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A B S T R A C T  OF D IS SE R TA TIO N  

M O D E L IN G  T IM E  SERIES O F C O U N T  DATA

The focus o f th is  thesis is on m odeling tim e  series o f count data. We consider 

an extension o f linear Gaussian state space models parameter driven models 

in which the  mean function o f a tim e  series o f observed counts {V ,} is specified 

bv a linear p red ic to r m odified by a 'la te n t process’ . As in linear regression w ith  

correlated errors, there is a need for model d iagnostic and identifica tion  techniques 

to  decide i f  it  is necessary to include a la tent process in the specification o f the 

mean o f the Poisson counts and. i f  so. is there any evidence o f autocorre la tion in 

such a process.

For a param eter driven model, the asym pto tic  d is trib u tio n  o f standard gener­

alized linear m odel estim ators is derived for the case tha t an autocorrelated strong 

m ix ing  la ten t process is present. S im ple form ulas for the effect o f the autocovari­

ance o f the la ten t process on standard errors o f the regression coefficients are also 

provided. A m ethod o f testing for the existence o f a latent process is developed 

and compared to  existing  test statistics via s im u la tion . Once the existence' o f a 

latent process has been detected, a sim ple and easily im plem entable method for 

estim ating  the  autocovariance o f the la ten t process is given. The standard e r­

rors o f the estim ates are also provided. Methods for adjusting for severe bias in 

previously proposed estim ators o f autocovariance are derived and the ir behavior 

investigated. A test s ta tis tic  for testing serial dependence in the latent process 

is proposed based on the study o f the d is tr ib u tio n  o f autocorre lation estimates.
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The performance o f d iffe ren t test statistics for testing  serial dependence have been 

compared.

Parameter estim a tion  o f a param eter driven model is com plica ted  since the 

la ten t process is unobservable and the like lihood o f the observed data y  is an n-fold 

in tegra l which does not have a sim ple closed form . E x is tin g  es tim a tion  methods 

invo lve intensive M onte  C arlo  s im u la tion. A new es tim a tion  m ethod tha t avoids 

M onte Carlo s im u la tion  is developed using an a pp rox im a tion  to  the likelihood 

o f y . A pp lica tions o f the methods to  tim e series o f m o n th ly  po lio  counts in the 

I'.S . is used to  illu s tra te  the methods and results. A s im u la tio n  s tudy lias been 

conducted to  compare the perform ance o f the various es tim a tion  methods.

't ing W ang
D epartm ent o f S tatistics 
C olorado State ( n iversity 
Fort C o llins . Colorado S0*o2.'J 
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1. IN T R O D U C T IO N

The focus o f th is  thesis is on m odeling tim e  series o f count data. Such series 

are non-negative in teger valued and often arise as the num ber o f events occurring 

in non-overlapping t im e  intervals. VV’e can easily find tim e  series o f count data in 

epidem ic studies and analysis o f economic behavior, e.g.. num ber o f rare disease 

infections in a given m on th , number o f m orta lities  in  a given day. d a ily  number 

o f discrete price changes on a stock. There are a varie ty  o f models and methods 

tha t have been developed to  analyze count data.

Classical linear models are regression models w ith  the assum ption tha t the 

observations are n o rm a lly  d is tribu ted  w ith  a covariance m a tr ix  tha t is known up 

to a scale constant. Generalized linear models (X e lde r and W edderburn. 1972) 

extend the classical linea r model by a llow ing for non-norm al noise such as the case 

when the response variab le  is b inary or integer valued. I f  the response variables 

are a tim e  scries, it  is un like ly  tha t neighboring observat ions are independent and 

hence serial dependence should be incorporated in the  model.

Cox (19S1) suggested two classes o f models o f tim e-dependent data: param­

eter driven, and observation driven models. In param eter driven models, depen­

dence is in troduced th rough  an unobserved la tent process, w hile  in an observation 

driven model, the cond itiona l d is tribu tion  o f observation is specified as a function 

o f past observations. B o th  model specifications are becom ing increasingly popular 

because o f the ir a b ility  to  handle serial corre la tion and overdispersion in the data. 

In th is  thesis, one type  o f param eter driven model tha t combine's generalized linear 

models and tim e  series models is studied in deta il.
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In  th is  chapter, de fin ition  and properties o f generalized linear models and gen­

era lized state-space models w ill be in troduced  and some existing  research results 

on param eter driven models w ill be reviewed.

1.1 G eneralized  Linear M odels

In  a classical linear model, we assume a vector o f observations y  is a realiza­

tion  o f  a random  vector Y  tha t has a m u ltiva ria te  norm al d is tr ib u tio n  w ith  mean 

E (Y ) =  / i  and covariance m a tr ix  a 21. The  system atic component o f the model is

the lin e a r p red ic to r r/ given by T} =  X(3.  where .V =  ( x f  x [ ) T is the design

m a tr ix , and /3 =  (T t . • • •. ,ir )T is the vector o f parameters. The s truc tu re  o f the 

system atic  part assumes tha t we know the  design m a trix  tha t influences the mean 

and can measure it  effectively w ith o u t e rro r. The lin k  function g(-) between the 

mean fi  o f the random component Y  and system atic component 1 7 . defined as 

v =  gin)-  is the id e n tity  function, i.e.. 17 =  fi. For th is model, least squares can 

be used to  estim ate  the parameters.

Generalized linear models (G L M ) are an extension o f the classical linear 

m odel. They allow two generalizations from  o rd ina ry  linear models. F irs t, the 

d is tr ib u tio n  o f Y  may come from  an exponentia l fam ily  o ther than the norm al 

d is tr ib u tio n , and second, the lin k  func tion  y(-)  between the random and system ­

a tic  com ponents may be any m onotonic d iffe ren tiab le  function. We assume tha t 

each com ponent o f Y  has a d is tr ib u tio n  in the exponentia l fam ily : its density 

takes the  form

f y ( y : 0 . o )  =  ex \>{y°  ^  -  +  c(y.  o ) } ( 1. 1)
a{o)

for some specific functions «(•).&(•) and c(-)- I f  O is known, this is an exponentia l 

fa m ily  m odel w ith  canonical param eter 0. It may o r may not be a tw o-param eter

■)
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exponentia l fam ily  i f  o  is unknown. It is easy to  show tha t

fi := E { Y )  =  b'(0) and Var(Y’ ) =  b"(0)a(o).

where b'(-) and b"(-) denote the firs t and second derivatives o f 6(-) function, re­

spectively.

The function  y(-) is called a canonical lin k  i f  r/ =  y{fi) =  0. Suppose the data 

Y \ . - ' - . Y n represent counts which are assumed to  be independent and Poisson 

d is trib u te d , tha t is. Y, ~  Poisson(//,). then the log-Iikelihood o f Y  =  ( Y’| . • • •. Y’„ )7 

is given by

l(d.<f>:y) =  y T log f i  — 1 Tfi  -  l ' r lo g (y !).

Here 0  =  log f t .  b(0) =  p.  a(<p) =  I. and c(y.<p) =  — lo g (y !). thus f i  =  E ( y )  =  

ciog/i _  c0  y j lc canonjcai 1 j n Ic for Poisson data is given by

6 =  log f l  =  TJ.

For generalized linear models, the inferences can be drawn based on the like­

lihood function. M axim um  like lihood estimates (M L E ) o f the regression param­

eters can often be found using ite ra tive  weighted least squares. Consistency and 

asym p to tic  n o rm a lity  o f the M L E  for the models w ith  canonical link  have been 

established bv Eahrm eir and Kaufm ann (l9So). M ore details about f itt in g  gen­

eralized linear models can lie found in M cC ullagh and Xelder (1989). Sometimes 

there is insuffic ient in fo rm ation  to  construct a like lihood  function. To avoid the 

com plete specification o f the underly ing  d is tr ib u tio n . W edderburn (1971) defined 

a quasi-like lihood function based on a given re lation between the mean and vari­

ance o f the observations, possibly w ith  an unknown constant o f p roportiona lity . 

The quasi-like lihood function can be used for estim ation  in the same way as a 

like lihood function. Suppose tha t the components o f the response vector Y  are 

independent w ith  mean vector n  =  ( /q . • ■ • . / / „ )7 and covariance m a trix  fr2\ ' ( f i ) .
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where a 1 may be unknown and V ( / i )  =  d ia g { i’ i ( / t )  e „ ( / i ) }  is a diagonal ma­

t r ix  o f known functions. The quasi-likelihood for the data  is defined as

u '2)

VVedderburn (1974) showed that for a one-param eter exponentia l fam ily  the quasi­

likelihood is the  same as the log-Iikelihood. The quasi-like lihood is m axim ized to 

find the estim ates for the model parameters. The asym pto tic  results o f the quasi­

like lihood estim ators for independent data were given by M cC ullagh (198-1).

1.2 G eneralized  S tate-Space M odels

State-space models play an im po rtan t role in tim e  series analysis. A state- 

space model consists o f two equations: the observation equation  which specifies the 

conditional d is tr ib u tio n  o f the observations given the state, and the state equation 

which specifies the d is tr ib u tio n  over tim e  o f the state. A linear Gaussian state- 

space model, assuming tha t both observation and state variables are univariate, 

can be w ritte n  as

Y> =  G ts, +  IT,. IE, ~  ,V(0 . H t ). ( 1.3 )

•S = FtSt-i + I*. If ~  A(O.Qf). (1-4)

where V, is the  observed random variable at tim e  t. and St is the state. Equation

(1.3) is the observation equation while (1.4) is the state  equation. The values

o f U t.Qt.G't and i \  may depend on an unknown param eter vector tjj. Inference 

about the param eters ij) can then be made based on the like lihood  function which 

can be calculated using the Kalman filte r.

Hrockwell and Davis (199G) describe the extensions o f linear Gaussian state- 

space models and categorize these extensions as e ither param eter driven or obser­

vation driven. These generalized state-space models are developed for application

4
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in non-norm al tim e  series and regression problems. Let =  ( V } . ••■ . Yt)T w ith  

analogous notation for the o th e r variables. Assume th a t bo th  \ \  and the state 

variable St are un ivaria te . In b o th  parameter driven and observation driven mod­

els. we assume th a t Yt given (St. is independent o f

so the observation equation (1.3) is replaced by a cond itiona l density

y {t~ l ] ) =  p(yt\*t )- t - 1 . 2 .........  (1.5)

Th is observation equation is the  same for both param eter and observation driven 

models.

For the param eter d riven m odel, we assume tha t .s',+ | given (>',. 

is independent o f V (f)). i.e.. the conditional density

p(.s(+,|.s^. s ,^- | , . y (' , ) =  p(s(+1|.s( ). ( =  1 . 2 ......... ( 1.6 )

specifies the state equation. Based on (1.5) and (1.6). it  can be shown tha t

n

 < J n \ * l  * „ )  =  n ^ h ) .  ( ! ■ " )
J = 1

and hence V ) are co n d itio n a lly  independent given the sta te  variables > 'i......... .s',

The sequence o f state variables {.s',} is often referred to as the la ten t process as­

sociated w ith  the observed process.

In an observation d riven  m odel, the state equation is specified by the condi­

tiona l density

p(«<+i \ y i n ) =  p v ( l , ( *«+i ly<0). ' = 0 . 1 .........  ( l .S)

for some prespecified in it ia l density  p(.s i|i/(u)) :=  /M * i) -

For generalized state-space models, forecasting o f fu tu re  values o f the obser­

vations is an im p o rta n t p roblem . I ’sing the observation equation (1.5) and Bayes's 

Theorem , we have the filte rin g  density

p(*t \y{,(o> _  p('<-y'n) p ty1" " )
p t y " - " )  p t y " 1)

y i t - u ,  p( y " - u )

=  p(yt\^i)p(-'i t \y{t~l)) /p(y,\yit~l)

_  P t- .y 11 ’Ut) Pj3, .y ('-■ )) ( l. ! l)
p t^ .y " -1*) p ty " - " )  ’
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and one-step-ahead pred iction  density

P(st+i \y{t]) =  f  p{st+l .s t \y(t))dst
=  f  p{*t \y{,))p(*t+i \*t )<l*t-

Since f  p(st \y^))(h>, — 1. from  (1.9) we obta in  the forecast density function

p(yi+i \y{t)) =  f  p(yt+i \*t+i )p(st+i \y{t))(l*t+i- ( l . H )

VVitli the setup o f the observation driven models, ob ta in ing  p(*/r+i and 

the ca lcu la tion  o f the jo in t density function  p{ij\ . ■ ■ •. yn) =  n<=i are

stra igh tfo rw ard . Forecasting and estim a tion  for the model are easy to  carry out. 

On the o ther hand, the stochastic mechanism governing the trans ition  o f >’,_ i to 

S’; is defined im p lic it ly . Th is makes it d ifficu lt to establish s ta b ility  properties, 

such as s ta tio n a ritv  and ergodic ity.

For param eter driven models, the forecast function p(yt+i ) can be ob­

tained by recursively updating  the densities and p(s, + 1 ) using (1.9)

and (1.10). The fact tha t the sequence {.S’( } is unobservable makes forecasting 

and estim ation  d ifficu lt. Since the dependence structure o f {V ’, }  is inherited  from 

tha t o f the  state process {S ';}, the assum ption o f a s ta tionary {.S't } w ill usually 

ensure the s ta tio n a ritv  o f the {> ) }  process for linear state-space models.

1.3 L iterature R eview

Recently, much research effo rt has been devoted to  the theoretica l devel­

opm ent and refinem ent o f param eter d riven models. We give a b rie f review o f 

m odeling tim e  series o f count data in the perspective o f model f it t in g , hypothesis 

testing, estim ation  and applications.

In param eter driven models, a latent process is generating the serial corre­

la tion o f the observations, which can be viewed as representing the unmeasured 

effects on the observations. For Poisson count data such models have boon consid­

ered by Zeger (1988). Brannas and Johansson (1991) and Jorgensen et al. (1995).

6

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



The m ain  assum ption in Zeger (198S) and Jorgensen et al. (1995) is tha t the 

counts (observed data) are cond itiona lly  independent given the la tent process. 

Zeger (19S8) assumes tha t the la tent process is s ta tionary  and known up to  the 

first tw o moments. M odel param eter es tim ation  in Zeger (1988) is based on a 

quasi-like lihood estim a ting  equation, so it  was not necessary to  fu lly  specify the 

d is tr ib u tio n  o f the la ten t process. In Jorgensen et al. (1995). the la tent process 

is fu lly  known as a non-sta tionarv gamma M arkov process. T he ir long-term  co- 

variatcs enter the model v ia  the latent process, and they emphasized the need 

for checking both the observed and unobserved parts o f the model by means o f 

residual analysis, which m ight be d ifficu lt for p a rtia lly  specified models. B urne tt 

et al (1991) introduced a general regression model for correlated count data to 

incorpora te  Zeger s (1988) model and some long itud ina l count data models as 

special cases.

Zeger (1988) established the asym ptotic n o rm a lity  o f the quasi-like lihood 

e s tim a to r for the param eter d riven model in which the observations follow  a log 

linear model and the la tent process is s tationary. B lais et al. (2000) extended 

Zeger's asym pto tic  n o rm a lity  results to a general exponentia l fam ily  data and a 

s ta tionary  strong m ix ing  latent process. G ourieroux et al. ( 1984a. 1984b) showed 

strong consistency and asym pto tic  no rm a lity  o f the M LE  ignoring the presence 

o f an 11D la ten t process. Brannas and Johansson (1994) stated tha t the Poisson 

m axim um  like lihood estim ator is consistent even i f  the serial corre la tion is not 

accounted for. but the conventional covariance m a tr ix  o f the M LE  is inconsistent.

M odel diagnostic and identifica tion  techniques are c ritica l for derid ing  i f  it 

is necessary to  include a la ten t process in the specification o f the mean o f the 

observed counts. Brannas and Johansson (1994) reviewed a s ta tis tic  .s' which was 

derived by several authors and used as a test for the existence o f a la ten t process. 

Dean and Lawless (1989) in troduced another test s ta tis tic  S., to  im prove on the
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sm all sample perform ance o f the test. A M onte Carlo s tudy  revealed tha t the 

Sa s ta tis tic  has be tte r size properties in small samples (Dean and Lawless. 19S9). 

Brannas and Johansson (199-1) compared power functions o f  the Box-Pierce and 

the L jung-Box test s ta tis tics for three types o f residuals: Pearson. Anscoinbe. and 

one o f the ir own. These tests are for testing  the hypothesis o f w h ite  noise or no 

serial corre la tion  in the la tent process. They concluded th a t the test sizes are 

s ign ifican tly  h igher than the nom inal levels, more so for the  L jung-Box s ta tis tic  

than for the Box-Pierce s ta tis tic .

There have been many applications o f parameter driven models for analyzing 

count data. Zeger (198S) modeled polio  counts in the I 'n ite d  States: Cam pbell 

( 199J) investigated the re lationship between sudden infant death syndrom e (SIDS) 

and environm enta l tem perature: Jorgensen et al. (1996) stud ied the relationship 

between resp ira tory m o rb id ity  and a ir po llu tion : Brannas and Johansson (199-1) 

modeled road accident counts as a function  o f some m eteorological variables such 

as snow depth, etc.

Several methods have been developed for the es tim ation  o f the model pa­

rameters. Q uasi-like lihood procedures are often used for the case when the latent 

process in the model is not e x p lic it ly  specified. Zeger (19SS) and B urne tt et 

al. (1991) are two examples using quasi-like lihood. Zeger (L9S8) uses estim a t­

ing equations to  estim ate the regression parameters and m ethod o f moments to 

estim ate  the covariance parameters.

The likelihood-based estim ation m ethod requires a m odel assum ption about 

the d is tr ib u tio n  o f the state process {> ',} (la tent process). Since {S’,}  is unob­

servable. the like lihood o f cannot be w ritte n  in a closed form . To calculate 

the like lihood num erica lly, the values o f the state S', are needed. Por the models 

w ith  observations from  the exponentia l fam ily. Fahrmeir (1992) estim ated S (t) by 

tlie  mode o f the posterior density p (s ('* |y (<)) which is p ropo rtiona l to the jo in t

8
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density o f S (<) and V (,). Chan and Ledolter (1995) proposed M on te  C arlo  EM 

(M C E M ) a lgo rithm  th a t converges at a linear rate. As a v iable a lte rn a tive  to  the 

MC'EM a lgo rithm , the M onte  C arlo  im plem entation o f the N ew ton-R aphson algo­

r ith m  was suggested by K uk  and Cheng (1997). It  is co m p u ta tio n a lly  faster than 

the MC'EM a lgo rithm  as it  converges at a faster quadra tic  rate. B o th  a lgorithm s 

require s im u la tion  from  S  given Y  w ith  the aid o f methods like  G ibbs sampling 

and rejective sam pling.

Durb in  and Koopm an (1997) developed M onte Carlo app rox im a tions to the 

log-like lihood o f the observed data Y  for the models w ith  co nd itio n a l density 

p(y\s)  and a linear Gaussian state trans ition  equation. The log -like lihood  is then 

m axim ized num erically. T h is  is a "m any samples" method according to the defi­

n ition  o f Geyer (1996). Inspired by Geyer's (199-1 and 1996) "one sam ple" Monte 

Carlo m ethod. K uk (1997) proposed a method using re la tive like liho o d  and ex­

tended it to  a ra tio  o f two d ifferent likelihood functions. A ll these estim ation 

methods involve s im u la tion  from  the d is tribu tion  p (s |y )  which com plicates the 

a lgorithm s. To date, the re la tive  performance o f these es tim a tion  m ethods has 

not been evaluated and th is is one o f the main goals o f th is thesis.

1.4 O utline o f T hesis

There has been considerable effort in recent years devoted to  the  develop­

ment o f methods to  fit e ffic ien tly  a ll the parameters in a param eter d riven  model. 

However, ex isting  techniques rely on the specification o f a su itab le  m odel for the 

corre lation s truc tu re  in the la tent process. As in linear regression w ith  correlated 

errors, there is a need for model diagnostic and iden tifica tion  techniques to  decide 

i f  it  is necessary to  include a la tent process in the specification o f the  mean of 

the Poisson counts, and i f  so. to  see i f  there is any evidence o f au tocorre la tion  in

9
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such a process. We follow the approaches tha t have proved successful in  linear 

regression in the next chapter.

In chapter 2. we show the consistency and asym pto tic  n o rm a lity  o f the Poisson 

m axim um  like lihood estim ator o f the  regression parameters in a param eter driven 

model w ith o u t considering serial co rre la tion . The proof is given when the la ten t 

process is s trong ly  m ixing. A m ethod o f testing  for the existence o f a la ten t process 

is developed and compared to  ex is ting  test statistics via s im u la tio n . Once the 

existence o f a la tent process has been detected, a sim ple and easily im plem entab le  

m ethod for estim ating  the autocovariances o f the la tent process is given. The 

standard errors o f the estimates are also provided. The perform ance o f various 

estim ators o f autocovariances is compared in a s im ula tion  study. A  test s ta tis tic  

for testing  serial dependence in the  la ten t process is proposed based on the s tudy 

o f the d is tr ib u tio n  o f au tocorre la tion  estimates. These test s ta tis tics  are also 

compared v ia  s im ulation.

C hapter •'! reviews two ex is ting  likelihood-based estim ation  m ethods for the 

param eter driven models. A new estim a tion  method is developed based on the 

approx im ation  to  the like lihood. Connections between our approx im a te  like lihood 

and the im portance density from  one o f the existing estim ation  methods are de­

rived. Param eter estim ation results o f three methods on a real da ta  set are given. 

O ur estim ation  method is also compared w ith  the other two v ia  s im ulations.

C hapter 4 summarizes m ethods, approaches and results o f previous chapters. 

L im ita tio n s  o f the work and open questions are also provided. F ina lly , the ap­

pendix contains consistency and asym pto tic  no rm a lity  results for special cases o f 

Poisson regression models.

10
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2. P A R A M E T E R  D R IV E N  M ODELS

The Poisson d is trib u tio n  has a characte ris tic  p roperty tha t the expected value 

and the variance are equal, and the Poisson regression model is a basic m em ber 

in the class o f count data models. However, the variance often exceeds the mean 

(overdispersion) in the count data in Poisson model fram ework and sometimes, 

serial co rre la tion  is present in the count data . In this chapter, we consider a 

class o f param eter driven models whose "observation equation” is governed by a 

Poisson d is tr ib u tio n . Overdispcrsion and serial corre la tion w ill be incorporated in

th is  class o f models. Denote the tim e  series o f counts by Y j Y’„ and suppose

tha t for each t. x nt is a r-vector o f observed regressors whose firs t component is 1. 

In some cases x nt may depend on the sample size n and form  a tria n gu la r array. 

We use {c ,} to  denote the latent process. In th is  setting, the state-variable $ t 

described in Section 1.2 can be set to  e ithe r the m u ltiva ria te  vector consisting o f 

(x j lt. l, )t  or ju s t t,.

The cond itiona l d is tribu tion  o f Y’( given x nt and t ( corresponding to  the ob­

servation equation o f ( l.o )  is assumed to  be Poisson w ith  mean ut =  ct exp{a:^(/3} 

denoted by

Y’f | t f . ~  Poisson(c, e x p { * , [ (/3 }). (2 . 1)

where /3 =  ( J t  Jr )T is a vector o f regression coefficients. The analogue o f the

state equation in th is  context is a specification o f the d is tribu tiona l properties o f 

the  la ten t process {c ( }. We assume tha t x n, is fixed and { t ( } is a non-negative 

s tr ic t ly  s ta tionary  tim e  series w ith  mean 1 and autocovariance function (A C V F )

-,(/ ,) = E[ (<f+h- ! ) ( < , - ! ) ] .  (2.2)
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The assum ption o f non-negativ ity  o f t t is clear in order to ensure th a t the 

cond itiona l mean o f Y, is non-negative. The cond ition  tha t E ( t t ) =  1 is imposed 

for id e n tif ia b ility  reasons: otherw ise, i f  c =  E ( t t ) ^  I. then c can he absorbed in to  

the in tercep t term  in the exponent o f ut. (T h a t is. one would replace t, w ith  ct/c  

and 3t w ith  3X +  logc.)

To meet the non-negativ ity  constra in t on c<, it  is often convenient to  model 

the logarithm s o f t, .  Le tting  a t =  logc f . i.e.. t, =  e xp (o ,). then the cond itiona l 

mean o f Y, can be w ritte n  as

u, =  exp { x Tnt(3 +  o f }.

In order for the corresponding f, to  have mean 1. we must assume £ [exp (a< )] =  1. 

There is not an e xp lic it re la tionship between the A C V F 's  o f { t ( } and { o , }  unless 

{« ( }  is a s ta tionary  Gaussian process. Suppose tha t { cf } is a s ta tionary log-norm al 

process, i.e.. { o (} is a s ta tionary Gaussian process w ith  A C V F  To satisfy

the id e n tif ia b ility  requirem ent tha t E[ct ) =  £ ’[exp(o ,)] =  I. it  is required tha t 

q , ~  .V( — <7^ ). where a*  is defined as ', , (0 ) .  the variance o f { o , }  process. 

So the mean o f { o , }  is —0.5 times its variance. W ith  th is  choice o f mean and 

variance in the log-norm al d is tr ib u tio n , there is a nice connection between the 

A C V F 's . ' , ( / ( )  =  E[cxp(at+h +  o ,) ] — 1 =  — 1 for a ll li.

Figure 2.1 displays a sample path o f a Poisson tim e  series generated from  

model (2.1) w ith  x^ ,0  =  (1. t /n  )(0 .1. 1 )r . n =  200. c, =  ca‘ and o, =  0 .5o ,_ i - f  

where r, ~  IID .V ( — 1 /A. 5 /4 ).

2.1 M eans, V ariances, and A utocovariances o f V,

In th is  section various key facts about the moments o f the observed count 

process V, are derived and relationships between the firs t and second moments 

o f the la ten t process t t are provided. Throughout, expectations, variances and

12
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Figure 2.1: Sample path o f a param eter d riven  model.

covariances are co nd itio n a l upon the regressors x„,  (and th is  w ill not be e xp lic it ly  

noted), but not on the  la ten t process unless otherw ise ind ica ted  in the usual way. 

Here. <rf :=  Yar(c( ).

Mean o f Y(:

fi, :=  E(Y, )  =  E [E(Y ',|cf )] =  e x p ( * * (/3).

Variance o f Y’( :

\  ar( Y’f ) =  E [ \a r (Y ’,|t ,) ] +  Y ar[E (Y ',|f,)] =  //, +  rrffif.

Autocovariance func tion  o f Y(:

A utocorre la tion  func tion  (A C F ) o f Y,:

( o rr( Y Y ' , ) ~  t)

(),{s -  t)
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where p, \h)  :=  C o rr ( t(. £<+/,). The AC'F o f Yt is not free o f the  regressors x nt. as 

is to  be expected. In the case when there are no regressor term s o the r than a 

constant, i.e.. r  =  1. the process {V ]}  is then s ta tionary w ith  the  AC'F given by

py( h)  :=  Corr{Yt .Y t+h) =  y
f l ~ l + < 7 ?

where p =  eJ‘ . Since // >  0 we see tha t

\p'[h)\-

Consider F igure 2.2 in which the AC’F for the  {V ’,} process is shown along w ith

A£F o f V prtJCOU 
o< pfocai

10
Lag

15 20

Figure 2.2: A utocorre la tion  functions o f the {V',} and la ten t processes

tha t for the la ten t process. C learly, even when the mean o f Yt is stationary, the 

AC’F o f the observed count process tends to  underestim ate tha t o f the latent 

process. This illustra tes the d iffic u lty  in detecting  dependence w ith in  the latent 

process. L it t le  or no corre lation in the V, may mask s ign ificant corre la tion  in the 

latent process and demonstrates t he fu t i l i ty  o f developing ident if ira tio n  procedures 

based solely on second-order properties o f t he data. Because o f  th is , methods are

14
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required to  estim a te  the underly ing  co rre la tion  and to test whether it  is zero. Such 

methods also need to be applicab le  when the regression term s are present.

2.2 A sy m p to tic  P rop erties o f  th e  G LM  E stim ates

In a linea r model w ith  tim e  series errors, e.g..

v; =  x j p + iv„

the firs t step in  f it t in g  such models is to  determ ine the autocovariance s truc tu re  

o f the tim e  series o f errors {11',}. Assum ing tha t {11',} is a linear process such as 

an A R M A . the  param eter f3 is estim ated using ord inary least squares (O LS) by

regressing the data  vector (Y’i  Y’n )r  onto  the W h ile  th is estim ate  ignores

the dependence s truc tu re  o f the { IV ,} .  the OLS estim ate has the same asym pto tic  

efficiency as the  M LE  o f f3 under a w ide class o f models for the IV, process (H an­

nan. 1970). The  asym pto tic  covariance m a tr ix  o f the OLS (and M L E ) estim ate 

does depend on the covariance s truc tu re  o f the IV,. Once a consistent es tim a to r o f 

/3 has been found, then the A C Y F  o f the IV, can be consistently estim ated from 

the sample A C Y F  o f the residuals defined by. IV, =  Y’, — x f  (3OLS. A model is 

then selected fo r { IV ,}  and the regression param eter (3 and the parameters o f the 

model for the  IV, can be re-estim ated using M LE .

We consider ca rry ing  out an analogous procedure applied to the param eter 

driven models. The first step is to  estim ate  (3 using G LM  or Poisson regression.

2.2.1 C o n sisten cy  and A sy m p to tic  N orm ality  o f th e GLM  E stim ates

The G L M  estim ate o f the param eters in a parameter driven model are ob­

tained using Poisson regression. The presence o f a latent process in the model is 

ignored. The Poisson model here is a misspecified model (W h ite . 1982) for the 

param eter d riven  model. I f  one does not assume that the p ro ba b ility  model is

15
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correctly  specified, it  is na tu ra l to  ask what happens to  the  properties o f the m ax­

im um  like lihood  estim ators (M L E ). We w ill show below th a t the CILM estimates 

o f the parameters ignoring  the presence o f a la tent process in the param eter driven 

models are s t il l consistent and asym pto tica lly  norm al.

Let V . V', be observations from  model (2.1) w ith  tru e  value (3 =  {30. The 

G LM  estim ate (3 o f (3 is obtained by m axim iz ing  the log-like lihood

l (P)  =  -  +  £  Ytxh/3 -  lo g [fJ (V ,!) ]  (2 .:l)
(=i (=i i= i

which ignores the la tent process in the model. In order to  derive the asym pto tic  

behavior o f /3. we need to  make some assumptions about the regressors x nt. O th ­

erwise. the usual asym ptotics may not apply. For exam ple i f  a linear tim e  trend 

is included in the model, then it is necessary to  d iv ide  tim e  by the sample size 

n. e.g.. x n, =  (1 , l / n ) T. W ith o u t d iv id in g  by n. the trend  coefficient cannot be 

estim ated consistently fo r negative values o f the coefficient (the  Poisson mean w ill 

eventua lly become a rb itra r ily  close to  zero). See Appendices A and 13 for details.

Assume there exists a sequence o f nonsingular m atrices ,\ /n such tha t the 

regressors obey the fo llow ing conditions:

\(= i

( ^ 2 * n t x l t+tl( iXn,+X" .1/,, -> QuiPo)  (u n ifo rm ly  in h).  (2 .o)

sup -► 0 . (2 .6 )
1 <  f <  n

and for h <  0 .

-> 0. (2.7)
i = i

and is un ifo rm ly  bounded in h as n —> 3C. S im ila rly , for h >  0 .

M l  ±  • M* Z , M ' " ~ * * ~ " * ' i i . - * o  a * )
t  — n  — h

16
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and is u n ifo rm ly  bounded in h as n —» oc. Define

n „ ( /3 0) :=  C o v [ . V / J ^ * n((V'( - / i ( )]
t=l

=  M j ^ 2 x ntxJlt\ rar(Yt ) . \ ln +  M j  * a t*L C o v (y - ; .V ’, ) . \ / n
f= l f,5=l,f^3
n n

=  U l Y . X "‘X nt(fl t +  +  Mn H  X ntx l j l tiL { s  -  t ) M n
f = I (.3= 1 ,f ̂ 3

n n  n

= Mf'52Xntxl tlhMn + M lY .Y.X«tX™WS<’{* ~
f = I  ( =  1 s = l

T h eorem  2.1 Let f3 be the CJLM estim ate  o f /3 obta ined by m ax im iz ing  l(/3) in 

(2.2) for the  param eter driven m odel (2 . 1). Further assume tha t the { * „ < }  satisfy 

the above conditions (2.-1 )-(2 .8 ). and J2h=o b ' 4 ) l  <  ac- Then.

and

where

o n(/3o) _> n , ( 0 Q) +  n n u3o) (2.9)

0  4  00- (2 - 10)

/i = — :c

M oreover, i f

M ] [ j 2 x n,cx ^ ( c t - 1 ) 4  ,V (0 .n / / (/30)). (2 . 11)
1=1

then

.V /- ‘ (/3 -  >30) 4  . \ ( O A } J l (/30) +  n j l ((30)Qn ( ^ ) n j l (/30)) (2 . 12)

as n —>■ oc.

R em ark 2.1 The m a trix . (f3{)). \[n. is the asym pto tic  covariance m a trix

associated w ith  the standard CJLM estim ate, while  M j  {(30)Qi i{(30) Q j l ((3^)\ I U 

is the a dd itiona l con tribu tion  to the asym pto tic  covariance caused by the existence 

o f the la ten t process. C learly i f  the  la tent process has sm all covariance then th is

17
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second term  w ill not con tribu te  very much. The form  o f the covariance m atrix  

given above shows e x p lic it ly  how autocorre la tion  inflates the tru e  asym pto tic  co- 

variance m a trix .

R em ark 2.2 The convergence in  (2.11) holds under a varie ty  o f conditions on 

the la tent process. For exam ple, i f  {a * =  logc( } is a linear Gaussian process (See 

Davis. D unsm uir and Wang (2000) for the proof) or i f  { t , } is s trong ly  m ixing w ith  

a su itab le  rate (the p roo f is given in Section 2.2.2) then the  centra l l im it  theorem 

in (2 . 11) holds.

R em ark 2.3 A wide range o f regression functions satisfy the conditions o f 

Theorem 2.1. These include trend  functions, harm onic functions and stationary 

processes.

2.2.2 P roof o f T heorem  2.1 W hen {c,} Is Strongly  M ixing

We w ill show tha t i f  a la ten t process {c t } satisfies the assum ptions (A l)  

(A 3 ) listed below, then (2.11) is va lid . The follow ing d e fin ition  and proposition 

are needed for the proof.

D efinition 2.1 (S trong ly  M ix in g ) A stationary process {.Y ( } is said to be 

strong ly m ix ing  (o -m ix in g ) i f

a(n)  :=  sup \ P ( . \ B )  — P{A) P{B) \  —> 0 as n —r d c .

where P(.) is the p robab ility . and JF^ are the <r-fields generated by <

0 } and >  n } .  respectively, and o (n) is called m ix ing  coefficient.

Proposition  2.1 (Davidson. 1992) Let {.Y,l(. t =  1. • • • .« .  n >  1} denote 

a triangu la r array o f random variables defined on the p ro b a b ility  space (fl.J F. 'P) 

such that

1. E ( X nt) =  0 and E ( E fn=, -Vn t)2 =  1:

18
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2. There exists a constant -y >  2 and a tr ia n gu la r array o f positive  constants 

{</nf} such th a t suprl{n  (n iax i< (< „ dnf )2} <  x  and ( ^ ( 7 ^ ) ^ ) ^  >s un ifo rm ly  

bounded in t and n; and

3. For each n. the  sequence {.Y n/} is s trong ly m ix in g  w ith  m ix ing  coefficient
  ->

o (m)  such th a t H m o (rn )■>-•* <  x .

Then the central l im it  theorem holds:

f \ Y „ ,  4  A ' ( O . l ) .

f = l

In add ition  to  the  conditions (2.4). (2.5). (2.7) and (2.S). we need the follow ing 

assumptions 011 the  la ten t process {c (} and the regressors x nt in model (2 . 1). 

A ssum ptions

( A l) .  There exist a positive constants S such tha t E( i ,  — l )'5+2 <  x :

(A2). The latent process {et } is s trong ly m ix ing  w ith  m ix ing  coefficient o (m ) such
4 + 2

tha t 2_.mQ( ” ! ) * <  :x:: ail(J

(A 3). There exists a sequence o f nonsingular m atrices \ I n such tha t 

suPi<t<„ \ M * x nt\cx Z'Po = 0 (  j Ti).

P roof o f T heorem  2.1 The CJLM estim ate o f (3 is obta ined by m axim izing

the log-likelihood function  1(0)  o f (V )......)'n) given in (2.3). M ax im iz ing  1(0) is

equivalent to  m ax im iz ing

m  -  /(/}„) = -  .  | _ xrt +  £ , V; _  , * T. A ]zl \ , nu.
< = 1  ( = 1

where

u  =  \ l ~ U / 3  -  0 O).

\Ye can rewrite  the above expression as

gn(u)  :=  1(0)  -  l ( 0 o) =  l ( M nu +  0 J  -  l ( 0 o) =  - H j u )  +  .-!„(« ).

1!)
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where

s „< u )  :=  £ e* r A [ e* I , u . «  -  | -  z l , \ l „ u ) .
t = 1

and

.-!„(« ) :=  £ [ * «  -  \ x TnlM nu.
t = \

Note th a t gn(u)  is a convex function  o f u  and so we can app ly a standard result 

for functiona l l im it  theorems.

F irs t note tha t

B A u )  =  +  L A u )
1=1

=  ^ u T M j [ ' j r x ntx l tcX ”'P°] . \ [nu  +  E n(u) .
(=i

where

E n(u)  =  £  e * -« ^ « [ £  ^ (a ^ . l/n U )* ] .
( =  1 i = 3  / -

Assum ption (A 3) assures tha t E n(u)  —t 0. and it follows by assumption (2.4) tha t

D n(u)  — > ^ u T9.,{f30)u

for any fixed u.

Next consider

A n(u ) =  U l u .

where

1 = 1

We show below tha t

U n 4  ,V(0 .Q /(/3 0) +  r>/ / ( /30)).

From the above. gn(u)  -> g{u)  :=  - ^ u r n /( /3 0)u  4- .V (0 .n /( /3 u) +  n //( /3 (J))u  

for every u  and since gn(-) is convex, the d is trib u tio n  o f i i n m axim izing gn(u)  

converges in d is tr ib u tio n  to  i i  =  X  (OAl J1 (/30) +  Q j l ( i {f l 0) QJl ((30)) which
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m axim izes g(u) .  See Rockafellar (1970) and Pollard (1991) for the theoretical

results required fo r th is proof.

We now show tha t U n A  ,V(0. Q =  f l / ( /30) +  H / / ( /30)). It  suffices to show

tha t

E ( ‘s T U - -+ c - k ^ a a

for every real vector s. Since the characte ris tic  function  o f a Poisson random 

variable w ith  mean A is we have, by cond ition ing  on {t< }. tha t

E t i8TU~ =  CXp{' j r i [ (ci* T -  l)L'LX«'Po _  i sTM l x ntt XT̂ \ ) .

Now.

£  U _  ,s T V Tz ^  x r i 3 a
(=i L

=  t  F * T" i X "  -  I -  i ‘ T
( = 1

+  ^ ( c«*r A/„r * - . _ 1) c*„rA (£(_ l)
( = 1

: =  D n  +  F n .

From assum ption (A 3) we know th a t sup1<t<„ | \ l j x nt |<x »'0o 

easily tha t
1 n 

E
i= i

0. It follows

so tha t

T u rn ing  to F n.

D n  —> — ~ s  f f / ( / 3 0 ) s .

\ r n - U = i i s Tu Z * n ' < x ”'P'>(tt -  1

(2.13)

< i £ ; = ,  ( a r . \ r] [xnt) \ x Z'0°(Lt - i )

+  COU.S/ £ " =I Is7 M j x m  I |f ( _

( 2 . 1-1 )
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The variance o f the term  inside the mod signs converges to  0 as n -> oc. and

hence th is  te rm  converges to  its mean 0 in p robab ility . M ore specifically, we have

Var E r= I ( 8T \ l * X nt)

=  {sTM l x nt) 2ex ^ c  (sT. \ f ?xnj) 2 ex Z>0»Cov(t l . t j ]

n E | f c | < n  I ' / ' ( M l<  su p i< (< „ \ s T M j x n t \ f * " ^ o  

—> 0 as n —r dc

by assum ptions sup,< t<u [|s r . l/ , [;c rit| cX "< & ] =  O (-J -) and J2h b - (M I <

The second term  in the right-hand-side o f equation (2.1-1) also converges to 

0 in p ro b a b ility  since its expectation converges:

t  |»r J C * J V J A  |c, -  111 =  £  \sr M l x J , xT~ ^ E \ u - 1 1 - 0 .E
,(=i (=i

because E\c,  — 1| is bounded by the assumptions E ( t t — l )'i+2 <  oc for <!> >  0 and

s r . ,  =  o ( ^ ) .

Now i f  we can show that

C .(s )  :=  51  sTM j x ritcX "‘P°  (e, -  1) -4 I '  ~  ,V(0 . sTQ n s). (2.15)
i= i

then

so tha t

D n +  Fn —> — — +  /V

Ec'sTVn -> =  e- j s r ns

as asserted.

Let <rl{s) :=  V a r(C „(s )) =  E  ( ^  sr M * x n,LXZ'P°(i ,  -  1)
(=i

=  » T . u J
i=1j =l

M na.

Note E C ri =  0 and a 2( s )—>sr n / /s .  Let Z ri, =  — 1 ) / < t „ ( s ) .  we

want to  show tha t E "= i ^ nt "4 .V(0. 1). We now ve rify  tha t { Z nt} satisfies the 

assumptions in Proposition 2.1.
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It is clear tha t

E ( Z nt) =  0 and £ ( £ z n, ) 2 =  £
( = 1

C a(s)
2

<rn{s)
=  1.

Take dnt =  1 / y/n.  then s u p „{n (m a x i <t<n dnt )2} — 1 <  3C- 

Now. fo r 6 >  0.

■5+2 I <+2 _ <* + 2

_ STU f X n" X Z'Po rp.  ■ .f+ 2] J7?
Tn ( S) dnt [ L ' t (  J

which is bounded un ifo rm ly  in t and n by assumptions ( A l )  and (A 3 ). The 

assumption 3 o f P roposition 2.1 is assured bv the assumption (A 2). A p p ly  Propo­

sition  to { Z nt}- we have Zm —> A’ (0 . 1). Thus.

C ' „ ( s )  - )■ A ' ( 0 . s r n / / s ) .

This finishes the proof.

2.2 .3  A pp lication  to the Polio D ata

The po lio  data set consists o f the m on th ly  number o f cases o f po liom ye litis  

in the U.S. for the years 1970 1983 as reported by the Center for Disease Con­

tro l and Prevention. Th is data was o rig in a lly  modeled by Zeger (1988) and has 

become a standard exam ple in the fie ld. The data p lo tted  in Figure 2.3 reveals 

some seasonality and the possib ility  o f a slight decreasing trend. Detection o f the 

decreasing trend  is one o f the main objectives in modeling th is  data.

We app ly  the results o f Theorem 2.1 to the polio data and use the same 

regression variables as in Zeger (1988) consisting o f an in tercept te rm , a linear 

trend, and harm onics at periods o f (j and 12 months. Specifically.

x, =  ( 1. / 7 1000. ccjs(2 - / 7 1 2 ). s in (2 - / 7 12). cos(2 - / //G). s in (2 - C / 6 ) ) r .

where / ' =  (/ — 73) is used to  locate the intercept term  at January 1976 as in 

Zeger’s analysis.

23
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Figure 2.3: M o n th ly  num ber o f cases o f po liom yelitis  in the  F.S . (1970 -1983)

Table 2.1 summarizes Zeger’s estimates (based on quasi-like lihood  es tim a t­

ing equation approach) o f j3 and CILM estimates arising from  a standard CILM 

fit. The asym pto tic  standard errors for the G LM  estim ates given in the The­

orem 2.1 are estim ated using the values o f a? =  0.77 and / ) , ( ! )  =  0.77 re­

ported in Table 3 o f Zeger (1988). These were obta ined using the formulas 

V ar( P g l u ) =  w ith  Q /,„ =  £ " =1 x tx [ t x ^ o L M  and Qri,n =

5Z(*=i £ j= i  x t — 0 - b’se o f the correct standard  errors for the 

trend term  would lead to  the conclusion tha t the trend is not s ignificant whereas 

use o f the standard errors produced by the G LM  analysis w ou ld  lead to  declaring 

the trend to  be s ign ificant.

The final two columns o f Table 2.1 report the results o f 5000 sim ulations 

o f a tim e  series o f length n =  108 using the G LM  fitted  values. (3cn.u- as l l1(‘ 

true values. The la tent process in this s im ula tion  is assumed to  be a log-normal 

autoregression o f order 1 w ith  mean —a f j ' l  — —0.285. lag-one corre lation o =  

0.82. and variance =  0.57. These values o f the param eters were chosen in
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order to  m atch the second order properties o f  the fitte d  {c ,}  process o f Zeger

(1988). The average over the 5000 s im ulated values o f the in te rcep t estim ate 

is observed as 0.145 which is biased downwards from  the true  value o f 0.207 

used in the  s im ula tions. The o ther parameters appear to  be estim ated w ithou t 

substantia l bias. The standard deviation o f the  G LM  estim ates observed over the 

5000 rep lications are reported in the last co lum n. These are in good agreement 

w ith  the standard errors obtained from  the asym p to tic  theory.

Table 2.1 Param eter estimates and th e ir  standard errors for Polio 
data.

Zeger

@ Z  s - ° -

G LM  

P g i . u  s -e -

Asym  

s-c - ( P g l m  )

S im u la t 

a v c ( f i r ; i . \ i ) s

ions

■ d - { f i r ; i . \ t )

In tercept 0.17 0.13 0.207 0.075 0.205 0.145 0.214n1OX -4.45 2.68 -4.799 1.403 4.115 -4.871 4.261
cos(2~ / ' / l 2 ) -0.11 0.16 -0.149 0.097 0.157 -0.150 0.152
s in (2 - P / 12) -0.48 0.17 -0.532 0.109 0.168 -0.536 0.166
cos(2~ P /6 ) 0.20 0.14 0.169 0.09S 0.122 0.171 0.123
s in (2 ” / ' / 6 ) -0.41 0.14 -0.432 0.101 0.125 -0.438 0.127

2.3 T esting  for th e  E xisten ce o f a L atent P rocess

P rio r to  the es tim ation  o f autocovariances it  is suggested th a t a test for 

the existence o f a la tent process be perform ed. Brannas and Johansson (1994) 

reviewed the fo llow ing s ta tis tic

.. s u i u ; - y . ) ; - y ; i

derived by several authors and based on a local a lte rna tive  hypothesis or the 

Lagrange m u ltip lie r test o f the Poisson d is tr ib u tio n  against a negative binom ial 

or more general K atz  d is tr ib u tio n . A variant, in troduced by Dean and Lawless

(1989) " to  im prove on the small sample perform ance o f the te s t" , also considered 

by them  is

< 7 _  E i = i [ ( * ' <  ~  I h  f  ~  V i  +  h t j i i ]
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where ht is the fth  d iagonal value o f the uh a t“  m a trix . The "h a t"  m a tr ix  for gener­

alized linear models extends tha t for linear regression and is defined in Fahrm eir 

and Tutz (1994. p .127). for exam ple, as H  =  A 1/ 2.Y(.Yr A .Y )_ 1.YTA 1/ 2. where 

A =  diag(/z [. • • • . / / „ )  and .V =  ( x ^ , . • • •. xJin)T is the design m a tr ix . The sum of 

these ht values is r  ( th e  dimension o f /3). Both o f these test s ta tis tics  are one-sided 

and asym pto tica lly  d is tr ib u te d  as an X(0. 1) variate. M onte C a rlo  w ork reviewed 

in Brannas and Johansson (1994) suggests tha t Sa has be tte r size properties in 

small samples.

We introduce an a lte rna tive  test specifically designed for ovcrd ispersion due 

to the existence o f a la ten t process in a Poisson observation process. Th is test 

uses higher moment properties o f Poisson observations. Under the  nu ll hypothesis 

tha t there is no la ten t process (i.e .. t t =  I) ,  the Pearson residuals

v; -  fit
Vlh

have approxim ate ly zero mean and un it variance. Hence the s ta tis tic

Q =  ( ~ Y , ct ~  l ) / a Q-
n i= i

where
1 1 n I

n n “  fi,

could be used to  test for the presence o f a latent process. The expression for cTq 

is easily derived using the fact tha t a Poisson random variable V’( w ith  mean fi, 

has fourth  central m om ent E{Yt — fit)4 =  fit + •’!/'?• Under the hypothesis tha t the 

variance o f the la tent process is zero.

Q ~  ,V(0. 1)

approxim ately.

S im ulation results, based on the CJLM fitted  values from the analysis o f tin* 

polio data, are used to  assess how well the d is tr ib u tio n  o f Q is approx im ated  by the
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asym pto tic  :Y(0 , 1) d is tr ib u tio n  under the n u ll hypothesis. 10000 rep lica tions o f 

a tim e  series o f length n =  168 are obta ined from  sim u la ting  independent Poisson 

variates (i.e.. w ith  no latent process present) w ith  mean pt =  fit . where f i t is the 

G LM  fit to  the polio  data considered in Zeger (1988). S im ulated type  I errors 

using Q are obtained and given in Table 2.2. For each replicate in the s im u la tion  

a model o f the same form is fitted  using the  G LM  procedures to  the s im ula ted 

data.

Table 2.2 Type I error for s ta tis tic  Q.

o 0.100 0.050 0.02-5 0.010
E m pirica l P{Q  >  r , ^ ) 0.081 0.012 0.005 0.002

These clearly indicate tha t Q as defined above does not achieve adequate 

nom inal type I e rro r probab ilities and w ill be qu ite  conservative for testing  for 

the existence o f a la ten t process. The mean and standard devia tion  o f the  Q  were 

observed to  be —0.27 and 0.78. respectively. The m ain source o f the poor coverage 

is due to the negative bias in Q.

A lte rna te  estimates o f residuals which ad just for bias due to  model f it t in g  

could be used. For example one could use the  d iv iso r n — p instead o f n in the 

num erator o f Q.  The resulting s ta tis tic  had appreciably bette r perform ance than 

Q  but was s till on the conservative side. A second approach tha t is reasonably 

sim ple to  im plem ent would be to  use standardized Pearson residuals defined as

f', =  cf/ ( l - / « f )0-5.

I ’ sing these standardized residuals we define

<? =  < - £ < " ? -  n / * o
"  sT

and sim u la tion  results using 10000 rep lications based on th is s ta tis tic  are sum ­

marized in Table 2.8. The mean and standard deviation o f Q are —0.001 and
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0.S09. respective ly and clearly th is test s ta tis tic  shows a clear im provem ent over

the  previous ones.

Table 2.3 Type  I e rro r for s ta tis tic  Q.

Q 0.100 0.050 0.025 0.010
E m p irica l P (Q  >  c ,_a ) 0.063 0.028 0.013 0.005

F urthe r w ork is required to  thorough ly investigate  the sam pling d is tr ib u tio n  

o f Q.  In  the  m eantim e we would recommend the  use o f the standardized Pear­

son residuals as in Q  but recognizing tha t the test for the existence o f a la tent 

process m igh t be conservative. I f  th is is not sa tis facto ry s im u la tion  could be used 

to  de term ine significance points for the d is tr ib u tio n  o f Q.  For exam ple the sig­

nificance points in Table 2.-1 were obtained using the  same sim u la tion  as in Table

2.3 and these values are at most 20% sm aller than the values predicted from  the 

asym pto tic  norm al d is tr ib u tio n .

Table 2.4 Significance points for s tatistics Q.

o 0.100 0.050 0.025 0.010
r-_ „  s.t. P ( Q > : ' l _ J  =  l - a 1.01 1.40 1.69 2.06

An a lte rna tive  m odification  to Q which adjusts for the use o f estimates //, is

1 A

(= i

where

and

(Tq -  = I ( I y  +  2 )

n, = Y t XntxTnltx^ ^ .
t~ i

S ta tis tic  Q~ showed marked im provem ent over Q.

We next compare the size and size adjusted power o f the four statistics 

Q . Q . Q '  and F irst the size properties are lis ted  in fables 2.0 and 2.(i for 

a s im u la tion  o f 10000 replicates assuming no la tent process is present.
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Table 2.5 Type  I errors for s ta tis tics  Q . Q . Q '  and Sa using model 
(2 . 1) w ith  linear regression x Tnt( i  =  1 +  I f / 100 fo r f =  1.......... 100.

a 0.100 0.050 0.025 0.010
E m pirica l P(Q >  
E m p irica l P(Q  >  ; ,_ .,)  
E m p irica l P{Q’ >  Ci_a) 
E m p irica l P(Sa >  c i_ „ )

0.075 0.039 0.019 0.010 
0.097 0.051 0.030 0.014 
0.097 0.050 0.029 0.013 
0.104 0.05S 0.033 0.017

Table 2.6 Type I errors for s ta tis tics Q.  Q.  Q ’ and .S', using model (2.1) 
w ith  cosine regression x^tj3 =  1 +  Icos(2<rf/12) for f =  1 ,____100.

o 0.100 0.050 0.025 0.010
E m pirica l P(Q  >  c i_ l t ) 0.062 0.032 0.015 0.008
E m p irica l P(Q  >  c i_ „ ) 0.0S4 0.042 0.023 0.011
E m pirica l P{ Qm >  C [_„) 0.0S5 0.042 0.022 0.011
E m pirica l P (5 , >  C i_„) 0.096 0.058 0.035 0 .01S

In add itio n  the power o f the test to  detect departures from  the nu ll hypothesis 

are investigated using 10000 replicates and the same mean models. S im ulation 

results are given in Table 2.7. The la tent process is generated using a lognormal 

d is tr ib u tio n . The latent process has variance <rf =  0.05 chosen to give a small 

dev ia tion  from  the null hypothesis. The autocovariance is sim ula ted using an 

autoregressive process w ith  o  =  0 and o =  0.9. The results are for a size 0.05 

test, based on 10000 replications.

Table 2.7 Power o f the four s ta tis tics Q . Q . Q * and .S', for both linear 
and cosine regression cases.

L inear regression 1 +  1 //100 Cosine regression 1 +  lcos(2~ f / 12)
O =  0 O =  0.9

oIIO O =  0.9
Power o f Q 0.327 0.200 0.212 0.160
Power o f Q 0.382 0.242 0.259 0.201
Power o f Q' 0.379 0.239 0.258 0.203
Power o f .S’, 0.439 0.232 0.376 0.271

On the basis o f this lim ited  s im u la tion  it  would appear as though the 

s ta tis tic  has be tte r type I error rates (i.e .. closer to  norm al d is tr ib u tio n ) and
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larger power. Note also tha t i f  the la ten t process has positive  autocorre la tion 

(<? =  0.9). the power o f a ll four statistics is reduced re la tive  to  the case o f w h ite  

noise la ten t process (o  =  0). The test s ta tis tic  Sa appeared to  perform  best and 

w ill be adopted in  the rem ainder o f th is chapter. Further research is required to 

dem onstrate tha t Sa is preferred in all circumstances.

2.4 E stim atin g  th e  Variance and A utocovariances o f  th e  Latent Pro­
cess

We now assume tha t the test based on Sa rejects the hypothesis o f no latent 

process. Various estimates o f the autocovariances have been suggested in the 

lite ra tu re . We firs t review these, then suggest general weighted estimates from 

which “ o p tim a l"  estimates are derived. Later in th is  section, adjustm ents for 

serious bias in autocovariance estimates w ill be suggested. .Simulation results for 

com paring the estimates are provided.

2.4.1 P reviou s E stim ates

Zeger (19SS) proposed the following estim ate

.. - / - . . i 2 - / 'M
", .z  =  - . .z (0 ) =  ---------- ----------------------

2- r= i / ‘ f

o f a, which is exactly  unbiased i f  fit were replaced by the true  value fi, and. 

therefore, one m igh t expect rrf 7 to be approx im ate ly  unbiased. He also suggested 

a m ethod-of-m om ents type estim ator for the  A C Y F  and AC’F o f the latent process 

which are defined by

tl II
I'.z ( t ) \ { (  ̂f t-T fl l - r ) }  /  ^  ~ fhfh-T

l=T+| (=T+1
and

P. A r )  =  i ' - A T ) / a f r / . (2 .l( i)

respectively.

:10

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Brannas and Johansson (1994) took a d iffe rent approach to  estim ation  o f the

ACV'F. T h e ir estim ate .

BJ  y n  ‘A
2 ^ t = l  h t

is derived by using o rd ina ry  least squares (O LS) regression o f (Vj — fit )2 — fit on 

its approx im ate  expected value o f cr2fif. This same idea extends to  o ther nonzero 

lags o f the AC’V’F by noting  tha t

£[(>( -  f ‘ t ) (  V(-T -  /q - r ) ]  =  p, (r )cr; / / , /q_r .

Regressing (V, — f i , ) ( Y t - T — on p t h t - r  leads to  the autocovariance estimates

n n
=  Y .  f l t f l t - r { ( Y t  -  f l t ) { Y t - r  -  i h - r ) } /  5 2  f i t f - r

/=r+l f=r+l

and corresponding autocorre la tion  estimates

P> ,b j { ~  ) =  i > . B j ( ~ ) / Y f B J .

where 'BJ is as defined above. The Zeger or Brannas and Johansson estimates o f 

variance and autocovariances are not guaranteed to  form  a non-negative defin ite  

sequence and therefore the autocorrelations arc not guaranteed to be less than 

one in absolute values. As we shall see la ter, both methods produce estimates o f 

autocovariances w ith  large negative bias, while the  autocorre la tion  estimates have 

considerably less bias. Most o f the bias in the autocovariance estimates is d ire c tly  

a ttr ib u ta b le  to  the large bias in the estim ate o f erf.

2.4.2 O p tim ally  W eighted E stim ates

The above* estim ates are not necessarily o p tim a l in any sense other t han being

approx im ate ly  unbiased. In p a rticu la r the in d iv id u a l term s in the sum m ations

are not adjusted to  account for unequal variances. By analogy w ith  the use o f 

weights in fo rm ing  estimates o f the variance o f the  la tent process, some form

M
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o f w e ighting  could be useful in form ing autocovariance estimates. YVe consider 

weighted estimates o f autocovariances which are required to be unbiased for any 

underly ing  s ta tionary  la tent process. C a lcu la tion  o f the variance o f any such 

estim ates w ill require estim ation  and knowledge o f the autocovariances. However, 

in the case where the la tent process is a sequence o f independent random  variables 

the  variance o f these weighted estim ates is read ily  com putable as we w ill show. 

Since the hypothesis o f independence is o f p rim a ry  in terest, ob ta in ing  m in im um  

variance estimates is desirable.

M ore generally, consider weighted estim ates o f the form :

r=l t=l

where

E t -  I ’/  -  f i~l and \', =  (V, -

Note tha t

t=i (=i

=  ( E '> '* ) ■ 'E " ' , V r 2[ £ 'o ;
f=t (=i

=  ( Z 11 ? ) " '  Y  [v?Ll72hl ‘ +  -  / 'f]
(=i (=i

so tha t the weighted estim ate is approx im ate ly  unbiased. Zcger's estim ate  cor­

responds to  choosing weights I I ’2 =  /if w h ile  tha t o f Brannas and Johansson 

corresponds to choosing weights l l ' 2 =  / / / .  Note also tha t these weighted esti­

mates are not guaranteed to be positive*. However, it  is un like ly  that a negative 

estim ate  w ill be produced from these methods i f  the test o f Section 2M supports 

t he presence o f a la tent process.

•12
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I t  is s tra igh tfo rw ard  to  show tha t the op tim a l weights for m in im iz ing  the

variance o f cr^w are given by

U?.oP< =  I /V a r (E t ).

C a lcu la tion  o f the variances required for th is are com plicated since they depend on 

moments up to  order 4 for the la tent process when it  is a sequence o f independent 

random variables. For la tent processes w ith  autocorre la tion  the calculation is 

fu rthe r com plica ted. In add ition  these higher moments and autocovariances must 

be estim ated.

Because o f these potentia l com plications we w ill l im it  the discussion to the 

case where the la tent process is assumed to  be a sequence o f independent and 

iden tica lly  d is trib u te d  random variables. In order to  carry out the calculation 

o f th ird  and h igher moments we w ill also assume th a t t t =  t'*' is a log-normal 

process. Then

V a r(£ f ) % / / r ‘, Var[(V, -  / i f )2 -  //,]

=  / 't " -1 {£ [(* '«  ~ h t ) 4 ] ~  ( f ‘ t + < V ) 2}-

and using properties o f the log-norm al d is trib u tio n .

E[(Vt - ^ ) A] =  { / i r + / i f [ 7Ĉ - 4] + / i ? [ 6e ^ - l 2c ^ + 6]

+ t f [ c * Ti‘ -  A t 3" *  +  6c " *  - 3 ] } .

so tha t the o p tim a l weights arc given by

^  t.Opt =  l / ^ a r ( / : , )  = / i ('/Z ? ( .

and the o p tim a l weighted estim a to r for variance is given by

. 2 _ t o -. - / i . ) a - / i «

Y u &^ '= ‘ Hi
K o P, = -------- - ---------- ^-------------- • c m :
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where

B t =  E[ (Yt -  jq )4] -  (/q  +  aj f i2)2

=  fit +  fif[7ea° -  5] +  /i? [6e3<T" -  H e *- +  S] (2 .IS)
+ /^ [e ^ '>  -  4e3‘r-  -  e2a*' +  Sc"- -  4].

Calcu la tion o f these op tim a l weights would require an ite ra ted  approach s tarting  

w ith  an in it ia l estim ate  o f a 2.

Note tha t the  variance o f the o p tim a lly  weighted estim a to r is

Xar{a' -°pt ) *  H U M / B t ) '

and tha t o f Zeger s estim a to r is

r,  Z t = l Bt

(E r= , / i? )a
\ ’ar{(T27 i ~    t— .

For the polio data , using the G LM  fit to  obta in  /q  and using the value o f a 2 =  

0.57. the values o f these variances are approx im ate ly  Var(<r20pJ  % 0.462 and 

Var(<72z ) % 0.532. These ind icate  a modest im provem ent in  estim ation o f variance 

using the o p tim a l w eighting based on the (incorrect in th is case) assumption that 

the la tent process is independent.

As noted above, in the non-independent case, the calculation o f op tim a l 

weights w ill be com plicated by the ir dependence on unknown covariances. To 

im plem ent the above op tim a l weighting scheme, an in it ia l estim ate o f the vari­

ance a 2 is required. One possib ility  is to  use the weights based on the assumption 

tha t the la tent process has zero variance and then use the resulting estim ate to 

obta in the o p tim a l weights.

Now tu rn  to  the estimates o f covariances o f the la tent process. Consider the 

weighted estimates

* '. » ( / ')  =  y^n-h [ I ' l l -  ^  < + (--19)
2^ f= i ,= i
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They are approx im ate ly  unbiased for the true  covariance since the in d iv id ua l terms

satisfy

E ( \ S t  + h) ~  (PtPt+h) *Cov( Vf. \  t+h )

= 7<(/0-

The approxim ate  variance o f these estimates, under the assum ption tha t the latent 

process is w h ite  noise, is:

Var(~„.»•(/*)) *  - | — rj Y .  + 1 //£,+*). (2.20)
(1.1=1 »*',»*' t + h  ) t = \

The fo llow ing op tim a l weights can be derived d ire c tly  from  the fin ite  sample ap­

prox im ation  as

=  (a? +  l / / i , ) _I 

which gives the op tim a l estimates for autocovariance

, ££?«? + i / * r W  +
u-op, ( / | )  =  ---------------------- 7---------------------------------------------------------   (2.21)

Z ? = i h W  +  i / f h ) - l W + i / i > l + h ) - 1

and corresponding op tim a l autocorre la tion  estimates

pt .O pt (h )  =  i . i  (*2.22)

The op tim a l weight leads to  an approxim ate asym pto tic  variance o f the op­

tim a l estimates o f autocovariances given by

Vi — h

Var(~,,.i»-op.(M) V ,2 +  1/ W / . )

- i
- l

L ( = l

Zcger's (1988) estimates use weights W’f  =  //, which leads to  an approxim ate

variance

n - h

\ 'a r(- ,,.ir z (/i) ) % 1---------  JT  r f r f+ht *? +  I / / / t +/.:
(E,=i fhfh+hV ,=i
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Brannas and Johansson s es tim a to r corresponds to weights =  f i2 w ith  cor­

responding approxim ate variance

Y n  — h

\ ra r (~ , f M - B j ( h ) )  % h 2 2 Y ,  t i v U h t f  +  U V ' H v ?  +  1 / f i t + h ) -  
\ 2 - /  =  l ( * t f l t + h l  (=1

We compare the approxim ate  asym pto tic  variances o f A C V F  estimates for 

some sample mean functions. Consider the  case w here/q  =  g ( t / n ) =  exp ( f ( t / n ) Tj3). 

Then the approxim ate variances for Zeger and the o p tim a l estim ates can be fu r­

the r approxim ated as follows. Cnder the assumption o f an I ID  la tent process { ( , } .  

for Zeger's estimates we have

V / -  / I \ \ f J o V (•*•)(07</(•*•) +  l ) 2^
fiVar(->,.it-z(/»)) % l z  :=  ---------;------------------~2--------- • (-2.23)

( Jo1 g2{-r)f^)

For the optim a l estimates, we ob ta in

« V a r ( i .u-op,(/i)) sss l 0pt :=  -  1 . (2 .2-1)
Jo g2(-r){(rfg(s) +  1) 2dx

Note tha t these estimates have the same variance when g(x)  =  c. a constant, w ith  

common value (ca2 - f l ) ‘ / c 2. W hen g(x)  is not constant and a 2 =  0. they also 

have a common variance

It is easy to show tha t /7  >  Io Pt using the Cauchy-Schwartz inequality. In 

general the larger rr2 and the more varia tion in the mean te rm  //,. the larger 

the difference between the asym p to tic  variance for Zeger’s proposal and tha t o f 

the op tim a l estimates. The integra ls can be evaluated read ily  using standard 

num erical methods.

2.4 .3  Bias A djustm ents for E stim a tes  o f A utocovariances

In this section we consider b ias-correction strategies for the estim ators o f 

autocovariance. E xp lora to ry  s im ula tions show that for the Zeger estim ate o f a 2. 

the num erator seriously underestimates [(Yt — fit)2 — //<] w h ile  tin* denom inator
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overestim ates £ " _ ( fi2 . C learly, bo th  d irections o f bias in these term s con tribu te

to  the bias in the ra tio .

To correct for the bias in the es tim a tion  o f fit. we use the asym pto tics from  

Theorem  2.1. F irs t note tha t we m ay w rite

fit =  fit e x p (x ^ ( /3  -  3 0)).

Since (/3 — (3q) is approxim ate ly n o rm a lly  d is tribu ted  w ith  mean 0 and covariance 

m a tr ix  G n =  Q7.n +  fit has an approxim ate log-norm al d is tr ib u tio n

w ith  mean

E(fit) =  f i ,E[exp(x[ t((3 -  /30))] =  fit cxp(xJaG nx nt/2 )  (2.25)

and second moment

E(ft2) =  fi fE[cx p ( 2x l t(/3 -  f30))\ =  ft- cxp(2x l tG nx nt). (2.26)

In o the r words fit and ftf have positive  bias. Now consider the term

- J Z i n  - f ‘ t )2 =  - £ ( v ;  - i h f  +  -  fi t)2 +  ~ i t . ^ ' t  -  fh ){fit -  fit)-
n t=i » n fTi n T̂ x

In analogy w ith  standard regression theory, the last te rm  is negligible. Csing 

(2.25) and (2.26). the second term  has approxim ate  expectation given by

1 n 
E
t=in

-  {c2XLG’'x ’u -  2<xr" a"x " 12 +  l )  . (2.27
n t=i

A bias-corrected estim ate of ^£ "_ |(/" i<  — fit)2 is then

L ^ 2 f l f c- 2XL ^ Xn, ^c2X L c ’‘X n, _ . l c x i tanx ntn  +
(=1

T urn ing  to  the denom inator o f bf 7 . an approxim ate unbiased estim a to r o f /if is 

/ ife .x p (—2x l tG nx nt) so that

(=i <=i
E  ) ~  H / b 2-
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Based on these approxim ations to  adjust for the biases in  the  num erator and

denom inator o f Zeger's estim ate tr2nZ. vve suggest the estim ate  o f  variance given

by

^2 £ 1=1 [(V'i -  fit)2 +  f i f t - ' idt(e2d' -  2ed,/2 +  1) -

a z i ’B =  £ (= , / ^ - M  * 

where dt =  xJltC!nx nt. and in which the estim ate o f the a sym p to tic  covariance

m a tr ix  is given by

where

and

G\  =  9 ^ + n j l O . u J l j l .  (2.28)

a
9 / , n  =  f l t

( =  1

i ,  rn in(«  — t i . n )

9 l l , n  ~  X n t X r l j  +  h f l t f l t  +  h ~ > . z ( ^ )

k =  — L  f=m»x( 1 — /i. 1)

for some m axim um  lag L specified somewhat a rb itra rily . A ltho u gh  the estimates 

~,.z(h)  are biased we do not recommend ite ra ted estimates obta ined by replacing 

~i'.z(h) w ith  updated i z . i ’B(h)- Such a replacement i f  ite ra ted  would lead to 

divergent estimates because the ad justm ent term  in the denom inato r would get 

progressively closer to zero. An a lte rna tive  procedure is to model the ~;,,z(h) by 

use o f an autoregressive process or o ther su itab le model. Th is does not appear to 

lead to be tte r estimates than those based on the non-param etric forms proposed 

above. In fact the estimates appear to  be worse as measured by bias and variance.

Em ploying s im ila r approxim ations we suggest the fo llow ing  bias-corrected 

estimates for the autocovariances.

. .  . T . ? = i h [ ( > ' ,  - f i , ) { Y , + h  -  f h + h )  +  f i t f i t + h t ~ c , h / 2 ( c C t h / 2  -  c d , / 2  - t d " " / i  +  J ) ]
IZX B(fi) =  --------------------------  - h . .---- 2-

£ , = i  I h f i t + h *  L" , / 2

where clM =  ( x n, +  x,u+h)r G n( x nt +  x nA+h). and d, =  xfltG nx nt.

The corresponding autocorre lation estimates are given by

f>Z.L-B( l<)= i z jB(h) / v2z.l B - C-, -29)
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Follow ing the same idea, we get the fo llow ing  bias-adjusted o p tim a l estim ates

for variance:

a o p t , l  b  ~

En "  t . Op t

'=> “ AT (V'( — fit)2 +  f i f t  2Jt(c2,i‘ — 2c-'i,/2  +  1) — fi,c dtl'2

£?=, u?.oP,

where

and Bt is the estim ated version o f Bt given in  (2 . IS). S im ila rly , the bias-corrected 

op tim a l estim ate  o f the covariance function takes the form

v; -  fitHYt+h -  f t+h)  +  f i i fh+ht~c,h/2( t c,h/2 -  cJ,/2 -  ( d'+>'/2 +  i )r - ' n  — /i

~OPT.UB (« ) =  -----------------

where

r r ^ ^  +  i / z b ) - 1.

The corresponding autocorre la tion estimates are

t>OPT.l8{h) =  ~OPT.l‘B(h)/vbpT.LB-  (2.30)

I t  is s tra ightfo rw ard  to show tha t these adjusted estimates are consistent. In 

p a rticu la r G n w ill converge to zero as n —r oc. Th is im plies tha t the ad justm ent 

to  the denom inato r w ill tend to  u n ity  w hile  tha t o f the num erator w ill tend to 

zero as is required for the adjustm ents to be asym p to tica lly  negligible.

2 .4 .4  C om parison of th e E stim ates

We now describe our s im u la tion  results to  compare the perform ance o f the 

Zeger and bias-adjusted Zeger estimates along w ith  the op tim a l and bias-corrected 

o p tim a l estim ates for autocovariances and autocorre la tions o f the latent process. 

In Tables 2.8 2 .11 we report sample means and sample standard deviations (S I))

o f these estim ators over 3000 replications for tw o Poisson regression models w ith  

d ifferent parameters and sample sizes. For each replicate o f generated count data
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series o f length n. p t was obta ined from a G LM  fit. The la ten t process used in the 

sim u la tion  is e ithe r 11D or correlated. Since the o p tim a l estim ates were deriv ed 

under the  assum ption o f I ID  la ten t process, we would expect o p tim a l estimates 

to  perform  b e tte r than  Zeger estimates in the case o f an I ID  la ten t process.

In the com puta tion  o f the bias-adjustment factors, we used L =  10 in (2.28) 

for a ll realizations. The autocorre lation results p,(h)  are cond itiona l on $ fi >  

1.645. T h is  was done to  e lim ina te  values o f au tocorre la tions bad ly affected by 

zero or near zero variance estimates.

We sum m arize the results for sample size n — 100 firs t (Tables 2.8 and 2.9). 

I'n d e r the IID  la tent process (o  =  0) and for both linear and cosine regression 

cases, the o p tim a l covariance estimates have sm aller variances than Zeger esti­

mates a lthough they have s im ila r bias. This holds true  for autocorrelated { t ( } 

and cosine regression case. W hen {c (} is autocorrelated and the regression is lin ­

ear. o p tim a l covariance estimates are s ligh tly  less biased than Zeger estimates but 

have larger variances. The bias-corrected estimates reduce the  bias but at the ex­

pense o f h igher variance. Both the bias-adjusted Zeger and bias-adjusted optim a l 

estimates s t il l have same m agnitude o f bias, the la tte r has sm a lle r variance.

W ith  the increase o f the variance in the la tent process {crft is from log 2 to 

log o), the bias increases in all estimates. When there is substantia l autocorre lation 

present (o  =  0.9. <rj =  logo), there is also substantia l bias in the estimates o f the 

autocovariances -),(//) - th is  occurs in all estimates to  a s im ila r degree. This would 

im pact the es tim a tion  o f the correct asym ptotic variance in  the G LM  estimates 

o f (3 o f Theorem  2.1. Positive serial correlation in the la tent process would tend 

to lead to  underestim ating  the correct standard errors o f the G LM  estimates.

For the estim a tion  o f autocorrelations p,(h)  the bias is not as severe. The 

bias-adjusted estim ates o f autocorrelations have be tte r bias properties, although 

the unadjusted estim ates perform  reasonably well. The bias-adjusted estimates
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o f autocorre la tions are s lig h tly  b e tte r in standard deviations than the unadjusted 

estim ates. For some purposes such as construction  o f a suitable corre la tion  model 

for use in an efficient es tim ation  procedure th is  reduction in bias is a good property. 

T h is  means th a t for corre la tion  estim a tion  and model iden tifica tion  purposes, the 

bias-adjusted estimates are preferable to  the unadjusted versions. However for 

purposes in which an unbiased estim ate  o f scale is required even the bias-adjusted 

estim ates o f <r,2 are biased towards 0. T h is  large bias im pacts the m agnitude of 

the bias correction.

A ll biases in n =  100 sim ula tions depend on the form  o f the regressor w ith  

worse bias for the linear trend regression than the cosine regression. Th is indicates 

th a t any bias adjustm ent procedure should account for the form  o f the regression 

function .

W hen sample size n increases to  1000 (Tables 2.10 and 2.11). biases in all 

estim ates become smaller. The unadjusted estimates have the most significant 

decrease in bias. For la ten t process w ith  modest variance <r2 =  log 2. the bias has 

been nearly eradicated. W ith  the increase o f the variance in the latent process, the 

biases increase. The o p tim a l estim ates have s im ila r biases as Zeger estimates but 

consistently sm aller variances in a ll cases. B ias-adjusted estimates have smaller 

biases but larger variances. Again, a ll versions o f the autocorre la tion estimates 

work well.

O verall, the o p tim a l estimates o u tpe rfo rm  Zeger estimates. The bias-adjusted 

o p tim a l estimates outperfo rm  the bias-adjusted Zeger estimates. The performance 

advantages decrease as the sample size increases.

11
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Table 2.S Autocovariance and autocorre la tion  estim ates o f a log­
norm al A R (1 ) latent process {et } in model (2.1) w ith  linear regression
function  x j  (3 =  1 +  1 t / n.  Sample size n =  100.

True Z
Means (SD) 

Z .L B  O P T O P T . IB
o  =  0 1.00 .904 (.405) .955 (.449) .894 (.368) .942 (.106)

=  log 2 7,(1) 0 -.027 (.117) -.011 (.125) -.024 (.107) -.008 (.115)
7,(2) 0 -.025 (.113) -.009 (.122) -.021 (.106) -.006 (.113)

/5,(1) 0 -.030 (.129) -.013 (.130) -.028 (.121) -.011 (.123)
0f PA 2) 0 -.027 (.128) -.011 (.129) -.024 (.120) -.008 (.121)
O =  0 4.00 2.86 (2.01) 3.32 (3.22) 2.75 (1.79) 3.16 (2.80)
a l  =  log 5 7 ,d ) 0 -.071 (.273) -.028 (.320) -.051 (.250) -.008 (.295)

7,(2) 0 -.069 (.280) -.025 (.333) -.052 (.250) -.009 (.298)
/5,(1) 0 -.024 (.104) -.009 (.101) -.020 (.097) -.006 (.098)

0f 0 -.025 (.105) -.010 (.105) -.021 (.097) -.007 (.098)
o =  0.9 V 1.00 .487 (.281) .714 (.602) .508 (.297) .723 (.577)

=  lo8 2 7 ,d ) .866 .390 (.253) .585 (.540) .411 (.264) .596 (.515)
7,(2) .753 .310 (.225) .487 (.484) .330 (.234) .497 (.462)
7,(3) .657 .242 (.200) .402 (.436) .262 (.207) .413 (.417)
7, (d ) .576 .186 (.180) .332 (.394) .205 (.190) .344 (.381)
7,(5) .506 .139 (.162) .272 (.352) .157 (.169) .284 (.341)
7,(6) .145 .098 (.148) .220 (.319) .117 (.156) .234 (.310)
PA 1) .S66 .788 (.182) .797 (.158) .803 (.186) .807 (.162)
pA- ) .753 .611 (.208) .640 (.186) .629 (.206) .652 (.184)

pA V .657 .464 (.225) .510 (.207) .485 (.216) .524 (.200)
pA-i) .576 .347 (.235) .406 (.220) .370 (.226) .421 (.212)
A  (5) .506 .252 (.242) .322 (.231) .276 (.233) .338 (.221)

101 pr (6) .445 .172 (.245) .251 (.236) .197 (.237) .268 (.228)
o =  0.9 4.00 1.24 (.831) 2.37 (3.17) 1.38 (1.19) 2.15 (3.10)
a l  =  log 0 7 ,d ) 3.26 .919 (.674) 1.82 (2.55) 1.08 (1.71) 1.95 (3.37)

7,(2) 2.68 .684 (.542) 1.43 (2.03) .827 (1.66) 1.55 (3.06)
7,(3) 2.23 .504 (.447) 1.13 (1.67) .632 (1.55) 1.25 (2.79)
7,(-l) 1.88 .366 (.378) .901 (1.40) .482 (1.50) 1.01 (2.64)
7,(5) 1.59 .259 (.336) .722 (1.22) .370 (1.48) .835 (2.53)
7,(6) 1.35 .169 (.306) .569 (1.05) .266 (1.13) .670 (1.96)

A d ) .814 .727 (.157) .739 (.140) .754 (.225) .756 (.223)
A (2 ) .671 .533 (.184) .564 (.169) .563 (.253) .584 (.255)
pA-V) .558 .386 (.202) .431 (.189) .420 (.264) .455 (.268)
pA-\) .469 .275 (.208) .331 (.198) .310 (.251) .355 (.251)
A (5 ) .397 .188 (.209) .253 (.202) .227 (.261) .281 (.265)

7f /3,(6) .338 .118 (.213) .189 (.207) .158 (.245) .219 (.248)

f Number o f Sa which was less than 1.645 out o f .5000 replications.
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Table 2.9 Autocovariance and autocorre la tion estim ates o f a log­
norm al A R ( i )  la ten t process { t (} in model (2.1) w ith  cosine regression
function  xJ/3 =  1 - f  1 c o s (2 t / / 12). Sample size n =  100.

True Z
Means (SD ) 

Z . l 'B  O P T O P T .T B
o  =  0 *,2 1.00 .877 (.476) .961 (.574) .875 (.414) .960 (.480)
a 2a =  log 2 7 .d ) 0 -.028 (.137) -.005 (.152) -.025 (.120) -.002 (.131)

7 .(2 ) 0 -.016 (.1-18) .003 (.161) -.016 (.127) .002 (.137)

P,( 1) 0 -.032 (.162) -.007 (.162) -.029 (.146) -.004 (.144)
0f P'(~) 0 -.019 (.172) -.000 (.169) -.019 (.15-1) .001 (.150)
o =  0 * * -1.00 2.66 (2.04) 3.40 (4.50) 2.80 (2.09) 3,5-1 (5.21)
(rl =  log 5 7 .d ) 0 -.066 (.313) .001 (.412) -.047 (.277) .022 (.402)

7 .(2) 0 -.04S (.339) .004 (.432) -.037 (.310) .019 (.601)

/M U 0 -.026 (.126) -.00-1 (.126) -.019 (.108) .001 (.106)
0f /5.(2) 0 -.019 (.135) -.002 (.131) -.016 (.112) .000 (.108)
o =  0.9 1.00 .614 (.101) .831 (.746) .605 (.366) .825 (.659)
a l  =  log 2 7 .(1 ) .866 .506 (.364) .694 (.679) ,509 (.336) .693 (.597)

7 .(2 ) .753 .127 (.326) .594 (.598) ,126 (.300) .591 (.531)
7 .(3 ) .657 .361 (.297) .509 (.527) .359 (.274) .505 (.478)
7 .(4 ) .576 .306 (.273) .439 (.472) ,302 (.258) .434 (.444)
7 .(3 ) .506 .259 (.242) .37S (.416) .256 (.236) ,376 (.406)
7 .(6 ) .-145 .213 (.218) .323 (.373) .212 (.217) .322 (.372)
PA 1) .S66 .816 (.195) .S18 (.174) .836 (.209) .828 (.182)
P,( 2) .753 .682 (.223) .692 (.204) .692 (.222) .694 (.199)
p , ( l ) .657 .573 (.259) .5S7 (.243) .573 (.2-17) ,582 (.228)
P M ) .576 .481 (.2S6) .500 (.277) ,174 (.266) .488 (.253)
p A'A .506 .409 (.303) .433 (.300) ,399 (.280) ,119 (.272)

3-1r /5.(6) .4-15 .339 (.301) .371 (.303) ,328 (.280) .356 (.276)
O =  0.9 *,2 4.00 1.52 (1.03) 2.61 (2.92) 1,52 (.968) 2.58 (2.62)
<7* =  log 5 7 .d ) 3.26 1.17 (.833) 2.03 (2.35) 1.19 (.79-1) 2.02 (2.12)

7 .(2 ) 2.68 .941 (.720) 1.65 (1.96) .944 (.666) 1.63 (1.75)
7 .(3 ) 2.23 .774 (.648) 1.37 (1.69) .764 (,5S9) 1.3-1 (1,52)
7 .(4 ) 1.88 .613 (.587) 1.15 (1.49) .630 (.536) 1.12 (1.35)
7 .(3 ) 1.59 .526 (.513) .960 (1.28) ,5 IS (,191) .9-16 (1.21)
7 .(6 ) 1.35 .414 (.-137) .786 (1.05) ,112 (,136) .7S6 (1.05)
/5.(D .814 .763 (.16S) .766 (.152) .7S3 (.188) .771 (.161)
/5.(2) .671 .610 (.206) .61S (.191) .614 (.204) .613 (.182)
pA 3) .558 .500 (.231) .510 (.222) ,192 (.214) ,197 (.199)
P ' { \ ) .469 .417 (.251) ,131 (.248) ,104 (.228) ,112 (.220)
P> (3) .397 .342 (.258) .362 (.263) .328 (.236) .341 (.232)

13f p,(0) .338 .274 (.255) .302 (.264) .261 (.235) .283 (.23-1)

f Number o f .S'„ which was less than 1.6-15 out of 5000 replications.
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Table 2.10 Autocovariance and autocorre la tion  estim ates o f a log­
norm al A R (1 ) la ten t process {et } in model (2.1) w ith  linear regression
function  x j (3 =  1 -I- U/ n .  Sample size n =  1000.

True Z
Means (SD) 

Z .U B  O P T O P T .l 'B
o  =  0 1.00 .989 (.211) .997 (.215) .986 (.169) .993 (.172)
c l  =  log 2 > (1 ) 0 -.003 (.042) -.001 (.042) -.003 (.038) -.001 (.039)

7.(2) 0 -.002 (.041) .000 (.042) -.002 (.038) .000 (.038)

A d ) 0 -.004 (.042) -.001 (.042) -.003 (.039) -.001 (.039)
0f A (2 ) 0 -.002 (.042) .000 (.042) -.002 (.038) .000 (.038)
o  =  0 A2 4.00 3.73 (1.94) 3.82 (2.13) 3.70 (1.76) 3.78 (1.92)
c l  =  log 5 A d ) 0 -.009 (.137) -.001 (.142) -.007 (.121) .001 (.125)

7 .(2) 0 -.011 (.128) -.002 (.132) -.007 (.116) .000 (.119)

A d ) 0 -.003 (.035) -.000 (.035) -.002 (.032) .000 (.032)
0f A  (2) 0 -.003 (.035) -.000 (.035) -.002 (.032) .000 (.032)
o  =  0.9 A2 1.00 .903 (.325) .975 (.410) .901 (.282) .967 (.336)

<*I  =  *°g 2 A d ) .866 .776 (.299) .840 (.377) .775 (.261) .833 (.311)
5.(2) .753 .670 (.274) .728 (.347) .669 (.239) .722 (.285)
5.(3) .657 .579 (.249) .633 (.315) .578 (.217) .627 (.260)
5.(4) .576 .502 (.222) .552 (.280) .501 (.197) .547 (.235)
5.(5) .506 .435 (.201) .482 (.253) .435 (.179) .478 (.214)
5.(6) .445 .378 (.182) .422 (.229) .378 (.164) .418 (.195)

A ( i ) .866 .855 (.036) .856 (.035) .856 (.039) .857 (.038)
A (2 ) .753 .734 (.051) .738 (.051) .736 (.051) .739 (.050)
A  (3) .657 .632 (.064) .639 (.063) .634 (.061) .640 (.061)
A  (4) .576 .547 (.073) .556 (.072) .549 (.069) .557 (.068)
A (5 ) .506 .473 (.080) .484 (.079) .475 (.075) .485 (.074)

0r A (6 ) .445 .410 (.085) .422 (.081) .412 (.079) .424 (.079)
o  =  0.9 A2 4.00 3.04 (1.82) 3.69 (3.14) 3.01 (1.76) 3.59 (2.98)
c l  =  log 5 5.(1) 3.26 2.45 (1.50) 2.98 (2.60) 2.42 (1.44) 2.89 (2.39)

5.(2) 2.68 1.99 (1.24) 2.45 (2.16) 1.97 (1.19) 2.37 (1.99)
5 .(3) 2.23 1.64 (1.03) 2.03 (1.80) 1.63 (1.00) 1.97 (1.69)
5 .(4) 1.88 1.36 (.864) 1.70 (1.51) 1.35 (.861) 1.65 (1.41)
5.(5) 1.59 1.14 (.739) 1.43 (1.29) 1.13 (.745) 1.39 ( l . 25)
5.(6) 1.35 .955 (.628) 1.21 (1.09) .953 (.647) 1.18 (1.09)

A d ) .814 .800 (.047) .802 (.017) .800 (.048) .801 (.048)
A (2 ) .671 .651 (.068) .656 (.068) .651 (.066) .655 (.065)
A  (3) .558 .537 (.081) .544 (.081) .537 (.077) .543 (.077)
A  (4) .469 .447 (.089) .457 (.089) .448 (.084) .456 (.084)
A  (5) .397 .374 (.093) .385 (.092) .376 (.087) .385 (.086)

0f A (6 ) .338 .316 (.094) .327 (.093) .317 (.087) .328 (.087)

* Number o f Sa which was less than 1.045 out o f 5000 replications.
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Table 2.11 Autocovariance and autocorre la tion estim ates o f a log­
norm al A R (1 ) la ten t process {ef } in model (2.1) w ith  cosine regression
function x jf3  =  1 -1- 1 cos(2<rf/12). Sample size n =  1000.

True Z
Means (S D ) 

Z .U B  O P T O P T .U B
o  =  0 1.00 .990 (.267) .999 (.273) .986 (.ISO ) .996 (.181)

=  log 2 i d ) 0 -.003 (.051) -.001 (.052) -.003 (.043) -.001 (.043)

i ( 2 ) 0 -.002 (.053) .000 (.053) -.001 (.044) .001 (.045)

i d ) 0 -.003 (.052) -.001 (.052) -.003 (.044) -.001 (.044)
0 f i (  2) 0 -.002 (.053) .000 (.053) -.001 (.015) .001 (.045)
o  =  0 i 2 4.00 3.65 (2.10) 3.76 (2.34) 3.73 (1 .82) 3.82 (1.96)
a l  =  log 5 i d ) 0 -.009 (.168) .001 (.175) -.007 (.128) .002 (.132)

i ( 2 ) 0 -.009 (.158) -.002 (.163) -.007 (.123) -.001 (.126)

i d ) 0 -.003 (.044) -.000 (.044) -.002 (.034) .000 (.034)
0* i d ) 0 -.003 (.043) -.001 (.043) -.002 (.034) -.000 (.034)
O =  0.9 i 2 1.00 .936 (.348) .972 (.379) .927 (.299) .965 (.328)
a l  =  log 2 i d ) .866 .807 (.317) .839 (.344) .804 (.280) .836 (.304)

i ( 2 ) .753 .700 (.285) .729 (.311) .69S (.258) .726 (.280)

i d ) .657 .610 (.255) .636 (.278) .607 (.237) .631 (.258)

i d ) .576 .532 (.228) .556 (.249) .531 (.218) .555 (.238)

i ( o ) .506 .465 (.203) .4S7 (.222) .464 (.200) .486 (.218)

i ( 6 ) .445 .407 (.185) .428 (.202) .407 (.185) .428 (.202)

i d ) .S66 .858 (.043) .859 (.042) .863 (.052) .862 (.051)

i ( 2 ) .753 .743 (.063) .745 (.063) .746 (.060) .746 (.059)

i d ) .657 .648 (.081) .650 (.081) .647 (.069) .649 (.069)

i d ) .576 .567 (.095) .570 (.095) .564 (.076) .567 (.076)

i d ) .506 .497 (.103) .501 (.104) .492 (.083) .496 (.083)
0 f i d ) .445 .435 (.106) .440 (.107) .431 (.087) .435 (.088)
o  =  0.9 i 2 4.00 3.12 (1.96) 3.46 (2.73) 3.14 (1 .77) 3.46 (2.42)
a l  =  logo i d ) 3.26 2.53 (1.61) 2 .SI (2.26) 2.55 (1 .49) 2.82 (2.05)

i ( 2 ) 2.68 2.10 (1.38) 2.34 (1.94) 2.11 (1 .26) 2.33 (1.75)

i d ) 2.23 1.77 (1.18) 1.96 (1.66) 1.76 (1.10) 1.95 (1.55)

i d ) 1.8S 1.49 (1.01) 1.66 (1.44) 1.49 (.960) 1.65 (1.37)

i d ) 1.59 1.27 (.859) 1.41 (1.23) 1.26 (.841) 1.41 (1.20)

i ( 3 ) 1.35 1.08 (.747) 1.20 (1.07) 1.08 (.747) 1.20 (1.07)

i d ) .SI 4 .SOS (.056) .SOS (.056) .809 (.055) .809 (.055)

i ( 2 ) .671 .671 (.085) .672 (.085) .667 (.071) .667 (.071)

i ( 3 ) .558 .568 (.103) .569 (.104) .557 ( .OS 1 .558 (.081)

i ( 2 ) .469 .484 (.114) .486 (.116) .470 (.087) .471 (.088)

i ( 2 ) .397 .415 (.119) .417 (.122) .399 (.091) .401 (.092)

0f i ( 2 ) .338 .356 (.121) .359 (.124) .340 (.093) .343 (.094)

* Number o f Sn which was less than 1.645 out of 5000 replications.
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For an I ID  la ten t process { t (} w ith  o f  =  1 (i.e .. o f  =  log 2). the asym pto tic  

variances in  (2.23) and (2.24) give the ra tio  o f a sym p to tic  variances I z / l o Pt — 

1.814/1.506 =  1.205 in linear regression case and I z / l opt  =  2.877/1.896 =  1.517 in 

the cosine case. The corresponding sim ulated ra tios o f variances Y’a r(d f Z ) /V a r (d f Gp(). 

when n =  1000. are (.211/.169)2 =  1.559 and ( .2 6 7 /.ISO)2 =  2.200 respectively. 

They are somewhat larger than the theoretical large sam ple values. W hen o  =  0.9 

and erf =  1. the corresponding ratios are (.325/.2S2)2 =  1.32S for linear case and 

(.34S/.299)2 =  1.355 for cosine case, these values are close to  the theoretical 

asym p to tic  variances. The asym pto tic  formulas for Y a r(7,,.u-(/i)) give unbiased 

estimates o f the s im ulated variances when there is no serial dependence, i.e.. in 

the s itu a tio n  tha t they are derived under. T h is  means th a t th is  form ula w ill be 

useful in ca lcu la ting  an overall test o f autocovariance (see Section 2.5 below). Fur­

ther the a sym p to tic  form ulas provide reasonable estim ates o f standard deviations 

even in the  cases where the null hypothesis o f no serial dependence is not true.

2.5 T ests  for Zero A utocorrelation  in th e  L aten t P rocess

T yp ica lly , tests o f zero corre lation in a s ta tionary  process are based on func­

tions o f the  sample A C F . Coder the assumption th a t the  process is w h ite  noise, 

the sample A C F  at d is tin c t lags are approx im ate ly  independent X (0. n~x) dis­

tr ib u te d  from  which asym pto tic  cu to ff values o f test s ta tis tics  can be computed.

In the Poisson model setting, i f  the latent process is w h ite  noise w ith  positive 

variance, then it  can be shown tha t the p, .z (/i)  are a sym p to tic a lly  d is tribu ted  as 

independent norm al random variables w ith  standard dev ia tions s.c.(p,/ / (h))  tha t 

may be d iffe ren t than n “ C2.

The Box-P ierce (B P ) and Ljung-Box (L B ) portm an teau  s ta tis tics , which are 

weighted sums o f the sample A C F at a fixed num ber o f lags, are often the basis 

o f tests fo r zero corre la tion  in a tim e  series. For our Poisson model, the main
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d iffic u lty  re lated to  the  use o f the BP test is due to  the  nonconstant variance 

o f the sam ple A C F  o f the residuals. Since the variance and covariances o f the 

process have d iffe ren t forms o f dependence on the mean function  //,. there is 

no single no rm a liza tion  o f the residuals tha t w ill s im ultaneously e lim ina te  th is  

dependence from  the variance and the covariance. To overcome heteroscedasticitv 

in the variance, we approx im ate  the variance o f the sample A C F  in  the  BP s ta tis tic  

under the  n u ll hypothesis o f a w h ite  noise la tent process. T h is  approach is s im ila r 

in sp irit to  the  m ethods proposed by Lo and M acK in lav (1989) for testing the 

hypothesis th a t the increm ents in a random walk process are uncorrelated when 

the increm ents are weakly dependent w ith  a possibly heteroscedastic variance. 

Also see Lobato. Nankervis and Savin (1998) for m od ifica tion  o f the BP s ta tis tic  

in o ther app lica tions.

Brannas and Johansson (199-1) studied the performance o f the BP and LB 

statistics based on three sets o f residuals: the Pearson residuals

t i  =  (Vi -  ^ ) / / i ‘ /J .

the Anscombe residuals

.W1-V3 //*-j - l/<>\
t t A  = i ( \ t  - f i t  ) / { 2 f i /  ) .

and the ir own residuals defined as

U . H J  =  [1 +  (d-,2 / / ( ) _ 1 ] 1 / 2 ( V ' ,  -  f i t ) .

In the d e fin itio n  o f the la tte r, the exact form  o f a? is not specified and presum ably 

could be any o f the variance estim ates considered in Sections 2.J.1 - 2.1.3. C nfor­

tunately. and con tra ry  to  Brannas and Johansson's c la im , none o f these residuals 

approxim ate  the corre la tion  s truc tu re  o f the latent process. They observed tha t 

for the the BP and LB  sta tis tics constructed from any o f these residuals “ the
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sizes are s ign ifican tly  too h igh". The large size may be due in  part to  the bias 

o f the  estim ates and a nonconstant variance o f the in d iv id ua l estim ates o f auto­

corre lations. Even i f  these test s ta tis tics  based on the sample A C F  o f residuals 

could be adjusted to  achieve the nom inal type I errors, such tests w ill have lit t le  

power against some a lte rna tive  models w ith  large correlations bu t sm all variance. 

To illu s tra te  th is  point, consider the sample A C F based on the Pearson residuals 

defined by

E n - h  „ ,
<=1 t̂ t̂ + h 

,  •
2 ^ i = i  c t

Mean correction o f the t ,  is not u tilized  since the ir sample mean is near 0. A p­

p rox im a ting  the mean o f the ra tio  by the ra tio  o f the means and using results 

from  Section 2.1. we obtain

n 1 E(e tct+il )
E(pP(h))

E(cf)

n - ' T Z - f v / V & U h )

n
(2.31

— 1 n  — k  1 / 2  1 /2
»  E f z r !  t h  f h

« - ‘ E r= i

Cnder the assum ption tha t x nt =  f ( t / n ) .  the last line can be approxim ated by

J o '

° 7 2  +  J o '  c f ^ ' P d / ’

As a]1 —¥ 0. we see that the mean value o f pp{h) becomes a rb itra r ily  sm all. Thus 

for a lternatives consisting o f a h igh ly  correlated la tent process for which erj is 

sm all, the sample AC F o f the Pearson residuals may not p rovide any evidence o f 

corre la tion  and corre lation tests based on Pearson residuals w ill o ften fail to  reject 

the null hypothesis o f w hite  noise.

Under the nu ll hypothesis o f a w h ite  noise la tent process for our Poisson 

model, the process {(<} is heteroscedastic and nonstationary. Follow ing the same 

lines o f reasoning as in Fo and M acK in lay  (198!)) and Lobato. Xankervis and
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Savin (199S), the variance o f the corre la tions under the w h ite  noise la ten t process 

assum ption, can be approxim ated by

\ ' a r ( p P ( h ) )  % -  //,)'2] 2[ —  JT p t ' p t±hE{Yt -  p t )2E{Yt+h -  Pt+h)2]
n ~  n t=i

= [- II/b *(/** + fa*)] 2 [-7 II /̂"Vr+fcO'f + M)u*t+h + HUh*?)]
n 7Ti n t=l

= [~II(l +Ht<7?)] 2[-̂ 5̂ (1 + /*f*,2)(l + /*,+**?)]
:=  V-a/ h .

We calculate the variance o f sample A C F . 1/,/n . for linear trend and cosine 

regression examples used in Section 2.4.4 and compare them  w ith  the value o f 

(n — h)/ [n (n  +  2)] used in the LB  s ta tis tic . For a given m axim um  lag L. the 

standard L jung-Box s ta tis tic , based on Pearson residuals, is given by

H 2lb  =  n ( n  +  2) £ [ / £ ( / * ) / ( * i  -  *)]•
h = l

Results are listed in Table 2.12 for n =  100.

Table 2.12 Variances o f the  sample autocorrelations for linear and 
cosine regression models and which used in LB s ta tis tic .

Lag h 1 2 :i 4 •5 6 i 8 9 10 11 12 13
V\  lin 1.04 1.03 1.02 1.00 .99 .98 .97 .95 .94 .93 .92 .90 .89
\ ’h cos 1.19 1.08 .95 .83 .75 .72 .74 .80 .90 1.01 1.08 1.10 1.05

n — h  

n + 2 .97 .96 .95 .94 .93 .92 .91 .90 .89 .88 .87 .86 .85

The differences are greatest for the cosine regression as m ight be expected. 

For some o f the lags the correct standard errors are considerably d ifferent from  

those used in the LB sta tis tic , e.g.. for the cosine regression case. \ \ / i>  — 1.19//* 

and (n — h)/[n(ti  + 2 ) ] =  0.97/n  for h =  1. and \ )Jn =  0.72jn  and (n — l i ) / [n(n  +  

2)] =  0 .92 /n  for h =  6. This im p lies tha t care should be taken when testing  a 

p a rticu la r lag autocorrelation using the standard estim ation technique based on 

the Pearson residuals.
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A na tu ra l s ta tis tic  (analogous to  the Box-Jenkins's portm an teau  s ta tis tic ) is 

proposed fo r testing for serial dependence in the mean o f the observed count tim e 

series. For a given m axim um  lag L and a given set o f general es tim a to rs  p,(h) 

tha t are asym p to tica lly  norm al, define

^  =  D A ( '0 / - ^ . ( / 3 , ( / 0 ) ] 2- (2.33)
h= 1

Under the hypothesis o f independence o f the la ten t process. H 2 w ill have an 

approx im ate  \ 2 d is tr ib u tio n  on L d .f. The standard L jung-B ox s ta tis tic  f l [ B 

based on Pearson residuals is a special form  o f (2.33) w ith  A C F  pp{h)  and variance 

(n — h)/ [n (n  +  2)]. The m odified LB s ta tis tic , which takes the standard  errors 

in to  account, is defined by

H'l b .m  =  n P rV 1)/^ >»• (2.3-1)
/1=i

where V>, is an estim ate o f I),.

S im u la tion  results com paring the re la tive perform ance o f six test statistics 

are sum m arized in Tables 2.13-2.16. The statistics Hy- H 'o Pt anc( ^ o Pt.UB

in the tables refer to the test s ta tis tic  in (2.33) using Zeger A C F  es tim a te  (2.16). 

bias-adjusted Zeger A C F  estim ate  (2.29). op tim a l A C F estim ate  (2.22) and bias- 

adjusted o p tim a l AC F estim ate (2.30) respectively. The standard e rro r .s.c .(p,(h)) 

is determ ined by equation (2.20) w ith  appropria te  weights. The sam ple size for 

a ll realizations is 100 or 1000 and the sum m ary sta tis tics are based on 5000 rep li­

cations. B oth  linear and cosine regression functions are used in the  s im u la tion .

Table 2.13 lists type  I errors o f the six test s ta tis tics for the lin e a r regression 

case. W ith  variance a 2 =  lo g 2 (w hich is equivalent to a f  — 1) and sample size 

ii increases from  100 to 1000. type  I errors o f / /£ . Hopt. l l [ B and increase

d ram a tica lly . When the variance cr2 increases to logo (i.e.. a 2 =  1). type  I errors 

are almost doubled over the increase o f n except for l i z x ’B an(( H o Pt.i R■ a^
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cases typ e  I errors o f I I z ,l ' b  an^ H o Pt,VB  onb ' have l i t t le  changes. T hey  are greater 

than those o f / / f  and Hqp, respectively.

In Table 2.13. the differences o f type I errors among all test s tatistics are 

more obvious for n =  100 than those for n =  1000. W hen sample size is 100. w ith  

the exception o f the g and H qp, L B tests, a ll produce less frequent significant 

results than  would be the case i f  the test s tatistics were d is trib u te d  exactly  as chi 

square. For the case o f n =  1000 and cr* =  log 2. the obtained sizes o f / / | .  I I qp, 

and H I b u  are closer to  the nom inal size than o the r test statistics.

Table 2.13 Type  I errors for tests o f zero autocorre la tions in a lognor­
m a l la tent process { t ( =  t " ' }  for Poisson model (2.1). The regression 
function  is x^t(3 =  1 +  1 t /n.

a 0.100 0.050 0.025 0.010 5l/c C ritica l
n =  100 P{H'z >  \ Io .( i- ,q ) 0.056 0.028 0.015 0.007 16.42

*1 =  lo8 2 P ( H z .cb >  \io .(i-,» )) 0.0S6 0.053 0.030 0.018 18.46

P ( " o P' >  \m .( i - „ ) ) 0.063 0.035 0.020 0.009 16.79

P ( H o Pt.L B >  \  10.(1-,,)) 0.102 0.059 0.038 0.020 19.06

p w I b >  \  io.(i-..)) O.OSo 0.047 0.023 0.010 17.92

P ( H l b .u  >  \  io.(i-,»)) 0.062 0.033 0.016 0.007 16.72
n =  1000 P( H z  >  \  io .(i-,i)) 0.092 0.049 0.029 0.015 18.25
e l  =  log 2 P ( H z ,l b >  \  io ,(i-,.)) 0.100 0.058 0.034 0.017 18.81

P ( H 0pt >  v fo .ji.,,)) 0.095 0.052 0.027 0.014 18.45

P ( H o Pt.L B >  \lU.(l-,>)) 0.103 0.057 0.033 0.016 18.86

P ( H [ b >  \  io .(i-,q ) 0.115 0.068 0.037 0.018 19.57

P ( H lb .m  >  \  io .(i-,.|) 0.091 0.051 0.028 0.013 18.39
n =  100 P(H'z  >  \fo ,( i- ,.) ) 0.038 0.020 0.011 0.004 14.82
(T\ =  logo P ( H z .l b  >  \  io.(i-,.)) 0.091 0.063 0.043 0.026 19.40

P( H'opt >  \  10.(1-,.)) 0.050 0.030 0.016 0.007 16.01

P(H'opt,L'B ^  V 10,(1-,.)) 0.109 0.076 0.058 0.038 21.34

P ( H lb >  \?o.(i—,.)) 0.062 0.038 0.020 0.010 16.92

P^H l b .m  >  \ io . ( i - „ j ) 0.043 0.024 0.015 0.006 15.45
n =  1000 P ( H 2z >  \ fo .( !-,.)) 0.079 0.055 0.041 0.028 19.04
a l  =  logo P ( H zj b >  \  10.(1-,.)) 0.092 0.065 0.017 0.034 20.11

P( HOpt >  \  io .(i-,.)) 0.09-1 0.059 0.041 0.029 19.37

P(Hopt,L'B >  \?0.( 1 — )) 0.106 0.070 0.050 0.034 20,10

P ( H lb >  \  io .( i-„ )) 0.111 0.072 0.053 0.037 20.70

P ( h I b .m  >  \  io.(i-,.)) 0.091 0.058 0.042 0.028 19.24
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Table 2.14 Powers o f six tests for a lognorm al A R (1 ) la tent process 
{c ( =  ea' }  w ith  param eter Q. The regression function  in Poisson model 
(2.1) is x^tf3 =  1 +  \ t / n .  The power is estim ated by the fraction o f 
times tha t the test s ta tis tic  values are greater than the 59c c ritica l 
values listed in Table 2.13.

riOIIO oIIO o  =  0.6 O =  0.9
n =  100 
a l  =  l o g  2

H z

H I u b

H h pt

H opt.L 'B

h 2lb

H 'l b .m

0.09S
0.118
0.113
0.128
0.104
0.107

0.307
0.354
0.358
0.392
0.343
0.345

0.662
0.731
0.742
0.796
0.733
0.731

0.932
0.959
0.952
0.968
0.953
0.956

n =  1000 
a l  =  l o g  2

111

H z . L B

H \ »
H  Opt,U B

H i s

H 'l b .m

0.597
0.604
0.685
0.701
0.670
0.676

0.999
0.999
1.000
1.000
1.000
1.000

1.000
1.000
1.000
1.000
1.000
1.000

1.000
1.000
1.000
1.000
1.000
1.000

n =  100 

° a  =  l ° g

i n
f f 2‘ ‘ Z.L'B

H l p t

I Io p t .L B

H I b

H 'l b .m

0.0S6
0.101
0.090
0.102
O.OSS
0.090

0.258
0.298
0.290
0.313
0.285
0.287

0.593
0.657
0.678
0.710
0.670
0.657

0.939
0.95S
0.968
0.971
0.976
0.973

n =  1000 
a 2 =  l o g  5

i n
I I  Z.L'B

I I 2opl
I lb p t .V B

H I b

H'l b .m

0.315
0.323
0.390
0.100
0.372
0.371

0.931
0.938
0.967
0.970
0.959
0.958

0.998
0.99S
0.999
0.999
0.999
0.999

1.000 
1.000 
1.000 
1.000 
1.000 
1.000

Table 2.14 gives the powers o f six tests for the linear regression case. The 

powers o f a ll statistics are cjuite close. W ith  same variance in the la tent process, 

the powers increase as the  sample size n increases. For fixed sample size, as vari­

ance <7* increases, the powers decrease when there are m oderate autocorrelations 

present (o  =  0.2 and o — 0.4). Throughout linear regression cases, test / / „  

is un ifo rm ly  more powerful than the rest o f tests a fte r the sizes o f all tests have 

been calibrated to the nom ina l level.
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Table 2.1o Type I errors for tests o f zero autocorre lations in  a lognor­
m al la ten t process { t ,  =  e°‘ } for Poisson model (2.1). The regression
function  is x „ t/3 = 1  +  1 c o s (2t t / / 12).

Q 0.100 0.050 0.025 0.010 5% C ritica l

3 II O © Pi  H z  >  \  fo.( i — j ) 0.103 0.058 0.041 0.022 19.10
<72 =  log 2 P ( H z ,VB >  X 10.(1-,,)) 0.154 0.097 0.064 0.042 22.05

P(H'opt >  X io.(t-o)) 0.0S7 0.048 0.030 0.017 18.13

PWitoJL’B >  x 10.(1-a)) 0.135 0.091 0.057 0.034 21.34

P ( H lb >  X io.(i-a)) 0.077 0.042 0.024 0.014 17.70

P ( H lB.M >  x 'io.(l-a)) 0.089 0.048 0.029 0.016 18.19
n =  1000 P{H'z  >  X io .(i-,.|) 0.108 0.063 0.040 0.018 19.23
of  =  log 2 Z.L'B >  X 10,(1-a)) 0.116 0.067 0.041 0.020 19.53

P ( H o Pt >  X io.(i-,.)) 0.106 0.058 0.032 0.014 18.88

P(Hopt.L'B >  X 10.(1-,.)) 0.114 0.062 0.034 0.016 19.07

P ( P [ b >  X io.(i-a)) 0.085 0.046 0.025 0.012 17.92

P ( H l b . \ i  >  X io.(i —o j) 0.1 OS 0.056 0.031 0.015 18.58
n =  100 P( H z  >  X To.( i —,.)) 0.109 0.072 0.051 0.028 20.56
a l  =  log 5 P ( H z .cb  >  X io .(i-,.)) 0.181 0.130 0.100 0.072 26.27

P ( H o pt >  X io ,( i- .) ) 0.069 0.042 0.023 0.012 17.56

P ( H o pt.L'B >  X 10.(1-,,)) 0.149 0.104 0.073 0.049 23.09

P(H'lb >  X lo .(i-„)) 0.063 0.035 0.020 0.010 16.97

P ( H I b .m  >  X?o,(i-.)) 0.080 0.050 0.029 0.016 18.34
n =  1000 P(H'z  >  X io .( i-„)) 0.125 0.090 0.068 0.050 23.28
a'l =  log 5 P(HZ.L'B >  X To.( l —a)) 0.133 0.097 0.075 0.055 24.11

P(H'opt >  X 10.(1-,,)) 0.103 0.070 0.049 0.034 20.39

Pi  HOpt.L B >  X 10.(1-,,)) 0.110 0.079 0.057 0.039 21.27

P i n  lb  >  x io .( i-„ )) 0.092 0.064 0.046 0.033 19.83

P i H 2LB.U >  xfo.d-,,)) 0.108 0.077 0.056 0.038 21.24

Type  I errors o f the six tests for cosine regression case are summarized in 

Table 2.15. W hen variance =  log 2 and sample size n increases from 100 to 

1000. type  I errors o f U \ .  H [ B and H I b .m  increase s lightly. M agnitude 

o f the increase is bigger when variance <72 =  log 5. I 'n lik e  linear cases, type I 

errors o f H^ x b  an<  ̂ Hdpt.LB decrease as sample size increases. The bias-adjusted 

versions have bigger sizes which are too high than the ir unadjusted counterparts, 

these differences in sizes are more s ign ificant when n =  100. S tatistics I I qp,. I l f  n 

and have sm aller sizes than the nom inal ones when sample size is 100.
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For n =  1000, the sizes o f / /£ s are closer to  the nom inal sizes than  o ther test

statistics.

Table 2.16 Powers o f six tests for a lognorm al A R ( l)  la ten t process 
{e ( =  eJ ' }  w ith  param eter o. The regression function  in  Poisson model 
(2.1) is x^t/3 =  1 +  1 co s (2 "//1 2 ). The power is estim ated by the 
frac tion  o f tim es tha t the test s ta tis tic  values are greater than the 5% 
c rit ic a l values listed in  Table 2.15.

q  =  0.2 o  =  0.4 o  =  0.6 o  =  0.9

n =  100 
a l  =  log 2 H  Z.L’B 

H'opt 

H  Opt.LB

Hit*
H 2l b m

0.07:1
0.09S
0.083
0.108
0.09:1
0.083

0.201
0.261
0.266
0.330
0.294
0.252

0.472
0.572
0.607
0.678
0.653
0.59S

0.914
0.939
0.939
0.955
0.950
0.941

n  =  1000 
a l  =  log 2

H ?
H  Z.L’B

HoPt 
H b p t . i B  

H I b  

H'l b .m

0.:177
0.395
0.550
0.578
0.611
0.527

0.979
0.982
0.999
0.999
0.999
0.998

1.000
1.000
1.000
1.000
1.000
1.000

1.000
1.000
1.000
1.000
1.000
1.000

n =  100 
a  I  =  log 5

u \
H I jl-b

" b p ,

H'bpt.L’B

H'l b

H'l b .m

0.071
0.099
0.083
0.119
0.098
0.081

0.141
0.220
0.241
0.316
0.267
0.210

0.384
0.527
0.603
0.691
0.635
0.547

0.929
0.951
0.965
0.973
0.971
0.962

n =  1000 
a l  =  log 5

H I

H Z .L ’B

H l pt

H b p t .L B

H I b

H ' I b .m

0.180
0.189
0.3-11
0.353
0.35-1
0.271

0.758
0.775
0.952
0.956
0.946
0.904

0.990
0.992
0.999
0.999
0.999
0.999

1.000
1.000
1.000
1.000
1.000
1.000

Table 2.16 lists the powers o f a ll six test s ta tis tics for cosine case. Throughout 

the powers are much higher for a ll test s tatistics in the n =  1000 case. As the 

variance a'l increases, the powers decrease for a ll the tests in n=1000 case when 

there are moderate autocorre lations present. For n =  100. the powers o f Hbpt.iB 

are bigger than the others.

5-1
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From these tables we see tha t the re la tive perform ance o f these test statistics 

is m ixed and h igh ly  dependent on the form  o f the regression functions. Through­

out the s im u la tion, H qp( provides approxim ate ly s im ila r perform ance to  the m odi­

fied Ljung-Box s ta tis tic  In the linear case. Hopt.us ant  ̂ H z .v b  are superior

than all o ther sta tis tics . In the cosine case, when n =  1000. l [ [ g is more powerful 

than any other s ta tis tics : when n =  100. H q tVB 1S more powerful than others: 

and H q t and H^b u  s ta tis tics give bette r type I e rro r rates.

2.6 Exam ple

We illus tra te  the  above methods w ith  an app lica tion  to  counts o f da ily  adm is­

sions for asthma to C am pbelltow n Hospital in the Sydney. A us tra lia  m etropo litan  

area. Figure 2.4 shows the da ily  number o f asthma presentations from  .January 1. 

1990 - December 31. 1993. An analysis o f tem pora lly  re lated effects identified the 

fo llow ing: (i) no upward o r downward trend in counts at th is  location: ( ii)  a tr ip le  

peaked annual cycle modeled by pairs o f the form  cos(2~Ad/36o).s\\\('2~kt/36o). 

where / is the day num ber and k =  1 .2 .3 .4 . o. S: and ( i i i )  a day o f the week ef­

fect best characterized by separate ind ica to r variables for Sundays and Mondays 

to  model the increased level o f adm ittance for these days compared to  tha t for 

Tuesday to Saturday.

A detailed p re lim ina ry  analysis o f the possible effects o f meteorological vari­

ables. da ily  m axim um  and m in im um  tem peratures and h um id ity , and po llu tion  

variables ozone. NO and XO-j. identified h um id ity  at lags o f approx im ate ly  12 

to  IS days as the on ly  variable that appears to have an association w ith  asthma 

presentations. A h u m id ity  variable. / / , .  was constructed as

", =
1 .=()

where h, is the residual from  an annual-cycle harm onic m odel fitted  to  the daily 

average value o f h u m id ity  at 0900 and 1500 hours.
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Figure 2.4: A sthm a presentations at C am pbclltow n hospita l during  .January l.  
1990 - December 31. 1993.
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In the  fo llow ing tables, the  results for the coefficients o f the harm onic com­

ponents are not given because they are o f no interest to  the  analysis. Results o f 

the o rd ina ry  generalized linear model fit as well as various standard errors and 

diagnostic procedures for the presence o f a latent process are provided in Tables 

2.17 and 2.18.

Table 2.17 Generalized linear model regression estim ators for Cam p- 
be lltow n asthm a count series. The two standard errors are com puted 
using a standard generalized linear model analysis w ithou t a la ten t 
process and using Theorem 2.1. respectively.

Effect 3
G LM  
s.e.{ 3}

G
s.e.{ .5}

Sundav 0.230 O.Ool O.Ooo
Mondav 0.236 0.051 O.Ooo
lh 0.210 0.018 0.066

G LM  s .e .{J } . standard error o f 
3  based on a generalized linear 
model fit assuming independence:
C! s .e .{J }. standard erro r o f 3 based 
on the asym pto tic  covariance ma­
tr ix  given in (2.28).

The f-ra tios  for the coefficient o f h u m id ity  for the two estim ators o f standard 

error in Table 2.17 are -1.41 and .‘1.19. respectively. It is also clear from  Table 2.17 

tha t the effect o f lagged seven-day average hum id ity  is h igh ly  significant when 

we use the proper standard e rro r based on the asym pto tic  covariance results o f 

Theorem 2.1.

The s ta tis tic  Sn has an observed value o f 3.30. which is h igh ly significant and 

clearly indicates the presence o f a la tent process. Table 2.18 reports values o f test 

statistics for autocorre la tion  in the la tent process. The m odified L jung-Box sta tis­

tic  based on Pearson residuals indicates significant autocorre la tion. The portm an­

teau test based on bias-adjusted autocorre lations. p z .ra fM - provides stronger ev i­

dence o f serial corre la tion  in the latent process than does the modified L jung-Box 

test based on Pearson residuals.
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Table 2.18 Tests o f corre la tion  in  the  la ten t process for the asthma 
data  w ith  p-values in parentheses.

Test s ta tis tic 5
Degrees o f freedom 

10 15

^Z.UB
H l b . m

44.63 (1.72 x 10~8) 
10.7S (0.056)

74.86 (5.0S x 1 0 - '2) 
25.60 (0.004)

81.32 (4.00 x lO "11) 
26.83 (0.030)

Table 2.19 Autocovariance and au tocorre la tion  estim ates for the asthma 
data.

lag h r d h ) s -e -{ iz ( /0 } Vz.i -b (/0 fa (h ) p z .i -b (M s-c -{P Z .fB (M } Pp{h)
0 0.054 0.024 0.067 1.0 1.0 1.0
I 0.041 0.014 0.053 0.76 0.79 0.209 0.017
2 0.030 0.015 0.041 0.56 0.62 0.224 0.021
3 0.038 0.015 0.050 0.71 0.74 0.224 0.055
4 0.023 0.015 0.033 0.42 0.50 0.224 0.033
5 0.025 0.015 0.036 0.47 0.54 0.224 0.026
6 0.020 0.015 0.030 0.37 0.45 0.224 0.025
7 0.046 0.014 0.057 0.85 0.85 0.209 0.072
8 0.024 0.015 0.033 0.44 0.50 0.224 0.035

Table 2.19 provides details o f various autocovariance and autocorre lation es­

tim ates. Based on the estimates p we would conclude tha t the autocorre lations 

are s ign ificant at lags L. 2. 3 and 7 days. The autocorre la tion  estimates using 

e ither p% o r pz.VB dem onstrate the need for an autoregressive la tent process w ith  

nonzero coefficients at lags 1. 2. 3 and 7. The  autocorre la tion  function based on 

the Pearson residuals is com plete ly m isleading. I f  we use the calculation in (2.31). 

the expected value o f pp( 1) is

g< 'i p ( l ) > a (0 .0 .> l!- ' +  l.<):W(0-7 6 ) = 0 '0 n S - 

which explains the small observed values o f the  pp in Table 2.19.
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3. E ST IM A T IO N  FO R PA R A M E T E R  D R IV E N  M O D ELS

In th is  chapter, we compare several estim ation methods for the param eter 

driven models. Suppose {c f } is the latent process in a param eter driven model, 

and

x t ~  Poisson(t(c x p { * f /3 } )  independently. (T L )

where x t is a r x 1 regressor. /3 is a r-dim ensional regression param eter, c, =  

exp (o ,) and { q , }  is an autoregressive process o f order p denoted by A R (/;). That 

is. { a , }  satisfies the recursions

o t =  O iO(_i + • • •  +  OpQt-p +  c( ~  IID .V (0 .a 2). (d.2)

The like lihood o f the com plete data ( y . a )  =  (y i  .a») is given by

f i y . a )  =  f ( y \ a ) f { a )

=  [n r=1/ ( /y . |o , ) ] / ( a )
_  frin  cx[){-Pxp(a,+a;ir /3)}exp{(j,+X,r /3)!;, hexp{-tQ ;r VQ}

*• * =  1 y . \  1 ( 2 r ) " / q r - ' | ' / 2  ( • ' •

=  11J p e x p { - E , = i  exp(o, +  x j(3 )  +  £ ,= , ( 0 , +  x j 0 ) y i  ~  { a 7T 'a }

=  ^  exp{ —(ea  )Te x @ +  y Ta  +  y T  X(3 — ^ a T l 'a } .

where C\  =  ( 2 " ) n/2( n '“_ ,y l !). e Q =  (e "1. • • • . t " n)T . X  =  ( x f . • • •. x ^ ) T. e x @ =  

( c * r 0 .  • • • .ex " ^ ) T and \ ’ _I is the covariance m a trix  o f a .

The ob jective  is to  estim ate the model parameters ip =  ( f lT. (pT. a 2)T. where

(3 =  ( - i i . - - -. .lr )T and <p =  (o t .........op) r . Since the like lihood o f the observed data

f ( y )  is an n-fold in tegra l which does not have a sim ple closed form , m axim um  

like lihood estim ation  based on f ( y )  is in tractab le . Likelihood-based estim ation 

methods may require com pu ta tiona lly  intensive methods such as M arkov chain 

M onte Carlo (Chan and Ledoltcr. 1995). We review the exis ting  es tim ation  m eth­

ods in the fo llow ing section, then propose a new m ethod using an approxim ation
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to  the like lihood. A comparison o f estim a tion  methods are then exam ined based 

on f it t in g  a real da ta  set and s im u la tion  results.

3.1 R eview  o f  E x istin g  M ethods

Several methods have been developed for the es tim ation  o f the param eter 

driven models. Chan and Ledolter (1995) proposed M onte C arlo  EM  (MC’EM ) 

a lgorithm . The ob jec tive  function  is calcu lated by M onte Carlo. In the E-step, 

the cond itiona l expectation  o f the log-like lihood o f the com plete data (y . a ) given 

the observed data y  is estim ated by averaging the cond itiona l log-like lihood of 

sim ulated sets o f com plete data. i.e.. they estim ate

[ lo g /(V .o ) |V  =  »l

by
1 m 

m % L

where ip is the model parameters to be estim ated, and a^JK j  =  I. • • •. m are the 

M onte Carlo samples drawn from  the cond itiona l d is tr ib u tio n  o f a  given y  using 

the G ibbs Sampler. In the M -stcp. the cond itiona l expectation  Q^”^{ip\ ip^)  is 

m axim ized w ith  respect to ip to  ob ta in  the updated estim ate The algo­

r ith m  is then ite ra ted u n til convergence. Each M-step usually requires ite ra tions 

because when ip changes, so does the d is tr ib u tio n  o f a \ y .  The M onte  C arlo sam­

ples ct(JK j  =  must be updated at each ite ra tion  o f the m axim iza tion .

This is a “ many samples" method (Geyer. 1996) because it  requires one sample 

a U) j  =  1 . . . . .  per evaluation o f the ob jective  function  Q^m\ ip \ i p ^ ) .  The EM 

a lgorithm  converges at a rat her slow linear rate. A tim e  consuming m ethod like 

G ibbs sam pling used at each ite ra tion  makes the convergence even slower.

As a viable a lte rna tive  to the M C E M  a lgo rithm , the M onte C arlo  im plem en­

ta tion  o f the Newton-Raphson (M C N R ) a lgorithm  was suggested bv k’ uk and
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Cheng (1997). I t  is com puta tiona lly  m ore e ffic ien t than the M C E M  a lgo rithm  as 

it  converges at a faster quadra tic  rate. B o th  a lgorithm s require s im u la tion  from  

a \ y  w ith  the aid o f methods like  G ibbs sam pling  and re jective sampling.

Let /(•) denote the log-like lihood. / '(- )  and /" ( • )  denote the firs t and second 

derivatives o f /(•) w ith  respect to  ip respectively. The standard errors o f the 

estim ated parameters are calculated by in ve rtin g  —l"{y) .  The ca lcu lation o f / ' 

and / "  can be obtained from  the fo llow ing  expressions (Louis. 19S2):

l ' (y)  =  Ef(, [U(Y.ct ) \Y = y}
l " (y)  =  E ^ [ l " ( Y . a ) \ Y  =  y] +  El p [ l ' ( Y .a )(ll ( Y . a ))T\Y = y]

- n y . r P W ' { y ) ) T.

For the case in tha t the above cond itiona l expectations cannot be perform ed 

a na ly tica lly , the M onte Carlo  approx im ations o f l ' {y)  and l"(y )  are obtained.

3.1.1 D urbin and K oopm an’s M eth od

D urb in  and Koopman (1997) estim ated the model parameters based on a 

M onte Carlo  estim ation o f the log-like lihood o f the observed data y.  For a given 

set o f model parameters ip. a norm al density  is used to  approxim ate the non- 

Gaussian density o f y  given a . then M onte  C arlo  s im u la tion  and im portance 

sam pling  are used to  approxim ate the exact like lihood  o f y.  f ( y . i p ) .  and f ( y . i p )  

is then m axim ized w ith  respect to ip num erica lly.

M ore specifically, let g ( a \y )  be the app rox im a te  Gaussian density o f a  given 

y  fo r a given set o f model parameters ip and g ( y \ a )  is the approx im ating  density 

to the Poisson density f { y \ a ) .  The like lihood  o f y  is given by 

f (y- fp)  =  /  f ( y . a ) d a  =  f  f ( y \ a ) f { a ) d a

f :liy\a)na) fjj/jon , , ){ 
J j taiy) o(y\a)jyac]’y)

=  /  v jM m
Laiyiar)
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where Eg is the expectation w ith  respect to  Gaussian density g{ct\y ). which is used 

as the im portance density, and Lg(ip) =  =  g(y)  which is independent

o f the la ten t process a .  The q u a n tity  Lg(ip) is the like lihood  o f y  as i f  y  is

generated from  the Gaussian state  space model

yt =  q ,  +  5t. S, ~  ; V ( / q ,  / / , )

o ( =  O i Q j - i  +  • • • +  OpOt-p +  - f -  ' r  ~  A  ( O . e r * ) .

where

lh =  Ut ~  Cl’ -  e - K + * , r ^ )( i ,f -

fit =  exp ( - ( a ;  +  x'[f3)). 

and at’ =  ( o j .  • • • . o “ )T is the mean o f a  given y  based on the  above Gaussian

sta te  space model. The Kalm an filte r  can be used to obta in  g{y).  The normal

density y{y\ot) is given by

n

3 (y\<x) =  w ith  ~  -V (o( + / q . / / , ) .  (:}.G)
<=i

The sim u la tion  sm oother (De .Jong and Shephard. 1995) is used to draw 

samples a^JK j  =  1. • • •. .V from  g(cx\y). Then f ( y .  ij>) is approxim ated by

j
(3.7)

g( y l « ( j ) )

Function f ( y . i p )  is m axim ized w ith  respect to i fr.  Th is is also a "m any samples” 

m ethod because f / ( a | y )  changes as the model parameters ip change. We have to 

s im u la te  a fresh set o f a ( l * from  new < / ( a | y )  at each ite ra tion  o f the m axim ization  

o f f ( y . i p ) .  This could make it  d ifficu lt to find the op tim um  value to  the locally 

rough character o f the estim ated like lihood. Moreover, th is m ethod is complicated 

and not easy to  im plem ent.

Let i p  be the value tha t m axim izes log / ( y .  i p ) ,  and i p  be the value tha t would 

have been obtained by m ax im iz ing  the true  log f ( y . i p )  i f  th is had been known. To 

com pute standard errors due solely to s im u la tion . D urb in  and Koopman (1997) 

expanded O \ o g f ( y . < p ) / d i p  about i p .  put i p =  i p .  and obtained

i p — i p % —
d 2 log f ( y . i p )

d i p  d i p  
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So the mean square e rro r m a trix  due to  s im u la tion  is given by

d lo g / ( y .  tp) cMog j { y . i p )
Eg( t P ~ t P ) 2 = :M S E  a( t P ) ^ E E g

dtp dtp

where

v  _ d2 log f i y . t p )
- i

dtpdtpT

The m a trix  H is an asym pto tic  estim ate  o f the variance m a trix  o f tp under sam­

pling  varia tion  o f y  ignoring  s im u la tion . It can be approxim ated  num erica lly  from

neighboring values o f tp. Define qr(l) =  d

o^tifiy.tp) ■Jiof.hy.tp)' 
o tp otp1

/( l/ IQ 10)
3 ( y  i q ' ° )

/dtp  and q =  y  q (,\  then

can be estim ated by

E ; I i  [(<z(l) - q ) i q (,) - q ) ‘

E i=
,v / ( y ia '° )  

1 j fy iQ '0 )

3.1 .2  K uk’s M ethod

Let L(tp) be the like lihood o f y  and L,L.{tp0) the like lihood o f y under a 

working model. T h a t is. L,r (ip0) =  /  w ( y . a : t p Q)da .  where tc [y .a : tp )  is the 

jo in t  density o f (y . a ) under the working model. K uk  (1997) derived a re lative 

like lihood fo rm u la  by using Geyer's (1994) results:

Htp) _  f  !(y\Of.tp)j(a-,tp)dat 
L^(tp0) ~  I  w(y.a-.tp0)da

_  r ny\Of.tp)j(a-.ip)
J u(y.a:tp o)

w(y.OL-.tpn
[ j  w{y.a:tpQ)da 

J w(y,a-.tp0) y ^ o;
=  f  \ f i U ! £ £ h l w k l \ v . ^

. w{y.a-tp0)

da
( T S )

where the expectation is w ith  respect to  the cond itiona l density w(a \y:  tp()) o f a  

given y under the w ork ing  model at tp =  tpu. and tp0 is a reference point o f the 

re la tive  like lihood. In order to  approxim ate the re la tive  like lihood L ( t p ) /L w(tpa). 

one takes a sample a  from  d is tr ib u tio n  ir(a |y :V > o ) (note  tha t here tp0 is fixed)

fid
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then evaluate the expectation E w defined in  (3.8). Th is is a “ single sample" 

m ethod because i t  uses the same sample a  from  the d is tr ib u tio n  i v ( a \y : ip0) for a ll 

evaluations o f the ob jec tive  function L ( ip ) /L w(ip0) in the process o f op tim iza tio n .

In pa rticu la r, i f  we use D urb in  and Koopm an's (1997) approx im ation  -  a 

norm al density g (y \a : ip )  to  approxim ate Poisson density f ( y \ a . i p ) .  then we 

have w ork ing  model i r ( y . a : i p )  =  g { y \a : ip ) f { a ; ip ) .  where g (y \a : ip )  is given 

by (3.6) and f ( a : i p )  is an n-dimensional norm al density. By draw ing  samples 

=  1 .- - - . .Y  from  the density g {a \y : ip 0) for fixed ip0. we w ill be able to 

approxim ate  the re la tive  like lihood as

W )
M V ’o)

f ( y \ a {l' : i p ) f ( a l,}:ip)
(T 9 )g ( y \a ( ‘'):ip0)f(al' '>:ip0) ‘

Clever (1996) suggested updating ip0 to  the m axim izer o f the re la tive  lik e li­

hood and repeating the  Monte Carlo approxim ation  and m axim iza tion  using the 

new ip0. By upda ting  ip0 a few tim es, one should get be tte r approxim ations o f 

the re la tive  like lihood  function near the true  m axim um  like lihood estim ate.

Geyer (1996) provided the asym pto tic  d is tr ib u tio n  o f ip. the m axim izer o f 

the re la tive  like lihood  log / ' f f i  :=  l \ { ip ) -  The variance o f ip is approx im ate ly  

B ~ i ( ip )A{ ip )B~x{ip). where a consistent estim ator o f B{ip) is — ' and

A{ip) =  V ar[d l \ ( ip ) /d ip ] .  A(ip) can be estim ated by

E ; . , «,«?' -  .v ( i E i ,  u .)  ( i ^ ,  » , ) r

y '.v n y \ a l,).ip)na<".ip) 
z - ‘ = l  3iy\a'".ip0ma<'Kip0)

where u , = •:i[ny\cit'Kip)Hat".ip)]
;i1p / [ '7 (y |Q;(l)- V’o)]- Bore the q u a n tity

B ~ l ( ip )A ( ip )B~ l (ip) is the estimated variance o f the difference between the M onte 

Carlo approxim ations to  the M LK  ip and the exact M LK  which we are unable to 

calculate. It  is also called s im ulation error. The estim ate o f difference between 

the exact M LE  and the  true  param eter value o f ip is an en tire ly  d ifferent problem.

6-1
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The variance m a tr ix  o f th is  difference is the inverse F isher in fo rm a tion  which is 

estim ated by It  is the error due to  the  va ria tion  o f the observed data y.

The variance form ulas provided by Gever (1996) are the  same as those given in 

D urb in  and Koopm an (1997).

Both D urb in  and Koopm an’s. and K u k ‘s es tim a tion  methods are based on 

M onte C arlo a pp rox im a tion  and im portance sam pling. The im p lem enta tion  o f the 

a lgorithm s are com plica ted . In the fo llow ing section, we take a d iffe rent approach 

to  the approx im ation  o f the likelihood o f observed data.

3.2 A pp roxim ation  to  th e Likelihood o f  O bserved D ata  y

We approx im ate  the like lihood o f the com plete  data ( y . a ) so tha t a  can eas­

ily  be integrated. We then compute the m arg ina l d is tr ib u tio n  o f y  and m axim ize 

it  to  get the estim ates o f the model parameters.

3.2.1 A p p rox im ate  Likelihood

A Taylor expansion at a '  =  (a j.  • • •. a " )T on the  te rm  (ea  )Te x @ in ecpiation 

(3.3) gives

( e a )T e x P  =  b ’ r e x @ +  ( a  -  a ' ) r K b "  4- ^ ( a  — o l " ) 1 B K { o l  — a" )  (3.10)

where 6" =  ( c ° ' ...... e " " ) r . B  is the diagonal m a tr ix  d ia g ( tL>* c‘J" ). and l\ is

the diagonal m a tr ix  d ia g ( e * ^  cx Let

y  =  y -  Kb" +  B K a " .  ( T i l )
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and use equation (3.3). the approx im ate  likelihood o f the com plete  da ta  ( y . a )  is 

then given by

fa(y .ot)  =  ^ r ^ e x p { y r a  +  y TX(3 -  j a T l 'a

- [ b ' Te x @ +  ( a  — a ‘ )T h 'b"  - f ^ (a  -  a " ) T B I \ ( a  — a ’ )]}

=  ^ e x p { (y  — Kb" +  B I \ a ‘ )Ta  — £c*T( B l \  +  V)ct

- \ a mTB K a m +  a mT K b '  +  y TX(3 -  bmTe x &}

=  ^ r ^ - e x p { y Ta  — \ a T( B K  +  l ’ )a

- \ a ' T B K a * +  a ’ T I \ b ‘ +  y TX(3 -  bmTe x P }

~  ^ c T ~ e x P{ ~ 2  ia  ~  +  1 ’ ) ~ l y ] T  +  V )  [a  -  ( B K  +  l ' ) - l y ]
+ \ y T { B K  +  l ' ) - ‘ y  -  ± a ’ T B K a * +  a ' T K b m +  y T X f 3  -  b mTe x & } .

So the conditional d is tr ib u tio n  o f a  given y  is

a t|y ~  .V ( { B l \  +  V ) ~ ly . ( B l \  +  V ) ~ l ) .

and the approxim ate d is tr ib u tio n  o f y  is

fa{y)  =  |SA’+ i’|W2(ri"=1y,!) oxP{ 23̂  ( B l\  +  V ) l y

- \ a ' r B K  a *  +  a mT K b ’ +  y r .Y/3 -  bmTe x & } .

The calculation o f \ B K  +  l ’ | and y r { B K  +  V )-1y  can be done by using the 

innovations a lgorithm  (B rockw e ll and Davis. 1991) to avoid in ve rtin g  the n x n 

m a trix  ( B I \  +  I ) d irectly . Some calculation details are given in  section 3.2.2. 

Since E ( a \ y )  =  ( B K  +  b’ )- I y .  a '  can be calculated as the converged value o f 

=  (a jJ*. • • • . o [ ^ ) T which is obta ined recursively from  the equation

a 0+t) =  { B ( J ) K  +  _  /vfc(j) +  B (j)K a i j ) ). (3.11)

where f lb )  =  d ia g (c ’ > . ). and =  (f . • • •. e ‘ " ' )T . The convergence

o f a r ^  is usually reached w ith in  o ~  7 iterations for a given set o f parameters

ip =  {(3T.<pT.<72)t .

Based on approxim ate d is tr ib u tio n  o f y  given in equation (3 .13). parameters 

o f the model are then estim ated as follows:

1. Select in it ia l values o f a '  =  a (0). 0  =  0 (o). a 2 =  rr2(0) and set j  — 0:

GG
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2. For fixed atlJK and cr2 Ĵ\  m axim ize ( y TX(3 — bmTex &)  w ith  respect to 

(3 to  get /3*J+1*; th is  is com parable to  Poisson regression:

3. For fixed a (j) and /3<J+I). m axim ize  [log +  y T( B I \  +  V ')-1y ] to  find

and tr2^ + l*. the estimates o f </> and a 2 respectively:

4. For fixed /3*J+ l*. and <72^ +1*. use equation (3.14) ite ra tive ly  and take

the converged value as a * ,  and set a ( j+ l ’ =  a ’ ;

5. Increm ent j .  go to step 2 and continue to  convergence.

3.2 .2  Som e C alculation D eta ils

To ca rry  out the above calculations for param eter es tim a tion , we need to 

com pute y T ( B h  +  I )~ ly. \Bf \  +  I | and | l  |. where m a trix  I ~ l is the covariance 

m a trix  o f ( o i . -  - . q „ )  from  the la tent process { o (}. and { o f } is assumed to be 

the A R (/j) process given in (3.2). Assum ing n — p >  p. we can w rite

Z  =  ,4a . (3.15)

where Z  =  (a ,.  • • • , a p. r p+1. • • •. - „ ) r . a  =  (a ,.  • • • . o p. o p+i. 

a low er-triangu la r m a tr ix  w ith  a ll diagonal elements 1. i.e..

( \

A =

I p x p  0 p X ( r i_ p )

.4,

o „ ) r . and .4 is

(3.16)

where

.4, =

Op - o p_ i —O i

0 -O p - O i

0 0 - O p
0 0 0 0

0 0 0 0

. and
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A 2 =

/  1 0 •• 0 0 •• 0 0
-01 1 • 0 0 •• 0 0

—Op Op-1 1 0 •• 0 0

0 —Op • —01 1 0 0

0 0 — Op Op— 1 1 0
V 0 0 • 0 —Op • • —01 1 /

Using (3.15). we have

E ( Z Z t ) =  E ( A a a TA T ) =  A E ( a a r )Ar  =  A \ ~ l Ar .

Since

E ( Z Z T ) =  /: [ ( o i . • • •. n p. cp+i. • • •. r „ ) (o ] .  • • • , o p. r p+1. • • •.

F p x p  O p x ( n — p )  j  Q

0 ( r i  —  p ) x p  &  f n  — p  J  

where T is the  covariance m a trix  o f ( o t . • • • . o p) tha t can be w ritten  as

I  ',(0 ) - (1 )  ••• “ ( / » - ! )  \

\  - ( / > -  i )  * ( /> - -> )  ••• ~,(0) )

w ith  ~:(h) =  C ov(o ,. o f+* ). From (3.17) and (3 .IS), we have

r - ‘ o

(3.17)

(3.18)

l ' -  =  ^  1.4

/  a J \  (  r - 1 o
o a t 0 cr 2l n-r

I  0 
1. .-i2

(3.19)

1 ‘ + 77-if-It

From the AR(/>) recursion o, -  O iO,_i — - — opa t- p =  ~t. one can use the Yule-

W alker equations to  compute " (0 ) . *,( I ). • • • . "•(/>)•

Now we are ready to calculate y T( f l I \  +  I ) - I y . Suppose that l i K  +  I 

is the covariance m a trix  o f y. The best linear predictors o f the components o f

V =  (.(/l- • • • -Tjn)T are given by

■Vj+1 =  0 j \ ( j j j  — j j j )  +  O y A j j j - i  — j j j _ I ) +  . . .  +  -  ! J i ) .
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w ith  y , =  0. Thus, w ritin g  y  =  (y{. • ■ • . y n)T- w*' have

y  =  y - y + y  
=  y - y +  (C -  I ) ( y  -  y)  
=  C { y - y ) .

where /  is the  n x  n id e n tity  m a trix . C is the n x n m a tr ix  given by 

/  tfuo 0 0 0 \
0\ j 0\a 0 • • • 0

C  =  ^22 2̂1 ^20 • • • 0

\  0 n  — I.n — 1 0 r i —I.n —2 0 n — l . n — 3 * * '  0 n  — 1.0 J
where 0,o =  1 fo r / =  0. 1 n — 1. Taking covariances, we have

B K + V  =  E ( y y T ) 
=  CD C 'T.

where D  =  d ia g (e 0. tq  cn_ i ). and r, is the mean squared erro r o f the one-step

predictor o f yt. The determ inant o f B f\ +  I ’ is given by

\ B K  +  V\ =  \C \ \D \ \C T\ =  n ^ c l .

and
y T( B I \  +  \ ) ~ l y  =  [C(y  -  y ) j T ( C D C T )~l [C’(y  -  y)

=  (y  ~  y ) T D ~ l {y -  y)
_ r 'n  (»■-!/.)•*
_  ^ ‘ = 1 f . _ ,  •

So the quan tities  y T(B f \  +  T ) _ Ijf  and |B f \  +  I | can be obta ined d ire c tly  from 

the innovations a lgorithm .

The lower tr ia n g u la r m a trix  .1 defined in (3.16) has diagonal elements 1. so

that

|V | =  \a t \
r 1
0 v°-i \M = | r - 1 i s - 11 = | r - V 2(n

pecial case o f /> =  1. i •e.. {o , }  ~  A R (1). |V | =  -7 # .  and

/  1 - o 0 0 0
—o 1 + o 2 - o 0 0

\ '  = r r ~ 2
0 - o 1 + o 2 —o 0

0 0 0 • , 1 + o2 - o
V o 0 0
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3 .2 .3  C on n ection s betw een the A pp roxim ate L ikelihood and D urbin  
and K oop m an ’s Im portance D en sity

An approx im ate  density o f a  given y  proposed in (.1.12) is based on the 

Tay lo r expansion o f a te rm  in the density o f y  given a  which is a Poisson density 

in our model. D urb in  and Kooprnan (1997) have a d ifferent approach to  find 

th e ir im portance  density < /(a |y). though they d id  not w rite  down th is cond itiona l 

density e xp lic it ly . In fact, these two densities are exac tly  the same as we show 

below.

D urb in  and Kooprnan (1997) approxim ated the density f ( y t |o ( ) by a norm al

density </(</f|o,) and obta ined an approxim ating  m odel.

ijt =  o ( +  t,. c( ~  -V(p(. / / , )  independently. (V M )
O f  =  O io ,_ , +  • • • +  OpQt-p Zt.  Z t ~  / I D \  (0. o'2).

In th is  case. g{yt \ctt ) is the density o f a norm a lly  d is tr ib u te d  random  variable w ith

mean y t +  o ( and variance // , .  They chose f t , and H t so tha t d l t(o t ) /d a  =  0 and

f)2l t( a ) / d a d a T =  0. where l t{a )  =  log f ( y t \c\t ) — log <?((/,|o ( ). They obtained

yt =  !)t -  Of -  ytt ~ {",+ x ^ ) +  1 and
Ht =  1 

Here d f is ca lculated recursively: start w ith  in it ia l values o f / / ( and H t: use Kalm an

sm ooth ing to ob ta in  d j11 in terms o f y \ . y2. ■ ■ •. yn■ get a new set o f y t and H t: use

Kalm an sm ooth ing  to  get an updated d {2*: and continue u n til convergence o f the

d !J*. The d f represents the converged value o f the sequence d

The app rox im a ting  density o f y given a  is given by

y(y  i« )  =  n r= is r(i/* i«« ) =  n ;= i s f z j y n  cxp{--(i/f -  f t , -  O f )2 / / ,  }

=  ( -■ )  " n r= i {ex[>(^(df +  x j ( 3 ) ) c \ p  [ - i c ' * ,+ x 'r ^ ( d ,  +  y,c (">+x fP) -  \ -  n , )

=  (2 - )~ 7  exp [ i  E«'l= I(df +  x j (3 )  -  I  E r= . ^ '" +;E‘r/3 (o f +  y,< ~{:' '+ x ?&  -  1 -  o f 

We w rite  it  in m a tr ix  form  as

y ( y | a )  =  (2 -)~ 2  exp [ - j [ a  +  ( B , J \ ) ~ ly  -  1 -  a ] T B , J \ [ a  +  ( B,, K ) ~ 1 y  -  I  -  a ]

+  i l 7 ( d  +  .V /3 )] .
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w h e re d  =  (d |.  • • •. d „ ) r . B j  =  d iag(ea‘ . • • •, e°n) and K  =  d ia g ( e * ^ .  • • • . ex " ^ ) .

The app ro x im a tin g  jo in t  density o f y  and a  is 

y ( y . a ) =  g ( y \ a ) g ( a )

=  ( 2 t ) - t  exp [ - j [ d  +  ( B ^ l \ ) ~ l y  -  1 -  a \ T  B : J \ [ a  +  ( B t- J \ ) ~ l y  -  1 -  a ]  

+  \ l T { a  +  -V/3)] (2 - ) "7 |V ' | 5 -  e x p ( - j a T V a )

=  (2 tt )_n|V | i  exp [ - j [ a  +  (Bc , I \ )~ ly  -  1 -  a \ T B,-J \[a +  ( B , J \ ) ~ l y  -  1 -  

+  ̂ l T ( d  +  X/3)  -  i a r l ' a ]

=  (2 t t )—rl| l ' |7  e x p { - i a r (Z?L-,/v' +  V )a  +  ( B c J \ a  +  y  -  K b ^ )Ta

- i [ d  +  ( B J \ ) ~ l y  ~  l ] T f la A '[d  +  (B 6 K ) ~ ly  -  1] +  ± l r ( d  +  X/3)}

=  ( 2 - ) - " | \ - ’ |? e x p { - ±  [ a  - ( B . K  +  \ T l y  ( B ,  K  +  V ) [ a  -  ( B,-, I\ +  V)~ 

m t Z ( B . - J <  +  \ T l y 6 -  * [d  +  ( f l i A T '»  -  l ] T B iA '[a  +  { B : J \ ) ~ ly  -  1] 

+  i l r ( d  +  .Y 0 )} .

where I ’ -1 is the covariance m a tr ix  o f o j . - •• .a „ .  fc,-, =  (e 'M . • • • . e "" )r  and

y,- =  y  -  l \ b 6 +  B,-,l \a.  (3.2:})

So the app rox im a ting  cond itiona l density o f a  given y  is

a | y  ~  X ( ( B : , K  4- \ T l y,-t. (B.-.K +  I ' ) " 1)- (3.2-1)

From (3.12). (3.14) and (3.2-1). we know tha t a '  and d  are identica l. They are 

the mean o f Gaussian density o f a  given y .  So the approx im ate  density o f a  

given y  obtained in Section 3.2.1 is the same as the im portance  density derived 

from  D urb in  and K oopm an ’s m ethod.

The key step in D urb in  and Koopman s approach is the construction  o f the 

quasi-observation (y  — fi )  as they t ry  to  m a k e y (y |a )  close to  f ( y \ a )  as a function 

o f a  w ith  y  fixed at the observed value. Schall (1991) proposed an a lgorithm  for
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estim ating  parameters o f the generalized linear models w ith  random  effects. The 

lin k  function g{.) applied to the observed data y  is linearized, g iv ing  to  the first 

order

g(v)  =  </(/*) +  ( y -  #*)<?'(#*) =  - •

where f i  =  E{y \e ) .  and e is a vector o f random errors. A  linea r random effects 

model is then derived for z. The o rig ina l observations y  are replaced by “ adjusted 

dependent variable" z and param eter estim ation  is based on the model for z 

instead of y. A c tua lly , as K uk (1997) pointed out. D urb in  and Kooprnan "s quasi­

observation (y  — ft)  which can be derived from (3.22) is the  same as S cha lls  

adjusted dependent variable z  evaluated at n  =  cA f i+ a .

Let /3 represent the fixed effects, and 6 the random effects. Schall s (1991) 

ob jective  function for his model is the posterior like lihood for (3 and 6 under 

a norm al p rio r o f fc. which is p roportiona l to f (y \ /3 .b )g(b) .  f ( y \ /3 .b )  is. by

assumption, in the exponentia l fam ily . The posterior log like lihood  is equivalent 

to logg(z\(3.b) -f- log</(6). where g(.) is a norm al density. Schall s model deals 

w ith  random effects tha t are observable. The s itua tion  w ith  o u r model is d ifferent. 

In our model. (y \ f 3 . a ) does not have a norm al density. O ur la ten t process { o f } 

which is comparable to the random effects 6 in Schall’s model is unobservable and 

correlated. That makes our model param eter estim ation much more com plicated 

to  im plem ent.

3.3 Com parison o f th e E stim ation  M ethods

From the in troduc tion  in Sections 3.1 and 3.2. we know tha t D urb in  and 

Kooprnan s (D K s )  method is com puta tiona lly  intensive requ ir ing  Monte Carlo 

approxim ation and ite ra tion  in order to  m axim ize the ob jec tive  function  (log like­

lihood). Kuk s one-sample method is conceptually sim pler, bu t has an im po rtan t 

issue: how to find a "good" tp0 to  s ta rt the m axim ization  procedure? W ith  the
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setup o f our param eter driven m odel, th is  in it ia l reference po in t iJ}Q w ill d e fin ite ly  

have im pact on the  final estim ates o f the  model parameters. O ur approx im ate  

like lihood  m ethod is free o f s im u la tion  and re la tive ly  easy to  im p lem ent, w h ile  

the ob jec tive  function  is not an exact like lihood  function . Moreover, there  is no 

closed form  fo rm u la  to calculate the  variance o f the estimates.

In th is  section, we compare the re la tive  perform ance o f the above th ree  es­

t im a tio n  methods. A real data set (the  po lio  data) and s im u la tion  results under 

d ifferent models are used. A ll the source code was w ritte n  in Fortran 90. User 

tim es o f com puta tion  are obta ined by using U n ix  com m and “ tim e x " on an IB M  

RS/6000 com puter. It is the tim e  spent in the system (C P U  tim e ) when the 

com puta tion  command is com plete.

3.3.1 Polio  D ata  R esults

The fo llow ing  model is used to  fit the  polio  data.

Y’f |a (.a :( ~  Poisson(e.xp{a;^/3 -I- o ( })  independently, 

where { o ( } is an A R (1 ) process sa tis fy ing  the recursions

Of =  OtO(_[ +  C(. ~  11 DA (0.<t^).

and x j  =  (1. n^ . c o s ( ^ ) . s i n ( ^ ) . c o s ( ^ ) . c o s ( ^ ) ) .

Table 3.1 gives the results o f the f itte d  model using D urb in  and Koopm an's 

(D K ). K u k ’s. and our approx im ation  m ethods. The in it ia l values o f f3 are ob­

tained by f it t in g  a Poisson regression m odel to  the data, assuming no tem pora l 

dependence in the data. The in it ia l values for o  and a 1 are 0 and 1 respectively. 

Results from  Chan and Ledo lter’s M CF.M . and K uk and Cheng's M CN'R algo­

rithm s are also listed for reference. The M onte  Carlo sample size is A =  1000 for 

both D K 's  and K u k ’s methods.
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Table 3.1. Parameter estimates for f it t in g  the param eter driven 
m odel to  the  polio data using d iffe rent estim ation  methods. The fig­
ures w ith in  parentheses are standard errors, and numbers w ith in  curly  
brackets are standard errors due to  M onte Carlo s im u la tion .

E s tim a tion  M ethod D K 's K u k ’s O ur m ethod MCE.M MC.N'R
Intercept -.032 .043 .387 .211 .243
(log ra te  in  Jan. 1976) (.167)

{.106}
(.096)
{.O KI}

(.267) (.125) (.278)

trend  x 10-3 -3.78 -5.51 -4.01 -4.62 -3.81
(2.86)
{.179}

(1.53)
{.175}

(2.79) (1.38) (2.83)

cos(2t / /1 2 ) -.101 -.106 .152 .119 .161
(.149)
{.013}

(.111)
{.016}

(.138) (.090) (.145)

s in (2 - / /1 2 ) -.497 -.502 -.465 -.495 -.481
(.162)
{.036}

(.123)
{.010}

(.150) (.116) (.165)

c o s (2 "f/6 ) .198 .173 .403 .439 .413
(.128)
{.019}

(.112)
{.014}

(.us) (.102) (.127)

s in (2 ~ //6 ) -.363 -.390 -.oos -.042 -.011
(.126) 
{.021}

(.110)
{.006}

(.119) (.099) (-125)

o .662 .711 .663 .894 .661
(.118)
{.021}

(-057)
{.010}

(.205) (.036) (.218)

.269
(.196)
{.072}

.271
(.055)
{.017}

.244
(.087)

.082 .272
(.627)

I ’ser tim e  (seconds) 2034 31 S2t 1595"

* The user time is based on iterating reference point G times.

"  The user time includes both estimation time and time that computes the 
standard errors.

In our approxim ate  like lihood m ethod, the objective  function  is an approxi­

m ation o f the exact like lihood o f y. We are unable to calculate the Hessian m a trix . 

The m ethod we used to  calculate the standard errors o f our fitte d  parameters is 

as follows. We fit the model using our m ethod to the polio data firs t, then use the 

fitted  param eter values to generate 1000 sets o f data o f lengt h 168. By f it t in g  the
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model to  these 1000 sets o f data, we are able to  ca lcu la te  the standard deviations 

o f the es tim ated  parameters. These standard dev ia tions are listed in Table 3.1 as 

standard errors for our m ethod.

A ll five es tim a tion  methods give com parable estim ated param eter values. 

Especially, o u r m ethod generates very s im ila r estim ates as M C 'XR does: D K  and 

K U K ’s estim ated  parameters are very close except fo r the trend term  w ith  Kuk's 

estimates having sm aller standard errors. M C E M  a lg o rith m  has smallest standard 

errors.

The s im u la tion  standard errors are re la tive ly  sm all compared to the usual 

standard errors for e ithe r D K 's or K u k ’s m ethod. For exam ple, in the case o f 

D K ’s m ethod, the s im u la tion  standard error is 6.3% o f the estimated standard 

error for the trend  term , which implies tha t the s im u la tio n  variance is only 0 .-1% 

o f the usual variance: w hile  K u k ’s method gives variance ra tio  1.3%. For the 

latent process parameters o  and a 2, the ratios o f the  s im u la tion  variance to the 

usual variance are 3.2% and 13.5% respectively for D K 's  m ethod: and 3.1% and 

9.6% respective ly for K u k ’s method.

We d id  not run M C E M  and MC'XR methods on our com puter so we cannot 

compare the com puting  tim e  o f these two methods. A ccord ing  to  Kuk and Cheng 

(1997). M C 'XR  procedure on the polio data is e ight tim es faster than a modified 

version o f the  M C E M  a lgo rithm . O ur approxim ate like lihood  m ethod is the fastest 

among the three methods. This is what we expected because there is no Monte 

Carlo s im u la tion  involved in the procedure. Somehow to  our surprise. Kuk's 

m ethod is not faster than D K ’s. Kuk's is a “ single sam ple" method in which 

for a ll evaluations o f the objective function / L,r (ip0). same sample a  from

d is tr ib u tio n  <7( a : | y : ^ 0) is used. One would expect tha t th is  method saves some 

com puting  t im e  over D K 's  "m any samples" m ethod in which a fresh set o f a  is 

generated from  new g ( a \y )  at each ite ra tion  o f the m ax im iza tion  o f the likelihood
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f iy . i l } ) -  For the polio data, it  takes 1.S9 seconds o f user tim e  fo r K u k 's  method 

to  produce one evaluation o f the ob jec tive  function, w h ile  D K 's  m ethod  takes S.40 

seconds o f user tim e . It  is the ite ra tio n  o f the reference po in t ip0 th a t slows down 

D K 's  procedures. We choose the G L M  estim ate o f /3 and 0 =  0 and a 2 =  1 as 

in it ia l value o f ip0 in our ca lcu la tion . Ite ra tion  tim e  6 for ip0 is an a rb itra r ily  

chosen num ber. Obviously, how to  find  a good ip0 and when to  stop ite ra tin g  ip0 

are im p o rta n t issues here. Clever (1996) stated tha t it  is not necessary to  ite ra te  

ipo to convergence, as soon as new ip is reasonably close to  ip0. it  is t im e  to stop 

the ite ra tion .

3.3 .2  S im ulation  R esults

YYe conducted a s im u la tion  s tudy to  compare the  re la tive  perform ance o f 

three estim a tion  methods: D K 's . K uk 's  and our approx im ate  like lihood  methods 

in troduced in  Sections 3.1 and 3.2. S im ula tion  is based on the model

Y’, |o ( ~  Poisson(ea:,r^ +J' ) independently

w ith  one o f the follow ing three model schemes. For each model and a set o f 

given param eter values. 1000 sets o f data o f length n = 1 0 0  are generated, then 

a corresponding model is fitted  to  each set o f generated data using each o f the 

three es tim a tion  methods. The average o f each estim ated param eter and the 

standard dev ia tion  are then obta ined. The standard errors o f param eters are also 

calculated using D K 's  and K uk 's  methods. The in it ia l values o f the  parameters 

in the es tim a tion  are the true  values. In the cases o f D K 's  and K u k 's  methods, 

the M onte C arlo  sampling size is .V =  1000.

3.3 .2 .1  M odel 1

Model 1 has a constant regression function and an A R (1) la tent process, i.e.. 

x,  =  L a n d  o ( =  Oat- i  +  Z t. where Z t ~  l l D X ( 0 .  a 2). C onstant regression
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function  assures th a t the observed data {Y't } is s ta tionary. F igure 3.1 shows a 

sample path o f {V ,}  for th is  model w ith  parameters J  =  0.7. o  =  0.5 and a 1 — 0.3.

m

o

o

0 50 100 150 200

time

Figure 3.1: A  sample path o f model 1 w ith  T =  0.7. o  =  0.5 and a 2 =  0.3.

Table 3.2 Param eter estimates o f M odel 1 w ith  x t =  1 and o ( =  
OQ(_i +  Z t as la ten t process, using three es tim a tion  methods.

D K 's K u k ’s O ur m ethod O ur m ethod True value
( n =  100) ( n = 100) ( n =  100) (n = 200 ) o f parameters

ave(T) .707 .672 .SIS .823 J= .T
sd (.i) .130 .142 .128 .096
ave(sc(J)) .132 .093
ave(o) .438 .450 .456 .4 S3 o=.  5
sd(o) .103 .195 .203 .129
ave(.sr (o ) ) .170 .142
ave(ir2) .291 .291 .257 .258 a 2=.:)
sd ltr2) .108 .110 .088 .066
ave(.s(:(<72)) .170 .108
I ’ ser tim e  (seconds) •109260 363381 429 758

i i
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Table 3.2 gives the param eter estimates o f M odel 1 using three d ifferent esti­

m a tion  methods. The average (ave) and standard deviations (sd) o f the estimated 

param eters are calculated based on fitte d  models to  1000 sets o f sim ulated data. 

The average o f standard errors (ave(se)) o f the parameters are based on 1000 

replicates o f inverse Hessian matrices.

Figures 3.2 and 3.3 show typ ica l histograms and Q-Q p lots o f 1000 replicates 

o f estim ated parameters, respectively. It  is evident tha t the  d is trib u tio n s  o f 3 

from  a ll three estim a tion  methods are normal.

From tab le  3.2 we know tha t the averages o f 3 o f D K 's  and K uk 's  methods 

are close to  the true  value o f 3  =  0.7. Hypothesis test / / 0 : E (3 )  =  0.7 vs. 

l l a : E ( 3 )  ^  0.7 can be used to  detect bias for 3. The results o f the test show 

tha t D K 's  3  is not biased, but .) from  the other two methods are biased. 3 from 

our m ethod has a bigger bias. For a ll three methods, o  is estim ated to have 

negative bias o f about lO '/f. and the standard deviations o f o  are close among the 

three methods. Averages o f standard errors are sm aller than the  corresponding 

standard devia tion  o f o  for both D K ’s and Kuk's methods.

The estim a to r o f a 2 from  D K 's  and Kuk's methods are about 2(7  and 3(’A 

biased, respectively: a 2 in our m ethod is approxim ate ly l- lcX negatively biased 

w ith  a mean o f 0.257 and in te rq u a rtile  range o f 0.19S to 0.313 when the true 

value o f  a 2 is 0.3. The average o f the standard error o f a 2 from  D K 's  method. 

acc(sc(b2)). is much bigger than the standard deviation o f the  estim ated a 2. 

sd(b2). w h ile  these two values from  K uk 's  method are very close.

Table 3.2 also lists the results for n =  200 (length o f tim e  series in each rep li­

cate) using our approxim ate  like lihood method. A ll the averages o f the estimated 

param eters are greater than the ir counterparts in the case o f n =  100. The bias 

o f 3  is bigger, w hile  biases o f o  and b 2 are s ligh tly  smaller.
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Figure '-1.2: H istograms o f the estimated param eters i . o. and a 1.
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Com pared w ith  D K 's  es tim a tion  m ethod. K u k ’s m ethod is about 1.3 times 

faster, and our m ethod is about 1000 tim es faster. K u k ’s m ethod is not as fast 

as we expected. The ite ra tion  o f reference point ip0 slows down the  com puting  o f 

re lative like lihood  (the  ob jec tive  function).

3.3 .2 .2  M od el 2

Second model in th is s im u la tion  has a linear regression w ith  6 regressors and

an A R ( 1) la ten t process, i.e.. x t =  J’mTi H h-ffsTt;- anfl °< =  Oat- 1 -F Z t. where

Z, ~  / /D .Y ( 0 . <r2). The observed {V ,} is not stationary. F igure 3.-1 gives a sample 

path fo r th is  m odel. The param eter values used for generating the sample path 

are taken from  the fitte d  model to  the polio data using our es tim a tion  method (see 

Table 3.1). These values are also used as true  param eter values in the sim ulation 

for th is m odel and as in it ia l values for the estim ation .

CM

O

o

500 100 150 200

time

Figure 3.4: A sample path o f Model 2 w ith  O  

(0.387. — 1.01.0.1o2. - 0 .  Kio. 0.-103. -O.OOToS)7'.
=  0.063. <r2 =  0.21-1 and (3 =
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Table 3.3 sum m arizes the results from  three estim ation  methods. The his­

tograms and Q -Q  p lo t o f the estim ated param eters reveal s im ila r patterns as those 

in Model 1: J i th rough seem to be no rm a lly  d is tribu ted , o  is skewed to  the 

le ft, and b 2 is skewed to  the righ t.

The estim ated parameters d i - from  both  D K 's  and K uk 's  methods, and 

3? - da from  o u r m ethod are not biased. For a ll three methods, o is estim ated 

to have negative bias o f about 19%. w ith  largest standard devia tion  from  our 

method. The m agnitudes o f bias o f o  are bigger than those o f Model 1 (10% ). 

Averages o f standard  errors o f o  are much sm aller than standard devia tion  o f  o 

for both D K 's  and K uk 's  methods.

The estim ated param eter a 2 from D K 's . K uk 's . and our methods are about 

8%. 15%. and 23% negatively biased, respectively. Again, the m agnitudes o f bias 

are bigger than those in Model 1. The average o f standard e rror o f a 1 from  D K 's  

method is much bigger than the standard dev ia tion  o f b 2. w h ile  these tw o values 

from K u k ’s m ethod arc close. These findings are consistent w ith  those from  M odel 

1.

We also g ive results for n =  200 using our approxim ate  like lihood m ethod. 

Like n =  100 case, the  estimated parameters J 2 -  3,-, are not biased. But bias o f 

3\ is bigger, and biases o f o  and b 2 are sm aller, compared to  the n =  100 case.

Comparisons o f com puting  tim e  o f three estim ation  methods show tha t D K 's  

method is about 1.8 tim es faster than K uk 's  m ethod which is con tra ry  to what 

we found in M odel 1. W ith  Model 1. we have three unknown parameters in the 

estim ation: w ith  model 2. we have eight parameters. Th is increase on the num ber 

o f unknown param eters has reduced the com puting  speed for K uk's m ethod. O u r 

method is s t ill the  fastest among the three methods.
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Table 3.3 Param eter estimates o f M odel 2 w ith  x j  =  (1 .{ /I0 0 0 ,c o s (2 ir f/1 2 ), 
s in (27r//12),cos(2<r//6 ).s in (27r//6 )) and q« =  (pat- i  +  Z t as la ten t pro­
cess, using three estim ation methods.

DK's Kuk's O u r method O ur method True  value
( n = 100) (n =  100) ( n = 100) (n = 200 ) o f parameters

a v e (.i[) .395 .365 .463 .477 J ,= .3S 7
sd (J ,) .327 .341 .346 .246
a ve(^e (J ,)) .321 .242
a ve (.i2) -4.15 -4.070 -3.852 -3.SS3 S j=  -4.01
sd(J2) 5.624 5.830 5.S02 2.129

ave(.sc(J2)) 5.772 4.854
ave( J ;j) .142 .138 .139 .147 .*,= .152
sd( J3) .180 .192 .172 .124
ave(se( J 3)) .164 .156
ave(J4) -.470 -.473 -.460 -.454 J4=  -.465
sd(J4) .193 .190 .191 .138
ave(.sc( )) .184 .171

ave(.i5) .404 .413 .395 .397 J r,=  .403
sd( J r,) . 155 .158 .142 .110

ave(.sc( J r,)) .151 .142
ave( J,; ) .0072 -.0094 -.0077 -.0064 .3,;=-.0076
sd( J,} ) .146 .150 .151 .108
ave(se(dH)) .147 .137
ave(o) .539 .540 .531 .618 o= .663
sd(o) .256 .274 .294 .175
ave(.se(o)) .192 .124
ave(<r2) .224 .207 .186 .199 (t2 — .244
sd((T2) .112 .123 .101 .082
avc(st((72)) .235 .097
I'se r tim e  (seconds) 1649451 3054986 1802 3157

3 .3 .2 .3  M odel 3

M odel 3 has a constant regressor and an A R (5 ) latent process, i.e.. * ,  =  1. 

and o ( =  o io ,_ i + • • • - ( -  Or,o,_5 +  Z,. where Z ( ~  / / D.V(0. a 2). In th is model, the  

observed {V ( } is stationary. Figure 3.0 shows a sample path for th is model.

E stim a tion  results using D K 's and our m ethods are listed in Table 3.1. K uk 's  

m ethod is excluded because in the process o f m axim ization  o f log re la tive like li-
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Figure 3.5: A sample path o f Model 3 w ith  parameters . i =  0.3. o i = 0 .1 .  o-i =
0.72. o3 =  -0.1-18. 0 \  -  -0.094-1. o 5 =  0.0192. and a 2 =  1.

hood, the Hessian m a tr ix  produced from  op tim iza tio n  a lgo rithm  is not positive 

de fin ite  for a ll the  replications.

The Q-Q  p lo ts o f estim ated parameters from both methods are shown in 

Figures 3.6 and 3.7. For D K 's method, the estim ated parameters o f the A R (5 ) 

process o i - 05 seem to  be norm a lly  d is tribu ted . O1.O3.O .1 and 05 are not biased or 

s lig h tly  biased, j  is about 24‘T positive ly biased w h ile d -2 is about 26Vi negatively 

biased. The averages o f standard errors is sm aller than the standard dev ia tion  o f 

the estim ated param eter except a 2.

O ur es tim a tion  m ethod is about 1.5 tim es faster but produces biased esti­

mates for a ll m odel parameters. The means o f estim ated param eter values are 

not close to  the true  param eter values.

8-1
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Table 3.4 Param eter estimates o f M odel 3 w ith  x t =  1. and a t =  
d ia r_ i +  ••• +  05Ot-5 +  Z t as la ten t process, using two estim a tion  
methods.

D K 's K uk 's O ur m ethod True value o f parameters
ave( 3) .373 1.613 :i= .3
sd (J) .338 1.485
ave(se( J)) .269
ave(p!) .0S7 .0628 O i= . l
sd(O i) .197 .205
ave(.st(O i)) .169
ave(©2) .651 -.103 ©2=.72
sd(o-i) .226 .200
ave(se(©2)) .ISO
ave( o 3) -.126 .144 o 3= -. 148
sd(©3) .296 .239
ave(.se(o3)) .233
ave( o .|) -.123 .071 o 4=-.094
sd(o4) .205 .228
ave(.se(o4)) .181
ave(©5) .0052 .103 ©s=.0192
sd(o5) .228 .212
ave(se(o3)) .185
ave(<r2) .738 1.629 (t2 =  I.Q
sd(<r2) .217 2.684
ave(se(<r2)) .250
User tim e  (seconds) 1100227 733770

In sum m ary. D urb in  and Kooprnan s m ethod produces re la tive ly  less biased 

estimates for model parameters o f param eter driven models. Com parable esti­

mated param eter values can be obtained from  K uk 's  m ethod when the latent 

process is an A R (1 ) process. The com puting  tim e  o f K u k ’s m ethod is shorter 

than D K 's when the num ber o f unknown parameters is three. T he  advantage o f 

com puting  speed o f the "single sample K uk's m ethod over the "m any sample" 

D K  s m ethod vanished when the num ber o f unknown parameters in the model in ­

creased to eight. O ur approxim ate  like lihood m ethod produces unbiased estimate’s 

for the non-constant regression parameters when the la tent process is A H (1). Es-
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fig u re  3.6: Q-Q plots o f the? estim ated parameters o f M odel 3 using D K 's  method.
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Figure 3.7: Q-Q plots o f the estim ated parameters o f Model 3 using our app rox i­
mate like lihood method.
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tim ates for constant te rm  in a ll three models are biased using our m ethod . The 

com puting  tim e  for A R ( l)  la tent process model using our m ethod is s ig n ifican tly  

shorter than the others.
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4. SU M M A R Y  A N D  C O N C L U SIO N S

In the previous chapters, we considered a class o f param eter driven models 

in which a la tent stochastic process is present in the mean o f observed tim e series 

o f counts {V ( }. Much research effort has been devoted to f it t in g  such a model. 

E x is ting  techniques re ly on the specification o f a su itab le  model for the correlation 

structure  in the la tent process. As in linear regression w ith  correlated errors, 

there is a need for model d iagnostic and identifica tion  techniques. In this thesis, 

we focused on model iden tifica tion , diagnosing the existence o f  a la tent process, 

hypothesis testing for any evidence o f autocorre la tion  in the la ten t process, and 

param eter estim ation . In th is  chapter, we sum m arize our m ethods, approaches 

and im po rtan t results we have obtained in th is  work.

Chapter 1 gave an in troduc tion  to  generalized linear models and state-space 

models. Existing  research related to  the param eter d riven models were also re­

viewed.

In chapter 2. for f it t in g  the observed count data to  ou r param eter driven 

model, we carried out an analogous model f it t in g  procedure as for a linear model 

w ith  tim e  series errors. A consistent estim ator o f regression param eter (3 is needed 

first. A natura l and easy way to  com pute consistent estim ators o f (3 is to use 

a standard generalized linear model analysis. We showed the  consistency and 

asym pto tic  n o rm a lity  o f the Poisson m axim um  like lihood es tim a to r o f (3 in a 

param eter driven model where the like lihood ignores the presence o f serial cor­

relations. A proof when the la ten t process is s trongly m ix ing  was provided. We
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also derived sim ple  form ulas for the effect o f autocovariance o f la tent process on 

standard errors o f the  regression coefficients.

The next step in the m odeling process is to test fo r the existence o f a la tent 

process. Based on h igher m om ent properties o f Poisson d is tr ib u tio n  and Pearson 

residuals, we developed a test s ta tis tic  Q and its m od ified  version Q and Q". The 

size and size adjusted power o f four statistics Q . Q . Q * and Sa were compared for 

linear and cosine regression functions via s im u la tion , where Sa is an existing test 

s ta tis tic . Based on our lim ite d  sim ula tion, we have found th a t the test s ta tis tic  Sa 

appeared to  have s im ila r type I e rror rates as Q  and Q" bu t larger power. Further 

research is needed to  dem onstrate tha t Srl is preferred in  a ll circumstances.

A fte r the existence o f a la ten t process has been established, we need to esti­

mate the variance and autocovariances o f the la tent process. The existing Zeger's 

m ethod-of-m om ent estim ates o f autocovariances. ~!f%z  have large negative bias 

which is d ire c tly  a ttr ib u ta b le  to  the large bias in the es tim a te  o f variance af.  We 

proposed an “o p tim a lly "  weighted estimates for the variance and autocovariances 

in the sense o f m in im um  variance. We have found v ia  s im u la tion  tha t under 

an 11D la tent process specification the op tim a l covariance estim ates have smaller 

variances than Zeger estimates w ith  approxim ate ly the same bias. We then devel­

oped bias corrections to both Zeger and the o p tim a l estim ates. The bias-adjusted 

estimates reduce bias but at the expense o f higher variance. W ith  increasing vari­

ance in the la ten t process, the bias increases in a ll estim ates. Substantial bias 

caused by large autocorre la tion  presented in the la ten t process would im pact the 

estim ation  o f the correct asym pto tic  variance o f the G L M  estim ates o f f3. Overall, 

the o p tim a l estim ates outperfo rm  Zeger estimates and the  bias-adjusted optim a l 

estimates ou tpe rfo rm  the bias-adjusted Zeger estimates.

To test for zero autocorre la tion  in the la tent process, we proposed a test 

s ta tis tic  I I 2 tha t is analogous to  the Box-.Jenkins's portm an teau  statistic. We
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considered four d ifferent test s ta tis tics H \ ,  Hz,ub- ^ o Pr  an<  ̂ HOpt.UB derived  from 

H 2 by using Zeger. bias-adjusted Zeger. o p tim a l, and bias-adjusted o p tim a l es­

tim ates o f autocorre lations, respectively. Under the nu ll hypothesis o f  a w hite  

noise la ten t process, the Pearson residuals are heteroscedastic and nonstationarv. 

We approxim ated the variance o f the sample autocorre la tion  func tion  o f  Pearson 

residuals and used it  to  obta in a m odified L jung-Box test s ta tis tic  H [ B y  A 

s im u la tion  comparison o f the em p irica l size and power o f above five test sta tis tics 

along w ith  standard L jung-Box test H [ B was reported. We found th a t re lative 

perform ance o f these test s tatistics was h igh ly  dependent 011 the fo rm  o f  the re­

gression functions. Throughout the s im u la tion , results o f Hopt were s im ila r to 

those o f H [ b u . The bias-adjusted s ta tis tics  11%l b  anc  ̂ Hbpti B  ' vcre u n ifo rm ly  

more powerful than th e ir unadjusted counterparts a fter the sizes o f the  tests had 

been ca libra ted to  the nom inal level. In the linear case. Hbptue  an<  ̂ ^ z . l  b  ' vorc 

superior than the others. In the cosine case. H'[g was more pow erfu l than the 

o the r when sample size n =  1000: when n =  100. Hqp1 i B was more pow erfu l.

We applied our model iden tifica tion  procedures to d a ily  asthm a presenta­

tions at a hospita l in Sydney. The data ind icated presence o f a la ten t process. 

B oth  tests H zl  B and I I [ B u  rejected the  hypothesis o f zero au tocorre la tion  in 

the la ten t process. The autocorre lations based on the Pearson residuals were very 

sm all and misleading. Both Zeger and bias-adjusted Zeger estim ates o f autocor­

re lations dem onstrated the need for an autoregressive la tent process w ith  nonzero 

coefficients at lags 1.2.3 and 7.

In chapter 3. we focused on param eter estim ation  o f the param eter driven 

model, in which the latent process is unobservable. Tin* like lihood  based 011 the 

observed data y  is an 11-fo ld in tegra l tha t does not have a s im ple closed fo rm . Kx- 

is ting  likelihood-based estim ation methods such as D urb in  and Koopm an s (D K ) 

im portance sam pling and K u k ’s M onte C arlo Newton Raphson recpiire intense
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M onte  Carlo s im u la tion  in order to  approxim ate  the n-fold in tegra l in the density 

function  o f y.

YVe presented a new approach fo r es tim ating  model param eters which avoids 

M onte Carlo s im u la tion . A  Tay lo r expansion was applied to  a te rm  in the jo in t 

density o f the observed data  y  and the  la tent process a .  As a resu lt, an ap­

proxim ate  like lihood  o f the com plete data  ( y . a )  and the approx im ate  cond itiona l 

density o f a  given y  were obta ined. Then the approxim ate  d is tr ib u tio n  o f y  was 

derived and m axim ized to  get estim ates o f model parameters.

A pp lica tions o f our estim a tion  m ethod. D K 's and K u k ’s m ethods to  tim e 

series o f m on th ly  polio  counts in the I .S .  were used to  illu s tra te  the methods. A ll 

three methods produced com parable param eter estimates. K uk 's  m ethod gave 

a significant trend te rm , but the trend  was not significant using D K 's  and our 

approxim ate methods.

A sim ula tion  study was conducted to  compare the re la tive  perform ance o f 

these three es tim ation  methods. For a param eter driven model w ith  a constant 

regression function  and an A R (1 ) la ten t process, a ll estimates obta ined from  the 

three methods were biased w ith  one exception. The estim ate o f J  under DK 's 

m ethod was nearly unbiased. The m agnitudes o f bias were dependent on the 

estim ation  methods. A ll three m ethods had s im ila r standard devia tions for the 

estim ated parameters. For a param eter driven model w ith  trend  and seasonal 

term s and an A R (1 ) la ten t process, a ll estimates o f regression parameters were 

unbiased except for the constant te rm  under our m ethod. E stim ated parameters 

o f la ten t process o  and a 1 were biased using all three methods. The m agnitude 

o f bias was bigger than tha t from  the first model. Again, a ll three methods 

produced comparable standard deviations o f the estim ated param eters. 1 he th ird  

model in our s im u la tion  had a constant regressor and an A R (o ) la tent process. 

D K ’s method gave unbiased estim ates for the o ’s. O verall. D K ’s m ethod produced
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re la tive ly  less biased estim ates for model parameters. W hen the la tent process 

was A R (1 ). our m ethod gave reasonable estimates for non-constant regression 

parameters, and the com puting  tim e  was considerably sho rte r than for the o the r 

methods.

9:1
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5. A P P E N D IX

A ppendix A

Poisson R egression M odel lo g /q  =  T0 +  Jyt

Suppose th a t Y  =  (V j Y’n)T is a vector consisting o f independent observa­

tions from  a Poisson d is tr ib u tio n  w ith  mean E(Y’( ) =  /q . t =  I .■■■ .n.  Consider a 

regression m odel

log(^q) =  J0 +  J, t. (0 . 1)

YVe w ill show th a t i f  3\ <  0. a ll the observations Y„ are zero beyond some large 

n. so there are no consistent estim ators for 30 and w hile  i f  3{ >  0. the weak 

consistency and asym pto tic  no rm a lity  o f M LEs for 30 and 3t hold.

Case 1. Ji < 0

Let .-l„ =  {u; : Y =  0 }. then {.- ln} is an independent sequence o f events, 

and {-,’ : Y'„(*;) =  0. Vn large} =  U£_, : Y'a(u.’ ) =  0 } =  l im in fn A n. Then

Y, P( . r n) =  f ; p { u . - : Y 'nM > 0 }
n = l  n = l

=  ± { l - c - W ' } < X
n =  I

since lim n_ ^  —p—_r,in +j , „— =  f ' 1 <  1 by the ra tio  test for series o f positive terms. 

Thus P ( litn s u p n .1^) =  0 by the Borel-Cante lli lem m a. Th is is equivalent tcj

: Y’„(wj) =  0 .Vn large} =  1.

Case 2: 3y > 0
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Let /3 =  )r - the  Iog-like lihood o f (y i.  • • • . ( / „ )  is

l ( P)  =  E r= i (y < * °g ^ r  ~  Pt ~  log(y,!))
=  E ^ . ^ o  +  y,Jit  ~  < :*+ * ' -  log (i/,!)|

and the Fisher in fo rm a tion  is given by

, d l  dl  , r , dH

• d f l dpr ) ~  [ < m t 3 T ' c \ T . U ^ ’ht EF . W  ■= E ( £ - J % r )  =  - U - ^ l s r )  =  ( * (  § r '  ‘ t ' X  )  • <*•*>

where

e.h ( l _  cn.i,
E
t = l

t i t * '
t= I

and Y , t 2crht
t~ i

1 -

e h -  (n +  +  ,l t ("+nh

(1 - e ^ " ) 2 *
_ „ 2 c ( n + D J .  +  2 E «= l  t C'ht _  ^ n = i  e .h>

1 -  C''*«

f .ii + € 2.h _ ( „  +  1)2C(»+U.J| + ( 2 « 2 +  2/i -  1)( <"+2>J‘ -  „ 2f ( '‘+»J>

( I -  f

I )  We show that the m in im u m  eigenvalue o f the Fisher in fo rm a tio n  diverges: 

F M 3 ) - > 3 c .

Let .4 =  £ " =1 B  =  E ,= i * t J|f and ^  =  E ,= i then

l ( r- .  D -i _  r-, J l ( (-n -, l - l ) - - , 1- V "  +  2 »J l ( f J , - l ) 2

,  , r , _  - 2 t J l  +  r 2 J l - f ! “ l  +  ( n 2 + 2 n  +  2 ) e , n + 1 | ':,l - ( 2 r i 2 + 2 n + 1  )e<n +  21 J 2 ' 6 4 1 +  ( « 2 +  1 )-■ <n +  ’ , J 1
-  p T T fp

+ e 2 -'1'  > + , ; ' n + l >3| ( 2 - f J > + - 2-1! ) - 2 r . f , n + " ' 3t ( r - ^  -  1 ) +  n 2 r t n  +  1 >•'*1 ( r  J 1 -  1 ) 2

=  iT ^ r r r  .

So we have

A C - B 2 n , A C  -  B 2
-  —>■ 0 and ----------------------- —------> oc as » -> x .
( , l  +  C’ )2 A +  C

Let .V =  ^ j +cy } • then

r io

..i(

,1 +  r  -  v A .i +  r ^ - i M r -  / i 2)

i _ ( , t  +  c ) ( i - y r r v ) .
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A T ay lo r expansion at 0 gives \ / l  — X  % 1 — and hence 

A mM ( 3 )  % £ ^ ( .4  +  C ) [ l - ( l - ^ V )

A C  -  B 2 
A +  C

—* oc. as // —r d c  .

2) z'nF n l {(3)zn —> 0 as n —> oc. where z'n =  (1. ti). 

Since
r JO

i \ l m  =  T r
ht

where

=  C 2 J »
} c3Ji _  r j2c(r>+2Mi _|_ (2 n 2 — 2)c^ ‘+:J*J‘ — n2t +  e('2'1+3)’i i

( i -  y

< A ' ( P ) Z n
*o

f t
:Jq

(=1 ( = 1 ( = 1

c ,
r 30

£ f V ' ( - 2 / i ] [ > J‘ ' +  r i25 > J' (
L/= 1 ; = i f=i
' ( / i  -  l ) 2 c J l  +  ( — 2 / i 2 +  2 n  +  l ) c 2 J ‘ +  / i V u ‘ _  e C « + i ) . i i  _  t ( » + 2 M .

c \ L ( i - c -M3

e - i o ( l  -  e ^ 1 ) [ ( m  -  1 ) V ' -  +  ( - 2 / i 2 +  2 / i  +  1 ) c 2^  +  / i V w « -  (> + ' > 3 i _ f (»+2) .J ,

f 3.3i  _  , J 2 t ( n  +  2 ) J i  _|_ ( 2 / i 2  —  2 ) c * " + 3 *,Jl  —  / i 2 f ( n + , )J l +  f . ( 2 n  +  3 )-J'i

0 as /! —► oc.

By Theorems 1. 3 and Exam ple ( i)  o f Fahrm cir and Kaufm ann (19S5). the weak 

consistency and asym pto tic  n o rm a lity  o f NILE hold. T ha t is. there exists a se­

quence { /3 „ }  o f M L E ’s such tha t /•’, f /,2(/3)(/3ri — /3) ,V(0. I ix i ) -  where

r:J l2i 0 )  =  >J o / 2

0
L-,t= i
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A pp en dix  B

Poisson R egression M odel log ;q  =  +  . i i t /n

Consider independent observations {Ynt. t =  1. • • • . « }  from  Poisson d is tr ib u ­

tions w ith  mean £(Y 'ri/) =  f t n t  =  ef)o+,iit/n. Let L n,n((3) be the log-likelihood based 

on the observations ynl . yn2. ■ ■ ■. ynn. and denote Ln,n((3) and L n,n(0 )  the first and 

second derivatives o f L n_n((3) w ith  respect to  (3 respectively. Then

Ln,n(f3) =  — + -I- y  Q +  - i i t /n )  — log(.Vnf! )•
(=1 /= l (=1

/  l a i =  ( - n = ,< Ji+J" /n +  E ;= , ! / . „  \  _ (
, .nW )  ^  +  £-;.= i „ „ , ( ! . )  )  ^  i E ' =1«!/n,

and

- I  (3) =  f  T X )
I  $  e ,"= , ' V " / "  J •

We show tha t the weak consistency and asym pto tic  n o rm a lity  o f the M L L  o f (3 

as follows.

1) The score function  LnM{(3) is a m artingale  array.

Let T n.i- i  =  v{yk j - j  <  i -k  <  n). then

And since £(»/„*.. — c’io+'i,k/'n) =  0. { L n_n(f3). F̂n n. n >  I } is a zero-mean, square 

integrable m artinga le  array. Let an_k(0 )  =  L n,k{(3) -  l n,k_i(/3)  be the difference 

sequence, then

(  II I — f^O+'Uk/n \  /  i \

*■■*(/») - (  i , 4 " l  -  = ' » ■ * -  ( |  ) •

2) The cond itiona l variance o f antt(/3) converges.

\ a r  [«r1.((/3 )|^ rri.,_,] =  K a,

=  K j  (1 .^ )1 ^ . . ,- ,

+  t_^ - i o + ' l i  t / n
n

m rî
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Thus

"  /  y - n  J ,  t / n  I  Y ' n:= E Var [a , j = e* ?h.T' L h„,
(=1 \  a ^ t =  I n2 2-1 = 1 1 C

G

and

=  -Ln.M3).

~ G n,n{(3) —> e,io
- i I —F̂ l + J  | r .^ l 

1̂
| - ê l +.)ir*l -2 + ie^ ~2.ii :=  V (5,1)

•*?

which is positive defin ite .

3) The Lindeberg cond ition  is satisfied. 

For anv t >  0.

i= i

£  E E

t =  1
n

eel

" d  +  = ) 2( » . | - c J"+J" / ” )4

1 / 2
„ Ur“ M  n 2 f n ( » "  r - ' ^ + 0 ' / " p ( l  +  4 ) > , 2 }

f=l n 2c2

£  E E  [-Ki/n,
( = 1

n2t 2 1 -  c2''1/ ’1

0

-1) The asym pto tic  d is tr ib u tio n  o f the score function is norm al.

Com bining 1). 2) and 3). and using C oro lla ry  3.1 o f H all and Hevde (1980). 

we obtain tha t the asym pto tic  d is tr ib u tio n  o f the score function /.„.„(/? ) is norm al.

i.e..

A
L . n{0 ) -4 r ,/2z. (•o.o)

where V’C2 is the left Cholesky scpiare root o f the m a trix  I ’ defined in (o. l) . and 

Z  is a standard norm al random variable.
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5) The C o n tin u ity  condition holds.

Define a neighborhood o f (3 as

-v „ ( i)  =  {$ . . *  : | | ^ ( 4 „ . „  -  4)11 <  <5} for S >  0.

where ||« || for vector v is defined as m a x (A 'u ) fo r A 'A  =  1. Let /9n,„ =  ( Jo. J i) '.  

then

SUP/3„ n€.V„(i) II™ [ ~ ^ n -n ^ r i . n )  -  6n.n(/3)] ||

( (e ‘*0+,*1^ n — H " _ i  — c ‘ i o + , i , ' / n )

— SUP / 3 n n€Xn(S)  II"  ̂ X !(-l - ( t^ 0 + '̂ 1' /,n — t J° +  ‘) |f/'*) 4 (c ^ 0 + ,5lf/,‘ — t Jo + Jl,/,n )

A Taylo r expansion gives

(Jo — Jo) +  M i — J i ) ( —)

where J j  4- - i i t /n  lies between J0 +  ~i\t/n and -iQ +  J j / r i .  Since /3ri n G .Vn(J). 

thus | — Jo I 5; S/s/n.  and |J i — J j | <  8 /s fn .  Hence

( = 1

(=1
(Jo — ^ 0 ) +  (^1 — )( —)

=  - d o  -  . h ) * *  £  cj r " "  +  - ! j (  j ,  -  J ,)C «  5 ;
M *  1 "  H *( = ! /  =  1

< eJS

0 as 11 —¥ oc.

i  £  c'3' ,/n
(=i

+
y/n

L Y U W '
i 2 'f=i

S im ila rly , we can show all o ther elements o f the  m a trix  in (0 .6 ) converge to  0 as 

n —> oc. Therefore.

sup 11̂ - [ — _J -  r ; ri.„(/3 )] II ->  0 holds for any <5 >  0. (5.7)
0 „ . „ e v , l ( ,5)

(>) I he M L K  o f (3 exists and is unique a sym p to tica lly  and is weakly consistent.

Since —L n_n{/3) is a covariance m a tr ix , i t  is positive defin ite  for a ll n. and 

hence there is at most one zero o f the score function  Lu,u((3). The so lu tion o f
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Ln.niP) — 0 gives a local (g lobal) m axim um  o f the like lihood  i f  i t  exists. For any 

n. 8 >  0. and X n{8) =  { 0 nn : \ \s /n{0nn -  0 ) \ \  <  £ }. the event

{ L n,n( 0 )  -  L n,n{0)  <  0 for a ll 0  £  d:Vn(J ) }

im p lies th a t there is a local m axim um  inside o f .Y„(<J). where 0. \ 'n(8) is the bound­

a ry  o f .V„(<£). From the above discussion, there is on ly  one local (g lobal) m axim um , 

so th is  local (g lobal) m axim um  must be located at the  NILE 0 nn . Now we need 

to  show th a t for any given i] >  0. there exist 8 >  0 and such tha t

P  [ i n , n ( P )  ~  L n . n ( P )  <  0 for a ll 0  £  d . Y „ ( J ) J  >  1 -  r j

for a ll n >  / i j .  A  T ay lo r expansion gives

L n . n { 0 )  ~  U n ( 0 )  =  ( 0 ~  0 ) 'L ,un{0 )  +  -  0 ) ' l n.n ( 0 ^  J ( 0  -  0 ) .

where 0~n n is between 0  and 0 .

Let A  =  y/r i(0 — 0 ) / 8  w ith  A ' A  =  1. then

P  [ / .n.n(/3) -  Ln,n(0 )  <  0 for a ll 0  £  cLYn(£)]

1

(o.S)

=  P [ ( 0 -  0 ) ' L n . n ( P )  +  7 ) ( P  - 0 ) ' U n ( 0 mn . n ) ( 0  - 0 ) < O

=  p  - ^ = \ ' L a 0 )  <  - “ A 'Z , ,n( 0 :  j a
y n  2 n

L sing the de fin ition  \ \ - ^ L n , n ( 0 ) \ \  =  max ( A ' ^ Z . n, „ ( /3))  for A ' A  =  1. it  suffices 

to  show

1 •
I I  ~ r l  ( 0 ) 1 1  <  —  \ ' { - L n . „ ( 0 mn . n ) ) X

y / T l  Z I I
> 1 — r/ for any given ;/ >  0.

Since 0 " n . n ) is positive defin ite  for a ll n. and ^( —Z ri. „ ( 0 ^ „ ) )  converges

to  a positive defin ite  m a trix , so we can find a positive  constant c such tha t 

“ A ^  —  L n . n ( 0 ' n , „ ) ) A  >  c for all n. By M arkov's inequality.
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Given tj >  0. choose S sucli tha t (5.S) holds for n >  n j.  For such S. v

and hence y /n (0 nn -  0 )  =  Op( 1). 0 n n -  0  =  Op( =  op( 1). i.e.

K n  ^  P-

7) The M LE  o f 0  is asym p to tica lly  normal.

By a Taylor expansion.

L . n ( 0 )  ~  L . n ( 0 n . n )  =  (  0  ~  P  n . n  Y  L  n . n  ( P i n  ) -

since L n,n( 0 nn) =  0.

L , n(0 )  =  (0  -  0 nj i rlj 0 : . n).

thus.

L . n ( P )  =  \ 0 n . n  ~  P Y  [ -  { ~ t n . n U K . n  ) )

The con tin u ity  cond ition  (5.7) and (5.4) give

I
-  \ - L , l . n ( 0 n , n )  '  f ° r  P n . n  €  . V „  (  £ ) .

From (5.5). (5.10) and (5.11). we have s/ u ( 0 nn — 0 ) '  - 4  \ l 2̂Z V  ‘ . i.e.

M 0 nn- 0 ) l \ - Tf i Z.

where V’ is the righ t (,'holesky square root o f V - i
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