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ABSTRACT 

"STRESSES NEAR A CIRCULAR 
CRACK IN A HALF SPACE " 

Solutions are presented for a circular crack embedded in a 

semi-infinite solid and for a part circular crack in the surface of a 

semi-infinite solid. The stresses in the neighborhood of the crack 

were found by a superposition and iteration technique. Recurrence 

relationships and series solutions for some integrals involving 

Bessel functions were derived to facilitate the computations. A 

computer pro gr am was written to compute the stresses and stress 

intensity factor for two types of normal loading and for several crack 

geometries. 
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INTRODUCTION 

The problem of structural failure by catastrophic crack 

propagation at the average stress well below the yield strength 

has been known for many years. The crack propagation can be a 

result of mechanical or thermal loading . When an elastic body 

which contains a crack is stressed, r e distribution of stresses will 

occur which in turn causes high stresses near the crack tip and as 

a result a plastic zone at the crack tip. These elevated stresses 

are the actual cause of crack propagation, 

Although the state of stress in the plastic zone cannot be 

determined by elastic analysis, the elastic stresses on these regions 

can be used as a measure or an indicator of the stresses or strains 

within the plastic zone. In fracture mechanics it is customary 

to identify the elastic stress or strain at the cra ck border by the 

stress intensity factor. This factor which can be calculated 

theoretically and measured experimentally, then can be used as 

a means to predict the load at which unstable crack propagation 

will occur. 

In recent years a great amount of experimental and theoretical 

work has been done to evaluate the str e ss intensity factor and the 
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criterion at which failure occurs. Most of the theoretical work has 

so far been focused on two dimens i onal aspects of crack analysis. 

Relatively few three-dimensional crack problems have been solved. 

In 1945 Sneddon ( l) ':' formulated the distribution of stress in 

the neighborhood of a circular crack in an elastic solid when the 

crack surface is subjected to a constant normal pressure. Since 

1945 solutions for several problems inv olving the circular crack in 

an infinite solid have been presented . Various types of m echanical 

loading and displacement on the crack surface have been considered 

by authors including Keer (2), Collin& (3), Westman (4), Muki (5) 

and others. 

In 1960 Green and Sneddon (6) solved the problem of a flat 

elliptical crack in an infinite solid. More recent work on the 

embedded elliptical crack includes that of Kassir and Sih (7) who 

solved the problem for prescribed shear on the crack surface and 

later solved it for a linearly varying normal pressure on crack 

surface ( 8). The solution for linearly varying loads and a te chnique 

for solving problems with quadratic and higher order loading was 

presented by Segedin (9). The problems of an embedded hyperbola 

and an embedded parabola were recently solve d by Shah ( 10). 

The work cited above is all restricted to cracks in infinite 

solids subjected to various types of loading conditions. Only limited 

work has been done on thre e -dime nsional solution of cracks in finite 

,:, Numbers in parenthesis refer to references at the end of this thesis• 
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solids. In 1962 Irwin ( 11) using the result obtained by Green and 

Sneddon, estimated the stress intensity factor for a part through 

elliptical crack in a flat plate. In 1965 Smith ( 12) solved the semi-

circular edge crack problem when the crack surface is loaded 

with any kind of mechanical or thermal loading symmetrical with 

respect to the plane of the crack. In this solution, Smith first 

found a solution for a circular crack embedded in an elastic solid 

subjected to a prescribed load. He then introduced a plane normal 

to the crack surface through the center of the crack. The resulting 

normal stresses on this plane were then found. To make the plane 

free of stresses, the normal stresses were removed by applying 

the opp_osite stresses which in turn cause stresses on the crack 

surface. Using the circular crack solution, the stresses from the 

crack surfaces were again removed. This procedure was repeated 

until the crack surface and free plane were stress free. 

It is the purpose of this thesis to solve the problem of a 

circular crack embedded in a semi-infinite solid as well as part 

through circular edge cracks. The stress intensity factors will 

then be determined for several geometrics as shown in Figures 

1 and 2. These geometries represent the common flaw shapes in 

service failures, therefore the evaluation of the stress intensity 

factor for these geometries is of major practical importance. 
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The procedure that was used to solve the present problem 

is the same as that used by Smith ( 12). This problem is more com-

plex however in that shears as well as normal stresses must be 

removed from the plane during the iteration procedure. Chapter 

one describes the problem in detail as well as the method of solution. 

Chapter two describes the circular crack solution as used in this 

work. Chapter three discusses the normal stress and shear solutions 

for a half space which are required for the iteration procedure 

described above. f Chapter four presents the results of this work. 
{~ 



CHAPTER I 

THE PROBLEM 

Consider an embedded or a part through circular crack as 

shown in Figures 1 and 2. The crack surfaces which are located on 

) 
the plane z = 0 , ar'e opened due to application of a system of 

mechanical or thermal loading. The problem is to determine the 

distribution of stresses in the nieghborhood of these cracks, and 

calculate the stress intensity factor. 

In treating these problems, the loading is restricted to be 

symmetrical with respect to the plane z = 0 , which implies that: 

1) The shearing stresses are zero everywhere on the plane 

z = 0 . 

2) The normal stress 

plane z = 0 . 

u is zero outside the crack on the z 

Due to extreme mathematical difficulty the solution is obtained by 

a superposition and iteration technique which involves the 

following steps: 

I) It is assumed first that there exists no crack. The normal 

stresses at the location of crack surfaces due to applied load are 

found. 
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Figure 1 . Embedded Circular Crack 



7 

Free Surface 

x and x 1 

r 

TOP VIEW 

CASE I 

Free Surface 7 
/ 

I 
I 
\ 

-.... r 

07 
Y1 

+- Yl 

TOP VIEW 

CASE II 

Figure 2, Part Through Circular Edge Crack 



8 

II) It is then assumed there exists a crack. Since the crack 

surfaces cannot support normal tension, the normal tension found 

in step I must then be removed by applying equal and opposite normal 

stresses to the crack surfaces. In order to do this, it is necessary 

to find a solution for a circular crack embedded in an infinite solid 

subjected to an arbitrary normal loading on the crack surface. This 

solution was developed for use in an iteration procedure by Smith 

( 12), but the author has developed an improved numerical evaluation 

technique for this step. 

III) A free plane normal to the crack surface located an 

arbitrary distance from the center of the crack is introduced. On 

this plane, normal and shearing stresses caused by the removal of 

the stress es from the crack surface are computed using the solution 

described in II above. 

IV) The normal and shearing stresses on the free plane must 

be removed. To remove these stresses it was necessary to find a 

solution for a semi .-infinite solid with no crack when its bounding 

plane is subjected to a system of normal and shearing stresses. The 

normal stresses on the crack surfaces resulting from the removal 

of stresses from the free plane are then computed. 

V) Steps II through IV are repeated until both the crack surface 

and the plane are stress free . The final solution for normal stresses 

on the plane of the crack will be obtained by superposition of steps 

I through IV. 
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VI) The stress intensity factor will finally be computed from 

the circular crack solution for each iteration and superimposed to 

obtain the final result. 

The iteration procedure described above is ideally suited for 

a high speed digital computer. A program was written and the 

solution obtained using the Colorado State University CDC 6400. 



CHAPTER II 

STRESS DISTRIBUTION IN THE NEIGHBORHOOD 
OF A CIRCULAR CRACK 

2. 1 The General Problem Statement 

Consider an elastic solid containing a circular crack of radius 

0 < r < a i n the plane z = 0 which is opened by a system of 

normal pressure p(r,0) symmetrical with respect to the plane 

z = 0 . Because of loading symmetry a cylindrical coordinate 

system (r, 0, z) will be employed to describe the distribution of 

the stresses in the neighborhood of the crack ( F i gure 3). The 

distribution of stress is the same as that in a semi-infinite solid 

z > 0 subjected to a boundary conditions : 

T rz = T 0z = 0 

z = 0 z = 0 

T zz 
= -P(r,0) 0 < r < a 

z = 0 (2.1.1) 

u = 0 r > a 
z 

z = 0 



11 

X 

y 

z 

Figure 3. Circular Crack in Infinite Solid 
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The formulation for this special class of problems, in which the 

shearing stresses vanish at all points in the plane z = 0 is given 

by Green and 

u = r 

U9 = 

u = 
z 

ti'.,~ 

Zerna ( 13) in the form of: 

(/32 - 1) 
2 

il + a cp z 
ar ar az 

1 .a_cj>_ + r ae 

- /3 2 _a_!_ 
az 

= 

(/32-1) z -
r 

+ (/32-1) 

2(1- v ) 
1 -2 V 

a 
ae 

z 

2 
g> 

a z 

2 

where the function <j> is harmonic, 
2 

that is V <j> = 0 

are the Lame I constants. 

(2.1.2) 

and >-.. and µ. 

These displacements satisfy the Na vier I s equation: 

2 
µ. V U. 

1 
e . = 0 

' 1 

In which as usual the dilatation e is defined as : 

e = + + 
8Y az 

(2,1,3) 

It should be noticed that in the above derivation Ur , U 0 and U z 

have been nondimensionalized through division by "a II the crack 

radius. 
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Using the generalized Hookes law 

T .. =>-..6 .. et2µe-• 
lJ lJ lJ 

(2. 1. 4) 

the stress components can easily be found as 

2 
2 2 3 

'i a <!> , 2(/3
2

-1) Q cj> = -2 ( /3 - 2 ) 
8Z 2 + 2 + z 

3r2 3z rr 

2 ft 2 _a__t_ + 2 2 

T 00 = -2(/3 -2) + - ___a_<L 
2 2 2 

8Z r 3r r 30 

.. 

2 03 cj> 
2(/3 2 -1) 

2 z Q cj> + 2( /3 -1 ) - + 2 2 r r 8 0 8 z 8 r ·8 z 

2 
2 3 

Q cj> 2(/3
2

-1) __a___!_ T = -2(/3 -1) + z zz 2 3 
B z 8 z 

2 2 
2(/3 2 -1) 2-

3 
Q cj> Q cj> T r0 = + 

r 8 r 80 r 8 r 80 8 z 

2 2 2 
___a_1_ -2 ( /3 

z a cj> -1 ) -
2 2 

r 80 r a 0 8 z 

( 2. 1. 5) 

2(/3
2
-l) 

3 
T a ·P = z 

2 rz 
8 r a z 

2(/3
2

-1) 
3 

T 0z 
z Q cj> 

= 2 
r 30 8 z 
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These stress components have been nondimensionalized through 

division by µ the shearing modulus of elasticity. 

The first of the boundary conditions (2. 1. 1) is satisfied auto-

matically by the formulation. The remaining boundary conditions 

will be satisfied if the stress function <I> is found to be such that on 

the plane z = 0 

ft 
2 az 

ti 
az 

= 

= 

T zz 

u z = 0 

2. 2 The Stress Function cp 

= -P(r, 0) 

2(/3
2
-l) 

0 < r < 1 

(2.1.6) 

r > 1 

The unknown stress function <p must satisfy two conditions: 

1) it must be harmonic 

2) it should be such that all of the stress components vanish 

when r and z are large. 

Let us assume cj> be in the form of 

00 00 

I <I> = cos (n0) s 
0 

1 
j (2. 2. 1) 

n=O 
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where Jn(S r) indicates the Bessel function of the first kind of 

order n, and f n( 5) is an unknow n fun c t i on. The Laplacian of 

cp is equal to : 

2 D 1 
2 

1 ___a___L a P 'v cp = + + + 2 2 
ae 

2 2 
ar r ar r az 

00 00 

I cos(ne) s 1 
fn(f) e-zf 

{
d\ J n (5 r) = 

5 
n =O 0 dr 

(2.2.2) 

1 d 
J n (Jr) 

1 ( 2 2 2 
Jn (Jr>} + - r - n ) d5 2 5 1r dr r 

Since the Jn (!r) is a solution to the Bessel differential equation, 

the right hand side of the above e x pression is zero, which implies 

that cp is harmonic. Furthermore, sinc e J n( Sr) -z~ and e j 

tend to zero when z and r go t o infi p.ity, the second condition 

imposed on stress function cp is also satisfied . Therefore the 

boundary conditions (2. 1. 6) can be rewritten as: 

00 00 

both 

ft = I cos (ne) s J Jn (Jr) fn( I) e -zJdJ o < r < 1 2 
az n=O 

( 2. 2. 3) 

00 00 

..a.L = I cos (n 0) s :,n (Jr ) f n ( S ) e -z J 1 = 0 r > 1 

az n=O 
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To find the unknown function fn(J) such that the conditions (2. 2. 3) 

2 are satisfied, let us express the loading p(r,0 )/2({3 -1) in the 

Fourier cosine series that is : 

00 

e{ r I 0 } = I B ( r ) cos(n0) ( 2. 2. 4) 
2( {3 2 - 1 ) 

n 
n=O 

The Fourier coefficients B ( r) 
n for such an expansion are : 

1T lµ s B ( r) = p( r, 0 ) d 0 
0 - 2 

2ir({3 -1) 0 

(2.2.5) 

1 1T 

B (r) = s p(r, 8) cos(n0) d0 n 2 ,r({3 -1) 0 

Using the equation (2. 2. 4) the boundary conditions (2.2. 3) can be 

written as : , •, 
00 

B ( r) = n 0 < r < 1 

(2.2.6) 
00 s r > 1 

0 

Therefore, the problem reduces to that of solving the dual integral 

equations ( 2. 2. 6) for unknown function f n( f) . The solution of dual 

integrals of this type is due to Buspridge and is given by Sneddon in 

the Fourier Transforms ( 14) as: 
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By determining fn( J) from the above relationship the stress function 

cj> is completely defined. 

2. 3 The Stress Components 

The five stress components, namely, T rr , T88 , T rS , T rz and 

T Sz which will be needed later can be found using the equations 

(2. 1. 5) and by appropriate differentiation of the stress function. 

Using the following well known relationships between Bessel 

functions and their derivatives: 

d 
dr 

these stress components are found to be: 

(2.3.1) 
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00 00 

Tee =locos (ne) I [-al Jn(rr) - az t Jn(j") 

00 00 

Tre = lo sin(ne) I [-alJn(r)-azjJn(\") 

+ "7 J n ( l r ) + as J J n+ l ( J r) j f n ( J ) e - z f d J 
00 00 

T = l ~os (n0) s [-as5 Jn(fr) - a4{Jn+I(jrl]fn(l)e-zJd5 rz 
n=O 0 

00 00 

T0z = I cos (n0) s o8 J n ( 5 r ) f n ( r e - z S d 5 
n=O 0 

Where al ' 02 ' ...... and 09 are: 

2 -2(/3 -1) n (n-1) z 
al = 2 r 

2n (n-1) 
02 = 2 r 

2 
03 = -2( (3 -1 ) 

2 o 4 = Zz( (3 -1 ) 



a7 = 

as = 

2 
2( J3 -1 ) z 

r 

2n 
r 

2 
-2( J3 -1 ) 

r 

2 
-2(/3 -2) 

n z 
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2. 4 Stress Transformation 

For this work it will be necessary to determine the stresses on 

the plane P which is located a distance "D" from the center of the crack 

(Figures 1 and 2). Therefore, the stresses must be transformed from 

the cylindrical coordinate system ( r, 0, r) to the rectangular 

coordinate system (x 1 , y 1 , z 1 ) . This can be easily accomplished 

by using the stress transformation law: 

where a . 
01 

= a . 
01 

(2.4.1) 

denote the direction cosines of the rotated 

system (x 1 , y 1 , z 1) with respect to original system (r, 0, z ). 

These can be found from the following tabular form. 
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r 8 z 

xl cos8 -sin8 0 

Y1 sin8 cos8 0 

zl 0 0 1 

Therefore the stresses on the plane P are : 

T xlxl 
2 

= T rr cos 8 + T 88 
. 2 sin 8 2T cos 8 sin 8 

r8 

(2.4.2) 

(T - T 88) 
2 . 2 

T = cos 8 sin 8 + T r 8 ( cos 8 - srn 8) xlyl rr 
(2.4.3) 

T = T cos8 -T sin 8 xlzl rz 8z 

2. 5 The Function fn4-l-

In order to evaluate the stresses from equati ons (2. 3. 2) further 

development of the function fn(}) is necessary. It is convenient 

at this point to expand the Fourier coefficients B ( r) in the power n 

series 
N 

B ( r) = I cP rp 
n n 

(2. 5. 1) 

p=O 

which implies N 

B ( s 'Tl) = I cP sp p 
n n 'Tl 

p ;= O 

By substituting Bn(s'll) into the equation (2. 2. 7) we obtain 
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I 
p=O 

1 

J 1/2 s 
0 

21 

pt3/2 
11 

The last integral above is given by 

ptn+l 
·z;; = 

,J" TT 

2 

( p+n+ 2 r 2 

r ( p+n+3 
2 

Therefore fn( S) may be written as 

where 

p+n+2 
r( 2 

( p+nt3 
r 2 

) . 

The series expansion for the Bessel functions 

00 

22k+n+l/ 2 k ! r (k+nt3/ 2) 

(2.5.3) 

is 

(2.5.4) 

Substituting ( 2. 5. 4) into ( 2. 5. 2) ancl. performing the integration results 

1n 
N oo 

I I 
p=O k=O 

( -/ c~ H~ j 2.ktntl 

22k+ntl k ! ( 2k+n+p+3) r (ktnt3/ 2 
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If A(n, p, k) is defined as 

A(n, p, k) = 
22k+n+l k ( 2k+n+p+3) r (k+n+3 2) 

then the function f ( n 
may be rewritten as 

00 00 

= I I A(n, p, k) cP 
n 

2k+n+l 

• p=O k=O 

2, 6 Final Stress Formulation 

( 2. 5. 5) 

(2.5.6) 

By substituting ( 2, 5. 6) into the equation ( 2. 3. 2) the final 

formulation for stresses may be obtained as: 

T = rr 

Tee= 

00 

l cos(n8) 
p=O 

A(n, p, k) Cp 
n 

S( n, 2k + n + 1 ) + a S( n, 2k + n ) + 
2 

a 3 S( n, 2k + n + 2) + a 4 S( n, 2k + n + 3 ) 

+ as S(n+l, Zk +n + 1) + a6 S(ntl, 2k+n+2) l 
00 

I 
n=O 

cos (nB) ! I A(n, 
p=O k=O 

P, k) cP 
n 

[ -a1 S(n, 2k + n + 1) - a
2 

S(n, 2k + n) 



T r0 = 

T = rz 

T 0z = 

23 

+ a
9 

S( n, 2k + n + 2 ) - a 5 S( n + I , 2k + n + I ,) 

[- Q6 S(n + I, sk + n + 2) 

f 
n=O 

Sin(n0) ! I A(n, 
p=O k=O 

p, k) cP 
n 

+ Q7 s(n+l, 2k+n+l) + QB s(n+l, 2k+n+2)] 

00 

I 
n=O 

N oo 

cos (n0) I I 
p=O k=O 

A(n, p, k) cP 
n 

l -QB s(n, 2k + n + 2) - Q4 s(n + I, 2k + n + 3 )j 

00 ! 00 

I Sin ( n 0) l A(n, P, k) cP 
n 

n=O p=O k=O 

l QB s(n, . 2k+n+ 2)] 

. . 

where s(w, n) is defined as 

00 

(2.6.2) 
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Therefore, all of the stress components can be computed if the 

integrals s(v, n) are evaluated. 

2. 7 Recurrence Formula for the Integrals s(v, n) 

In the following recurrence formulae are derived from which 

the integrals s( v, n) may be evaluated. 

Using the definition of the integral s(0, n + 1) and the 

relationship 

integration by parts yields 

s( 0, n + 1 ) = 

= 

or 

s( 0, n + 1 ) = 

On the other hand 

f j n+l Jo(5r)e-zJd! 
0 

1 
r 

1 
r 

00 

s 5 n e -z _g_ [ J JI (fr) l 8 J 0 

[-n s(l, n) + z s(l, n+ I)] 

1 
r 

(2.7.1) 

d j 
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Therefore 
00 

s(-· l, n+ 1) = s 
0 

1 = r 

Integrating by parts results in 

s(l, n+ I)= . ! [in+ I) s(O,n) - z s(O, n+ I)] 

Inserting the recurrence formula 

' into the definition ( 2. 6. 2) results in 

s(v+l, n+l) = 2v 
r s( v, n) - s ( v - l, n + 1 ) 

( 2. 7. 2) 

(2.7.3) 

Solving the equations ( 2. 7. 1) and ( 2. 7. 2) for s( 0, n+ 1) and 

s(l, n+l) gives 

s(o,n +l) = (n+ 1 ) z 
2 2 r + z 

s( 0, n) - nr 
2 2 r + z 

s(l,n) ( 2. 7. 4) 

s( 1, n + 1) = (n + 1) 
2 2 r + z 

s(O,n) + 
2 2 r + z 

nz s( 1, n) (2.7.5) 



26 

Since 
00 

S( V, 0 )· • = 
1 

2 2 z +r 
{ 

2 z + 

r 

2' } r -z 

All of the unknown integrals s( v, n) , then can be found using the 

recurrence formula ( 2. 7. 4), ( 2, 7. 5) and ( 2. 7. 3 ), respectively. 

A computer program has been written which generates all of the 

integrals s( v, n) from the known integrals s( v, o) using the above 

recurrence relationships. To the author's knowledge the solution 

for these integrals does not appear in the literature. 

By knowing the integrals s( v, n) all of the stress components 

can be easily found using the series solution ( 2. 6. 1). A computer 

program has been written to evaluate these stresses. Although 

restricted to large values of z and r the series converges after 

a few terms, the series does not converge when z and r are both 

less than the crack radius. Therefore, it is necessary to find 

another solution for this case (when z and r are both less than 

one) and thus complete the circular crack solution. 

2. 8 Stress Components for Small Values of z and r 

To complete the solution for small values z and r it is 

necessary to fin_d a closed form solution for the stresses as defined 

in ( 2. 3 . 2). To do so, consider only the first three terms of the 

Fourier cosine expansion for the loading, as well as the first three 

terms of the power series expansion for the Fourier coefficients. 



That is 

p(r, 0} 
2 

2(/3 -1) 
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= 

(2.8.1) 

0 
( C =0 n n#0) 

This procedure can be carried out to as many terms as 

required, but the above approximation for the Fourier expansion of 

the loading and Fourier coefficients will be used due to the extreme 

complexity of including more terms in the series. 

To evaluate the function fn( S) defined in (2. 5. 2) the integral 

1 s (2.8.2) 
0 

must be evaluated for n = 0, 1, 2 and p = 0, 1, 2 . 

These integrations were performed and the results are as follows: 

(n=0, p=0) 

( n=0, p= 1 ) 

1/2 
3 

( n =0, p=2) 
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( n= 1, p= 1 ) 

( n= 1, p=2) 

(n=2, p=l) 

(2.8.3) 

(n=2, p=2) 

The stress components can be found by inserting fnq) in (2. 3.2). 

Two new sets of integrals are involved, namely SI (n, m, p) and 

CI (n, m+n+2) which are defined as· 

00 

SI(n, m, p) = 5 Jn(5r) Jm+l/2q)e-z5 Sp-l/2dJ ( 2. 8. 4) 

m+n+2 > 0 

(2.8. 5) 

Therefore, in order to compute stresses for small r and z these 

integrals must be evaluated. 
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2. 9 Evaluation of integrals SI (n, m, p) 
r ' . 

The clo~ed form solution for these integrals is not available, 

and even the available solution for some special cases involves 

elliptic integrals . 

A series technique was developed for evaluation of these 

integrals when r < 1 as follows: 

Let us substitute the series expansion for J n( Sr) in the 

definition ( 2. 8. 4) then : 

00 

SI (n, m, p) = I 
s=O S (n+s) 

00 

S J ( )e -z1 n+2s+p-l/2 d 
m+l /2 5 $ ! 

0 

(2.9.1) 

Using the hyper geometric form solution available given by Watson( 15) 

for the integrals of the type 

00 

Se-at Jv(bt) tµ-l dt = 
0 

µ +v 
2 

1 V 
( Zb) r ( µ+v) 

1-µ. + V 

2 V + 1; 2 2 
a + b 

(2.9 . 2) 

where 

R(µ+v) > 0 

R(a ±_ ib) > 0 
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the integrals SI ( n, m, p) may be written as 

r (m+n+2s+p+l) 

2 m+n+2s+p+l ( 312 ) 
( l+z ) 2 r m+ 

m+3/2 
1 

2 
z + 1 

(m+n+2s+p+l) > 0 

z > 0 

m-n-2 s -p+ 1 . 
2 ' 

( 2. 9. 3) 

where as usual, 2 F 1 ( a, /3; 'I; x) is defined by the equation 

" ' 
,2 F 

1 
( a, /3 ; 'I ; x ) = 1 + _y_Ll t . 'I 

X + a( a+ 1) /3 (/3 + 1 ) 
2 ! 'l('l+l) 

2 
X + 

( 2. 9. 4) 

The hyper geometric series in equation (2. 9. 3) always converges, 

therefore the integrals of SI (n, m, p) can be evaluated from the 

series solution. A computer program was written which generates 

these integrals whenever they exist. 

2. 10 Evaluation of Integrals CI (n, m+n+2) 

The closed form solutions to these integrals may be found 

from some known integrals by integration by parts and using the 

relationships 

1 
r 



r 
2 V 

a 
a 5 
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(2. 10. 1) 

For example, CI (0, 0 ) can be found from CI ( 1, 2) given in 

reference ( 16) as follows 

CI ( 1, 2) 

= 
1 
r 

Integrating by parts results in 

CI ( 1, 2) = 
1 
r {J sin~ 

3 
00 

S l -c~s J -z e J
O 

( r )dS 
0 

00 

-z s 
0 

or 

CI (O, O) = -r CI ( 1, 2) - z CI (0, 1) + SO 1 

where 
00 

so 1 = ) 
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By the same procedure all of these integrals may be found. It is 

first necessary to derive the integrals 

00 

Snm s Sin f = 
Jm 0 (2.10.11) 

00 

Cnm = s Cos 1 
y m 

0 

These integrals may be evaluated with the results shown below. 

SOI 
-1 = tan 

1 
X 

1T 
SOI = 2 

Sl 1 = l ( 1 - R - l / 2 Sin p_ ) 
r 2 

C 11 

S21 = 1 (Cll - z Sll) r 

CZ l = ! lz C 11 + S 11 J 

S22 = ! [ r Sl 1 - z S21 + CZ l] 

CZZ = ! lr Cl 1 - z C21 - S21] 

= 4
1 lr l S23 Sl2 - z S22 + CZZJ 

z -; 0 

z = 0 
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where 

l 2 2 2 (r + z - 1) + 4 

2Y 2 = 

1/2 
r 2 2 2 2J 2 2 L( r + z - 1 ) + 4 z - ( r + z - 1 ) 

2 2 2 2 R = (r + z -1 ) + 4 z 

tan<j> = 
2 z 

2 2 r +z -1 

Knowing these results it is now possible to derive the solutions for 

the integrals Cl( n, m + n + 2) given below 

CI(O, 1) 1 [ 2 2J [ 2 2 1/ 2] = log ( z + X) + ( 1 + Y) - log z + ( r +z ) 
2 

r = 0 

1 
CI( 1, 2) = r f:. 0 r 

Cl( 1, 2) = 0 r = 0 

CI( 1, 1) 
1 

{ [ 2 2 1 / 2]} = 1 - Y + z X - (r + z ) 
2r 

1 r log 2 2J 1 [ 2 2 1 / 2J +- (z + X) + (1 + Y) - ; log z+(r +z ) 4 
r f:. 0 

CI( 1, 1) = 0 r = 0 

( 2. 10. 1 2) 
CI(O, 0) = -r CI( 1, 2) z CI( 0, 1) + SO 1 

Cl( 1, O) = ½ [r CI(O, 0) - z CI(l, 1) + s12] 



::S4 

CI( 2, 2) 2 CI( 1, 0) - CI( 0, 0 ) = r 

CI( 2, 3) 2 CI( 1, 1) - CI( 0, 1) = r 

CI( 2, 1) 
1 

[r CI( 1, 1) - z CI( 2, 2) + S 22] = 4 

CI( 2, 0) 
1 r CI( 1, 0) - z CI( 2, 1 ) + S 23 J = -
5 

CI( 3, 2) 
4 f I( 2, 0) - CI( 1, O)] = r 

4 -
-CI(l,l)] CI( 3, 3) = lCI( 2, 1) r 

CI( 4, 5) 4 f I( 2, 2) - CI( 1, 2~ = r 

Having the integrals of SI(n, m, p) and CI( n, m+n+ 2) all of the 

stress .components may be found from the equations ( 2. 3. 2). For 

example: 

T0z = 1 Cl H 1 [ 08 SI( 1, 2, 1)] Sin 0 ..[2 1 1 

1 Cl H 2 
{ "s lSI( 1, 2, 1) + .4 SI( 1, o, -1) + ..[2 I 1 

+ SI( 1, 1, 0) - 8 {! CI(!, O)]} Sin 0 

+ J-2 C H { a8 [ - 4 SI( 2, 0, 0) - SI( 2, I, I) 

+ 8 yf CI( 2, 2)] } Sin ( 20) 

1 
+ ..[2 [ 08 SI( 2, 3, 1) J Sin ( 20) 
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The other expressions for stresses are very lengthy, and therefore, 

do not appear here. However, they may be found in Appendix 11 A 11 

as well as in the computer program. 

2. 11 Special Case for z = 0 

On the plane z = 0 many terms in the stress formulation 

vanish ( a
1 

= a
4 

= a 6 = a
8 

= 0). The stress formulations for this 

case are: 

T 00 = Zocos (ne)f t"z t J n( j' )+a9 5 J n(f r) -a5J n+ 1< jrl ] f n(J l<lj 

T re = i Sin (n0) f ["1 t Jn(Jr) + "7 Jn+1<Jr) ] fn( fl d J 
n=O o 

T = 0 rz 

T = 0 0z 

(2.11.1) 

Inserting the values of f n (J) from the equations ( 2. 8. 3) in the 

above equations, two new sets of integrals, namely SI" (n, m, p) 

and CI"( n, m+n+ 2) similar to SI( n, m, p) and CI( n, m+n+ 2) will be 

found where 

00 

S ,. I ( n, m, p) = 
0 

( 2. 11. 2) 
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The integral S I(n, m, p) is a special case of the Weber -Schafheitlin 

type integral ( 17) for which the solution can be written in the form of: 

rn r ( m+nle+ 1) 
S '1( n, m, p) = ---

1
-
1
---"=-( _,____l_) _.._ __ ,__ ____ _ 

-p+ 2 r n+ ( m-n-p+ 2 2 . r 2 

0 < r < 1 

-m-n+p 
2 

(m+n+p+l) > 0 

n+l, 
1 
;2 

1 and ( -p+
2

) > -1 

( 2. 11. 3) 

A computer program was written which generates these integrals 

whenever they exist. The integrals C l(n, n+m+ 2) may be found in 

closeq form from some known integrals by exactly the same pro-

cedure as used for the integrals CI( n, m+n+ 2). These integrals are 

found to be 

C-'I( 1, 2) = 1 r < 1 

G'I( 1, 2) 1 1 ( 1 _ r 2) 1 / 2 r > 1 = r 

G'I( 1, 1) 1 r > 1 = Zr 

C-'1(1, 1) 1 [ 1 - ( 1 -r 2) 1 / 2 J + r 
{log l 2 1 / 2J 1 = - l+( 1 -r ) - log r 

2r 2 

r < 1 



where 

-1 1 = Sin (-) 

TT 

2 

S-'11 = 1 
r 

S-'l 1 = 

C-'11 = 

C-'11 = 0 

S-'Zl = 0 

C-'21 = 1 
2 

C-'21 = 

, 
S nm = 

, 
S nm = 

r 

r 

Cos 

2 -r /2 

0() 

Sin Ai 
J 
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r > 1 

r < 1 

r > 1 

r < 1 

r > 1 

r < 1 ( z. 11. 4) 

r > 1 

r < 1 

r > 1 

r < 1 

( z. 11. 5) 

Having these integrals, all components of stresses on the plane 

z = 0 may be found from the equations ( z. 11. 1). The expressions for 

these stresses are listed in Appendix "A." 
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2. 1 2 The Fourier Coefficients B l!:l_ 
n 

The Fourier coefficients B ( r) as defined in Section ( 1. 2) were n 

found by numerical integration, using the Weddle' s Rule with 18 equally 

. lT spaced intervals (h = 18 ) : 

B ( r) = 
0 

B (r) = 
n 

1 
2 

2lT(/3 -1) 

. 3 h 
2 

2lT(/3 -1) 

1 
2 

lT(/3 -1) 

. 3 h 
2 

lT(/3 -1) 

slT p( r' 0 ) d 0 = 

0 

lT 

S p(r, 0) cos (n0)d0 = 
0 

(2.12.2) 

where the function y identifies the function p(r, 0) or p(r, 0)cos(n0). 

The equations (2. 12. 1) are evaluated at six equally spaced 

values of r for O < r < 1 . 

2.13 The Constants cP n-

In Section ( 2. 5) the Fourier coefficients of the loading were 

expanded in the power series 

N 

B ( r) 
n = I (2. 13. 1) 

p=O 
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The constants cP in equation ( 2. 13. 1) are determined by least n 

squares fitting a second order polynominal to six values of the 

function B ( r) which are calculated as described in the preceding n 

paragraph. 

2. 14 The Stress Intensity Factor 

The stress intensity factor k
1 

is defined as 

T zz (2.14.1) 

z=O 

where o is a small distance measured from the crack tip, and T 
zz 

is the normal stress on the plane of the crack. 

If k1 reaches a certain value kIC called the critical stress 

intensity factor, the crack starts to propagate. The critical stress 

intensity factor is a basic material property and can be measured in 

the laboratory. Substituting for T in equation ( 2. 14. 1) and per -
zz 

forming the limiting procedure yields: 

2 
2µ ('3 -1) 

00 I cos (n0) 
n=O 

N 

I 
p=O 

(2. 14. 2) 

Where Hp and Cp are defined by equations (2. 5. 3) and (2. 13. 1). 
n n 

This derivation was first presented by Smith ( 12). 



CHAPTER III 

HALF SPACE SOLUTION 

3. 1 The General Problem 

In the step III of the solution it is necessary to remove the 

stresses from the plane boundary of the semi-infinite solid 

(plane P, Figures 1 and 2) with no crack. This will be accomplished 

by the following approximate technique. Divide the plane boundary 

into small rectangular areas, and assume that the surface shears 

and normal stress are uniform inside of each rectangle and have the 

values corresponding to that of the center of the rectangles, There-

fore, the problem reduces to that of finding a solution for a semi-

infinite · solid when a small rectangular area of its bounding plane is 

subjected to uniform shears and normal stress. This solution for 

constant normal stress was presented by Love ( 18). The solution 

for constant shears on the rectangle did not seem to be available 

in the literature. Therefore, this solution was derived and is 

described in the following paragraphs. 

3.2 The distriol.ltion of stresses in a semi-infinite solid when a 

small rectangular area of its boundary plane is subjected to given 

surface forces. 
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C 

2a 7 
-----,--.r--------,, ;7 

B 

y 

z 

Figure 4. Rectangular Coordinate System for 
Half Space Solution 

•• 
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Consider the plane boundary of the semi-infinite solid as 

horizontal, and the solid below it as shown in Figure 4. Let 

(x, y, z) be coordinates of a point within the solid and (x", y", 0) be 

coordinates of a point inside of the rectangular area. We denote the 

distance between these points by R so that: 

2 2 2 
(x - x") + (y - y") + z 

The displacements (u, v, w) produced at any point (x, y, z) by the 

surface forces applied over the rectangular area ABCD are given by: 

1 

v= _ftQ_ 
az 

w= ...2..1!. 
a z + 

aH 
OX 

1 

___§_l!__ 
a,y 

y -

1 
4'1Tµ 

a z 

z 

1 

(3.2.1) 

..a.Y z 
ay 

where X. and µ are the Lame I constants. This formulation 

satisfies the equations of elasticity and boundary conditions if the 

potential function x and the harmonic functions F, G, H, 't' , 

...f"L , FI' G1, H 1 a d \y I are defined as: 

X = log ( z + R) 
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ba 

x" dx"dy"= ~ss X dx "dy" 
-b -a 

_aE_ + ....aQ + ...al!... 
ax ay a z 

z log ( z + R) - R 

b a 

Fl =SSxv..f'-. dx"dy"= xvSS JL dx"dy " 
-b -a 

b a 

H 1 = S S zv J\... dx,. dy,. = z v S S..11... dx,. dy" 
-b -a 

y 
1 = 

' aF 1 
ax + + 

"' 

( 3,. 2 . 2) 

Where X , Y , and Z are the components of the surface force per 
V V V 

unit area at the center of the rectangle ( 19) . 
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All of these integrations are taken over the rectangular area 

AB CD given by the equations 

z = 0 X =ta y = tb 

Using the generalized Hookes law (2. 1. 4) the stress components can 

be found from the equations (3.2.1). 

The CT yy component is the only stress which is needed for 

iteration technique. This stress is composed of three parts, namely, 

CTyy 1 , rryy2 , and CTyy 3 which correspond to the effect of surface 

forces applied over rectangle in the x, y, and z directions, 

respectively when each is considered separately. Considering the 

effect of a surface force in x direction only results in 

CTYY - _l {~ ..2.L \. 
+ l-2TT Atµ az \. +µ 

2 
• The functions a ·Y 

a z a z y 
from the equations ( 3. 2. 2) as: 

log 

2\f/ {-..a___y_ = . X 
ay2 V 

+ 

{ 

[ d 4 - (b + y) 

la1 + (b+ y) 

(b - y) 
a 1(z+~) 

{b + y} 
c 3(z + c 3) 

2 
a 2 't'} a Yi (3.2.3) - z a 2 a 2 y y 

a 2Yl 
and may be found 

ay 2 

(3. 2. 4) 

(b - y} 
+ b 2 ( z + b 2) 

{b + y) } ( 3. 2. 5) 
d 4(z + d 4) 
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2 { a Y1 az't' 
+ X (b-y) (b-y) = z 2 2 V al b2 oY a Y 

(3.2.6) 

(b+y} 
+ 

(b+y) } c3 d4 

Considering the effect of surface force in the y direction we find : 

1 
er yy 2 = 2 TT 

where: 

aY = y 
o Z V 

2 y ..a...1... = V 2 
ax 

2y a y = 2 
az 

{- (a-x) 
a 1(z+a 1) 

+ 
(a+x) 

c 3(z+c3) 

V { 
z 

• 2 2 
(b-y) + z 

z 
2 2 

(b+y) + z 

- z (3.2.7) 

(3.2.8) 

(a+x) 
b 2( z+b2) 

(a-x) } (3.2.9) + d4' z+d4) 

a-x a+x 
+ 

al b2 

a-x a+x i} d4 
+ 

c3 
(3.2.10) 



2 !:12YY 2y 
= -( .!,l__!_ ) 

2 2 + 2 ay ax ay 

= 

2 

a Y 
a z 
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il a Lv I 
y [ 

( a -x) = z + 2 2 V al ax ax 

(a -x) 
c3 

2 2 2 a y I a Y1 a YI 
= - ( + 2 ) 2 2 ay ax az 

(3.2.11) 

(3.2.12) 

( a-x) + 
b2 

(a-x) ] (3.2.13) 
d4 

(3. 2. 14) 

Considering the effect of a surface force in the z direction results 

in 

il 
az 

2 
..l!:._ .a___x_ 

X. +µ 2 ay 
( 3. 2. 15) 



where·: 

2 
...a_x.._ = z 

2 V ax 

2 
..a__x_ = z 

2 V 
ay 

[ 
-1 tan (b-y) 

(a-x) 
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-1 
+ tan b+y 

(a-x) - tan -1 z(b-y) 
(a-x) a

1 

-1 z(b+y) 
- tan (a-x)d4 

+ t -1 ( b-y) + tan-1 (b+y) 
an ( ) ( ) 

- tan -l z(b-y) - tan -l 
(a+x)b 2 

l -1 ( a-x) 
tan (b-y) 

-1 

-1 
+ tan 

a+x a+x 

z(b+y) ] 
(a+x)c

3 

(a+x) 
(b-y) 

-1 

(3.2.16) 

-tan z( a-x) 
(b-y)a 1 

- tan z( a+x) 
(b-y) b 2 

-1 + tan ( a-x) + tan -1 ( a+x) -1 z( a -x) ] 
b+y (b+y) - tan (b+y)d4 

- tan -1 z( a+x) (3.2.17) (b+y)c 3 

2 2 _a_y_ 
= ( ....a.....x.. + ....a.....x..) (3.2.18) 

a z 2 2 
ax ay 

ft 
= z 

{ 
(b-y) ( ( a-x) 

+ 
(a+x) ) + 2 V 2 2 al b2 ay (b -y) +z 

(3.2.19) 

(b+y) a-x a+x >} + 2 2 d4 c3 (b+y) +z 
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In these derivations a 1 , b 2 , c 3 and d 4 represent the distance from 

any point (x, y, z) to the corners A, B, C, and D of the rectangular 

area ABCD that is 

= r. 2 2 2 ] ~a-x) + (b-y) + z 

1/2 

= r, 2 2 2] L a+x) + (b-y) + z 

1/2 

(3.2.20) 

= 2 2 2] ~a+x) +(b+y) +z 

1/2 

= 

1/2 
f_ 2 2 2] ~a-x) + (b+y) + z 

Finally, the stress component CT yy produced by application of 

surface shears and normal stress on the rectangular area ABCD 

can be found by superposition: 

CT yy = CT yy l + CT yy 2 + CT YY 3 
(3.2.21) 

or 

(3.2.22) 

where f 1 , f 2 and f 3 characterizetheequations(3.2.3), (3.2.7) 

and (3. 2. 15) and have the following symmetry properties: 

fl is odd X even y 

f2 is even X odd y (3.2.23) 

f3 lS even X even y 
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3. 3 Generalization of the Solution 

The solution thus found applies to a small rectangular area. 

However, it can be generalized to many rectangles or a plane 

boundary. Let and s be a local coordinate system located 

at the center of each rectangle as shown in Figure 5. Let yli and 

i 1 . designate the coordinate of the center of these rectangles. J , 

It is apparent that: 

(3.3.l) 

The x , y and z for each rectangle correspond to those 
V V V 

stresses found from the circular crack solution on the plane boundary 

as found in Section ( 2. 4), that is : 

X = 
V 

y = 
V 

T 

- T 

xlyl 

xlzl 

2 v = - T xlxl 

(3. 3. 2) 

Inspection of equations (2. 4. 3) reveals that these stresses have 

certain symmetry properties, that is: 

T xlyl is odd even 
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Plane P 

~lj 

Circular Crack 

-y li' 

Figure 5. Symmetrical Distribution of the Areas On 
Plane P Located a Distance D from the 
Center of the Crack 
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T xlzl 
is even odd (3. 3. 3) 

T xlxl 
is even even 

Now consider the effect of surface forces on four rectangular 

areas, symmetrically located in four quadrants ( Figure 5). The 

stress 
CT zlzl ' at any point due to these forces is : 

zlzl = zz = x , (y"li' "1} [fl (yl-Yli' zl-zlj' xl)-fl(yl+Yli' zl-Zlj' xi) 

+ f l(y 1-Yli' zl+zlj' xi) - fl(y 1-.Yu' zltzlj' xi)] 

+ Y)Yli' '1} [fz(Y 1-Y Ii• •1 -Zlj 'xi) +fz(Y 1+Y Ii• zl -Zlj • xi) 

- fz(yl-Yli 'zl+Zlj 'xi) - fz(Y1+Yli 'zl+Zlj 'x11] 

+ Z)Yli 'zi} [f3(yl-Yli 'zl-Zlj ,xi) f3(yl+Yli 'zl-Zlj' xi) 

f 3(Y I -Y Ii 'zl +Z lj 'xi) f 3(y I +Y Ii' zl +Z lj' xi) l 
( 3. 3. 4) 

Considering the symmetry properties described in (3.2.23) and 

considering all of the rectangular areas on the plane P, the total 

stress at any point (x 1, y 1, 0) located OI?- the plane z 1 = 0) is found 

to be 



MN 

a- zlzl = l l ZX)yli '~1} 

i= 1 j= 1 
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• •. «'~ 

lr I ( y I -Y; i • z I j • x) - f I ( y I +Y Ii • z I j' x) l 
MN -l l ZY )Yu • "1} h(y I -Y]i • zlj • x) + fz(Y I +Yli • zlj • x)] 

i= 1 j= 1 

MN +ll 2Z)Y!i,z1} b(y]-Y]i.zlj'x) +£3(Y1+yli,Zlj' x~ 
i=l j=l 

where thE? summation is taken over all of the rectangles on the first 

quadrant. 

' If we indicate the coordinates of a general point on the surface 

of the circular crack by (r, 0, 0) the stress produced at this point 

due to removal of stress from the plane ..!:_, may be found from the 

equations (3. 3. 5). From Figure 6 i~ is obvious that: 

(3.3.6) 
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'fl 
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,, 
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X 

= r cos 8 + D 

= r sin 8 

Plane P 

Figure 6. Relationship Between Cylindri c al and 
Cartesian Coordinate System 



CHAPTER IV 

RESULTS 

4. 1 General Remarks 

A computer program has been written using the solution and 

technique described in the preceeding chapters to evaluate the 

stresses and stress intensity factors for several classes of problems 

indicated in. Figures 1 and 2. The stresses in the solid and on the 

free plane were found from the circular crack solution given by 

equations (2. ' 2) and 2. 10. 12). The results obtained for a uniform 

,I 

tension from this solution agrees completely with the solution 

obtained by Sneddon ( 1) and Smith ( 12). To remove the stresses 

from the plane p a grid having the boundaries r = 3, and z = 4 

was first attempted. These boundaries were adequate since all of 

the stresses vanish at these distances as was observed from the 

case of simple tension. Figure (7) indicates the final grid which was 

used in the analysis. The number of rectangles in the final analysis 

were 4 times larger than the first grid tried, but the maximum change 

in the stress intensity factor was not greater than 10 %. The stresses 

on the plane p and on the crack surface vanish after a few cycles 

of iteration. For example, when the free surface is located at a 

distance D = 1. 1, complete convergence is obtained after three 
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iterations as indicated in Table 1 Two types of loading were 

considered: constant loa d p(r, 0 ) = o- and linearly varying load 

p(r, 8) = o- ( 1 + r c os 0). The graphs in Figures 8, 9, 10 and 11 present 

the stres s intensity factors for several types of loading and crack 

geometries. The stress intensity factor for some other types of 

loading can be found from superposition of these results. It can be 

seen from the results of Figure (7) that the max imum stress intensity 

factor does not change if the free surface is lo cated at a distance 

D > 2a. 

4. 2 Compa.rison with Available Soluti ons 

Some comparison with two dimensional analysis, and other 

available solutions can b e made to check the validity of the results. 

1) The magnification factor in a strip subjected to uniform 

tension based on two dimensional analysis is approximately 1. 35 for 

D = 1. 5 ( see Figure 12). This factor for a cir cular crack for 

D = 1. 5 was found to b e 1. 03. This reduction in stress intensity 

factor w as expected, since the state of stress for two dimensional 

analyses is more severe than three dimensional. 

2 ) When the free plane is close to the center of the crack 

(D = 0, 1), the stress intensity factor obtai ned is within 2 % of the 

results obtained by Smith ( 12) for a semi -circul ar edge crack 

( Figure 10). Part of the e rror is due to the fact that D = . 1 is not 

exactly a semi-circular crack. 
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3) When the free plane is located a distance D from the center 

of the crack as shown in Figure 2, Case 2, the stress intensity 

factor obtained can be compared to the stress intensity factor for 

an ellipse embedded in an infinite solid as shown in Figure 13. The 

stress intensity factor for an ellipse with maj or and minor axes of 

2c and 2a is 
e 

m = l -
2 a 
2 

C 

l / 4 

where <Ii = E(m) is a complete elliptic integral of second kind that 

is 
Tr 

<Ii = S 2 2 I i-m sin <Ii 
o . 

d<!i 

for cj> = 0 , the stress intensity factor will have its maximum value 

K = Imax 

For the case when D = . 5 , a for the ellipse is . 5 and is half of 
e 

the radius of the circle so that 

m = . 6666 

and 

<Ii = E (. 6666) = 1. 26 
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Therefore 

K = Imax 
1 

1. 26 = .7941\/Tfa 
e e 

for the embedded ellipse. The stress intensity obtained for the present 

edge crack is 

K = 0. 807 er .Jrra. Imax e 

The magnification factor is therefore 1. 0 2 which agrees quite well 

with thet value estimated by Smith ( 23). 
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A central crack in a strip subjected to tension 
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A circular crack in a semi - infinite solid 

Figure 12. Comparison of a Circular Crack in a Semi-Infinite 
Solid with a Central Crack in a Strip 
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Table 1. Str e ss on crack surface load = Unity 

Applie d Load 

9/r O· ·2 ·4 . 6 . 8 1 • 0 

0 1 . 0000 1.0000 1.0000 1.0000 1.0000 1.0000 
1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 
1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 
1.0000 1.0000 1 . 0000 1.0000 1.0000 1 . 0000 
1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 
1.0000 1 . 0000 1.0000 1 . 0000 1.0000 1.0000 
1 . 0000 1.0000 1 . 0000 1.0000 1.0000 1.0000 
1.0000 1.0000 1.0000 1 . 0000 1.0000 1.0000 
1.0000 1.0000 1 . 0000 1. 0000 1.0000 1.0000 

TT/ 4 1.0000 1.0000 1 . 0000 1.0000 1.0000 1.0000 
1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 
1.0000 1 . 0000 1.0000 1.0000 1.0000 1.0000 
1.0000 1.0000 1.0000 1.0000 1 . 0000 1.0000 
1.0000 1.0000 1 . 0000 1.0000 1.0000 1 .0 000 
1.0000 1.0000 1.0000 1. 0000 1 . 0000 1.0000 
1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 
1.0000 1.0000 1 . 0000 1.0000 1.0000 1.0000 
1.0000 1 . 0000 1 . 0000 1.0000 1.0000 1.0000 

rr I 2 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 

Iteration No. 1 

8/r O· . 2 ·4 . 6 . 8 l·O 

0 . 0559 . 0404 . 0297 . 0 222 .0168 . 0129 
. 0559 . 0405 . 0 299 . 0224 .0170 .0130 
. 0559 . 0411 . 0306 . 0 230 . 0176 .0135 
. 0559 . 0419 . 0317 . 0242 .0186 .0144 
. 0559 . 043 2 . 0334 . 0 258 . 0 201 . 0157 
. 0559 . 0448 .0356 . 0 281 . 0 223 . 0176 
. 0559 . 0467 . 0384 .0312 . 0 252 . 0 20 2 
. 0559 . 0491 . 0420 .0352 . 0 291 . 0 238 
. 0559 . 0 518 . 0463 . 0403 .0343 . 0 287 

TT/ 4 . 0559 . 0548 .0516 . 0469 . 0413 .0354 
. 0 559 . 0581 . 0579 . 0553 . O 506 . 0447 
. 0559 .0616 .0652 . 0659 .0632 . 0 576 
. 0559 .0652 . 07 35 .0790 .0801 . 07 55 
. 0 t; 59 .068 8 . 08 25 . 09 50 . 10 26 . 100 2 
. 0 5·59 .07 2 1 . 0918 . 1134 . 1316 . 1325 
. 0559 . 07 50 . 1007 . 1332 . 1664 . 1663 
. 0559 .0773 . 1081 . 1 Sl 5 . 2018 . 17 57 
. 0 5 59 .0787 . 1131 . 1649 . 228 5 . 13 52 

TT/ 2 . 0559 . 079 2 . 1149 . 1698 . 2384 .1014 
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Table 1. ( Continued) 

Iteration No. 2 

0/r O· . 2 ·4 . 6 l • 0 

0 .0046 .0032 .0023 .0017 .0012 . 0009 
.0046 .0032 .0023 . 0017 .0012 . 0009 
.0046 . 0033 .0023 .0017 .0013 . 0010 
. 0046 .0033 . 0024 .0018 .0014 .0010 
.0046 .0034 .0026 . 0019 .0015 . 0011 
. 0046 .0036 .0028 .0021 .0016 .0013 
. 0046 .0038 .0030 .0024 . 0019 .0015 
. 0046 . 0040 .0033 . 0027 .0022 . 0017 
. 0046 . 0042 . 0037 .0032 .0026 . 0021 

TT/ 4 . 0046 .0045 . 0042 . 0037 .0032 . 0027 
. 0046 . 0048 . 0048 .0045 . 0040 .0035 
. 0046 . 0051 .0055 .0055 . 00 52 . 0046 
. 0046 . 0055 .0063 . 0068 .0068 .0064 
. 0046 . 0058 .0072 .0084 . 009 2 .0090 
. 0046 . 0061 .0081 .0104 .0124 . 0129 
.0046 .0064 . 0090 .0126 .0165 .0177 
.0046 . 0067 . 0098 . 0147 . 0211 .0204 
. 0046 .0068 .0104 .0163 . 0246 . 0169 

rr / 2 .0046 . 0068 .0106 .0168 . 0260 .0132 

Iteration No. 3 

0/r O· . 2 ·4 ·6 . 8 l • 0 

0 .0004 .0003 .0002 .0002 .0001 .0001 
. 0004 .0003 .0002 .0002 .0001 .0001 
.0004 . 0003 .0002 .0002 . 0001 .0001 
.0004 .0003 .0002 .0002 .0001 .0001 
. 0004 . ·0003 .0002 .0002 .0001 .0001 
. 0004 .0003 .0003 .0002 .0002 .0001 
.0004 .0003 .0003 .0002 .0002 .0001 
.0004 .0004 .0003 .0002 .0002 .0002 
.0004 .0004 .0003 .0003 .0002 .0002 

rr/4 .0004 .0004 .0004 .0003 .0003 .0002 
.0004 .0004 .0004 .0004 .0004 .0003 
. 0004 .0005 .0005 . 0005 .0005 .0004 
.0004 . 0005 .0006 .0006 .0006 .0006 
.0004 .0005 . 0007 .0008 .0009 .0008 
.0004 .0006 .0008 .0010 .0012 .0012 
. 0004 .0006 .0009 .0012 .0016 . 0017 
.0004 .0006 .0009 .0014 . 0020 . 0020 
.0004 .0006 .0010 .0016 .0024 . 0017 

rr / 2 . 0004 .0006 .0010 .0016 .0025 .0013 



CONCLUSION 

The work reported here makes significant contributions in the 

area of fracture mechanics by providing solutions for a class of 

problems that have never been solved or for which only estimates are 

available. This is only the second application known to the author 

for the Schwartz alternating technique to the solution of three-

dimensional elasto-static problems. In the course of the theoretical 

development a recurrence technique for evaluating integrals of the 

type 
00 

s(v, n) = s Sn Jv(~r)e-ZSdr 

was developed which is applied for all values of v and n . At the 

present only solutions for special cases of this integral are available 

in the literature. Further solutions were developed for the integrals 

of the type 
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for all values n, m and p for which the integral exist. Again only 

solutions for special cases of these integrals appear in the 

literature. Solutions are given for several special cases of the 

integrals 
00 

s s Sin j = nm fm 0 

00 

= s Cos C 
nm Jm 0 

which do not appear in the literature. 

,•i A solution for applied shear on a rectangular area on the 

surface of a half space was developed. The basic formulation for 

this solution was given by Cerruti ( 19) but the closed form solution 

does not appear in the literature. 



where: 

0 1 
T ·· = 

./2 

1 1 
TO = .[2 

T 2 = 1 
0 .[2 
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APPENDIX A 

THE STRESS COMPONENTS FOR SMALL 
VALUES OF z AND r 

C OH 0 
0 0 [ a 3 SI( 0, 1, 1) + a 4 SI( 0, 1, 2) + 

a 5 SI(!, 1, 0) + a 6 SI(l, 1, l)l 

C 1 H 1 
0 0 t3 lSI(O, I, I) + S!(0, o, 0) - {! CI(0, 0) J 

+ 04 [sI(O, 1, 2) + SI(0, o, 1) - CI(O,l)l 

+ 05 rI( 1, 1, 0) + SI( 1, 0i-1) -
1T 

CI( I, O)l 

+ 06 [sr( 1, I, I) + SI( I, o, 0) - {! CI( I, l)]} 

c0 
2 

H 0 
2 

{a3 [sI(O, 1, 1) - 2SI(0, 2, 0) l 

+ 04 ~I(O, 1, 2) - 2SI(0, 2, l)] 

+ 05 lSI( 1, 1, 0) - 2SI( 1, 2, -1~ 

+ 06 f I( 1, 1, 1) - 2SI( 1, 2, O)]} 
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I I , I I [ TI = ,,fz CI HI a3 SI( 1, 2, 1) + a 4 SI( 1, 2, 2) + 

aS SI(2, 2, 0) + a 6 SI(Z, 2, l)j 

TI 2 = J2 cl 2ttl 
2 
t3 ~I( I, 2, 1)+4SI( I, o, -l)+SI( I, I, 0)-8/!; CI( I, 0)] 

+ a 4 lSI( I, 2, 2)+4SI( I, 0, 0)+SI( I, I, 1)-8 f CI( I, l)] 

Tl __ !Cl I 
2 - ,,[z 2 H 2 

+ as rl( 2, 2, 0)+4SI( 2, 0, - 2)+Sl( 2, I, -1) -BY! Cl( 2, O~ 

+ a6 ~ I( 2, 2, l )+4SI( 2, o, - !)+SI( 2, I, 0) -sf! CI( 2, l)J} 
t a! [-4Sl( 2, 0, -1) -SI( 2, I, O)+sY~ CI( 2, l )] 

+a 2 l-4Sl(2, 0, -2) -SI(2, 1, -1) + s{! Cl(Z, O)] 

+a3 [ -4SI( 2, o, 0)-SI( 2, I, I) + 8 CI( 2, 2)] 

+a4 [-4SI( 2, 0, 1)-SI( 2, I, 2) + 8 i CI( 2, 3)] 

+as [ -4SI(3, 0, -1)-SI(3, 1, 0) + s{!; CI(3, 2)] 

+a6 [ -4SI( 3, 0, 0) -SI( 3, 1, I) + 8 /!; CI( 3, 3~} 

2 l 2 2 le T2 = ,,[2 CZ Hz Lal SI(2, 3, 0) + a2 SI(2, 3, -1) + a3 SI(2, 3, 1) 

+ a 4 SI(2, 3, 2) + aS SI(3, 3, 0) + a6 SI(3, 3, I)] 
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0 1 2 1 2 1 2 
T 

0 0 
= ( P O + P O + P O ) + ( P 1 + P 1 ) cos e + ( P 2 + P 

2 
) cos ( 20) 

where: 

p 1 1 1 1 
{ "9 EI(O, I, I) + SI(0, 0, 0) -/! CI( 0, 0)] = ..f2 CO HO 0 

- a 5 [sI(l, I, 0) S I(! , 0, - 1) -/! CI( I, O)] 

- a6 r I( I, I, I) + SI( I, 0, 0) -~ CI( I, I~} 

p 2 = 1 C 2 H 2 
{a9 

[sI(O, I, I) - ZSI(0, 2, O)] 0 ..[2 0 0 

- a [sI( 1, 1, 0) - 2SI( I, 2, -1 ) ] 5 

- "6 LSI( I, I , I) - ZSI( I, 2, O)]} 

Pl=_l ClHl [ l l ..[ 2 l l a
9 

SI( 1, 2, 1) - a 5 SI( 2, 2, 0) - a 6 SI( 2, 2, 1) 

{ "9 [sI( I, 2, l)t4SI( I, 0, -!)+SI( I, I, 0) -8-/!; CI( I, O)] 

[SI( 2, 2, 0)t4SI( 2, 0, - 2)+SI( 2, I, -1) -8 CI( 2, 0~ 

[sI(2, 2, 1)+4SI(2, 0 , -l)+SI(2, I, 0)-8/! CI(2, !)]} 
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p / = }2 c/ H/ t QI t4SI(2, 0, -l)-SI(2, I, 0)+8/!; CI(2, I)] 

- a 2 [4SI( 2, 0, - 2) -SI( 2, I, -1 )+8 {f; CI( 2, O)] 

+ a9 [-4SI( 2, 0, 0) -SI( 2, I, 1)+8 {!; CI( 2, 2)] 

- as [-SI( 3, 0, -1) -SI(3, I, 0 )+8 f1I, CI( 3, 2)] 

- a6 [-4SI( 3, 0, 0) -SI( 3, I, I )+8 Cl( 3, 3)]} 

p 2 = - 1 C 2 H 2 [ S ( 3 0) S ( 3 1) 2 .[ 2 2 2 - a 1 I 2, , - a 2 I 2, , -

+ Q9 SI(2, 3, I) - as SI(3, 3, 0) - Q6 SI(3, 3, I) l 
Tre = (Q~+a 1

2
) Sin0+(0 2

1
+a 2

2
) Sin(20) 

where: 

[ SI( 2, 2, 0)+4SI( 2, 0, - 2)+SI( 2, 1,-1) -8 {!-; CI( 2, 0)] 

[sI( 2, 2, 1)+4SI( 2, 0, -!)+SI( 2, I, 0)-8 {!;cI( 2, I& 
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Q / = Jz c/ H / { - al [ -4SI( z. 0, -1) -SI( 2, I, O)+s {1;; CI( 2, I) J 
- a 2 l-4SI( z, o, -2) -SI( z, I, -1 )+B {! CI( z, oi] 

+ a7 r 4SI( 3, 0, -1) -SI( 3, I, 0)+8 {!; CI( 3, z)] 

+ a 8 [ 4SI(3, 0, 0)-SI(3, I, 1)+8 /!; CI(3, 3)]} 

where: 

R/ = sf~ c/ H/ {-a4 ~I( I, I, Z)+Sl( I , o. 1)- fi;, CI( I, 21]} 

R 0 
2 = Jz CO z HO z '. {- a 4 [sr( I, I, 2) - ZS!( I, 2, I) J } 

Rl __ l 1 l[ l l - .[2 CI H I - a8 SI( 1, 2, I) - a 4 SI( 2, 2, 2) 

{- QB [sr(l, 2, I )t4SI( I, 0, -I )+SI( I, I, 0) -s{!cr(l , 0) 

- a 4 SI( 2, 2, 2)+4SI( 2, 0, O)tSI( 2, I, I) -sf!; CI( 2, zJ} 



where: 

T I __ 1 
0 - "1"2 

T 2 __ I 
0 - ,-[2 

I I T -I - ,-[2 
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t4SI( 2, 0, 0)-SI( 2, I, 1)+8 I! Cl( 2, 2) 

-4Sl( 3, 0, I) -SI( 3, I, 2)+8 f! CI( 3, 4) J} 

STRESS COMPONENTS ON THE PLANE z = 0 

C I H I { a 3 [ Sl'(O, I, I) + Sl'(O, 0, 0) - Cl"(0, O)] 0 0 

+ ~5 lsq1, 1, OJ+ sr-(1, o, -ll -{! CI'(!, oi]} 

C 2 H 2 
r~3 

l SI"(0, 1, 1) 2 Sl"(0, 2, 0~ 0 0 

[ SI'( I, I, 0) - 2 SI'( I, 2, -1)]} + 05 

I I 
Cl HI [o3 S!"(l, 2, 1) + o 5 Sl"(2, 2, O)] 
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T2 = _1 C2H2 
1 .J2 1 1 { "3 

[sl'( I, 2, 1)+4Sl'( 1, 0, -l)+Sl'( 1, I, 0)-8 {!;cl'( 1, 0~ 

+ as ~I'( 2, 2, 0)+4SI'( 2, 0, - ·2)+SI'( 2, I, -1)-s /!;cl'( 2, 0~} 

Tl=_l ClHl 
2 .[2 2 2 {"2 

[-4SI'(2, 0, -2) - SY(2, 1, -1) + 8 {! CI-'(2, oJ 

+ a3 l-4SI'( 2, 0, 0) -SI'( 2, 1, 1) + 8 {! CI'( 2, 2)] 

+ as t4SI"(3, 0, -1) - SY(3, 1, 0) + 8~ CI'(3, 2~} 

-:' T2=_1C2H2 
[a2 SI'( 2, 3, -1) + a 3 SI'( 2, 3, 1) + a 5 SI'(3, 3, O)J . 2 .[2 2 2 

•l 

0 1 2 1 2 1 2 
T 0 0 = ( PO + PO + PO ) + ( P l + P l ) cos 0 + ( P 2 + P 2 ) cos ( 20) 

where: 

[ SI'(0, 1, 1) + SI"(0, 0, 0) - CI '(0, O)] 

- a 5 LSI'( 1, 1, 0) + SI'( 1, o, -1) -/! CI'( 1, oij} 
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p 2 = _l C 2 H 2 { a9 lsr(O, 1, 1) - 2 SI"(0, 2, o)J o .r2 o o L 

- as [sl'(l, I, 0) - 2 SI'(!, 2, -!~} 

P 1 
2 = ~ 2 c 1 I H 1 I {a9

~1'(1, 2, 1)+4S1'(1, 0, -l)+SI'(l, I, 0)-8~ Cl'(!, 0~ 

- as [sl'( 2, 2, 0)+4S1'( 2, 0, -2)+SI (2, I, -l)-8t CI (2, oJ} 

P
2

1 
= ~ 2 c/ H/ t a 2 [-4S1'(2,o, -2) - SI'(2, I, -1)+8{! CI'(z,o)j 

P2=_1 C2H2 
2 2 2 

where 

+ a9 [ -4SI"( 2, 0, 0) - SI"( 2, 1, 1) +sf! CI"( 2, 2~ 

- as [-4S1'( 3, o, -1) -SI'( 3, I, 0)+8 {! CI'( 3, 2)]} 

[-a2 SY( 2, 3, -1) + a
9 

SI"( 2, 3, 1) - a 5SI"(3, 3, 0)] 
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Q2 l c J2 C / H/ { - "2 l-4S!'( 2, 0, - 2)-SI'( 2, 1, al)+B !?; CY( 2, O) J 
+ a7 [-4s n 3, o, -1) -5:n 3, 1, o )+s -(!; en 3, 2) J} 

T = 0 rz 

T = 0 
0z 
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NOMEN C LATURE 

T .. Stre ss Compone nts 
l J 

U . Displa ce ment Compone n t s 
1 

\., µ Lame I Constants 

V Poi sson's Ratio 

f3 2 2(1 -v ) / (l -2 v) 

<p Stre ss Function 

e Dilatation 

r, 8, z Circular Cylindrical Coordinates 

x,y, z Re c tangular Cartesian Coordinate s 

xl' y l' zl Rectangular Cartesian Coordinates 

kl Stress Intensity Factor 
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COMPUTER PROGRAM 



*Cii4 RC1[, l l2370C 
~~AME , AL AV1 , M. Je 
*L ! MIT tT = l /QP R::50 
*t-=° 0 !1T:~AN 

Pr~ o,,;RM11 MiR 
RE.AL t,J!, I 
C OM W: ~! 5 ( l O , 1 4 0 } ,'\ ( 1 0 , 1 0 , 6 2 l t ( { :!. 0 , 1 0 l ==- S R R ( 6 ':, ) , 2 P ( 6 '1 l , '.:. 0 G ! (, ~; ) , 

1 '°, :-< () ; .:.. : · ' · : , P i 6 1; ; , '.::, ? :: ( 6 5 l , SO Z. l 6 5 l , 5 K ( 1 0 ) t FF 1 4 ! , SC l 6 , 6 , l 9 ) , Y P i 6 S l , 
2GG i4l, ;;t;t3 ), •: l (4 ,5l, SI!5,5,6l,ZPl65ltA1-\(65), SBU>5>~fK(6 5 l 
3, SX X( 65 l, SXY< 6 SJ, SXZ <65 ) , FCK (6,3) 

RE AD(5, 2423 l( YP(Il, I =l, 64 > 
REA D(5, 2423 )( ZP<I> • I = l , 64 l 
REk0(5 ,24 23 1( AA! I1, I =l, 64 ) 
RE AD ( 5 , 2 t+ 2 3 ; i J b i ; i I :, l , 6 4 ) 

2423 FORMA T(8 Fl0e3) 
READ 15,a> N,M,K,NU,D ~ITER ,ID 

8 FORMAT (3110 ,2Fl 0 . 5 , 2111l 
\~ R I T E I 6 , l O O 9 l D 

1009 FORMAT{/////50X,3HD =,F4.2 / ///l 
NN = N+l 

C 

21 1 
C 

NM= M+-1 
NK = K+l 
A3= 2•*<1• - NU> / (1. - 2e*NU) 
Al= 2e*(A3- le) 
A2 = 2e*IA3- 2.1 

D02111 =31 4 
FF(l ) =l • 
FF(2 ) =1 .. 
XQ = I - 1 
FF ( I J = XO * FF ( I- j 

CONTINUE 

DO 221=2, 4 



'f>' ::.: 1 - 1 
GGlll ~SQ Rll3•141~9l65358~793) 
GG ( I i = ( 2 • *W - 1 • ) -11-GG ( I - 1 l i 2 • 

22 CONTINUE 
C 

33 
( 

DO 3 3 I= l, 3 
DO 33J=l• 3 
II = I - l 
jJ = J-1 
IF( (2*1(1I+JJ)/2)l 

1 (FF! (II+JJ+2)/2 l 
IF( <2*!(Il+JJl/2l) 

1 (GG( . (Il+JJ+ll/7 +l 
CONTINUE 

DO 7071 =l, 64 

.Ea. < I I+JJi ) Ht i-J) = 
/ GG! (1I+JJ+2l/2 +1 l*! SC>R• <2• ) 

.NE. !II+JJ) l HULi) = 
l / FF( (Il -~JJ+3 1/2 ) ~( ~QR T (2. 

OP I I ) = AT AN ( YP I I> / D 
RPI I l = S~RT ( D*D + (YP( I> l*!YP( i > l 

707 CONTINUE 
C TO EV ALU ATE THE I N I T I AL S Tl~ ESSES ON THE CFU\ C !( ::, i..l i~ t- CE 

HA= .08726 6463 *2e 
DO 9909 IIK =1,1 
DO 1178 I =1, 6 
DO 1178 J =1, 19 

R '-" I -· 1 
R = R* , 2 
XY = ~J ~· l 
TET :: .XY * H.t\ 
IF( IIK . ECJ . 
IF< IIK .EQ. 
IF< IIK .Ea. 
IF C I 1 K • EO • 
IF I 1 I K • EQ • 
IF! IIK eEO• 

1176 SCll, I, J l 
GO TO 1178 

1179 SC C 1 , I , J 

1) 

2) 
3 ) 
4) 
5) 
6) 

= l • 

.;:: R* 

GO 
GO 
GO 
GO 
GO 
GO 

R 

TO 1176 
TO 1179 
TO 1180 
TO 1181 
TO 1182 
TO 1183 

) ) / 2. 



(iO TO 117 3 
118 0 SC ( l , I ' j = R* COS( TET) 

Sl~ TO 117 fi 
11 81 SC I J. , I ' 

. = R* R * COS( ., 
GO TO ll 78 

1182 SC ( 1, I • .J = R* COS( 2•* 
GO TO 1178 

11 8 3 ::.c11, l ' j = R·~ R ·JI- COS ! 
11 73 CONT I Nt.! E 
C 

CALL COEFF(N,M,K,A 
C 

DO f3 7 9 3 I = l , 7 
b 7 9J Fr~ ( I l = O• 

DO 1118 INDIC=l, JTER 
C 
C 

WR IT EC6 ,1 99)1NDIC 

+ 1. 

TET 

TET 

2 - ". rr1 

199 FOHM AT( 1Hl,30X, * ITERATION NOe * ,!2J 
( 
( 

G1J TO 71 7 
70 71 I ND I C J NDI C 
C 
7 1 7 G ill CCN ~, f !tll , INDI C , SC, C ) 

IF( I D ,..[ 11. 2 l GO TO 444 3 
IF ( D eGE . l• l GO TO 137 
I F ( D •L T • l l 0 1 = AS IN ( D l 
02 = ( 01 + 3 .141 59 /2. ) / 6. 

GO TO 137 
4 4 4 3 0 2 = (ACOSID> > /6• 

C 
C 
C 

.. 



( 
! 3 7 DC 8877 IK =l • 7 

X.Y ::: IK - 1 
0 = XY * ( 3•14159 )/ 6. 
IF t D •LT• 1 • l O "' X Y * 02 

C 
C 

SUM l - IJe 
00 4477 I =1,3 
2:-:u ~li 2 =· o . 
f)(J 337 i ./ :cJ • 3 

SUM2 = SUM2 + ( t i , .J l *H < I , J l ·*Al 
FCK< INDIC,l .> ::: ";UM2 * SQRT ! 3el4l5927/ 2 •l 

33 77 CONTI NUE 
SLJr'il = SUM 1 t· ! CGS I T N J l ) ,.:.su ~2 

t+ 477 CC /\iT !NUF. 

( 

C 

S :<. i J K) :: '.· \Jhl it ;, (J~ 1 ( 
F r ! ·i r~ 1 ° F i,· , K l 

8 877 CONTU.il.J E 

3 •l'+ l '.:, cn / 2 . l 
,!,- SK { I K l 

V ! ;~ I T L f 1) , ., 0 3 l '"; V.. ( i l • i :: l • 7 i 
303 FORl~ f,!(1 :< ,* S l •' !. ~S lN E:ll'.ii TY FA(f i)~ K "'* d F l0e4/l 
C 

C 

C 
C 

I f ( H I O I ( • :: U ,. ( I T ER + i l 

DO l O O l 2 = l , ;.; '+ 

Z .. ZP(l2) 
R = RPCUl 
0 = 3~}l1159 
IF( ID . EG • 
IF { R • Eth 

- OF ( I 2 l 
2) 0 = OP ( 12 > 
l• .A.ND. Z 

) (j() Tl_) 8803 

> R lel 



( 

C 

C 
C 

C 
C 

r 
'-
C 

lFi P eEO. O. l R = . 000 1 
IF( R .LTe 1. .AND. l .L E. l GO TO AUd 
CALL BESSEL(N,K,R,l, S l 
SR.R3:: Oe 
S003= Oe 
SR03= Oe 
SRZ3= o. 
S0l3 = r_i •. 

DO 10 I = 1, NN 

W = 1-1 
Cl= -Al* W*(W-l el *Z / (R **? •l 
CZ= 2e *W*(~-l •> I (R**2•> 
C3 = -Al 
C4 = 
C5 = 
(6 = 
(7 = 
CB = 
(9 = 
SRRl 
S001 
SROl 
SRZl 
SOZl 

DO 20 

SRR2 
SOO2 
SRO2 
SRZ2 

Al*l 
2e/R 
-Al*Z. /R 
2 e*W /R 
-Al *~'f'*Z/R 
-A2 
= 0. 
= o. 
= o. = o. 
=·o. 

j = 

= o. 
= o. 
= o. 
= o. 

1' NM 



C 
C 

SOZ2:: o. 

DO 30 L-= 1, NK 
C 
C 

T = Cll,Jl* A<l,J,L) 
I __ L = Z*(L-·ll + 
P = S :1,LL > 
Pl = S(l,LL+ll 
P2= .S(l,LL+2l 
P3= S<I,LL+3) 
p l; = S ( l + 1 , L !_ + 1 l 
f'.'~1:::: 5 (l+l,LL+2i 
P6= S(l+l,LL+3l 
SRR2= SRR2+ ( Cl*Pl+C2*P+C3*P2+C4•P3+C~*P ~1C6•P S l* T 
SOO?= S002+ l-Cl*Pl-C2*P+C9*P2-C5*P4-C6• PS !* T 
SR02-= SR02 + I ·-C 1 °1- P l-C2*P+C7*P4+C 8*P5 i • T 
SRZ 2= SRZ2 + I-C 6* P2-C4*P6 ) * T 
SO Z2= SOZ2+ l+C8*P2 ) * T 

30 CON TINUE 
SRRl = SRRl + SRR2 
S001 = S001 + S002 
SR Ol = SROl + SR02 
SRZl = SRZ l + SR Z2 
SOZl = SOZl + SOZ2 

20 CONTINUE 
SRR3 = SRR3 +SRRl*COSIW*O> 
5003 = 5003 +SOOl*COS(W*Ol 
SR03 - SR03 +S ROl*SIN(W ~O) 
SRZ3 = SRZ3 +SRZl*COS(~~O> 
SOZ3 - SOZ3 +SOZl*SIN(W*O) 

10 CONTINUE 
SRRII2l = SRR3 
500(12) = S003 
SRO(l2l = $R03 
SRZ(l2 SRZ3 



888 
C 

C 

C 

C 
C 

SOZ<l2) = SOZ3 
GO TO J09 
CALL HYPER lR, Z, Sl• Cl ) 

SRRR= o. 
S000= o. 
SROO= O. 
SRZZ= O. 
SOZZ= o. 
\,J = 0. 
Cl= -Al*W*(W-l•>*Z / (R**Z•l 
C2 = 2e*W*(W-le) / (R**2•) 
C3 = -Al 
C'• = Al*Z 
(5 = 2e/R 
C6 = -Al*Z /R 
C7 -· 2•*W/R 
ca -· -Al*W*Z/R 
C9 = -A2 

IF l z .NE. o. l GO TO 660 

=(C3 ·ll-Sl(l,2,51 + C5*S1(2,2,4) l* Cll,l1~·H(l,ll TOO 
TOl 

1 
= (C3* ( S1(1,2,5) + 51<1,l,41 - I SOkT ( G~ / J 4]41 59 1! *Cl ( l ,J l) 

+C5*( S1(2,2,4) + Sl(2,1,3l - ( SQR T CB . l3.l4159JJ*CI(2~ll l 
I* C(l,2l* H(l,2l 2 

T02 = <C 3* (Sl(l,2t5l-2•*Sl(l,3,4ll+ C5*(Sl<2,?.,4l-2• * S l(2•1~ 3 lll 
1 -ll·C ( 1 , 3) *t-1 ( 1 , 3 l 

POO = (C9*SI(l,2,5l - C5*Sll2,2,4ll*C(l,lD*H(ldl 
POl = ( C9*( SI<l,2,5l + Sl<I,1,4) - I SQRT<B• l3.l4159ll*Cl(l,l>: 

1 -C5*( SI<2,2,4l + Sli2,l,3) - ( SQRT(8. /3.14159ll *C l(2,1)) 
2 l* C(l,21* H(l,2> 

P02 = ( C3* ( SI<l,2,5l - 2•* S1(1,3,4) > - C5* ( 51(2,2,41 
1 -2•* S1(2,3•3> l l* Cll,3) * H(lt3l 

ROG= o. 



C 
C 

ROl = o. 
R02 = o. 
GO TO 550 

660 TOO= tC3 *S1(1,2, 5 ) + C4 * SI(l,2,61 + C5 * S I<2,2,4) +CG* 

C 

C 

C 
5 50 

C 
C 

1S1(2,2,5l l * C<l,ll * H<l,l) 
TOl = (C3 * ( S1(1,2,5) + SI{l,l,4l -

1 +C4 * ( S lll,2,6) + SI(l, 1 ,5) 
2 +C 5 *- ( S I < 2, 2, 4 l + SI ( 2 d, 3 I 
3 +C6 * ( S1(2,2, 5 ) + S1(2,1,4) 
4 >* C(l,21* H(l,21 

T02 = ( C3 * ( S l(l, 2 • 5 1 - 2e* SJ!l,3,td ) 

1 (4*( 51 (],2,6) - 2•* S I < 1 , J , 5 } ) 

2 (5*<51(2, 2 , 4 ) ·- 2 - * 5 1(2 ,3 ,3) 
3 C6*<SI(2,2,5) - .., * < .• SJ ( 2,3 •ul 

POO 
POl 

1 

= cc 9~s 111, 2 , s1 - cs~s 1( 2,?,4J - C6 
= ( C 9 l! ( S i I l , 2 , 5 > + S l ( 1 • l , :~ I --

2 
3 ) ll-

-( ? 1f ( S J I L , ? , 11 l + :_j I < 2 , J , 3 I -
·- C 6 -;.;- < S I I c' , 2 , () I + S l < 2. , l , Li i -· 

C(l,21 * H(l, 2l 

SQRT 16. / 3 • 1415 9 I l ,f C I I 1 t 1 l 1 
SQRT (8. / 3 el415 9 ll *CI ( l , 2 l> 
SQR T( 8 . / 3 .14 1~9 l) *C l( 2 t l l l 
SQRT (·8 • / 3 • 1 Ii 15 9 ) ) -l!·C I ( 2, 2 ) } 

+ 
-~ 
+ 
) * C ( 1 '3 I * H ( l, '.> I 

~-Si i 2, 2, S l J lr((l , ll*H l l , 1 1 
SQ RT(8 o / 3 . 14159) ) *(1 (1,lll 
SQ RT<O • / 3 . 141 59 >> *C l( 2 ,ll l 
SORTI B- / J .l41591)*Cl <2, 2 l l 

PO 2 = ( C3 * (Sl(l, 2,51 2 •* Sl ( i , 3 ,4) I -
1 
2 

C5*<SI(2, 2~~ > - 2•* Si(2~J,3) l-
C6* ( S I<2,2,5) - 2•* SI:2,3,4) l > -r.- C I 1 , 3 l * i I 1 , 3 ) 

R0 0 = ( - C4 * 51(2,2,6) ) * C(l,IJ *H(J,l} 
ROl = (-C4•C .SI C2,2,6) + Sll2tl,5l - ( ~QRT(8. l3.l4l59Jl*Cl( ?. ,3ll 

1 l* C(l,21• Hll,2) 
R02 = -C4*(Sll2,2,6l - 2 •* S1(2,3,5) ) * C(l,3) . ii H!l,3> 

SRRR= Sf-<RR + TOO + TOl + T02 
sooo= S000+ POO + POl + P02 
SRZZ= SRZZ+ ROO + ROl + R02 

w = 1. 



C 

C 

C 
C 

c1 - ·-t..i~~~ ~, ,w-1.) ·li;~ ., 1R ·:Hi- ,? .; 
CZ= 2•*W*(W-l•I I iR~ •2 ~! 
C7::: 2•*W/R 
C8 = -Al*W.;j, L/R 

lf( Z •NE. O• l GO TO i-; •· 

T 1 1 = C C 3 * S I < 2 , 3 , 5 l + ', . ': · , · • ·; l l ,. (_ '· ;: , -. i ,. H I ;;: , ;: l 
T 1 2 = ( C 3 * < S I < 2 , 3 , 5 l + 4 • * S i ( 2 ~-1 , -~· ; · > :. ! , 2. • i+, ) ·- : S (J ,.;,: : \ l 2 cl • i 3 , l .... -~ ;, ~' > 1 ·it 

1(1(2,11 + 
2 C5*<SI(3,3,4)+4•*Sl(3,l,2l+ 5 ! ( 1 1~ ,*l-(SQRT(l 2 B.l 3 • l41 SJ )J ~ 
3Cl<3,l} > l * C(2,3) * H/2, J ) 
Pll = · < C9 * S IC2,3,5l - C5 * 5 1( 3, 3,41 ! * ~ ;:,2 1 H12,2l 
Pl2 = (C9*CSl(2,3,5)+4e*S I 12,l, Jl+ ~ ll2,2- - :- i SQRT <l 28 •/3.1 41~9ll~ 

1(1(2,1)) -
2 C5*(Sl(3,3,4)+4e*S1(3,1,2}~ ~l (1,2 ~3}-! ~CR f(l28.l3el4159))* 
~Cl{3,l)l ) * C<2,3) * H(2,3l 
Qll = ( C7* 51(3,3,4) l* C<2,2l * ~ 1 2. ? 1 
Q 12 = I C 7 * ( SI ( 3 , 3 , 4 l +4 •*SI ( 3, 1 , 2 l ·\· S l < · , • 1 :. i - ( 5CJR T ( i 2 d • / 3 • 11, 159 l ) * 

1Cl(3dll l * C(2,3J * H( 2,3> 
Rll = O. 
Rl2 = o. 
Zll = O. 
Zl2 = o. 
GO TO 551 

661 Tll = tC3*SI<2,3,5l+C4*SI<2,3,6l+C5*SI<3, 3 ,itl+C6* S l 1 _; , ~ , '.:.: J p -
l C(2,2l * H(2,2) 

Tl2 = (C3*(Sl(2t3t5)+4•*SIC2,l,3l+Sl(2,2t4)-( ~QrT.112 ti~IJ~ . 41j 9 ! '* 
1CI<2dl l + 
2 C4*(51(2,3,6)+4e*Sl(2,lt4l+SI(2,2, 5 )-(SQRT(l2Ba/3•14 l ~1 )1 • 
3Ci(2,21 I+ 
4 C5*<S1(3,3,4J+4e*SI<3,l,2l+Sl<3,2t3)-( SQRT<l28./ 3 •l4159)) ~ 
5(1(3,1) l + 
6 C6*<S1(3,3,5l+4e*Sl(3,l,jl+S1<3,2,4)-(5QRT(l28./3,14159)l* 
7CI!3,2l ll * CC2t3l * H<2,3l 



C 

C 

C 

C 

C 
551 

C 

C 

Pll = (C9*S1(2,3,5)-C5*Sl(3,3,4)-C6*Sl(3,*,5)>* C(2,2) *Hl2,2) 
Pl2 = (C9*(Sl12,3,~)+4•*Sl(2,l,3)+Sl(2,2,4)-(SQRT(l28e/3•l4159)l* 

1(1(2,1)) -
2 C5*(S1(3,3,41+4•*Sll3,l,2)+Sl(3,2,3)-(SQRT(l28./3•l4159))* 
3(1 (3,1) l - • 
4 C6*(S1(3,3t5)+4e*Sl(3,l,3>+SI<3,2,4)-(SQRT(l28./3•14159))* 
5Cl(3,2ll ) * C<2,3) ·ll- H<2,3) 

Qll = I C7* S1(3,3,4) +ca* S113,3,5) I MC(2,2) *H(2,2) 
012 = (C7*(S1!3,3,4l+4.*SI(3,l,2l+Sl(3,2,3)-(SQRTl128./3•14159l)* 

1(1(3,l)) + 
2 C8*(Sl13,3,~)+4e*S1~3,l,3l+Sl(3,2,4)-(SQRT(l28./3•14159ll* 
3(1(3,2)) l * Cl2,3l * H(2,3) 

Rll = (-CB* SllZ,3,51 - C4 *S1(3,3,61 )*CU2,2l * H(2,2) 
Rl2 =(-C8*(Sl(2,3,5)+4.*Sl(2,l,3l+51(2,2,4)-(SQRT(l28./3•14159l)* 

1(1(2,l ll-
2 C4*(SI(3,3,6)+4e*S1(3,l,4l+Sl(3,2,5l-(SQRT(l28./3•14159l)* 
3Cl(3,3 ll l * C(2,3l * H(2,3l 

Zll = (CB* S1(2,3,5) l* C(2,2l * H<2,2) 
Zl2 = < CB*SI(2,3,5)+4.*S1(2,1,3)+5I(2,2,4)-(SQRT(128e/3•14159l)* 

1Cl(2,1 l l * C(2t3l *H12,3l 

SRRR= SRRR+ Tll + Tl2 ) * COS( w * 0 
S000= scoo+ Pll + Pl2 ) * COS( w * 0 
SROO= SROO+ Q l l + Ql2 ) * SIN( w * 0 ) I 

SRZZ= SRZZ+ Ril + Rl2 ) * COS( w * 0 ) 

SOZZ= sozz+ Zll + Zl2 ) * SIN( w * 0 ) 

w = 2. 
Cl = -Al*W*IW-lel*Z I IR**2•> 
(2 = 2•*W*(W-le) I <R**2•> • 
(7 = 2e*W/R 
(8 = -Al*W*Z/R 



C 

C 
C 
C 

IF( l .NE, o. l GO TO 662 
T2l=<C3*1-4•*Sl13,l,41-Sll3,2,5l+< SQRT1128./3.14159ll*Cl13,3ll 

l +C5*1-4•*SI<4,l,3l-SI(4,2,4l+( SQRT(l28./3.l4159l l*Cl(4,3ll 
2 +C2*(-4.* S l13,l,2l-SI<3,2,3)+( 5QRTl128./3el4159ll*Cll3tlll 
3)*((3,2) * H13,2) 

T?.2 = ( C3*SI(3,4,5l·+ C5* Sl<4,4,4l+C2*SI<3,4,3ll*C<3,3l*Hl3t3l 
P21 = (C9*1-4e*S1!3,l,4l-Sil3,2,5l+(SQRO(l2B•/3el4159ll*Cl(3,3l) 

1 -C5*1-4e*Sl14,1•3l-Sll4,2,4)+(SQRT(l28•/3.14159ll*Cl(4,3)) 
2 -C2*(-4t*Sl(3,l,2)-Sll3,2,31+<SQR*<l28e/3el4159)l*Cll3tll l 
3 l *CI 3, 2 > * H ( 3, 2 l 

P22 = ( C9* SI (3,4,5) - C5* SI (4,4,4l-C2*SI (3,4,3) l*C(3,3)*Hl3,3l 
021 = (C7*(-4.*5114,l,3l-SI(4,2,4l+(SQRT<128./3•l4159ll*Cl(4,3l l 

1 -C2*(-4.*51(3,l,2l-Sil3,2,3l+(SQR*<l28•/3•14159ll*Cll3,ll l 
2 l*C(3,2l * H(3,2) 

Q22 = l C7* 5114,4,41 -C2*SI<3,4,3ll*Cl3,*l*H(3,3) 

R21 = o. 
R22 = o. 
l21 = o. 
l22 = o. 
GO TO 552 

662 T2l=(Cl*(-ile*S1(3,l,3l-Sl(3,2,4)+( ~QRT(l28e/3.l4159) )*(1(3,2) l 

C 

l +C2*l-4e*Sll3,l,2l-Sll3,2,3l+( SQRT<l28.l3.14159ll*Cll3,lll 
2 +C3*(-4e*SI!3,1,4l-S1(3,2,51+( SQRT!l28./3el4159l l*Cl13,3l) 
3 +C4*(-4•*Sll3tl,5l-S1(3,2,6)+( SQRT1128./3.14159ll*Cll3,4ll 
4 +C 5 * I -4 • .,.SI I 4, 1, 3 l - S I ( 4, 2, 41 + ! SORT ( 12 8 e / 3 • 1 1+ 15 9 l I *Cl I 4 t 3 I l 
5 +C6*(-4e*SI(4,1,4l- S l(4,2,5)+( SORT(l28./3el4159) )*(1(4,4)) 
6 *C<3,2l * H13,2l 

T22 = ( Cl* S113,4,4) + C2*Sil3,4,3l + C3M Sl13,4,5l + C4* 
1 S I I 3 , 4 , 6 l + C 5 * S I ( 4 , 4 , 4 l + C 6 * 1 ( 4 , 4 , 5 l l * C ( 3 , 3 > * H 1.3 , 3 l 

P21 = ( -Cl*l-4e*SI13,l,3l-Sll3,2,4l+(SQRT(l28e/3•l4159)l*CI(3t2ll 
l -C2*1-4•*Sl(3,l,2l-Sl<3,2,3l+(SQR01128./3el4159ll*Cll3,l) I 



C 

C 

C 

552 

C 
C 

2 + C 9 * I - 4 • * S. I ( 3 , 1 , 4 l - S I I 3 , 2 , 5 l + ( SQRT ( 1 2 8 • I 3 • 14 1 5 9 l l * C I ( 3 , 3 l l 
3 -C5*(-4.*S1(4,l,3l-Sl!4,2,4l+(SQRO<l28•/3•14159ll*CI(4,3ll 
4 -C6*(-4.* S I(4,l,4l-51(4,2,5l+(SQRT(l28./3.14159l>*CI(4,4ll 
5 l*C(3,2l * H13,2l 

P22 = ( -Cl*S113,4,4l -C2*S1(3,4,Jl +C9* 5113,4,5) -C5* 5 114,4,4) 
1- C6* S114,4,5) l * ((3,3) * H(3,3l 

Q21 = -Cl*<-4•*Sl(3,l•3l-5113,2,4l+(5QR 1128./3•14159ll*Cl(3,2l l 
1 -C2*1-4.*Sll3,lt2l-S l13,2,J)+(SQRTl128•/3•14159ll*Cll3,l)) 
2 +C7*1-4•* 5 1(4,1,3l-51<4,2,4l+(SQR0(128•/3•14159)l*Cl(4,3l I 
3 +CB*<-4•*51(4,1,4)-5114,2,S)+(SQR3(128•/3•l4159) l*Cl 14,4) l 
4 )*((3,2) * H(3,2) 

Q22 = I -Cl*SI ( 3,4,41 -C2*Sl(3,4,3) + C7*Sl14,4,4l + 
lCB* S114,4,5l l * Cl3,3 l *H(3,3l 

R21 = ( -C8*(-4.*S1(3,l,4l-Sl13,2,5l+(SQR (128./3.14159ll*Cl13,3l l 
1 -C4*1-4.*Sl14,l,5l-5114,2,6l+(SQRTl128•/3.14159ll*Cl(4,~ll 
2 l*Cl3,2l * H(3,2l 

R22 = (-C8 •Sl13,4t5l - C4 * S114,4,6) l*C(3,3)*H(3,3) 

Z21 = C8*1-4a*Sl13,l,4)-Sl13,2,5l+(S~RT(l28•/3.14159ll*Cl(3,3ll 
1 )-11((3,2) * H(3,2) 

Z22 = ( ca *Sl<J,4,5) ) *((3,3) * Hl3t3l 
S RRR= SRRR+ ( T21 + T22 ) * COS ( w ,Jt 0 ) 

S000= 5000+ P21 + P22 * COS( w * 0 ) 

SROO= 0 21 + Q22 * SIN( w * 0 ) 

SRZZ= SRZZ+ R21 + H22 * COS( w * 0 ) 

SOZZ= SOZZ+ ( Z21 + Z22 * SIN( w * 0 ) 

SRR(l2l = 5RRR 
500 ( I 2 l = S000 
5 RO!I2l = SROO 
SRZ I I 2 l = SRZZ 
SOZ ( I 2 > = SOll 

109 SXX(l2Jc(SRR(l2ll*( COSIO) >*(COSIO) > +(500(12))* SlN(OI I * 
1( SINCOI ) - 2• * C COSIO) l* ( SIN<OI l*U SRO(l2) l 



SXY(l2l=ISRRII2l)*( COS(O) l *I SINIOI I -(S00112ll* COS(O) l * 
11 SIN(O) )+(SRO(l21l*( !COSIO) I* I COS(ODJ-1 SIN<Ol l*( SIN(O) ll 

SXZ<I2l =ISRZ<IZII* ( COS(Ol I -(SOZ(l21)M ( SINIO) ) 
C 
C 
100 CONTINUE 
C 

235 
286 
287 
288 
289 
290 
291 
292 
C 
C 
C 

WRITE!6,285l 
WRITE!6,286) 
WRITE(6,287) 
\-J R I T E ( 6 , 2 8 8 I 
WRITE(6,289) 
WRITE(6,290) 
WRITE!6,29ll 
'hRITE<6,2921 ( 

FORMATl1X,5HSRR 
FORMAT(.tX,5HSOO 
FORMAT(lX,5HSRO 
FORMATl1X,5HSRZ 
FORMATllX,5H50l 
FORMAT(lX,5HSXX 
FORMATllX,SHSXY 
FORMAT(lX,5HSXZ 

SRR ( I ) ' I = 1 , 32 
S001 I ) ' I = 1 , 32 
SRO< I ) ' I= 1, 32 
SRZ < I ) ' I = 1 , 32 
SOZ I I l ' I=l, 32 
SXX < I l ' I = 1 , 32 
SXY I I l ' I = 1 , 32 
sxz < 1 l ' I= 1, 32 

=,32F4.2) 
=,32F4.2l 
=,32F4.2) 
=,32F4.2l 
=,32F4.2) 
=,32F4.2) 
=,32F4.2) 
= ,32FL1 .2) 

C TO EVALUATE STESSES ON THE CRACK SURFACE DUE TO REMOVABLE OF 
C STRESSES FROM THE PLANED 
C 
C 

C 

JNDIC = lNDIC + l 
HA= .087266463 * 2. 
DO 9999 I = 1, 6 
DO 9999 J = 1, 19 

R = I - ' 1 
R = R * e2 



C 

C 
C 

C 
C 

C 
C 

937 

938 
C 

XY = j - 1 
TETA = XY * HA 

SUMl = c. 
SUM2 = o. 
SUM3 = o. 

D02500 II = 1, 64 
Xl = R* SIN( TETA - YPI 11 
X2 = R* SIN( TETA + YP( 11 
Yl = ZP( 11 ) 
Zl = R* COS( TETA ) + D 
IF( ID .Ea. 2) Zl = R* COS! TETA ) - D 
A8 = AA(II) 
BB= Bl3(11) 
IF(Zl.LT. O. ) Zl= ABS( Zll 

CALL LOVE(A8, B8, NU, Xl, Yl, Zl, SYYl, 
IF(,11 .LE. 8) GO TO 9 .3 7 
SUMl = SUMl - 2, * SXY !lll* SYYl 
SUM2 .. SUM2 + 2 . * SXZIIIl* SYY2 
SUM3 = SUM3 + 2• * SXX<Ill* SY Y3 
GO TO 938 
SUMl = SUMl - SXY<Ill* SYYl 
SUM2 = SUM2 + SXl(II)* 5YY2 
SUM3 = SUM3 + SXX(lll* SYY3 
CONTINUE 

CALL LOVEIA8, B8, NU, X2, y 1' Zl, SYYl, 
IF I I I eLE. 8) GO TO 939 
SUMl = SUMl + 2. * SXY(ll)* SYYl 
SUM2 = SUM2 + 2. * SXZ<Ill* SYY2 
SUM3 = SUM3 + 2. * SXX(lll* SYY3 

2YY2, SYY3 ) 

SYY2, SYY3 ) 



(_ 
2 S O 0 

99 99 
C 
C. 
( 

1118 
88:J3 

2 299 

3 3 () 8 
'1909 

r 
'--
c 

0 T ( J i i ~ C 
Si...+·1 l - :;;.ir--1 J + 
s;_1:-,,,2 -" -':,U M% + 
SUi-1 3 =- .<:: ~JM3 + 
CONllNIJl 

(ONTiNUE 

~;,:, Y(1ll* SYYl 
.;Xl(l f)-it SYY2 
S t.XiiJl* SYY3 

SC(JNDIC,I, Jl= -SUMI -SUM2 +SUM3 
CONT I rwE 

IF< JNDIC .EQ. ( IT ER l ) 
CONTINUE 
WRITE{6,303)l FK(ll, I =l, 7) 
WRITEC6,22991 I ! SC ! 
WRITE!6,2299J (SC( 
WRITE(6,2299l ( SC( 
WRITE16,22991 ( S C( 
WRITE<6,2299l <SC( 
FORMAT!//(1X,6Fl5•4l//l 
CALL SlF(FCK, ITER> 

J , I • J l • I l • S l • 
2 , I , . 1 l • I -::. 1 , 6 ) , 
3d ,.Jl ,I ::J • 6 1 • 
!~ , I , J l , I -= J. • 6 l , 

WR1TEl6, 3J08l ( (FCK( I , .J) ,J=l ,3l 
FORMAT(lX,3Fl0.5l 
CONTINUE 
STOP 
END 

)"" l; ; ' ) 
,) :·1,1 c; 
.} ;: ' 1 r_,• 
,,1 --: .1 1 0 
, J -= i ' ·,_ '} 1 

SU BROUTINE COEFF(N,M,K,A 
~IMENSION F<l50 l , G(75 
NN = N+l 

, H< . lC,10 l , 6( 10 ,10,62) 

NM= M+l 
NK = K+l 

C TO EVALUATE K FACTORIAL OR , (P+N+ll/2 FACTORIAL WHICHEVER I S 



C GREATER 
( 

:-.i2 -- ;;_ fl, ( N -!- K + 3 
DO , I =3, M2 ... 
F ( l =l • 
F ( 2 =l • xx - I - 1 
F ( I > = xx * F ( I - 1 ) 

CONTINUE 
C 

C TO EVALUATE GAMA FUNCTION OF (P+N+2)/2 +l/2 , OR GAMA FUNTION or 
C (K+N+ll/2 +1/ 2 WHICHEVER IS GREATER 

!F( 2-ll·(K+N+l) .GE. CM+N+2l Nl=(K+N+ll 
IF( 2*(K+N+ll .LT• (M+N+2) Nl=< (M +N+2) /2 l 

!\1 2 = Nl +l 
i)/J 2 I = 2 , N2 
1,i== l-· l 
G i ll ~SQR T(3el4159265 3569 793 ) 
Glll = (2e*W - l• l*G(l-ll/2• 

2 CO NTINUE 

C T0 EVALUATE H(N,Pl WHICH IS EQUAL TO GAMA FUNCTION OF <P+N+ 2 l2 
C DIVTQED BY GAMA FUNCTION OF (P+N+3l/2 
C 
C 

DC• 3 I = 1 , NN 
DO .3 J =l, NM 
I i = I -1 
. .J J ::: J-1 
I f· i ( 2* ((ll+JJ)/2ll .EQ. CII+JJl ) H(lfJl = 

1 F f (Il+JJ+2l/2 ) I GC <Il+JJ+Zl/2 +l 
l f ! <2*<lll+JJl/2ll .N E. (ll+JJ) ) H (I, J l = 

1 G( < Il+JJ+ll/2 +l I F ( <II+JJ+Jl/2 
3 (0NTINUE 
C 



C 
,_ TO [VALU.l\T[ l\(N,P,Kl: \,,'r:J CH IS E.QU .i\L TO !-1) TU ,:·if.. Pm-JER 
C !".. TJME $ ~llN, P l } D:VID ED t>,', {2 TO THE POWER OF ( 2 ( +N+l/ 2l 
r TIM ES <2 K+N ~P +3) TIM~~ GAMA F~NCTI ON OF (K+N+l+ l / 2 l 
,-
\,. 

C 
[; 0 ;, =J' ,~ ,'\~ 
!)D :, J = 1 , N;"i 
co 5 L = l ' NK 
I F < 2 * ( !L-ll/ 2 
! Fl 2 * ( IL-1)/2 
X = l-1 
y - J ·-1 
, -L •• L ·- 1 

.E ~J. . (L-1 l 

.N E . (l -i. ) 

A ( .t , J , I_ ) = W * H ( I , _I l / ( ( 2 • * ( 2 • i: Z X + 1 • l ) 11 i :'. .. -:. Z. • X i- Y 4 :· • l 
l * G ! i + LJ * F( LJ l 

5 CON l l l'lU f 
RE TURN 
E. ND 
SUBR OU TI NE BES SEL<N, K,R,l,S 
DIM~NS JON ~110 ,1401 
T = Z*l -~ R·*R 
P = SQRT ( T l 
NJ = N+2 
DO 2 I ''° 1, NJ 
W = I-1 
SC.Id) = (((P-l)/Rl**Wl/P 
CONTINUE 

J 

NN = + N + 4 
DO 3 J=l,NN 
'vi = J-1 
5 (1,J+l) - t(v.J+ l•> ~·Zifl* S (l,..il (W-ll- R / 1 l *S C2,Jl 
5(2,J+ll = ((W+l•l *R /Tl* S (l,Jl + ( W* l/Tl*512,J) 
CONTINUE 
NK = N+l 
IF( <NK-1),.EQ. 0 l GO TO 9 
DO '• I = 2, NK 

., 



00 4 J =1,NN 
'v "· 1-1 
') ( I+ 1 , J ·r l l = ( ( 2 • *i-J ) / H i * .S I I t ,) l - S ( 1-1 , .J+}. ) 

9 RE TURN 

C 

111 
C 
C 
( 

303 
( -
'-· 

C 

EN D 
~U5 ROUTIME HYPER l R, Z, S i, Cl l 
DIMENSION AL( 120 l, BE< 120 l, Gld 1 20 : ·, X( 12 0 l, .':- I ( S ,5,6 : , 

1 F ( 150), SS(l20) , G(l20) ,Cl(4,5l 
NS= 7 
KK == 80 

DO 111 I= 1 , '• DO 111 J=l, 5 
CI<I,Jl = o. 

DO 303 I I 1 = 1 ' 4 
DO 303 JJl -- 1, 4 
DO 303 KKl = 1' 6 

:; I < I ! 1 , JJlt KKl ) = o. 

NP:: NS 
IF<R.G Ea .5 .AND. R eLT • • 7 l NP= NS+~ 
IF<R.GE •• 7 aAND. R .LT. 1.) NP= NS+ 10 
NK::: KK 
IF(Z •LT• Rl NK = KK + 5 
NSS = 2*NP + 11 
IF< NSS eLT• NK) NSS= NK 
DO 6000 1=3 , NSS 
F ( 1 ) = 1 • 
F( 2 ) - 1. 
X.l = I 1 
F( I ) = XZ F< I - 1 ) 



6 GO() CONT I NUE 
( 

C 
DO 2 1=2, 8 
W=I --1 
Gil) =SQRT(3el41592653589793l 
G(l) = (2e*W le l*G(l-ll/2• 

2 CONTINUE 
C 
C 

C 
C 

C 

C 

C 
C 

C 

IF( Z .Ea. C• eAND. R eLT• l• )GO 00 2222 

DO 8000 IN ::: 1 ' 4 
WN = IN - 1 

DO 8000 IM = 1, 4 
WM = IM - 1 

DO 8000 IP =1, 6 
WP=IP - 4 

SUMl = 0. 
DO 9000 [S ~1, NP 
JF(2*((1S- l> /2l .EQ. (IS- ll W=l• 
IF<2*((1S- 1) /2) .NE• {IS- 1) W=-1• 
WS , = IS - 1 
LL= IN-1 + 2*(1S - ll +(IP- 4) +(IM -1> 
IF( LL .LT. 0 )GO TO 8000 

TQ = WM+.5 
Tl= WN + 2•*WS +WP - .5 
COEF = ((( e5l**TQ) * F( LL +l l l / ((( 

1 < (TO+TZ+1.>l2e)l*G(IM+l)) 



, .. .... 

C 

SUI~ = l . 
;:)0 7 C: UGr.~ :: ? , NK 

K .:, - · 2 TK = 
AA = ( \>1 i--1 + • :, l / l • 
bo = ( wM + • :.i l / ? • 

+ 

GG = ~-. M + 1 .. ) T •• 
= 1.1 ( 1 . + 

l l = 1 • 
Z.**2 • 

1 l = l • 
GA( 
X ( 

1 = 1 . 
l 

1\L ( KS l = 
f3 E ( KS l = 
GA< KS ) = 
X u :.S l -
~, ::, <K S l = 

= 1 . 
AA * AL! KS - 1 
i3 i3 * BEi KS - 1 
GG * GA ( KS - 1 
XX ·ll- X ( K'..) - i 

~UM= SLM+ J ~ ( KS ) 
SUM2 = SU~ •C OE. F 
Ch ~CK 2 = SS ( KS ) *C Ul:.F 
l F ( 'Ari S ( C rl EC K 2 
CON TINU E. 

. LT. 

SUM l = W* < ( R/2.l* * ! wN + 2 e *WSl n / ( F II S 1 
l l* SU~2 - + SU iv, l 

CHl:.C Kl= 
ll * S LJ1'-'i2 

IF( A6 S ( CHE:.CKl .LT. . 000 1 l (,:J TO ~ ';, ·J 

'1:J0 0 CCNTINUE. 
(_ 

999 
t3 :J c o 

S ill N ,I M,IPl = 
CONTIN UE 

SUM l 

F i i 1\ + i ~, - 1 \ 1 



C 

66 3 
773 

C 
( 

XXX = R**2• + Z**2• - l• 
X.~ =· SQR T ( ( SOR T I ( At:3~ \ x~~ x ) + 

1 R~*2 • + l**2 • - l • } /2• l 
Y Y = SQ rn { ( S cm T ( ( l\ B $ ( XX X l ) * ·ll- 2 • + 4 ,. ·Ii- < Z * 7- • l l -· 

l(R** 2 • + Z ·:Hi-2 . - 1.)) 12. 
~P = SQRT( IAB S ( XXX ll **2• + 4~ (Z**2•1 
TETA ATA N C l• : Z l 
JFI XXX .EQ. o. l GO TO 663 
F l ~ ATAN 2 ( (2e*Zl , (XXX) l 
GO TO 773 
FI = 3 el4159 /2. 
IF ! XX .EQ. Q., GO TO 66 1+ 
:SO i = ATAN( le / XXl 
,j() TO 7 7 2 
SOl = 3el4159 /2• 
lf ( R .EQ. O. l R = .0001 
~11 = ( l• - (SQRT(RRll * ( S IN 
C ]1 - ( !SORT(RRl )*! COS!FI/2el 
S l 2 = R* SOl - Z* S1 1 + Cll l / 2 .. 
5 21 = Cll - Z* S ll l / R 
C2 1 =-! Sll + Z* Cll l / R + .5 
S22 = ( R* S11 - Z* S21 + C21 l / 3• 
Cl2 = ( R* Cll - Z* C21 S21 l / 3• 
~2 3 = ( R* S12 - Z* S22 + C22 l / 4• 

(FJ/2,.) ) I R 
- Z i I R 

CI<i,21 · = ( ALOG( (l + XXl**2• + !l• + YYD**2• ) l 12. - ALOG ( l + 
1 SQ RT( R**2• + Z**2• l ) 

n : c R .EQ• e 0C 0l )Clll,2) = ( ALOG(l. Z*-11·2•l . l/2e -·ALOGIZl 
C I<2t3l = I SQ RT( R**2• + Z**2• l - XX l /R 
!F( R .EO• .00 0 1 )Cl(2,3l = o. 
CI(2,2) = ! le - YY + Z* ( XX - SQRT< R**2• + Z** 2• l l )/( 2 . ~R l 

t + (R/ 4.l * ALOG( (Z+XX) **2• + <l• + YYD**2• l - ( ~12 .) * AL OG ( 
i'. l + SQRT( R** 2 • + Z**2• l l 

IF( R .EQe eOOOl lCI(2,2l = O. 
CJ{l,ll = - R* Cl(2t3l - Z* Clll,2> + S01 



C 

222 2 

r ··-

r 
'--

( . 
C 
r 
'-

C 
( 

C 
C 

C I ( 2 , l l = < I; * C I < 1 , 1 I - Z * C J ( 2 , 2 ) + S 1 2 l 1 3 • 
CI( 3 , 3 ) l 2 e/ R l * Cl( 2,1) - CI< l ,l) 
CI <3 , 4 l : ( 2 ./Rl * CI<2,2l - CI< 1 • 2 > 
Cl l3i2> { R* Cl(2,2l - Z* CI(3,3l + S22 
Cl( 3;l l I R* CI(2, i > - Z* Cl(3,2l + 5 23 
Cl<~• 3 l = ( 4e/R ) * CI<3,l> Cl!2,ll 
C 1. ( ,~ , l , l = ( 4 • / R l * C I ( 3 , 2 ) - C I ( 2 , 2 I 
C!( ~, 5 ) = ( 4a/R > * CI(3t3l - Cl(2,3l 

G:J TO 105 
DO 88 0 () IN =l, 4 
'.'JN ·- lN - l 
JN ·- l i~ - 1 

DC B80 0 IM =1, 4 
~;M I M 1 
)r-.·; ·- IH ·- 1 

CO 8 ti l':O I P =l, 5 
WP = J ~· - 4 
J P :· l :-~ 1i 

AL Pl-i ,':, . . 

BET 11 ·-

GA M.M.t. -

W~ + a5 +WN -( - WP+ .5 
!-(WM+ e5)+WN -( - WP+ e5 
\.'!N + 1 • 

1.A. L - ALPH .A. 
I GA -· GAMMA 
! BE = 1 ... - BETA 
IGAA = GAMMA - ALPHA 

XAL = I AL 
XBE .. I i3E 

+ 1. 
+ 1. 

/ 4. 
/ 5. 

) I 2 • 
l/ 2• 

_.,, 

.. 



C 

C 

C 

C 
C 

( 

( 
( 

C 

C 

·-

C 

XGA A ·- I GAi\ 

I F I (WM ·t- \'; P + WN + 1 • • LE • o. .OR+ <-WP 
1 ) GO TO 8 80 0 

I F ( < l • - BETA .LE. o. ) (,O TO 88 00 

I F ( XAL .EQ• ALP HA CAL = F< I AL ) 

J F ( XAL eNE• ALP HA CAL = G( [A L + 1 ) 

I F ( XBE .Ea. 1. BETA CBE = F ( IB E 
I F < XB E eNEe 1. - BETA CBE = GC I BE+ l 

TQ = GAMMA - ALPHA - BETA 
COEF = ( ( R** ( GAMMA - 1 • l 

1( <2 • ** TQ l* F( IGA l * CBE l 

SUM= l • 
NK = 30 

DO 7700K S= 2, NK 
TK = KS- 2 

AA= ALP HA+ TK 

BB = BETA+ TK 
IF< R .GT. l• 

GG =GAMMA+ TK 

BB= ALPHA - GAMMA+ le + TK 

IF< R .GT. le l GG = ALPHA - BETA+ lC + TK 

XX= R ** 2• 
IF< R .GT. 

+ • 5 l 

l * CAL 

•LT• 

' I I , 

-1 • 



C 

C 
C 

7700 
8881 
6 800 
C 
C 
C 

C 
C 

l 

,I\L( 1 ,: 

BE < 1 = 
GA( l :: 

X ( 1 = 
ALIKSl .. 
BE ( KS) = 
GAIKSl = 
X (KS) = 

1. 
1. , 
/, . 

1. 
AA • 
BB * GG * xx * 

AL( KS 
BE(KS 
GA< KS 
X (KS 

-

-
-

1 ) 
l > 
1 ) 
1 

SS(KS) = AL(KSl*BE( KS>* )dK5 ) ) / ( F! r-,. .':, J*GA ( l(S ll 
SUM = SUM + SS(KS> 

SUM2 = SUM 
CONTINUE 
Sl(IN, IM, IP 
CONTINUE 

IF ( R .GT. 
IF ( R .LT. 
IF I R .GT. 
l F ( R eLT. 
IF ( ' R ·•GT• 
I F ( R eLT• 
IF I R .GT. 
IF ( R eLTe 
I F ( R .GT. 
I F ( R eLTe 

) lH2e ) 

1 • 
1. 
1. 
l • 
1 • 
l • 
1. 
l • 
1. 
1. 

S512=( R* S501 + 
S522 = ( R* 5S11 
CC22 = ( R* CCll 

*COEF 

= SUM2 

5S01 
SS0l 
5511 
S511 
CCll 
CCll 
5S21 
5S21 
CC 2 1 
CC21 

CCll } 

+ CC21 - SS21 

= 
= 
= 
= 
= 
= 
= 
= 
= 
= 

I 

ASINI 1. / Rl 
3.14159 1 2. 
1. /R 
R / ( 1. + SQRT ( , 

J.. • -.~ !t -~·X- 2 ., > 
( SQRT( R**2• - l • ) / i~ 
o. 
( SIN ( 2. * ASINUl./ Rl ' ) I •. , . • 

o. 
( COS( 2.* ASI N( l ./ R1 ) ) 1 2 C 

-<R**2•/2•i I u ( 1. + SQR T ( l • -· R* -it 2 • l 
.. 

2. 
I :3 • 
/3. 



C 
C 

(. 
C 

IF( R •LT• l e ) CI< ? , 3 ) = 1. 
IF< R .GT. le > C!i2,3> 1.- ( SOR T(R*M2. - l e) )/ R 
IF( R .GT. le ) Cl( 2 ,2l = 1 .;c 2 .~Rl • 
I F ( R • L T • 1 • 1 C l t 2 , 2 l -· < l • - S ;JR T ( l • - R * * 2 • ) ) / ( 2 • F{ : + 

1 ( ALO G ( 1 • + S (~ IH ( 1 • - R .;o, ? • ) ) - · A l.i.) GU~< ) p: ( R / .2 • ) 
C I ( 1 , 1 ) = - R -1<· C I ( 2 , 3 l + S -.; 0 1 
CI<2,l) = ( R* Cllltl) + .SS 12 / 3 • 
Cll3, 3 l = ( 2. I Rl * Cl(2,1 ) - CI(!,ll 
Cll3,2 > = (R* Cl(2~2l + ~S22 )/ 4• 
Cll3,l) = ( R* (i ( 2,l l + SS23 ) / 5 • 
CI14,3l = ( 4./Rl * CI<J,ll - CI(2,ll 

105 RETURN 
END 
SUBRO UTINE CONST! Al, IN DIC , SC, C l 
DIMENSION Q(6,19),SC(6,6,19), Cll 0tl0) ,FN R 16l 

I .. 
DO 225 I= l, 3 
DO 225 .J = l ' 3 

225 C<I,Jl = o. 
C 

H = .087266463* 2 . 
C 

DO 200 . JJ = l' 3 
MM = JJ - l 

C 
C 

SUMl = o. 
SUM2 = o. 
SUM3 = o. 
SUM4 = o. 
SUM5 = o. 
SUM6 = o. 



C 
C 

C 
C 
C 

C 

C 
C 

DC, 1. 0 0 I { - 1 , 6 
R - II - 1 
R = R * "2. 

IF(R. EQ .Ol) I = l 
IF((R.G E •• 19le AND •lR.L E••21)) 
IfC(R.GE •• 39).AND.(R. LE •• 41)) 
IF<<R.GE •• 59).AND.(R.L E •• 6lll 

IFl(R.G Ea e991.AND.(R.LE-1.1>) 
DO 22 J = 1,19 
XM == MM 
TH = J-1 
TH= H*TH 

1 
I 
I 
I 
I 

22 Q(l,J) =SC<INOIC,I,J>*COS(XM*THl 
N = 18 
11 = N- 6 

= 2 
:: 3 
= 
=- 5 
= 6 

A = Q ( 1 , 1 > + 5 • *C) ( I , 2 l •Q ( I , 3 l +6 • !i-Q < I , 4 > -rQ < l , 5 l + 5 • *O < I , 6 J + Q < I , 19 > 

DO 25 J = 6,11,6 
25 A = A+2•*Q( I tJ+ll+5.*0( I ,J+2 )+Q( I ,J+3 )+6.M CJ ( l ,J+ '-1 )H.l( I , ,.1+5) 

l +5.*0(ltJ+6l 
AA= .&*H*A/(3.1415927 *Al ) 
IF(MM) 3tu33,34 

33 AA= e5*AA 
IF< R .Ea. o. l C<l,ll = AA 

34 IF<ABS(AA).LE.leE-5> AA~ o. 
Fi~R ( I I ) = AA 

SUMl =SUMI+ R 
SUM2 = SUM2 + R**2• 
SUM3 = SUM3 + R**3• 

>-
c 



.S UM4 r : • I. I .' + Rl.-l', 4 • - ... :\\.,, I'+ 
:; UM 5 - ~: !.J ;,j5 + R* .O..A 
SUM6 =-- .S!J!Vif) + <R **2 • ) * AA 

C 
100 CON TINU E 

WR1T E ( 6 , 8 7 9 > ( FNRC I l, 1=116 
679 FORMATClX, 3HKN=,6Fl0•5> 
C 
C 

C 
122 

r '-

C 

12 3 
C 

C 

ALPHA = SUM3 SUM3 - SUM4 * SUM2 
IF(.J .J -· 1 >122 ,122,12~ 

Cfl, 2·) = ( 

1 suw. ) I 

C(l , 3 > -· ( 

1SUM2 ) I 

GO TO 200 
C < JJ 2 l = 

C(JJ, 3) = 

( l-Cil ,ll *SUM2 
.t\ LP H . .'.\ 

t ( •• C ( l t.l l * SUM 1 
ALl'H .«'.\ 

.SUM 6 * SU M3 

SUMS * SUM3 

+ SUM6>* SUM 3 ) - ( ( -C ll,ll *S UMl + SUM5)-i! 

+ SUM5) *SUM 3 l - ( (-CC l t 1) * S UM2 + SUM 6 l * 

SUMS* SUM4 )/ ALP HA 

SUM6 * SUM 2 )/ ALP HA 

200 CONTIN UE 
WR I TE ! 6 ,1 50 J ( ( C!l,J), J=l,3) , 1=1, 3 ) 

150 FORMAT(//(1 X, 3F l 5 • 5 )/ / l 
RE TURN 
END 
SU BROUTIN E LOVEC A, B• NU, X, Y, z, SYYli SYY2, SYY3 l 
REAL NU 

,-·-
Cl = 1. I ( 2 . *3 •1'+1 59 ) 

(2 = 2.• ( 1. + NU ) 

(5 = 2•* NU 
(4 = 1. - 2 .*NU 

C 
C 



C 
56 

C 

,-
\,.. 

C 
C 

C 

C 

r 
'-

C 

Gl , .. A-f X 
G2 :: A-X 
G3 - B+Y 
Gt+ = B-Y 
I F ( Gl . Ea . o. Gl = .000 0 01 
IF ( G2 . EQ. o. G2 :: .ooc ci o1 
IF ( C.3 . EQ. o. G3 = .000001 
I F < Gi~ .. EQ . o. G4 = .000 0 01 

Al = SQR T( G2*G2 + G4* G4 +Z*Z ) 

B2 -· SQRT< Gl*Gl + G4-*G4 +Z*Z ) 

( 3 = S(] RT ( Gl*Gl + G3*G3 +z -~z ) 

D4 - SQR l ( G2*G2 + G3*G3 +l*l ) 

PZ 1 
::: ~LOG << ! D4-G3 l * I B2+G4) )/( l 

PY Y l = - -(j 1,-1 ( ( Z ·l · A 1 l lie A 1 ) + C' ' 4 / { ( Z + l:\ 2 l ·ll- a 2 ) + Ci 3 / { ( Z _._ C 3 i * C 3 : • -Ci 3 / { ( l + !) 4 ; -:; UL~ l 
P X Y l = ·- C / ' { l. + ,', l l * .l\ l 1 + G U ( ( Z ..,. r; L~ ) * D 4 } + G 1/ ( ( Z. -;- C-'> i * C 3 ) --- G 1 .' : ( 1 +· ;? ; rc 1 ~ ; : l 
PY Zl ::: 1 . ,Al - J ~/ 8 2 ~- l./ t3 - ] ./D4 
P l XYl = Z*PXY l + G2/Al Gl/8 2 - Gl /C3 - G2 / D4 
Pl YYl = z~ PYfl + G4/Ai -~ G3 / U4 - G3 / C3 - G4 / 62 
r xx ~ATA N(G4/G 2 )+ AT~ N(G3 / G2)-A T~NIIZ *G 41 /I G2* All )-A rAN i ;~•GJ)/i 0 / ~ 

1D4ll+A1A N{G4/ Gll+ ATAM ( G3 / Gl! -·ATANI CZ*G4 )/( Gl *B2 l)-A:~N( IZ* GJ J/i (!~ 
2(3 >) 

FYY=ATANl 0 2/ G4 l +ATAN (Gl/G4) - ATAN{l l*G2 l/! G4 • Alll -A TA NI ! 2*Gl ) I I G4• 
1B2l)+ATA N( Gil G3 )+ATAN(Gl/G3l-ATA~(( Z* G2)/U G3 * D4l) - ATANC ( ZMGl )/I GJ~ 
2C 3 l ) 

FLZ - -(FXX + FYYl 
FYl =- ALOG(((D4 + G2l*(B2 - Gl))l((Ai + G2l*(C3 - G l)i) 

SYYl = Cl*(C5*PZ1 + C5*PlYY1 - Z*PYYl) 



\ 

C 

C 
( 

r .... 
C 

C 
C 

PZ.2 = FYZ. 
PXX2 = PXYl 
?ZZ2=(Z*(G2/Al+Gl/B2))/lG4~G4+Z*Zl-(Z*<G21D4+Gl/C3li/!G3*G3+Z*ZI 
PYY2 = -(PXX2 + PZZ2) 
PYZ2 = -G4*<G2/Al+Gl/B2)/(G4*G4+Z*Z)-G3*(G2/D4+Gl/CJ)/( G3*G3+Z*Z> 
PlZZ2 = PZ2 • 
PlXX2 = PlXYl 
PlYY2 = -<PlXX2 • PlZZ2> 

SYY?: Cl*lC2*PZ2 + C5*PlYY2 - 1* PYY2) 

VL :c FZZ 
VY'( :;: PY Z2 

SY~3 - Cl*(C5*VZ - (4 * FYY - Z*VY Y! 

f"t E Tt.JP .r•~ 
END 
SU2· ROU TINE LlNEQ(A,N,M) 
DIM ~NS ION A(30,40),1Nll30l,IN2l30) 
co;,\MIJN KTH,DET 

34 KTH =O 

DET = l•· 
DO 2 C1 I ""· 1 , N 

C SEARCH FOR LARGEST ELEMENT IN COLUMN 
D=O. 
DO ? K ::-: I,N 
Dl=Al35(AlK,l)) 
IF([l-01) 1,2,2 

1 D=Dl 
J:::I( 

2 CONTINUE 



\ 

C SEA~tH fOR SINGULAR MAfk ~X 
IF ID-.lE - 11)30,30,3 

C ERR OR MESSAGE IN CASE OF ALL ZEROS IN A COLUMN ON AND BELOW DIAGONAL 
30 PUNCH 200 

RETURN 
200 FORMAT(lHl,*SlNGULAR MATRIX*> 

C INTERCHANGE ROWS--PIVOT-- TO PUT LA RGEST ELEMENT IN DIAGONAL 
-> IF<J--114,6,4-
'+ L = L+ 1 

INi<ll=I 
IN2ll.l= .J 
DO 51(::: 1 ,M 
:jAV::All•K·) 
Ail,Kl=A(J,K) 

5 t ,. < J , K) = SA V 
C REDUCE ROW ELEMENTS FOR EACH ROW BELOW MAIN DI4GONAL 

6 DO 16 .J=l,N 
I F <J - Il7d6,7 

7 I F :ABS (A(J,I) )-.lE-9) 9,16,9 
9 RJ = A!J,Il/A(I,I) 

:J'.".i l ':: K=l,M 
I f <K - I)l4'15tl4 

14 AIJ, K)=A(J,K)-RJ*A<I,Kl 
15 CGNflNUE 

C REPL A~ E A(J,l) BY -A(J,Il/A(l,1) 
/\(J,1 ) =-R.J 

16 CONTINUE 
DET= OE T* A (I, I) 

C DIVI DE WORKING ROW ELEMENTS BY THE DIAGONAL 
A<I,I ! =1./A< 1,I> 
DO 20J =l,M 
IF(J ·-I )17,20,17 

17 A<I,Jl=A(I,Jl*A(l,il 
20 CONTINUE 

C INTERC HANGE. COLUMNS- INVERSE OF ROW INTERCHANGE. 
IF<L-2*(L / 2ll23,24,23 

23 DET ==·-DET 



w ...... 
' 

\ 

C 

24 IF(Ll;!,,26,27 
27 I=lNl(Ll 

..i=1N2(Ll 
DO 25 K=l,N 
SAV=A(K,l) 
A(K.I)=A(K,-Jl 

2 5 A ( K , .J ) = SA V 
L:- 1.. - 1 
GO TO 24 

26 RETURN 
END 
SUBROUTINE SlF(FC~, i ! E~i 
DIMENSION Z<lOll• 1!101 l, Al!~0,40 ),B1(3,1D,Cl<3•ll,F ( 31 , 

1SIF121>, DfG(2ll , W( J l , fCK(6 , 3 ) 

DO 5 I = 1, 3 
W(l) = o. 
DO 5 J =l, iT ER 

5 Wll):: Wll) + FCK,J,l) 
C 

DO l O I= 1 , 101 
TETA = I - 1 

10 T<I)=TETA * .03141 ,927 
C 

15 
C 

DO 1 5 I = 1 , 101 
Z(l) = 0. 
DO 15 J=l, 3 
FI · = J'- 1 
Z(l) = Z(l) + WlJ) * COS( FI*Tll i l 

8 1(1,l) = o • 
B112,1) = o. 
8113,l> = o. 
Al(l,l) = 101• 
Al<l,2> = 
Al(l,3> = o. 
A1<2,3)=0• 

• 



C 
Al(3,3) = o. 

DO 2 0 I = 1 , 1 0 1 
Bllltll = Bl<ltll + Z(Il 
B112,ll = 8112,1) + Zill* T<l> 
B113,ll = B113,ll + Zill* T<ll*T(l) 
Al(l,21=Alll,2) + Till 
Al(lt3)=Al(lt3l + Till **2• 
Al<2,3l=Al12,3l + T(ll**3• 

20 Al<3,3l = All3,3) + Till **4• 
C 

C 
C 

C 

8887 
8889 
C 
C 

30 

C 

All2tll=Alll,2l 
All2,2l = Alll,3) 
Al13,ll=Alllt3) 
All3,2l = All2,3l 

CALL LlNEQ IAl,3,3) 

DO 8889 l=l, 3 
DO 8889 J = 1,1 
SUM= o. 
DO 8 8 8 7 K = 1 , 3 
SUM= SUM+ Alll,Kl*BllK,Jl 
Clll,Jl =SUM 

Fil) - Clll,l) + 3el415927*Cll2,l)/2e +.333333*(113,1)*(3.1415927* 
1*2•) 

D030 1=2, 3 
G = 1-1 
IF< 2*111-11/21 
IF( 2*(11-1)/21 
F < 1 l = < < 1"W 

lWW) / (G*Gl) * 

DO 3 5 I= 1 t 101 , 5 

eEQ. 11-ll l WW= l• 
•NE• I I -1 ) l WW = -1 • 
-1.l*Cl<Z,l)/(G*Gl+ 2•*Cl(3,l>* 3•1415927*( 

12.13.1415927) 



N =<I-ll/ 5 + 1 
EPS = o. 
DO 36 J=l, 3 
Fl = j- 1 

36 EPS = EPS + ( WIJl - FIJ) ) * COS(Fl* T ( I l ) 

SIF(Nl = Clll,ll + Cll2tll* T ( I l + C.1(3,1D* T(ll*T(ll + EPS 
35 DEG(Nl = T ( I l * 180./3.1415927 
C 

WRITE(6,100l ( DEG(Nl, N=l, 21) 
100 FORMATllX,*TETA =*,21F6ell 

WRITEl6,10lll SIFINl, N=l, 21) 
101 FORMAT(lX,*SeleF=*,21F6.3) 

RETURN 
END 

*RUN 
• 1 .3 .5 .7 .9 1.25 1.75 2.s 
• 1 .3 .5 .7 .9 1.25 1.75 2.s 
• 1 • 3 .5 .1 .9 1.25 1.75 2.s 
• 1 .3 • 5 .7 .9 1.25 1.1s 2.5 
• 1 .3 .5 .1 .9 1.25 1.75 2.5 
• 1 .3 • s .7 .9 1.25 1.75 2.s 
• 1 .3 • 5 .7 .9 1.25 1.75 2.5 
• 1 .3 .5 .1 .9 1.25 1.75 2.s 

• 3 .3 .3 .3 .3 .3 • 3 • 3 
• 5 •? .5 .5 • 5 • 5 .5 • 5 
.7 .7 .1 .1 .1 .7 .7 .7 
.9 .9 .9 .9 .9 .9 . 9 .9 
1.25 1.25 1.25 1.25 1.25 1.25 1.25 1.25 
1.75 1.75 1.75 1.75 1.75 1.75 1.75 1.75 

2.5 2.s 2.5 2.5 2.5 2.5 2 .5 2.s 
• 1 • 1 .1 • 1 • 1 .25 .25 .s 
• 1 .1 • 1 • 1 • 1 .25 .25 .5 
• 1 • l • 1 • 1 • 1 .2s .25 .s 
• 1 • 1 • l • 1 • l .2s .25 .s 
• 1 .1 • 1 .1 .1 .25 .2s .s 
• 1 • 1 • 1 .1 .1 .25 .25 .s 



• 1 • 1 • l • l • 1 .25 .2 5 .5 
• l • 1 • 1 • l • 1 .25 .25 .5 
.2 .2 .2 .2 • 2 .2 .2 .2 
• 1 • l • 1 • 1 • l • 1 • 1 • 1 

• l • l • 1 • 1 • l • l • 1 • l 

• l • 1 • 1 • 1 • 1 • 1 • 1 • 1 

• 1 • 1 • l • 1 • l • 1 • 1 • 1 

.25 .25 .25 .25 .25 .2s .25 .25 

.25 .25 .25 .25 .25 .25 .25 .25 
1. l• 1. 1. 1. 1. 1. 1. 

2 2 60 .25 .25 4 2 
*END 

• 
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