time interval for wave crest to travel 1.52 m.
“Time interval for 20 wave crests to pass a fixed point.
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Water Unit Roll Wave 3 4
Date Run Slope Temp. Discharge Formation ATC A&P
[+]
c cmzlsec m sec sec
10/19/84 8 0.035 20.0 2.63 1.83 No 3.5 28.4
2.44 Yes 3.1 27.8
3.8 26.0
4.0
3.8
10/19/84 9 0.035 20.0 3.77 2.44 No 4.0 22.6
3.05 Yes 3.3 25.1
3.3 24.0
3.5
3.6
3.8
10/18/84 10 0.030 20.0 0.89 1.83 No 6.2 27.4
2.4 Yes 6.4 25.4
6.5 28.0
6.4
6.4
10/18/84 11 0.030 20.0 1.21 2.44 No 6.2 35.2
3.05 Yes 5.6 25.4
6.6 25.8
6.4 26.6
6.2 30.0
10/18/84 12 0.030 2.0 1.99 2.44 No 4.0 29.0
‘ 3.05 Yes 4.5 30.2
4.0 29.0
4.6
4.1
10/18/84 13 0.030 20.0 2.58 2.44 No 3.7 25.2
3.05 Yes 3.5 24.4
3.8 25.6
4.0
3.5
10/18/84 14 0.030 20.0 3.37 2.44 " No 3.8 28.0
3.05 Yes 3.8 26.6
3.6 28.0
3.6
3.4
10/18/84 15 0.030 20.0 4.57 - 1.22 No 3.2 27.4
1.83 Yes 3.2 28.0
3.4 25.2
3.0
3.1
10/18/84 16 0.030 20.0 5.46 1.22 No - -
1.83 Yes
10/18/84 17 0.025 20.0 0.65 7.32 No - -
: 7.93 Yes
10/18/84 18 0.025 20.0 0.71 7.32 No
7.92 Yes
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Water Unit Roll Wave

Date Run Slope Temp. Discharge Formation ATC3 A.Tp4
°c cmz/sec m sec sec
10/18/84 19 0.025 20.0 0.84 3.05 No 6.8 31.2
3.66 Yes 6.8 29.2
7.0 29.8
6.8
7.2
10/18/84 20 0.025 20.0 1.03 3.05 No 6.4 30.6
3.66 Yes 6.4 28.6
6.2 28.4
6.2 34.2
6.2 30.0
10/19/84 21 0.025 20.0 1.29 2.44 No 4.8 32.0
3.05 Yes 4.6 32.4
4.2 27.6
5.0 31.6
4.6
10/19/84 22 0.025 20.0 1.99 2.44 No 4.8 34.4
3.05 Yes 4.4 31.0
4.4 31.4
4.6
4.4
10/19/84 23 0.025 20.0 2.44 1.83 No 3.8 34.4
2.44 Yes 4.0 36.0
4.2 34.6
4.0
4.0
10/19/84 24 0.025 20.0 3.17 1.22 No 3.7 30.0
1.83 Yes 3.0 28.8
3.4 31.7
3.6 30.4
3.6
3.6
10/19/84 25 0.025 20.0 4.17 0.61 No 3.2 24.2
1.22 Yes 3.8 23.4
3.0 23.6
3.0
2.8
2.8
3.4
3.4
3.0
3.4
3.4
3.4
10/19/84 26 0.025 20.0 5.26 1.22 No 3.0 23.0
1.83 Yes 3.0 23.0
3.0 22.6
3.2
3.0
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Water Unit Roll Wave 3 4
Date Run Slope Temp. Discharge Formation ATC AIP
[+]
¢ cmz/sec m sec sec
10/19/84 27 0.015 20.0 1.39 2.44 No 5.2 36.4
3.05 Yes 6.2 29.8
5.6 36.4
6.0
6.0
6.0
10/19/84 28 0.015 20.0 1.72 1.83 No 5.6 27.6
2.44 Yes 5.8 26.4
5.4 21.8
5.6 31.2
5.6
10/19/84 29 0.015 20.0 2.58 1.83 No 4.4 28.6
2.44 Yes 4.6 29.0
5.0 28.6
4.4
4.8
4.8
10/19/84 30 0.015 20.0 3.18 1.83 No 4.0 25.4
2.44 Yes 3.8 25.0
3.8 23.0
3.8
3.8
10/19/84 31 0.015 20.0 4.47 1.22 No 3.8 20.2
1.83 Yes 3.4 22.2
3.4 22.2
3.4
3.6
10/09/84 32 0.040 22.8 0.36 - No - -
10/09/84 33 0.040 22.8 0.59 - Yes - -
10/09/84 34 0.040 22.8 0.72 - Yes - -
10/09/84 35 0.040 22.8 0.89 - Yes - -
10/09/84 36 0.040 22.8 1.17 - Yes - -
10/09/84 37 0.040 22.8 1.79 - Yes - -
10/09/84 38 0.040 22.8 2.45 - Yes - -
10/09/84 39 0.040 22.8 3.21 - Yes - -
10/09/84 40 0.040 22.8 4.21 - Yes - -
10/09/84 41 0.040 22.8 5.58 - No - -
10/09/84 42 0.020 22.8 0.39 - No - -
10/09/84 43 0.020 22.8 0.95 - Yes - -
10/09/84 44 0.020 22.8 1.26 - Yes - -
10/09/84 45 0.020 22.8 1.89 - Yes - -
10/09/84 46 0.020 22.8 2.11 - Yes - -
10/09/84 47 0.020 22.8 2.74 - Yes - -
*Measurement not taken. For runs 32-57, "Yes" indicates presence of

roll waves before end of flume.
along entire length of flume.

"No" indicates absence of roll waves
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Water Unit Roll Wave 3

Date Run Slope Tgmp. Discharge Formation ATC ATP

¢ cmz/sec m sec sec
10/09/84 48 0.020 22.8 3.84 - Yes - -
10/09/84 49 0.020 22.8 5.26 - Yes - -
10/09/84 50 0.010 22.8 0.41 - No - -
10/09/84 51 0.010 22.8 0.55 - No - -
10/09/84 52 0.010 22.8 1.25 - No - -
10/09/84 53 0.010 22.8 1.36 - No - -
10/09/84 54 0.010 22.8 2.69 - No - -
10/09/84 55 0.010 22.8 3.15 - No - -
10/09/84 56 0.010 22.8 4.21 - Yes - -
10/09/84 57 0.010 22.8 4.89 - Yes - -
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