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ABSTRACT

"STRESSES NEAR A CIRCULAR
CRACK IN A HALF SPACE"

Solutions are presented for a circular crack embedded in a
semi-infinite solid and for a part circular crack in the surface of a
semi-infinite solid. The stresses in the neighborhood of the crack
were found by a superposition and iteration technique. Recurrence
relationships and series solutions for some integrals involving
Bessel functions were derived to facilitate the computations. A
computer program was written to compute the stresses and stress
intensity factor for two types of normal loading and for several crack

geometries.
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INTRODUCTION

The problem of structural failure by catastrophic crack
propagation at the average stress well below the yield strength
has been known for many years. The crack propagation can be a
result of mechanical or thermal loading. When an elastic body
which contains a crack is stressed, redistribution of stresses will
occur which in turn causes high stresses near the crack tip and as
a result a plastic zone at the crack tip. These elevated stresses
are the actual cause of crack propagation.

Although the étate of stress in the plastic zone cannot be
determined by elastic analysis, the elastic stresses on these regions
can be .used as a measure or an indicator of the stresses or strains
within the plastic zone. In fracture mechanics it is customary
to identify the elastic stress or strain at the crack border by the
stress intensity factor. This factor which can be calculated
theoretically and measured experimentally, then can be used as
a means to predict the load at which unstable crack propagation
will occur.

In recent years a great amount of experimental and theoretical

work has been done to evaluate the stress intensity factor and the



criterion at which failure occurs. Most of the theoretical work has
so far been focused on two dimensional aspects of crack analysis.
Relatively few three-dimensional crack problems have been solved.

In 1945 Sneddon (l)* formulated the distribution of stress in
the neighborhood of a circular crack in an elastic solid when the
crack surface is subjected to a constant normal pressure. Since
1945 solutions for several problems involving the circular crack in
an infinite solid have been presented. Various types of mechanical
loading and displacement on the crack surface have been considered
by authors including Keer (2), Collins (3), Westman (4), Muki (5)
and others.

In 1960 Green and Sneddon (6) solved the problem of a flat
elliptical crack in an infinite solid. More recent work on the
embedded elliptical crack includes that of Kassir and Sih (7) who
solved the problem for prescribed shear on the crack surface and
later solved it for a linearly varying normal pressure on crack
surface (8). The solution for linearly varying loads and a technique
for solving problems with quadratic and higher order loading was
presented by Segedin (9). The problems of an embedded hyperbola
and an embedded parabola were recently solved by Shah (10).

The work cited above is all restricted to cracks in infinite
solids subjected to various types of loading conditions. Only limited

work has been done on three-dimensional solution of cracks in finite

* Numbers in parenthesis refer to references at the end of this thesis.



solids. In 1962 Irwin (11) using the result obtained by Green and
Sneddon, estimated the stress intensity factor for a part through
elliptical crack in a flat plate. In 1965 Smith (12) solved the semi-
circular edge crack problem when the crack surface is loaded

with any kind of mechanical or thermal loading symmetrical with
respect to the plane of the crack. In this solution, Smith first
found a solution for a circular crack embedded in an elastic solid
subjected to a prescribed load. He then introduced a plane normal
to the crack surface through the center of the crack. The resulting
normal stresses on this plane were then found. To make the plane
free of stresses, the normal stresses were removed by applying
the opposite stresses which in turn cause stresses on the crack
surface. Using the circular crack solution, the stresses from the
crack surfaces were again removed. This procedure was repeated
until the crack surface and free plane were stress free.

It is the purpose of this thesis to solve the problem of a
circular crack embedded in a semi-infinite solid as well as part
through circular edge cracks. The stress intensity factors will
then be determined for several geometrics as shown in Figures
1 and 2. These geometries represent the common flaw shapes in
service failures, therefore the evaluation of the stress intensity

factor for these geometries is of major practical importance.



The procedure that was used to solve the present problem
is the same as that used by Smith (12). This problem is more com-
plex however in that shears as well as normal stresses must be
removed from the plane during the iteration procedure. Chapter
one describes the problem in detail as well as the method of solution.
Chapter two describes the circular crack solution as used in this
work. Chapter three discusses the normal stress and shear solutions
for a half space which are required for the iteration procedure

described above. Chapter four presents the results of this work.



CHAPTER I
THE PROBLEM

Consider an embedded or a part through circular crack as
shown in Figures 1 and 2. The crack surfaces which are located on
the plane z =0, af;q opened due to application of a system of
mechanical or thermal loading. The problem is to determine the
distribution of stresses in the nieghborhood of these cracks, and
calculate the stress intensity factor.

In treating these problems, the loading is restricted to be
symmetrical with respect to the plane z = 0, which implies that:

1) The shearing stresses are zero everywhere on the plane

z=0.

2) The normal stress u is zero outside the crack on the

plane z =0 .
Due to extreme mathematical difficulty the solution is obtained by
a superposition and iteration technique which involves the
following steps:

1) Itis assumed first that there exists no crack. The normal
stresses at the location of crack surfaces due to applied load are

found.
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Figure 1. Embedded Circular Crack
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Figure 2. Part Through Circular Edge Crack



II) Itis then assumed there exists a crack. Since the crack
surfaces cannot support normal tension, the normal tension found
in step I must then be removed by applying equal and opposite normal
stresses to the crack surfaces. In order to do this, it is necessary
to find a solution for a circular crack embedded in an infinite solid
subjected to an arbitrary normal loading on the crack surface. This
solution was developed for use in an iteration procedure by Smith
(12), but the author has developed an improved numerical evaluation
technique for this step.

III) A free plane normal to the crack surface located an
arbitrary distance from the center of the crack is introduced. On
this plane, normal and shearing stresses caused by the removal of
the stresses from the crack surface are computed using the solution
described in II above.

IV) The normal and shearing stresses on the free plane must
be removed. To remove these stresses it was necessary to find a
solution for a semi-infinite solid with no crack when its bounding
plane is subjected to a system of normal and shearing stresses. The
normal stresses on the crack surfaces resulting from the removal
of stresses from the free plane are then computed.

V) Steps II through IV are repeated until both the crack surface
and the plane are stress free. The final solution for normal stresses

on the plane of the crack will be obtained by superposition of steps

I through IV.



VI) The stress intensity factor will finally be computed from
the circular crack solution for each iteration and superimposed to
obtain the final result.

The iteration procedure described above is ideally suited for
a high speed digital computer. A program was written and the

solution obtained using the Colorado State University CDC 6400.



CHAPTER II

STRESS DISTRIBUTION IN THE NEIGHBORHOOD
OF A CIRCULAR CRACK

2.1 The General Problem Statement

Consider an elastic solid containing a circular crack of radius
0 <r <a inthe plane z = 0 which is opened by a system of
normal pressure p(r,0) symmetrical with respect to the plane
z = 0. Because of loading symmetry a cylindrical coordinate
system (r,0,z) will be employed to describe the distribution of
the stresses in the neighborhood of the crack (Figure 3). The
distribution of stress is the same as that in a semi-infinite solid

z >0 subjected to a boundary conditions:

Trz - Tez =0
z=0 z=0
T = -P(r,9) 0<r<a
ZZ =
ol (2.1.1)
U = 0 r>a
z
z=0
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Figure 3. Circular Crack in Infinite Solid
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The formulation for this special class of problems, in which the

shearing stresses vanish at all points in the plane z = 0 is given
\
by Green and Zerna (13) in the form of:

2
U = ﬂ kil (p?‘-l) Z_BL
r or or 9z
2
. L 2% 2., 2 9o ¢
Ug = r 96 3 R =L r 99 5z
(2.1.2)
2
_ 2 99 2
v, = -8t 2t 2 2%

) 2
where the function ¢ is harmonic, thatis V. ¢ =0 and N\ and p
are the Lame' constants,

These displacements satisfy the Navier's equation:

p.VZUi +()\+p)e,i:0 (2.1,3)
In which as usual the dilatation e is defined as:
ol 1 oV g

© T ey Teg e, T 9y oz

It should be noticed that in the above derivation Ur , Ue and Uz

have been nondimensionalized through division by "a' the crack

radius.
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Using the generalized Hookes law

’I’ij: \ 6ije+2|.L €41 (2.1.4)

the stress components can easily be found as

2 2 3
2 2" o 2
¥ om -2 -2 -
o (g~ -2) =2 +2—g?§-+2(5 1)z4§r7%z—
2, 2% , 2 pe ., 2 g%
Tog = -2(B°-2) &5 + = = _a%
9z r 9r r 86
2 z 4 2 .
ra(pal) B LA ¢ gpptap 2 A2
r 96 9z 9Tr 9§z
2 2 2 .
T.o= 25 B2 2ty 22
9z 9 z
2 4 2 z 4
T o = — 2o . gty B9
r 9roae r 9rop 9z
_ iz 2e. 5 1) E 22
r" g0 r’ 9009z
(2.1.5)
3
2 9 ¢
T = 2(8°-1) 2 >
5r oz
2 z 339
2 B = _—
Tez B (B -1) 2
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These stress components have been nondimensionalized through

division by p the shearing modulus of elasticity.

The first of the boundary conditions (2.1.1) is satisfied auto-
matically by the formulation. The remaining boundary conditions
will be satisfied if the stress function ¢ is found to be such that on

the plane z = 0

azg Tzz B -P(r, 0) 5 s
2 T T 2 T2 sreld
9z (B -1) 2(p -1)
(2.1.6)
U
ﬂ = - c = 0 r > 1
2
8z B

2.2 The Stress Function ¢

The unknown stress function ¢ must satisfy two conditions:

1) it must be harmonic

2) it should be such that all of the stress components vanish
when r and z are large.

Let us assume ¢ be in the form of
0 )
b = cos (nf) S ;— I (jr) & °f fn(f) d§ (2.2. 1)

n=0 o



15

where Jn(fr) indicates the Bessel function of the first kind of
order n, and fn(§) is an unknown function. The Laplacian of

¢ is equal to:

2 2 2
2. _ 98 ¢ 1l 98¢ 1 o ¢ 9 ¢
T b = + + +

2 2 2 2
9T r 9r r 86 9z
- °°1 -z d2
= z cos (ng ) S\ E‘ fn(f)e f d—z Jn(§r)
n=0 @ =
(2.2+2)
14 2

1 2 2
J (¢sr)+ =< (¢ r -n ) J (gr)) d
.r dr n f rz S n § §
Since the Jn (§r) is a solution to the Bessel differential equation,
the right hand side of the above expression is zero, which implies
that ¢ is harmonic. Furthermore, since Jn(§r) and e_z§ both
tend to zero when z and r go to infinity, the second conditicn

imposed on stress function ¢ is also satisfied. Therefore the

boundary conditions (2.1.6) can be rewritten as:

0
i——%— :Z cos (n@) g jJn(fr)fn(f)e-zjdf o<r<l1
z =
e (2.2.3)
Q0 o0

cos (no) S' Jn(_{r)fn(§)e_zfd§: 0 r>1
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To find the unknown function fn(ﬁ ) such that the conditions (2.2. 3)
are satisfied, let us express the loading p(r,® )/2(62—1) in the

Fourier cosine series that is:

0
p(r,0) = Z Bn(r) cos (n9) (2.2.4)
n=0

The Fourier coefficients Bn(r) for such an expansion are:

™
1
B (r) &—F/—7—7= 5 p(r,06 ) d6
8 2n(B-1)
(2: 2. 5)
1 ™
B (r) = ——g——— S p(r,®) cos(nB) d6
. n(8%-1) 3

Using the equation (2. 2. 4) the boundary conditions (2.2.3) can be

written as:

o0
B (r) = S\ § I, fn(f)e-zfdf 0<r<l
o

(2.2.6)

0
- = >
S‘ Jn(§r) fn(f)e fdj 0 r>1
o
Therefore, the problem reduces to that of solving the dual integral
equations (2.2.6) for unknown function fn(f) . The solution of dual

integrals of this type is due to Busbridge and is given by Sneddon in

the Fourier Transforms (14) as:
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1 1 'n+1

_ ~1/2 3/2 5
fn(f) -}/'%5 ogn Jn+l/2(§n)dn§5n(né) W dg

(2.2.7)

By determining fn(f) from the above relationship the stress function

¢ is completely defined.

2.3 The Stress Components

i t 1
The five stress components, namely, Trr , TGG , Tre , Trz atid
Tez which will be needed later can be found using the equations

(2.1.5) and by appropriate differentiation of the stress function.

Using the following well known relationships between Bessel

functions and their derivatives:
d n
dr [Jn(fr):l T or Jn(fr) B §Jn+l(§r)

2 2
a- _ n_ n_ 2 i
er [ Jn(fr} H [ 2 ¥ 2 _[E ) Jn(fr) 4 r Jn+1 (gr)

r r

these stress components are found to be:

Q
2]
a1
]
1]
(@]
o
w
5
D
OL/-)S

[alJn (;r) + azl' Jn(fr)

2 -z
+ a, }Jn(ir)+a4§ Jn(gr)+05Jn+l(fr)+ ag fJn+1(§r):‘fn(f)e fdf
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0

o0
1
’Tee = Z cos (nf) OS‘ [-al Jn(fr) & GZE Jn(§1')

n=0

+ 09 f Jn(§r) - ag Jn+1 (fr) —a6§ Jn+1(§r) fn(f)e‘zfdf
o0 0

’ 1
Tre = Z sin (n@) S ’:—alJn(§r) -QZE Jn(gr)
o

n=0

+a7 Jn(§r) + a8_§ Jn+1(§r)} fn(f)e-zfdf

o0 0

_ 2 -z
Trz = Z cos (no) S‘ [_08§Jn(§r) —a4§ Jn+1(§r)J fn(§)e §d§
n=0 o
) 0
-Z
To, ° Z cos (n6) g a8§Jn(§r)fn(§)e §d§
n=0 o
Where Ay s Oy, eeennn and a_ are
_ -2([32-1) n(n-1) z
1 - 2
r
_ _2n (n-1
2 © 2
¥
a, = -2(8%-1)
a, = Zz(ﬁz—l)
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o 2 2-l z
% ~ 'y

_ 2n
a7 T r

_ —Z(Bz-l)nz
9g ~ T
ay = -2(8°-2)

2.4 Stress Transformation

For this work it will be necessary to determine the stresses on
the plane P which is located a distance ''D'" from the center of the crack
(Figures 1 and 2). Therefore, the stresses must be transformed from
the cylindrical coordinate system (r, 6, r) to the rectangular
coordinate system (x1 s Y1 2 ) . This can be easily accomplished

by using the stress transformation law:

T = a (2.4.1)

b = Tai %pj Tij
where aai and aﬁj denote the direction cosines of the rotated

system (x1 » Yo zl) with respect to original system (r, 0, z).

These can be found from the following tabular form.
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¥ 0 Z
x1 cosO -sin® 0
¥, sin@ cos6 0 (2.4.2)
Zl 0 0 1

Therefore the stresses on the plane P are:

2 2
- . -2 g
"xlxl Trr cos 0 + TGO sin © Tre cos O sin 6

(cosze - sinze)

(2,4.3)

Txlyl = o 69) cos 0 s1n9+"l're

|
=

Txlzl = Trz cos0 —Tez sin 6

2. i
5 The Function fng g )

In order to evaluate the stresses from equations (2.3.2) further
development of the function fn(§) is necessary. It is convenient

at this point to expand the Fourier coefficients Bn(r) in the power

series

N
B (r) = z c? P (2.5.1)
n n

p=0

which implies

N
én)=ZCppp

By substituting Bn(gn) into the equation (2.2.7) we obtain
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N 1

p+n+1
B p 1/2 pt+3/2 _Q%
fn(_f) N \/;.Zr‘ Z Cn f § M Jn+l/2 f*\) dn dg
p:O o
The last integral above is given by
1 ptnt2
oV N1-r? . +n+3
P =]
Therefore fn(i) may be written as
N 1
oy L PP 1/2 5 p+3/2
fn(f) - N2 Z Cn Hn " Jn+1/2(§n)dn
p=0 o
where (2.5.2)
pint2
p L2 )
H =
1 ptnt3 (2.5.3)
e

The series expansion for the Bessel functions Jn+1/ > (§ n) is

° k k+n+1/
(1) feqy = tnbh e

Jn+1/2(§n) - Z 2k+n+1/2 ' T (k+n+3/2)
k=0 2 k!

(2.5.4)

Substituting ( 2. 5. 4) into (2. 5. 2) and performing the integration results

in
N o _ g cP yP 2k+n+1
n n

(=)
fn( ) = Z z 2k+n+1 K , (2k+nt+p+3) T (k+tn+3/2
p=0 k=0 2 -
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If A(n, p, k) is defined as

k
() "
Aln, p, k) = JZtntl | (2ktntpt3) T (kint3 2)
(2.5.5)
then the function fn( ) may be rewritten as
o0 o0
2k+n+1
£(5) = Z Z An, p, k) cb 77 (2.5.6)
p=0 k=0

2.6 Final Stress Formulation

By substituting (2. 5. 6) into the equation (2. 3. 2) the final

formulation for stresses may be obtained as:

0 N
T " Z cos (n@) Z) A(n, p, k) ci
p=0 p=0 k=0

I:QIS(n, 2.k+n+1)+a25(n, 2k + n) +
a3S(n, 2k + n + 2)+a4S(n, 2k + n + 3)

+ ag S(n+l, 2k +n + 1) + a S(n+1, 2,k+n+2)J ’

0 0

_ P

’Tee = Z cos (n9) z A(n, p, k) Cn
n=0 p=0 k=0

[-al S(n, 2k + n+ 1) —aZS(n, 2k + n)
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+0.9 S(n, 2k + n+ 2) —QSS(n+l, 2k + n + 1V)

[- a65(n+l, sk+n+ 2)

o0
Tre = z Sin(ne)i

n=0 p=0 k=0

p
A(n, p, k) cP

s

[-als(n, 2k + n+ 1) -azs(n, 2k + n)

+ a, s(n+1, 2k+n+l) + ag s(n+1, 2k+n+2):l

) N o

- p

Trz = Z cos (n@) Z Z A(n, p, k) Cn
n=0 p=0 k=0

(2.6.1)

[-ag s(n, 2k + n + 2) -a4s(n+ 1, 2k + n + 3)J

) 0
- . P
TGz = Z Sin (n@) i Z A(n, p, k) Cn

n=0 p=0 k=0

[as s(n, 2k + n + 2)]

where s(v, n) is defined as

o0
s(v, n) = S §“ Jv(§r) e_zfdi (2.6.2)
o
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Therefore, all of the stress components can be computed if the

integrals s(v, n) are evaluated.

2.7 Recurrence Formula for the Integrals s(v, n)

In the following recurrence formulae are derived from which
the integrals s(v, n) may be evaluated.

Using the definition of the integral s(0, n + 1) and the

relationship
1
§JO(§1‘) il —8§ [f I, (§r)}

integration by parts yields

1 -z
(0, m+ 1) = SW Ll g (er)e *fa
S 5 o' § (2.7.1)
)
_ 1 n_-z§ 9§
T or gf e X [f Jl(fr)] a9
o
or
s(0, n+ 1) = ;1" [-n s(1, n)+zs(1,n+1)}

On the other hand
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Therefore
o0
n+1 -z
§(1, n+1) = g ; Ty(sr) e fdf
o
00
1 nt+l -z 9
= = = gf e *f — [Jo(fr)}dj
o
Integrating by parts results in
1
s(l, n+1) = g [(n+ 1) s(0O,n) -zs (0, n+ 1)]
(2.7.2)
Inserting the recurrence formula
r
A = +
N R R
into the definition (2.6. 2) results in
2v
s(v+l, ntl) = 5 s(v, n) -s(v-1, n+1) (2.7.3)

Solving the equations (2.7.1) and (2.7.2) for s(0, n+l) and

s(1, ntl) gives

s(o, n + 1)

|
0
.O
=]
~
I

s(l,n) (2.7.4)

sfl m $ 1) = A0Edl g my 5 =BEee i ay (2.7.5)
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Since
0
1 N 2 2
; -z zZ +r -z
s(v,0) = {5 J (Er)e fd§=
v N2 2 r
z tr
All of the unknown integrals s(v,n) , then can be found using the

recurrence formula (2.7.4), (2.7.5) and (2.7.3), respectively.

A computer program has been written which generates all of the
integrals s(v, n) from the known integrals s(v, o) using the above
recurrence relationships. To the author's knowledge the solution
for these integrals does not appear in the literature.

By knowing the integrals s(v,n) all of the stress components
can be easily found using the series solution (2.6.1). A computer
program has been written to evaluate these stresses. Although
restricted to large values of z and r the series converges after
a few terms, the series does not converge when z and r are both
less than the crack radius. Therefore, it is necessary to find
another solution for this case (when z and r are both less than

one) and thus complete the circular crack solution.

2.8 Stress Components for Small Values of z and r

To complete the solution for small values z and r it is
necessary to find a closed form solution for the stresses as defined
in (2.3.2). To do so, consider only the first three terms of the
Fourier cosine expansion for the loading, as well as the first three

terms of the power series expansion for the Fourier coefficients.
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That is

(r) cos(06)+ B,(r) cos (20)

2
(2.8.1)

1 2
B(r) = CCr° +C r +C_ r (czzo n#0)

This procedure can be carried out to as many terms as
required, but the above approximation for the Fourier expansion of
the loading and Fourier coefficients will be used due to the extreme
complexity of including more terms in the series.

To evaluate the function fn( E) defined in (2.5.2) the integral

1

p+3/2
g ul Jn+1/2(§“) dn (2.8.2)
(o]

must be evaluated for n=0, 1, 2 and p=0, 1, 2.

These integrations were performed and the results are as follows:

1

1/23“ 3/2 =1/2
n Iy 2( m) dn = J3 2( ) (n=0, p=0)
P /2§ 5 /2§

1
-1/2 -3 /

1/2 -
§ / dgnS/Z Jl/Z (jn) dn = j .]'3/2 (§) —Zf (1—cos)+§3 ZJI/Z(E)

(n=0, p=1)
1
1/2 7/2 -1/2 , -3/2
§ S*‘ J1/2 (j“) d“:f J3/2(§) ‘Zj “T5/2 (E)
o

(n=0, p=2)
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1
§1/25115/-_2 T3,z (g an- 5’1/2 Jsj2 () (n=l p=1)

1

1/2 7/2 o .-1/2 -4
g ogn J3/2(§n) d'q—§ J5/2(§)-8§ (l—cos§)

+4§'5/2J1/2(§)+§'3/2J3/2(§) (n=1, p=2)

1

1/2 5/2 -3 -3/2 -1/2
f Sn JS/Z(fn)an 8§ (l—cosf) —4j Jl/Z (j)'f J3/2(§)
o

(n=2, p=1)
1 (2.8.3)
-1/2
12§, gren R () (n=2, p=2)

o

The stress components can be found by inserting fn( f) in (2.3.2).
Two new sets of integrals are involved, namely SI (n, m, p) and

CI (n, m+n+2) which are defined as

o0

SI(n, m, p) CS T5E) T a9 fp'”zdf (2.8.4)

0

Cl(n, m+n+2) = an(§r)e‘Z§ (1-cos§)m+(n+2)
o

dj m+n+2 > 0
(2.8. 5)

Therefore, in order to compute stresses for small r and z these

integrals must be evaluated.
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2.9 Evaluation of integrals SI (n, m, p)

The clo;ed form solution for these integrals is not available,
and even the available solution for some special cases involves
elliptic integrals.

A series technique was developed for evaluation of these
integrals when r <1 as follows:

Let us substitute the series expansion for Jn(fr) in the

definition (2. 8. 4) then:

s 1 n+2s

- (+ 5 r)
SI(n, m, p) = Z
Zo S! (nts) !

2 =
n+2s+p 1/2d

0
. -z
(S T s/ Be £ ¢ (2.9.1)

Using the hypergeometric form solution available given by Watson(15)

for the integrals of the type

1
(30)7 (ptv)

o0
- -1
S‘e # o ey ™ e =
(o]

v (ptv)
2.2 5
(a +b ) T (vi1)
+ 1 + b2
vty -u tv )
2Pyl T s T s vl
a +b

(2.9.2)

where
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the integrals SI(n, m, p) may be written as

s 1 nt2s , 1 m+1/2
@ (4% (5r) L)t/
SI(n, m,p) = Z
s=0 s ! (n+s) !
2 1
T (m+n+2s+p+1) CF m+int2s+p+l , m-n-2s-p+1 .
m+n+2s+p+l 21 2 2 ’
T 3/2
(1+22) 7 r(m+3/2)
+3/2 ; N S ) (m+n+2s+p+1) > 0
= - P (2.9.3)
z > 0
where as usual, ZFl (a, B; y; x) 1is defined by the equation
b B e ek m L3 a(a+l) B (B+1) 2
zFl(aaﬁerx)_ 1+1'Yx+ Z'Y(‘Y+1) X + ceews .
(2.9.4)

The hypergeometric series in equation (2.9.3) always converges,
therefore the integrals of SI (n, m, p) can be evaluated from the
series solution. A computer program was written which generates

these integrals whenever they exist.

2,10 Evaluation of Integrals CI (n, m+n+2)

The closed form solutions to these integrals may be found
from some known integrals by integration by parts and using the

relationships

s (gr) :-% _aaf_ [Jo (Er)}
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EVJV_I (gr) = % —:—f [vav(fr)] (2.10.1)

7,5%) = . 5 - [JVH(;r) + .Tv_l(jr)J

For example, CI(0,0) can be found from CI(1l,2) given in

reference (16) as follows

0

CI(1,2) :dg“——?ﬁ}—)— Jl(fr)e_zfdg
:—% (5(—1—-_0;)—35)_ e-z)Fs% [Jo(fr)} d§

Integrating by parts results in

o0
Ci(l,2) = % {g%ﬁ— Jo(fr)e'zfdg
o
o0
i gl'—czij_e'z T, F)dg
(0]

0
l1-cos -z
-z O‘g —}E— e fJo(fr)df}
or
CI(0,0) = -rcCI(l,2) - zCI1(0, 1) + SO1

where

S0l = g Sin ¢ Jo(gr)e_z§ as
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By the same procedure all of these integrals may be found. It is

first necessary to derive the integrals
0

Sin -z
Snm = S‘ Em Jn(fr)e fdg

= (2.10.11)

B Cos -z
Cnm —05 —f_r%— Jn(ir)e §d§

These integrals may be evaluated with the results shown below.

S01 = tan'l )1—( z# 0
m
S0l = > z= 0
S11 = L1 (1 R'l/2 sin &
= . - in > )
1/2

Il = ~RM% gos &'~ 2}
T 2

S21 = % (Cll - z S11)
1 1
Cc2l = = - = [z C11+SllJ
2 r
| -
S22 = 5 r Sl1 -z S21 + C21
L ]
C22 = 3 [r Cll - z C21 - S21
1 =
S23 = Z [r S12 - z S22 + C22
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1/2
ZXZ= [(r2+z2—1)2+4z2:] +r2+z2-1
/2
2

2Y " = [(r2+zz-1)2+4z2 -(r2+z -1)

B = [#%54 5° 1%y § 4 2°
ZZ
tand = > 2
r +z -1

Knowing these results it is now possible to derive the solutions for

the integrals CI(n, m + n + 2) given below

cI(0, 1) = %log [(z+X)2+(1+Y)2J - log [z+(r2+z2)1/2:l
1 2 k.
CI(O,].):E[].'*‘Z ]—logz r=0
cul, 2) = % [(r2+z7‘)1/2- x] + 4 D
CrlLz2 =0 r =10
cIl, 1) = zl_r 1-Y+ 2 [x —(r2+z2)1/2}
+% r log [(z+X)2+ (1+ Y)ZJ--rl— log I:z+(r2+z2)l/z}
r#0
cil, 1) = 0 £z 0
(2.10.12)
C1(0,0) = -r CI1,2) - z CI0, 1) + SO1
CI(1,0) = % [r C1(0, 0) - z CI(1, 1)+51z]
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ci(z,2) = 2 ¢K1,0) - CIO, 0)

CI(2, 3) = f cI(1, 1) - CI(0, 1)

cKz 1) = - [ cK1, 1) —zCI(2,2)+SZZ:,
crz,0) = 3 [rCIlO)-zCIZl)+SZ3J
cu3, 2 = = [1(2,0 -c1(1,0)]

1(3,3) = f |~c121)-c11 1)]

CI(4, 5) = LCI( 2, 2) - CI(1, Z)J

EHEN

Having the integrals of SI(n, m, p) and CI(n, m+n+2) all of the

stress components may be found from the equations (2.3.2). For

example:
o= 2 ¢l gl si1, 2, 1)| sine
0z _ N2 1 1 |% " e m
P O ol - SI(1, 2, 1) + 4 SI(1, 0, -1)
,\/’2 1 1 0'8 ’ ) # ) ’

+ SI(1,1,0) - 8 \/Z c1(1,0)J Sin 0
™

-+
Q
o

1
5 C, H, {ag [-451(2,0,0)-51(2,1,1)

+ 8 (2, 2)] Sin (20)
SR

SI( 2, 3, I)J Sin ( 26)
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The other expressions for stresses are very lengthy, and therefore,
do not appear here. However, they may be found in Appendix ""A"

as well as in the computer program.

2.11 Special Case for z =0

On the plane z = 0 many terms in the stress formulation
vanish (al =Wy ooy =S 0). The stress formulations for this

case are:

1
I

1
- icos (ne)Sw[azf Jn(gr)+a3§Jn(§r) + ag Jn+1(§r) J fn(f)df

n=0 o

=
|

1
00 - icos (ne)Sw[-azf Jn(ir)+a9§Jn(§r) -GSJn+1(§r) J fn(j)df

n=0 o

. B
S1n(nG)SwL-al f Jn(§r) ta, Jn+l(§r) }fn(f)df

n=0 o
(2.11.1)
T = 0
rz
Tez = 0

Inserting the values of fn(f) from the equations (2.8.3) in the
above equations, two new sets of integrals, namely SI” (n, m, p)
and CI“(n, m+n+2) similar to SI(n, m, p) and CI(n, m+n+2) will be

found where
0

S’I(n, m, p) = S\Jn(ir)Jm_H/z(f)g

(e]

p-l/zdj

(2.11.2)
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0
m+n+ 2

C1(n, m+n+2) = S‘J( r)(l - cosg) d
AN § ;

The integral S I(n, m, p) is a special case of the Weber-Schafheitlin

type integral (17) for which the solution can be written in the form of:

n m+n+p+1
rm (R

SI1(n, m, p) = 2_p+1/2 T (n+1) = (m-n-}3+2 )

2
m+n+p+1 -m-ntp 1
2F1 ( 5 , > ; 0l ) )
0<r<1 , (m+ntp+l) >0 and (-p+13) > -1
(2.11.3)

A computer program was written which generates these integrals
whenever they exist. The integrals C I(n, ntm+2) may be found in
closed form from some known integrals by exactly the same pro-

cedure as used for the integrals CI(n, m+n+2). These integrals are

found to be

ci(l, 2) = 1 ¥ ]

CIl, 2) = 1-%(1-1"2)1/2 r> 1

clL 1) = = % 1
’ T 2r

a1, 1) = Zir {1 -(1-r2)1/2} + rz log [1+(1-r2)1/2]- log r

r <l
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-1 1
S0Vl = Sin (;) r>1
01 = — r<1
S711 = L1 x> 1
r
r .
STl = S r<l1
1o (1251 2
c11 = %(rz—l)l/z 5% 1
Cc11 = 0 r<l1 (2.11.4)
% | - .1
S22l = E Sin |2 Arc S1n(;) r>1
S721 = O r<l1
1 ’ 1
Cc721l = E Cos [2 Arc Sln(;)J r>1
2
c2l = ——1t= /221/2 r <1
1+(1-r")
where

0
4 _ Sin
Snm = o‘g _Eri; Jn(fr) d§

(2.11.5)
(o o}
S’nm = S‘ QE—I;— J (sr) d
= " § g
o §
Having these integrals, all components of stresses on the plane

z = 0 may be found from the equations (2.11.1). The expressions for

these stresses are listed in Appendix "A."
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2.12 The Fourier Coefficients Bn(r)

The Fourier coefficients Bn(r) as defined in Section (1. 2) were

found by numerical integration, using the Weddle's Rule with 18 equally

spaced intervals (h = i8 ):
1 T
Bo(r) = > g p(r,8) de =
2m(pB -1) o
L [Y + 5y, +y,+ y
Z'rr(BZ—l) 1 2 18}
i (2.12.2)
Bn(r) = ——12— Sp(r,e) cos (nB)d6 =
(B -1) o
___.3h [y R " }
Tr(ﬁz-l) o 1 2 18

where the function y identifies the function p(r, 8) or p(r, 8)cos(n8).
The equations (2.12.1) are evaluated at six equally spaced

values of r for 0 < r< 1.

2.13 The Constants Ci_

In Section (2. 5) the Fourier coefficients of the loading were

expanded in the power series

N
B (r) = Z cP P (2.13.1)
p=0
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The constants CE in equation (2.13.1) are determined by least
squares fitting a second order polynominal to six values of the
function Bn(r) which are calculated as described in the preceding

paragraph.

2.14 The Stress Intensity Factor

The stress intensity factor kI is defined as

kI = lim A2md Tzz (2.14.1)
5§—0
z=0
where 6 is a small distance measured from the crack tip, and T
zz

is the normal stress on the plane of the crack.

If kI reaches a certain value kIC called the critical stress
intensity factor, the crack starts to propagate. The critical stress
intensity factor is a basic material property and can be measured in

the laboratory. Substituting for "rzz in equation (2. 14.1) and per-

forming the limiting procedure yields:

0 N
2 P ..P
= - 2.14.2
kI 2p (B -1) Z cos (nd) Z Cn Hn ( 4,2)
n=0 p=0

Where Hi and Ci are defined by equations (2. 5.3) and (2.13.1).

This derivation was first presented by Smith (12).



CHAPTER III

HALF SPACE SOLUTION

3.1 The General Problem

In the step III of the solution it is necessary to remove the
stresses from the plane boundary of the semi-infinite solid
(plane P, Figures 1 and 2) with no crack. This will be accomplished
by the following approximate technique. Divide the plane boundary
into small rectangular areas, and assume that the surface shears
and normal stress are uniform inside of each rectangle and have the
values corresponding to that of the center of the rectangles. There-
fore, the problem reduces to that of finding a solution for a semi-
infinite solid when a small rectangular area of its bounding plane is
subjected to uniform shears and normal stress. This solution for
constant normal stress was presented by Love (18). The solution
for constant shears on the rectangle did not seem to be available
in the literature. Therefore, this solution was derived and is

described in the following paragraphs.

3.2 The distribution of stresses in a semi-infinite solid when a

small rectangular area of its boundary plane is subjected to given

surface forces.
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2a R

Figure 4. Rectangular Coordinate System for
Half Space Solution
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Consider the plane boundary of the semi-infinite solid as
horizontal, and the solid below it as shown in Figure 4. Let
(x, y, z) be coordinates of a point within the solid and (x*, y”, 0) be
coordinates of a point inside of the rectangular area. We denote the

distance between these points by R so that:

2 2 2 2
R = (x-x7) 4+ (y-y) + z

The displacements (u, v, w) produced at any point (%, y, z) by the

surface forces applied over the rectangular area ABCD are given by:

1  aF 1 9H N a1 1 5Y
u = —_— - = ot = - z
2T 9z 4mp 9 X drp(N+p)  ox 4t 9x
(3.2.1)
oo L 3G 1 o H A aY1 1 av
2T 9z 4mp 9y 4mp (N +p) 9y 4mp oYy
_ 1 9 H 1 1 QY
e 4mp 9 z + 4m(N +p) Y B 4mp z 9 z

where N and p are the Lame' constants. This formulation
satisfies the equations of elasticity and bc‘o'undary conditions if the
potential function ¥ and the harmonic functions F, G, H, Y,

o, Gl’ H1 ard Y | are defined as:

1’

X = log (z + R)



b =
b a
G =S§Y X dx dy =Y SX dx”dy”
sV Vs .
B a (3.2.2)
H :S\S‘Z X dxdy = =z S‘x dx”dy”
v v /.
Y 88 oG o H

4L = zlog(z+R)-R

a
S PP (P
v

-b -a
G1 :SSYvﬂ dx ‘dy”= Y ff_ﬂ_dx’dy’
v
-b -a
b a
H1 :SSZV_FL dx“dy” = zvygﬂdx’dy’
-b -a 4
y e DR A
= + +
1 9x oy 9z

K
Where X , Y, andZ are the components of the surface force per
v v v

unit area at the center of the rectangle (19).
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All of these integrations are taken over the rectangular area

ABCD given by the equations

z = 0 X =+a y=+b
Using the generalized Hookes law (2.1.4) the stress components can
be found from the equations (3.2.1).

The oyy component is the only stress which is needed for
iteration technique. This stress is composed of three parts, namely,
CYY; s TYY, and TYYg which correspond to the effect of surface
forces applied over rectangle in the x, y, and z directions,

respectively when each is considered separately. Considering the

effect of a surface force in x direction only results in

2 2
_ 1 )N sy N a Y1 g ¥
YY1 2% \Ntp 8z | N+p 82 7 a2 i)
Yy y
2 2
1
The functions 9 Y , 9 ‘t" and B__L_r’__ may be found
9 z 9 2 5 2
Yy Yy
from the equations (3.2.2) as:
; [d -(b+y) b +(b—y)]\
AY _ x oy { b2 2 , (3.2.4)
9z v [al t(b+y) cy+ (b+y)]
U "
8 ¥ _ x o (b-y) ; —(b-y)
ayz v al(z+ai) b2(z+b2)
+ (b+y) _ (b +vy) (3.2.5)

c3(z+c3) d4(z+d4)
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2

s U i N (-5 (b-y)
2 2 \% a b

oy oV 1 2

(3.2.6)

(b+y) " (bt+y)

Considering the effect of surface force in the y direction we find:

2
2
1 3 +2p 8V A 5 VY1 5 W
Yy, = 5. % 1 5z + k1 > Tz T 5 (3.2.7)
oY oy
where:
[d $lass) B = (a+x)]
8Y _ v 1log = 2 (3.2.8)
9 z v {al + (a-x) g - (a+x) ]
2
3 Y Y (a-x) (a+x)
= v - -
axZ al(z+a1) b2(z+b2)
(a+x) (a-x)
+ (3.2.9)
c3(z+c3) d4(z+d4)
2
9 Y z a-x atx
2 - ¥ 2 ( =% e, )
9z v (b-y) + z 1 2
_ Z ( a-x + atx )
(b+y)2 + z d4 3

(3.2.10)
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2

Y Y v
s = (&5 + =) (3.2.11)
9y 9% 9y
9y

21 = g : (3.2.12)
az

- - | By
(a;x) - (ﬁ;x) J (3.2.13)
3 4
2 2
Y, 8y, 8 V¥,
— = - (—5 —) (3.2.14)
3y 9x 9z

Considering the effect of a surface force in the z direction results

in

2 2
1 LYY 2N TR 9 ¥
e = - - 3.2.15
TYV3 T 2n ) N+p 8z N+p 2 § )2 ( )
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where:
2
aX o, tag LA -1 bty -1 z(b-y)
2 v (a-x) (a-x) (a-x) a
ox !
_tan ) by . -1(b-y) -1 (bty)
(a,—x)d4 (a+x) (at+x)
g BB . sy (3.2.16)
(a+x)b2 (a+x)c
3
QZX \: -1 (a-x -1 atx
= Z tan + tan
2 b- b-
™ v ( ) (b-y)
-tan-l z(a-x) tancl z(a+x)
(b-y)a (b-y) b
1 2
x tan_l a-x i -1 (a+x) _ -1 z(a-x)
b+y (b+y) (b+ )d4
. g ¢ 2] (3.2.17)
(b+y)c
3
y 2 2
2y . (22X, 28X, (3.2.18)
9 =z 2 2
RS oy
2
v (b-y) , _(a-x) (a+x)
7 = -2 2z 2 &  TTp, °
oY (b-y) +z 1 2
(3.2.19)
(bt+y) a-x a+x
{ =g —EE—y
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In these derivations a, b2 , c3 and d4 represent the distance from
any point (x, y, z) to the corners A, B, C, and D of the rectangular

area ABCD that is

1/2
a, = [(a-x)2+ (b-y)z + z2
_1/2
b2 = kaﬁx)z + (b—y)2 + z2 (3.2.20)
X _1/2
cy = (a,+x)2 + (b+y)2 + z2
. 1/2
d4 = (a.—x)'2 + (b+y)2 + zz}

Finally, the stress component ¢ yy produced by application of
surface shears and normal stress on the rectangular area ABCD

can be found by superposition:

oyy = o-yyl+0'yy2+cryy3 (3.2.21)

or

cyy=X f (x,v,2)+Y f (x,v,2)+Z {_(x,v, 2) (3.2.22)
v 1 v 2 v 3

where f1 , . and f3 characterize the equations (3.2.3), (3.2.7)

2

and (3.2.15) and have the following symmetry properties:

fl is odd x even vy

f2 is even x odd vy (3.2.23)

f3 is even x even vy
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3.3 Generalization of the Solution

The solution thus found applies to a small rectangular area.
However, it can be generalized to many rectangles or a plane
boundary. Let § , n and { be a local coordinate system located
at the center of each rectangle as shown in Figure 5. Let 3711 and

zlj designate the coordinate of the center of these rectangles.

It is apparent that:

(3.3.1)

The x , yv and z for each rectangle correspond to those
14 v v
stresses found from the circular crack solution on the plane boundary

as found in Section (2. 4), that is:

X = -
v Txlyl

= - .3.2

Yv Txlzl (3:3.2)
Zv - Txlxl

Inspection of equations (2. 4.3) reveals that these stresses have

certain symmetry properties, that is:

Txlyl is odd Yy, even z,
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Plane P

<\\£Y11’ %1;

Circular Crack

Figure 5. Symmetrical Distribution of the Areas On
Plane P Located a Distance D from the
Center of the Crack
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<1zl 18 even vy, odd =z (3.3.3)

<lxl is even Yl even z1

Now consider the effect of surface forces on four rectangular
areas, symmetrically located in four quadrants (Figure 5). The

stress o at any point due to these forces is:

zlzl’

Tz - % Wip Fpy {fl (Y1 ¥1g 21721 )0 004y 2% %))

R U AR T R TS UR ST S PUA TR L TE xl)J

Xy 3 [fz(yl‘yli $ By ~Byg 5 %) HF ¥ yg 0 By ~Bpss Xy

i e PR s TR A S TR LAl ’XI)J

+ Z (Yh ’ zl_]) [f3(Y1‘Y11 ’ zl_zlj :xl) f3(Y1+Y11 ’ Zl-zlj ) xl)

14
3y 7yyy 0 2025 %) B304y 21425 Xl)}

(3.3.4)

Considering the symmetry properties described in (3.2.23) and

considering all of the rectangular areas on the plane P, the total
stress at any point (xl, Vs 0) located on the plane z) = 0) is found

to be
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M N
27 (v.. .z f -v.. .z V.. .z
+ZZ Zv(Yli,zlj) [3(3'1 Yli,zlj,X) +f3(Y1+Yli,le, Xﬂ
(3.3.5)

where the summation is taken over all of the rectangles on the first

quadrant.

If wém:indicate‘ the coordinates of a general point on the surface
of the circular crack by (r, 0, 0) the stress produced at this point
due to removal of stress from the plane P, may be found from the

equations (3.3.5). From Figure 6 it is obvious that:
f(Yl'Yh ’ z].J ,x].) = f(r sin O - yll 5 Z].J ,  COs 0 + d)

f(Y1+Yli,Zl.,X):f(r s1n6+y1i,z r cos 6 + d)

it 15°

(3.3.6)
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X
xl =rcos 9 + D
= r sin 6
K
D
diy Plane P

Figure 6. Relationship Between Cylindrical and
Cartesian Coordinate System



CHAPTER IV

RESULTS

4.1 General Remarks

A computer program has been written using the solution and
technique described in the preceeding chapters to evaluate the
stresses and stress intensity factors for several classes of problems
indicated in Figures 1 and 2. The stresses in the solid and on the
free plane were found from the circular crack solution given by
equations (2.‘6. 2) and 2.10.12). The results obtained for a uniform
tension from this solution agrees completely with the solution
obtained by Sneddon (1) and Smith (12). To remove the stresses
from the plane p a grid having the boundaries r = 3, and z = 4
was first attempted. These boundaries were adequate since all of
the stresses vanish at these distances as was observed from the
case of simple tension. Figure (7) indicates the final grid which was
used in the analysis. The number of rectangles in the final analysis
were 4 times larger than the first grid tried, but the maximum change
in the stress intensity factor was not greater than 10%. The stresses
on the plane p and on the crack surface vanish after a few cycles
of iteration. For example, when the free surface is located at a

distance D = 1.1, complete convergence is obtained after three
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Figure 7. Grid Spacing on the Bounding Plane
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iterations as indicated in Table 1. Two types of loading were
considered: constant load p(r, 0) = 0o and linearly varying load

p(r,08) =g (l+r cosB). The graphs in Figures 8, 9, 10 and 11 present
the stress intensity factors for several types of loading and crack
geometries. The stress intensity factor for some other types of
loading can be found from superposition of these results. It can be
seen from the results of Figure (7) that the maximum stress intensity
factor does not change if the free surface is located at a distance

D >2a.

4.2 Comparison with Available Solutions

Some comparison with two dimensional analysis, and other
available solutions can be made to check the validity of the results.

1) The magnification factor in a strip subjected to uniform
tension based on two dimensional analysis is approximately 1.35 for
D = 1.5 (see Figure 12). This factor for a circular crack for

D = 1.5 was found to be 1.03. This reduction in stress intensity

factor was expected, since the state of stress for two dimensional
analyses is more severe than three dimensional.

2) When the free plane is close to the center of the crack
(D=0.1), the stress intensity factor obtained is within 2% of the
results obtained by Smith (12) for a semi-circular edge crack
(Figure 10). Part of the error is due to the fact that D = .1 is not

exactly a semi-circular crack.
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3) When the free plane is located a distance D from the center
of the crack as shown in Figure 2, Case 2, the stress intensity
factor obtained can be compared to the stress intensity factor for
an ellipse embedded in an infinite solid as shown in Figure 13. The
stress intensity factor for an ellipse with major and minor axes of

2c and 2a is
e

— 2 1/4
KI = O’@'n'a [az sin2¢+cosz¢
o
aZ
=1 =
m 2
c

where & = E(m) is a complete elliptic integral of second kind that

is

™
1
& = S»\/l—mzsinzé ds
o

for ¢ = 0, the stress intensity factor will have its maximum value

_ 9 Nma
Imax 3
For the case when D= .5, a, for the ellipse is .5 and is half of

the radius of the circle so that

m = .6666

and

3= E (.6666) = 1. 26
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Therefore

1
K = ——— ANwa' = .794 Nwa
Imax 1. 26 e e

for the embedded ellipse. The stress intensity obtained for the present

edge crack is

= 0.807 onNTa
Imax e

The magnification factor is therefore 1.02 which agrees quite well

with the value estimated by Smith ( 23).
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1

o

A central crack in a strip subjected to tension

o

A circular crack in a semi-infinite solid

Figure 12. Comparison of a Circular Crack in a Semi-Infinite
Solid with a Central Crack in a Strip
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Table 1. Stress on crack surface load = Unity
Applied Load

o/t 0° ) - 4 -6 -8 1-0
0 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
m/4 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
1.0000 1.0000 1.0000 1.0000 1.0000 1.0000

1.0000 1.0000 1.0000 1.0000 1.0000 1.0000

1.0000 1.0000 1.0000 1.0000 1.0000 1.0000

1.0000 1.0000 1.0000 1.0000 1.0000 1.0000

1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
w/2 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000

Iteration No. 1

8/r 0 -2 4 6 8 1-0
0 . 0559 .0404 D297 .0222 .0168 .0129
<0559 .0405 . 0299 0224 .0170 .0130
. 0559 . 0411 . 0306 .0230 .0176 0135
« 0559 . 0419 0317 0242 .0186 .0144

. 0559 .0432 .0334 .0258 .0201 - 0157
. 0559 .0448 .0356 0281 . 0223 .0176
.0559 .0467 .0384 0312 <0252 .0202
.0559 «0491 . 0420 0352 .0291 .0238
. 0559 .0518 . 0463 .0403 .0343 . 0287
m/4 . 0559 .0548 .0516 . 0469 .0413 .0354
. 0559 .0581 « 0579 . 0553 . 0506 . 0447
0559 .0616 .0652 .0659 .0632 .0576
.0559 .0652 0735 .0790 .0801 . 0755
. 0559 .0688 . 0825 .0950 . 1026 . 1002
. 0559 <0721 .0918 .1134 : 1316 « 1325
. 0559 .0750 . 1007 . 1352 . 1664 . 1663
« 0559 .0773 . 1081 . 1515 .2018 « LT57
. 0559 .0787 + 1131 . 1649 . 2285 . 1352
m/2 .0559 -0792 . 1149 . 1698 . 2384 . 1014




Table 1. (Continued)
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Iteration No. 2

0/r 0° -2 - 4 -6 1-0
0 .0046 .0032 .0023 .0017 .0012 .0009
.0046 .0032 .0023 .0017 .0012 . 0009
.0046 .0033 .0023 .0017 .0013 .0010
.0046 .0033 .0024 .0018 .0014 .0010
. 0046 .0034 .0026 .0019 .0015 .0011
. 0046 .0036 .0028 .0021 .0016 .0013
.0046 .0038 .0030 .0024 .0019 .0015
.0046 . 0040 .0033 .0027 .0022 .0017
. 0046 .0042 .0037 .0032 .0026 .0021
w/4 . 0046 . 0045 .0042 .0037 .0032 .0027
. 0046 .0048 .0048 .0045 .0040 .0035
.0046 .0051 .0055 .0055 .0052 . 0046
. 0046 .0055 .0063 .0068 .0068 .0064
.0046 .0058 .0072 .0084 .0092 . 0090
. 0046 .0061 .0081 .0104 .0124 .0129
.0046 .0064 .0090 .0126 .0165 L0177
. 0046 .0067 .0098 .0147 L0211 .0204
.0046 .0068 .0104 .0163 .0246 .0169
m/2 .0046 .0068 .0106 .0168 . 0260 .0132
Iteration No. 3
8/r 0- -2 - 4 -6 -8 1-0
0 .0004 .0003 .0002 .0002 .0001 .0001
.0004 .0003 .0002 .0002 .0001 .0001
.0004 .0003 .0002 .0002 .0001 .0001
.0004 .0003 .0002 .0002 .0001 .0001
.0004 .0003 .0002 .0002 .0001 .0001
.0004 .0003 .0003 .0002 .0002 .0001
.0004 .0003 .0003 .0002 .0002 .0001
.0004 .0004 .0003 .0002 .0002 .0002
.0004 .0004 .0003 .0003 .0002 .0002
m/4 .0004 .0004 .0004 .0003 .0003 .0002
.0004 .0004 .0004 .0004 .0004 .0003
.0004 .0005 .0005 .0005 .0005 .0004
.0004 .0005 .0006 . 0006 .0006 .0006
.0004 .0005 . 0007 .0008 .0009 .0008
.0004 . 0006 .0008 .0010 .0012 .0012
.0004 . 0006 .0009 .0012 .0016 .0017
.0004 . 0006 . 0009 .0014 .0020 .0020
.0004 . 0006 .0010 .0016 .0024 .0017
w/2 .0004 . 0006 .0010 .0016 .0025 L0013




CONCLUSION

The work reported here makes significant contributions in the
area of fracture mechanics by providing solutions for a class of
problems that have never been solved or for which only estimates are
available. This is only the second application known to the author
for the Schwartz alternating technique to the solution of three-
dimensional elasto-static problems. In the course of the theoretical
development a recurrence technique for evaluating integrals of the
type

o0
s(v, n) = S;“ T, (gr)e *bay

was developed which is applied for all values of v and n . At the
present only solutions for special cases of this integral are available
in the literature. Further solutions were developed for the integrals

of the type

_ -z _p-l/2
SI(n, m, p) = San(§r)Jm+1/2(§)e § f d§

0

Cl(n, m+n+ 2) = an(ir)e_zf(l- cos§)m+n+2 df
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for all values n, m and p for which the integral exist. Again only
solutions for special cases of these integrals appear in the
literature. Solutions are given for several special cases of the
integrals
o0
Si -
s = S‘__m_;_ I, (e
nm f m n f
00

= Cos -z
o™ § s, (el
o

which do not appear in the literature.

A solution for applied shear on a rectangular area on the
surface of a half space was developed. The basic formulation for
this solution was given by Cerruti (19) but the closed form solution

does not appear in the literature.
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APPENDIX A

THE STRESS COMPONENTS FOR SMALL
VALUES OF z AND r

0 1 2 1 2 1 2
"rrr = (T0 + TO + T0 ) + (Tl + Tl ) cos 06 + (T2 + T.2 ) cos(28)
where:
0 1 0 0
T0 =5 CO H0 [a3 SI(0, 1, 1) + a, S0, 1, 2) +

o SI(1,1,0) + a SI1, 1, 1)}

e——

1 1
ris L o'y a, [31(0, 1, 1) + S10,0,0) - ,/—% CI1(0, 0)

~

+a, |SI0, 1, 2) + S0, 0,1) - \/E; CI(0, 1

i
+ag [SI(1,1,0) + SI(1, 0-1) - \E CI(1, 0)

[

+a, [SLI,1,1)+SK1,0,0) - \E crl, 1

N
3

6
2 1 2.2
Ty"= 75 So H, {a3 [51(0, 1, 1) - 250, 2, O)J
+a, [SKO, 1, 2) - 2SK0, 2, 1)J
+ag [SK(1, 1,0) - 25L(1, 2, -1)J
[
+a, [SI(L, 1,1) - 28K1, 2, 0)
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1 .1
= — SI(1, 2, 1 SI(1
T, 7 ©1 H [a3 (1, 2,1) + a, SI(1, 2, 2) +

o SI2 20) + a, SL2, 2, 1)}
2 2 [
T.2 1 C a, [SI(1, 2, 1)+4SI1(1, 0, -1)+SI(1, 1, 0)-8y= CI(1, 0)
1 :TZ 1 1 3 ™

+a, [SI(1, 2, 2)+4SK(1, 0, 0)+SK(1, 1, 1)—8@ cIl, 1)}

:
+ ag |SI(2, 2,0)+4SL(2, 0, -2)+51(2, 1, -1) sf_ CI( 2, O)J

2
o LSI( 2, 2, 1)+4S1(2, 0, -1)+SI(2, 1, 0)-8E CI(2, 1)}

"rzl=\[l2 a, [ 4S1(2, 0, -1)-SI(2, 1, 0)+8)/: CI(Z,I)J
a, [451(2 0, -2) -SI(2, 1, -l)+8} CI(Z,O):l
ay [ 4s1( 2, 0, 0)-SI( 2, 1, 1)+8E CI(2, Z)J
a, [ 451(2, 0, 1)-SI( 2, 1, 2)+8\/_ CI( 2, 3)}
[ -4S1(3 )-SI(3, 1, 0)+8}— CIs, Z)J
[ -4S1(3, 0, 0)-SI(3, 1, 1) +8\/7 CI 3, 3ﬂ
e g ln? [ SI(2,3,0) + a, SI(2, 3, -1) + a; 51(2,3, 1)
2 N2 T2 T2 3

+a,SI(23,2) + o S3,3,0) +a, SL3,3, 1)J
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1 2 1 2
= P P P
Tee (P0 +P0 +P0 ) + ( 1 + ] ) cos 6 + ( 2+P2)c:os(29)
where:
0 1 0 0
= == - 1 =
P0 73 C0 H0 [ag S1(0, 1, 1) ag Si(1, 1, 0) a SI(1, 1, 1)]

11 1 1 _ﬁ
Py = 7S Ho {ag[sl(o, 1, 1) + S1(0,0,0) -y~ CI(0,0)}

-a [SI(I, 1,0) SI(1,o0, -1) - YS— CI(1, O)}
5 ki

- o.6 [SI(I, 1, 1) + S1(1, 0, 0) - y& CI(1, l)}
™

2 0d o B B [
P"= 75 S H {ag SI(0, 1, 1) - 2SI(0, 2, O)J

- ag SI(1, 1, 0) - 2SI(1, 2, -1)}

-

- a, [51(1, 1, 1) = 2811, 2, 0)}

1 1 1 1
P = == = -
1 NG C1 H1 [ag SI(1, 2, 1) a5 SI( 2, 2, 0) a6 SI( 2, 2, l)}
r

1 2 2 2
i =W C1 H1 {\ag [SI(I, 2, 1)+4S1(1, 0, -1)+SI(1, 1, 0)-8\/: CI(1, 0)}

-ag [SL(2, 2, 0)+4S1(2, 0, -2)+SL(2, 1, -1)-8E CX( 2, 0)}

-a, [SU2, 2, 1)+451(2, 0, -1)+5K(2, 1, 0)-8E CI 2, 1)}}
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g
|
|
Q
T

2 .
o) [-451( 2,0, -1)-S1(2, 1, 0)+8\/; CI( 2, 1)}

-a -451(2, 0, -2)-SI( 2, 1, -1)+8 @ CI( 2, O)J

-~

+ a -4S1( 2, 0, 0)-SI1(2, 1, 1)48 @ CI( 2, 2)]

- a_ |-SI(3,0, -1)-SI(3, 1, 0)+8 @ CI(3, z)}

2
- a, |-451(3,0,0)-SK3, 1, 1)+8 E CI(3, 3)]

=5

PZZ: -\%ZCZZHZZ ':-al SK(2,3,0) - a, SI(2, 3, -1)
+aySI23,1) - SK3,3,0) - a SK3,3, 1)]
T - @ +Q.?) sino+@.l+Q.%) sin(20)
ro 1 1 2 2
where:

1 1 1 1
Ql = V2 C1 Hl [0.7 SI( 2, 2,0)+':18 S1( 2, 2, l)J

A

2 1 2. 2 ¥ F
Q"= 7 C1 Hy a, |SL(2, 2, 0)+4SI(2, 0, -2)+S1(2, 1,71)-8 y~CI(2, 0)]

+ 6 [51( 2, 2, 1)+4SI1(2, 0, -1)+SI(2, 1, 0) -8 ECI( 3 1)}
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al-Lclul loa |-asuz0,-1)-51(2 1, 0)+8 \/% cI(2, 1)J

-a -4SI1( 2, 0, -2)-SI(2, 1, -1)+8 f CI( 2, 0)}

ta l-451(3, 0, -1)-SI(3, 1, 0)+8 ]/% cI(3, z)]

[451(3 0, 0)-SI(3, 1, 1)+8 )/—c1(3 3)]

8
Qe - c %m t (- a. SI(2, 3,0)-a_SI(2, 3, -1)+a,SI(3, 3, 0)+a,SI3, 3, 13
2 \/’2 2 2 L l H ’ 2 ’ ’ 7 ’ 8 H J
0 1 2 1 2 1 2
'Trz—(RO +RO +R0 )+(R1 +Rl )cose+(R2 +R2 ) cos (20)
where
Rooz o 0 l; a SI(1, 1, Z)J
R Jo § -SI(l 1, 2)+S1(1, 0, 1) - [—8; CI(1, 2)
0 —’\/" ’ ’ ’ ’ T ’
R e 1 -SI(l 1, 2) - 2SI(1, 2, 1)
0 "\/‘2 0 i ’ ’ ’ ]
U 1 sK(1, 2, 1) SI(2, 2, 2)
RV ag ( -a, (
2 1 1.2 [ F
— . . 1, 1, 0)-8y=CI(1, 0
Rl N, C1 H1 08 LSI(I, 2, 1)+4S1(1, 0, -1)+SI(1, 1, 0) = ( )

- a, SI(2, 2, 2)+4SI1(2, 0, 0)+SI(2, 1, 1)-8ECI( 2, ZJ¥
J
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1 1 1 1 [2
= — - -4SI -S 1,1 =
R2 N C2 H2 ag [ (2,0,0)-S1(2, 1, 1)+8 - CI( 2, 2)

-4S1(3, 0, 1)-S1(3, 1, 2)+8 E CI(3, 4)J

R.“=—&= C_.“H [-a851(2,3,1)—a4SI(3,3,2)}

STRESS COMPONENTS ON THE PLANE z = 0

0 1 z 1 2 1 2
Trr—(To +T0 +T0 )+(T1 +T1 ) cos 6+(T2 +T2 ) cos (20)
where:

0 1 0 0 .
T0 =2 Co HO [u3 S110, 1, 1) + ag SI°(1, 1, 0)]
1 1 1 1 . . 8 .
TO = C0 HO a, [SI (0, 1, 1) + S17°(0, O, 0) —ﬂ CI110, O)J

+a [SI’(I, 1,0) + S1°(1, 0, -1) - )/E CI11, O)jl
5 ™

2 _ 1 2 2 B
T," =5 G Hy" (e, [SI'(O, 1,1) - 2 SI110, 2, 0)}
+ ag {SI’(I, 1,0) - 2 Sr(1, 2, -1)]
Tl--lCIH1 SIr(i1, 2,1 SI12, 2,0
1 - ’\/-2 1 l 0'3 ( ’ ] )+ 0'5 ( y & )



- .1__ 2 ’ ’ ’ z— ’
T,°=5 ¢ H ay [Sl(l, 2, 1)+4SI°(1, 0, -1)+SI(1, 1, 0)—81/Wc1(1,o
+

75

-

d

ag [SI(2, 2, 0)+451°(2, 0, -2)+SI'(2, 1, -l)-S}/—Z_-CI’( 2, 0)
™

I 1 1 1 )/7
B == -4SI -2) - 8I”(2, 1, -1 £ cr
T, \fzcz H, a, [ SI'(2,0, -2) - SI(2,1, -1) + 8 = c1(z,0)J
+ o, [-451’( 2,0,0) -SI/(2 1, 1) + SE Cr{z, z)]
+ g L-4sr(3, 0, -1) - SI17(3, 1, 0) + SE CI*(3, z)J
2 1 2.2
T, = N2 , Hz [az SI’(2,3, -1) + a; SI"(2, 3, 1) + a  SI13, 3, 0)]
L
0 1 2 1 2 1 2
- P
Tee (P0 +P0 +P0 )+(P1 +P1 ) cos 0 + ( 5 +P2 ) cos (20)
where:
0 1 0..0
P =—<cC_ H sI’(o, 1, 1) - SI°(1, 1, 0
0 \/'2 0 0 [ag ( ’ ’ ) (15 ( ’ ‘] )J
1 1 1.1 8
P = e “ ’ -y— CI10,0
5 - Co- H, a [sx(o, 1, 1) + SI7(0, 0, 0) ﬁ 10, )]

(5 ) 8 ...
~ B vLSI(l, 1, 0) + SI”(1, 0, -1) -ﬁ c1(1,0)J
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P, ===C " H aq [SI’(O, 1, 1) - 2 SI7(0, 2, O)J

- [SI’(I, 1,0) - 2 SI”(1, 2, -1)J

1 1 1 1
= — < 1) - SI1 0
P1 N C1 H1 [(19 SI(1, 2, 1) ag (2, 2, )J
P 2 "1— C 1H . a [SI’(I 2, 1)+4S1°(1, 0, -1)+SI7(1, 1 0)—8vé CI“(1, 0)
1 b \/’2 1 1 9 ’ ] 3 H ’ ’ T ’
N
- ag [sr(z, 2, 0)+4SI’(2, 0, -2)+SI (2, 1, -1)-8]}é CI (2, oj
T
ploLl oty o l-asr(z0 -2 - szl -1)+8y3 cr(z 0)]
2 . '\/'2 2 2 2 ] ’ ] ’ T ]

+ag {-451’( 2,0,0) - SI"(2, 1, 1) +8‘/§ CrL( 2, 2)}

- a, [-431’(3, 0, -1) -SI”(3, 1, 0)+8E CI/(3, 2)}

Rl [-az SI°(2, 3, -1) + ag SI'(2,3, 1) - a,SI'(3, 3, O)J

%) sin (20)

~ 1 2 ) 1
Tre_(Ql +Q1 )Sm(«)+(Q2 +Q~2

Q =-5C, H [07 SI1 2, 2,0)}

r
Q “=-=cCc.“H o, | SI12, 2, 0)+4SI'(2, 0, -2)+SI'(2, 1, -1)—8/% CI’(2, Oﬂ

—



7

i
C_H 1— a, L—4SI’( 2,0, -2)-SI"(2, 1, -1)+8E CI(2, 0)}

+a [-451'(3, 0, -1)-SI/(3, 1, 0)+8V% CI(3, 2)}

2 2
- SI” 3, -1 SI7(3,3,0
C2 H2 [ a, 1°( 2, 3; )+0L7 (35 25 )]
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NOMENCLATURE
Tij Stress Components
Ui Displacement Components
N, B Lame' Constants
v Poisson's Ratio
B’ 2(1-v) / (1-2v)
o) Stress Function
e Dilatation
r, 9, z Circular Cylindrical Coordinates
X, VY, Z Rectangular Cartesian Coordinates

X1,V 2 Rectangular Cartesian Coordinates

k Stress Intensity Factor
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COMPUTER PROGRAM



*CHARGE112370C
ANAME sALAYV L s Me Jo
¥LIMITsT=1/2+FPR=50

*rUORTRAN
PROGRAM MIR
REAL NU
COMMON S{10+140)+A(10910s52
1 SRGIC Y LR IALTSRTE65) 2 502165)
2GGH0) ¢ Hi3s3) 3 C1L{bs5) o
34SXX(65)s SXY(ES5Y s SXZ(6H5) HFCK
READ(S592423)0 YPUIYs I=1s 64 )
READ(592423)( ZP(I)s I=1s 64 )
READ(S592423Y 0 AALL1s I=1y 64 )
READI(S»2422 1 3biiiy 151 64 )
2422 FORMAT(8 F10e3)
READ (543) NsMsKsNUeD +sITER +ID
8 FORMAT (3110 92F10e592110)
WRITE(691009) D
1009 FORMAT(////7/750X93HD =sF&e2//77)
NN = N+1
NM = M+]
NK = K+1
A3= 2a%(1le = NU) / (le = 2e¥NU)
Al = 20*(A3‘ le)
A2 = 2e%(A3- 24)
C
DO2111 =35 4
FF(1 ) =1
FF(2 ) =1
XQ = 1 1
FFII) = XQ * FF(i~- 1 )
211 CONT INUE
C
DO 221=2y &4

Y+ Cil0a1C)
s SK(10)

(693)

F
S1(59596)92FP (65

F

S5
(
)

R
4

’

R{AST s 2P (HD)» L0045 ) s
VaSUlbesEs 1T aYPIES )
AA(G65) 9BBR(HS)»FK(65)



1176

1179

1

1

W= 1 =1

GGi1i=5QRT(3e1641592653589793)
GG(I)= (2e%W ~

CONT INUE

DO 331=1»
DO 33J=1»
1T = -1
JJ = J-1

%

-

3

le

)#GG(I - 1

IF( (2%((1140J)/72))

(FF(

(II+J4+2)/2

)

IF( (2% ((T1+0J)/72))

(GGL (I1+JJ+1)/2

CONTINUE
DO 7071 =

RP(I) =
CONTINUE

ls 64
OP(I) = ATANI

SARTH

YP(
D*

+1

1)
D +

«EQe

oNE

/

/

)

D

GG

/

)

)/ 2e

(I1+JJ) )

H{i-0)

(I11+JJ+2)/2 +1

(I1+4JJ) )

FFI(

HOITJ)
(11+Ji+3)/2

(YP(I))*(YP(I)) )

IX(SERT{(Ze )

)

¥AOURT

TO EVALUATE THE INITIAL STRESSES ON THE CRACK 3SuUkFCE
HA = 2087266463 %*2.
IK =11

DO 9909 1
DO 1178 1
DO 1178 J
R = { =~
R = R¥ 42
XY = J -
TET = XY
IF( l1iK
IF( I1IK
T1F( 11K
1F( 11K
1F( 11K
IFt IIK
SClly Iy

=1»
=1>
1

1
*HA
eEQe
eEQs
sEQs
¢EQo
oEQe
oEQoe
J )

GO TO 1178

SC(ls I

J )

6
19

1)
2)
3)
4)
5)
6)
le

R*

GO
GO
cO
GO
GO
GO

T0
TO
TO
TO
TO
T0

1176
1179
1180
1181
1182
1183

-~

(2o

)/ 2

)

V72



59

Y 7Y e

7071

717

4443

OO,y 0N

GO TO 1178

SClls Ie J ) = R%® COS( TET) + 1.
7O 1178

5CLYs Is 4 ) = R®* R #* COS( TET )
GO TO 1178

SC(ls Is J ) = R*¥ COS( 2% TET )
GO TO 1178

SC{1s 1y J ) = R* R #* {050 24 ©

CONTINUE

CALL COEFF(NsMsKsA

DO 8793 1 =1»

FEULY = Qo

DO 1118 INDIC=1s ITER

WRITE(69199)INDIC

FORMAT(IH1 930X s *ITERATION NQe*s12:

GO TO 717

INDIC = UINDIC

CALL CONSTLALs INDICH» SQ )
IF(C 1D +EQe ) GO TO 4443
IF ( D «Gte » ) GO TO 137
[F{ D oLTe 1o ) Q1 = ASIN(D)
02 = ( 01 + 3414159/2e ) / Co
GO TO 137

02 =(ACQOS(D) ) /6.

o g
L

.
¢

)



e

N

DO 8877 IK =1s 7
Xy = IK -1
0 = XY #® (

314159 )/ 6.

IFC D elTe 1o ) O = XY * Q2

SUML = Oe

DO 4477 1 =13

SUM2 = 0,

DO 3377 ! =1+3

=1 -1

SUM2 = SUM2 + CtiJi*H(leJ)
FCK( INDIC.I?) = SMZ2 * SQRTH
CONT INUE

SUMLI = SUMT + 1 ZOSETH0)
CONT INUE

SKUTEDY = SUMI#S#SORT(

Fed ir ) = Fit k) o+ 5K

CONT [NUE

WRITE(A+303) . SKULi
FORMAT (L1 o%510L 05
IFC INSTC  efiie |

DO 100 12 =104

( R e EQa le s AND o

Ye (=1
INTENSTITY FACTOR K

ITER + i

Z = ZPtl2)

R = RP(IZ2)

0 = 3,14159 = OF(12)

IF( ID «EQe 2} O = OP(12)
I

*A1
3¢1415927/24)

) #SUM2

301641296/ 20)
IK )

73

) y GO TO 8803

Z IEQ. Oe ) R

=%y (F10eb/)

lel



[aNA)

iFIT R 2EQe 0Oe } R = #0601
IFC R osLTe 1. sANDe & olCoe

CALL BESSEL(NsKsR»Zs 5)
SRR3= Ce
SC0O02= 0o
SRO3= Qs
SRZL3= 0o
S5C0L3= Do

DO 10 I = 1s NN

W = [-:

Cl = =Al*W¥(W~1e)*Z / (R¥*¥%2,)
C2 = 2e¥WX¥(W—]e) / (RR¥2,)
C3 = =-Al

C4 = A1*Z

C5 = 2¢/R

C6 = —-Al*Z /R

C7 = Z2e%W/R

C8 = ~A1%W¥Z/R

C9 = =A2

SRR1 = 0O

S001 = O

SRO1 = O

SRZ1 = Oe

S50Z1 = 0.

DO 20 J = 1y NM

SRR2 = O

5002 = 0o

SRO2 = 0o

SRZ2 = 0Oe



alEa

30

10

( Cl*¥P1+C2*¥P+C3%P2+Ca4*P3+C5H%Pa4CEFPDH
T

(-Cl¥P1l-C2%P+CO9%P2~C5%P4~COH*FD

(-C1#P1-C2*P+CT*P4+C8%P5

5022 = Qe

DO 3¢ L = 1y NK

T = C{I+J)* A(leJdslL)

L o= 2% (L~-1) + 1

Po= S{lsLL )

Pl= S(IsLiL+1)

p2= S(IlsLLL+2)

P3= S(IslL+3)

D= SL1+1s141)

Fo= S{I+1aLL+2]

pPo= S(I+1sLL+3)

SRK2= SRRZ+

5002= S002+

SR0O2= SRO2+

SRZ2= SRZ2+ (~-CE*P2-C4*P6
S0Z2= S0Z2+ (+C8%P2 ) * T
CONTINUE

SRR1 = SRR1 + SRR2

S001 = S001 + S00Z

SRO1 = SR0O1 + SRO2

5RZ1 = SRZ1 + SRZ2

5021 = S0Z1 + S0CZ2
CONTINUE

SRR3 = SRR3 +SRR1#COS(W*0)
S003 = S003 +SCOL1*COS(W¥*Q)
SRO3 = SRO3 +SRO1*SIN(W*0Q)
SRZ3 = SRZ3 +SRZ1¥COS(wx*Q)
SOZ3 = S0Z3 4+SOZ1*SIN(W*Q)
CONTINUE

SRR(12) = SRR3

500(12) = S003

SRO(I2) = S5R0O3

SRZ(12 ) = SRZ3

)

* T

.
¥

+

.

RS

) *

T



SOZ(12) = 5023

G0 TO 1G9
888 CALL HYPER (Rs Zs SIe CI )
C

SRRR= Qe

S000= Qe

SROC= O

SRZZ= 0o

S0ZZ= Qe
&

W = Oe

Cl = —Al*WH(W=1le)*¥Z / (R%¥%2¢)

C2 = 2e#WX(W—=1e) / (R¥¥%24.)

C3 = <Al

Ca = AI*Z

C5 = 2e/R

Cé6 = =-A1*Z /R

C7 = 2¢*W/R

C8 = =A1*W*Z/R

Cc9 = -A2
C

IF( Z oNE e Oe ) GO TO 660
&
C

TOO =(C3%S51(19295) + C5%SI(2:294) }* ClL1»i13¥H(1s1)

TO1 = (C3% ( SI(192e3) + SItlslsed) = & SQRT (& /3414159141 (1el)

1 +C5%( SI(29294) + SI(29193) = ( SGRT(G. /B3 1415GH)FCIL2211Y)

2 1% Clls2)% H(192)

TO2 = (C3%(SI(19295)=2e%#ST(19394))+ CH5®(SI(29204)~2e% 5[(293s2)))
1%C(193)¥H(193)

POO = (C9%ST(19295) = C5%SI(29294))*¥C(1s1D¥H{1s1)

PO1 = ( C9%{ SI(132s5) + SI(1s194) — ( SQRT(Be /3e14159)1%C1{1si)}
1 ~CH%( SI(2e2+4) + SI{29193) =~ ( SQRT(8s /3e14159))%#C1(0»1))
2 )% Cl1e2)% H(192)

P02 = ( C3% ( SI(192s5) = 2% SI(19394) ) = C5% ( S51(292+4)

1 ~2e¢% SI(29393) ) )% C(193) * H(193)

ROGC = O



RO1 = Oe
R02 = Qo
GO TO 550
G
C
660 TOO = {(C3 #SI(19295) + C& * SI(14296) + C5 * 51(29294) + CO
151(29295) ) * Cl(ls1l) * H(1ls1)

TO1 = (C3% ( SI(192e5) + SI{lelsa) =~ ( SQRT(8e /3e14159)1#CL{1sll)
1 +C4%( SI(19296) + SI(1s195) = ( SQRT(8Be /341415911 %CI(1ec))
2 +C5#( SI(23294) + SI(2+192) = ( SQRT(8e /314159 ) )*¥CIl291))
3 +C6%( SI(25295) + SI(2s196) - ( SQRT(Be /341415911 %CI122))
4 )% C(1s2)% H(1s2)
TO02 = ( C3%(SI{ie2s5) = Z2e% SI(193s4) ) +
1 Ca®(SI(1+236) = 2% SI{19395) ) +
2 CH®(SI{22294) =~ 2% S51(22353) ) +
3 COEF(ST(2+2+5) = 24% S5I1(293s6) ) ) # C(1e3) * H(1s93)
C
PO0 = (C9%S51(1+2e5) - C5%¥S1123244) = C6 *S[{2+295) I¥CULLs1I¥HI1s1)
PO1 = ( CS%( Sil1e295) + SI(1slsd) =~ ( SQRT(3e /36141591 )*CI{1s1))
1 ~CH#{ SI(Z32s4) + SI(2s193) = ( SQRT(Be /3414159))%#C1(2911))
2 —CE#( SI(212¢5) + Sl 2y1ea) ~ ( SQRTI8» /3e141592)1)%C1(292))
3 )% C(1le2)% H(L1s2}
PO2 = ( C3¥(SI(1r2¢35) = 2% SI(123s4) )~
1 CE#(ST(292sa) =~ 2% S1(2+393) 1~
2 CEX(SI(29295) = 2% SI{2+354) ) ) % Clle3} * Hll93)
C
ROO = ( - C4 % SI(2+296) ) * Cllei) *H(]21)
RO1 = (=C&%( S1(29296) + SI(29195) - ( SQRT(Be F3614159))1¥C1{2s3))
1 1% C(192)% H(1s2)
RO2 = —C4%(SI(29296) = 2% S1(29395) ) * C(1s3) ¥ H(1s3
C
550 SRRR= SRRR+ T0O0 + TOl + TO2
S000= SQQ0+ POO + POl + PC2

SRZ2= SRZZ+ ROO + ROl + ROZ2



661

Cl = ~Al#rws(W-1le!¥L 7 (RA%3I,)

2 = 2eMWH(W-1e) / {R¥¥2.)

CT = 26%W/R

C8 = =Al*w+72/R

1F( 2 eNE o Qe ) GO T &4t

T11 = ( C3% SI(29252) + 0 ' o) Ve {adedi % H(Ze2)

T12 = (C3#(SI(29395)4+4e®SI (2l vt il 9280} ={5GRTVI20e/3 0012V )®
1CI(291) ) +
2 CS*(SI(3’3’47+4.*51(39192)+3l(W?ﬂ'*)-(SQQT(lZBg/%plQligl3*

3CI(3s1) ) ) * Cl253) * Hi(Z»3)

P11l =-( C9% SI1(29395) = C5% SI(39394) }¥ +{2:2) ¥ H{2,2)

P12 = (CO*(SI(293+5)+4e®Si (2131451 (2920=1~i50RT(128Be/ 31415901
1CI(291)) =

2 CH*(SI(39304)+4eX*¥ST(39192)+5183923)1~135GRT(128e/3e14159)1)%
5CI(391)) ) % C(293) * H(Z29+3)

Qll = ( C7%® SI(39394) )% C(292) ¥* HI2erli

Q12 = (CT%(SI(39394)+4e*ST(39192) 451035 v 5 j~{SURTI120e/334159) )%
1CI(3s1)) ) ¥ C(293) * H( 293)

R11 = O
R12 = Oe
211 = Qe
212 = Os
GO TO 551

T11l = (C3%#SI1(29395)+C4%*¥ST(29396)+CHXSTI(39324)+4CORST L eRsD) 0N

1 C(232) * H(2+2)

T12 = (C3%(SI(29395)+4e*S1(29193)4S1(25294)=(5QPT(128a73e1A 1500 K
1CI(2:1) ) +
. CL¥(SI(293s6)+4e%*SI(291941+51(29295)=(SQRT(128/3s140070)%
3Cil2+2) ) +
4 CS%#(SI(39394)44eXST(39192)+51(39293)~(5QRT(1284/3214157))%
5CI(351) ) +

6 Co*(ST(39395)404%¥ST(3s193)+S51(39294)~(SQRT(128e/3214159))%
TCI(342) 1) * C(293) ¥ H(293)



551

P11 (CO%SI(29395)—CH*#ST(39394)~COX¥SI(39%95))% Cl292) *¥H(292)
P12 (CO%(SI(29390)+4e*S1(29193)+S51(29294)-(SQRT(128e/3414159))%

1CI(291)) -
2 C5*(SI(39394)}&.*51(3o192)+51(3:293)—(SQRT(128./3-14159))*

3CI(3»1)) -
4 CO¥(S1(39395)+4e%ST1(39193)+51(39294)-(SQRT(128e/3e¢14159))*

5CI1(392)) ) * C(293) * H(2y3)

Qll = ( C7% SI(393s4) + C8 * SI(39355) ) MC(2s2) *H(2,2)

Q12 = (CT*(SI1(39394)+4e%S1(39192)4S1(39293)=(SQRT(128¢/3e14159))*
1CI(3s1)) +

2 CB%¥(SI(39395)+4e*S1(39193)+51(39294)-(SQRT(128e/3e¢14159))%
3CI(392)) ) % C(293) * H(293)

R11l = (=C8% SI(29395) = C4 *SI(39396) )%¥CU2s2) * H(252)
R12 =(-CB#(SI(29395)+4e%*S51(29193)+S1(29294)~(SQRT(128e/3014159) )%

1CI(2s1 V)=
2 Cu*(ST(39396)+4e#ST(39194)+451(39295)=(SQRT(128e/3e14159) )%
3C1(3s3 ))) * C(2s3) * H(2+3)

211 = (C8 % SI(29395) )% C(2s2) * H(292)

212 = ( CB¥SI(29395)+4e%S51(29193)1+51(29294)=(SQRT(128e/314159))%
1CI(291 ) ) * C(293) *H(253)

SRRR= SRRR+ ( T1l1 + T12 ) * COS( W * 0 )

S000= SCOU+ ( Pll + P12 ) * COS( w * O )

SROO= SROO+ ( Qli + Q12 ) * SIN( W * 0 )

SRZZ= SRZZ+ ( Ril + R12 ) * COS( W * 0O )

5022= S0ZZ+ ( Z11 + 212 ) % SIN( W * 0 )

W=20

Cl = =Al*W¥(W=1e)%Z / (R¥%%2,)

C2 = 2e%W¥(W=1e) / (R¥%#2,) "

CT = 2+*W/R

C8 = ~Al*W*Z/R



TN ON

IF({ Z «NEs Oe¢ ) GO TO 662

T21=(C3%(=4e%S1(39194)=51(39295)+( SQRT(1284/3e14159))1%C1(3+3))
1 +C5% (~4e%*¥ST(649193)=SI(492s4)+( SQRT(128e/3e14159))%C1(493))
2 +C2%(—4e%51(39192)=51(39293)+( SQRT(1284/3¢14159))%C1(391))

3)%C(392) * H(392) _
( C3%51(39495)+ C5% SI(Lstst)+C2%S1(35453))%C(353)%H(393)

T22 =

P21 = (CO*(-La#*ST(39194)=S1(39295)+(SQRO(128e/3614159)1%CI(393))
1 —C5#(~4oe%ST(49193)=SI(49294)+(SQRT(128e/3¢14159))%CI(493))
2 —C2#(—4o%SI(39192)=51(39293)+(SQR*(128¢/3¢14159))%CI(391))

3 1%C(392) * H(352)

P22 ( C9% SI(3s495) = C5% SI(494s4)=C2%ST(39493))%¥C(393)%H(393)
Q21 (CT*(~64e%*ST(49193)=ST(49294)+(SART(128e/3e¢14159))%C1(493))
1 —C2%(~4e%ST(39192)=-S1(39293)+(SQR*(128¢/3¢14159)1%C1(391))
2 1%C(392) * H(392)

G22 = ( C7% Sl(4sass) ~C2%S1(39493))%C(3s3*)*¥H(3+3)

R21 = Qe
R22 = O
221 = 0o
222 = 0O
GO TO 552

T21=(C1#(=4e*SI1(39193)=51(39294)+( SQRT(128¢/3e¢14159))*C1(3+2))
+C2% (=4 e*ST(39192)=SI1(39293)+( SGRT(1284/3e14159))%#CI(391))
+C3%#(~4e%*ST (391 94)=SI(39295)+( SQRT(128e/3e¢14159))%CI1(3+3))
+CO4EF(~6e%S1(39195)=S1(39296)+( SQRT(128e/3e14159))%C1(394))
+CS*(~4e%*ST(Ls193)=SI(G4s2s6)+( SAQRT(128e/3¢1415G))1%CI(493))
4COX(=4e%*ST(Lylst)=SI(G49295)+( SOQRT(1284/3e¢14159))1%Cl(494)) )

6 #C(3492) * H(3,2)

T22 = ( C1% SI(3s49s4) + C2%SI(39493) + C3M SI(39495) + Ca*
1S1(39496) + C5%SI(bsb4ss) + COX*51(Ls6s5) I*¥C(393)% HI(393)

Ve W N

P21 = ( =Cl%*(=4e%SI1(35193)=51(39294)+(SORT(128e/3e14159))%C1(392))
1 ~C2%(~4e#*SI1(39192)=S1(39293)+(SWUR0(128e/3¢14159))1%C1(391))



552

C

C
109

SFwN

1- Cé6* Sl(4,

445) )

*

) -C2%S1(39453)
C(393) * H(3,3)

+CO*(—4oe®ST(39194)=SI1(39295)+(SQRT(128¢/3414159))%C1(3+3))
—C5%(~4oe#ST(49192)=SI(4s2,4)+(SQRO(128e¢/3e¢14159))1%CI(493))
—COoO%(-4e%*ST(49194)=SI(49295)+(SQRT(128e/3e14159))%¥CI(4r4))
5 1¥C(392) % H(3,2)

P22 = ( -C1*S1(3y9494)

+C9% SI1(39495) —C5% SI(bsb4)

Q21 = ( =C1#(=4e%*SI(39193)=-SI1(39294)+(SQR (128e/3e¢14159))%CI1(3+2))
1 —C2%(=4e%*S1(39192)=S1(39293)+(SCGRT(128e/3e14159))%CI(3»1))
2 +CTH (=4 e%ST(4y193)=5S1(49290)+(SQRO(128Be/3e¢14159))%CI(493))
3 +CB8*(~4e%*ST (4194 )=ST(49295)+(SQUR3(128e/3e14159))%C1(494))
4

)#C(392) * H(3»2)

Q22 = ( =C1
1C8% SI(4y4y

*S1 |

5) ) % C(393 ) *H(393)

Behetl) =C2%SI(39493) + CT*S1(49494) +

R21 = ( —=CB*(—=4e%SI(39194)-SI1(35295)+(5QR (1284/3414159))%CI(343))
1 —COan(—4e#*ST(49195)=5S1(492906)+(SQRT(128e/3¢14159))%CI(495))

2 I*C(392) * H(342)
R22 = (—-C8 *511(39445)

- C4 * Sl(494+0)

)*¥C(393)%¥H(353)

221 = ( CB%(-4e%S1135194)=5S1(39295)+(SWURT(128¢/314159))%C1(393))

1 1%C(392) * H(392)
222 = ( CB *51(3s495) )

SRRR= SRRR+
5000= SO00+
SROO= SROC+
SRZZ= SRZZ+
S0ZZ= SOZ1Z+
SRR(12)
S00(12)
SRO(12)
SRZ(12)
S0Z(12)

( T21
( P21
( Q21
( R21
( 221
SRRR
5000
SROO
SRZZ
502z

3

+ 4+ + +

SXX(12)=(SRR(12))*(

10 SIN(O) )

- 24 ®

*¥C(393)
T22 ) * COSI
P22 ) % COSI
Q22 ) * SINI
R22 ) * COS(
222 ) * SIN(
COS(0) ) *{

FEIEET T
*x X X X

*

loNeoNoNeoNe)

C0sS(0)

COS(0) )* ( SIN(Q)

* H(3,3)

- — -

) +(S00(12))* ( SIN(O) ) *
)*U SRO(I2) )



SXY(I12)=(SRR(I2))*( COS(O) ) *( SIN(O) ) ;(SOO(IZ))* ( COS(0) ) *
1( SIN(O) )+(SRO(I2))*( (COS(0) )I* ( COS(OD)=( SIN(O) 1*( SIN(O) ))

SXZ(I12) =(SRZ(12))* ( COS(O) ) =(SOZ(I2))M ( SIN(O) )

C

C

100 CONTINUE

C
WRITE(69285) ( SRR(I ) I=1s 32 )
WRITE(69286) ( SO0(I )y I=1» 32 )
WRITE(69287) ( SRO(I )y I=1s 32 )
WRITE(69288) ( SRZ(I ) I=1» 32 )
WRITE(65289) ( SOZ(I )y I=1» 32 )
WRITE(69290) ( SXX(I )y I=1s 32 )
WRITE(69291) ( SXY(I ) I=1y 32 )

)

WRITE(69292) ( SXZ(1 )y I=1» 32
235 FORMAT(1Xs5HSRR =932F442)
286 FORMAT(1X95HS00 =3932F442)
287 FORMAT(1X9»5HSRO =932F4e2)
288 FORMAT(1X95HSRZ =932F4e2)
289 FORMAT(1X»5HS0OZ =932F4e2)
290 FORMAT(1X95HSXX =932F&4e2)
291 FORMAT(1X95HSXY =932F4e2)
292 FORMAT(1X95HSXZ =932F4e2)

C
C
C
C TO EVALUATE STESSES ON THE CRACK SURFACE DUE TO REMOVABLE OF
C STRESSES FROM THE PLANE D
C
C
JNDIC = INDIC + 1

HA= ¢087266463 % 2.

GO 9999 I = 1y 6

DO 9999 J = 1 19
C

R "1

j =
R *® 42

non

R



XY = J -1
TETA XY * HA

SUM1
SUM2
SUM3

Ce
O
Oe

wonon

D02500 II = 1y 64
X1 R¥ SIN( TETA )
X2 R* SIN( TETA )
Yl ZP(C 11 )

Z1 R* CCS( TETA )
IFC ID «EQe 2) 21
Ag AACTTD)

B8 BB(II)
IF(2Z1eLTe Oe ) Z21= ABS( Z1)

+ 0
< <
U
— -

+
o

R* COos( TETA ) - D

n n

CALL LOVE(AB8, BBy NUs X1y Yly Z1ls SYYly 2YY2s SYY3 )
IF(_ I1 «LEe 8) GO TO 937
SUM1 = SUM1 = 2, * SXY(II)* SYY1
SUM2 = SUMZ2 Je * SXZ(II)* SYY2
SUM3 = SUM3 + 2e * SXX(II)* SYY3
GO TO 938
937 SUM1 SUM1 - SXY(I1)*® SYY1l
SUM2 SUM2 + SXZ(II)* SYY2
SUM3 SUM3 + SXX(IT)* SYY3
938 CONT INUE

+

]

CALL LOVE(ABy B8s NUs X293 Y1y Z1s SYY1ls SYY2s 5YY3 )
IFC Il «LEe 8) GO TO 939

SUM1 = SUM1 + 2. * SXY(I1)¥ 5SYY1

SUMZ2 = SUMZ2 + 2, * SXZ(II1)* SYY2

SUM3 = SUM3 + 2. * SXX(IT)® SYY3



G0 7D 740

739 SUML = 3UML + CXY(IT1)¥ SYY1
TUMZ = SUMZ o+ SX{{T[r% SYY2
SUI43 = SUM3 4+ SYXi1T)% SYY3

$h0 CONT TNUE

500 CONTINUE

SC{JUNDICsly J)= -SUM1 -5UM2 +5UM3
9999 CONTINUE

G
G
L
IFC JNDIC «EQe ( ITER + 1 ) 6O TO 7071
1118 CONTINUE

8803 WRITE(6+303)1 FKiI)s I=1s 7)
WRITE(6+2299)  (S5CH 1slad)el=ie%) inlsi7 )
WRITE(6+2299) { (SC( 2ela ) el=Tebts U=l elG )
WRITE(592269) ( (5CH B9l d)el=Te8) Jzi9120 )
WRITE(6:2299) { (5CI Byled)el=]eb)s M=]1 412 )
WRITE(6+92299) ( (S5CH S5e19J)si=1e6)e J=]121t9 1

2299 FORMAT(//(1Xs6F15e4)/7)
CALL SIF(FCKs ITER)
WRITE(6353308)( (FCK(IsJ)sd=193)  si=lel¥ER)
3308 FORMAT(1X93F10e5)
3909 CONTINUE
STOP
END
SUBROUTINE COEFF(NsMsKsA )
DIMENSION F(150 ) » G(75 } » H( 1C»10C ) s A( 10+10s62)

NN = N+1
NM = M+1
NK = K+1
C
C
C TO EVALUATE K FACTORIAL OR s (P+N+1)/2 FACTORIAL wHICHEVER 15



O

Ty D

-~
b

v

=~ N

~
i

0N

At

1

1

GR

M2
DO
F(
F(
XX
F
CG

TC EVALUATE GAMA FUNCTION OF
(K+N+1)/2 +1/2 WHICHEVER IS GREATER

A
IF
i
=
v

&

9

Z-—o--

2%

(
ER

((\

TO

oC
0o
Ii
JJ
iF

IF

{ 2%(K+N+1) eGEe (M+N+2) ) NI1=(K+N+1)
{ 2%(K+N+1) oLTe (M+N+2) ) N1=( (M+N+2) /2
N1l +1
2 1=2s N2
= 1 -1
i) =SQRT(3e141592653589793)
I) = (2e%W = 1le )%*G(I~-1)/2s
NTINUE
EVALUATE H(NsP) WHICH IS EQUAL TO GAMA FUNCTION OF
DIVIDED BY GAMA FUNCTION OF (P+N+3)/2
3 I=1s NN
3 J=1s NM
= -1
= J=-1
{ (2% ((II+JJ)/2)) «EQe (II+JJ) ) HITJ)
Fq (II1+JJ+2)/2 ) /7 G (II+0J42)/72 +1
{ (2%((114JJ)/72)) eNEe (I1I+4JJ) ) H(IsJd)
(CX (1I14JJ+1)/2 +1 ) /  F( (II+JJ+3)/2

ce

EATER

= oz® (N S Ko+ 3 )
1 1 =3y M2

1 ) =1 .

2 ) =1 .

= [ -1

IV = XX * F(I - 1
NTINUE

NTINUE

)

(P+N+42)/2 +1/2

11

~ I - 1

OR GAMA FUNTION OF

(P+N+2) 2



YOO

SRR

STO EVALUATE  A(NsFPaK)
V. TIMES H(NsP)

TIMES (2K+N+P+13)

Co 5 1 =1« NN

DO H J =l WM

CO % L =1y NK

IF( 23%{ (L=-11/72 )
IF{ 2x( (L-1)72 )
X = I-1

Y J=3

VAR W |

Al T Jy L ) =
1 *¥GO 1 + L)y ¥ F(O L))

CONT I nitiE
RETURN

END
SUBROUT INE
DIMENSTON
T = I*x2
P = SQRT |
NJ = N+2
DG 2 1=1»
w = I-1
SI.1) =
CONT INUE
NN =
DO 3
W o= J-1
S5(1sJ+1)
S(2sJ+1)
CONTINUE
NK = N+1
IF(
DO 4 1

non

NJ

2K+ N + &4
J=1sNN

LW+l ) ¥Z/T)¥S(195) -
((W+1e)¥R/TI*S(19J) +

(NK—l)oEQo
=2 9NK

W H(IsJd) 70 (

0

DIVIDED Ry
TIMES GAMA FUNCTION OF

-1y TO vt POWER
(2K +N+1/2}

s+ WHICH IS EQUAL TO
{2 TO THE POWER OF
(K+N+1+1/72 )}

(L-1) ) Vo=l
{L-1) ) W T=1le

eEDe
sNE o

BESSEL(NIKIRsZ95 )
24 109140)
+ R*R

T

(((P=Z)/R)%**W)/P

(WER/TY*5(20J)
(W¥Z/TI%¥S5(29J)

) GO TO 9



o

mN OO

©
(PN

AN

0C 4 J =1sNN
E T o |

SET41ed41)Y = ((2e*v)/RIHSIT o

CONT L UE

RETURN

END

GUBROUTINE HYPER ( Re 43 Sio
DIMENSION AL( 120 )» BE( 120

1 F( 150)» SS(120) » G(120) +CI(455)

NS
KK

7
80

DC 111 I=1s &
DO 111 J=1» 5
CItIsJ) = O

DO 303 II1 = 1 &
DO 303 JJ1 = 1s 4
DO 303 KK1 = 1» 6

SIC 111 JJ1s» KKI1 ) Oe

NP = NS

[F(ReaGEe 5 eANDe R oLTe
IF(ReGEe o7 eANDe R oL Te
NK = KK

IF(Z «LTe R) NK = KK + 5
NSS = 2%NP + 11

IF( NSS eLTe NK) NSS= NK

DO 6C0C0 I=3s NSS

FC 1 ) = 1o
F(C 2 ) = 1.
X =1 -1
FC I ) =XZ *Ft1l-1)

Vo= S(I-1sJ+1)

ci )
) r GAL

o7 )
le)

120

NP
NP

%
'

ToX( 120

) s

S51(H59596 10



6000 CCNTINUE

C
C
DO 2 I=2y» 8
W=l -1 ‘
Gil) =SQRT(3e141552653589793)
GII) = (2e%W — le )®*G(I-1)1/20
z CONTINUE
C
C
IF( Z eEQe Coe ¢ANDe R oL Te le )G0 00 2222
C
C
DO 8000 IN =1y 4
WN = IN - 1
C
PO 8000 IM =1y &4
WM = IM -1
&
DO 8000 IP =1y 6
WP=IP - 4
c
C
SUM1 = Qe
DO 9000 IS =1s NP
IF(2%((IS= 1) /2) «EQe (IS= 1) ) W=1le
IF!Z*((IS‘ 1) /72) oNEe (IS= 1) ) W==1e
WS = IS -~ 1
LL = IN-1 + 2%(IS = 1) +(IP= 4) +(IM ~1)
IF( LL olLTe 0 )GO TO 8000
C
TQ = WM+e5 .
TZ = WN + 2¢%*WS +WP - o5 ‘

COEF = ((( 5)%%TQ ) * F( LL +1 ) ) 7/ (A le +L%%#24)%%
1 ( (TQ+TZ+1e)/2)1)1¥G(IM+1))



12C0

bnt

Y

3000
(

999
833G0

SUM = 1
DC 7C00KS=2Z9 NK
]’( - Kv" ;

AA = (WM+ o) / 2o

o = (WM+ e5) /7 e - {WN
G5 = WM + 1lab PN
XX = le/ (le + Z2L%#24 )
ALT 1 ) = 1e

BE(C 1 ) = 1le

GAC 1 ) = 1.

X (1 ) = 1.

ALIKS) = AA % AL(KS = 1)
RE(KS) = 88 % BE(KS - 1 )
GA(KS) = GG ¥ GA(KS 1)
X (KS) = XX ®* X (KS - 1)
55(KS) (

SUM = SUM + 0S5 (KS)

SUM2 = SUM ¥COEF
CHECKZ = 55(K3) *COEF

IR ( Ab S I( CHECKZ
CONT I NUE
SUMI = ( Wi (

1)*SuMe.- + SUM1

CHECK1= ( wxl
1) %5042
IF( AsSI CHECK1

CCNTINUE

SICINsIMsIP)= SUMI
CONTINUE

(R/2e)#X(WN + 2¢%WS)

(R/2e)%%(WN + Zeo¥w3) D / |

)

elLToe

2000 1)

ALIKS)®2E(RS) % 1)

b}

GU

/

/

T0

/e +
/e ¢

9 Y

~



Lt

77

664
1712

XAX = R¥%24 + 2Z%%24 = 1,
XX = SQRT((SGRTI((ABS( (XX V) %%2s 4 bLeX(Z¥%24)
1 RE¥%2e 4 [¥¥2,4 = 1la ) iZ2e )

YY = SORT((SQRT((ABS( XXX )) K%2e + LaN(Z¥X2,)
LIRHE24 + 2%%24 = 1e)) /24 )

RR = SGRT((ABS( XXX Y)  %%2e 4 he ¥ (2%X24) )
TETA = ATAN ( le /7 Z )

[F{ XXX +EQe Ue ) GO TO 663

Fl= ATAN2( (2e4%2) s (XXX) )

GO TO 773

FI = 3614159 /2.

IFL XX  +EQe 0Os ) GO TO 664

501 = ATAN( le /XX)

G0 TO 772

501= 3014159 /2

1F{ R OEQ‘ Oo ) R = 00001

“11 = ( le -~ (SGRT(RR)) * ( SIN (F1/24) y ) /R
€11 = ( (SQRT(RR) )*( COS(FI/2e) ) - 2 1 / R

512 = ( R¥ S01 ~ Z% S11 + Cl1 ) / 2

<21 = ( Cl1 - Z% S11 ) / R

C21 ==( S11 + Z% Cl1 ) / R + 5

522 = ( R* S11 = Z* S21 + C21 ) / 3.

C22 = ( R¥ Cll ~ Z% C21 - S21 ) / 3

523 = ( RX S12 - Z% S22 + C22 ) / 4.

CIt1s2) = ( ALOG( (Z + XX)*%¥24 + (le + YYD®%2e ) ) /2Zs
1 SGRT( R*%24 + Z%%¥24 ) )

1€( R oEGe #0001 )CI(192) = ( ALOG(le  Z%*%2e). 1/2e
C1(253) = ( SQRT( R¥%¥2e + Z%%24 ) = XX ) /R

IF{ R «EQe « 0001 YCI(2593) = 0o

CI(292) = ( le = YY + Z% ( XX = SQRT( R¥*%2e¢ + Z%% 24 ) )
L + (R/ 4e) ¥ ALOG( (Z+XX) #%24 + (le + YYD*¥2, ) — ([R/24) % ALOGI
7 7 + SQRT( R¥¥2e + Z#%24 ) ) :

IF( R «EQe 0001 )CI(292) = 0Os

CI(1s1) = = R* CI(243) = Z% CI(1s2) + SOl

- ALDGH(

~ALOG (L)



2222

N

N O

Ci{Ze1) = ( B% CI(lyl)= 2% CI{292)+ 512 ) 7
CI{3y 3) = (2e/FR) ¥ CI( 291 = CI(1l91)
Cl(3s #) = {24/R) % CI(292) ~ CI(1e2)
Cit2s2) = ( R%® Cl(242) = 2% CI(393) + S22 )
CIt3:1) = ( R¥* CI(29]) = 2% Cl1(392) ¢+ 523 )
CI(2e3) = ( 44/R ) # CI(2s1) = Cl(291)
Cl(rhst) = ( 94e/R ) * CIl392) = CI(262)
Cli4+5) = ( 4e/R ) ¥ CI(393) = CI(2493)

GO TO 105

DO 8800 IN =1y 4

WN = IN - 1

JN = IN = 1

NG 8800 IM =1y &

WM o= IM - 1

M= T -]

LO ReGO IP =1s 5

WP=18 - &

JP= P - 4

ALPHA = WM + o5 +WN =-( - WP + 5 ) + 1o
BETA = (={WM + e5)+WN =( - WP + 5 ) + le
GAMMA = WN + 1l

1Al = ALPHA

[GA = GAMMA

[BE = 1« - BETA

16AA = GAMMA - ALPHA

XAL = JAL

XBE = IBE

)/ 2
)/ 2.



a)

aNE]

XGAA

1F ¢
1 )

IF(
IF(
1F(
IF(
IF(

TQ

COEF

1(

SUM

NK
DO
K
AA

BB
IF(

GG
IF(

XX

IF(

7

=

]

IGAA

(WM + WP + WN + 1. )
GO TO 88060

(le -~ BETA eLEe O
XAL +EQe ALPHA ) CAL
XAL eNEe ALPHA ) CAL
XBE «EQe ( le - BETA
XBE «NEe ( le - BETA

GAMMA - ALPHA - BETA

(2+%% TQ

Le
30

TO0KS=2»
KS- &

NK

ALPHA + TK

BETA + TK
R .GT. l.

GAMMA + TK
R oGTe

R #% 2,
R «GTa

) *

le

le

= (

slL.Ew Oe ¢« COR+ (~WP + o5 ) el Te
. ) GO TC 8800

= F( TAL )

= G( [AL + 1)

) ) CBE = F( IBE )

) ) CBE = G( IBE+1 )

(R*% ( GAMMA - 1. ) ) ¥ CAL %4

F( IGA ) * CBE )

BB = ALPHA - GAMMA + le + TK
) GG = ALPHA - BETA + 1C + TK
) XX = 1¢ / ( R #H2,)

)



]

7700
8881
8800

aNaNaEARa NS

1

AL 1 ) = 1le

BE( 1 ) = 1»

GA( 1 ) = 1o

X 1 ) = 1le

AL(KS) = AA * AL(KS ~ 1

BE(KS) = BB * BE(KS - 1

GA(KS) = GG * GA(KS =~ 1

X (KS) = XX * X (KS -1

SS(KS) = (

SUM = SUM + SS(KS)

SUM2 = SUM *COEF

CONTINUE

SICINs IMs IP ) = SUM2

CONT INUE

IFC R aGTo le ) SSO1

IF(C R oL Te le ) SS01

IF(C R  oGTe le ) 5511

IF( R oLTe le ) SS11

IF('R «GTo l1e ) CC1l1

IF(C R +LTe le ) CC11

IF{ R  oGTo le ) SS21

IF( R LT le ) SS21

IF( R  «GTe le ) CC21

IF( R oLTe 1e ) CC21
) ¥%2, )

$512=( R* SS01 + CC1l1 )

5522 ( R¥ SS11 + CC21

CC22

( R* CCll - SS521

— et ——

)

AL(KS)*BE(KS)® A(KS)

L LI L [ {1 N 1 N T O (B | 11

)
)

ASIN( 1le /7R)
36414159 /2.

FILL ) *GA(KS))

le /R

R/ ( le + SQRT( 1s = R*¥7 ) )

( SQRT( R*%2¢ = 1a ) ) /R

Oe

( SIN ( 2% ASINUle/FR) Y /e
Oe

( COS( 2% ASIN(la/Ry ) )/2¢
~(R*%2¢/24) / U (le + SQRTH{1.

/ 2e

/ 2e

/3

- RA%2.)



S553=0 K 5812 + CL22 ) /7 Lo

IF(C R aLTe 1e ) CI(293)

i

le

IFC R GTe 1la ) CIi292) = le~ ( SORT(R¥M2s ~ le) )/ R

IFO R «GTe 1o ) CI(292) = 1a/(2e%KR)

IF({ R oLTe le ) Cit292) = ( 1le =SQRT(le ~ R#*¥24))/(2%R}
1 ( ALOG( le + 5QRT(le = R¥%¥X%24) ) = ALOGURY )R AR/2e )

CI(lsl) = = R¥ CI(Z253) + 53501
CI(2s1) = ( R¥ CI(1s1) + S8512 V) / 2»
CI(393) = ( 26 / R) * Cli2sli = CI(151])

CI(3s2 ) = (R¥* CI(2+2) + 5522 )}/ 4o

Cl(391) = ( R¥* Ci(2s1) + S523 ) /He
CI(493) = ( 4e/R) ¥ CIU(351) ~ CI(2+])
RETURN

END

SUBROUTINE CONST( Als INDICs SC» C )
DIMENSION Q(6919)s5C(696919)s C(10210) sFNR(O)

DO 225 I=1y 3

DO 225 J=1ly 3
C(IsJd) = 0o

H = «087266463% Zoe

DO 200 JJ = 19 3
MM = JJ - 1

SUML = Qe
SUM2 = O
SUM3 = 0.
SUM4 = Qo
SUMS = Qe
SUM6 = 0.

+



NN

25

33

34

DCG1CG0 T o= 1. 6
R = Il -1
R = R * o2

IF(R.&QOOQ) I = l

IF{(ReGEw219) e ANDe(RoeiLes21)) I = 2
IF{(ReGE«#39) e ANDe(RaLEaet]l)) I = 3
IF((ReGEee59) e ANDe(RelLEwseb611)) I = ¢4
IF({ReGEee79) « ANDo(RalLEsettl}) I = 5
IF((R-GE0099)oANDo(RoLEo}.l)) 1 = 6

DO 22 J = 1919

XM = MM
TH = J-1

TH = H*TH

Q(IsJ) =SCLINDICsIsJ)*COS(XM*TH)

N = 18 €
I1 = N-6 -

A= Q(lel)+5e*Q(192)+Q(193)+6e*Q(194)+Q(125)1+5e%¥Q(I156)+0(1919)

DO 25 J = 631146
A = A42e%Q( I J+1)+5e%Q(19J+2)+4Q(19J+3)+6MUIsJta)+L (T +5)

1 +5%¥Q(19J+6)

AA = J6XHXA/ (341415927 #*Al1l )
IF(MM) 34933524

AA = o5%AA

IF(C R oEQe 0Oe ) C(1ls1l) = AA
IF(ABS(AA).LE.IQE‘S) AA = Qe

FINRC 11 ) = AA
SUM1 + R

SUM2 + R¥#%Z2,
SUM3 + R¥%3,

SUM1
Sum2
SUM3

0w



SUMG = 5UMNMG + Rx%44
SUMS = SUM5 + R* AA
SUME = 5SUME + (R%%24 )%  AA

100 CONT I NUE
WRITE(6+879)( FNR( I)s I=196 )

879 FORMAT(1X9s3HKN=96F10e5)

C

&
ALPHA = SUM3 % SUM3 - SUM4 * SUMZ
IF(JJ - 1 11221229122

C

122 Clls2) ( ({-Ci{1s1)%SUM2 + SUMGE)I*¥SUM3) - ( (=Cl(1»]1)*SUMI + SUMSI=*
1SUM4 ) ) /7 ALPHA

i

Cl193) = ( {(~C(1s1)%SUM1 + SUMS)I#*SUM3) - ( (-C(191)*¥5UM2 + S5UME)*
1SUM2 ) Y / ALPHA
C
GO TO 200
123 C(JJe 2) = ( SUME * SUM3 = SUMS * SUM4 )/ ALPHA
C
C(JJs 3) = ( SUMS * SUM3 = SUM6 * SUM2 )/ ALPHA
C

200 CONTINUE
WRITE(69150) ( ( ClIsd)s J=153) » [=193 )
150 FORMAT(//(1Xe3F155)//)

RETURN
END
SUBROUTINE LOVE( As Bs NUs Xs Ys Zs SYY1s SYY2s SYY3 )
REAL NU
-
Cl = le / (2e%#3414159 )
C2 = 2e¢% (le + NU )
CS5 = 2% NU
C4 = le = 2e%NU



v N

DO N

[aNa

Gl = A3 X

G2 = A-X

G3 = B+Y

G4 = B-Y

IF( Gl «EQe 0Oe ) Gl = ,000001
IFU G2 «EQe 0s ) G2 = o00CCO1
IF( G2  +EQe Oe¢ ) G3 = 4000001
IF( Ga oEQe Oe ) G4 = o000CO01
Al = SGRT( G2%#G2 + G4*G4 +I%Z )
B2 = SQRT( G1%¥Gl + G4%G4 +Z%#7Z )
C3 = SQRT( G1%#Gl + G3%G3 +Z%Z )
04 = SORT( G2*G2 + G3*G3 +I%7 )
PZ1 = ALOGU(DA=-GRI*({B2+064) )/ ((AL+G4) *{(+3~G3) 1))

VA DGy RO
{(7+B2;¥32)

PYY1=2-6Ga/{ (Z+B1)*ALY +6G4/ ((Z+B2)%*B2)+0G3/ 11 2+C31%¥C35-G2/H
PXY1=-002/ T {Z24A1)¥AL I +G2/ 1 (Z+D4) DG +G1/ ((Z+C3)#C33-617 1

PYZ1 = leshl = 1le/B2 + 14703 = 1e/04
PLXY]l = ZXPXY1l + G2/Al + Gl1/B2 - G1/C3 - G2/D4
PLYYL = Z¥PYY1l + G4/Ai + G274 - G2/C3 - G4/82

CoV=ATANLIZ¥Ga )/ {G2#AL Y 1 =ATANTIOI¥ G /(Lo

V-ATAN({Z%GA)/(GL*B2))-ATANTIZ*G3 /i

FXX=ATAN(GL4/G2)4ATANIGE
104 ) ) +ATAN{CGL4/CL)Y+ATAN(G3/6G1

2C31)
FYY=ATAN(G2/GA)+ATAN(GL/G4 ) ~ATAN{ (Z%G2) /(G4 ¥AL) ) ~ATANT (L*GL) /A (H4%
182))+ATAN(C2/63)+ATAN(Gl/GB)—ATAN((Z*GZ)/UGS*D&))-ATANC(Z*Gl)/&GB*

2531)

-(FXX + FYY)
ALOG(( (D4 + G2)*(B2

FLZZ =

FYZ = - G1)))

- GL))I/U(AT + G2)%(C3

SYY1l = C1*(C5%PZ1 + C5%P1lYY1l - Z¥PYY1)



[alg [aXa!

N\

[g]
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RPLe = FYL
PXX2Z = PXY1

PLZZ2=(Z%#(G2/A1+GL/B2) )/ (G4¥*GL+I% L) ~(Z%(G2/D4+GL/C3) i/ 10G3¥G3+2%L)

pPYZl2 = -GQ*(GZ/Al#Gl/BZ)/(Gh*GQ+Z*Z)-GB*(GZID4+61/C3)/(63*63+Z*Z)

PYY2 = ~(PXX2 + P222)

P1222 = PZ2

P1XX2 = P1XY1

P1YY2 = =(P1XX2 + P1ZZ2)

SYY?2 = C1*(C2%#PZ2 + CH*P1YY2 ~ Z2%PYYZ)
VL = FZZ

VYY = PYZ2

S5YY3 = C1*¥(C5%#VZ - Ca*FYY = Z#VYY)

RETURN

END

SUSROUTINE LINEQ(AsINIM)

DIMENSTON A(30940)9IN1(30)5INZ(30)
COMMON KTHSDET

KTH =0
L=0
DET=1.,.

LO 20 I=1sN

SEARCH FOR LARGEST ELEMENT IN COLUMN
D=0,

DO 2 K=1»N

D1=ABS(A(Ks1))

IF(D=D1) 1e292

D=D1

J=K

CONTINUE
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17
20

SEARCH FOR SINGULAR MATR:X
i¥ (D-21E~11)30+30+3

E?“UR MESSAGE IN CASE OF ALL ZEROS5 IN A COLUMN ON AND BELOW DIAGONAL

BUNCH 200

RETURN

FORMAT(1H1 s *SINGULAR MATRIX*)

INTERCHANGE ROWS==PIVOT~= TO FUT l\RGFST ELEMENT IN DIAGOMAL
IF(J-1)4y96e4

L=L+1

INT(L) =1

INZEL)Y=J

DO 5K=19M

S5AV=A(1sK)

AllsK)=A(JsK)

A (JsK)=SAV

REDUCE ROW ELEMENTS FOR EACH ROW BELOW MAIN DIAGONAL
0O 16 J=1sN

IFtU=1)T21697

IF (ABS (A(Js]1))—elE=9) 916,49

RJ= A(JsI)/A(ISI)

DD 15 K=1eM

[F(K=1)14915914

A{JsRI=A(I9K)-RI*A( T 9K)

CONT INUE

REPLACE A(JsI) BY —A(JsIN/ALILI)
AlJsfY==RJ

CONTITHUE

CET=0ET+#A(Is1)

DiVIDE WORKING ROW ELEMENTS BY THE DIAGONAL
AlTs1)=1a/A01HI)

DO 20J=1sM

IF(J-T117+20917

A(LeJ)=A(TsJ)*A(]s1)

CONT INUE
INTERCHANGE CCLUMNS- INVERSE OF ROW INTERCHANGE

IF(L=2%(L/2))23324923
DET =-~DET
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IFILYI2T7926427

I=INLI{L)

J=IN2(L)

DC 25 K=1lsN

SAV=A(K»s1)

Al(Ks T )=A(KsJ)

A(Ks.l)=SAV

L=L~1

GO TC 24

RETURN

END

SUBROUTINE SIF(FCXs 1YER)
DIMENSION Z(101)s TLiC1) A {%3950)981(391DsC1(391)sF
1SIF(21)s DEGE21) w2} »FCK(693)

DO 5 I=1s 3
WlI) = 0O
DC 5 J=1y ITER

wil) WLy + FCK{J» 1)

DO 10 I=1» 101
TETA =1 = 1
T(I)=TETA * 031415927

DO 15 I=1» 101

Z(I) = O
DO 15 J=1» 3

FI = J - 1

2(1) = Z(1) + W(J) * COS( FI*T(1} )

Bl1(1s1l) = Qe

B1(2s1) = O

B1(3s1) = O

Al(1s1) = 101. .
Al(1s2) = O

Al(193) = O

A1(2+3)=0e

(31
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Al(3+93) Oe

» 101
Bl1(1s1)
Bl(2s1) + Z2(1)* T(I)
B1(3s1) + Z2(1)% T(I)*T(1)

+ T(I)

+ T(I) *%2.

+ T(I)*%3,

+ T(l) %x4,

DO 20 I=
Bl1(1»y1)
Bl1(2s1)
B1(3s1)
Al(192)=A1(192)
Al(193)=A1(193)
Al(293)=A1(2+3)
Al(393) = A1(343)

+ Z2(1)

LI I | I

Al(291)=A1(1+2)
Al(292) = A1(1+3)
Al(3s1)=A1(1+3)
Al(3+92) = Al(2+3)

CALL LINEQ (Als393)

DO 8889 I=1» 3

DO 8889 JU = 1yl

SUM = 0.

DO 8887 K =1y 3

SUM = SUM + A1(IsK)*¥B1(KsJ)
Cl(IsJ) =5UM

F(1) = Cl1(1s1)
1%24)

D030 I=2y 3

G = I-1

IFC 2%((1-1)72)
IF( 2%((I-1)/2)
F(I) = (( ‘WW
1WW ) /7 (G*G)) *

Ww
wWw

(I-1) )
(1-1) )

eEQo
oNE o

(2¢/3e1415927)

DO35 I=1» 101» 5

+ 3e1415927%C1(291)/20

+e¢333333%C1(391)%(3e41415927*

1.
-1l

~1e)%C1(291)/7(G*¥G)+ 2e*C1(391)% 341415927%(



N =(I-1)7 5 + 1

EPS = O

DO 36 J=1y 3

F1 = J=- 1
36 EPS = EPS + ( W(J) = F(J) )* COS(F1* T(I) )

SIF(N) = C1(1s1) + C1(291)% T(I) + C1(351D% T(I)I*T(I) + EPS
35 DEG(N) = T(I)* 180e/3e1415927

WRITE(6+100) ( DEG(N)s N=1y 21)
100 FORMAT(1Xs*TETA =%421F6e1)

WRITE(69101)( SIF(N)s N=1s 21)
101 FORMAT(1Xs*SeleF=%921F6e3)

RETURN
END
*RUN
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