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ABSTRACT 

Steady upward flow from wate r tables was inves tigated expe rimentally 
and theore tically under conditions in which the flow rate is controlled by 
the capacity of the soil to transmit liquid to a dry surface layer. Unde r 
these conditions the flow rate was found to d e pend upon whether the soil-
liquid system was on a drainage (falling water table ) or an imbibition 
(rising water table) cycl e . For a given d e pth of water table , the flow rate 
on the drainage c ycle can be at l east 100 times grea ter than on the imbibition 
cycle . 

It was also found that wh enever th e rate of removal of liquid from the 
surfac e layer exceeds th e rate at which it can be supplied from t he soil 
b e low , the flow rate is reduced s ubstantially compared to the flow rate 
which would othe r wise exi st on a drainage cyc l e . 

A diffe r e ntial equation wa s develope d whi ch relates th e upward flow rate 
to the d epth of the water tabl e in terms of measureable soil parameters . A 
F ortran program for a IBM computer was d eveloped to solve the diffe rential 
equation for a wid e range of soil parameters. An algebrai c express ion was 
also deve loped which approximates the computer solution very c losely. 

The us e of eithe r the compute r program or th e algebraic approximation 
de pends upon an accurate measure m ent of th e soil parameters on t he appro-
priate cycle , i. e . , drainage or imbibition. The paper explains how thi s can 
be done . 
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NOTATIONS AND DEFINITIONS 

Term Definition 

Capillary barrier - a sheet, strip, cup, or plate of porous material having finer 
pores than the soil inedi_um in which it is in contact. Such a material will remain 
fully saturated with liquid and will prevent the entry of air into manometer leads, 
etc . after the soil has been at least partially desaturated. It will,however, permit 
the conduction of liquid through it. 

Conductivity - the coefficient in Darcy's equation when the medium is fully satura -
ted. This coefficient is a function of both media and fluid propertie s. It is · some-
times called ''hydraulic conductivity." 

Effective conductivity - the coefficient in Darcy's equation when the m edium is not 
necessarily fully saturated. It is sometime s called "capillary conductivity. " 

Relative conductivity - a scaled conducitivity. 

Distance from a water table to the bottom of a dried surface layer of soil. 

Scaled distance from a water table to the bottom of a dri ed surfac e laye r of soil. 
d 

It is the ratio --1- . It c ould b e called a dime nsionles s depth. 
Pb pg 

Drainage cycle - a proce ss in which the ·liquid pressure continuously decreases and 
the liquid saturation of the medium also d e creas e s. 

Evaporativity - the capacity of the atmospheric e nvironment to evaporate wate r 
from an e xpos ed fr ee -wate r surface . 

Hyste resis - As us ed here , the term r e fers to an unsteady flow proce ss in which 
a d e creasing liquid pre ssure c hange s to an increasing liquid pre ssure at some 
point in a porous m edium. The proce ss is oft e n ac companied by little or no 
change in m edium saturation. 

A prope rty of the medium which can be r e late d to the pore -size distribution and is 
defined in t e rms of the fun ctional r e latioi:i be tween C e and pc ; i . e . , 

ll(ln C ) 
e 

1"J = - ll{ln p ) wh en pc > Pb . 
C 

Large values of 1") indicate a r e lative ly uniform pore s i ze and s malle r values 
indicate a greate r range of pore size s. 

"Apparent" pre ssure of liquid in soils. Whe n r e fe rred to atmospheri c pressure 
as a datum, it is the quantity m easure d by a ten s iometer . It may some time s 
diffe r from t h e hydrodynamic conce pt of pre s s ure becaus e of t he adsorptive 
for ce fields acting n ear solid surfac e s . 

Capillary pre ssure - the pr essur e of the gas phas e in soils minus the "appare nt" 
pre ssure of the liquid. It is often called "suction" or "matric s uction. " Wh e n 
the gas pressure is atmo s pheri c , p - p . More gen e rally , pc = pa - p where 
p is the pressure of the air. c 

a 

Bubbling pressure - approximate ly the p at whi ch a soil begins to d esat urate 
rapidly or at which the gas phase be comei continuous. A more rigorous d efini-
tion is implicit in th e m e thod of its d etermination a s d e s c ribe d by Brooks and 
Corey [4]. 

Pc 
Scaled capillary pre ssure - the dime nsionle ss ratio -

Pb 
Volume flux - the volume of flow pe r unit time pe r unit bulk are a of m edium . 
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Dime nsions 

Lt -l 

Lt- 1 

none 
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-2 
FL 

-2 
FL 

-2 
F L 
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NOTATIONS AND DEFINITIONS--Continued 

T erm D efinition 

Scaled volume flux - the dimensionless ratio ~. 

Scaled volume flux from a water table when p _,.;:, co at a locus of points 
above the water table. c 

Specific weight (density x acceleration of gravity). In this paper pg refe rs 
to the liquid phase only . 

Saturation - the fraction of t he total pore volume occupied by liquid in a 
specific bulk e lement of soil medium. 

Elevation above a water table. 
z 

Scaled e l evation above water table, th e dimensionless ratio ---P/ Pg. 

Water table - The locus of points in a soil at which th e apparent pressure of th e 
liquid is atmospheric. In this paper the liquid referred to may be either water or 
a hydrocarbon liquid. 
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Dime nsions 

none 

none 

FL - 3 

none 
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STEADY UPWARD FLOW FROM WATER TABLES!_/ 

by 

2/ A. Anat, H. R. Duke, and A. T. Corey-

INTRODUCTION 

Upward flow from water tables subsequent to 
evaporation and transpiration from soils is a signi-
ficant phenomenon, particularly in irrigated areas. 
In some areas, farmers find it advantageous to 
cause the water table to rise to within a few feet of 
the root zone of crops as a method of supplying the 
root zone with water. In areas where soluble salts 
may be substantial, however, such practices have 
often led to an unfavorable accumulation of salts 
within the root zone. 

The hydrologist, also, is concerned with upward 
flow from water tables since such flow can have a 
substantial effect on the fluctuation of ground water 
storage. 

Many investigators have studied rates of evapo -
tion from soils in which there is a water table . 
There is general agreement that the rate of evapora-
tion may b e controlled by either the capacity of the 
atmospheric environment to evaporate water or the 
capacity of the soil to transmit water to the surface. 
The maximum rate of upward flow will be the lesser 
of these two capacities. Another conclusion that 
can be made from the available literature is that, 
except for very shallow water-table depths, the 
capacity of the soil to transmit water is the limiting 
factor. This paper is concerned with the latter 
s ituation. 

Since hysteresis in the pressure history of soil-
liquid systems plays an important role with respect 
to upward flow rates [12, 15, 16], this study inves-
tigates three cases as follows: 

Case 1 - The soil liquid follows a drainage cycle 
only; i.e., the soil is initially completely saturated 
and afterwards the pressure of the liquid progres-

y 

sively decreases at all points in the system until 
steady state is reached. This case occurs in 
nature only when the maximum rate of evaporation 
from the surface never exceeds the rate at which 
water is supplied from the water table to the surface 
and when the water table is either at a constant 
e levation or is progressively lowered. 

Case 2 - The soil liquid follows an imbibition 
cycle; i.e . , the soil is initially dry and liquid is 
imbibed from below only. 

Case 3 - The soil liquid follows a cycle which 
is neither completely drainage nor completely 
imbibition; i.e., there are parts of the soil profile 
in which the liquid pressure may at times increase 
and other parts in which the pressure may decrease 
continuously. Such cases are probably common in 
nature, especially when the rate of evaporation 
from the surface temporarily exceeds the upward 
flow rate. 

This study, therefore , attempts to a nswer the 
following questions: 

1. What is the maximum rate of upward flow 
(as a function of th e depth at which liquid exists at 
atmospheric pressure) and what are the soil parame-
ters that d etermine this maximum rate? 

2. What is the maximum rate of upward flow 
when the liquid system follows an imbibition cycle 
completely? 

3. How is the maximum rate of upward flow 
affected by a situation in which the removal of 
liquid from the surface exceeds the rate at which 
it can be transmitted to the surface? 

Contribution from the Agricultural Engineering Department, Colorado State University. 
y 

AID Participant (SEATO Graduate School of Engineering), Junior Civil Engineer and Professor of Agricul-
tural Engineering, Colorado State University, Fort Collins, Colorado, respectively. 



PREVIOUS INVE STIG ATIONS 

Moore [14] was on e of the first to investigate 
upward flow from water tables as affected by 
m easureable hydraulic properties of soi l s. H e 
introduced wate r tables at the bottom of soil columns 
a nd allowed the soil to imbibe water. The surface 
was s ubjected to evaporation a nd, by e mploying 
tensiometer c ups placed at intervals a long th e 
l e ngth of the column , h e observed the re lationship 
between water pressure, moisture content, and 
rate of water loss from the water table . 

From these studies, with material s of widely 
varying texture, Moor e concluded that at complete 
saturation , permeabilitie s of soils were arranged 
in t h e following order : 

sand > fine sandy loam > light c lay > clay . 

Wh en the capi llary potential (defined as the work 
required to pull a unit mass of water away from a 
unit mass of soil) was decreased to -1 00 ergs per 
gram, h e found the ord er to be : 

sand < fine sandy loam < light clay < clay. 

This conclusion stemmed from observations that , at 
lower potentials (i . e ., greater depths to the water 
table ) , the finer soils supported higher evaporation 
rates . 

Gardner [9] analyzed upward flow rates wi th t h e 
water table at ~n y particular d e pth a nd _any capi llary 
pressure head':' at t h e surface. For this analysi s 
Gardner started with the "diffusivity e quation, " an 
equation describing unsteady flow in partially s atura -
ted porous m edia. H e solved this equation for t h e 
special case of steady one -dime nsional flow in a 
vertical (upward) direction . 

The equation obtained by Gardner is 

z =I p/pg d{p/pg) 
1 + q/C e 

0 

( 1) 

where z is the e levation (above the water table ) at 
which the capi llary pressure p h as a ny particular 
value; q is the volume flux (di fue nsions of v e locity); 
a nd C is the effective c onductivity, a function of 
p ha,B_ng the dimensions of velocity. The capillary 
p~essure p is d e fined as t h e diffe r enc e in pr e s -
s u r e be tweeb th e a ir a nd the "apparen t" pressure of 
th e liquid at a point on the interfac e between these 
fluid phases . The quantity pg is the specifi c 
weight of the liquid. The water table is define d as 
the locus of points at which the liquid pressure is 
equal to th e a ir pressur e ; i . e ., p = 0. In order to 
obtain equation(!), Gardner used th~ boundary condi-
tions that p = 0 at the water table a nd some other 
particular v~lue at the e l e vation z . 

The integral in equation (1) can be evaluated 
only when the func tional relationship C (p ) is 
known from laboratory m easur e m e nts. e Afte r 
analys ing th e data of various investigators, Gardner 
stated that the r e lation between C and p is e C expressed very w e ll by 

a 
C e 

(2) 

where a , b, a nd 17 are constants for particular 
soils. The constants a a nd b, however, are not 
dimensionless and d epend on the units u sed to ex -
press Ce a nd pc . Gardner stated that, in gen e ral, 
17 was larger for coarser texture d soi ls, but that for 
most soils inves tigated (at that time) values of 17 
equal to 2 or 3 gave the best fit. 

Substituting equation ( 2) into equation ( 1 ), Gardner 
obtained limiting values of q as p approach e d 
infini ty for cases in which 17 ha d tlie values 3/2, 
2 , 3 , and 4. Gardner pointed out that the in tegral 
of equation(i)didnothave a limit for 17 S_ 1 but 
stated that no soil had been found with so low an 
17 value. 

Gardn e r a nd Fireman [ 1 O] conducted laboratory 
studies of evaporation from soil columns packed in 
lucite cylinde rs 12 cm in diamete r and 6 0 to 100 cm 
in l e ngth. Th e s e co lumns we re initia lly saturated 
and allowed to drain, a nd were satu rated again two 
or three times in order to obtain a structure as near 
as possible to soils in t h e fie ld. The wate r was sup-
pli ed from a r eservoir through porous cups i n the 
low e r end of the c olumn. A range of water - table 
d e pths was s imulated by varying the vertical position 
of the inflow r eservoir. 

The investigators a lso obtain e d a range of atmo-
spheric evaporative conditions by varying the rate of 
a i r c irculation above the columns and the incident 
radiati.on to the top of t h e columns. Wh en evapora-
tivity (as measure d by e vaporation from a free -
water s urface) was in cr eas ed to fairly high rates , 
the evaporation rates from the soil columns appear -
ed to approach a maximum as predicted by th eory. 
The maximum rates obtained for this particular 
e xperime nt wer e not compared with theoretical 
values s ince C as a function of p was not avail -
able for the par1icular soil use d . c 

For two soi ls, Chino clay a nd Pachappa sandy 
loam , the evaporativity was maintained at a 
r e latively high rate a nd t h e water tab le was 
lowe r ed in increments. In this case, data were 
available to check the evaporation rates with 
values computed us ing equation ( 1). The agree -
m e nt between t he m easured and theoreti cal 
values was satisfactory. 

,:~ 
The a uthors have changed Gardner 's original nome n c lature a nd symbols to correspond to those us ed in 
this paper. 
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PREVIOUS INVESTIGATIONS AT COLORADO ST ATE UNIVERSITY 

In 195 7 Staley [ 18) submitted a Masters Thesis 
which attempted to determine ( 1) how the evaporation 
rate fro m a fine sand is affected by independe ntly 
varying th e wind velocity a nd the d e pth of the water 
table , and ( 2) how the functional relationship between 
evaporation rates under specified ambient conditions 
and the d e pth of the water table can b e related to 
easily measurabl e properties of the sand. 

1. Wind -Tunne l Experiments 

Two columns of a fine sand were placed side by 
side in a test section of a wind tunnel . Each column 
was 46 inches in length and 12 inches in diameter. 
The columns were placed so that their surfaces were 
flush with the floor of the test section. One column, 
in whi ch the water table was maintained at the sur-
fac e , was us ed to evaluate the evaporativity while 
the water - table d e pth in the second column was 
varied . 

Both columns were initially fully saturated be-
for e the water table was lowe red in one of the 
columns . The columns were supplied by water 
from a constant head source such that the rate of 
intake could b e m easured . Runs were made with 
the wind velocity varying from Oto 50 feet pe r sec -
ond while the water table was varied inde pende ntly 
between the s urface and a de pth of 30 inches . The 
runs were conducted so that the column with the 
variable water table was a lways on t h e drainage 
cycle . Each run was continued until steady state 
flow was approached. 

A critical de pth cf. water table for th e fine sand 
was found at about 24 inches. With the water table 
above this depth, evaporation rates were of the same 
orde r of magnitude as from the fre e - water surface. 
When the water table was be low 24 inches , the flow 
rate d ecr eased rapidly with d e pth a nd at 30 inches 
the rate was too small to be measure d accurately 
with the apparatus e mployed. 

The critical water - table depth was r e lated to 
prope rties of the capillary pressur e - desaturation 
curve . It was found that the critical depth corres -
ponde d to the value of p / pg at which the init ially 
saturated sand b egan to <aesaturate rapidly with fur-
ther increases in p . This value of p has been 
called bubbling pres1mre pb by Brooks cand Corey 
[4). 

A. Theoretical analysis - In analysing the 
problem of upward flow from wate r tables, Staley 
expressed the flow rate, the capillary pressur e and 
the e l evation above the water table in terms of 
scale d variables as follows: 

(1) flow rate--the ratio of the flow rate to 
the hydraulic conductivity q/C , 

( 2) capillary pressure- - the ratio of capillary 
pressure to the bubbling pressure pc/pb , 
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(3) elevation--the ratio of e levation above the 
water table to the bubbling pressure 

head~/ Pb pg 

Staley also derived an equation for the steady 
upward flow rate q (identical to equation 1) but 
used an approach somewhat different from that 
employed by Gardner. Staley wrote Darcy's law for 
the case of one-dimensional flow in the vertical 
direction and re-arranged this equation to give an 
expression explicitly describing the rate of change 
of p with z as a function of q and C , i. e . , 

C e 

( 3) 

When this equation is solved for z , the result is 
e quation ( 1) . 

Staley expressed the functional relationship Ce( pc) 
in two parts rather than as the continous function 
proposed by Gardner. Staley assumed that Ce is 
a constant for p < pb , and for p > pb , C is 

. C C e given by 
p T) 

Ce= c(P:) (4) 

where C is the value of C when media are fully 
saturated. e 

By a proper choice of the constants a and b 
in e quation ( 2), the relationship propos ed by 
Gardner and that propose d by Staley may r e sult in 
practically identical functions for C e when the 
value of T) is the same . 

Staley computed the value of T) for his sand 
using a m ethod proposed by Burdine [5) and arrived 
at a value of 16 . This was surprising in view of the 
obs e rvation of Gardne r that T) would not be larger 
than about 4. After reviewing the literature of the 
petroleum industry, Staley concluded that a value of 
Tl equal to 8 should be about average for sands and 
that the larger value of T) for his sand was due to 
its extrem e ly uniform pore size. Later m easure -
ments by Schleusener [ 15), Scott and Corey [ 1 7) and 
Brooks and Corey [4) (using steady-state m ethods of 
m easurement ) indicate that an T) of 16 is not uncom-
mon but is, in fact, close to an average for a tightly 
packed unconsolidate d sand. 

Staley solved equation ( 1) by a numerical 
method for T) = 8 and a particular wate r - table 

pc 
depth to obtain a relationship between - (at the . Pb 
surface) and i . The wate r-table depth assumed 

. z was such as to give a value of --1- at the surface Pb pg 

of 2. 5. His s olution verified the conclusion 



of Ga rdner t hat q should approach a limiting value 
as p (at the surface) becomes large . 

C 

B. Experimental results - Because th e experi -
m e nts of Staley were r un in a wind tunne l which was 
not e quipped to s upply radiant energy at the column 
surfaces, it was impossible for him to produce 
evaporativit i es suffi ciently high to cause th e evapo-
ration rates to reac h limiting values for most of t he 
water-table d epths studied , When the water-table 
was lowered sufficiently so that a limiting value 
might have been reached , th e flow rates were too 
s mall to be meas ured accurate l y w ith the equipment 
e mployed. 

In on e case , when th e water table was at 26 
inches , q actua lly dec r eased whe n the evaporativity 
was increased to the maximum extent possible . 
Staley assumed this to b e experime ntal error. He, 
therefore, drew his curve of q as a function of the 
evaporation rate from t h e free - water s u rface to 
indic a te a limiting rate with increasing evaporativity 
rather than showing the decrease that was measured. 

2. Expe riments in Chamber wi th Controlled 
E nvironment 

In later experiments (conducted in a chamber 
with controlled temperature, humidity, a nd incident 
radiation s uch that evaporativity could be raised to 
much h igh e r levels ), Schle usener [1 5] found that whe n 
evaporativity was in creased beyond a critical l evel , 
the flow rates decreased. This result was too con-
s i stent to be explained as ex pe rime ntal error. 
Schleusener and Corey [ 16] attempted to discover the 
reason for thi s apparent failure of the theory . 

One possibility was that it was caused by a 
severe temperature gradient as t he s urface was 
heated by inc ide nt radiation . They tr i ed, ther efore, 
to produce a decreas e in upward flow from wet soil to 
drier soil by artifi c ially producing a n enormous 
temperatur e.gradie n t. They could not produce a 
decrease of s u ffic i e nt magnitude by this method to 
explain the results obs e rved. Furthermore , they 
were able to produce s imilar decreases in flow rates 
by increasing the wind velocity in a t unnel in whi c h 
there was no inc ide nt radiation and the temperature 
g radient was in the opposite direction. 

A. Hysteresi s the ory - Schleu sener and Corey 
finally concluded that the r eduction in flow rates at 
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hig h evaporativity was due to a reversal in the direc. 
tion of pressure change at a point below the evapora-
ting surface. They reasoned that a h igh evapora -
tivity initially moves water out of t he s urfac e layer 
faster t han it can be s u ppli e d from be low. This re-
duces th e conducti vi ty of the s urface layer to such an 
extent that fi nally water can move into t he layer be-
low faster tha n it can be conducted through the dried 
layer. This results in a reduction of p at some 

. b C pom t elow th e s urface so that the hydraulic gradient 
up to that poin t is reduced, thus decreasing the flow 
rate. 

Sch l e usener and Corey also presen ted a 
capillary model to describe in detail how this 
hyst e r es i s probably takes place. The ir concept, 
however, i s apparently difficult to visualize and 
has been severely cri tic i zed by many readers of 
the ir paper . 

In later experime nts King a nd Schle usener [12] 
showed that cycli c condi tions of radiation, tempera-
ture, and humidity (s i mulating th e daily fluctuations 
of these variables in the fi e ld ) resulted in the same 
trends as were observed with steady ambi ent con-
ditions. In particular, the r eduction of flow rates 
at high l ev e ls of evaporativity (depending on the 
water- tabl e d epth) were still observed. 

B. Othe r studies - Staley , Schleu sen er, and 
King and Schleusener mea s ure d the temperature 
gradients exi sting i n soil profiles during evapora-
tion. They observed , howe v e r, that large tempera-
tur e gradi ents were confine d to the upper surface 
laye r which u sually b ecomes dry. In thi s region, 
movement of water is m ostly in t h e vapor phase. 
They concluded t hat th e temperatur e g r adi ent could 
have li ttle e ffect on the liquid flow r ates up to the 
dri e d layer a nd that the rate of liquid flow up to the 
dri e d layer usually controlled th e evapor ation rate. 
They did not , therefore, re late t h e evaporation rate 
to the temperature gradi e nt. 

Schl eusen er[ 15], Cor ey a nd F ilmer [ 6], and 
Cor ey and King [7] also studi e d other aspects of the 
evaporation process s uch as th e effect of s urface 
treatm ents , e.g. , gravel m ulches and a lso un-
steady evaporation in the absence of water tables• 
These studies are not described he r e because they 
are not dir ec tly r e lated to th e s ubject of thi s paper· 



RECENT INVESTIGATIONS AT COLORADO STATE UNIVERSITY 

Recent investigations at Colorado State Univer-
sity were specifically designed to answer the 
questions posed in the introduction. 

1 . Flow Controlled by Siphons 

The first of these inve stigations has been des -
cribed by Duke [ 8] in a Masters Thesis submitted in 
1965. Duke attempted (by entirely differ ent methods 
from those employed by previous investigators) to 
determine how the steady flow rates from water 
tables can be predicted for any soil with any water-
table de pth. He assembled and presented data with 
the purpose of making them usable for e ngineering 
estimations applicable to any fi e ld situat ions. 

The use of t h es e data, however, depends on the 
accurate determination of hydraulic c onductivities , 
bubbling pressures, and the values of TJ for t he 
soils under investigation. The significance and 
determination of these soil parameters have bee n 
discussed in d etail by Brooks and Cor ey [ 4] a nd by 
Brooks [ 3]. The TJ referred to is the dimensionless 
exponent appearing in equation ( 4) which Brooks a nd 
Corey have related to the pore - size dis tribution of 
porous media . 

A. Solution of flow equation - Duke analysed hi s 
data in terms of dimensionless var iables introduced 

by Staley, i. e ., q/C, p /pb , _ /z , and r, . He 
C Pb pg 

designated these as q. , P . , Z. , and r, respec -
tively, following the precede nt established by Miller 
and Miller [ 13] and Brooks and Corey [ 4]. 

Duke adopted the empirical equation for the 
functional r e lationship C (P . ) introduce d by Stal ey , 
i.e . , equation {4). He , tfierefore, wrote equation 
(1) in the form 

d.= 
m 

+JOJ dP. 
1+q. P. Tl m 

·(5) 

where d. is the scaled elevation from the water 
table to the bottom of a layer of dried surface soil, 
which is the particular value of Z. at the elevation 
of the bottom of the dried soil layer. The subscript 
m implies that qin is the maximum value of q. , 

occurring when P. - > OJ at the scaled elevation 
d. 

Duke devised a graphical solution for equation 
(5) involving the determination of t he area under the 
curves shown in figure 1 . H e also d evis ed a com-
puter program which determined the integral in 
equa_tion (5) very quickly for integral values of r, 
from 2 through 20. This range of r, includes all 
values obs~rved for porous media to date . This 
program was written to continue the solution until 
the area under the next incre ment (i.e., b.Z. of 
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the next successive increment) was less than 
1 x 10-6 . That this cutoff point reduced the "tail" 
(see figure 1) to a n egligible amount was proven by 
comparing the computer solutions (at TJ values of 
2 and 3) with closed solutions of equation (5), simi-
lar to those presente d by Gardner[9]. Thes e two 
solutions were consistently alike to 6 significant 
figures. Clos ed solutions for r, > 4 ar e not prac -
tical due to the complexity of t he solutions. 

A copy of the FORTRAN program (for an IBM 
1401 computer) used for this solution is included 
in Appendix A. The solutions were compiled into 
a nomograph relating qin to d . for each value 

of TJ • The complete nomograph is presented in 
figure 2 and the computed values are given in table 
2 in Appendix A. 

Although most of Duke 's theoretical data were 
obtained using the compute r program, the graph 
shown in figure 1 serves to illustrate a significant 
principle. The first term on the right of equation 
(5) is a constant for a particular value of q. . m 
Consequently, th e plot maintains a constant value of 
1/(1 +q. ) up to P . = 1 , then drops mor e or less m 
rapidly (depending on the value of TJ ) as P . in -
creases toward infinity. The value of 1 /( 1+q. P. Tl) m 
rapidly approaches zero as P. is increased . Thi s 
means that the increment of Z. over which P . 
changes from a relatively small value to a very high 
value is not large . It is possible, the r efor e , to 
establish the functional relationship between qin 

and d. (with only small error) by ignoring th e 
m ec hanism of transport through the dri er soil near 
t he surface. This is particularly true for materials 
having a relative ly high value of r, . 

This i s not to say that th e m echanism of trans-
port through the drier s urface soil has little e ffect 
on the evaporation rate. It m eans, in s tead , that 
whatev er factors affect the rate of transport through 
the s urface layer also affect th e thickness of t he dry 
surface laye r and , therefore, affect the distance 
from the water table to th e dri e d layer. Knowing 
the distance from the water tab le to the dried layer 
and the necessary soil parameters (also whether the 
soil liquid has followed a drainage or imbibition 
cycle), it is possible to co mpute the flow rate. 
For definitions of drainage and imbibition cycles , 
see the section on notations and d e finitions. 

B. Experimental methods - Duke devised a 
nove l m ethod of measuring flow rates for columns 
in which the capillary pressur e was maintained at 
a zero value at a fixed e l evation near the bottom of 
the column. Rather than depending on evaporation 
from the s urface to produce upward flow, the liquid 
was removed from the surface through a capillary 
barrier attached to a siphon. Flow rates were 
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determined by measuring th e outflow from the siphon 
after the outflow rates became steady with a partic u -
lar capi llary pressur e on th e top barrier. A temp -
erature control system h e ld the temperature within 
reasonable limits. 

Duke obtained the maxi mum flow rates by low -
e ring the outflow s iphon in increments until t h e flow 
rates appeared to approach a limi ting value , or as 
happened in most cases , actually decreased. The 
water - table d epth was varied by c utting the column 
after the maximu m rate had been established for one 
particular length of column. In all cases flow rates 
were measured on what was intended to be a drain-
age cycle. 

A hydrocarbon liquid ':' with a s urfac e tension 
m uch lower t han that of water was employed. The 
result was that a column having a particular scaled 
l ength was only half as long as would have been 
necessary if water had be e n used . The hydrocarbon 
has t he a dditional advantage that the soil structure 
remains stable during the period required for 
meas urements . Th e co lum ns were repeatedly 
drained a nd resaturated without chang ing th e con-
ductivity or other properties . 

A wide variety of soi l types was us ed ranging 
in textu r e from heavy clay to sand s . The heavy c lay 

soils we r e highly aggregated. With the m e thod of 
packing used by Duke, thos e soil s which c ontained 
large aggregates did not provide homogen e ous 
columns. This fact made it difficult for Duke to 
compare his measured flow rates with theoretical 
values for aggregated soi ls, because for s uch soils 
he could not dete rmine unique values for t h e parame -
ters pb and TJ • 

The details of the e quipment a nd procedures 
employed by Duke are presented in Appendix A . 

C . Comparison of m easur ed flow rates with 
theoretical values - Duke was a ble to compare 
measured values of flow rate s with values c omputed 
from equation (5) for soils with re lative ly uniform 
textures . In such cases the measured values were 
less than th e compu ted values by an amount ranging 
from 20 to 50 pe rcent . This discr e pancy was 
attributed to a pressure reversal obs erved at a 
te ns i ometer (near the top of t he column) wh en the 
outflow siphon was lowered below a critica l e leva -
tion. Duke considered his results t o be further 
evide nce that the hysteresis th eory originally pro -
posed by Schleus e ner and Corey [ 16) actually 
appli es to soils during upward flow even wh en the 
soils undergo progressive desa turatio n. 

,:,Soltrol "C" cor e test fluid . Phillips Petroleum Company, Special Products Divi sion, Bartlesville, 
Oklahoma . 
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FURTHER INVESTIGATIONS OF THE EFFECT OF HYSTERESIS 

In June 1965, A. Anat completed an investigat ion 
[1] to determine more precisely the effect of hystere -
sis on upward flow from water tables. In his experi -
ments, the equipment employed was the same as that 
used by Duke (see Appendix A). His procedures, in 
most cases, differed significantly from those fol-
lowed by Duke. 

1 . Experime ntal Methods and R esults 

Anat packed his columns by first filling them 
with soil and then vibrating them with an electric 
powered vibrating device until they reached a rela-
tively stable degree of compaction. The filling was 
accomplished by inserting a small tube (filled with 
soil and s upplied by a funnel) and gradually with-
drawing the tube as the column filled. This method 
avoided the necessity of dropping soil from the top 
of the column which might have resulted in segrega-
tion of particles according to size. It also avoided 
the segregation obtained by Duke from simultaneous 
filling and vibrating. 

Using this packing technique, curves of relative 
conductivity as a function of capillary pr essure were 
obtained which could be repres ented very well by 
equation ( 4). Both T/ and pb were determined 
with precision as shown in figures 3 and 4. 

A. Conductivity as a function of capillary pres-
sure on the imbibition cycle - In s ome cases (see 
figur e 4) curves of relative conductivity as a func-
tion of capillary pressure were also obtained on the 
imbibition cycle . This was accomplished by first 
draining th e columns to a very low saturation (high 
p ) and then raising the inflow reservoir and outflow 
sfohon in increments. The conductivity was deter -
mined after steady state was obtained for each in-
crement. 

From thes e measurements, it was found that the 
conductivity at particular values of capillary pres-
sure on the imbibition cycle is one or two orders of 
magnitude less than on the drainage cycle . The 
exception is for capillary pressures less than the 
bubbling pr essure, in which case , the conductivity 
on the imbibition cycle is about half that on the drain-
age cycle, and the values of pb were about O. 6 
those obtained on the drainage cycle. 

It has been pointed out by Bloomsburg and Corey 
[ 2] that for capillary pressur es less than the bub-
bling pressure on the imbibition cycle, the c onduc-
tivity is a function of time since the entrapped air 
will eventually diffus e from the system and th e . 
medium will become fully saturated. 

B. Measurement of upward flow rates - The 
Procedure used by Anat for determining maximum 
upwar d flow rate s differed from that employed by 
Duke in several ways. The columns used were 
usually only slightlylonger than necessary for deter -
mining conductivity as a function of capillary 

9 

pressure . Instead of shortening the column after a 
series of runs, Anat simulated greater depths to a 
water table by lowering the inflow siphon . He was 
careful, how ever, not to desaturate the column be-
low the lower tensiometer ring. 

When the system reached a steady state, the 
lower tensiometer was read and the outflow rate 
was measured. Knowing the. fully-saturated con-
ductivity of the soil, it was possible to compute an 
equivalent depth to a zone of zero capillary pressure 
by using Darcy's law. 

The first runs were made with the zone of zero 
capillary pressure at the elevation of the lower 
tensiometer . The capillary pressure at the surface 
was gradually increased in very small increments 
until the outflow appeared to approach a maximum, 
but the outflow siphon was not lowered more than 
this. 

After this, the inflow siphon was lowered to 
simulate a greater depth to the water table, but the 
e levation of the outflow siphon was not changed. 
This procedure resulted in no pressure r eversal at 
the upper tensiometer. Furthermore, the flow rates 
agreed ve ry c losely with those predicted from equa-
tion ( 5). This fact is shown in figure 5 . 

It will be noted that Anat plotted qin as a 

function of d. on log-log paper. His reason for 
doing this was that, theoretically, this curve should 
approach a slope of T/ at low values of qin , thus 

indicating a relationship to the relative conductivity 
curves shown in figures 3 and 4 . This r esult was 
experimentally confirmed as figur e 5 shows. 

C . Upward flow on the imbibition cyc le - One 
series of runs was a ls o made by starting with com -
pletely dry soil and allowing the soil to imbibe liquid 
from the lower inflow barrier. The initial imbibi-
tion was produced with the inflow siphon at a low 
elevation . The imbibition took plac e at an extreme -
ly slow rate and a considerable time pa ssed before 
any flow from the outflow siphon was observed. 
Readings of the outflow rate were finally made, but 
it is extremely unlikely that sufficient t ime wa s 
allowed for the flow rate to r each a steady state (or 
a maximum rate for the particular e levation of the 
inflow siphon .) 

When the inflow siphon was r ais ed , the system 
reached steady state at increasingly shorter times, 
and it is probable that th e data obtained represen-
ted maximum upward flow rates. At any r ate , the 
data for the higher e levation of the inflow siphon 
agreed very c lose ly with theoretica l rates compu-
ted using conductivity data obtained on an imbibition 
cycle a s figure 6 shows . 

Another series of runs was made in which the 
imbibition cycle was started after draining the soil 
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to a high capillary pressure . The inflow s iphon was 
then gradually raised in increments. The flow rates 
agreed very closely with th e theoretical curves 
obtained by using the soil parameters obtained in a n 
analogou s manner , i.e . , on the i mbi bition cycle 
starting with the soil moist but at a high capillary 
pressure. These results are shown in figure 6a and 
6b. 

D. Effect of hysteresis - Anat also perfor m e d 
experiments to determine whether or not t he flow 
r ates determined by Duke were affected by hystere -
sis as Duke had s uspected. Figure 7 pres ents the 
results of one experiment in which t h e column was 
first saturated and the outflow siphon was lowe r ed in 
increments whi l e the zone of zero pressur e was 
maintained at the lowe r tensiometer . Afterwards the 
ou tflow siphon was raised in incre ments while the 
zone of zero pressure was maintained at the same 
el evation. The broken line represents the theoreti -
cal curve for the drainage cycle. It will be noted 
that the measured flow rates obtained for the imbibi-
tion cyc le follow a somewhat similar curve but at 
lower flow rates . The flow rates obtained by lowe r -
ing th e outflow siphon start to follow the theoretical 
curve , but at some point the liquid is evide ntly re -
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moved from the s urface faster than it can be s upplied 
from be low, thus producing the hyste r e sis previously 
discussed. 

E. Effect of rate of r e moval of surface liquid -
Another ex pe riment was performed to determine 
whether or not the increments by whi ch the outflow 
s iphon was lowered m ight affect the magnitude of the 
hysteresis. Runs were made in which th e outflow 
siphon was lowered by increments of 5, 1 0, and 20 
ems respectively . The results ar e shown in figure 
8 in which hb represents the negative head on the 
outflow barrier . 

It is evide nt from these r esult s that th e flow 
rates obtained by Duke were not uniqu e but were 
affected by th e particular increments by whi ch he 
lowered his outflow siphon. Evidently , increas ing 
the capillary pressur e at the surface quickly so that 
th e s urface layer is dri ed quickly r esults in a more 
abrupt pressure reversal in the soil below the s ur -
face. This apparently i ncreases the hysteresis 
effect that was first reported by Schleusener a nd 
Corey [1 6]. In any case , flow rates found in this 
way were 20 to 50 percent lower than theoretical 
values as was also found by Duke. 
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EQUATION FOR APPROXIMATING MAXIMUM UPWARD FLOW RATES 

Anat also developed an algebraic equation which 
approximates very closely the values determined 
from equation (5) using a computer. His derivation 
i s summarized as follows: 

Equation (5) is first written as 

in which x is a new variable representing P.q . l/TJ_ 
To solve equation (6), the value of the integral m 

I
x 

dx 

must be known . The exact value of this integral 
when TJ > 4 is extr emely compl ex. The technique 

employed is to expand - 1- into a convergent ser i e s 
·1+xTJ 

and integrate it term by term. 

The convergent seri es of is not the same 
1+xTJ 

when x < 1 as when x > 1 . The values of 

therefore , are separated into two cases , i.e. , 
x < 1 a nd x > 1. 

By the foregoing techniques , approximate 
values of the integral are as follows : 

Case 1 -- x < 1 

Jx :::::: x -
1+x Tl 

0 

Case 2 -- x > 1 

X T) x 2 r/ 
TJ+1 ln(1+x )+ 4(TJ+ 1)2 (7) 

I
x - TJ dx 1. 886 x - T) x 
--=1+~---:-iln(1+x )-~2 -l ). 
1 +x Tl T) TJ TJ 

(8) 

Substituting equations (7) and (8) into equation (6), 
the value s of d. corresponding to maximum values 
of pb/pg , C , and TJ are as follows: 

Case 1 - - q. < 1 m 

d ,;,,:--1- (1 + 1, 886 ) 
1/ T) r?+t 

qin 

q. ln(i+q. ) 
m m ----+----1+qin T)+1 

(9) 
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Case 2 -- qin > 1 

1 1 {l +qin) 
d.c::: ---+--ln---

1+qin T)- l qin 
( 10) 

The subscript m in equations (9) and ( 10) indicates 
that q. represents the maximum value of q. , m 
obtained when p -> m at the scaled elevat ion d . 
The equations (9f and ( 10) are sufficiently accurate 
when TJ > 4 . This is not, howev er, a serious dis-
advantage since the values of I{x) c an be obtained 
easily by direct integration when TJ = 2 or 3 . 

The d egree of accuracy of equations (9) and 
( 10) i s shown by comparing the values computed 
from them with the values computed by Duke which 
are shown in table 2 in Appendi x A. A c omparison 
of values (for T) = 4, 8 , and 12) computed from the 
approximate equat ions with thos e obtaine d by Duke 
are shown in tab le 1 on the next page. A d etaile d 
dis cussion of the d erivation is given in the Ph.D. 
Disserta tion by Anat [ 1]. 

For shallow wa ter - tabl e d epths or for large 
values of q. , the flow rate is controlled by exter -
nal evaporative conditions. The authors suspect 
that equat ion ( 10) i s of acade mic inte rest only. For 
most actual problems, the value of qin i s small 

and if the value of qin < 0.01 , equation 9 can b e 

approximated by 

or 

d . :::::: 
1 / T) q. m 

( 
1 .886 )T) - T) 

qin:::::: 1 + 7+i d. . 

( 11 ) 

( 12) 

E quation ( 12) is somewhat comparable in form 
to those which appear in Gardner's pa per [9] as 
equations (18, 19 , 20 , and 21) . The la tter , how -
ever, were for integral values of TJ from 1 to 4 
only . In deriving th e s e equations , Gardner also 
assume d that q was small so tha t q/a approached 
zero, a being a soil parameter. 

An important advantage of equations ( 9 , 10, 
11, and 12) over the particular computer progra m 
e mployed by Duke is that the former can be solved 
for non-integral values of T) • Furthermore, these 
equat ions will greatly facilitate computation of flow 
rates t hrough stratifi ed soi l even though a computer 
may be necessary for such computations. The 
theory of how such computations might be made is 
presented in the Thesis by Anat [ 1]. It has not 
been verifi ed experimentally to date. 



TABLE 1 

COMPARISON OF VALUES OF d. AS A FUNCTION OF qin 

FROM EQUATION (9) WITH THE VALUES PRESENTED 

BY DUKE 

l') = 4 
q. m Eq . 9 Duke 

0.00 1 6.253 6.24 

0.002 5.253 5.25 

0.004 4 . 4 19 4.41 

0 . 008 3 . 708 3,71 

0.0 16 3 . 111 3. 11 

0 .032 2,601 2. 60 

0.064 2. 161 2. 16 

0 .12 8 1. 768 1 . 77 

0.256 1. 403 1. 40 

0.512 1. 057 1. 06 

The data measured by Anat are presented 
in detail in Appendix B, the conductivity values 

Eq. 9 

2. 439 

2. 236 

2,04 6 

1 . 874 

1.712 

1 .555 

1. 398 

1. 230 

1.042 

0,826 
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l') = 8 l') = 12 
Duke Eq. 9 Duke 

2. 43 1. 80 1 1. 80 

2.23 1. 70 1 . 70 

2.04 1. 601 1. 60 

1. 87 1. 507 1. 50 

1. 71 1 . 415 1 . 41 

1.55 1 . 312 1. 32 

1 . 39 1. 22 1. 22 

1. 23 1. 10 1. 10 

1. 04 0.948 0.947 

0.822 0,764 0. 762 

b e ing given in table 3 and the upward flow rates in 
table 4. 



SUMMARY AND CONCLUSIONS 

Experiments were conducted at Colorado State 
University to investigate steady upward flow from 
water tables. The first investigations began in 1956 
(as part of the Western Regional Project W-32) 
some aspects of which have been reported in pre-
viously published literature [ 12, 16). The principal 
purpose of this pape r is to report the findings of 
studies which were completed in 1965 concerning 
upward flow from water tables. 

The objective of the latter studies was to answer 
the questions: 

1. What is the maximum rate of upward flow 
(as a function of the depth at which liquid exists at 
atmospheric pressure) and what are the soil parame -
ters that deter mine this maximum rate? 

2. What is the maximum rate of upward flow 
when the liquid system follows an imbibition cycl e 
completely? 

3. How is the maximum rate of upward flow 
affected by a situation in which the removal of 
liquid from t h e s urface exceeds the rate at which it 
can be tran smitted to the surface? 

A differential e quation was developed which 
relate s the maximum scaled flow rate qin to the 

scaled distance d. from t he zone of zero capillary 
pressure to the bottom of a dry surface layer . The 
diffe r e ntial e quation contains the soil parameter TJ 
whi ch is a dimensionless number e valuating t h e pore -
size distribution. 

The flow rate q is scal ed by dividing it by the 
hydraulic conductivity of the fully saturated soil 
and the distance d is scaled by dividing by th e 
quantity p / pg , in which pb is the capillary 
pressure a~ which t h e soil begins to desaturate 
rapidly . 

The differential equation relating qin to d. 

has been s olved using a computer program for a 
range of TJ from 2 to 20, which includes all values 
of TJ found to date. This program, however , is 
suitable for values of TJ that are integers only. 
Algebraic expr essions were also developed which 
approximate t he exact solution of the differential 
equation. The approximation is c los e enough for 
any conceivable practical purpose and , furthermore, 
the algebraic expr essions can be evaluated for 
Value s of TJ that are non-integers as well as 
integers . 

It was found that the theoretical e quations gave 
functional relations between q. and d. which m 
agre ed extremely well with measured functional 
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relations when the soil parameters C , pb , and 
TJ were measured with sufficient accuracy. The 
agreement was good for systems in which the soil 
liquid followed both an imbibition (rising water 
table ) and a drainage cyc le (falling water table ), 
provided the soi l parameters were obtained for the 
appropriate cycle. 

Unfortunately, however, the values of qin 

corresponding t o a particular value of d. , when 
the system follows a drainage cyc le can be 100 
times greater than when the system follows an 
imbibition cycle. Further more , whenever t h e rate 
of removal of liquid from a soil s urface substan -
tially exceeds the rate at which the liquid can be 
replaced from the interior of the s oil, hyste r e sis 
takes place. 

The hysteresis proce ss probably takes place 
as follows: 

A large potential gradient at t h e surface at 
firs t removes liquid from the surface layer faster 
than the liquid can be replaced from the interior . 
The desaturation of the surfac e layer resu lts in a 
large reduction in its c onductivity so that a stage is 
reached when the rate at which the desatu rated layer 
can imbibe water from the interior is somewhat 
g r eater than the rate at which it can be conducted 
through the layer . This causes t he pressure of 
water entering the d esaturate d layer to increas e , 
thus decrea s ing th e pote ntial gradient producing flow 
from the interior by the time steady state flow is 
established. B ecaus e the functional relations among 
d egree of saturation, pressure and c onductivity 
c ontain hyster esis loops , the increased pressure 
is not accompanie d by a material increase in satura -
tion or conductivity in the surface layer . 

The r e sult is that when flow takes place from a 
water table to a soil s urfac e (unde r conditions that 
would otherwise produce a drainage cycle) quick 
drying of th e s urface will produce flow rates less 
than when hyste r es is does not occur. 

The reduction in flow rate, furthermore, de -
pends on the rate at whi c h the surface layer is 
desaturated; the faster it is desaturated, the greater 
the reduction in flow rat e . R eduction in flow rates 
of from 20 to 50 percent r esulting from hyster e sis 
have been observed. It is possible, of c ours e , that 
if the surface laye r had been d esaturate d e v e n more 
qui c kly than wa s possible with the apparatus e m-
ployed, reduction in flow rates greater than 50 per -
cent might have occurred. 



REFERENCES 

1 . Arbh ab hira m a , Anat, Steady u pward flow from 
water tables . P h. D . Dissertation, 
C ol9rado St ate University, J une 1965. 

2 . Bloomsburg, G. L ., a nd Corey , A . T., Dif -
fu s ion of e ntra pped a i r from porous media. 
CSU Hydrol ogy Pap ers, No . 5, August , 
1964 . 

3. Brooks , R . H. , Hydraulic properti es of porous 
medi a . P h. D. Dissertation , Colorado 
State University , June 1965. 

4 . Brooks , R. H. , and Corey , A. T. , Hydraulic 
properties of porous media. CSU Hydro -
logy Paper No . 3 , March 1964. 

5 . Bu rdine , N . T . , Relative perme a bi lity calcula -
tions from pore - s i ze d i stribution data . 
P e trole u m T rans., AI ME Vol. 198, 1953. 

6 . Corey, A. T. , a nd Fil mer , R. W . , Influe nce of 
inorganic watershed covers on moisture 
exchange in a verti cal d i rection across the 
soil - air interface . Progr e ss R e ports Nos . 
1 , 2 a nd 3 . Colorado Contributing Project 
to West ern R egi onal Project W- 73, Octob e r 
1961, Octobe r 196 2, and October 196 3. 

7. Cor ey, A. T . , and Ki ng. L. G., Study of evapo -
ration from soil s urfac e s i n terms of soi l 
and m i crom eteorological factors . Progre ss 
Reports Nos . 5 and 6 , Colorado Contri bu-
ting Project, Western Regional Project 
W - 32, Novemb er, 1959 and Nove mber , 
196 0. 

8. D uke , H . R ., Maximum rate of upward flow from 
water tables . Master s Thesis , Colorado 
State Universi ty . 

9. Gardn er, W . R. , Some steady state solutions of 
the unsatu rated moi sture flow e quation with 
appli cation to evaporation from water 
tabl es. Soil Sci e nces , Vol. 85 , No . 4 , 
April, 195 8 . 

20 

10 . Gardner, W . R., and Fireman , Milton, Labora. 
tory studi es of evaporation from s oil 
columns in the presenc e of a wa ter table 
Soil Science, Vol. 85, No . 5, May, 1958·. 

11. Jackson, R . D . , R eginato , R. J. , and R eeves, 
W. E . , A m echaniz ed d evice fo r packing 
soil column s. U . S. D . A. , ARS 4 1-5 2, 
Apri l , 1962. 

12 . King, L. G ., and Schle us e ner, R. A., F urther 
e videnc e of hyste r es is as a factor in the 
evaporation from soils. Journal of Geo-
physical Researc h, Vol. 66, No . 12, 
Dece mber, 196 1 . 

1 3. Mille r , E . E . , and Mi ller, R. D . , P hys ical 
t h e ory for c api llary flow ph enomena. 
Journal of Appl i e d Physics , Vol. 27 , 1956 . 

14. Moore , R . E . , Wate r conduction from s hallow 
water tables. Hilgardia ,- Vol. 12 , No . 6, 
March, 1939 . 

15. Schleus e ner , R. A. , Factors affecting evapora-
tion from soi ls in contact with a wa ter 
table . Ph. D. Dissertation, Colorado 
State Unive rsity, June , 1958. 

16. Schleu s e ner, R . A., a nd Corey, A. T. , The 
role of hysteresis in r e ducing evaporation 
from soils in contact with a water table. 
Journal of Geophys ical Res earch, Vol. 64, 
No. 4, April , 1959 . 

17 . Scott , V . H., and Corey, A. T. , P ressu re 
distr i bution during steady flow in uns atura· 
t e d sands. Soil Sc ience Soci ety of America 
P roceedings , Vol. 25, No. 4 , J uly - August, 
196 1. 

18. Staley, R. W. , Effect of d e pth of water table on 
evaporation from fine sand . Masters 
The sis, Colorado State University, 195 7. 



SEQ 
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5 
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9 

10 
11 
12 
13 
14 

15 
16 
17 
18 
19 
20 
21 
22 
23 

APPENDIX A 

(From Thesis by Duke [8]) 

Fortran Computer Program for Solution of Equation (5) 

STMNT FORTRAN STATEMENT 

C PROGRAM FOR HAROLD DUKE 
H=. 05 
P I = 3 .1415927 
N=1 
DO 20 LLL= 1 , 19 
N=N-1 
EN=N 
Q=. 0005 
DO 20 LL=1, 14 
ZZ=0. 0 
Q=Q"' 2 
Z=PI/(EN'' SINF(PI/EN) ':'Q ''':' ( 1 . /EN)) 
DO 10 L=1, 10 
R=FLOATF (L)-1. 
TERM=(H/3. )*((1. /(1. +Q''((2 . ''R '-'H) '-"'N))) + 

1 (4. / (1.+Q*((2. *R*H+H) '''~N))) + 
( 1. / ( 1, +Q '-' ((2. '-'R *H+H+H) '-"!'N)))) 

00010 ZZ=ZZ+TERM 
Z=Z+ZZ 
ZZZ=1./(1.+Q) 
Z=Z+ZZZ 
PUNCH 1020, N,Q, Z 

00020 PRINT 10 10, N, Q, Z 
STOP 

01020 FORMAT (3H N=12, 5X , 3H Q=P6. 3, 5X , 3H Z=E18. 8) 
END 
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TABLE 2 

VALUES OF d. FROM COMPUTER SOLUTION OF EQUATION (5) 

q. T) 

m 2 3 4 5 6 7 8 

0.001 49 . 67 12.09 6.24 4.25 3 . 31 2. 77 2, 43 
,002 35 . 12 9 . 60 5.25 3 . 70 2.95 2 ,5 1 2.23 
. 004 24 . 83 7 ,61 4.41 3.22 2 . 62 2.27 2 .04 
. 008 17. 56 6.04 3. 71 2,80 2 . 33 2 . 05 1. 87 
. 0 16 12 . 41 4 . 79 3 . 11 2,43 2 . 07 1. 85 1 . 7 1 
,032 8 .76 3, 79 2 . 60 2. 10 1. 83 1 . 16 1 . 55 
. 064 6 . 17 2.98 2. 16 1 . 80 1 ,60 1. 48 1 . 39 
. 128 4.32 2 . 32 1. 77 1.52 1. 38 1 . 29 1 .23 
.256 2.98 1. 76 1. 40 1. 24 1. 14 1. 08 1 . 04 

0 . 5 12 1. 99 1.27 1.06 0.95 1 0 , 890 0.850 0.822 
1. 024 1. 26 0. 86 1 0,733 .67 2 . 635 . 6 11 . 594 
2 . 048 o. 754 . 5 35 . 464 . 430 , 409 .395 . 386 
4,0 96 .423 . 308 .270 .2 52 .240 .233 .2 28 
8 . 192 0,226 0. 167 0. 148 0. 138 0.132 0 , 128 0 . 125 

T) 

q. 
m 9 10 11 12 1 3 14 15 

0,00 1 2.20 2,03 1. 90 1. 80 1. 72 1. 65 1. 60 
. 002 2 . 03 1. 89 1. 78 1. 70 1 . 6 3 1. 57 1 . 5 2 
. 004 1 . 88 1. 76 1, 67 1. 60 1. 54 1. 49 1. 45 
, 008 1. 74 1 ,64 1. 56 1.50 1. 46 1 . 42 1. 38 
, 0 16 1. 60 1 . 52 1. 46 1. 4 1 1. 37 1 . 34 1 . 31 
. 032 1. 47 1. 41 1. 36 1 . 32 1. 29 1. 26 1. 24 
, 064 1. 33 1. 28 1. 25 1. 22 1 .19 1. 1 7 1 . 15 
. 128 1. 18 1 . 15 1. 12 1. 10 1.08 1.06 1. 05 
,256 1.01 0 , 982 0 . 947 0,94 7 0.934 0,923 0.9 14 

0.5 12 0 . 802 . 786 .773 ,762 .654 .747 ,740 
1 , 024 . 581 . 571 ,563 .557 , 552 .547 . 54 3 
2 , 048 . 378 . 37 3 . 368 ,365 . 36 1 . 359 . 357 
4,096 . 224 . 221 .218 , 216 . 214 ,213 ,2 12 
8 .192 0, 123 0. 12 2 0. 120 0, 11 9 0,1 18 0 ,1 18 0. 11 7 

I] 

q. m 16 1 7 18 19 20 

0 , 00 1 1. 55 1. 5 1 7., 4 7 1.44 1. 42 
. 002 1. 48 1. 45 1. 42 1, 39 1. 37 
.004 1. 42 1 . 39 1 . 36 1. 34 1. 32 
.008 1. 35 1. 33 1 . 31 1. 29 1. 27 
. 0 16 1. 29 1. 27 1.25 1. 23 1. 22 
, 032 1 . 22 1. 20 1 . 19 1. 1 7 1. 16 
, 064 1.14 1. 13 1. 11 1. 10 1. 09 
. 128 1. 04 1. 03 1. 02 1.01 1.00 
. 256 0 . 905 0 . 898 0.892 0.887 0 . 882 

0.512 . 735 . 73 0 . 726 ,722 ,719 
1 , 024 .540 . 537 . 534 . 532 ,5 30 
2.048 . 355 . 35 3 . 352 . 350 . 349 
4.096 . 211 .210 .209 .208 , 208 
8 . 192 0 , 11 6 0. 11 6 0.1 16 0. 115 0. 11 5 

22 



APPENDIX B 

{From Thesis by A. Anat [1]) 

TABLE 3 

RELATIVE PERMEABILITY-CAPILLARY PRESSURE DATA 

Soil 

Loveland Sand No . 1 
Drainage cycle 

-2 C = 1. 047x10 cm/sec 

pipg = 18.00 cm 

Tl= 12.3 

Touchet Silt Loam 
Drainage cycle 

-4 C=2 . 85x10 cm/sec 

pipg = 72.2 c m 

Tl = 6.2 

Love land Sand No. 2. 
Drainage cycl e 

-3 C = 9.45x10 cm/sec 

pipg = 20.0 cm 

Tl = 15.2 

Imbibition cycle 

-3 C = 4.685x10 cm/sec 

pipg = 12.2 cm 

Tl = 9 .5 

23 

p /pg{cm . ) 
C 

CIC e 

10 . 70 1.0000 
13. 00 1 . 0000 
15 .45 0 .8960 
15.80 0 .8100 
17 .80 0.5020 
20.30 0.2000 
22.00 0.0874 
24.80 0.0226 
25.0 0.016 

9.65 1.0000 
24. 80 1. 0000 
37.05 1.0000 
43. 50 0.9770 
5 3. 10 0. 9 0 90 
60.30 0 . 8600 
68. 30 0.6800 
71 .5 0 0.6600 
91. 35 0.2330 

106.90 0.09680 
107.50 0 . 07550 
117.50 0.04870 
127.60 0.03200 

6.60 1.00000 
11.30 1 .00000 
14.50 1 .00000 
18. 50 0.6 9 200 
23.50 0.10200 
25.10 0 . 00234 
26 . 10 0 .00166 
27. 80 0 .00 071 
29 . 30 0 . 000262 

26.20 0. 00018 
22.25 0.00033 
17 .5 0 0.02050 
16.00 0.04150 
15.00 0.07514 
14 . 60 0 . 10920 
13. 20 0 . 21100 
11.80 0.34870 
10.30 0.46950 

8.20 0.47700 
5.40 0.48500 
3.60 0.48960 



TABLE 3--Continue d 

Crab Creek No . 2 
Drainage c ycle 

Soil 

-2 
C= 1 . 4 62x 10 cm/sec 

pb/pg = 1 3.5 c m 

rJ=12.2 

Imbibition 

- 3 C =9 .11 x 10 c m /sec 

pipg = 8 . 2 cm 

rJ = 9. 0 

Love land Sand No. 3 
Drainage cyc l e 

- 2 
C = 1. 232x10 cm/sec 

pb/pg =1 7.2cm 

rJ = 13. 6 

Imbibition cyc l e 

- 3 C = 7 .942x 10 cm/sec 

pb/pg = 10. 50 cm 

rJ = 9 . 0 
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p / pg(cm . ) 
C 

7.00 
8.55 

10 . 33 
1 3 . 35 
14.25 
14 . 70 
15 . 80 
16.70 
18. 70 
23.00 

18 . 10 
14.75 
1 3 . 35 
11 . 55 
9.80 
8.45 
7.75 
5 . 37 
2.65 

11 .20 
12. 80 
16.65 
17 .4 0 
18. 45 
18.90 
19 . 90 
22 .20 
24.40 
2 7 .60 

1 8 . 15 
15 . 70 
14 . 95 
14. 15 
1 3 . 45 
12. 05 
10.65 

8.35 
6 . 50 
4.90 
2.45 

C /C 
e 

1.00000 
1.00000 
1.00000 
0.59000 
0.45500 
0.31200 
0.17757 
0.08650 
0 .02 266 
0.00 142 

0 .0 0 14 9 
0 . 00489 
0.01300 
0 . 04025 
0. 16900 
0 . 374 20 
0 . 523 10 
0.54470 
0 .53200 

1 . 00000 
1.00000 
0.587 10 
0. 4 8000 
0 . 32000 
0.246 7 0 
0. 14700 
0.04090 
0 .006 10 
0.00344 

0.009 15 
0 .01 994 
0.03 11 0 
0.05340 
0.08400 
0. 19020 
0 . 35740 
0.62280 
0.63570 
0.64700 
o. 643 

-



Soil 

Loveland Sand No. 1 
Drainage cycle 

pipg = 18 . 00 cm 

T) = 12.3 

Touchet Silt Loam 
Drainage cycle 

pipg = 72, 2 cm 

TJ = 6 . 2 

Loveland Sand No. 2 
Drainage cycle 

pipg = 20, 0 cm 

TJ = 15.2 

Imbibition cycl e 

pipg = 11. 5 

TJ = 9 , 5 

Crab Creek No. 2 
Drainage cycle 

pb = 13 . 50 cm 

T) = 12.2 

Imbibition cycle 

pb/pg = 8 , 2 cm 

TJ = 9 . 0. 

TABLE 4 

SUMMARY OF MAXIMUM RATES OF UPWARD FLOW, 

COMP ARED WITH THEORETICAL VALUES (EQUATION 9) 

qx10 2 Cx 10 2 Experimental q. cm/sec cm/sec m d. 

0.80800 1.047 0 . 77200 0.64 7 
0,74060 II 0.70700 0 .6 76 
0,61300 II o. 58600 0,718 
0.47300 II 0.45200 0.795 
0,40900 II 0,39030 0 .843 
0.31000 II 0,30200 0,920 
0 . 25200 II 0,24 130 0. 977 
0.20300 II 0.19400 2 , 034 
0.13500 II 0,12800 1. 112 
0,06200 II 0,05930 1.246 
0.00870 II 0 . 00830 1 ,456 
0,00200 II 0.00 190 1. 772 

0,02663 0.0285 0.93500 0.625 
0 . 02062 II o. 72400 0. 763 
0.0 1617 II 0,50800 0.874 
0 , 00857 0,0300 0 . 28400 1. 120 
0,0029 1 II 0,09600 1 ,5 7 3 
0,00182 II 0.06100 1 .65 0 

0.03610 0 . 943 0.03820 1 . 140 
0,02580 II 0. 03660 1 ,223 
0,01590 II 0.016 90 1 . 313 
0.00400 II 0.00428 1 .407 
0 , 00160 II 0,00173 1. 528 
0,00058 0.950 0,00061 1 . 625 

0. 00080 0.943 0.00008 1,220 
0,00094 II 0,00010 1. 148 
0,00161 II 0,00017 1 . 045 
0.00370 II 0.00039 0 . 965 
0,00970 II 0.00 104 0 . 865 
0.03340 II 0.00355 o. 739 
0 , 06980 II 0 . 00743 0.650 

0. 40720 1. 381 0.29500 0.919 
0 , 27130 II 0. 19640 1.020 
0.14640 II 0 .1 0600 1. 1 38 
0,09080 II 0 .06520 1 .2 16 
0.05 900 1. 393 0 , 04230 1 ,289 
0 . 03200 II 0 .0 2297 1 . 377 
0,01400 1. 38 1 0,01040 1 .489 
0 . 99980 II 0.00709 1. 542 
o. 00365 II 0,00264 1. 627 

0,00146 1.447 0.00 10 3 1 . 443 
0,00318 II 0 , 00225 1.221 
0.00993 II 0 . 00684 1.040 
0,02340 II 0,00162 0. 925 
0,04870 II 0,00337 0.827 
0.08340 II 0, 00569 0,754 
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Eq. 9 
d. 

0. 639 
0.667 
o. 723 
0.797 
0.837 
0.9 04 
0.959 
1 .008 
1. 093 
1 . 225 
1.495 
1 . 710 

0.667 
0,759 
0.888 
1 ,098 
1. 45 3 
1 .596 

1. 210 
1.21 9 
1 . 300 
1 . 436 
1. 526 
1 . 6 37 

1 .156 
1,12 3 
1. 065 
0 . 971 
0.869 
0. 7 38 
0.648 

0.9 12 
1. 007 
1 . 129 
1.211 
1. 274 
1 . 36 0 
1. 4 70 
1. 513 
1, 647 

1 .270 
1 . 132 
0.985 
0. 923 
0 . 836 
o. 770 



TABLE 4--Continued 

qx10 2 Cx10 2 Exper imental --= 
Soil Eq. 9 

cm/sec cm/sec q. d. m d. 

-Loveland Sand No. 3 
Drainage cyc le 0.26470 1. 269 0,20860 0.938 0.975 

0.21860 II 0.17230 0.981 1.015 
pipg = 1 7. 2 0.16 95 0 II 0.13340 1 ,032 1. 063 

0. 125 20 1. 257 0 . 09960 1.090 1.099 
1) = 13. 6 0.10400 II 0.082 70 1,157 1 . 139 

0.03202 1. 243 0,02580 1. 27 8 1 . 299 
0,01856 II 0,01490 1. 358 1, 363 
0.00 371 II 0 , 00300 1, 549 1 . 542 

Imbibi tion cycle 0,0001 8 II 0,000 12 1. 390 1 . 552 
0,00058 II 0,000 37 1. 303 1. 368 

pb/ pg = 10,05 0,00178 II 0 , 00115 1,2 21 1,205 
0.00475 II 0,00306 1,109 1.079 

1J = 9, 0 0.00 889 II 0.00574 1.040 1.006 
0 . 01267 II 0,00818 0,985 0 . 962 
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EQUIPMENT AND PROCEDURES 

D e sign of Equipment 

The individual compon ents use d in Duke 's 
· r e search and s ubse quent studie s of a s imilar nature 

were those designe d and built by Brooks and Cor ey . 
Figur es 9 , 1 O, and 11 show sketches of the several 
compone nts . Most of t he length ot the soil c olumns 
was enc los ed by acrylic plastic cylinders as shown 
in fig ur e 9(a ). Each of t hese sections had an a nnular 
groove machined into the wall at th e bottom end of 
the section with small notches connecting this groove 
to both inside a nd outside the tubing . The purpos e of 
these grooves was to provide a means for air to 
enter th e column a s drainage proceeded and to mini -
mize the escape of liquid by capillary flow throug h 
the joints . 

Inflow to the c olumn was s u pplie d through a sec -
tion of acrylic tubing c l ose d on the lower end and 
fitt ed with a capillary barrie r as s hown in figure 1 O. 
This section was machine d on th e inside to allow a 
thin s leeve of Selas filt e r material with a bubbling 
pr essur e of 10 psi , having the sam e inside diameter 
as the column sections , to be inserted. An annular 
space outside the barrier a llowed free passage of 
liquid around its outer surface. This spa ce was con -
nected to an inflow s iphon by means of a 1 / 4" drilled 
and ta pped hole and plastic tubing . 

F luid was removed from the top of t he soil 
c0lumn through a cer a mic barri er of the sam e com-
position a s that u sed for t he inflow sleeve. The 
outflow barrier consisted of a disc of ceramic cemen-
ted to a pla sti c section milled from solid stock , hav-
ing a center bore a nd provis ion for attachment of 
tubing at the upper end. This barrier was of s uc h 
size as to s li p freely into the column s ections to 
allow good contact between barrier and soil, yet 
prevent exce~·sive evaporation. This arrangement 
is shown in figure 11 . 

To provide for measurement of c apillary pres -
s ur e s within the columns, sections of cylinde r s 2 c m 
in length were mac hine d ins ide to form an a nnular 
groove to retain thin r ings of ceramic, 1 / 2 cm wide , 
the arrange m ent being s hown in figure 9(b) . The 
annular groove was connected to a small displace -
ment manometer . These tensiometer rings opera -
ted in the same manner as ordinary tens iometers 
exc e pt that , being flush with the inside wall of the 
column sections , t hey did not reduce the cross -
sect iona l area of th e soil c olumn. All capillary bar -
riers including those use d in the tensiometers were 
ce m e nted to the acrylic plastic usirg ArmstrongA -1 
industria l a dhesive . 

For the lowe r flow rates , the outflow was 
meas ured in a 4 mm O . D. glass tu be calibrated in 
cm3 per cm of length. The higher flow r ate s were 
measur ed by a llowing t he liquid to drip from the end 
of the tube into a 5 ml burette. Figure 12 s hows 
both t he ou tflow m easuring d evice and the constan t 
head inflow reservoir . 

2 7 

For soil materials having a very hig h permea -
bility and low bubbling pressure, Porvic plastic was 
s ubstituted for Se las as barrier material to reduce 
t he head loss through th e barriers and to maintain 
b ette r control of th e capillary pressures. 

Procedure 

The columns were a ssemble d by fa stening to -
gether the acrylic sections mentioned pr eviously. 
The inflow section was at t he bottom of th e column , 
with a ten s iometer ring immediate ly above to pro -
vide a reference for the water table . 

A 4 cm and a 2 cm cylinder section wer e placed 
above the lowe r tensiometer ring. A second 
tensiometer ring was placed above th ese two 
c olumn sections . This portion of the column pro -
vide d a convenient secti on for m easuring conduc -
t ivity as a function of capillary pressure. The latter 
m easur e m en ts were made afte r the upward flow 
experime nts were compl eted . The alternate place -
ment of column sections and t e ns iometer r ings unt il 
t he desired length was attaine d completed the column 
arrange m ent for the upward flow tests . 

The sections were the n tape d together and 
packed u s ing a m echanical packer of a type devis ed 
by Jackson et . al . [ 11 ] . Experiments s howed that 
thi s m ethod resulted in a unifor m bulk d en s ity 
throughout the column . Later experience has s hown, 
how ever , that thi s packer (or any d evic e which 
s imultaneou s ly vibrates and fills a soil column) 
causes large particles and aggrega tes to concentr ate 
a t the wall of t h e column thus producing non-
homogeneity in horizontal planes . This circum -
stance adversely affected s ome of Duke 's results. 

After the columns were packed, a disc of fiber -
g lass mat was placed over the top of the soi l column 
to prevent erosion during th e saturation procedure. 
A plastic plug containing holes to pe rmit the escape 
of air he ld th e fib e r g lass against the soil a nd r e -
tained the soil in the column. The column was the n 
submerged in a container of hydrocarbon to which a 
vacuum was applied. The vacuum was maintained 
until air bubbles ceased t o e m erge from the soil and 
the capillary barriers. Afterwards the vacuum was 
removed a llowing the liquid to fully s a turate the soil 
and the capillary barriers . 

The saturated column s were r e moved from the 
liquid c ontainer and plac ed in a horizontal position 
to prev ent desaturation . Sh ort sections of oil-
fille d tubing wer e connected to all manometer taps 
and c lampe d to pre v ent air entering the capillary 
barriers . The column wa s then cut even with the 
top of th e upper tensiometer section to give a 
s mooth soil s urface and fasten ed to a vertical chan-
n e l iron near the manometer board. 

The inflow r eservoir was immediately a ttached 
to t he inflow barri e r t o prevent the zone of zero 
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F igure 9 . T e ns iomcter and column sections . 
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pressure from dropping be low the lower tens i o m eter 
r ing . The uppe r barri e r, having been previous ly 
saturated, was placed in position in con tact with t he 
s oil at the top of the column and he ld f i rmly again st 
t he soil with a spring d evice . The set u p was com -
plete ly by cla mping th e outflow tub e a nd c onnec ting 
a ll mano m ete rs to thei r r e spective tensiometer 
ri ngs . A sche m atic diagram of th e apparatus is 
s hown in fi gur e 12 . 

Upward flow was induced by r e leasing the c lamp 
on th e outflow t ube a nd lowering th e o utflow en d of 
t h e tub e a shor t distance below the elevation of zero 
capillary pressu r e . 

The level of zero capillary pressure for a par -
ticular flow was adjus ted by varying th e vertical 
position of th e Mar i otte s i phon so that a zero pres -
s ure was ma intaine d at the lower tens iometer ring. 
Increased flow rate s r e qui red that the inflow reser -
voi r b e rais ed to compensate for increa sed head 
loss i n t he lower barrier a nd i n th e soil below the 
zone of zero pressure . 

R ep eat ed measure m e nts of the flow rate s howed 
that t he t i me at which equilibrium was reached for 
a partic ular run could be j udged by observing the 
piezometric head at the upper tensiometer . As the 
rate was increased , piezometri c head at th e upper 
tensiometers decreased . Wh en the level in upper 
manometer tubes ce ase d to dro p , it was assumed 
that steady flow had been es tablished. Thi s pro -
cedur e was similar to t he technique used by Gardner 
a nd Fireman [ 7] t o determine when steady state 
had been reached . The flow rate was de termined by 
measuring the di scharge from the outflow siphon. 

To determine the maximu m flow rate (for a par -
t~cular depth to th e level of zero capillary pressure) 
the outflow tube was lowered in increments, allow -
i ng steady state to be e stablished at each incr e m e nt . 
The ou tflow tube was u s ually lowered several incre -
ments be low th e point at whi ch t he maxi mum flow 
rate was observed. 

As the flow rate was increased the upper 
manometers initially indicated an increase in capil -
lary pressure . After the maxi mum flow rate had 
been reached , however, furt her lowering th e outflow 
tube often r esulted in a lower capillary pressure a nd 
a de c rease in the flow rate. This behavior seemed 
to confirm the theory of Schl eusener a nd Corey[ 16] 
that a pres sure rever sal occurs near a s urface whe n 
liquid is re moved from t h e s urface substantially 
faster than it can be suppli e d from the interior of 
the medium. 

To investigate t h e effect of water -tab l e depth 
upon the flow rate, a seri es of run s as d escribed 
above was fir st made u tiliz ing the entire length of 
the co lumn as originally packed. After compl etion 
of these r uns , the column was resaturated as before. 
Upon removing t he saturated column from the satura -
tion con tainer , the column was shortened by c utting 
the tape at the to p of the next lowe r tensiometer r ing . 
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A thin meta l str i p was inserted b etween th e section 
at _thi s point and th e u pper portion of th e column wa: 
s liced off smoothly . 

Having s horten e d t he column, i t was set up as 
previ ou s ly described a nd a ser i es of runs was made 
as before. This proc e ss wa s re peated unt il the 
c olumn was r educ ed to abou t 9 cm l ength fro m the 
lowe r te ns i ometer to th e soil s urfac e . 

Measure m ent of Conductivi ty as a Function of 
Capillary Press ur e 

The 9 cm - column remai ning when t h e upward 
flow experiments were completed was us e d for the 
conducitivity measurements. Other components of 
t he apparatus we re the same. After re - s aturating 
the column, the lower barr i er was connec te d to the 
outflow measuring devic e, and the Mariotte siphon 
was attached to t he upper barri er . Flow was thus 
maintained in a downward direction . 

The first conductivity m easurements were 
made at capillary pressures sufficiently low that 
the sampl e remained completely saturated, but high 
en oug h to d e saturate the a nnu la r space at the joints . 
The latter precaution is necessary to ins ure that 
liquid does not creep from th e joints by capillarity. 
A uniform capillary pr essur e , as indic a ted by the 
ma nometers attached to the upper a nd lower tensi -
ometer rings, was established by adjusting the e le-
vation of the inflow and outflow devices . Flow was 
th e n in response to gravity only. The manometers 
served to indicate wh en steady state had been estab-
lished for th i s case a lso . The flow rate , tempera-
tur e , and capillary pressure were then recor ded and 
t he conductivity was computed . Subsequent data 
were obtaine d at i ncreasingly higher capi llary pres-
sures by lowering both the inflow a nd outflow devices 
to obtain the desi r ed capillary pressure a nd repea -
t ing th e m easuring proc edure. 

By the methods described above, Duke obtained 
curves of relative conductivity, Ce/C , as a func -
tion of capilla ry pressure ( s i milar to t hose presen-
ted by Brooks and Corey [ 4] for soils that did not 
contain large separa tes or aggregates. Many of the 
soils studied by Duke, however, consisted of highly 
aggr egated clay soils. Curves of relati ve c onduc -
tivity as a function of capillary press ur e for s uch 
soils invariably contained inflections s uch that the 
effective condu ctivity could not be accurately des-
cribed by e quation (4). 

Normally when C /C is pl otted as a function ' e . rne of p on log - log paper, the result is a straight _1 ht 
for g > pb , Pb being the intercept of th e straig 
line 0here C /C = 1, a nd r, is t h e negative of the 
slope of the li5e. Because the curves for aggrega· 
ted soils contained an inflection (as shown in figure 
1 3(a), it was i mpossible to compar e the measured 
flow rates with the theoretical valu es computed 
from equation (5) for these soils. Neither rJ nor 
pb was uniquely defined by th e measured data. 
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The inflections s h own in fig ur e 1 3(a ) we r e , at 
fi rst, attribu ted to d iscon t inui t i e s in pore - siz e s 
between pr i mary a nd s econda ry pores . T hi s the ory 
has been disa ppr ove d, how ev er , a nd i t ha s been 
found that t h e inflec tions we r e cau s ed by s eg r ega tion 
of aggregat e s a nd l a r g e se parate s a t t he wa ll of th e 
c olumn due to th e m ethod of packing . Brooks [ 3] , 
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us ing th e s ame s oil for whi c h t he c ur ve s hown in 
figu re 1 3(a ) was determine d , obt a ined t he curve in 
fig ure 13(b). Th e only di ffere nc e i n pr ocedur e was 
t he m ethod o [ pa cki ng . Brooks first fi lle d th e 
c olumn wi t h s oil be for e starting vibr a tion , wher eas 
D uke used Jac ks on' s procedure of vibr ating during 
t he pr ocess of fi lling . 
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