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ABSTRACT OF DISSERTATION
MODELING TIME SERIES OF COUNT DATA

The focus of this thesis is on modeling time series of count data. We consider
an extension of linear Gaussian state space models - parameter driven models
in which the mean function of a time series of observed counts {Y;} is specified
by a linear predictor modified by a “latent process’. As in linear regression with
correlated errors. there is a need for model diagnostic and identification techniques
to decide if it is necessary to include a latent process in the specification of the
mean of the Poisson counts and. if so. is there any evidence of autocorrelation in
such a process.

lor a parameter driven model. the asymptotic distribution of standard gener-
alized linear model estimators is derived for the case that an autocorrelated strong
mixing latent process is present. Simple formulas for the effect of the autocovari-
ance of the latent process on standard errors of the regression coefficients are also
provided. A method of testing for the existence of a latent process is developed
and compared to existing test statistics via simulation. Ounce the existence of a
latent process has been detected. a simple and easily implementable method for
estimating the autocovariance of the latent process is given. The standard er-
rors of the estimates are also provided. Methods for adjusting for severe bias in
previously proposed estimators of autocovariance are derived and their behavior
investigated. A test statistic for testing serial dependence in the latent process

is proposed based on the study of the distribution of autocorrelation estimates.
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The performance of different test statistics for testing serial dependence have been
compared.

Parameter estimation of a parameter driven model is complicated since the
latent process is unobservable and the likelihood of the observed data y is an n-fold
integral which does not have a simple closed form. Existing estimation methods
involve intensive Monte Carlo simulation. A new estimation method that avoids
Monte Carlo simulation is developed using an approximation to the likelihood
of y. Applications of the methods to time series of monthly polio counts in the
U.S. is used to illustrate the methods and results. A simulation study has been

conducted to compare the performance of the various estimation methods.

Ying Wang

Department of Statistics
Colorado State University
Fort Collins. ("olorado 80523
[all. 2002
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1. INTRODUCTION

The focus of this thesis is on modeling time series of count data. Such series
are non-negative integer valued and often arise as the number of events occurring
in non-overlapping time intervals. We can easily find time series of count data in
epidemic studies and analysis of economic behavior. e.g.. number of rare discase
infections in a given month. number of mortalities in a given day. daily number
of discrete price changes on a stock. There are a variety of models and methods
that have been developed to analyze count data.

(Classical linear models are regression models with the assumption that the
observations are normally distributed with a covariance matrix that is known up
to a scale constant. Generalized linear models (Nelder and Wedderburn. 1972)
extend the classical linear model by allowing for non-normal noise such as the case
when the response variable is binary or integer valued. If the response variables
are a time series. it is unlikely that neighboring observations are independent and
hence serial dependence should be incorporated in the model.

Cox (1981) suggested two classes of models of time-dependent data: param-
eter driven. and observation driven models. In parameter driven models. depen-
dence is introduced through an unobserved latent process. while in an observation
driven model. the conditional distribution of observation is specified as a function
of past observations. Both model specifications are becoming increasingly popular
because of their ability to handle serial correlation and overdispersion in the data.
In this thesis. one type of parameter driven model that combines generalized linear

models and time series models is studied in detail.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



In this chapter. definition and properties of generalized linear models and gen-
eralized state-space models will be introduced and some existing research results

on parameter driven models will be reviewed.

1.1 Generalized Linear Models

In a classical linear model. we assume a vector of observations y is a realiza-
tion of a random vector Y that has a multivariate normal distribution with mean
E(Y) = p and covariance matrix a?/. The systematic component of the maodel is

the linear predictor i given by n = XB3. where X\ = (z7..... zl)T

is the design
matrix. and 8 = (J;.---..3,)7 is the vector of parameters. The structure of the
systematic part assumes that we know the design matrix that influences the mean
and can measure it effectively without error. The link function ¢(-) between the
mean g of the random component Y and systematic component 1. defined as
n = g(p). is the identity function. i.e.. n = p. For this model. least squares can
be used to estimate the parameters.

Generalized lincar models (GLM) are an extension of the classical lincar
model. They allow two generalizations from ordinary linear models. First. the
distribution of Y may come from an exponential family other than the normal
distribution. and second. the link function g(-) between the random and system-
atic components may be any monotonic differentiable function. We assume that

each component of Y has a distribution in the exponential family: its density

takes the form

yo — b(0)

+ cly. o)} (1.1)
a(o)

Sy (y:0.0) = exp{

for some specific functions a(-). 6(-) and c(+). If o is known. this is an exponential

family model with canonical parameter . [t may or may not be a two-parameter

t~
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exponential family if o is unknown. [t is easy to show that
p:=EY)=b0) and Var(Y)="b"(0)a(0).

where b'(-) and b”(-) denote the first and second derivatives of b(-) function. re-
spectively.

The function g(+) is called a canonical link if = g(¢) = 0. Suppose the data
Yi.---. Y, represent counts which are assumed to be independent and Poisson
distributed. that is. Y; ~ Poisson(y,). then the log-likelihood of Y = (}.---.};,)7
is given by

1(0.0:y) =y  logp — 17 — 17 log(y!).

Here @ = log p. b(8) = p. a(¢) = 1. and c(y. @) = — log(y'). thus p = E(Y) =

st = @ The canonical link for Poisson data is given by

0 =logpu =n.

For generalized lincar models. the inferences can be drawn based on the like-
lihood function. Maximum likelihood estimates (MLE) of the regression param-
eters can often be found using iterative weighted least squares. Consistency and
asymptotic normality of the MLE for the models with canonical link have been
established by Fahrmeir and Kaufmann (1985). More details about fitting gen-
eralized linear models can be found in McCullagh and Nelder (1989). Sometimes
there is insufficient information to construct a likelihood function. To avoid the
complete specification of the underlying distribution. Wedderburn (1974) defined
a quasi-likelihood function based on a given relation between the mean and vari-
ance of the observations. possibly with an unknown constant of proportionality.
The quasi-likelihood function can be used for estimation in the same way as a
likelihood function. Suppose that the components of the response vector Y are
7

independent with mean vector g = (jig. -+ . ptn)" and covariance matrix o217 (g).
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where o2 may be unknown and V() = diag{v,(g)..... va(pe)} is a diagonal ma-
trix of known functions. The quasi-likelihood for the data is defined as
@ﬂﬂ*g;/avt). (1.2)
Wedderburn (1974) showed that for a one-parameter exponential family the quasi-
likelihood is the same as the log-likelihood. The quasi-likelihood is maximized to
find the estimates for the model parameters. The asymptotic results of the quasi-

likelihood estimators for independent data were given by McCullagh (1983).

1.2 Generalized State-Space Models

State-space models play an important role in time series analyvsis. A state-
space model consists of two equations: the observation equation which specifies the
conditional distribution of the observations given the state. and the state equation
which specifies the distribution over time of the state. A linear Gaussian state-
space model. assuming that both observation and state variables are univariate.

can be written as

Y, = G.So+ 1. Wy~ N(0.H,). (1.3)
Se=FS_ + Vi, Vi~ N(0.0,). (1.1)

where Y, is the observed random variable at time ¢. and S, is the state. Equation
(1.3) is the observation cquation while (1.-1) is the state equation. The values
of Hy.Q:. Gy and Fy, may depend on an unknown parameter vector . Inference
about the parameters ¥ can then be made based on the likelihood function which
can be calculated using the Kalman filter.

Brockwell and Davis (1996) describe the extensions of linear Gaussian state-
space models and categorize these extensions as either parameter driven or obser-

vation driven. These generalized state-space models are developed for application
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in non-normal time series and regression problems. Let Y = (Yj.---.¥;)T with
analogous notation for the other variables. Assume that both Y, and the state
variable S; are univariate. In both parameter driven and observation driven mod-
els. we assume that Y; given (S,. S~ YY) is independent of (S"~1. Y=,

so the observation equation (1.3) is replaced by a conditional density
Plyels. sV g ) = plyls,). t=1.2..... (1.5)

This observation equation is the same for both parameter and observation driven

models.
For the parameter driven model. we assume that S, given (5. S~ Y")

is independent of (SY~1.Y"), i.c.. the conditional density
Plserr]se. 8y = plsipilse). t=1.2..... (1.6)

specifies the state equation. Based on (1.3) and (1.6). it can be shown that

n
Py ... YnlSte oo Sn) = H py,ls,). (1.7)
J=1
and hence Yi..... Y., are conditionally independent given the state variables Sy..... 5,

The sequence of state variables {S;} is often referred to as the latent process as-

soctated with the observed process.

[n an observation driven model. the state equation is specified by the condi-

tional density

I’(5r+l,y“)) =p (:)(-"'r+l|y“))- t=0.1..... (1.8)
5:+l|y

for some prespecified initial density p(s;|y®) := py(s1).
For generalized state-space models. forecasting of future values of the obser-
vations is an important problem. Using the observation equation (1.5) and Bayes’s

Theorem. we have the filtering density
Clag(t)y — POy pyloh)
p(-‘tly( )) - ,,(y(!—l)) _;;:[y(l))

(_'. (t—l)_”' ( . (t=1}) _
pp(‘,?y(r—nj) p;(‘y!(l:-n))/l’(.‘/lly“ )

= plyelse)plsedy =)/ ply|y't=")

(1.9)

)]

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



and one-step-ahead prediction density

P(SH-l!ym) = fP(Sz+l-Sz|y“))d-*'t (1.10)
= fl)(stl.'lm)l)(swl |s¢)dse.

Since [ p(s.|y'?)ds, = 1. from (1.9) we obtain the forecast density function

p(.‘/H—l'ym) = /P(yz+||="r+x)I’(5r+l|ym)‘1-“r+1- (L.11)

With the setup of the observation driven models. obtaining p(y.4,|y"') and
the calculation of the joint density function p(y,.---.y.) = [Ti2, p(yly"~") are
straightforward. Forecasting and estimation for the model are easy to carry out.
On the other hand. the stochastic mechanism governing the transition of S, to
Sy is defined implicitly. This makes it difficult to establish stability properties.
such as stationarity and ergodicity.

For parameter driven models. the forecast function p(y.s,|y'") can be ob-
tained by recursively updating the densities p(s,|y'") and p(s.4,|y'") using (1.9)
and (1.10). The fact that the sequence {S;} is unobservable makes forecasting
and estimation difficult. Since the dependence structure of {Y;} is inherited from
that of the state process {S;}. the assumption of a stationary {S,} will usually

ensure the stationarity of the {Y;} process for lincar state-space models.

1.3 Literature Review

Recently. much research effort has been devoted to the theoretical devel-
opment and refinement of parameter driven models. We give a brief review of
modeling time series of count data in the perspective of model fitting. hvpothesis
testing. estimation and applications.

In parameter driven models. a latent process is generating the serial corre-
lation of the observations. which can be viewed as representing the unmeasured
effects on the observations. For Poisson count data such models have been consid-

cred by Zeger (19838). Brannas and Johansson (1994) and Jorgensen et al. (1995).

6
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The main assumption in Zeger (1988) and Jorgensen et al. (1993) is that the
counts (observed data) are conditionally independent given the latent process.
Zeger (1988) assumes that the latent process is stationary and known up to the
first two moments. Model parameter estimation in Zeger (1988) is based on a
quasi-likelihood estimating equation. so it was not necessary to fully specify the
distribution of the latent process. In Jorgensen et al. (1993). the latent process
is fully known as a non-stationary gamma Markov process. Their long-term co-
variates enter the model via the latent process. and they emphasized the need
for checking both the observed and unobserved parts of the model by means of
residual analysis. which might be difficult for partially specified models. Burnett
et al (1991) introduced a general regression model for correlated count data to
incorporate Zeger's (1988) model and some longitudinal count data models as
special cases.

Zeger (1988) established the asymptotic normality of the quasi-likelihood
estimator for the parameter driven model in which the observations follow a log
linear model and the latent process is stationary. Blais et al. (2000) extended
Zeger's asymptotic normality results to a general exponential family data and a
stationary strong mixing latent process. Gourieroux et al. (1984a. 1934b) showed
strong consistency and asymptotic normality of the MLE ignoring the presence
of an [ID latent process. Brannas and Johansson (1991) stated that the Poisson
maximum likelihood estimator 1s consistent even if the serial correlation is not
accounted for. but the conventional covariance matrix of the MLE is inconsistent.

Model diagnostic and identification techniques are critical for deciding if it
is necessary to include a latent process in the specification of the mean of the
observed counts. Brannas and Johansson (1991) reviewed a statistic S which was
derived by several authors and used as a test for the existence of a latent process.

Dean and Lawless (1989) introduced another test statistic S, to improve on the

-
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small sample performance of the test. A Monte Carlo study revealed that the
S, statistic has better size properties in small samples (Dean and Lawless. 1989).
Brannas and Johansson (1994) compared power functions of the Box-Pierce and
the Ljung-Box test statistics for three types of residuals: Pearson. Anscombe. and
one of their own. These tests are for testing the hypothesis of white noise or no
serial correlation in the latent process. They concluded that the test sizes are
significantly higher than the nominal levels. more so for the Ljung-Box statistic
than for the Box-Pierce statistic.

There have been many applications of parameter driven models for analvzing
count data. Zeger (1988) modeled polio counts in the United States: Campbell
(1994) investigated the relationship between sudden infant death syndrome (SIDS)
and environmental temperature: Jorgensen et al. (1996) studied the relationship
between respiratory morbidity and air pollution: Brannas and Johansson (1994)
modeled road accident counts as a function of some meteorological variables such
as snow depth. etc.

Several methods have been developed for the estimation of the model pa-
rameters. Quasi-likelihood procedures are often used for the case when the latent
process in the model is not explicitly specified. Zeger (1988) and Burnett et
al. (1991) are two examples using quasi-likelihood. Zeger (1988) uses estimat-
ing equations to estimate the regression parameters and method of moments to
estimate the covariance parameters.

The likelihood-based estimation method requires a model assumption about
the distribution of the state process {S;} (latent process). Since {S;} is unob-
servable. the likelihood of Y cannot be written in a closed form. To calculate
the likelihood numerically. the values of the state S, are needed. For the models
with observations from the exponential family. Fahrmeir (1992) estimated S by

the mode of the posterior density p(s(9|y{*?) which is proportional to the joint

v 2
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density of §Y and Y. Chan and Ledolter (1995) proposed Monte Carlo EM
(MCEM) algorithm that converges at a linear rate. As a viable alternative to the
MCEM algorithm. the Monte Carlo implementation of the Newton-Raphson algo-
rithm was suggested by Kuk and Cheng (1997). It is computationally faster than
the MCEM algorithm as it converges at a faster quadratic rate. Both algorithms
require simulation from § given Y with the aid of methods like Gibbs sampling
and rejective sampling.

Durbin and Koopman (1997) developed Monte Carlo approximations to the
log-likelihood of the observed data Y for the models with conditional density
p(yis) and a linear Gaussian state transition equation. The log-likelihood is then
maximized numerically. This is a “many samples™ method according to the defi-
nition of Geyer (1996). Inspired by Gever's (1991 and 1996) “one sample™ Monte
Carlo method. Kuk (1997) proposed a method using relative likelihood and ex-
tended it to a ratio of two different likelihood functions. All these estimation
methods involve simulation from the distribution p(s|y) which complicates the
algorithms. To date. the relative performance of these estimation methods has

not been evaluated and this is one of the main goals of this thesis.

1.4 Outline of Thesis

There has been considerable effort in recent vears devoted to the develop-
ment of methods to fit efficiently all the parameters in a parameter driven model.
However. existing techniques rely on the specification of a suitable model for the
correlation structure in the latent process. As in linear regression with correlated
errors. there is a need for model diagnostic and identification techniques to decide
if it is necessary to include a latent process in the specification of the mean of

the Poisson counts. and if so. to see if there is any evidence of autocorrelation in

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



such a process. We follow the approaches that have proved successful in linear
regression in the next chapter.

In chapter 2. we show the consistency and asymptotic normality of the Poisson
maximum likelihood estimator of the regression parameters in a parameter driven
model without considering serial correlation. The proof is given when the latent
process is strongly mixing. A method of testing for the existence of a latent process
is developed and compared to existing test statistics via simulation. Once the
existence of a latent process has been detected. a simple and casily implementable
method for estimating the autocovariances of the latent process is given. The
standard errors of the estimates are also provided. The performance of various
estimators of autocovariances is compared in a simulation study. A test statistic
for testing serial dependence in the latent process is proposed based on the study
of the distribution of autocorrelation estimates. These test statistics are also
compared via simulation.

Chapter 3 reviews two existing likelihood-based estimation methods for the
parameter driven models. A new estimation method is developed based on the
approximation to the likelihood. Connections between our approximate likelihood
and the importance density from one of the existing estimation methods are de-
rived. Parameter estimation results of three methods on a real data set are given.
Our estimation method is also compared with the other two via simulations.

Chapter 4 summarizes methods. approaches and results of previous chapters.
Limitations of the work and open questions are also provided. Finally. the ap-
pendix contains consistency and asymptotic normality results for special cases of

Poisson regression models.

10
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2. PARAMETER DRIVEN MODELS

The Poisson distribution has a characteristic property that the expected value
and the variance are equal. and the Poisson regression model is a basic member
in the class of count data models. However. the variance often exceeds the mean
(overdispersion) in the count data in Poisson model framework and sometimes.
serial correlation is present in the count data. [n this chapter. we consider a
class of parameter driven models whose “observation equation” is governed by a
Poisson distribution. Overdispersion and serial correlation will be incorporated in
this class of models. Denote the time series of counts by Yi..... Y, and suppose
that for each t. z,, is a r-vector of observed regressors whose first component is 1.
[n some cases &, may depend on the sample size n and form a triangular array.
We use {¢,} to denote the latent process. In this setting. the state-variable S,
described in Section 1.2 can be set to either the multivariate vector consisting of
(EZr c,)T or just €.

The conditional distribution of ¥; given z,, and ¢, corresponding to the ob-
servation equation of (1.5) is assumed to be Poisson with mean u, = ¢, (rx[){zftﬂ}
denoted by

Yiler @, ~ Poisson(c, exp{z!,B}). (2.1)

where 8 = (J...... 3.)7 is a vector of regression coceflicients. The analogue of the
state equation in this context is a specification of the distributional properties of
the latent process {¢;}. We assume that r,, is fixed and {¢} is a non-negative

strictly stationary time series with mean | and autocovariance function (ACVE)

18]
(8]
—

v (h) = E[((t+h - (e = l)] (2.
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The assumption of non-negativity of ¢, is clear in order to ensure that the
conditional mean of Y; is non-negative. The condition that E(¢,) =1 is imposed
for identifiability reasons: otherwise. if ¢ = E(¢,) # L. then ¢ can be absorbed into
the intercept term in the exponent of u,. (That is. one would replace ¢, with ¢, /c
and .J; with 3, + logc.)

To meet the non-negativity constraint on ¢, it is often convenient to model
the logarithms of ¢,. Letting a, = loge,. 1.e.. ¢, = exp{a,). then the conditional

mean of Y; can be written as
— A T
u, = exp{z, B + a:}.

In order for the corresponding ¢; to have mean 1. we must assume Elexp(a,)] = 1.
There is not an explicit relationship between the ACVEF's of {¢,} and {a,} unless
{a.} is a stationary Gaussian process. Suppose that {¢,} is a stationary log-normal
process. i.e.. {a;} is a stationary Gaussian process with ACVF ~,(-). To satisfy
the identifiability requirement that E(¢,) = Elexp(a,)] = 1. it is required that
ar ~ N(=a2/2.0%). where o2 is defined as +,(0). the variance of {a,} process.
So the mean of {a,} is —0.5 times its variance. With this choice of mean and
variance in the log-normal distribution. there is a nice connection between the
ACVFE's. v, (h) = Elexp(aien + ar)] = 1 = ¢ — | for all h.

Figure 2.1 displays a sample path of a Poisson time series generated from
model (2.1) with 27,8 = (1.£/n)(0.1.1)T. n = 200. ¢, = ¢ and a, = 0.50,_; + =..

where = ~ IIDN(—1/4.3/4).

2.1 Means, Variances, and Autocovariances of };

In this section various key facts about the moments of the observed count
process Y; are derived and relationships between the first and second moments

of the latent process ¢, are provided. Throughout. expectations. variances and

12
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Figure 2.1: Sample path of a parameter driven model.
covariances are conditional upon the regressors &,, (and this will not be explicitly
noted). but not on the latent process unless otherwise indicated in the usual way.
Here. 02 := Var(c,).
Mean of Y;:
e = E(Y) = E[E(Y{]e,)] = exp(z],8).

Variance of Y;:

Var(Y;) = E{Var(Yi|e,)] + Var[E(Yie)] = pee + a2l
Autocovariance function of Y;:

(-'0\'();+h- Y,) = I‘fl‘r+ix[E((t‘r+lx) - 1] = I‘tl1r+h‘1w(/1)-

Autocorrelation function (ACE) of Y;:

sty (s — 1)
\/(/t, + o) (e + o)
pels—1t)
VI + (@2) 1[0 + (02p0)7Y]

Corr(Y,. }y)

I

13
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where p,(h) := Corr(¢,. ¢,44). The ACF of Y, is not free of the regressors ,,. as
is to be expected. In the case when there are no regressor terms other than a

constant. i.e.. r = |. the process {Y;} is then stationary with the ACF given by

.",(h)

py(/l) = ('OI'I’(Y,. };+h) = /—l—'_-{'-ff?

where g = e”1. Since u > 0 we see that
lpy (M) < |p.(h)]-

Consider Figure 2.2 in which the ACF for the {Y;} process is shown along with

10
*

08

(1]
it
™
29
E<

fars proc ens

06

04

02

00

] 5 10 15 20
Lag

Figure 2.2: Autocorrelation functions of the {Y;} and latent processes

that for the latent process. Clearly. even when the mean of VY is stationary. the
ACF of the observed count process tends to underestimate that of the latent
process. This illustrates the difficulty in detecting dependence within the latent
process. Little or no correlation in the Y, may mask significant correlation in the
latent process and demonstrates the futility of developing identification procedures

based solely on second-order properties of the data. Because of this. methods are

14
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required to estimate the underlying correlation and to test whether it is zero. Such

methods also need to be applicable when the regression terms are present.

2.2 Asymptotic Properties of the GLM Estimates
In a linear model with time series errors. e.g..
Y, =zI8 + W,

the first step in fitting such models is to determine the autocovariance structure
of the time series of errors {I1;}. Assuming that {}}} is a lincar process such as
an ARMA. the parameter 3 is estimated using ordinary least squares (OLS) by
regressing the data vector (Y)..... Y.)7 onto the x,. While this estimate ignores
the dependence structure of the {11;}. the OLS estimate has the same asymptotic
efficiency as the MLE of @ under a wide class of models for the 117 process (Han-
nan. 1970). The asyvmptotic covariance matrix of the OLS (and MLE) estimate
does depend on the covariance structure of the ;. Once a consistent estimator of
B has been found. then the ACVF of the W, can be consistently estimated from
the sample ACVF of the residuals defined by, W, = Y, — :c;r,[:)OLS. A model is
then selected for {} and the regression parameter 8 and the parameters of the
model for the 1} can be re-estimated using MLE.

We consider carrying out an analogous procedure applied to the parameter

driven models. The first step is to estimate @ using GLM or Poisson regression.
2.2.1 Consistency and Asymptotic Normality of the GLM Estimates

The GLM estimate of the parameters in a parameter driven model are ob-
tained using Poisson regression. The presence of a latent process in the model is
ignored. The Poisson model here is a misspecified model (White. 1982) for the

parameter driven model. If one does not assume that the probability model is
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correctly specified. it is natural to ask what happens to the properties of the max-
imum likelihood estimators (MLE). We will show below that the GLM estimates
of the parameters ignoring the presence of a latent process in the parameter driven
models are still consistent and asymptotically normal.
Let Yi.--- .}, be observations from model (2.1) with true value 8 = 3,. The
GLM estimate 3 of 8 is obtained by maximizing the log-likelihood
n n n
1B) = -3 &P + 5 vzl B — log[[](Yi))] (2.3)
=1 =1 t=1
which ignores the latent process in the model. In order to derive the asymptotic
behavior of B we need to make some assumptions about the regressors z,,. Oth-
erwise. the usual asymptotics may not apply. For example if a linear time trend
is included in the model. then it is necessary to divide time by the sample size
n.eg.. ., = (1.4/n)7. Without dividing by n. the trend coefficient cannot be
estimated consistently for negative values of the coefficient (the Poisson mean will
eventually become arbitrarily close to zero). See Appendices A and B for details.
Assume there exists a sequence of nonsingular matrices M, such that the

regressors obey the following conditions:

.‘[';r (szx;’;’(z&,@o> -‘[n g Q’(:BO)‘ ('_)_.1)
t=1
MT (Zz,,,a.-f_”,l(‘-’”L“’Im)ﬂo) M, = Q(B,) (uniformly in h). (2.5)
t=1
sup [MT 2] EmBs 0. (2.6)
1<t<n
and for h < 0.
T o= T T +x7, )8
“[” Zz"'x".'.”l(( et on) o.\[” = 0. (_)"")

t=1

and is uniformly bounded in h as n = >c. Similarly. for & > 0.

n
. T T
.\’,—II E , zntzz,wl.((z"‘+$"~'+")ﬁ° M, =0 (2.8)
t=n—-h
16
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and is uniformly bounded in h as n — oc. Define

02.(8,) := (0\[UTZ:!!,,, — pe)]

= .\ITZz:n,z",\ar(} )M, + MT 5‘_ z,x! Cov(Yi. Y,) M,

t=1 t.s=1.t#s

= uTZz,,,zn, (e + o) Mo+ MT Y za@l jups (s — )M,

t.s=1.t¥s

= “[TZ zntz,”/lt ‘In + ‘ITZ Z znlx"_,/ll“a I'(’ - t) ‘[

t=1 s=1
Theorem 2.1 Let ﬁ be the GLM estimate of 3 obtained by maximizing {(3) in
(2.3) for the parameter driven model (2.1). Further assume that the {z,,} satisfy

the above conditions (2.4)-(2.8). and Y22, |7.(h)] < oc. Then.

Qn(ﬂu) — Ql(ﬂo) +Qll(ﬂu) (2'9)

and

8 5 B, (2.10)

where

0i(By) = Z Qu(By)r. (h).

h=-=x

Moreover. if

MTS e ®iBo(e, - 1) 4 N(0.044(8,)). (2.11)
t=1
then

d

MINB = By) = N(0.Q7Y(Bo) + Q7' (Bo) (B0 (By))  (2.12)

as n — oc.

Remark 2.1 The matrix. MTQ7Y(8,) M. is the asymptotic covariance matrix
associated with the standard GLM estimate. while MTQ7(8,)Q11(8,)Q7 ' (By) M,
is the additional contribution to the asymptotic covariance caused by the existence

of the latent process. Clearly if the latent process has small covariance then this

17
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second term will not contribute very much. The form of the covariance matrix
given above shows explicitly how autocorrelation inflates the true asymptotic co-
variance matrix.

Remark 2.2 The convergence in (2.11) holds under a variety of conditions on
the latent process. For example. if {a, = log¢,} is a linear Gaussian process (See

Davis. Dunsmuir and Wang (2000) for the proof) or if {¢,} is strongly mixing with

in (2.11) holds.
Remark 2.3 A wide range of regression functions satisfy the conditions of
Theorem 2.1. These include trend functions. harmonic functions and stationary

processes.
2.2.2 Proof of Theorem 2.1 When {¢,} Is Strongly Mixing

We will show that if a latent process {¢,} satisfies the assumptions (A1) -
(A3) listed below. then (2.11) is valid. The following definition and proposition
are needed for the proof.

Definition 2.1 (Strongly Mixing) A stationary process {\,} is said to be
strongly mixing (e-mixing) if
a(n):= sup [P(AB) = P(A)P(B)) = 0as n — x.
A€F? BeF}x

where P(.) is the probability. F2__ and F* are the o-fields generated by {\,.t <
0} and {\\1.t > n}. respectively. and a(n) is called mixing coefficient.

Proposition 2.1 (Davidson. 1992) Let {X,.. t = l.---.n. n > 1} denote
a triangular array of random variables defined on the probability space (Q.F.P)

such that

. E(Xu)=0and E(S, Na)? = 1:

18
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2. There exists a constant 4 > 2 and a triangular array of positive constants
1
{dne} such that sup, {n(max;ci<a d,,,)z} < > and (E(%—:‘)") " is uniformly

bounded in ¢ and n; and

3. For each n. the sequence { X} is strongly mixing with mixing coefficient

a(m) such that 3, a(m)>=?7 < .

Then the central limit theorem holds:

Z \nl 0 1)

In addition to the conditions (2.4). (2.5). (2.7) and (2.8). we need the following
assumptions on the latent process {¢,;} and the regressors z,, in model (2.1).
Assumptions
(Al). There exist a positive constants § such that E(¢, — 1)**? < x:

(A2). The latent process {¢,} is strongly mixing with mixing coefficient a(m) such
that 3, a(m)b!t‘2 < x:and

(A3). There exists a sequence of nonsingular matrices M, such that

T
SUP | <<n IMTz, [¢TnPo = O(3=).

T

Proof of Theorem 2.1 The GLM estimate of 3 is obtained by maximizing
the log-likelihood function [(B) of (Yi.....},) given in (2.3). Maximizing {(3) is

equivalent to maximizing

1(B) = I(B,) = Z ELBo[ LAY _ | _ QT \p u]+z 7 Bo\T Al u.

where
B - By)-

We can rewrite the above expression as

gn(u) :=1(B) = U(B,) = (Mu+8,) ~(By) = —B.(u) + A, (u).

19
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where

n

Ba(u) := Y eTiBo[(Trtnt _ | _ 2T \[,u).

nt*
t=1

and

An(u) =YY - fz'f'ﬂO]zf,.\lnu.

t=1

Note that g,(u) is a convex function of u and so we can apply a standard result
for functional limit theorems.

First note that

n T.‘ N 2
B“(u_) = thvﬂ o(i"’# + E"(u)
t=1

I 1
= jur”z[z lma:flt-’l:.fﬂo]_\lnu + En(u).
t=1

where
En(u) = Z CzZtﬂo [Z 'l,(zzr“[nu)l}-
t=1 =3 L.

Assumption (A3) assures that E,(u) — 0. and it follows by assumption (2.4) that
L 7
Bn(u’) — _)u Ql(ﬂo)u

for any fixed u.

Next consider

An(u) =Ulu.

where

U, := Y[V - EBo) M Tz,
=1

We show helow that

U, 25 N0.Q1(8,) + 21(By))-

From the above. g,(u) — g(u) := —%uTQ;(ﬂu)u + N(0.9Q2,(8y) + Q11(B8y))u
for every u and since g,(-) is convex. the distribution of @, maximizing ¢,(u)

converges in distribution to @ = N(0.927'(8y) + Q71 (Bo)1(B6)27 ' (By)) which

20
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maximizes g(u). See Rockafellar (1970) and Pollard (1991) for the theoretical
results required for this proof.
We now show that U, 3 N(0.Q = Q(8,) + Q1(B,))- 1t suffices to show

that

peisTU -1sTas

" -

for every real vector 8. Since the characteristic function of a Poisson random

)A

variable with mean A is €{*"=!*_we have. by conditioning on {¢,}. that

n
Ec8TUn cxp{Z[(c’sT"’"Tx"‘ - l)(,(zLﬂO - isT.\IZz:,,,cz'T“BO]}.

t=1

Now.
n
Ty\T T . r
[((13 MaZne _ l) (,fz"‘ﬁo - lsT.\InT:cnx(‘l"‘B"]
T T . ¢ T
= ((‘s MuZne _ l — lsT"[nrzn!) sz

+ ((xsr.\!,',r:tm _ l) 6"33:: o (e, — 1)

~ . T
From assumption (A3) we know that sup, ¢, | M 2| 08 55 0. It follows
casily that

1
D"+EZ: s \IT::,,, 2, TP, — 0.

so that
D, — —ésTQ,(ﬂO)s. (2.13)
Turning to F.
|Fu = Sy isT M2, 0Ba (¢~ 1))
< B s (7 M) B - 1) (2.11)

zz"go |(.g— l'

. 3
+const 3y, ls7 .\I,T:t,,, ¢
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The variance of the term inside the mod signs converges to 0 as n — oc. and
hence this term converges to its mean 0 in probability. More specifically. we have
Var [z;;, (sTMT a:,,,)2 X8 (¢, - 1)]
=S, T (sTMT2,) ®5Bo (sTMT2,,) 0P Cov(ernc,)
‘ez "‘ﬂ"] n Eihien 13 (h)]

sTMTz,,

< [SHPIStSn
-0 as n = x

by assumptions sup, <, [IsT.\l"Tz,.,l z7.B, ] = ) and Y, 3. (h)] < .
The second term in the right-hand-side of equation (2.1-1) also converges to
0 in probability since its expectation converges:

E [i \s’r.\lnr:cn,

t=1

:’(-’Bfﬁo I(l - ll] = Z IST.‘[Z‘I,“':}(:B'{'ﬂOE |(1 - ll - 0.

t=1

because E |, — 1] is bounded by the assumptions E(¢, — 1)°*? < x for § > 0 and
. . 3 r
Z?:l ’37,\[;12:"" (_anBO —_—()(nl")-

Now if we can show that

Cols) = 3 8T M 20 T5Bo (¢, — 1) 41 ~ V(0.8 Q18). (2.15)
t=1
then
. 1
Dut F 5 —58™0s + iV
so that

EcSTUn |y (~38Tu8-38Ta,s _ -isTas

as asserted.

2
Let o(s) := Var(('.(s)) (Zs MT ,l(":mﬂ(c,—l)>

t=1

= STMT IS S zazl B ®Bos (1 - )] AL

t=1 =1
Note EC,, =0 and a?(8)—=s"Qs. Let Z,, = T.\IT:c,l,(z o(¢, — 1)/on(8). we
want to show that 3}, Z,, — N(0.1). We now verifv that {Z,} satisfies the

assumptions in Proposition 2.1.

ty
t~
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It ts clear that

n 2
E(Zw)=0 and E(ZZ,,,V:E[C"(S)] = 1.

t=1 U"(s)
Take dn, = 1//n. then sup, {n(maxici<a dne)*} = 1 < .

Now. for 6 > 0.
1

L z7 3 z
Zoc (6421342 _ STMIZ e nero(e~1) 542
[E( 7::.) ] - [E( ”n(s)dnl ) J

T !
ST.\I,,T;L',.,eznuBo E(¢c, - l)'5+2 T+2
Un(s)dn( €t

which is bounded uniformly in ¢ and n by assumptions (Al) and (A3). The
assumption 3 of Proposition 2.1 is assured by the assumption (A2). Apply Propo-

sition to {Z,.}. we have 31| Zn, 24 N(0.1). Thus.
C.(8) 4 N(0.8TQ;s).

This finishes the proof.

2.2.3 Application to the Polio Data

The polio data set consists of the monthly number of cases of poliomyelitis
in the U.S. for the vears 1970-1983 as reported by the Center for Disease (‘on-
trol and Prevention. This data was originally modeled by Zeger (1988) and has
become a standard example in the field. The data plotted in Figure 2.3 reveals
some scasonality and the possibility of a slight decreasing trend. Detection of the
decreasing trend is one of the main objectives in modeling this data.

We apply the results of Theorem 2.1 to the polio data and use the same
regression variables as in Zeger (1988) consisting of an intercept term. a lincar

trend. and harmonics at periods of 6 and 12 months. Specifically.

(1.£'/1000. cos(2=t'/12). sin(2xt'[12). cos(2xt' /6). sin(2xt'/6)) T .

I,

where t' = (¢ — 73) is used to locate the intercept term at January 1976 as in

Zeger's analysis.
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Figure 2.3: Monthly number of cases of poliomyelitis in the U.S. (1970-1983)

Table 2.1 summarizes Zeger's estimates (based on quasi-likelihood estimat-
ing equation approach) of B and GLM estimates arising from a standard GLM
fit. The asymptotic standard errors for the GLM estimates given in the The-
orem 2.1 are estimated using the values of 67 = 0.77 and p.(1) = 0.77 re-
ported in Table 3 of Zeger (1988). These were obtained using the formulas
\'ar(BGL_\,) = Q,':1 + Q,’LQ,,HQ,_; with .(.21,,l =)= ::,:c;re‘t'TBGLM and Q. =
PRI P z,zfc(z'r*”zsr)gm-\!‘,,(s —1). Use of the correct standard errors for the
trend term would lead to the conclusion that the trend is not significant whereas
use of the standard errors produced by the GLM analysis would lead to declaring
the trend to be significant.

The final two columns of Table 2.1 report the results of 5000 simulations
of a time series of length n = 163 using the GLM fitted values. B¢ . as the

true values. The latent process in this simulation is assumed to be a log-normal

autoregression of order I with mean —02/2 = —0.285. lag-one correlation o =
0.82. and variance o2 = 0.57. These values of the parameters were chosen in
24
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order to match the second order properties of the fitted {¢,} process of Zeger
(1988). The average over the 5000 simulated values of the intercept estimate
is observed as 0.145 which is biased downwards from the true value of 0.207
used in the simulations. The other parameters appear to be estimated without
substantial bias. The standard deviation of the GLM estimates observed over the
5000 replications are reported in the last column. These are in good agreement
with the standard errors obtained from the asvmptotic theory.

Table 2.1 Parameter estimates and their standard errors for Polio

data.
Zeger GLM Asym Simulations
By se. | Boy  se. [ seBara) | aveBary) 5d.(Bgray)
Intercept 0.17 0.13 ] 0.207 0.075 0.205 0.145 0.214
' x 107% | -4.35 2.68 | -1.799 1.403 4.115 -4.87 1.261
cos(2xt’/12) | -0.11 0.16 | -0.149 0.097 0.157 -0.150 0.152
sin(27¢’/12) | -0.48 0.17 | -0.532 0.109 0.168 -0.536 0.166
cos(2xt'/6) | 0.20 0.14 | 0.169 0.098 0.122 0.171 0.123
sin(2xt'/6) | -0.41 0.14 | -0.432 0.101 0.125 -0.438 0.127

2.3 Testing for the Existence of a Latent Process

Prior to the estimation of autocovariances it is suggested that a test for
the existence of a latent process be performed. Brannas and Johansson (1994)

reviewed the following statistic
G — Z?:[ ()t - ﬁt)z - )l]
2T

derived by several authors and based on a local alternative hypothesis or the

Lagrange multiplier test of the Poisson distribution against a negative binomial
or more general Katz distribution. A variant. introduced by Dean and Lawless
(1989) “to improve on the small sample performance of the test™. also considered

by them is

_ Tl =)t = Yo+ b

S -
2y, i3]

a

25
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where h, is the (th diagonal value of the “hat™ matrix. The ~hat™ matrix for gener-
alized linear models extends that for linear regression and is defined in Fahrmeir
and Tutz (1994. p.127). for example. as H = AY2X(XTANXN)"'XTAY2, where
\ = diag(py.---.pn) and X = (&I,.---.2T )T is the design matrix. The sum of
these f, values is r (the dimension of 3). Both of these test statistics are one-sided
and asymptotically distributed as an N(0, 1) variate. Monte Carlo work reviewed
in Brannas and Johansson (1994) suggests that S, has better size properties in
small samples.

We introduce an alternative test specifically designed for overdispersion due
to the existence of a latent process in a Poisson observation process. This test

uses higher moment properties of Poisson observations. Under the null hypothesis

that there is no latent process (i.e.. ¢, = 1). the Pearson residuals

have approximately zero mean and unit variance. Hence the statistic
l n
Q=(=2 ¢~ 1)/.
n t=1
where
| |

7= —(=) = +2).

non gy e

could be used to test for the presence of a latent process. The expression for 64
is easily derived using the fact that a Poisson random variable Y; with mean g,
has fourth central moment E(Y; — y,)* = pe + 3p2. Under the hypothesis that the

variance of the latent process is zero.
Q~ N(0.1)

approximately.
Simulation results. based on the GLM fitted values from the analysis of the

polio data. are used to assess how well the distribution of @ is approximated by the

26
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asymptotic V(0. 1) distribution under the null hypothesis. 10000 replications of
a time series of length n = 168 are obtained from simulating independent Poisson
variates (i.e.. with no latent process present) with mean y, = ji,. where fi, is the
GLM fit to the polio data considered in Zeger (1988). Simulated type I errors
using @ are obtained and given in Table 2.2. For each replicate in the simulation
a model of the same form is fitted using the GLM procedures to the simulated

data.

Table 2.2 Type [ error for statistic Q.

a 0.100 0.050 0.025 0.010
Empirical P(Q > z;_,) | 0.031 0.012 0.005 0.002

These clearly indicate that Q as defined above does not achieve adequate
nominal tvpe I error probabilities and will be quite conservative for testing for
the existence of a latent process. The mean and standard deviation of the Q were
observed to be —0.27 and 0.73. respectively. The main source of the poor coverage
is due to the negative bias in Q.

Alternate estimates of residuals which adjust for bias due to model fitting
could be used. For example ane could use the divisor n — p instead of n in the
numerator of Q. The resulting statistic had appreciably better performance than
Q but was still on the conservative side. A second approach that is reasonably

simple to implement would be to use standardized Pearson residuals defined as
- _ 0.5
(f=(1/(l—ht) .

Using these standardized residuals we define

N 1 & ) R
Q= (;fo— 1)/aq
t=1

and simulation results using 10000 replications based on this statistic are sum-

marized in Table 2.3, The mean and standard deviation of Q are —0.004 and

(S
-1
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0.809. respectively and clearly this test statistic shows a clear improvement over
the previous ones.

Table 2.3 Type [ error for statistic Q.

a 0.100 0.050 0.025 0.010
Empirical P(Q > =,_,) | 0.063 0.028 0.013 0.005

Further work is required to thoroughly investigate the sampling distribution
of Q. In the meantime we would recommend the use of the standardized Pear-
son residuals as in Q but recognizing that the test for the existence of a latent
process might be conservative. If this is not satisfactory simulation could be used
to determine significance points for the distribution of Q. For example the sig-
nificance points in Table 2.4 were obtained using the same simulation as in Table
2.3 and these values are at most 20% smaller than the values predicted from the
asymptotic normal distribution.

Table 2.4 Significance points for statistics Q.

a 0.100 0.050 0.025 0.010
st PO>z_)=l-al L.OI 110 169 2.06

An alternative modification to ) which adjusts for the use of estimates /i, is

- 1 n . T AH=-t . . N . e ~ .
Q"= {;Z/‘: LBt T2y, — ) 4 kel Q7 2] - 1}/6q--

t=1

where

. I 1 & o .
G = \| (o L (Enl B2 4 2)
t=1

and

,, |
Q) = 3 T B Boru,

t=1

Statistic Q° showed marked improvement over Q.
We next compare the size and size adjusted power of the four statistics
Q.Q.Q" and S,. First the size properties are listed in Tables 2.5 and 2.6 for

a simulation of 10000 replicates assuming no latent process is present.

28
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Table 2.5 Type [ errors for statistics Q.Q.Q" and S, using model

(2.1) with linear regression 7, 8 = | + 1¢/100 for t = 1..... 100.
a 0.100 0.050 0.025 0.010
Empirical P(Q > z_,) | 0.075 0.039 0.019 0.010
Empirical P(Q > z;_,) | 0.097 0.051 0.030 0.014
Empirical P(Q" > z;-,) | 0.097 0.050 0.029 0.013
Empirical P(S, > z;—,) [ 0.104 0.058 0.033 0.017

Table 2.6 Type [ errors for statistics Q. Q. Q" and S, using model (2.1)

with cosine regression 7,8 = | + lcos(2x¢/12) for t = 1,....100.
a 0.100 0.050 0.025 0.010
Empirical P(Q > z_,) |0.062 0.032 0.015 0.008
Empirical P(Q > z,_,) | 0.084 0.012 0.023 0.011
Empirical P(Q" > z-,) | 0.085 0.042 0.022 0.011
Empirical P(S, > z;_,) [ 0.096 0.058 0.035 0.018

[n addition the power of the test to detect departures from the null hypothesis

are investigated using 10000 replicates and the same mean models. Simulation

results are given in Table 2.7. The latent process is generated using a lognormal

distribution. The latent process has variance ¢? = 0.05 chosen to give a small

deviation from the null hypothesis. The autocovariance is simulated using an

autoregressive process with o = 0 and o = 0.9. The results are for a size 0.05

test. based on 10000 replications.

Table 2.7 Power of the four statistics Q. Q. Q" and S, for both lincar
and cosine regression cases.

Lincar regression 1 + 1¢/100 | Cosine regression 1 + Icos(27t/12)
o=10 0=0.9 o= 0o=109

Power of Q | 0.327 0.200 0.212 0.160

Power of Q | 0.382 0.242 0.259 0.201

Power of Q* | 0.379 0.239 0.258 0.203

Power of S, | 0.439 0.232 0.376 0.271

On the basis of this limited simulation it would appear as though the S,

statistic has better type [ error rates (i.e.. closer to normal distribution) and

29
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larger power. Note also that if the latent process has positive autocorrelation
(¢ = 0.9). the power of all four statistics is reduced relative to the case of white
noise latent process (0 = 0). The test statistic S, appeared to perform best and
will be adopted in the remainder of this chapter. Further research is required to

demonstrate that S, is preferred in all circumstances.

2.4 Estimating the Variance and Autocovariances of the Latent Pro-
cess

We now assume that the test based on S, rejects the hypothesis of no latent

process. \Various estimates of the autocovariances have been suggested in the

literature. We first review these. then suggest general weighted estimates from

which ~optimal™ estimates are derived. Later in this section. adjustments for

serious bias in autocovariance estimates will be suggested. Simulation results for

comparing the estimates are provided.
2.4.1 Previous Estimates

Zeger (1983) proposed the following estimate

_ Tl — ) = ]

"2 -
Ul,z = -/'.Z(O) [
= /‘t2

of a2 which is exactly unbiased if ji, were replaced by the true value i, and.
therefore. one might expect 52, to be approximately unbiased. He also suggested
a method-of-moments type estimator for the ACVF and ACF of the latent process

which are defined by

n

Jez(T) = Z {(}t _/.“)(H_r_,.“_?)}/ Z ,"I/.‘t—r

t=r+1 t=r+1

and

pe.z(T) Zez(T)6l,. (2.16)

respectively.
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Brannas and Johansson (1994) took a different approach to estimation of the

ACVF. Their estimate,

BJ — n -
Z(:l ﬂ?

is derived by using ordinary least squares (OLS) regression of (Y, — ji,)? — ji, on
its approximate expected value of o?fi?. This same idea extends to other nonzero

lags of the ACVF by noting that
E[(}t - /.‘t)(};—r - [‘!-r)] = ﬂ'(T)U?/lf/ll-T‘

Regressing (Y; — 1, )(Ye—r — f1,—+) o0 fiy41,-, leads to the autocovariance estimates
38(T) = Y fuu— (Yo — ) (Yeer — jue)}) Y- idig,
t=v+1 t=v+1

and corresponding autocorrelation estimates
- - 2 - - 2
p..B(T) = 3. Bu(7 )/U,,B.p

where 62 g is as defined above. The Zeger or Brannas and Johansson estimates of
variance and autocovariances are not guaranteed to form a non-negative definite
sequence and therefore the autocorrelations are not guaranteed to be less than
one in absolute values. As we shall see later. both methods produce estimates of
autocovariances with large negative bias. while the autocorrelation estimates have
considerably less bias. Most of the bias in the autocovariance estimates is directly

attributable to the large bias in the estimate of o2.
2.4.2 Optimally Weighted Estimates

The above estimates are not necessarily optimal in any sense other than being
approximately unbiased. In particular the individual terms in the summations
are not adjusted to account for unequal variances. By analogy with the use of

weights in forming estimates of the variance of the latent process. some form
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of weighting could be useful in forming autocovariance estimates. We consider
weighted estimates of autocovariances which are required to be unbiased for any
underlying stationary latent process. Calculation of the variance of any such
estimates will require estimation and knowledge of the autocovariances. However.
in the case where the latent process is a sequence of independent random variables
the variance of these weighted estimates is readily computable as we will show.
Since the hypothesis of independence is of primary interest. obtaining minimum
variance estimates is desirable.
More generally. consider weighted estimates of the form:
n n
&y = (z 2 Z W2E,.
=1 t=1

where

E.=V}—=i'  and Vo= (Yo = fu)/fie.

Note that

E@Giey) = Q_WH'S WIEWE)

t=1 t=1

== (Z ”}2)—' Z ”',2/1,-2[5(}; — ) - 1)
t=1 t=1

= (WA Wi e+ ol — ]
t=1 t=1

= 0’2

P

so that the weighted estimate is approximately unbiased. Zeger's estimate cor-
responds to choosing weights W2 = p? while that of Brannas and Johansson
corresponds to choosing weights W? = p!. Note also that these weighted esti-
mates are not guaranteed to be positive. However. it is unlikely that a negative
estimate will be produced from these methads if the test of Section 2.3 supports

the presence of a latent process.
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[t is straightforward to show that the optimal weights for minimizing the

variance of 62y are given by
2 _ :
I“/t.Opt = l/\ ar(E,).

Calculation of the variances required for this are complicated since they depend on
moments up to order 4 for the latent process when it is a sequence of independent
random variables. For latent processes with autocorrelation the calculation is
further complicated. In addition these higher moments and autocovariances must
be estimated.

Because of these potential complications we will [imit the discussion to the
case where the latent process is assumed to be a sequence of independent and
identically distributed random variables. In order to carry out the calculation
of third and higher moments we will also assume that ¢, = ¢ is a log-normal

process. Then

Var(E,) = p;7'Var[(Y: — ) — 10

= w7 HE(Yo = pe)'] = (e + o0uf)*
and using properties of the log-normal distribution.

E[(Ye—u)'] = {pe+ [T = 4] + pd[66> = 127 + 6]

[P

% = 4375 + 677 = 3]}
so that the optimal weights are given by
Wiy, = 1/ Var(Ey) = i}/ By,

and the optimal weighted estimator for variance is given by

"2

3 PR 7,’:[ (Ye — i) —l‘t]

()pl -
Ti

‘2

,_\
[§™
—
~1

-
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where

B = E[(Y:—u)'] = (pe + ol])?
= o+ pd[Te% — 5] + p2[6€%75 — 14€%3 + 8] (2.18)
1} [e5h — 4€¥h — €270 + 8e7a — 1.

Calculation of these optimal weights would require an iterated approach starting

with an initial estimate of o2.

Note that the variance of the optimally weighted estimator is

|
T B

)
\ar(a,'op,)

and that of Zeger’s estimator is

(a2 ) 2=t B
V) = R

For the polio data. using the GLM fit to obtain f, and using the value of o2 =
0.57. the values of these variances are approximately Var(é7,,) = 0.46* and
Var(6? ;) = 0.53%. These indicate a modest improvement in estimation of variance
using the optimal weighting based on the (incorrect in this case) assumption that
the latent process is independent.

As noted above. in the non-independent case. the calculation of optimal
weights will be complicated by their dependence on unknown covariances. To
implement the above optimal weighting scheme. an initial estimate of the vari-
ance a2 is required. One possibility is to use the weights based on the assumption
that the latent process has zero variance and then use the resulting estimate 1o
obtain the optimal weights.

Now turn to the estimates of covariances of the latent process. (‘onsider the

weighted estimates
1 n-=h

3 WA Ve (2.19)

wlh) = 0 ——
" Zt:lh L t=1
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They are approximately unbiased for the true covariance since the individual terms

satisfy

E(ViVign) = (pretesn) "Cov(Ve. Yign)

= Aft(h)'

The approximate variance of these estimates. under the assumption that the latent
process is white noise. is:

l n-—h

=N WP (0 + V) o? + U pgn). (2:20)

Var(3, i (h)) & ————
olt (S W W) o

The following optimal weights can be derived directly from the finite sample ap-
proximation as
.0 .- .-
i M= (6l + Vf)™!
which gives the optimal estimates for autocovariance

—hy oA, “ =1y a2 - 1 (Ye—ae)(Yepn—it
: G T G T R N
Sewope(h) = — (2.21)

=1 (07 + /)= (62 + 1/ fegn) ™!

and corresponding optimal autocorrelation estimates

_—
8]
.

.
ey
I~

~—

peop(h) = ;:'I.H'U"'(h)/(};z.Opt'

The optimal weight leads to an approximate asvmptotic variance of the op-

timal estimates of autocovariances given by
n—h
Var(3, swou(h)) = | Y (a7 + 1/pe) (0 + 1/ pegn)™
t=1
Zeger's (1988) estimates use weights W% = ji, which leads to an approximate
variance
1 n—k

5 Z mid ool + (el + 1 ).

—
( ;lzl‘;‘f/lf-”l) t=1

\'ar("',,_“-z (II )) =~
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Brannas and Johansson's estimator corresponds to weights W87 = 2 with cor-

responding approximate variance

l n—h

Var(uwas (h) % eempr s )Zufu,th(a%1/uf><a?+1/m+h).
l_l tHt4-h t=1

We compare the approximate asymptotic variances of ACVE estimates for
some sample mean functions. Consider the case where yi, = g(t/n) = exp(f(t/n)"B).
Then the approximate variances for Zeger and the optimal estimates can be fur-
ther approximated as follows. Under the assumption of an IID latent process {¢,}.

for Zeger's estimates we have

fo (r)(alg(r) + 1)%dr

nVar(4, ywz2(h)) = (2.23)
(fu ([.l‘)
For the optimal estimates. we obtain
. l
n\Var(4, yoee (h)) = lo, 1= (2.24)

Jo g3(xr)(o2g(r) + 1)-2dr’
Note that these estimates have the same variance when g(r) = c. a constant. with
common value (ca? + 1)?/c®. When g(r) is not constant and a2 = 0. they also
have a common variance of 1/ (fol g"’(r)dr).

It is easy to show that [z > [p, using the Cauchy-Schwartz inequality. In
general the larger o7 and the more variation in the mean term g the larger
the difference between the asymptotic variance for Zeger's proposal and that of
the optimal estimates. The integrals can be evaluated readily using standard

numerical methods.
2.4.3 Bias Adjustments for Estimates of Autocovariances

In this section we consider bias-correction strategies for the estimators of
autocovariance. Lxploratory simulations she 1at for the Zeger estimate of a7,
t riance. Exploratory lations show that for the Z timate of o?

the numerator seriously underestimates 37— [(Y: — 1) = pee] while the denominator
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overestimates 3_i_, u?. Clearly. both directions of bias in these terms contribute

to the bias in the ratio.

To correct for the bias in the estimation of f,. we use the asymptotics from

Theorem 2.1. First note that we may write

fie = peexp(xl (B — By))-

Since (B — 3,) is approximately normally distributed with mean 0 and covariance
matrix G, = Q7L + Q70 Q,.,Q7 L. i, has an approximate log-normal distribution

with mean

o
.
[
<N
—

E(ji) = peElexp(@l,(8 = By))] = peexp(®l,Guznc/2) (:
and second moment
E(ji2) = i2Elexp(2aT (8 = B,))] = 1t exp(22],G o). (2.26)

In other words fi, and ji? have positive bias. Now consider the term

—Z ¢ = ) =—Z c— i)+ - Z(/u—/u +'Z (Ye = ) fie = pe)-

t=1 t=1 t=1 Lzl
In analogy with standard regression theory. the last term is negligible. Using

(2.23) and (2.26). the second term has approximate expectation given by

[ Z(;z, - 1ty) ] Z,u ( TLGnTne _ 9 TaiGnTnel2 | l) . (2.27)

t=1

A bias-corrected estimate of L 570 (fiy — j¢,)? is then
I & T T T
> Z/}"z(,-z:l:,_,r:,.a:.., (Cz:c",c..a:.., — 2T GnTne/2 l) )
n

Turning to the denominator of 47 5. an approximate unbiased estimator of if is

fi2 exp(=22! G z.) so that

nt
n n
. . ol 2
E (E ji? cxp(—lr,”(:,,z,,,)) = E T

t=1 t=1
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Based on these approximations to adjust for the biases in the numerator and
denominator of Zeger's estimate o? ;. we suggest the estimate of variance given

by

Ticy [(Y = ju)? + it (¥ — 2eh/2 4 1) — jue/?
g r = "
zus Eics e

where d; = zI,(;,&,,. and in which the estimate of the asymptotic covariance

nt

matrix is given by

o -1 =13 -1 9 IR
Cln = Ql." + Q,_"Q”_HQLH. (_)._)\ )
where
n
R T .
Ql,n = Z tnlm"“ut
t=1
and

min(n—h.n)

L
A T . oa R
Qll,n E E zntzn‘g.yl#lﬂl-{-hﬂl(.Z(h)

h=~L t=max(1-h.1)

for some maximum lag L specified somewhat arbitrarily. Although the estimates
%,.z(h) are biased we do not recommend iterated estimates obtained by replacing
4..z(h) with updated 3z-g(h). Such a replacement if iterated would lead to
divergent estimates because the adjustment term in the denominator would get
progressively closer to zero. An alternative procedure is to model the 4, z(h) by
use of an autoregressive process or other suitable model. This does not appear to
lead to better estimates than those based on the non-parametric forms proposed
above. In fact the estimates appear to be worse as measured by bias and variance.

Employing similar approximations we suggest the following bias-corrected

estimates for the autocovariances.

n—h [(}; - l‘lt)()’{.}.h - [-ll_*_;‘) + I‘[l[[‘+h(—fl.h/2(ca.h/2 _ ('11/'2 _ (du»h/'Z + l)

- t=1
Jzoeg(h) = SIS —
TSy feftegne ~Conl?

T arers _ T /v T/
where ¢ = (@ + Tossn) Gol@nr + Toggn). and d, = &1 Gz .

The corresponding autocorrelation estimates are given by

pres(h) =4z08(h)[65 5. (2.29)

BH
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Following the same idea, we get the following bias-adjusted optimal estimates

for variance:

12 . . g - 2 "o - _d ]
9 Z:;l ;t:) l [(}f -~ l‘l)2 + l‘lzc Zd,(L21; — 2 le/2 + l) — He€ JK/Z]
[0 92 = = .
orre i o

where
"i.z.opz = y;'/B,
and B, is the estimated version of B, given in (2.18). Similarly. the bias-corrected
optimal estimate of the covariance function takes the form
ity i"“Lﬁl[(“ — fue)(Yegn = frexn) + frfripne el (efenlt — 22—t/ 4 1)]

=1 Giien
n—h 11" 11"
Zt:l Welbgn

‘foprrBlh) =

where

Wy = (624 1/fa)"

The corresponding autocorrelation estimates are
. - 2 ;
porree(h) = %opree(h)/65pr B (2.30)

[t is straightforward to show that these adjusted estimates are counsistent. In
particular (v, will converge to zero as n — oc. This implies that the adjustment
to the denominator will tend to unityv while that of the numerator will tend to

zero as is required for the adjustments to be asymptotically negligible.
2.4.4 Comparison of the Estimates

We now describe our simulation results to compare the performance of the
Zeger and bias-adjusted Zeger estimates along with the optimal and bias-corrected
optimal estimates for autocovariances and autocorrelations of the latent process.
In Tables 2.8 - 2,11 we report sample means and sample standard deviations (S1))
of these estimators over 5000 replications for two Poisson regression models with

different parameters and sample sizes. For each replicate of generated count data
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series of length n. j1, was obtained from a GLM fit. The latent process used in the
simulation is either [ID or correlated. Since the optimal estimates were derived
under the assumption of IID latent process, we would expect optimal estimates
to perform better than Zeger estimates in the case of an 1D latent process.

In the computation of the bias-adjustment factors. we used L = 10 in (2.28)
for all realizations. The autocorrelation results p,(h) are conditional on 5, >
1.645. This was done to eliminate values of autocorrelations badly affected by
Zero or near zero variance estimates.

We summarize the results for sample size n = 100 first (Tables 2.8 and 2.9).
Under the IID latent process (o = 0) and for both linear and cosine regression
cases. the optimal covariance estimates have smaller variances than Zeger esti-
mates although they have similar bias. This holds true for autocorrelated {¢}
and cosine regression case. When {¢,} is autocorrelated and the regression is lin-
ear. optimal covariance estimates are slightly less biased than Zeger estimates but
have larger variances. The bias-corrected estimates reduce the bias but at the ex-
pense of higher variance. Both the bias-adjusted Zeger and bias-adjusted optimal
estimates still have same magnitude of bias. the latter has smaller variance.

With the increase of the variance in the latent process (a2 is from log2 to
log 5). the bias increases in all estimates. When there is substantial autocorrelation
present (0 = 0.9.0% = log ). there is also substantial bias in the estimates of the
autocovariances 4, (/) - this occurs in all estimates to a similar degree. This would
impact the estimation of the correct asymptotic variance in the GLM estimates
of 3 of Theorem 2.1. Positive serial correlation in the latent process would tend
to lead to underestimating the correct standard errors of the GLM estimates.

For the estimation of autocorrelations p,(h) the bias is not as severe. The
bias-adjusted estimates of autocorrelations have better bias properties. although

the unadjusted estimates perform reasonably well. The bias-adjusted estimates
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of autocorrelations are slightly better in standard deviations than the unadjusted
estimates. For some purposes such as construction of a suitable correlation model
for use in an efficient estimation procedure this reduction in bias is a good property.
This means that for correlation estimation and model identification purposes. the
bias-adjusted estimates are preferable to the unadjusted versions. However for
purposes in which an unbiased estimate of scale is required even the bias-adjusted
estimates of 62 are biased towards 0. This large bias impacts the magnitude of
the bias correction.

All biases in n = 100 simulations depend on the form of the regressor with
worse bias for the linear trend regression than the cosine regression. This indicates
that any bias adjustment procedure should account for the form of the regression
function.

When sample size n increases to 1000 (Tables 2.10 and 2.11). biases in all
estimates become smaller. The unadjusted estimates have the most significant
decrease in bias. For latent process with modest variance @2 = log 2. the bias has
been nearly eradicated. With the increase of the variance in the latent process. the
biases increase. The optimal estimates have similar biases as Zeger estimates but
consistently smaller variances in all cases. Bias-adjusted estimates have smaller
biases but larger variances. Again. all versions of the autocorrelation estimates
work well.

Overall. the optimal estimates outperform Zeger estimates. The bias-adjusted
optimal estimates outperform the bias-adjusted Zeger estimates. The performance

advantages decrease as the sample size increases.

11
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Table 2.8 Autocovariance and autocorrelation estimates of a log-
normal AR(1) latent process {¢,} in model (2.1) with linear regression
function T8 =1 + 1¢/n. Sample size n = 100.

Means (SD)

True y/ Z.UB OPT OPT.UB
o=0 62 1.00 | .904 (.405) .955 (.449) .894 (.368) .942 (.106)
or =log2 | 4(1)| 0 [-.027 (.117) -.011 (.125) -.024 (.107) -.008 (.115)

Y(2)| 0 |[-.025(.113) -.009 (.122) -.021 (. 106) -.006 (.113)
pe(l) | 0 |-030 (.129) -.013(.130) -O’b( 21) -.011 (.123)
o' p(2) | 0 |-027 (.128) -011 (.129) -.024 (. ~)0) -.008 (.121)
0o=0 72 1.00 | 2.86 (2.01) 3.32 (3.22) 2.73( .79)  3.16 (2.80)
o2 =logh [ 4.(1)| 0 |-071 (.273) -.028 (.320) -.051 (.250) -.008 (.295)
%(2) | 0 |[-.069 (.280) -.025 (.333) -.052 (.250) -.009 (.298)
pe(l) | 0 |-024(.104) -.009 (.104) -.020 (.097) -.006 (.093)
o' p(2)| 0 |-025(.105) -.010(.105) -.021 (.097) -.007 (.093)
0=09 2 1.00 | 487 (.281) .TI4(.602) .508 (.297) .7T23 (.577)
oy =log2 | 4.(1) | .866 | .390 (.253) .585 (.540) .11 (.264)  .396 (.5153)
30(2) | .7T53 | 310 (.225)  AST (S4) 330 (.234) 497 (.462)
30(3) | .657 | 242 (.200) 402 (.136)  .262 (.207) 413 (A17)
A0(4) | 376 | 186 (.180) 332 (.394)  .205 (.190) 344 (.381)
3(3) | 306 | 139 (.162) 272 (.352)  .157 (.169) .28 (.3d1)
30(6) | 445 | 098 (.148) 220 (.319) 11T (.156) 234 (.310)
p.(1) | 866 | .788 (.182) .797 (.158) .803 (.186) .807 (.162)
A.(2) | 733 | 611 (.208) .640 (.186) .629 (.206) .652 (.184)
A(3) | 637 | 164 (.225) 510 (.207) .85 (.216)  .524 (.200)
p(4) | 76 | 347 (.235) 06 (.220) 370 (.226) 121 (.212)
p(3) | 506 | .252 (.242) 322 (.231) 276 (.233) 338 (.221)
Lot p(6) | 445 | 172 (.245) 251 (.236) 197 (.237) 268 (.228)
0=09 62 4.00 | .24 (.831) 237 (3.17)  L.38(1.19) 2.15 (3.10)
ol =log5 | 4.(1)] 3.26 | 919 (.674) 1.82 (2.55) 1.08 (1.71) 1.95 (3.37)
30(2) | 268 | 631 (.542) 143 (2.03)  .827 (1.66)  1.55 (3.06)
Y (3) [ 223 | 504 (47) L3 (1.67) 632 (1.55)  1.25 (2.79)
A(4) | 1.88 | 366 (.378) .901 (1.40) .482 (1.50) 1.0l (2.64)
30(3) | 139 | 259 (L336) 722 (1.22) 370 (1.48)  .835 (2.33)
3.(6) | 135 | 169 (.306) .5369 (1.05) .266 (1.13) .670 (1.96)
A1) | L4 | 727 (L157)  .T39 (L140) 754 (.225)  .T56 (.223)
p(2) | 671 | 333 (L181) 564 (.169) .363 (.253) .58t (.255)
p(3) | 558 | 386 (.202) 31 (189) 420 (.264) 155 (.268)
A1) | 169 | 275 (.208) 331 (.198) 310 (.251) 355 (.251)
pe(3) | 397 | LSS (.209) 253 (.202) 227 (.261) 281 (.265)
Tt p(6) | 338 | 118 (.213) 189 (.207)  .158 (.245) 219 (.248)

' Number of S, which was less than 1.6:15 out of 5000 replications.
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Table 2.9 Autocovariance and autocorrelation estimates of a log-
normal AR(1) latent process {¢,} in model (2.1) with cosine regression
function 278 = 1 + 1 cos(27t/12). Sample size n = 100.

Means (SD)

True Z Z.UB OPT OPT.UB
6=0 52 1.00 | .877 (476) .961 (.574) .875 (.414)  .960 (.-180)
o =log2 | 4.(1) 0 -.028 (.137) -.005 (.152) -.025 (.120) -.002 (.131)

32)| 0 |-016 (.148) .003 (.161) -.016 (.127) .002 (.137)
p.(1) 0 -.032 (.162) -.007 (.162) -.029 (.146) -.004 (.144)
ot p.(2) 0 -.019 (.172) -.000 (.169) -.019 (.154) .00l (.150)
=0 &7 | 1.00 | 2.66 (2.01) 3.10 (1.50) 2.80 (2.09) 3.51 (5.21)
gl =log5 | 4.(1) 0 -.066 (.313) .001 (.412) -.047 (.277) .022 (.102)
5.02) | 0 |-.048 (.339) .004 (.432) -.037 (.310) .019 (.601)
p.(1) | 0 [-.026 (.126) -.004 (.126) -.019 (.108) .001 (.106)
ot p.(2) 0 -.019 (.135) -.002 (.131) -.016 (.112) .000 (.108)
©=09 |62 | 1.00] 614 (.401) .31 (.746) .605 (.366) .825 (.639)
o =log?2 | 4.(1) | .866 | .506 (.364) .694 (.679) .309 (.336) .693 (.597)
3,(2) | 753 | 427 (326) 594 (L598)  .426 (.300)  .391 (.531)
303) | 657 | 361 (.297) 509 (.527)  .359 (2T4) 505 (A7)
3.(4) | 576 | 306 (.273) 439 (472) 302 (.258) 434 ()
3.(5) | 306 | 259 (.242) 378 (16) 256 (.236) 376 (.106)
7.(6) | 45 | 213 (L218) 323 (L373) 0 212 (L217) L322 (.372)
pe(l) | 866 | .816 (.195) .818 (.I74) .836 (.209) .828 (.182)
P(2) | 753 | 682 (.223) 692 (.204)  .692 (.222)  .694 (.199)
p(3) | 657 513 (.259) 587 (.243)  .3T3 (.247)  .582 (.228)
po(4) | B7T6 | 481 (.286) 500 (.27T) AT (.266) 488 (.233)
p.(5) 1 506 | 109 (.303) 433 (.300)  .399 (.280) 419 (.272)
341 pA6) | B3 | 339 (L301) 371 (.303) 328 (.280)  .336 (.276)
=09 7100 | 152 (1.03) 2.61(292) 1.52(.968) 2.8 (2.62)
o2 =log5 | 4,(1) | 3.26 | 117 (.833) 2,03 (2.35) 1.19 (.794) 2.02 (2.12)
(2) | 2.68 | (941 (.720)  1.65 (1.96) .944 (.666) 1.63 (1.75)
3,(3) ] 223 | TT4(.648) 137 (1.69) .764 (.389)  1.34 (1.52)
() | 1.88 | 643 (L387)  L.15 (1.49)  .630 (.536) 1.12 (1.35)
2,(5) | 159 | 526 (.513) 960 (1.28) .5318 (.491) 946 (1.21)
4.(6) | 135 | 414 (437) 786 (1.05)  .412 (.436) .786 (1.03)
p.(1) | 8L | 763 (.168) .766 (.152) .783 (.188) .77l (.161)
A.(2) | 671 | 610 (.2206) .618 (.191) 614 (.204) .6I3 (.182)
p.(3) | 358 | 500 (231) 510 (.222) 492 (214) 49T (.199)
poA) | 69 | AT (251) 31 (248) 04 (228)  .A12 (.220)
p.(5) | 397 | 342 (258) 362 ((263) 328 (.236) 341 (.232)
13t p.(6) | 338 | 274 (255) 302 ((264) 261 (.235) 283 (.24)

! Number of S, which was less than 1.645 out of 5000 replications.
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Table 2.10 Autocovariance and autocorrelation estimates of a log-
normal »\R(l) latent process {¢,} in model (2.1) with linear regression

function 273 = 1 + 1t/n. Sample size n = 1000.

Means (SD)

True Z Z.UB OPT OPT.UB
o=0 G’ 1.00 | .989 (.211) .997 (.215) .9386 (.169) .993 (.172)
o2 =log2|4.(1)| 0O |-.003(.042) -.001 (.042) -.003 (.038) -.001 (.039)

Y(2) | 0 |-.002(.041) .000 (.042) -.002 (.038) .000 (.033)
p.(l) 0 |[-.004(.042) -.001 (.042) -.003 (.039) -.001 (.039)
of p(2) | 0 [-.002(.042) .000 (.042) -.002 (.038) .000 (.033)
o=0 57 | 4.00 | 3.73 (1.94) 3.82(2.13) 3.70 (1.76) 3.78 (1.92)
o =log5|3.(1)| 0 |-.009(.137) -.001 (.142) -.007 (.121) .001 (.125)
2021 0 [-011(.128) -.002 (.132) -.007 (.116) .000 (.119)
p.(l)| 0 [-.003(.035) -.000(.033) -.002 (.032) .000 (.032)
0t p.(2)1 0 {-.003(.033) -.000(.035) -.002(.032) .000 (.032)
=09 a? 1.00 | .903 (.325) .975 (.410) .901 (.282) .967 (.336)
o2 =log?2 | 3,(1) | .866 | .T76 (.299) .840 (.377) .775 (.261) .833 (.311)
A(2) | 753 | 670 (.274) .28 (L3T) .669 (.239)  .T22 (.283)
5,(3) | 657 | 579 (.249) 633 (315) 578 (.21T)  .627 (.260)
504) | 376 | 502 (222) 352 (.280) 501 (.197)  .347 (.235)
(3) | 506 | 435 (.201) 482 (.253) 435 (.179) ATS (.214)
(6) | 445 | 378 (.182)  422(.229) 378 (.164) 418 (.193)
p.(1) | 866 | .855 (.036) 836 (.035) .836 (.039) .857 (.033)
p(2) | 753 | T34 (.051)  .T38(.051)  .736 (.051) .739 (.050)
5.(3) | 657 | 632 (.064) .639 (.063) .634 (.061) .640 (.061)
p.(4) | HT6 | 547 (.073)  .536 (.072)  .549 (.069) .337 (.063)
p.(5) | 506 | 473 (.080) 481 (.0T9) 475 (.073) 485 (.074)
of 5.(6) | 445 | 410 (.085) 122 (.081) 412 (.0T9) 424 (.079)
0=0.9 2 4.00 | 3.04 (1.82) 3.69 (3.14) 3.01 (1.76)  3.39 (2.93)
o =logh | 3.(1) | 3.26 | 245 (1.50)  2.98 (2.60) 2.42 (1.44) 2.89 (2.39)
e (2) 1 2.68 | 1.99 (1.24) 245 (2.16) 1.97 (1.19) 2.37 (1.99)
5,(3) 1 223 | 1.64 (1.03)  2.03 (1.80) 1.63 (1.00) 1.97 (1.69)
3.(4) | 1.88 | 1.36 (.864) 1.70 (1.51) 1.35 (.861) 1.65 (1.44)
505) | 139 | 114 (.T39) 143 (1.29)  L.13 (.745)  1.39 (1.25)
306) | 135 | 955 (.628)  1.21 (1.09) 953 (.647) 1.18 (1.09)
p.(1) | L1 | 800 (.047) .802 (.047) .800 (.048) 301 (.048)
p.(2) | 671 | 651 (.068) .656 (.068) .651 (.066) .635 (.065)
pA3) 1 538 | 337 (.081) 544 (.081) 537 (.07TT) 543 (.07Y)
p.(1) | A69 | 447 (.089)  A5T (L089) 448 (.081) 156 (.084)
p(5) | 2397 | 37T1(.093) 385 (.092) 376 (.037)  .385 (.086)
of 5.(6) 1 338 | 316 (.094) 327 (.093) 317 (.0S7) .328 (.08T)

! Number of S, which was less than 1.645 out of 5000 replications.
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Table 2.11

Autocovariance and autocorrelation estimates of a log-

normal AR(1) latent process {¢:} in model (2.1) with cosine regression
function 273 = 1 + 1 cos(27¢/12). Sample size n = 1000.

Means (SD)
True Z Z.UB OPT OPT.UB
=0 a? 1.00 | .990 (.267) .999 (.273) .986 (.180) .996 (.134)
=log2 | 4.(1) 0 |-.003(.051) -.001 (.052) -.003 (.043) -.001 (.043)
4(2) 0 |-.002(.053) .000 (.053) -.001 (.044) .001 (.045)
pe(l) 0 |-.003(.052) -.001 (.052) -.003 (. 44) -.001 (.044)
p.(2) 0 |-.002(.053) .000(.053) -.001 (.045) .00l (.043)
0 &7 | 1.00 | 3.65 (2.10) 3.76 (2.31) 3.73 (1.82) 3.82 (1.96)
= log5s | 4.(1) 0 |-.009 (.163) .001 (.173) -.007 (.128) .002 (.132)
5(2)1 0 |-.009(.158) -.002 (.163) -.007 (.123) -.001 (.126)
G(1) | 0 |-.003(.044) -.000 (.044) -.002 (.034) .000 (.034)
5(2) | 0 |-003(.043) - 001 (.043) -.002 (.034) -.000 (.034)
0=109 ol 1.00 | .936 (.348) 2 (.379) 927 (.299) 965 (.3283)
=log?2 | 4.(1) | .866 | .807 (.317) 639 (.344)  .804 (.280) .836 (.304)
3(2) 1 .753 | .700 (.283) .729 (.311)  .69S (.238) .726 (.230)
5,(3) | 657 | 610 (.255) 636 (.278) 607 (.237) 634 (.258)
5,(4) | 576 | 532 ((228)  .336 (.249) 531 (.218)  .355 (.238)
4.(5) | 506 | .465 (.203) 487 (.222) 464 (.200) .36 (.213)
3.(6) | 445 | 407 (L185) 423 (.202) 407 (.185) 428 (.202)
5(1) | 866 | 858 (.043) 859 (.042) .863 (.032) .862 (.051)
p.(2) | 733 | L7433 (.063) .745 (.063) .746 (.060) .746 (.039)
5u(3) | 657 | 648 (.081) 650 (.081) .647 (LU6Y) .649 (.069)
p.(4) | 576 | 5367 (.095) .570 (.095) .564 (.076) .367 (.076)
5(5) | 306 | 497 (.103) 501 (.104) 492 (.083)  .496 (.083)
5(6) | 445 | 435 (L106) 440 (.107) 431 (L08T) 135 (.088)
0=10.9 a? 4.00 | 3.12 (1.96) 3.46 (2.73)  3.14 (1.77) 346 (2.42)
=log5 | 4.(1) | 3.26 | 253 (1.61) 2.81 (2.26) 2.55 (1.49)  2.82 (2.05)
202) 1 2.68 | 2.10 (1.38)  2.34 (1.94)  2.11 (1.26)  2.33 (1.75)
503) | 223 | 177 (1.18)  1.96 (1.66) 1.76 (1.10)  1.95 (1.55)
5(3) | 188 | 149 (1.01)  1.66 (1.44) 1.19 (.960) 1.65 (1.37)
2,03) | 159 | 127 ((859) L1 (1.23)  1.26 (.841)  1.41 (1.20)
4(3) | 1.35 | LOS (.747) 1.20 (1.07) 1.08 (.747) 1.20 (1.07)
p(1) | 814 | 808 (.056) .808 (.056) .809 (.053) .809 (.055)
p(2) | 671 | 671 (.085) .672(.085) .667 (.0T1) .667 (.071)
5 (3) | 558 | 568 (.103) 569 (.104) .357 (.0S1) .538 (.081)
5(2) | 469 | 481 (L114) 486 (.116) 470 (.08T) AT (.088)
5(2) | 397 | 415 (L119) 41T ((122) 399 (.091) 101 (.092)
p(2) 1338 | 356 (121) L339 (.129) 340 (.093)  .343 (.094)

! Number of S, which was less than 1.6:45 out of 5000 replications.
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For an [ID latent process {¢,} with g = 1 (i.e.. 02 = log2). the asymptotic
variances in (2.23) and (2.24) give the ratio of asymptotic variances [z/lop =
1.814/1.506 = 1.205 in linear regression case and [z/lop = 2.877/1.896 = 1.517 in
the cosine case. The corresponding simulated ratios of variances Var(6?2,)/Var(6?, ).
when n = 1000. are (.211/.169)? = 1.559 and (.267/.180)? = 2.200 respectively.
They are somewhat larger than the theoretical large sample values. When o = 0.9
and o? = I. the corresponding ratios are (.325/.282)? = 1.328 for linear case and
(.348/.299)2 = 1.335 for cosine case. these values are close to the theoretical
asymptotic variances. The asymptotic formulas for Var(4,1-(h)) give unbiased
estimates of the simulated variances when there is no serial dependence. i.e.. in
the situation that they are derived under. This means that this formula will be
useful in calculating an overall test of autocovariance (see Section 2.5 below). Fur-
ther the asymptotic formulas provide reasonable estimates of standard deviations

even in the cases where the null hypothesis of no serial dependence is not true.

2.5 Tests for Zero Autocorrelation in the Latent Process

Typically. tests of zero correlation in a stationary process are based on func-
tions of the sample ACF. Under the assumption that the process is white noise.
the sample ACF at distinct lags are approximately independent N(0.n7!) dis-
tributed from which asymptotic cutoff values of test statistics can be computed.
In the Poisson model setting. if the latent process is white noise with positive
variance. then it can be shown that the p, z(h) are asvmptotically distributed as
independent normal random variables with standard deviations s.e.(p. z(h)) that
may be different than n='/2,

The Box-Pierce (BP) and Ljung-Box (LB) portmanteau statistics. which are

weighted sums of the sample ACF at a fixed number of lags. are often the basis

of tests for zero correlation in a time series. For our Poisson model. the main

46
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difficulty related to the use of the BP test is due to the nonconstant variance
of the sample ACF of the residuals. Since the variance and covariances of the
process have different forms of dependence on the mean function p,. there is
no single normalization of the residuals that will simultancously eliminate this
dependence from the variance and the covariance. To overcome heteroscedasticity
in the variance, we approximate the variance of the sample ACF in the BP statistic
under the null hypothesis of a white noise latent process. This approach is similar
in spirit to the methods proposed by Lo and MacKinlay (1989) for testing the
hypothesis that the increments in a random walk process are uncorrelated when
the increments are weakly dependent with a possibly heteroscedastic variance.
Also see Lobato. Nankervis and Savin (1998) for modification of the BP statistic
in other applications.

Brannas and Johansson (1994) studied the performance of the BP and LB

statistics based on three sets of residuals: the Pearson residuals
C ey e1)2
¢ = (Y = fo) /i

the Anscombe residuals

)

(,;—3(} —/1, /()'l/b.
and their own restduals defined as
Eeps =1+ (62) " 0 = fu).

In the definition of the latter. the exact form of &2 is not specified and presumably
could be any of the variance estimates considered in Sections 2.4.1 - 2.1.3. Unfor-
tunately. and contrary to Brannas and Johansson's claim. none of these residuals
approximate the correlation structure of the latent process. They observed that

for the the BP and LB statistics constructed from any of these residuals “the

17
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sizes are significantly too high™. The large size may be due in part to the bias
of the estimates and a nonconstant variance of the individual estimates of auto-
correlations. Even if these test statistics based on the sample ACF of residuals
could be adjusted to achieve the nominal type I errors. such tests will have little
power against some alternative models with large correlations but small variance.
To illustrate this point. consider the sample ACF based on the Pearson residuals

defined by
n~h
R Z,=| €€ith
/)P(h) = n 3
1 €t

=

Mean correction of the ¢, is not utilized since their sample mean is near 0. Ap-
proximating the mean of the ratio by the ratio of the means and using results

from Section 2.1. we obtain

"_IZ;:lh E(ecersn)
n=t i E(ef)

- n— 1/2 1/2

n lzt:lh l‘z/ ,“fih“,".(h)
nt 3o (L + o2uy)

- n—h 1/2 1/2
_ n ! Zf;-l’ ltt/ /ll-{—h p (h) (') .31)
nTt (07 4 ) -

E(pp(h)) =

Under the assumption that z,, = f(t/n). the last line can be approximated by

Jo JByy (h)
DA\ N ).
o2 + f) FoB

As 0% = 0. we see that the mean value of pp(h) becomes arbitrarily small. Thus
for alternatives consisting of a highly correlated latent process for which a2 is
small. the sample ACF of the Pearson residuals may not provide any evidence of
correlation and correlation tests based on Pearson residuals will often fail to reject
the null hypothesis of white noise.

Under the null hypothesis of a white noise latent process for our Poisson
model. the process {¢,} is heteroscedastic and nonstationary. Following the same

lines of reasoning as in Lo and MacKinlay (1989) and Lobato. Nankervis and

18
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Savin (1998), the variance of the correlations under the white noise latent process

assumption, can be approximated by

o | ) gy, L A . . .
Var(pp(h)) = [;ZI‘; "E(Y: - llt)z] z[n_z Hy l/‘rq»lhE()t - /1,)2E(},+,, - l‘r+h)2]
t=1 t=1
— l . -1 2..2\1-2 l = -1, ~1 2.2 2 2
= (=2 w7 e+ 1o T g D e+ 1l 0T) (e + 1i140))]
t=1 t=1
1 & | nch . .
= [; Yo +#t¢7,2)]_2[n_2 YL+ ped?) (1 + pegno?)]
t=1 t=1

= Vi/n.

We calculate the variance of sample ACF. V4 /n. for linear trend and cosine
regression examples used in Section 2.4.4 and compare them with the value of
(n — h)/[n(n + 2)] used in the LB statistic. For a given maximum lag L. the

standard Ljung-Box statistic. based on Pearson residuals. is given by

[
e d
[
-

L
”ZB =11(71+2)Z[/3;,(f2)/(11—/1)]. (2.3
h=1

Results are listed in Table 2.12 for n = 100.

Table 2.12 Variances of the sample autocorrelations for linear and
cosine regression models and which used in LB statistic.

Lag h 1 2 3 4 b) 6 v 8 9 10 11 12 13

oL

Vi lin [ 1.O4 103 1.02 1.00 99 98 97 95 9¢ 93 92 90 .39
Vhcos | 1.19 1.08 .95 .83 .75 a4 .80 .90 1.0 1.08 .10 1.0

2h ] 9T 96 .95 .91 .93 91 90 89 88 8T .86 ¥

=1
[V (V)
T

©=

-t

The differences are greatest for the cosine regression as might be expected.
For some of the lags the correct standard errors are considerably different from
those used in the LB statistic. e.g.. for the cosine regression case. Vi /n = 1.19/n
and (n—h)/[n(n+2)] =0.97/nfor h = 1. and V},/n =0.72/n and (n = h)/[n(n +
2)] = 0.92/n for h = 6. This implics that care should be taken when testing a
particular lag autocorrelation using the standard estimation technique based on

the Pearson residuals.
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A natural statistic (analogous to the Box-Jenkins's portmanteau statistic) is
proposed for testing for serial dependence in the mean of the observed count time
series. For a given maximum lag L and a given set of general estimators p,(h)

that are asymptotically normal. define
B L .
H? =Y [p.(h)/s.c.(p(h))]*- (2.33)
h=1

Under the hypothesis of independence of the latent process. H? will have an
approximate \? distribution on L d.f. The standard Ljung-Box statistic H}g
based on Pearson residuals is a special form of (2.33) with ACF pp(h) and variance
(n — h)/[n(n + 2)]. The modified LB statistic. which takes the standard errors
into account. is defined by
L
Higy =1y ph(h)/ Vi (2.34)
h=1

where f’}‘ Is an estimate of 1.

Simulation results comparing the relative performance of six test statistics
are summarized in Tables 2.13-2.16. The statistics H3. I15;-5. H3,, and H} g
in the tables refer to the test statistic in (2.33) using Zeger ACF estimate (2.16).
bias-adjusted Zeger ACT estimate (2.29). optimal ACF estimate (2.22) and bias-
adjusted optimal ACF estimate (2.30) respectively. The standard error s.c.(p.(h))
is determined by equation (2.20) with appropriate weights. The sample size for
all realizations is 100 or 1000 and the summary statistics are based on 5000 repli-
cations. Both linear and cosine regression functions are used in the simulation.

Table 2.13 lists type I errors of the six test statistics for the linear regression
case. With variance a2 = log?2 (which is equivalent to 62 = 1) and sample size
n increases from 100 to 1000. type I errors of 5. HE . H} gy and HE g y; increase
dramatically. When the variance o2 increases to log (i.e.. 02 = 1). type | errors

¢

are almost doubled over the increase of n except for H .y and HE , -5. In all
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cases type [ errors of H% .5 and H$ . 1+ only have little changes. They are greater

than those of H3 and HSP, respectively.

In Table 2.13. the differences of type [ errors among all test statistics are

more obvious for n = 100 than those for n = 1000. When sample size is 100. with

the exception of the H3 .5 and H} , ;-g tests. all produce less frequent significant

results than would be the case if the test statistics were distributed exactly as chi

square. For the case of n = 1000 and o2

and H}g ,, are closer to the nominal size than other test statistics.

= log 2. the obtained sizes of H3. H3,

Table 2.13 Type I errors for tests of zero autocorrelations in a lognor-

mal latent process {¢, = ¢} for Poisson model (2.1).

function is 2T, 8 = 1 + 1t/n.

The regression

a 0.100 0.050 0.025 0.010 | 5% Critical
n=100 | P(I% >\l 0.056 0.028 0.015 0.007 16.12
2=log2 | P(H};p > \}pu_ny) |0.086 0.053 0.030 0.013 18.46
P(HE, > \3_,) | 0.063 0035 0.020 0.009 16.79
P(IIOP,LB>\10“_,)) 0.102 0.059 0.038 0.020 19.06
P(”LB>\10([_,)) 0.085 0.047 0.023 0.010 17.92
P(Hgrr > \3y_,)) | 0.062 0.033 0.016 0.007 16.72
n=1000 | P(H% > \Zp - 0.092 0.049 0.029 0.015 I8.25
o? = log? P(I{ZLB>\“,“ ») 10.100 0.058 0.031 0.017 18.81
P(H3, > \}-.y) | 0.095 0.052 0.027 0.014 18.45
P(HZ .05 > \igu_0y) | 0103 0.057 0.033 0.016 18.86
P(Ig > \}o 1) 0.115 0.068 0.037 0.0138 19.57
(11,,“,>\,0(l ) 0.091 0051 0.028 0013 18.39
n=100 | P(H3 > \Zo-n) 0.035° 0.020 0.01I 0.004 11.82
2=log5 | P(Hyip > \}oq1—ny) |0.091 0.063 0.043 0.026 19.40
P(I3, > \}a-,) |0.050 0.030 0.016 0.007 16.01
P(H 8 > \log1-ny) | 0109 0.076 0.058 0.035 | 2134
P}y > \}oqim) 0.062 0.038 0.020 0.010 16.92
P(H}g > \3y(i_y)) | 0.043 0024 0015 0.006 15.45
n=1000 | P(ITE >\ 1)) 0.079 0.055 0.041 0.028 19.04
t=logh | P(Hy15 > \Tou-s) | 0092 0.065 0.047 0.034 20.11
P(H3, > \ioq-n) |0.091 0059 0.041 0.029 19.37
P(H3 08 > \2o-0y) | 0.106 0.070 0.050 0.034 20.40
P g > \}o o) 0.111 0.072 0053 0.037| 2070
P(Hig s > \}oioyy) | 0.091 0058 0.042 0.028 19.24
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Table 2.14 Powers of six tests for a lognormal AR(1) latent process
{e: = €°*} with parameter ¢. The regression function in Poisson model
(2.1) is 2,8 = 1 + 1t/n. The power is estimated by the fraction of
times that the test statistic values are greater than the 5% critical
values listed in Table 2.13.

0=02{0=040=06]|0=0Y

n =100 H? 0.098 0.307 0.662 0.932
o2=log2 | Hy;.px | 0.118 | 0351 | 0.731 | 0.959
HE,, 0.113 | 0.358 | 0.742 | 0.952

H 5| 0128 | 0392 | 0.796 | 0.968

Hig 0.104 | 0.343 | 0.733 | 0.953

Higy | 0107 | 0315 | 0.731 | 0.956

n=1000 | /{3 0.597 | 0.999 | 1.000 | 1.000
o2 =log2 | Hi;g | 0.604 | 0.999 | 1.000 | 1.000
Hg,, 0.685 1.000 1.000 1.000

i, 05| 0701 | 1.000 | 1.000 | 1.000

Hig 0.670 | 1.000 | 1.000 | 1.000

Higy | 0676 | 1.000 | 1.000 | 1.000

n=100 | H3 0.086 | 0.258 | 0.593 | 0.939
o =logh | Hipg | 0.101 | 0298 | 0.657 | 0.958
H3,, 0.090 0.290 0.678 0.963

HE g | 0102 | 0313 | 0.710 | 0971

Hig 0.088 | 0.285 | 0.670 | 0.976

Higy | 0.090 | 0287 | 0.657 | 0.973

n=1000 | H} 0.315 | 0931 | 0.998 | 1.000
ol =logd | HZ ;g | 0323 | 0.938 | 0.998 | 1.000
Hp,, 0.390 | 0.967 | 0.999 | 1.000

H3, g | 0400 | 0970 | 0.999 | 1.000

Hig 0.372 | 0959 | 0.999 | 1.000

Higy | 0371 | 0938 | 0999 | 1.000

Table 2.14 gives the powers of six tests for the linear regression case. The
powers of all statistics are quite close. With same variance in the latent process.
the powers increase as the sample size n increases. For fixed sample size. as vari-
ance o2 increases. the powers decrease when there are moderate autocorrelations
present (o = 0.2 and o = 0.4). Throughout linear regression cases. test f3,, -y

is uniformly more powerful than the rest of tests after the sizes of all tests have

been calibrated to the nominal level.
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Table 2.15 Type I errors for tests of zero autocorrelations in a lognor-
mal latent process {¢, = €'} for Poisson model (2.1). The regression
function is 27,8 = | + 1 cos(27t/12).

a 0.100 0.050 0.025 0.010 | 5% Critical
n=100 | P(H} >\ 0.103 0.058 0.041 0.022] 19.10
o2 =log2 | P(H}ig > \}_) |0.154 0.097 0.064 0.042| 2205
P(H3, > \ioq1-0) 0.087 0.048 0.030 0.017 18.13
P(H3,08 > \}o1-) | 0135 0.091 0.057 0.034| 2134
P(Hg > \}(1-0)) 0.077 0.042 0.024 0.014 17.70
P(H}g s > \}o(iia) |0.089 0.048 0.029 0.016| 18.19
n=1000 | P(IT} > \Zp 1)) 0.108 0.063 0.040 0.013 | 19.23
o2 =log2 | P(H}15 > \}y-) |0.116 0.067 0.041 0.020 | 19.53
P(H3, >\} ) |0.106 0.058 0.032 0.014 18.88
P(H3pi8 > \dog1oa)) | 0114 0.062 0.034 0.016 | 19.07
P(Hg > \}y(1-0)) 0.035 0.046 0.025 0.012| 17.92
P(HEg s > \iog1-) | 0108 0.056 0.031 0.015| 18.58
n=100 | P(IT >\l 0.109 0.072 0051 0.028| 20.56
a2 =logh | P(H};-5 > \}p 1) |0.I81 0.130 0.100 0.072| 26.27
P(H3, > \} -, | 0.069 0.042 0.023 0.012] 17.56
P(H3pi5 > \3o1-n)) | 0.149 0.104 0.073 0.049 |  23.09
P(H}g > \}y(1-0) 0.063 0.035 0.020 0.010 16.97
P(H}g .y > \2y 1)) | 0.080 0.050 0.029 0.016 | 1831
n = 1000 | P(H% > \Z 1) 0.125 0.090 0068 0.050 | 23.28
o =logh | P(H31p5 > \}o o) | 0133 0.097 0075 0.055| 2411
P(H3, >\}y_,) |0.103 0.070 0.049 0.031| 20.39
P(H3,08 > \}o1-0y) | 0.110 0.079 0.057 0.039 | 21.27
P(H}g > \}o1m) 0.092 0.064 0.046 0.033| 19.83
P(Hig a1 > \iyjiewy) | 0.108 0.077 0056 0.038 | 21.24

Type [ errors of the six tests for cosine regression case are summarized in

Table 2.15. When variance o? = log?2 and sample size n increases from 100 to

1000. type I errors of H3.H} . H}g and H}y y, increase slightly. Magnitude

of the increase is bigger when variance 02 = log5. Unlike lincar cases. type |

errors of H3 ;g and 13, -5 decrease as sample size increases. The bias-adjusted

versions have bigger sizes which are too high than their unadjusted counterparts.

these differences in sizes are more significant when n = 100. Statistics /3. H}

and H}p y, have smaller sizes than the nominal ones when sample size is 100.

-
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For n = 1000, the sizes of H?g are closer to the nominal sizes than other test
statistics.

Table 2.16 Powers of six tests for a lognormal AR(1) latent process
{e; = €} with parameter o. The regression function in Poisson model
(2.1) is 2,8 = 1 + lcos(2xt/12). The power is estimated by the
fraction of times that the test statistic values are greater than the 5%
critical values listed in Table 2.15.

0=02l0o=04]0=06|0=09

n=100 | H; 0.073 | 0.201 | 0.472 | 0.914
ol =log?2 |}, g 0.098 | 0.261 | 0.572 | 0.939
H3,, 0.083 | 0.266 | 0.607 | 0.939

H3,ip | 0.108 | 0330 | 0.678 | 0.955

Hig 0.093 | 0.294 | 0.653 | 0.950

Hig, | 0083 | 0252 | 0.598 | 0.941

n=1000 | H? 0.377 | 0979 | 1.000 | 1.000
a2 =log? | Hy 5 0.395 | 0.982 | 1.000 | 1.000
13, 0.550 | 0.999 | 1.000 | 1.000

H3, | 0578 | 0999 | 1.000 | 1.000

Hig 0.611 | 0.999 | 1.000 | 1.000

Hig, | 0327 | 0.9938 | 1.000 | 1.000

n=100 | H; 0.071 | 0.141 | 0.384 | 0.929
02 =log5 | Hi iy 0.099 | 0.220 | 0.527 | 0.951
ZEW 0.083 | 0.241 | 0.603 | 0.965

H3,cp| 0.119 | 0316 | 0.690 | 0.973

Hig 0.098 | 0.267 | 0.635 | 0.971

Hig, | 0.081 | 0210 | 0.547 | 0.962

n=1000 | /{2 0.130 | 0.753 | 0.990 | 1.000
o2 =logh | H3, 5 0.189 | 0.775 | 0.992 | 1.000
IZE 0.341 | 0.952 | 0.999 1.000

H3 s | 0333 | 0956 | 0.999 | 1.000

Hig 0.351 | 0.916 | 0.999 1.000

Higy | 0271 | 0904 | 0999 | 1.000

Table 2.16 lists the powers of all six test statistics for cosine case. Throughout
the powers are much higher for all test statistics in the n = 1000 casce. As the
variance ¢ increases. the powers decrease for all the tests in n=1000 case when
there are moderate autocorrelations present. For n = 100. the powers of 115, -p

arc bigger than the others.
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From these tables we sce that the relative performance of these test statistics
is mixed and highly dependent on the form of the regression functions. Through-
out the simulation. H} , provides approximately similar performance to the modi-
fied Ljung-Box statistic H} g y,. In the linear case. 3, ;- and H% g are superior
than all other statistics. In the cosine case. when n = 1000. [} g is more powerful
than any other statistics: when n = 100. H3 . is more powerful than others:

and HJ , and H}g \, statistics give better type [ error rates.

2.6 Example

We illustrate the above methods with an application to counts of daily admis-
sions for asthma to Campbelltown Hospital in the Sydney. Australia metropolitan
arca. Figure 2.4 shows the daily number of asthma presentations from January 1.
1990 - December 31, 1993, An analysis of temporally related effects identified the
following: (i) no upward or downward trend in counts at this location: (ii) a triple
peaked annual cycle modeled by pairs of the form cos(27kt/3653). sin(27kt/365).
where ¢ is the day number and & = 1.2.3.4.5.8; and (iii) a day of the week ef-
fect best characterized by separate indicator variables for Sundays and Mondays
to model the increased level of admittance for these days compared to that for
Tuesday to Saturday.

A detailed preliminary analysis of the possible effects of meteorological vari-
ables. daily maximum and minimum temperatures and humidity. and pollution
variables ozone. NO and NQO,. identified humidity at lags of approximately 12
to 138 days as the only variable that appears to have an association with asthma

presentations. A humidity variable. [ff,. was constructed as

l [
H, = = Zh(-l‘z—a-

t =0

where iy is the residual from an annual-cycle harmonic model fitted to the daily

average value of humidity at 0900 and 1500 hours.
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Figure 2.4: Asthma presentations at Campbelltown hospital during January 1.
1990 - December 31. 1993.
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In the following tables. the results for the coefficients of the harmonic com-
ponents are not given because they are of no interest to the analysis. Results of
the ordinary generalized linear model fit as well as various standard errors and
diagnostic procedures for the presence of a latent process are provided in Tables
2.17 and 2

Table 2.17 Generalized lincar model regression estimators for Camp-
belltown asthma count series. The two standard errors are computed
using a standard generalized linear model analysis without a latent
process and using Theorem 2.1. respectively.

GLM | &
Effect 3 so{?} sc{i}
Sunday | 0.230 | 0.051 0.055
Monday | 0.236 | 0.051 0.055
H, 0.210 | 0.048 | 0.066
GLM s.e.{3}. standard error of
3 based on a generalized linear
model fit assuming independence:
(i s.e.{.3}. standard error of 3 based
on the asymptotic covariance ma-

trix given in (2.28).

The t-ratios for the cocfficient of humidity for the two estimators of standard
error in Table 2.17 are 1.41 and 3.19. respectively. It is also clear from Table 2.17
that the effect of lagged seven-day average humidity is highly significant when
we use the proper standard error based on the asvmptotic covariance results of
Theorem 2.1.

The statistic S, has an observed value of 3.30. which is highly significant and
clearly indicates the presence of a latent process. Table 2.18 reports values of test
statistics for autocorrelation in the latent process. The modified Ljung-Box statis-
tic based on Pearson residuals indicates significant autocorrelation. The portman-
teau test based on bias-adjusted autocorrelations. jz.-g(h). provides stronger evi-

dence of serial correlation in the latent process than does the modified Ljung-Box

test based on Pearson residuals.
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Table 2.18 Tests of correlation in the latent process for the asthma

data with p-values in parentheses.

Degrees of freedom
Test statistic | 5 10 15
H3 s 44.63 (1.72 x 107%) | 74.86 (5.08 x 107'2) | 81.32 (4.00 x 10~'1)
H}g 10.78 (0.056) 25.60 (0.004) 26.33 (0.030)

Table 2.19 Autocovariance and autocorrelation estimates for the asthma

data.

lag h | 4z(h) s.e{3z(h)} dzus(h) pz(h) pzaus(h) se{pzes(h)}  pe(h)
0 0.054 0.024 0.067 1.0 1.0 1.0

l 0.041 0.014 0.053 0.76 0.79 0.209 0.047
2 0.030 0.01t5 0.041 0.56 0.62 0.224 0.021
3 0.038 0.015 0.050 0.71 0.74 0.224 0.055
4 0.023 0.015 0.033 0.42 0.50 0.224 0.033
b) 0.025 0.015 0.036 0.47  0.34 0.221 0.026
6 0.020 0.015 0.030 0.37 045 0.224 0.025
T 0.046 0.014 0.057 0.85 0.85 0.209 0.072
3 0.024 0.015 0.033 0.44 0.50 0.224 0.035

Table 2.19 provides details of various autocovariance and autocorrelation es-

timates. Based on the estimates pz. we would conclude that the autocorrelations

are significant at lags 1. 2. 3 and ¥ days. The autocorrelation estimates using

either pz or pzs demonstrate the need for an autoregressive latent process with

nonzero cocfficients at lags 1. 2. 3 and 7. The autocorrelation function based on

the Pearson residuals is completely misleading. If we use the calculation in

the expected value of pp(1) is

1.934
(0.054)~' + 1.939

E{pp(1)} ~ (0.76) = 0.0718.

which explains the small observed values of the pp in Table 2.19.
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3. ESTIMATION FOR PARAMETER DRIVEN MODELS

In this chapter. we compare several estimation methods for the parameter
driven models. Suppose {¢.} is the latent process in a parameter driven model.

and

Yi|¢,. &, ~ Poisson(c,exp{xB}) independently. (3.1)

where &, is a r x | regressor. 3 is a r-dimensional regression parameter. ¢, =
exp(a,) and {a} is an autoregressive process of order p denoted by AR(p). That

is. {a,} satisfies the recursions
O =01+ F 00, + 3. I~ [ID.\"(O.Uz). (3.2)

The likelihood of the complete data (y.a) = (yy..... yn: Qy. ....Q,) is given by

fly.a) = flyla)f(a)
= [T, flydad))f(a)

[“n cxp{-cxp(u.i-l{,@)}cxp{(u,+£lrﬂ)y, }]exp{-%a Vo) ..
=1 y! (2,_)11/2“'—1'!/2 (-;.-;)

= "—'Cl;ﬁexp{— S exploi + 278) + T (0 + 27 B)y - L aTVa}
= “—Cl.:—zexp{—(ea)TeXﬁ +ya+y" X8 - taTVal.

where () = (27)"3(117,y!). €® = (et oo e T X = (2T, 2T)T. e¥B =
(szﬂ. cee C:l:,fﬂ)r and V7! is the covariance matrix of a.

The objective is to estimate the model parameters ¥ = (87.¢7.03)7. where
B=(3.--.3)Tand ¢ = (o..... 0,)T. Since the likelihood of the observed data
f(y) is an n-fold integral which does not have a simple closed form. maximum
likelihood estimation based on f(y) is intractable. Likelihood-based estimation
methods may require computationally intensive methods such as Markov chain
Monte Carlo (Chan and Ledolter. 1993). We review the existing estimation meth-

ods in the following section. then propose a new method using an approximation
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to the likelihood. A comparison of estimation methods are then examined based

on fitting a real data set and simulation results.

3.1 Review of Existing Methods

Several methods have been developed for the estimation of the parameter
driven models. Chan and Ledolter (1993) proposed Monte Carlo EM (MCEM)
algorithm. The objective function is calculated by Monte Carlo. In the E-step.
the conditional expectation of the log-likelihood of the complete data (y. a) given
the observed data y is estimated by averaging the conditional log-likelihood of

simulated sets of complete data. i.e.. they estimate

QUl¥") = Eyin llog /(Y. a)]Y = y]

by

m

; 1
Q" () = —3 [log S(y.aV)].

=1

where ¥ is the model parameters to be estimated. and a). j = [.---.m are the
Monte Carlo samples drawn from the conditional distribution of e given y using
the Gibbs Sampler. In the M-step. the conditional expectation QU™ (#|9p'!)) is
maximized with respect to % to obtain the updated estimate "+, The algo-
rithm is then iterated until convergence. Each M-step usually requires iterations
because when ¥ changes. so does the distribution of a|y. The Monte C'arlo sam-
ples @), j = L.---.m must be updated at cach iteration of the maximization.
This 1s a "many samples™ method (Gever. 1996) because it requires one sample
al) j = 1.---.m per evaluation of the objective function QU (p{1p!"!). The EM
algorithm converges at a rather slow lincar rate. A time consuming method like
Gibbs sampling used at each iteration makes the convergence even slower.

As a viable alternative to the MCEM algorithm. the Monte C'arlo implemen-

tation of the Newton-Raphson (MCNR) algorithm was suggested by Kuk and

60
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Cheng (1997). It is computationally more efficient than the MCEM algorithm as
it converges at a faster quadratic rate. Both algorithms require simulation from
a|y with the aid of methods like Gibbs sampling and rejective sampling.

Let [(-) denote the log-likelihood. I’(-) and ["(-) denote the first and second
derivatives of [(-) with respect to ¢ respectively. The standard errors of the
estimated parameters are calculated by inverting —{"(y). The calculation of '

and {” can be obtained from the following expressions (Louis. 1982):
I'y) = Ey[l'(Y.a)]Y =y]
"(y) = Ey["(Y.a)lY =yl + Ey [(Y.a)(l"(Y.a))T]Y = y]
—U{y. )y

For the case in that the above conditional expectations cannot be performed

analytically. the Monte Carlo approximations of {/(y) and ["(y) arc obtained.
3.1.1 Durbin and Koopman’s Method

Durbin and Koopman (1997) estimated the model parameters based on a
Monte C'arlo estimation of the log-likelihood of the observed data y. For a given
set of model parameters ¥. a normal density is used to approximate the non-
Gaussian density of y given a. then Monte Carlo simulation and importance
sampling are used to approximate the exact likelihood of y. f(y.%). and f(y.v)
is then maximized with respect to ¥ numerically.

More specifically. let g(aly) be the approximate Gaussian density of a given
y for a given set of model parameters ¢ and g(y|a) is the approximating density

to the Poisson density f(y|a). The likelihood of y is given by

[y ¥) = [[ly.a)da= [ f(yla)/(a)da

HYla)f(a) [(Y|Qx)
| @y nyen 9 ely)da

= Ly [ {hG g(aly)da
- [fyla)
- L ).

61
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where E, is the expectation with respect to Gaussian density g(a|y). which is used
as the importance density. and L,(¥) = %—lﬁ—) = ¢(y) which is independent
of the latent process a. The quantity L,(¢) is the likelihood of y as if y is

generated from the Gaussian state space model

Yt = + (st. (51 ~ .‘\r(llg, [[g) '
a, = O+ + 0,0 p+ 3. 2~ N(0.07).

where
He = ye—a; — f"","wm’(y: — Li+EI By
H, = exp(—(a; +270)).

and a” = (aj.---.a})T is the mean of a given y based on the above Gaussian
state space model. The Kalman filter can be used to obtain g(y). The normal

density ¢g(y|a) is given by

g(yla) = [Jg(yla) with yla, ~ N(a, + . Hy). (3.6)

t=1

The simulation smoother (De Jong and Shephard. 1995) is used to draw

samples a¥).j = 1.--- ..V from g(aly). Then f(y.¢) is approximated by

. [(ylaV) -
. =~ . 3.7
[y ¥) = f(y.v) = [ Z o ylam)} (3.7)

Function f(y. ¥ ) is maximized with respect to ¥. This is also a “many samples”™
method because g(a|y) changes as the model parameters ¥ change. We have to
simulate a fresh set of a!!) from new g(a|y) at each iteration of the maximization
of f(y.t/)). This could make it difficult to find the optimum value to the locally
rough character of the estimated likelihood. Moreover. this method is complicated
and not easy to implement.

Let 9 be the value that maximizes log f(y. ). and ¥ be the value that would
have been obtained by maximizing the true log f(y. ) if this had been known. To
compute standard errors due solely to simulation. Durbin and Koopman (1997)
cxpanded dlog j:(y.¢)/i)1/) about . put ¥ = ¥. and obtained
[02 log f'(y-rb)]-l dlog f(y.¥)

Yo’ N

62

b -

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



So the mean square error matrix due to simulation is given by

dlog f(y. ) dlog f(y.¥)
GIY T

1

E,(% — $)* =: MSE,(¢) ~ £E, [

where
) -
&_ _ |9log f(y.¥)
Moy’
The matrix ¥ is an asymptotic estimate of the variance matrix of % under sam-

pling variation of y ignoring simulation. It can be approximated numerically from

neighboring values of ¥. Define g©") = 9 [ngWW] /¢ and q = LSy, g". then

E, [“"g/ b). jl”"f(#—"’/"—] can be estimated by

v (69 - (gt - q)7]
[Z‘\' J(yla“')r '

=1yt

3.1.2 Kuk’s Method

Let L(%) be the likelihood of y and L..(%,) the likelihood of y under a
working model. That is. L,.(¢,) = [w(y.a:¢y)da. where w(y.a: ) is the
joint density of (y.a) under the working model. Kuk (1997) derived a relative
likelihood formula by using Geyer's (1994) results:

Ly _ [Jylay)ayda
Lu(¥,) [ vy, )i
- iyl Y) /() [ w(Y. 0, ) ] dox
w(Y.a:t,) [y, )i
- l.u X
= 1 i?y a”q(ba) wlaly: ¥,)da
_ r [fyacy) o), ]
= Ell' ""(y‘aidjo) |y- wu -

where the expectation is with respect to the conditional density w(a|y: ¥,) of a
given y under the working model at ¥ = ¢,,. and ¥, is a reference point of the
relative likelihood. In order to approximate the relative likelithood L(v)/L,.(v,).

one takes a sample a from distribution w(a|y: ¥,) (note that here ¢, is fixed)
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then evaluate the expectation F, defined in (3.8). This is a “single sample”
method because it uses the same sample a from the distribution w(a|y: ¥,) for all
evaluations of the objective function L(%)/L,(v,) in the process of optimization.

In particular, if we use Durbin and Koopman’s (1997) approximation - a
normal density g(y|a: %) to approximate Poisson density f(y|a.%). then we
have working model w(y.a:¢) = g(yla:¢¥)f(a: ). where g(y|a:¢) is given
by (3.6) and f(a:%) is an n-dimensional normal density. By drawing samples
all.i = 1.--- .V from the density g(aly:1,) for fixed 9,. we will be able to

approximate the relative likelihood as

L) 1
Lw(w()) \

fyla: ) f(a': ) (3.9)
| g(ylat: ) flat):ep,) | -

n[\/]/

Gever (1996) suggested updating ¥, to the maximizer of the relative likeli-
hood and repeating the Monte Carlo approximation and maximization using the
new t,. By updating ¥, a few times. one should get better approximations of
the relative likelihood function near the true maximum likelihood estimate.

Gever (1996) provided the asymptotic distribution of 9. the maximizer of

the relative likelihood log - )) := [x(9). The variance of ¥ is approximately

B"(tZt)A(tZr)B"(tb). where a consistent estimator of B({b) is —'2[—"‘1;)@ and

2]

A(Y) = Var[dl v ( /dd)] A(¥) can be estimated by

S ual -V (ot w) (28 w)

2
N f(yla"’.¢)f(a<".¢))
(Z‘=‘ JYla P )P

where u, = [AME U BN] /1 (ylat). ,) (@), g)]. Here the quantity
B"(@)A(t]))[f"({b) is the estimated variance of the difference between the Monte
(Carlo approximations to the MLE ¥ and the exact MLE which we are unable to
calculate. It is also called simulation error. The estimate of difference between

the exact MLE and the true parameter value of ¥ is an entirely different problem.

6-1
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The variance matrix of this difference is the inverse Fisher information which is
estimated by B"'(IZJ). [t is the error due to the variation of the observed data y.
The variance formulas provided by Gever (1996) are the same as those given in
Durbin and Koopman (1997).

Both Durbin and Koopman's. and Kuk's estimation methods are based on
Monte Carlo approximation and importance sampling. The implementation of the

algorithms are complicated. In the following section. we take a different approach

to the approximation of the likelihood of observed data.

3.2 Approximation to the Likelihood of Observed Data y

We approximate the likelihood of the complete data (y. a) so that a can cas-
ilv be integrated. We then compute the marginal distribution of y and maximize

it to get the estimates of the model parameters.
3.2.1 Approximate Likelihood
A Taylor expansion at a® = (aj.---.a5)7 on the term (e )Te'\ﬂ in equation

(3.3) gives

(€M) TeXB — b TeXB L (a—a") Kb + é(a - a)'BRh(a - a”) (3.10)

where b™ = (¢oI.....e"%)T. B is the diagonal matrix diag(c“i.....c°"). and R is
the diagonal matrix diag(czlrﬂ.....cz'(ﬂ). Let
y=y-hb"+ Bha". (3.11)
65
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and use equation (3.3). the approximate likelihood of the complete data (y.a) is
then given by

foly.a) = ]‘—jl—ne\p{y a+y’Xp - —aTl'a

—b7e*P + (a - a*)TKb" + Y(a - a")T BR(a — a*)])

= IL”20<p{ ~ Kb + BKa® )T —laT(BK + V)a

—2a‘TBl\a +a Thb" +yTX3 - b'r xBy

= L exp{g’a ~ LaT(BA +V)a
—la'TBKa" + a'Thb" +yTXB — b Te¥B)

= J—Clﬁe\p{--[a (BR +V)'§]" (BN + V) [a — (BK +V))"'§]
+igT (BN +V)'g - L aTBRa" + a'TRb" + yT X3 -b'Te\ﬂ}.

So the conditional distribution of a given y is
aly ~ N (BN +V)7'g.(BK +1)71). (3.12)

and the approximate distribution of y is

11/2
[(y) = IBKH'II“’!z(rI'":l exp{3gT (BN + V)~

~laTBKN a +a"Thb +yT X3 - b'Te-\'ﬁ}.

(3.13)

The calculation of [BA + V| and §7(BA + V')~'g can be done by using the
innovations algorithm (Brockwell and Davis. 1991) to avoid inverting the n x n
matrix (BA + V') directly. Some calculation details are given in section 3.2.2.

Since E(aly) = (BRA + V')"'gy. a" can be calculated as the converged value of

al) = (a(l”. -+«.aUMT which is obtained recursively from the equation
a* = (BUR + 1)y - ABY + BY Ral), (3.11)
where BY) = diag((”‘l”.---.( ol ). and b1 = (¢ N '1'”)7- The convergence

of a’) is usually reached within 5 ~ 7 iterations for a given set of parameters
=(BT.¢7.0%T.
Based on approximate distribution of y given in equation (3.13). parameters
of the model are then estimated as follows:
2(0)

I. Select initial values of a® = a¥). ¢ = @', 72 = 2" and set j =0:
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Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



2. For fixed a™), ¢") and 02", maximize (y7 X3 —b'Texﬁ) with respect to
B to get BY*Y): this is comparable to Poisson regression:

3. For fixed @) and BY*"), maximize [log I—B—l\&il_l +§7(BK +V)"'g] to find
oY+ and o2Vt the estimates of ¢ and a2 respectively:

4. For fixed gU+1_ @l+1) and a2t yse equation (3.14) iteratively and take
the converged value as a*. and set al’*!) = a":

5. Increment j. go to step 2 and continue to convergence.
3.2.2 Some Calculation Details

To carry out the above calculations for parameter estimation. we need to
compute §T(BR +V)~'§.|BR + V'] and |V|. where matrix V="' is the covariance
matrix of (a,.---.a,) from the latent process {a;}. and {a,} is assumed to be

the AR(p) process given in (3.2). Assuming n — p > p. we can write
Z = Aa. (3.15)

where Z = (0).- .0, 5pp1e . 2) o @ = (1. -+ ap.0pp1. - ag)T . and A s

a lower-triangular matrix with all diagonal elements 1. i.c..

IPXP OpX(n—p)

A= . (3.16)
{, Ay
where
{ —Op —OQp-1 - —O
0 —Op e —Qn
A= 0 0 -0, | . and
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[ ] 0 0 0 0 O
-0 l 0 0 0 0
—Op —Op-y 1 0
Ay =
0 —Op -0 1 0
0 0 . =0p —Op-y - L0
\ 0 0 - 0 -0 - —0 1)

Using (3.15). we have

E(ZZ") = E(Aaa”™ A7) = AE(aa™)AT = AV -14AT, (3.17)
Since
E(ZZT) =F [(ol.---.np.:p.,,l.---.:,,)T(o,.---.ap.:,,+l.~--.:,l)]
FPXP OPX(ﬂ—p) ) ' .
= - =:G. (';18)
( O(H—p)xp Gz[n.-—p
where [" is the covariance matrix of (a;.---.a,) that can be written as

( (0) (1) - “,-(p—l))
W= Ap=2) - 2(0)

with 1(h) = Cov(a,.arys ). From (3.17) and (3.18). we have

. r-t 0
/ - -T "-l. o ;T . R
| AGa=at( 0 ) A

AT\ (o I 0 _
0 Al ) ( 0 o, ) ( A A ) (3-19)

I+ AT, L4y )

1y (Y
”—,;l{.-h ”—,:1{:12
From the AR(p) recursion a; — oy, — - -+ — ©pa(-, = . one can use the Yule-
Walker equations to compute 5(0).5(1).--- . +(p).

Now we are ready to calculate g7(BRA + V)~'§. Suppose that BA + V°
is the covariance matrix of y. The best linear predictors of the components of

¥ =(§1-----Fa)" are given by
Yoo = 0000 = §,) +0,2(Gy-1 — Y1) + -+ 0,,(5 — 5,).
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with 37, = 0. Thus, writing 3} = (§1.--+.§a)T. we have

¥ = §-9y+9y .
= y-y+(C-Ny-y)
C(y - y)-
where [ is the n x n identity matrix. C is the n x n matrix given by
Ouo 0 0 0
0“ 010 0 s 0
C = 02, 02 O 0 . (3.20)
On—l.n-l an—l.n—'z on—l.n—.'l T on—l.[)
where 0y =1 for7=0.1..... n — 1. Taking covariances. we have
BN +V = Egy")
= CDCT.
where D = diag(vo.vy..... tn-t). and v, is the mean squared error of the one-step

predictor of g;. The determinant of BA" + V" is given by
IBK + V| =|C|D||ICT| = I3} v,

and

QKX

§TBR+V)'g = [C(F- !Ll)]T((‘D(':T)—‘ [
= (F-9)"D'F-9)

n (Ul y|)2

=l vy

- 4)]

So the quantities §7(BR + 17)7'§ and |BA + || can be obtained directly from
the innovations algorithm.

The lower triangular matrix .1 defined in (3.16) has diagonal clements 1. so

that
T [—l 0 -1 -1 -1 ,,.-2(n=-p)
VT =147 v (A= [T ET =T e :
In the special case of p = 1. i.c.. {a,} ~ AR(1). |V]| =
(1 =0 0 0 - 0
-0 1l+0* -0 0 - 0
10 -0 1+ -0 - 0
1" = r)'_z . . .
0 0 0 l+0° —o
0 0 0 —o 1)
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3.2.3 Connections between the Approximate Likelihood and Durbin
and Koopman’s Importance Density

An approximate density of a given y proposed in (3.12) is based on the
Taylor expansion of a term in the density of y given a which is a Poisson density
in our model. Durbin and Koopman (1997) have a different approach to find
their importance density g(aly). though they did not write down this conditional
density explicitly. In fact. these two densities are exactly the same as we show
below.

Durbin and Koopman (1997) approximated the density f(y.|a.) by a normal
density g(y:|a,) and obtained an approximating model.

Yy = a;+¢. ¢~ N(u.H) independently.

3.2
Q, = Q1O _ +"'+Op01_p+Z(. Zr ~ [[D.\.(O.Uz). (; 1)

In this case. g(y:|a.) is the density of a normally distributed random variable with
mean y, + a, and variance f,. Theyv chose y, and I, so that dl;(a)/da = 0 and

Pl(a)/dada’ = 0. where l,(a) = log f(y:la,) — log g(yc|a:). They obtained

. ; T
fe = yr — 6y — yee~HE: B + 1 and

. 3.22
H = izl (3:2)
Here a, is calculated recursively: start with initial values of yt, and H,: use Kalman

-{(1) -

smoothing to obtain &, ' in terms of y;. yy.- -+ . yn: get a new set of g, and H,: use

Kalman smoothing to get an updated &!*': and continue until convergence of the

6. The &, represents the converged value of the sequence 6" o
The approximating density of y given a is given by
glyla) = Tloig9lydad = [‘/—”1/2 exp{—3(ye = pe — ) M7}

2 n:  {exp( % ﬂt+lrﬁ))0\[)[ ¢t T ’3(0 + gy~ B _ I —a) ]}

= (27)°3 o\p[ S (604 2TB) = LT, B4, 4y @B m)z] _
We write it in matrix form as
glyla) = (27)” %o\'p[—-l[c‘!+(B,-,I\')"y— 1-a]"B:K[a+ (B:N) 'y -1 - a]
+317(a + X B)| .
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where & = (&;.---.6,)7. B; = diag(e®'.---.e5")and A" = diag(lerﬂ. e ez'rﬂ).
The approximating joint density of y and a is
9(y.a) = g(yla)g(a)

= (27)"Zexp [—%[d +(BsK)'y-1-a|"B;shN[a+ (B;sN) 'y —-1-aq]

Jo=
(&)

+117(a + XB)] (27) 3|V} exp(~LaTVa)
= (r)"|V|fexp [-ia+ (Bsh) 'y -1 —a|TBsN[a + (B;N)'y - 1 - a]
+i17(a + X8) - %ar‘v'a]
= (2m) " VZexp{~L1aT(Bsh + V)a + (BiKNa +y — Kb;)Ta
—Ha+ (Bil) 'y —1"B;K[a+ (Bs ) 'y — 1] + 117 (& + X 8)}
= (27) " VFexp{—L[a— (Bsh + V) 'g;5) (Bsh + V) [a — (B R + V)79
1l (Bih + V) lg, = Ha + (Bsh) 'y — 1T B K[é + (Ba ) 'y — 1]
+117(a + X3)}.
where V=1 is the covariance matrix of a,.---.a,. b; = (¢™'.---.e™)T and
Yy, =y— hb; + B;Na. (3.23)
So the approximating conditional density of a given y is

aly ~ N((B;sKN + V) g (B + V)7h). (3.24)

From (3.12). (3.14) and (3.21). we know that a" and & are identical. They are
the mean of Gaussian density of a given y. So the approximate density of a
given y obtained in Section 3.2.1 is the same as the importance density derived
from Durbin and Koopman’s method.

The key step in Durbin and Koopman's approach is the construction of the
quasi-observation (y — p) as they try to make g(y|a) close to f(y|a) as a function

of a with y fixed at the observed value. Schall (1991) proposed an algorithm for

7l
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estimating parameters of the generalized linear models with random effects. The
link function g(.) applied to the observed data y is linearized. giving to the first
order

9y)=g(p)+(y—p)d(pn) = =.

where u = E(yle). and e is a vector of random errors. A lincar random effects
model is then derived for z. The original observations y are replaced by ~adjusted
dependent variable™ = and parameter estimation is based on the model for =
instead of y. Actually. as Kuk (1997) pointed out. Durbin and Koopman’s quasi-
observation (y — p) which can be derived from (3.22) is the same as Schall’s
adjusted dependent variable z evaluated at pu = XB+a

Let 3 represent the fixed effects. and b the random effects. Schall’s (1991)
objective function for his model is the posterior likelihood for @ and & under
a normal prior of b. which is proportional to f(y|8.b)g(b). f(y|B.b) is. by
assumption. in the exponential family. The posterior log likelihood is equivalent
to log g(z|B3.b) + log g(b). where g(.) is a normal density. Schall’s model deals
with random effects that are observable. The situation with our model is different.
In our model. (y|B.a) does not have a normal density. Qur latent process {a,}
which is comparable to the random effects b in Schall’s model is unobservable and

correlated. That makes our model parameter estimation much more complicated

to implement.

3.3 Comparison of the Estimation Methods

From the introduction in Sections 3.1 and 3.2. we know that Durbin and
Koopman's (DK’s) method is computationally intensive requiring Monte Carlo
approximation and iteration in order to maximize the objective function (log like-
lihood). Kuk’s one-sample method is conceptually simpler. but has an important

issuc: how to find a “good™ %, to start the maximization procedure? With the

-1
£
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setup of our parameter driven model. this initial reference point ¢, will definitely
have impact on the final estimates of the model parameters. Qur approximate
likelihood method is free of simulation and relatively easy to implement. while
the objective function is not an exact likelihood function. Moreover. there is no
closed form formula to calculate the variance of the estimates.

In this section. we compare the relative performance of the above three es-
timation methods. A real data set (the polio data) and simulation results under
different models are used. All the source code was written in Fortran 90. User
times of computation are obtained by using Unix command =timex™ on an [BM
RS/6000 computer. It is the time spent in the system (CPU time) when the

computation command is complete.
3.3.1 Polio Data Results

The following model is used to fit the polio data.
Yila,. &, ~ Poisson(exp{z! B + a.}) independently.
where {a,} is an AR(1) process satisfving the recursions
ar =opeeg + 3. o~ [IDN(0.07%).
t 21t

and =T = (1. 055~ Cos( 55 ). sin(

2zt

5 ).cos(z‘T':').ros(?z%')).

2|

Table 3.1 gives the results of the fitted model using Durbin and Koopman's
(DK). Kuk’s. and our approximation methods. The initial values of 8 are ob-
tained by fitting a Poisson regression model to the data. assuming no temporal
dependence in the data. The initial values for © and a? are 0 and 1 respectively.
Results from Chan and Ledolter’s MCEM. and Kuk and Cheng's MCNR algo-
rithms are also listed for reference. The Monte Carlo sample size is N = 1000 for

both DK’s and Kuk’s methods.
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Table 3.1.

model to the polio data using different estimation methods.

Parameter estimates for fitting the parameter driven

The fig-

ures within parentheses are standard errors. and numbers within curly
brackets are standard errors due to Monte Carlo simulation.

Estimation Method DK’s | Kuk's | Our method | MCEM | MCNR

Intercept -.032 043 2387 211 243

(log rate in Jan. 1976) | (.167) | (.096) (.267) (.125) | (.278)
{.106} | {.013}

trend x10~3 -3.78 -5.51 -4.01 -4.62 -3.81
(2.86) | (1.53) (2.79) (1.38) | (2.83)
{179} | {.175

cos(2mt/12) -.101 -.106 3. 149 161
(.149) | (.111) (.138) (.090) | (.145)
{013} | {016}

sin(2xt/12) -497 -.502 -.465 -.495 -A81
(162) | (.123) | (.150) (.116) | (.165)
{.036} | {.010}

cos(27t/6) 198 A73 403 439 A13
(.128) | (.112) (.118) (.102) | (.127)
{.019} | {.014}

sin(27¢/6) -.363 -.390 -.008 -.042 -.011
(.126) | (.110) (.119) (.099) 1253)
{.021} | {.006}

o .662 Tl .663 .89 661
(.118) | (.057) (.205) (.036) | (.218)
{021} | {. 010}

o? 269 .27 244 .032 272
(.196) | (.055) (.087) (.627)
{.072} { 017}

User time (seconds) 2034 31827 15957

' The user time is based on iterating reference point P, 6 times.

't The user time includes both estimation time and time that computes the
standard errors.

In our approximate likelihood method. the objective function is an approxi-

[E!

mation of the exact likelihood of y. We are unable to calculate the Hessian matrix.
The method we used to calculate the standard errors of our fitted parameters is
as follows. We fit the model using our method to the polio data first. then use the

fitted parameter values to generate 1000 sets of data of length 168. By fitting the
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model to these 1000 sets of data. we are able to calculate the standard deviations
of the estimated parameters. These standard deviations are listed in Table 3.1 as
standard errors for our method.

All five estimation methods give comparable estimated parameter values.
Especially. our method generates very similar estimates as MCNR does: DK and
KUK's estimated parameters are very close except for the trend term with Kuk's
estimates having smaller standard errors. MCEM algorithm has smallest standard
errors.

The simulation standard errors are relatively small compared to the usual
standard errors for either DK's or Kuk’s method. For example. in the case of
DK’s method. the simulation standard error is 6.3% of the estimated standard
error for the trend term. which implies that the simulation variance is only 0.4%
of the usual variance: while Kuk's method gives variance ratio 1.3%. For the
latent process parameters o and ¢?. the ratios of the simulation variance to the
usual variance are 3.2% and 13.3% respectively for DK's method: and 3.1% and
9.6% respectively for Kuk’s method.

We did not run MCEM and MCNR methods on our computer so we cannot
compare the computing time of these two methods. According to Kuk and Cheng
(1997). MCNR procedure on the polio data is eight times faster than a modified
version of the MCEM algorithm. Qur approximate likelihood method is the fastest
among the three methods. This is what we expected because there is no Monte
Carlo simulation involved in the procedure. Somehow to our surprise. Kuk's
method is not faster than DK’'s. Kuk's is a “single sample”™ method in which
for all evaluations of the objective function L(v)/L..(¥,). same sample a from
distribution g(a|y: ¢,) is used. One would expect that this method saves some
computing time over DK’s “many samples™ method in which a fresh set of a is

generated from new g(aly) at cach iteration of the maximization of the likelihood

<

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



f(y.¥). For the polio data. it takes 1.89 seconds of user time for Kuk’s method
to produce one evaluation of the objective function. while DK’s method takes 8.40
seconds of user time. It is the iteration of the reference point ¥, that slows down
DK's procedures. We choose the GLM estimate of 8 and § = 0 and 6% = | as
initial value of ¥, in our calculation. Iteration time 6 for %, is an arbitrarily
chosen number. Obviously. how to find a good ¥, and when to stop iterating ¥,
are important issues here. Gever (1996) stated that it is not necessary to iterate
P, to convergence. as soon as new P is reasonably close to 3. it is time to stop

the iteration.
3.3.2 Simulation Results

We conducted a simulation study to compare the relative performance of
three estimation methods: DK's. Kuk’s and our approximate likelihood methods

introduced in Sections 3.1 and 3.2. Simulation is based on the model
. 3 T .
Yi|o, ~ Poisson(e%: '3+”‘) independently

with one of the following three model schemes. For cach model and a set of
given parameter values. 1000 sets of data of length n=100 are generated. then
a corresponding model is fitted to ecach set of generated data using each of the
three estimation methods. The average of cach estimated parameter and the
standard deviation are then obtained. The standard errors of parameters are also
calculated using DK's and Kuk's methods. The initial values of the parameters
in the estimation are the true values. In the cases of DK's and Kuk's methods.

the Monte Carlo sampling size is .V = 1000.

3.3.2.1 Model 1

Model 1 has a constant regression function and an AR(1) latent process. i.c..

z, = l.and a, = oa,_; + Z;. where Z, ~ [IDN(0.5%). Constant regression
76
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function assures that the observed data {Y;} is stationary. Figure 3.1 shows a

sample path of {¥;} for this model with parameters .3 = 0.7. © = 0.5 and 0% = 0.3.

z I }
il a
| Ul i |

Figure 3.1: A sample path of model 1 with .4 =0.7. © = 0.5 and ¢? = 0.3.

Table 3.2

Parameter estimates of Model | with x,

= 1 and a,

oa,-y + Z, as latent process. using three estimation methods.

DK’s Kuk’s | Our method | Our method | True value
(n=100) | (n=100) (n=100) (n=200) of parameters

ave(3) 707 672 818 823 =7
sd(:3) 130 142 128 .096

ave(3e(.3)) 132 093

ave(o) 438 450 136 183 =5
sd(o) 193 195 203 129

ave(3c(0)) 170 142

ave(a?) 294 291 257 2508 at=3
sd(a?) .108 110 .0838 .066

ave(5e(57)) 170 108

User time (seconds) | 169260 | 363381 129 ™8

7
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Table 3.2 gives the parameter estimates of Model | using three different esti-
mation methods. The average (ave) and standard deviations (sd) of the estimated
parameters are calculated based on fitted models to 1000 sets of simulated data.
The average of standard errors (ave(se)) of the parameters are based on 1000
replicates of inverse Hessian matrices.

Figures 3.2 and 3.3 show typical histograms and Q-Q plots of 1000 replicates
of estimated parameters. respectively. It is evident that the distributions of .3
from all three estimation methods are normal.

From table 3.2 we know that the averages of 3 of DK's and Kuk's methods
are close to the true value of ;3 = 0.7. Hypothesis test Hy : E(3) = 0.7 vs.
H, : E(i) # 0.7 can be used to detect bias for 3. The results of the test show
that DK's .3 is not biased. but .3 from the other two methods are biased. .3 from
our method has a bigger bias. For all three methods. ¢ is estimated to have
negative bias of about 10%. and the standard deviations of ¢ are close among the
three methods. Averages of standard errors are smaller than the corresponding
standard deviation of o for both DK's and Kuk's methods.

The estimator of % from DK’s and Kuk’s methods are about 2% and 3%
biased. respectively: % in our method is approximately 14% negatively biased
with a mean of 0.257 and interquartile range of 0.198 to 0.313 when the true
value of 02 is 0.3. The average of the standard error of 62 from DK's method.
ave(se(a?)). is much bigger than the standard deviation of the estimated o2,
sd(4?). while these two values from Kuk's method are very close.

Table 3.2 also lists the results for n = 200 (length of time series in cach repli-
cate) using our approximate likelihood method. All the averages of the estimated
parameters are greater than their counterparts in the case of n = 100. The bias

of .3 is bigger. while biases of © and 42 are slightly smaller.

-1
~
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Figure 3.2: Histograms of the estimated parameters 3. 0. and &2
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Figure 3.3: Q-Q plots of the estimated parameters 3. o. and &2,
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Compared with DK’s estimation method. Kuk's method is about 1.3 times
faster. and our method is about 1000 times faster. Kuk’s method is not as fast
as we expected. The iteration of reference point ¥, slows down the computing of

relative likelihood (the objective function).

3.3.2.2 Model 2

Second model in this simulation has a linear regression with 6 regressors and
an AR(1) latent process. i.e.. &, = ry13) + -+ - + r6.3s. and a, = oa,_; + Z,. where
Z, ~ [1DN(0.0%). The observed {Y;} is not stationary. Figure 3.4 gives a sample
path for this model. The parameter values used for generating the sample path
are taken from the fitted model to the polio data using our estimation method (sce
Table 3.1). These values are also used as true parameter values in the simulation

for this model and as initial values for the estimation.

y (model 2)
2
;e

time

Figure 3.4: A sample path of Model 2 with o = 0.663. 52 = 0.244 and 8 =

(0.387. —1.01.0.152. —0.465.0.403. —0.00758)7 .
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Table 3.3 summarizes the results from three estimation methods. The his-
tograms and Q-Q plot of the estimated parameters reveal similar patterns as those
in Mode] 1: 3. through 3.; seem to be normally distributed. 6 is skewed to the
left. and &2 is skewed to the right.

The estimated parameters .3; - J¢ from both DK's and KKuk's methods. and
Js - Js from our method are not biased. For all three methods. ¢ is estimated
to have negative bias of about 19%. with largest standard deviation from our
method. The magnitudes of bias of o are bigger than those of Model 1 (10%).
Averages of standard errors of © are much smaller than standard deviation of o
for both DK's and Kuk's methods.

The estimated parameter o2 from DK’'s. Kuk’s. and our methods are about
8%. 15%. and 24% negatively biased. respectively. Again. the magnitudes of bias
are bigger than those in Model 1. The average of standard error of ¢ from DK's
method is much bigger than the standard deviation of 2. while these two values
from Kuk’s method are close. These findings are consistent with those from Model
l.

We also give results for n = 200 using our approximate likelihood method.
Like n = 100 case. the estimated parameters 3, - .J; are not biased. But bias of
3y s bigger. and biases of o and &? are smaller. compared to the n = 100 case.

Comparisons of computing time of three estimation methods show that DK’s
method 1s about 1.8 times faster than Kuk’s method which is contrary to what
we found in Model 1. With Model 1. we have three unknown parameters in the
estimation: with model 2. we have cight parameters. This increase on the number
of unknown parameters has reduced the computing speed for Kuk's method. Qur

method is still the fastest among the three methods.

o
(S
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Table 3.3 Parameter estimates of Model 2 with 27 = (1.¢/1000, cos(2m¢/12).
sin(2wt/12).cos(27t/6).sin(27t/6)) and a; = @a,-; + Z, as latent pro-

cess, using three estimation methods.

DK’s KKuk’s | Our method | Our method True value
(n=100) | (n=100) (n=100) (n=200) of parameters

ave(.3,) 395 365 463 ATT 3,=.387
sd(3;) 327 341 346 246
ave(3e(.3)) 324 242
ave(3;) -4.15 | -4.070 -3.852 -3.883 3a= -1.01
sd(32) 5.624 5.830 5.802 2.129
ave(Sc(.3y)) 5.772 1.834
ave(.Js) 142 138 139 147 3y=.152
sd(.3) 130 192 172 124
ave(3e(.3)) 164 156
ave(.Jy) -A70 -AT3 -.160 154 Jy= -.163
sd(.3) 193 .190 191 138
ave(Se(.3y)) 184 171
ave(.J5) 104 A13 395 397 Jo= 403
sd(.3s) 155 158 142 110
ave(3e(35)) 151 142
ave(.J) 0072 | -.0091 -.0077 -.006-4 3s=-.0076
sd(.J) 146 150 151 .108
ave(3e(.9s)) 147 137
ave(o) 539 510 531 618 0=.663
sd(o) 256 271 294 175
ave(3e(0)) 192 124
ave(52) 221 207 136 199 oZ= 211
sd(5?) 112 123 101 082
ave(sc(a?)) 235 097
User time (seconds) | 1649451 | 3054986 1802 3157

3.3.2.3 Model 3

Model 3 has a constant regressor and an AR(3) latent process. i.e.. 2, = 1.

and a, = oja,1 + - + Osq,_5 + Z,. where Z, ~ [TDN(0.4%). In this model. the

observed {Y;} is stationary. Figure 3.5 shows a sample path for this model.

Estimation results using DK's and our methods are listed in Table 3.4, Kuk’s

method is excluded because in the process of maximization of log relative likeli-

83
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Figure 3.5: A sample path of Model 3 with parameters 3 = 0.3. 0y = 0.1. 0, =
0.72. 03 = —0.148. 0oy = —0.0944. 05 = 0.0192. and 5° = I.

hood. the Hessian matrix produced from optimization algorithm is not positive
definite for all the replications.

The Q-Q plots of estimated parameters from both methods are shown in
Figures 3.6 and 3.7. For DK’s method. the estimated parameters of the AR(3)
process él - 05 seem to be normally distributed. (5.. C)'} CA)A, and o5 are not biased or
slightly biased. 3 is about 24% positively biased while &2 is about 26% negatively
biased. The averages of standard errors is smaller than the standard deviation of
the estimated parameter except &°.

Our estimation method is about 1.5 times faster but produces biased esti-
mates for all model parameters. The means of estimated parameter values are

uot close to the true parameter valnes.

o
=
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Table 3.4 Parameter estimates of Model 3 with z, = 1. and a, =
o1, + -+ + ¢sai_s + Z, as latent process. using two estimation

methods.

DK’s | Kuk's | Our method | True value of parameters
ave(3) 373 1.643 3=
sd(:3) 338 1.485
ave(3e(3)) 269
ave(o;) 087 0628 op=.1
sd(oy) 197 205
ave(se(o;)) .169
ave(os) 651 -.103 0y=.72
sd(o2) 226 200
ave(Se(o2)) 180
ave(03) -.126 14 o3=-.1138
sd(o3) 296 239
ave(ie(o3)) 233
ave(oy) 123 071 ©4=-.094
sd(04) 205 223
ave(3e(04)) 181
ave(os) .0052 .103 ©;=.0192
sd(0s) 228 212
avc(ée(és )) 185
ave(5?) 738 1.629 a2=1.0
sd(5?) 217 2.68
ave(se(d?)) .250
User time (seconds) | 1100227 33770

In summary. Durbin and Koopman’'s method produces relatively less biased
estimates for model parameters of parameter driven models. Comparable esti-
mated parameter values can be obtained from Kuk's method when the latent
process is an AR(1) process. The computing time of Kuk's method is shorter
than DK’s when the number of unknown parameters is three. The advantage of
computing speed of the “single sample™ Kuk's method over the “many sample”
DK’s method vanished when the number of unknown parameters in the model in-
creased to cight. Our approximate likelihood method produces unbiased estimates

for the non-constant regression parameters when the latent process is AR(1). Fs-

f-.;
wt
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Figure 3.6: Q-Q plots of the estimated parameters of Model 3 using DK's method.
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Figure 3.7: Q-Q plots of the estimated parameters of Model 3 using our approxi-
mate likelihood method.
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timates for constant term in all three models are biased using our method. The
computing time for AR(1) latent process model using our method is significantly

shorter than the others.

o
o

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



4. SUMMARY AND CONCLUSIONS

In the previous chapters. we considered a class of parameter driven models
in which a latent stochastic process is present in the mean of observed time series
of counts {Y;}. Much rescarch effort has been devoted to fitting such a model.
Existing techniques rely on the specification of a suitable model for the correlation
structure in the latent process. As in linear regression with correlated errors.
there is a need for model diagnostic and identification techniques. In this thesis.
we focused on model identification. diagnosing the existence of a latent process.
hypothesis testing for any evidence of autocorrelation in the latent process. and
parameter estimation. In this chapter. we summarize our methods. approaches
and important results we have obtained in this work.

Chapter | gave an introduction to generalized linear models and state-space
models. Existing research related to the parameter driven models were also re-
viewed.

In chapter 2. for fitting the observed count data to our parameter driven
model. we carried out an analogous model fitting procedure as for a linear model
with time series errors. A\ consistent estimator of regression parameter 3 is needed
first. A natural and casy way to compute consistent estimators of 3 is to use
a standard generalized linear model analysis. We showed the consistency and
asymptotic normality of the Poisson maximum likelihood estimator of 3 in a
parameter driven model where the likelihood ignores the presence of serial cor-

relations. A proof when the latent process is strongly mixing was provided. We
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also derived simple formulas for the effect of autocovariance of latent process on
standard errors of the regression coefficients.

The next step in the modeling process is to test for the existence of a latent
process. Based on higher moment properties of Poisson distribution and Pearson
residuals. we developed a test statistic Q and its modified version Q and Q~. The
size and size adjusted power of four statistics Q.Q.Q" and S, were compared for
linear and cosine regression functions via simulation, where 5, is an existing test
statistic. Based on our limited simulation. we have found that the test statistic S,
appeared to have similar type [ error rates as (Q and Q= but larger power. Further
research is needed to demonstrate that S, is preferred in all circumstances.

After the existence of a latent process has been established. we need to esti-
mate the variance and autocovariances of the latent process. The existing Zeger's
method-of-moment estimates of autocovariances. 4, 7 have large negative bias
which is directly attributable to the large bias in the estimate of variance ¢2. We
proposed an “optimally™ weighted estimates for the variance and autocovariances
in the sense of minimum variance. We have found via simulation that under
an [ID latent process specification the optimal covariance estimates have smaller
variances than Zeger estimates with approximately the same bias. We then devel-
oped bias corrections to both Zeger and the optimal estimates. The bias-adjusted
estimates reduce bias but at the expense of higher variance. With increasing vari-
ance in the latent process. the bias increases in all estimates. Substantial bias
caused by large autocorrelation presented in the latent process would impact the
estimation of the correct asymptotic variance of the GLM estimates of 3. Overall.
the optimal estimates outperform Zeger estimates and the bias-adjusted optimal
estimates outperform the bias-adjusted Zeger estimates.

To test for zero autocorrelation in the latent process. we proposed a test

statistic //? that is analogous to the Box-Jenkins's portmanteau statistic. We
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considered four different test statistics H3. H 5. H} . and H3,, ;-5 derived from
H? by using Zeger. bias-adjusted Zeger. optimal. and bias-adjusted optimal es-
timates of autocorrelations. respectively. Under the null hypothesis of a white
noise latent process. the Pearson residuals are heteroscedastic and nonstationary.
We approximated the variance of the sample autocorrelation function of Pearson
residuals and used it to obtain a modified Ljung-Box test statistic Hfg . A
simulation comparison of the empirical size and power of above five test statistics
along with standard Ljung-Box test H7g was reported. We found that relative
performance of these test statistics was highly dependent on the form of the re-
gression functions. Throughout the simulation. results of Hj, were similar to
those of Hi g y;. The bias-adjusted statistics 7.5 and Hj - g were uniformly
more powerful than their unadjusted counterparts after the sizes of the tests had
been calibrated to the nominal level. In the linear case. H} , ;-5 and H3 g were
superior than the others. In the cosine case. H}g was more powerful than the
other when sample size n = 1000: when n = 100. Hj , ;-5 was more powerful.

We applied our model identification procedures to daily asthma presenta-
tions at a hospital in Sydney. The data indicated presence of a latent process.
Both tests H%,.g and [} g\, rejected the hypothesis of zero autocorrelation in
the latent process. The autocorrelations based on the Pearson residuals were very
small and misleading. Both Zeger and bias-adjusted Zeger estimates of autocor-
relations demonstrated the need for an autoregressive latent process with nonzero
coefficients at lags 1.2.3 and 7.

In chapter 3. we focused on parameter estimation of the parameter driven
model. in which the latent process is unobservable. The likelihood based on the
observed data y is an n-fold integral that does not have a simple closed form. Ex-
isting likelihood-based estimation methods such as Durbin and Koopman’s (DK)

importance sampling and Kuk’s Monte C'arlo Newton Raphson require intense
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Monte Carlo simulation in order to approximate the n-fold integral in the density
function of y.

We presented a new approach for estimating model parameters which avoids
Monte Carlo simulation. A Taylor expansion was applied to a term in the joint
density of the observed data y and the latent process a. As a result. an ap-
proximate likelihood of the complete data (y.a) and the approximate conditional
density of a given y were obtained. Then the approximate distribution of y was
derived and maximized to get estimates of model parameters.

Applications of our estimation method. DK’s and Kuk’s methods to time
series of monthly polio counts in the U.S. were used to illustrate the methods. All
three methods produced comparable parameter estimates. Kuk’s method gave
a significant trend term. but the trend was not significant using DK’s and our
approximate methods.

A simulation study was conducted to compare the relative performance of
these three estimation methods. For a parameter driven model with a constant
regression function and an AR(1) latent process. all estimates obtained from the
three methods were biased with one exception. The estimate of .3 under DK's
method was nearly unbiased. The magnitudes of bias were dependent on the
estimation methods. All three methods had similar standard deviations for the
estimated parameters. For a parameter driven model with trend and scasonal
terms and an AR(1) latent process. all estimates of regression parameters were
unbiased except for the constant term under our method. Estimated parameters
of latent process © and o? were biased using all three methods. The magnitude
of bias was bigger than that from the first model. Again. all three methods
produced comparable standard deviations of the estimated parameters. The third
model in our simulation had a constant regressor and an AR(9) latent process.

DK’s method gave unbiased estimates for the o's. Overall. DK's method produced
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relatively less biased estimates for model parameters. When the latent process
was AR(1). our method gave reasonable estimates for non-constant regression
parameters. and the computing time was considerably shorter than for the other

methods.
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5. APPENDIX

Appendix A
Poisson Regression Model logy, = .3, + 3¢

Suppose that Y = (}}.....Y;)T is a vector consisting of independent observa-
tions from a Poisson distribution with mean E(Y;) = y,. t = L.---.n. Consider a

regression model

log () = Jo + At (5.1)

We will show that if .3; < 0. all the observations Y, are zero bevond some large
n. so there are no consistent estimators for .3y and J;: while if .3; > 0. the weak
consistency and asymptotic normality of MLEs for 4y and .3, hold.
Case 1. 3, <0

Let A, = {« : Y.(«w) = 0}. then {A,} is an independent sequence of events.
and {w: Y, («) =0.Vn large} = UL, N, {«: Yi(w) =0} = liminf, A,. Then

pw

xX
Yry) = Y Ple:Y(w) >0}
n=1 n=1
x o4
. Z[l—(nq. "]<x
n=1
- . 1— —edot I in+l) 3 . . ..
since limy o~ :ﬁmln_ = ¢”' < | by the ratio test for series of positive terms.
-

Thus P(limsup, -15) = 0 by the Borel-Cantelli lemma. This is equivalent to
P{wc:Y.(«)=0.Vn large} = L.

Case 2: 3, >0
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Let B = (30.3)7. the log-likelihood of (y;.---.yn) is

(B) = Z?:l(yt Iogllt -#x—log(y,!)) (5.2)
Yot [yedo + yedit — ¥ —log(y,!)]

]

and the Fisher information is given by

a 1 _.;o(z,z,e*’*' z:;ltc"") (53)

Fn(ﬂ) = E(dﬂ dﬁr) —E(W) =¢c ;l=l tert ;l=l l2€'j'l

(;i[(l — t"‘jl)

n
§ St
t=1 ‘ B T

| —¢

it e (,il _ (” + l)((n+l).i; +nt(u+2),1|
€ =
Py ( 1 — c”‘ )2

n (n+1}3 3 9 St _

—n?e + , Le e’

an(l Z tZ(,ilt — IZ o zl 1

— - €'

(.jl + (.2.3; _ (” + 1)2((n+l).il + (2"2 +2n — l)((n+2).31 . "2((n+$)i\

(1 —e¢h)3
1) We show that the minimum cigenvalue of the Fisher information diverges:

/\min Fn(ﬂ) — <.
et A=Y7 e . B=Y7 te and C =1, %) then

. R n.3 2 (n+2)3 3 2
. _ 2 _ e Pl {1 = 1) —nle et =1)

AC - B = o

SN (enh 2n3

((*’l—[)"( )+0( l)'

1+C _ =269 463 e (24204 2)e (MDA — (2024204 1)e(nH2) 25641 4 (n2 4 1)e im0

’ - (+71=1)3

=271 4630 =3 e n D3 (2209 £ 30 Y2t 3 (A Dy n2 DS (01 )2

(e71=1)?

= -——((Jl'_” (n'*’c("*”"‘) +o(n c("“”‘) .

So we have

AC - B? AC - B? .
m—)ﬂ and v—)x as n = x.
Let X' = i((—“:Z—?jl then
Jo
A Fo(B) = (— [:1 +C - \/(.-1 + () — 1 AC = B?)
Jo

= —(1+()( -VI-X).
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A Taylor expansion at 0 gives /1 — X = 1 - 3.X. and hence

€0 |
AninFal8) = S+ ) [1 = (1= X))
— Jo u — < -
= € K I C . as n .

2) 2l F7Y(B)z, = 0 as n = oc. where 2!, = (l.n).

Since
[,*—l(ﬂ) - (JO ;;l lzf"ll Z:l l tc
T Fsen she )
where
n n n
- Jo+3 2 Jo+3 o+ 12
¢, = (Zf o+ 11)(Zt et lt)—(zl( o+ 11)
t=1 t=1
2% 63.11 —n ((n+2}il + ( )" _ )) (n+3).9, _ n ((n+~l)il + ((2n+5) Bh
= c
(l - C 1)4
1
z F7H(B)=
6,30 x 3 x ; x x 1
= — t2et — n te™tt. — te? 4+ n et
G (Z P P AT
e;jo X
= (-_.[lef -—’nZt( "-}—nch }
1 Le=1 t=1
P [(n=1)%¢h + (=20 +2n + l) 20 4 p2edh it ((n42)5
G (1 —e¢h)3
e~ (l —eh) {(n —1)2e? + (=212 +2n + 1)e® 4 e — ntA (("+2)'le

€3 — 204230 4 (22 — 2)c (4303 _ p2elntt)d 4o (ned)an

- 0 as n—~x

By Theorems 1. 3 and Example (i) of Fahrmeir and Kaufmann (1983). the weak
consistency and asymptotic normality of MLE hold. That is. there exists a se-

quence {[‘3"} of MLEs such that F7/% ﬂ)(ﬂ - B) = N(0. [,x;). where

Z"_ et
Zl l( "o ot

t=1

FT/Z(ﬁ) — (.30/2

P

0 \/(Z"_ 4”)( n "'2"‘”‘)_(2:‘:1‘""')2
=
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Appendix B
Poisson Regression Model logu, = Jy + 3t/n

Consider independent observations {Y,,.t = 1.---.n} from Poisson distribu-
tions with mean E(Y,) = gt = e®+t34/" Let L, .(8) be the log-likelihood based
on the observations y,. Y. -+ . Ynn. and denote l:,,,,.(ﬂ) and [“‘,l,,,(,[‘)) the first and

second derivatives of L, ,(3) with respect to 3 respectively. Then

Ln,u(/@) = —Z(Jo'f-dlt/ﬂ +Z-'/"‘(JU+ .3|[/n) —Zlog(.‘/nt!)-
t=1 t=1 t=1
L (‘3) — - Z?:l (‘3o+»3|f/" + Z:‘-_-[ Ynt _ ;lzl(.‘/nr _ (7.30-4».31[/:1)
" - Z;;l tli(ﬁ’dltln( %) + Z?:l !/nt(i) % z:lzl(l.'/nl hd tf"0+'jlt/")
and
n Jit/n 1 n Jit/n
-L B) = e t=1¢ v n t:lt(. v
n.n i ;l=l l(.hr/n "Lz Z?:l [2(___.3'(/" .

We show that the weak consistency and asymptotic normality of the MLE of 8
as follows.
1) The score function [.‘,1_,,(,3) is a martingale array.

Let Foiot = 0(yx,.J < i.k < n). then

- B Zk;l(ynl _ (,10+Jl!/n) R
L (Ln.k(ﬁ)lfn.k—l) - ( %t (L;ll(ly," N [(Jo+ljlf/'l) = Ln.k—l(ﬂ)-

And since E(yn — ¢t 96/n) = @, {[:,,_n(ﬂ).fn_,l.n > 1} is a zero-mean. square

integrable martingale array. Let a, 4(8) = Ln,k(ﬂ) - Ln.k-l(ﬂ) be the difference

sequence. then

3|7 —
SN——

Ynk — (.io+dlk/n otk
— JOK —_ Jo+.ItA/n
Un i = . = (Y — ¢

i) L{hyax — kelotrking (g )
2) The conditional variance of a, x(8) converges.

\'ar[(ln‘f(ﬁ)lfn.l-l] = E (1,,',(ﬂ)ai,_,(ﬁ)!}-n-f—l]

(.io+.3[f/n L(.i0+.ﬁ!/n

n

L o+ 3it/n 2 Jo+dit/n
4 —C

n n
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Thus

Jyt 1 St
T etn Ly e

G"J‘(ﬂ) = E:l Var [a"h‘(ﬁ)lf"-f-l] = (_;30 ( I;Z:;l [e»’ll/n "L: Z?:l t2c,3|l/n ) = _L"-ﬂ(ﬁ)'

and
1 el -1 1—e1 43,60
=, _JjO dl JI I -
,,('"-"(’6) e 1—edl 44167t =242e71 —231e71 45231 =1 (5.4)
EH g7

which is positive definite.
3) The Lindeberg condition is satisfied.

For any ¢« > 0.

n rl ,
t=1 -
1 2

2
n? | {Eluneme oty (14 £5)>02)

n
= Z E —(Unl - fv‘}0+dl‘/n)2(l + —)[
=1 _“

n F(l t2 42 Jo+.31t/ny4
+ n_z) (ynt — oA )
s Z E n?c?
t=1 N
S A (Y
- ,12(2 t=1
.‘l n } i . .
— ¢ o+ d1t/n + 3(2.10-(»2.11!/71
n2e? § [ ]
_ 4 (,’,}0 (,‘jl/”(] _ (Jl ) 4 362.10 62.11/11(1 . 62,}1 )
,12(2 l — t.fl/ﬂ l _ 62.1,/11
-0

1) The asymptotic distribution of the score function is normal.
Combining 1). 2) and 3). and using Corollary 3.1 of Hall and Hevde (1980).
we obtain that the asymptotic distribution of the score function [..,,_"(ﬂ) is normal.

le..

't
<t
—

L NERTCY 5
\/;Ln.n(.g) g ‘ [. (

where V2 is the left Cholesky square root of the matrix v defined in (5.4). and

Z is a standard normal random variable.
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5) The Continuity condition holds.

Define a neighborhood of 8 as

Va(8) = {Bon : IVE(Brn = B S 6} for §> 0.

where |[v]| for vector v is defined as max(A'v) for MA = 1. Let B, = (Jo.-} ).

then

supg v s l1E [~ Ean(Bun) = Gan(B)]
:x l( .}o+.§|(/n _ C_Jo-hilt/n) Z;l_ n( »}o+;l‘/" - (‘iﬂ"’""/") ) H (3'6)

— - 1
= Supﬂ"."e\,"(s)” ( 1—-1

A Taylor expansion gives

(cjg-i-.}ll/n — 6-50'0':’1'/") Z;l . "2( }Q-f-jl[/!l —_ tJo+J|l/n)

n

- . - - t o4
elottin _ okt = [(.30 = 30) + (31 — Jl)(;)] efardien,

where 35 + 3;t/n lies between 3 + 1t /n and g + 4it/n. Since ﬁn_n e N.(9).
thus |3 — Ju| < 6/\/m. and |3, = 3| < 8//n. Hence

n - -
l Z((.jo+-’|lln _ CJO+‘,X l/n)

. t .
= _Z [ - jU ()’[ — 31)('_)] c'io+dl t/n
3

l L
= —(Jy— Jo)e Z(il'/" — (3 =) (OZl(“/"

t=1

o] e

1 I

IN

— 0 as n— x.

Similarly. we can show all other elements of the matrix in (5.6) converge to 0 as
n — oc. Therefore.

e . .
. sup ”r—z [— enn(Bon) (,',,',,(ﬂ)] || = 0 holds for any & > 0. (5.7)
B. eNa5)

6) The MLE of B exists and is unique asymptotically and is weakly consistent.
Since =L, .(B) is a covariance matrix. it is positive definite for all n. and

hence there is at most one zero of the score function L, .(83). The solution of
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[:,.',,(ﬂ) = 0 gives a local (global) maximum of the likelihood if it exists. For any

n.6>0.and N,(8) = {B,., : |[Vn(B.. — B)|| < 8}. the event
{Lan(B) — Lan(B) <0 forall B € IN,(5)}

implies that there is a local maximum inside of .V,(d). where J.V,(d) is the bound-
ary of .V, (8). From the above discussion. there is only one local (global) maximum.
so this local (global) maximum must be located at the MLE Bn_,,. Now we need

to show that for any given > 0. there exist 4 > 0 and n; such that

<t
7 4
—

P [Lun(B) = Lun(B) <0 forall B€NL(6)] 211 (5.

for all n > ny. A Taylor expansion gives

Ln.n(ﬁ) - Lnn(,@) = (B - ﬂ)’Lrl.rl(B) + %(B - ﬁ)'inm(ﬂ;,n)(ﬂ - :3)

4

where 37 is between B and 8.

n.n

Let A= \/F(B — B)/é with A’A = 1. then

P [Lan(B) = Lun(B) <0 forall B € ONL(5)]

= P[B=BYLan(B)+ 58~ BY Luni BB - 8) < 0]

P d N, .(B 152,\'[ 82 A
\/ﬁ n.n( ) < _2 n u.n( n,n)

Using the definition ||7l;[:,,'"(,@)|| = max (/\’ﬁ[n'n(ﬂ)) for A'A = 1. it suffices

i

to show

> 1 -1 forany given np > 0.

1. S o, .
p [II\—/—;L".H(ﬁ)II < A (= LualBLL A

Since — L, n(B;,,) is positive definite for all n. and %(—L,L,,(ﬂ:.")) converges
to a positive definite matrix. so we can find a positive constant ¢ such that

%X(—Zn_n(ﬂ' ))JA > ¢ for all n. By Markov's inequality.

n.n

. § 2 |
PlIVY2ZI < S| > 1 = ZEVY2Z) =1 — .
2 éc
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thus

P [IIV'”ZH < %«\’(—Zn.n(ﬂ;,n))x] > 1.

by (5.3) we have

1 . 5 , . .
r [”ﬁLnn(ﬂ)” < EA (_Ln.n(ﬂn,n))A

> 1 -1
Given 1 > 0. choose §é such that (5.8) holds for n > n;. For such 4. we have
PlIVa(B,, - BN <] > 1 1.
and hence \/E(B"." - B) =0,(1). ,B,m -8 = O,,(—\/L'-l) = 0,(1). i.e.
Bun 2B (5.9)

7) The MLE of 8 is asymptotically normal.

By a Tayvlor expansion.

LaniB) = Lun(B,) = (B =B..) Len(B0)-

since Loa(B,.)=0.
Lon(B)=(B~B,.)Lan(B;,).
thus.
(—Zn.n(ﬂ;_n))] : (5.10)
The continuity condition (5.7) and (5.4) give
% [~ Lan(B2)] BV for any 87, € Na(8). (5.11)

From (5.3). (5.10) and (5.11). we have /i(B,, — B) 5 VI2ZV =1 e

VB, - B) S5V (5.12)
-T/2

where V is the right Cholesky square root of V71,
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