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ABSTRACT

The Role of Polymer Architecture in Determining the Static and 

Dynamic Properties of Polymers in the Melt

The static and dynamic properties of ring polymers and three-arm star polymers 

are investigated via computer simulation. Ring and star polymer simulations have 

been performed for both melts and single chains.

We find that rings in the melt are smaller and more compact than correspond­

ing linear chains: for rings and linear chains in the melt the mean-square radius of 

gyration scales with degree of polymerization as R2 oc N 0 62 and R 2 oc N . respec­

tively. Simulations in which bonds are allowed to cross show that the smaller ring 

size is a consequence of the constraint of non-concatenation: for crossing rings in 

the melt the mean-square radius of gyration scales as R 2 oc N.

We find that rings in the melt have faster dynamics than linear chains of 

comparable N . For rings the self-diffusion coefficient and orientational relaxation 

time scale as D  oc N ~L6 and ree oc N 2 5, respectively. Faster ring dynamics is 

shown to persist for ring sizes up to twenty times greater than the entanglement 

crossover chain length for linear chains. For crossing rings in the melt we find that 

the self-diffusion coefficient and orientational relaxation time scale as D oc N ~ l 

and Tee oc N 2-0, respectively.

m
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For crossing and non-crossing single rings we find that the scaling of the mean- 

square radius of gyration is identical in both cases, R2 oc JVLI7. Additionally 

we find that for both crossing and non-crossing single rings the self-diffusion 

coefficient and orientational relaxation time scale identically as D  oc iV_l and 

ree oc N 2A, respectively.

For three-arm star polymers in the melt we find that the mean-square radius 

of gyration scales as R 2 oc N . For the dynamics we observe a possible non-power- 

law dependence of the self-diffusion coefficient on star size. The limited range of 

star sizes simulated precludes any stronger comment; however, we argue that the 

largest star lies in at least a semi-entangled dynamics regime.

For the simulations of single stars we find that the mean-square radius of 

gyration scales as R3 oc N L2, and that the self-diffusion coefficient and relaxation 

time scale as D oc N ~ l and rce oc JV2-3, respectively.

Scott P. Brown

Chemistry Department, Colorado State University, Fort Collins, CO 80523 
Spring 2001
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Chapter 1

Introduction to Polymers

The industrial production of polymer materials first began in the United States 

around 19101. Today the demand for industrial polymers exceeds that of steel2. 

The high versatility of polymer compounds has led to their wide-spread use in a 

large variety of applications. Some examples from a long list are foams, medicinals. 

insulators, fibers, films, packaging materials, etc3.

A major class of polymer materials produced are the so-called thermoplastics. 

Thermoplastics are polymers which are capable of being reversibly softened and 

hardened by heating and cooling. They are the recyclable plastics. Some typical 

thermoplastics are polystyrene, polyethylene, and polypropylene. Most thermo­

plastic processing is done in the melt in a procedure which typically involves 

relatively large and rapid deformations in order to mold the polymer2. Thus an 

understanding of polymer melt dynamics is of significant practical interest in the 

processing of thermoplastics. Despite this fact there exists no universally accepted

1
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theoretical treatm ent that accounts for the dynamical behavior of polymers in the 

melt. The approaches to date have been largely from a phenomenological point 

of view.

The dynamics of polymer liquids is fundamentally different from the dynam­

ics of low molecular weight fluids4. Qualitatively, differences in the dynamics of 

the two fluids can be readily seen by observing their macroscopic flow behavior. 

Such demonstrations as flow recoil in polymeric fluids (indicating the presence 

of ‘•memory”) illustrate the often counter-intuitive nature of polymer dynamics 

when compared with that of low molecular weight fluids5. One of the more strik­

ing demonstrations compares the results of placing a rotating rod into beakers 

containing each type of fluid6. For the low molecular weight fluid, the liquid near 

the rod is pushed outwards resulting in a depression around the rod. In contrast 

to this, the polymeric fluid moves toward the rotating rod and climbs up it. This 

is known as the “Weissenberg effect.”

The unique features of polymer liquids are a direct consequence of the high 

molecular weight of the constituent polymer molecules. It is interesting to note 

that polymers were not believed to be macromolecules until the early part of the 

20th century, despite the fact that the unusual properties of naturally occurring 

polymer compounds had been known for quite some time prior: as early as 1861 

Thomas Graham noted that certain solutions of naturally occuring polymers were 

characterized by unusually sluggish dynamics7. The introduction of the word
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3

;ipolymer” is credited to an 1833 publication by Jons Jacob Berzelius8, but it 

was not until the 1920’s that the work of Staudinger brought to the forefront the 

macromolecular nature of polymers7.

The subject m atter of this dissertation is the role of polymer architecture in de­

termining the static and dynamic properties of polymers in the melt. The specific 

architectures examined are the non-linear ring and star polymer architectures.

In order to discuss ring and star polymers it is instructive to first begin with 

the topic of linear polymer chains, as they have been the most extensively studied 

architecture. This is the subject m atter of Chapter 2, which presents a general 

overview of the properties of melts of linear polymer chains. Chapter 3 then 

describes the simulation model used to perform the computer simulations of ring 

and star polymers. Chapters 4 and 5 represent the main body of this thesis, 

namely the presentation and analysis of data gathered from the simulations of 

ring and star polymers. Chapter 6 closes this dissertation with a summary of the 

major results and a brief discussion.
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Chapter 2

Background

2.1 Introduction

Before talking about ring and star polymers it is useful to first introduce properties 

particular to linear polymer chains. A discussion of linear polymers leads naturally 

into some of the concepts that are central to the currently accepted understanding 

of polymer dynamics, namely entanglements and reptation.

2.2 Linear polymers

Equilibrium properties

At room temperature a polymer chain in the melt has available to it many different 

conformations, each perhaps corresponding to a different total size of the chain. 

Thus it makes sense to talk about the size of polymer chains as an average quantity.

4
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The customary measure of average size is the mean-square radius of gyration R 2, 

which is simply a measure of the average monomer distance from the polymer 

center of mass,

where Rem is the position of the polymer center of mass, r, is the position of the 

ith monomer and npoi is the total number of polymer chains in the system. Note 

that the end-to-end distance R 2 =  ((r“ -  r ^ ) 2) can also be used as a

measure of average chain size; however, this measure becomes ambiguous when 

applied to ring and star polymers.

The radius of gyration for a single, ideal linear polymer chain follows the scaling 

law R 2 oc iV2" with u =  1/2. The scaling exponent, v — 1/2, is that of an ideal 

random walk. For real polymer chains, repulsive interactions between segments 

that are distant along the chain cause the polymer to swell9. This is known as 

the excluded volume effect. A random walk under excluded volume conditions 

is known as a self-avoiding walk (SAW), and results in an increase in the scaling 

exponent10 t/exci.voi. ~  3/5.

For linear polymer chains in the melt excluded volume effects become “screened 

out.”7 The screening of excluded volume is due to repulsive interactions with 

monomers from other chains, which exactly cancel out the swelling effects due to 

the intra-chain excluded volume interactions. Under conditions in which excluded 

volume is fully screened the scaling exponent regains its ideal value u =  1/2. Thus

(2 .1)
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it is said th a t linear polymer chains in the melt resemble a  random walk. 

D ynam ics

For linear chains in the melt the self-diffusion coefficient D  and zero-shear coef­

ficient of viscosity T]0 follow power law scaling with the degree of polymerization. 

A truly unique property of linear-chain melts comes from the dramatic change in 

the scaling laws for these transport coefficients at a critical, crossover molecular 

weight JVC. This crossover transition is marked by the following change in the 

scaling laws: for chains with N  < N c, D  oc N ~ l and r?0 oc N: whereas for V > :VC, 

D o c  :V-2 and t]d o c  N 3A. This transition in the dynamical scaling laws is ob­

served in melts and concentrated solutions of all flexible, linear polymer chains, 

independent of the chemical identity of the constituent monomers.

Qualitatively, the observed transition in the dynamics of linear-chain melts is 

said to result from the onset of intermolecular ••entanglements/’ The exact nature 

of an entanglement is not well defined; however, it is undoubtedly a consequence 

of chain uncrossability. Uncrossability refers to the fact tha t polymer chains have 

short-range repulsive forces which prevent any two chains from passing through 

one another. Hence entanglements are classified as “topological constraints' on 

polymer motion. It will be shown in the next Chapter that removal of the con­

straint of uncrossability in an entangled melt results in complete recovery of un­

entangled dynamics.
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2.3 Entanglements &: reptation theory

The challenge that any theoretical treatment of linear polymer chains must meet is 

the description of the phenomenon of entanglement. Several different theoretical 

approaches have been proposed11-14. One treatment in particular that has had 

success in predicting most dynamical attributes of entangled polymer liquids is 

reptation theory.

Reptation theory postulates that an entangled polymer chain in the melt is 

entrapped inside an imaginary “tube,” the size and shape of which are deter­

mined by the topological constraints imposed by surrounding chains. A given 

polymer chain must then execute motions consistent with confinement within the 

tube. This amounts to suppression of transverse motions, and a center-of-mass 

displacement that occurs through longitudinal “slithering” motions along the tube 

contour. De Gennes 11 and Doi and Edwards 4 have constructed an elegant, de­

tailed theory based upon reptative assumptions.

Strict reptation predicts a scaling of the self-diffusion coefficient D oc iV-2, 

and of the zero-shear coefficient of viscosity t)0 o c  iV3; in close agreement with the 

generally accepted scaling laws determined from experiment. With a few excep­

tions, reptation theory is able to predict the experimentally observed dynamical 

properties of entangled melts of linear polymer chains. In short, it forms the 

foundation for the present understanding of linear-chain melt dynamics.
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Reptation theory is appealing due its inherent simplicity: it reduces a compli­

cated, many-body problem to the problem of a single chain executing a special 

type of curvilinear motion. Yet despite its appeal and many successes, reptation 

theory remains controversial and no universally accepted theoretical treatment of 

entangled polymer melts exists. Objections to reptation theory call into question 

the validity of its dramatic simplification of an inherently many-body problem. In 

particular, the assumption of the phenomenon of entanglement, which reptation 

theory presents without any justification for why such entanglements occur. In 

early simulations of entangled linear polymer chains15,16 no evidence was found to 

support the basic assumption of reptation theory that entangled polymer chain 

motion is highly anisotropic. A later simulation17 demonstrated primitive chain 

motion which appeared to be confined to within a tube of a diameter estimated 

from monomer mean-square displacement. More recently, it has been shown that 

incorporation of an enhanced chain stiffness, the presence of which does not dis­

rupt the overall Gaussian statistics of the chain, results in observable anisotropic 

polymer chain motion18.

One justification for the study of non-linear polymer architectures such as 

rings and stars is to investigate the validity of reptation theory. The properties 

of entangled polymer melts axe strongly dependent upon the architectural type of 

the constituent polymer chains. For instance, the viscosity of an entangled melt 

can be drastically altered by simply modifying the number of branching points
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in the polymer molecules19. Invoking concepts of reptation, one might envision 

that each polymer architecture has a unique type of characteristic motion that 

enables it to escape from the reptative tube. The different characteristic motions 

lead to different predictions for the molecular-weight dependence of the transport 

properties which are specific to each architecture. Thus the goal is to use the 

ideas of reptation theory to make predictions for the dynamics of entangled melts 

of non-linear polymer chains, and to then test the predictions against data from 

experiment, or simulation, in order to comment on the possible existence of any 

reptative tube.
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Chapter 3

Simulation M odel

3.1 Introduction

Computer simulation has played a valuable role in the development of our under­

standing of the dynamical properties of linear polymer chains20,21. A variety of 

different types of simulation models have been proposed, each having their own 

unique advantages and disadvantages22,23. As the goal here is to investigate dense 

multi-chain systems of large polymer chains we have chosen a simulation method 

applicable to this. Using a lattice representation of polymer chains, we imple­

ment a modified version of the bond fluctuation model (BFM). The BFM uses 

a dynamic Monte Carlo (MC) algorithm in which polymer chain motion occurs 

through local monomer jumps. For any monomer jump, the lengths of the bonds 

connecting the monomer to the rest of the polymer chain are allowed to vary: 

hence the name “bond fluctuation.” The original version of BFM was developed

10
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Figure 3.1: Shown is a depiction of a linear polymer chain ( 'V =  20) on the lattice. 
Picture taken from Ref.25.

by Carmesin and Kremer24. The modified version of BFM we use here was de­

veloped by J. S. Shaffer25. In Shaffer’s version of BFM. each monomer occupies 

a single lattice site, as opposed to the original BFM in which monomers occupy 

an entire unit cell. The number of allowed bond vectors is also much smaller in 

Shaffer’s version.

The specifics for this implementation of BFM are as follows. The polymer 

beads are placed on a simple cubic lattice (Fig. 3.1) with periodic boundary con­

ditions in place in all coordinate directions (note that the polymer "beads” in 

this model axe actually Kuhn statistical segment lengths). Excluded volume is 

enforced through a single-occupancy condition on each lattice site. i.e. only one
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bead may occupy a given site at any given time. To connect the beads, we use 

bonds which are restricted to a set of three possible lengths: 1. \/2 . and \/3; here 

the units are the lattice spacing. We control the crossing of bonds by monitoring 

a sub-lattice of bond midpoints. By virtue of the model construction any bond 

crossing must proceed through a configuration in which bond mid-points intersect. 

This makes it a simple m atter to control the ability of chains to pass through one 

another (a fact which will be used to disable the topological interactions in ring 

polymers). Simulations in which bonds are allowed to pass through one another 

will be termed “crossing” throughout this text, and like-wise simulations for which 

bond crossing is forbidden will be termed “non-crossing.”

The motion of polymer chains is achieved by attem pting to displace a randomly 

selected bead to a randomly selected nearest-neighbor lattice site. The move 

is accepted if it does not violate the excluded volume or allowed bond length 

constraints, or (for non-crossing simulations) the bond-crossing restriction, and 

rejected if it does. N  x rip attempted moves constitutes one Monte Carlo time 

step (MCS), which is hereafter used as the time unit (N is the number of beads 

per chain and np is the total number of polymers in the simulation box). As we 

use a MC algorithm it is particularly important that a robust random number 

generator be used. For this purpose we chose the function ran3. A description of 

this random number generator and its source code can be found in Ref.26. We list 

the entire source code we have used for the ring and star simulations in Appendices
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A and B.

All simulations were performed with a bead density of ^  =  0.5. In a detailed 

study Shaffer has shown that the salient features of polymer melts are captured 

at this density25,27. In particular it has been shown that excluded volume is being 

screened on all length scales greater than a few monomer segments. Secondly, it 

has been shown that there is an entanglement transition in the dynamics, which 

for this model occurs at Nc «  40. Finally, for intermediate wavelengths it has been 

found that the Rouse mode relaxation times scale with mode index as rp ex 1/p3. 

This same scaling has been found in molecular dynamics simulations by Kremer 

et of*

Generally speaking, one advantage to using lattice models is that the integer 

arithmetic involved is typically faster than the floating-point calculations that 

must be done for off-lattice models. An advantage to this version of BFM is that 

it is very efficient to maintain excluded volume by monitoring the lattice site occu­

pation. Another advantage is the relatively low value for the critical chain length 

at which the crossover to entangled dynamics occurs for linear chains. This allows 

simulations to be done for chains with a relatively high degree of entanglement 

(more precisely, with relatively large N /N c). This is advantageous as we wish to 

investigate melts of non-linear chains with sizes for which the corresponding linear 

chains would be highly entangled.
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Figure 3.2: Mean-square end-to-end distance (R2) (circles) and raean-square ra­
dius of gyration (R2) (squares) versus number of bonds iV — 1 for linear chains in 
the melt (graph taken from Ref.25). The filled symbols are da ta  for non-crossing 
chains. The open symbols are data for crossing chains, the values of which are 
virtually superimposed with the non-crossing data. The solid lines indicate the 
power law fits R 2 oc R 2 oc N.

3.2 Linear chains

Shown in Fig. 3.2 is the N-dependence for the two customary measures of the 

average size of linear polymer chains: the mean-square end-to-end distance f?2; 

and the mean-square radius of gyration R2. Both follow the power law scaling 

expected for an ideal random walk R 2 oc R2 oc AT. Note that data  for both crossing 

and non-crossing linear chains are shown in the plot.

Fig. 3.3 shows the scaling of the center-of-mass self-diffusion coefficient for
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Figure 3.3: Center-of-mass self-diffusion coefficient times number of monomers 
D N  versus number of monomers N  for linear chains in the melt (graph taken 
from Ref.25). The filled symbols are data for the non-crossing chains, and the 
open circles are the data for crossing chains. The solid line shows the power law 
scaling D N  oc N ~ l , indicative of the onset of entangled dynamics. The dashed 
line shows the unentangled scaling D N  ss const.

both crossing and non-crossing linear chains. For the non-crossing chains there is 

a crossover transition to an entangled dynamics which occurs at Nc «  40. Note 

that there is no such transition for the crossing chain data. As was claimed in 

the previous Chapter, removal of the constraint of uncrossabilitv in an entangled 

melt results in the complete recovery of unentangled dynamics.

In order to simulate non-linear polymer chains certain modifications to the 

simulation construction for linear chains were required. In the next two sections 

the specific details pertinent to the simulations of rings and stars are presented.
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3.3 Rings

In ring polymer simulations (and experiments) it is critical to avoid configurations 

that have self-knots and concatenations. The non-trivial effects of such configu­

rations have been previously shown29. To avoid self-knots and concatenations 

we begin all ring polymer simulations with initial configurations in which rings 

are isolated from one another. This requires placing the rings on the lattice as 

compact thin loops. As a consequence of this the necessary' equilibration time is 

increased.

To relax the ring polymer initial configurations we perform equilibration runs 

for more than 20 (smaller rings) to about 4 (800mers) orientational relaxation 

times. Note that this requires some guesswork as the relaxation times are de­

termined with the data acquired from production runs; however, center-of-mass 

mean-square displacement and monomer pair-correlation functions can be moni­

tored ”on the fly” to evaluate the extent of equilibration.

We performed simulations of both crossing and non-crossing rings in the melt. 

Additionally, we performed simulations for crossing and non-crossing single (iso­

lated) rings. The data  for the melt and single ring simulations are shown in 

Tables 3.1 and 3.2, respectively.
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Table 3.1: Relevant simulation parameters and results for rings in the melt: degree 
of polymerization N; number of ring polymers in simulation box nTing; number of 
independent simulation runs n™ ; side length of simulation box I :  equilibration 
time Teq; run time rrun; mean-square radius of gyration mean-square ring 
diameter R\\ self-diffusion coefficient D; orientational relaxation time rt t . All 
time values are measured in Monte Carlo time steps, and all distances are in units 
of the lattice constant.

non-crossing

N Turing rirun L Te? Trtm *5 K D T"

10 400 6 20 2.5 x 104 2.5 x 104 2.1 6.6 1.1 x 10"3 2.4 x 102
20 200 6 20 5 x 104 5 x 104 4.1 12.8 5.1 x 10 -' 1.0 x 103
40 100 6 20 5 x 10“ 1 x 105 8.1 24.5 2.2 x 10“ * 4.1 x 103

100 135 6 30 1 x 108 1 x 108 18.7 55.3 7.0 x 10"3 3.0 x 104
150 90 6 30 2.5 x 10® 2.5 x 1G8 26.8 78.3 3.8 x 10"3 7.0 x 104
200 160 3 40 5 x 108 5 x 108 34.4 100 2.6 x 10"3 1.3 x 103
300 45 6 30 1 x 107 1 x 107 48.4 140 1.3 x 10"3 4.0 x 105
500 64 3 40 2 x  107 1 x 108 73.8 210 6.0 x 10-8 1.4 x 10®
800 40 4 40 1.9 x 107 2 x 108 105 297 2.7 x 10~8 4.9 x 108

crossing

A* rVtng r̂ run L T‘i ^Vun *1 R l D

10 400 6 20 2.5 x 104 2.5 x 104 2.13 6.74 1.4 x 10~3 1.8 x 102
20 200 6 20 2.5 x 104 2.5 x 104 4.37 13.6 6.8 x 10" ' 7.5 x 102
40 100 6 20 5 x 104 1 x 105 8.88 27.9 3.3 x 10~4 2.9 x 103

100 135 6 30 1 x 108 1 x 108 22.5 70.3 1.3 x 1 0 -' 1.9 x 10“
300 45 3 30 5 x 108 1 x 107 68.8 212 4.1 x 10"3 1.8 x 103
500 64 2 40 6 x 108 2.5 x 107 114 350 2.4 x 10~3 5.0 x 103
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Table 3.2: Relevant simulation parameters and results for isolated rings: degree 
of polymerization AT; number of independent simulation runs n TUTl: side length of 
simulation box I ;  equilibration time re<7; run time r run; mean-square radius of gy­
ration R2; mean-square ring diameter R\] self-diffusion coefficient D: orientational 
relaxation time ree. All time values are measured in Monte Carlo time steps, and 
all distances are in units of the lattice constant.

non-crossing

A’ rirun L Trun R] D

10 400 40 2 x 104 2 x 104 2.27 7.37 4.1 x 10~3 72
20 200 40 2 x 104 2 x 104 4.96 16.1 2.0 x 10"3 3.9 x 103
40 100 40 8 x 104 8 x 104 11.0 35.7 1.0 x 10"3 2.0 x 103

100 135 50 4 x 10s 4 x 10s 32.1 104 4.2 x 10"4 1.4 x 104
300 40 60 1 x 10* 5 x 10“ 116 379 1.4 x 10~4 1.6 x 105
500 64 100 4 x 10® 2 x 107 210 683 8.4 x 10"® 4.0 x 10®

crossing

N rirun L Tcq V̂un R \ R-i D

10 400 40 2 x 104 2 x 104 2.24 7.21 4.6 x 10 ~3 1.1 x 102
20 200 40 2 x 104 2 x 104 4.86 15.6 2.2 x 10~3 3.1 x 102
40 100 40 8 x 104 8 x 104 10.8 35.0 1.1 x 10"3 1.6 x 103

100 135 50 4 x 10® 4 x 105 31.2 101 4.5 x 10"4 1.0 x 104
300 40 60 1 x 10® 5 x 10® 113 368 1.6 x 10-' 1.0 x 10®
500 64 100 4 x 10® 2 x 107 204 661 9.1 x 10~3 3.2 x 10®
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3.4 Three-arm stars

To inspect the feasibility of using Shaffer’s version of BFM for three-arm stars (for 

simulations of stars using the original BFM see Ref. 24), we initially simulated 

single stars. It should be emphasized here that the branching point (center-bead) 

moves according to the same rules as other beads (i.e. no special moves are 

necessary). Once the model had been checked for isolated stars, we proceeded to 

simulate melts of star polymers. Data from all star runs is shown in Table 3.3.

For computational convenience we use stars with slightly different arm lengths. 

In all simulations star polymers have two arms of length Narmi =  .VarTn2 =  Narm 

and one arm of length Narm3 =  ATarm -  1. Thus the total number of monomers in 

a star polymer is N  =  1 +  JVQrml +  N arm2 +  'Varm3 =  3 x ;Varm.
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Table 3.3: Relevant simulation parameters and results for star polymer simula­
tions: number of monomers per arm iVarm; number of star polymers in simulation 
box n Jtar; number of independent simulation runs nTU„; side length of simula­
tion box L; equilibration time req; run time r run; mean-square radius of gyration 
Rg-. mean-square distance from center bead to arm  end bead R l ;  mean-square 
distance between arm end beads R l ;  self-diffusion coefficient D; orientational re­
laxation time Tee- All time values are measured in Monte Carlo time steps, and 
.all distances are in units of the lattice constant.

N• ’ arm n»tar rirtm L Teq rrun 3 R l R l D ĉe

10 1 50 30 2.5 x 10“ 1 X  105 11.4 21.7 56.9 1.4 x lO-3 1.1 x 10®

20 1 50 30 5 x 104 2 x 10s 25.3 49.4 129 7.0 x 10~' 4.9 x 10®
30 1 50 30 1 x 10s 4 x 105 40.6 79.7 210 4.6 x 10~* 1.2 x lO4

50 1 50 50 1.5 x 106 5 x 10* 74.9 148 395 2.8 x 10-' 4.7 x 104
90 1 50 50 3 x 105 1.5 x 10® 147 294 768 1.6 x 10-' 1.5 x 103

arm ■1»tar Rruri L Te<J rrun R l R l R l D r CE

10 450 2 30 5 x 10s 1 x 10® 9.7 23.2 47.6 ro X »—
• o 1 3.9 x 10®

20 100 3 20t 5 x 105 1 x 10® 20.1 49.3 101 9.7 x 10“5 2.4 x 104
30 150 3 30 5 x 105 5 x 10® 30.3 75.6 153 4.8 x 10"5 6.6 x 104
50 90 2 30 1 x 10® 1 x 107 51.2 128 259 1.6 x 10"° 2.9 x 103
90 50 3 30 5 x 10® 2 x 10® 93.1 235 475 4.6 x 10"® 1.8 x 10®
150 64 2 40* 2 x 107 4 x 10® 157 398 801 1.3 x 10"® 1.3 x 107

*LZ =  Ly =  20. L : = 30; =  L„ =  40, L z =  36.
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Chapter 4

Ring Polymers

4.1 Introduction

This chapter presents the results of simulations for ring polymers both in the 

melt and as isolated chains on the lattice. For melt and single-ring systems both 

crossing and non-crossing simulations were performed, the results of which are 

both presented here. A limited number of linear-chain simulations were done for 

the sake of comparison (and also to initially check the simulation code): however, 

the m ajority of linear-chain simulation data used here for comparison is taken 

from the published works of Shaffer25,27. The results of this Chapter have been 

published30,31 or submitted for publication32.

The original motivation for simulating ring polymers was to study other non- 

reptative modes of motion. To this end, we searched for a polymer chain in which 

reptation would not be the fastest mode of relaxation. Polymer rings have no

21
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chain ends and hence cannot reptate in the original sense of reptation theory: 

slithering motions are only possible when rings adopt special double-stranded 

(pseudo-linear) configurations. These double-stranded structures were termed 

;inon-ramified” configurations by Klein33. To adopt a  non-ramified configuration 

both halves of a ring must follow the same path through space. This condition 

greatly reduces the likelihood for the formation of non-ramified configurations: 

the probability of adopting such a double-stranded configuration decreases expo­

nentially with ring size. It was argued by Klein that this leads to an exponential 

dependence on molecular weight for both the self-diffusion coefficient and longest 

relaxation time for large rings in the melt.

However, existing experimental evidence for rings in the melt is not able to 

substantiate this conjecture. For example, McKenna et al.34 find very similar 

dynamics for rings and lineax chains in the melt. They also report a molecular 

weight dependence for the viscosity of rings in the melt which shows a similar 

transition to that of linear chains. They estimate the crossover molecular weight of 

rings to be about a factor 2 larger than that of linear chains. A more recent study 

by Tead et al.35 found tha t tracer diffusion of linear chains in linear chain and ring 

matrices was nearly identical. Additionally, tracer diffusion coefficients for rings 

in linear chain matrices were found to be close to those expected for linear tracers 

of similar molecular weight. Preliminary study of ring tracer diffusion in ring 

matrices was mentioned in which diffusion coefficients were again close to those
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of corresponding linear chains. Tead et al. interpreted these results as supporting 

the hypothesis tha t ring polymers can. in some unspecified way. reptate.

In contrast to this, the main result of the ring polymer simulations presented 

herein is that rings in the melt have much faster dynamics than linear chains 

of comparable degree of polymerization. Moreover, we show that faster ring dy­

namics persists well into the entanglement regime for linear chains: rings have 

significantly faster dynamics even for ring sizes which are 20 times greater than 

the entanglement crossover chain length for Unear chains. We rationalize that 

faster ring dynamics is a consequence of their smaller size: dependence of the 

self-diffusion coefficient and single-chain relaxation time on the radius of gyration 

of rings and linear chains is remarkably similar. Additionally, we show that for 

our largest ring sizes {N > 300) there is evidence for the beginning of a transition 

to a new dynamical regime characterized by a new time scale.

In an interesting simulation study using the original BFM, Muller et al.36 

showed that ring diffusion in a ring melt is faster than that of linear chains (in 

a linear chain matrix) of the same degree of polymerization. Their analysis was 

limited to degrees of polymerization smaller than the entanglement crossover de­

gree of polymerization for linear chains. In an earlier study37 it was found that 

the self-diffusion coefficients for rings were smaller than those for linear chains: 

however, a “cooperative rearrangement" algorithm was used that is very different 

from the model used by Muller et al. and the one employed herein.
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The organization of this Chapter is as follows. The results for the equilibrium 

and dynamical properties of crossing and non-crossing rings in the melt are pre­

sented first. Following this, the results for crossing and non-crossing single-ring 

simulations are briefly summarized. The reason for performing the single-ring 

simulations was simply to contrast the effects of topological constraints on iso­

lated rings with that of rings in the melt, and as such they require only brief 

presentation.

4.2 Rings in the melt

Table 3.1 lists the main ring polymer simulation parameters and results for cross­

ing and non-crossing rings in the melt.

4.2.1 Equilibrium  properties 

Non-crossing rings

Fig. 4.1 shows a typical conformation of a ring and linear chain taken from equi­

librated melt configurations. At least qualitatively, it can be seen from Fig. 4.1 

that the linear chain conformation has a much more open and extended structure.

However, we require quantifiable measure of the equilibrium properties, and 

to this end we introduce the following quantities. As a measure of average chain 

size we use the mean-square radius of gyration R2g, and the mean-square diameter 

vector R \. The diameter vector is the ring analog of the end-to-end vector in
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Figure 4.1: Example conformations for non-crossing 300mer ring and 300mer 
linear chain (taken from equilibrated melt configurations).

linear polymers and is defined by

r , r 2v
X] H  ( (r “ _ r “+<v/2) ) ;  I4-1)
Q=1 i = l  '  '

i 9 AT/2—I
R l =

Tiring N

where a  is a sum over the total number of ring polymers nring. O ther quantities of 

use in analyzing the equilibrium structure are several pair-correlation functions: 

the intra-chain monomer pair-correlation function gintra(r )

<pgintra(r) =  £  £  (6 (r +  rf -  r“) )  : (4.2)
"r in g  Q = t & j= i
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the inter-chain monomer pair-correlation function ginteAr )

^Sinter (r ) (4.3)

lastly, we have the center-of-mass pair-correlation function </cm(r )

•i »*rt ng
/>ft»(r) = —  H  <« <r + R . -  Rs)>

^ rtn o_
(4.4)

where R  is the position of the center of mass. In the above equations 0 is the 

monomer density and p is the density of polymer chains. Finally, we measure the 

intra-chain static structure factor

9intra{r) is a measure of the probability of finding a second monomer (belonging 

to the same chain) a distance r  away given that the first monomer lies at the origin 

(r =  0). Thus </mtra(r ) measures the pair-wise distribution of intra-chain monomer 

density. Its counterpart ginter (r) gives the probability of finding a second monomer 

(belonging to a different chain) a distance r  away given the first monomer lies at 

the origin. This quantity provides a measure of the distribution of inter-chain 

monomer density, and hence contains information on the correlation hole. Every 

monomer in the melt is surrounded by a correlation hole in which the concentration 

of monomers from other chains is reduced. The size of the correlation hole is 

comparable to the radius of gyration.

The quantity </cmM is a measure of the probability of finding a second polymer 

center of mass a  distance r  away given the first polymer center of mass lies at

V » n9 /  AT \

£  ( £  exP H k  • (r .“ -  r i ) ) )  • (4-5)
Q = l  \ t j  =  l /
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the origin. <fcm(r) thus provides a qualitative indication of the degree of inter­

penetration present in the system.

Finally, S{k)  measures the intra-chain density fluctuations in k-space. S{k) 

can be determined experimentally by inelastic neutron scattering10. S{k)  is pro­

portional to Arl/" for intermediate values of k , and so can be used as another 

measure of the scaling exponent v.

Shown in Fig. 4.2 is the scaling of the mean-square radius of gyration with 

degree of polymerization for rings and linear chains. From the plot, it can be seen 

that for a given size N rings have a smaller radius of gyration than linear chains. 

Additionally, the radii of gyration for rings and linear chains follow different scaling 

laws. For ideal (Gaussian) rings and linear chains, the ratio of the radii of gyration 

is expected to equal \/2 , independent of N.

The scaling exponent v, defined through the relation R g oc N u. has a smaller 

value for rings than the ideal linear chain value of 1/2. A fit to the N  > 100 ring 

data for Kg yields v — 0.41 ±  0.01. The scaling exponent is obtained through a 

linear least-squares fit of the log of the data, that is, loyRg =  vlogN  -r const.

The scaling exponent we obtain agrees with the value found in the ring sim­

ulations of Muller et al.36. A fit to the ring diameter vector K  (Fig. 4.3) yields 

the scaling exponent v =  .40 ±  .01. This value is slightly lower than the value 

obtained from the Rg fit; however, it is in perfect agreement with the theoreti­

cal prediction of Cates and Deutsch38. Note tha t a careful finite-size analysis by
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Muller et al. results in values which are also in perfect agreement with the theory. 

We expect that similar analysis of our R 2g data  would produce agreement between 

its exponent and the exponent obtained from the R l  fit. Note that R l is the 

more averaged quantity here. There are several measurements of R l possible per 

individual ring, whereas for R?g there is only one measurement possible per ring. 

It is interesting to note that although R2g and R l reveal non-Gaussian statistics, 

their ratio is close to the Gaussian value of 1/3.

As rings are smaller on average than linear chains they must be more dense. 

Therefore we expect that their intra-chain correlations should be characterized 

by larger values (higher correlations) for small r. Moreover, we expect that the 

correlation hole in the inter-chain correlation function should be more pronounced 

for rings than for linear chains. This follows from the fact that the total monomer 

pair-correlation function, i.e. the sum of intra- and inter-chain contributions, is 

expected to be roughly the same for rings and linear chains.

Fig. 4.4 shows results for the monomer pair-correlation functions gintm{r) and 

9inur{r). We find that the correlation hole is deeper and wider for 300mer rings 

than for 300mer linear chains. In addition we find that the 300mer ring correlation 

hole is also deeper than for lOOmer linear chains. This is significant as 300mer 

rings and lOOmer linear chains have almost equal radii of gyration. We also find 

that rings have stronger intra-chain correlations. It should be noted that since 

rings are smaller on average than linear chains the range of the ring intra-chain

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



29

Q -10"

.82

10“

N

Figure 4.2: Mean-square radius of gyration f?2 versus degree of polymerization 
■V for rings and linear chains in the melt. Circles: rings; triangles: linear chains, 
data  from Ref.25: squares: linear chains, our data. The line indicates the power 
law fit to the ring data with scaling exponent indicated.
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Figure 4.3: Mean-square diameter vector K* versus degree of polymerization N  
for rings in the melt. The line indicates the power law fit with scaling exponent 
indicated.
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correlation function is expected to also be smaller. Finally, in Fig. 4.5 we show 

that the correlation hole for rings deepens and widens with increasing degree of 

polymerization.

Rings are more compact, have deeper and wider correlation holes, and stronger 

intra-chain correlations. As a consequence of this, we expect them to have less 

inter-penetration than linear chains. It is difficult to quantify inter-penetration: 

however, we attem pt to evaluate it by looking at the number of polymers in the 

correlation hole, R g(j>/N. (f> is the bead density, therefore Rg<p gives the number 

of beads present within the volume R3g, which, when scaled by the number of 

monomers per chain N , gives the average number of polymer chains within the 

correlation hole. In the large N  regime, we find for rings /?g0/'V s: 0.3jYO 230. 

Comparing this formula with the number of linear chains in the correlation hole at 

the linear-chain entanglement crossover, R^ iN  =  40) x 0.5/40 a: 0.86. we see that 

in order to achieve the degree of inter-penetration of rings equal to that of linear 

chains at N  = NCfunettr «  40 we would need to consider rings of approximately 

2000 monomers!

To further quantify the degree of inter-penetration we monitor the center-of- 

mass pair-correlation function gcm{r). Fig. 4.6 indicates that both rings and linear 

chains have correlation holes in gcm{r): however, the hole for rings is deeper than 

for linear chains of roughly the same radius of gyration (i.e. 300mer rings and 

lOOmer linear chains). Fig. 4.6 confirms the supposition that rings inter-penetrate
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Figure 4.4: Monomer pair-correlation functions gintro(r) and <jmter{r) versus sepa­
ration distance r  for rings and linear chains. Note that 300mer rings and lOOmer 
linear chains have comparable radii of gyration (as indicated in plot).
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Figure 4.5: Monomer pair-correlation functions g,ntra{r ) arid fhnter(r ) versus dis­
tance r  for rings of different degrees of polymerization (as indicated in the leg­
end). The correlation hole in ginta-{r) deepens and widens with increasing degree 
of polymerization.
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less than linear chains. It can be seen that the correlation hole in gcm{r ) widens 

with increasing ring size, and also roughly scales with R g (shown in the insert in 

Fig. 4.6).

Finally, in Fig. 4.7 we show the master curve for the intra-chain static structure 

factor S{k).  To obtain the curve we scale the structure factor by the degree of 

polymerization N, and multiply the wave-vector by the radius of gyration R g. The 

results for differing degrees of polymerization superimpose well. The scaling part 

of the structure factor is compatible with the power law decay S ( k ) / N  oc {kRg)~l/u 

with exponent v  «  0.4. This provides another measure of the scaling exponent v, 

which is in close agreement with the power law fits to R g and R t .

As a final note, because the non-crossing rings are initially fully compact (unit 

lattice density) and are allowed to expand for finite equilibration times, it might 

be claimed that they are residing in meta-stable conformations. To test for this 

possibility we performed a simulation of 200mers in which the rings were initially 

highly extended and entangled. During the simulation run we monitored R*, the 

data  for which is shown in Fig. 4.8. The highly extended rings collapse down 

and eventually acquire the same value for R* as the rings which were initially 

collapsed. Therefore, we conclude that the more collapsed ring structure is an 

inherent property of the non-crossing rings in the melt, and not result of any 

meta-stable state.
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Figure 4.6: Center-of-mass pair-correlation function gcm(r) plotted versus sepa­
ration distance r  for non-crossing rings and a linear chain. The insert shows the 
same data with the distance r  scaled by the radius of gyration.
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Figure 4.7: Static structure factor scaled by degree of polymerization S{ k ) / N  
versus wave vector times the radius of gyration k *  R g for non-crossing rings. In 
the intermediate scaling regime the plots reduce down to a single curve. The solid 
line shows the observed scaling: S ( k ) / N  oc {kRg)~26.
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Figure 4.8: Mean-square radius of gyration R*{t) versus time step t for initially 
extended and entangled 200mer rings. The long-time value of Rg{t) approaches 
the same value as is seen with the initially compact 200mer ring simulations. Note 
that the time axis has been rescaled merely for convenience.
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Figure 4.9: Typical conformations of crossing and non-crossing 300mer rings 
(taken from melt configurations).

Crossing rings

We now briefly look at ring polymer melts in which the constraint of non-concatenation 

has been removed, i.e. crossing rings in the melt. Fig. 4.9 shows the qualitative 

difference in conformational structure between crossing and 11011-crossing 300mer 

rings. The obvious difference between the two conformations is somewhat remi­

niscent of the ring /  linear chain comparison in Fig. 4.1. The crossing ring appears 

to have a much more open and extended structure.

We find that in removing the constraint of non-concatenation we recover the
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equilibrium Gaussian statistics seen for linear chains in the melt. That is. for 

crossing rings in the melt we find that the radius of gyration scales as Rg oc N  

(Fig. 4.10). Removal of the topological interactions has a significant effect on the 

average size of rings in the melt.

In Fig. 4.11, we plot the center-of-mass pair-correlation function for crossing 

rings. Also included in the figure are SOOmer non-crossing rings and lOOrner linear 

chains. The crossing rings have a much less pronounced correlation hole than the 

non-crossing rings. In fact the correlation hole for crossing rings is qualitatively 

similar to that for linear chains. The absence of the topological constraints frees 

the crossing rings to explore more extended conformations. The result is a more 

open ring structure, which allows for closer approach of the ring centers of mass. 

Shown in the insert in Fig. 4.11 is the same data plotted with the separation 

distance scaled by the radius of gyration. The crossing rings collapse onto the 

same curve as the linear chain data, whereas the non-crossing 500 mer ring falls 

onto a curve that is quite separate from the rest.

Fig. 4.12 shows the reduced curve for the intra-chain static structure factor. 

The results for the smaller rings do not superimpose onto the master curve as 

well as the larger rings. This is not too surprising as the crossing rings are more 

swollen than non-crossing rings, and hence, at least for the smaller rings, feel the 

effect of having to form a loop more strongly than the non-crossing rings. For 

this reason the fit to the scaling part of the curve is done only for .V > 100 . The
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Figure 4.10: Mean-squaxe radius of gyration Rg and mean-square diameter vector 
R l versus degree of polymerization N  for rings in the melt. Circles: non-crossing 
rings; crosses: crossing rings. The line indicates the power law fits to the crossing 
data  for both R}g and with scaling exponent indicated.
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Figure 4.11: Center-of-mass pair-correlation function gCm{r) plotted versus sepa­
ration distance r. The insert shows the same data with the separation distance r  
scaled by the radius of gyration.
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exponent from this fit gives the Gaussian scaling exponent u — 0.5.

Conclusion

The main conclusion that we can draw from the investigation of the equilibrium 

structure of rings in the melt is that the presence of topological constraints forces 

a given ring into a structure which is smaller and more compact than rings of 

similar degree of polymerization without the topological interactions. The absence 

of topological constraints leads to Gaussian scaling of the ring polymer size with 

the degree of polymerization, R g ex N , whereas their presence results in the scaling 

R?g oc :V0 82.

Additionally, we find that the constraint of non-concatenation produces ring 

polymer configurations which have much less inter-penetration than is present for 

linear chains of similar degree of polymerization.

4.2.2 D ynam ics  

Non-crossing rings

As a first look at the dynamics of non-crossing rings we inspect the average 

monomer mobility {y). We define a mobility y n as the fraction of accepted MC 

moves of the n th  bead, (y) is then the n th  bead mobility averaged over all beads 

in the simulation box. It should be emphasized that the average monomer mo­

bility is different from the long-time, center-of-mass mobility (in particular the
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Figure 4.12: Static structure factor scaled by degree of polymerization S ( k ) / N  
versus wave vector times the radius of gyration k * R g for crossing rings. The solid 
line shows the observed intermediate scaling: S [ k ) /N  oc (k R g)~1.
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former does not depend on N  whereas the latter does). Shown in Fig. 4.13 is the 

average mobility of all beads in the simulation box plotted versus ring size N. 

Apart from the small N  values it can be seen that the average bead mobility is 

independent of N.  The local bead motions are AT-independent, and it is only on 

long time and length scales that N  becomes important.

To analyze the time-dependent properties of ring polymers in the melt we 

monitor the following quantities: monomer mean-square displacement

*i Tiring jV
= —  E  E  <W (*) -  O 2) ; (4-6)

n rtng Q=t t=I

monomer mean-square displacement in the center-of-mass reference frame

■j ^ n n j  *V

92(f) = —  E E  <w*w -  -  ff + R™)2) / - ■  <4'7)
ring  Q=i ,=  i

center-of-mass mean-square displacement

1 r t r m j

93(f) = —  E  ((R™(f) -  R™)2) : (•*■8)
n riny Q=\

and finally, the diameter vector autocorrelation function

1 f ir in g

c e e { t )  =    Y .  (R“(f) • R“) • (4-9)
r ,n 9 0=1

For gi{t) and g3(t) it is expected that in the long-time limit there will be 

a linear dependence on time gi{t) oc g3{t) oc t. which represents free diffusive 

motion. In the case of gi{t) the long-time value is expected to converge to the 

mean-square radius of gyration. Finally, the function Cee(t) is expected to exhibit 

single-exponential decay at long times.
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Figure 4.13: Average monomer mobility (/j.) versus ring size :V for non-crossing 
rings in the melt.
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The self-diffusion coefficients are obtained from the convergence of the ratio 

g3{t)N/6 t , shown in Fig. 4.14 for all non-crossing ring sizes studied. Note that 

the long-time asymptote of g3[t)N/6t  converges to D N , the quantity of interest.

In Fig. 4.15 the values for DN are plotted versus N. For comparison the data for 

linear chains is included in the plot. Self-diffusion for the linear chains undergoes 

an entanglement transition at NCtunear ~  40. An analogous crossover for the rings, 

if there is one. is less obvious and much more gradual.

We observe faster ring diffusion for all ring sizes investigated. For the smaller 

rings (i.e. for N  <  iVc>Ijnear) this result agrees with the computer simulations of 

Muller et al. The fact that faster ring diffusion persists for ring sizes as large as 

twenty times greater than NCylinear is the main result of this section. As indicated 

in Fig. 4.15 the power law fit of N  > 100 data results in D N  cx iV-0-6 scaling of 

the ring center-of-mass self-diffusion coefficient.

In Fig. 4.16 we plot the mean-square displacements gi{t). ;y2 (f) and g3{t) for 

all ring sizes. For the center-of-mass displacement g3{t), we observe a slower- 

than-linear time dependence for short times. A similar anomalous diffusion has 

been observed at short times for linear chains39 and also for small rings36. This 

has been interpreted as a signature of a net force acting on the test chain. The 

existence of such a force is not surprising as the test ring is partially collapsed 

precisely due to the topological interaction with surrounding rings.

Also shown in Fig. 4.16 are fits for the monomer mean-square displacement
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Figure 4.14: Mean-square center-of-mass displacement times degree of polymer­
ization divided by six times time g3(t)N/6t  versus time scaled by the degree of 
polymerization squared f/iV2 for non-crossing rings. Note that the time axis is 
rescaled merely for convenience.
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Figure 4.15: Center-of-mass self-diffusion coefficient times degree of polymeriza­
tion D N  versus degree of polymerization N  for non-crossing rings and linear 
chains. The lines indicate power law fits with scaling exponent indicated.
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Figure 4.16: Mean-square monomer displacement gi{t), mean-square monomer 
displacement in the center-of-mass frame giit),  and mean-square center-of-mass 
displacement #3 (f) versus time t. The solid lines show power-law fits, with scaling 
exponents indicated.
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gi(t) at intermediate times. We obtain fits of the form gt (f) oc ta, with the 

exponent a slightly N-dependent and monotonically decreasing from the Rouse­

like value a =  0.5 (for N  =  20) to a =  0.38 (for N  =  800). The value for lOmer 

rings, a =  .61, is disregarded as lOmers appear to have quite anomalous dynamics. 

The precise source of this is unclear. Presumably the chains are simply too short 

to be accurate representations of polymer chains in this model; however, the 

anomalous value disappears for lOmer crossing rings. Similar effective exponents 

(a <  0.5) have been observed in Ref.36. They were rationalized in terms of a 

non-Gaussian equilibrium structure of rings. Clearly they are indicative of the 

constrained motion of the rings, which appears to increase with increasing ring 

size.

Next we look at the diameter vector autocorrelation function Cet(t). which is 

a measure of the time-dependent orientational correlation of rings in the melt. 

It is analogous to the end-to-end vector correlation function monitored for linear 

chains. In Fig. 4.17 we show the diameter vector correlation functions for all 

ring sizes simulated. For long times Cee(t) shows an exponential decay. This 

asymptotic decay time can be used as a definition for the single-chain orientational 

relaxation time, denoted by ree. It should be emphasized that Cee(t) does not show 

an exponential decay for all times.

Shown in Fig. 4.18 are the relaxation times plotted versus degree of poly­

merization. In addition to the orientational relaxation time ree we also plot the
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Figure 4.17: Diameter vector auto-correlation function Cee{t) versus time t for 
non-crossing rings. Note that for convenience the time axes have been rescaled by 
differing orders of magnitude (as indicated on each time axis).
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Figure 4.18: Single-chain relaxation times rte and Tdiff versus degree of poly­
merization N. Circles: exponential long-time fit to Cee{t) for rings; diamonds: 
characteristic diffusion time Tag — R*/6D  for rings; triangles: linear chain data 
for T^ff, taken from Ref.25; squares: linear chain data for Tdiff, taken from our 
work. The lines indicate power law fits with scaling exponents indicated.
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characteristic diffusion time Tdi f f  = R 2g/6D.  This is a translational relaxation 

time: it is the time required for a  chain to diffuse a distance equal to the radius 

of gyration. We find the two times to have similar magnitude and to scale with 

N in approximately the same way. For linear chains rdif f  has a much stronger 

N-dependence.

To determine the power-law scaling of the relaxation times we fit N  > 100. 

For the orientational decay time ree the power law fit results in ree oc iV2-5, in 

reasonable agreement with the scaling found by Muller et al for smaller rings. For 

the characteristic diffusion time we find Tdif f  oc N 2A, in close agreement with the 

fit for ree. These scaling dependencies should be contrasted with the rdif f  oc N 3 2 

scaling of the characteristic diffusion time of long linear chains.

Crossing rings

In analogy with the dynamics of non-crossing rings we first present data for the 

average bead mobility (shown in Fig. 4.19). As with non-crossing rings, we see 

that apart from small values of N the average bead mobility is independent of 

N. We do notice an approximate 8 percent increase in the average mobility of 

crossing rings compared to non-crossing rings.

We obtain the self-diffusion coefficients in a similar way as for non-crossing 

rings, i.e. from the convergence of the ratio <73( t) /6 t. Shown in Fig. 4.20 is 

gz{t)/Qt versus time for all crossing rings sizes simulated. Note that in order to 

obtain lines which are not clustered together in Fig. 4.20 the quantity plotted is
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Figure 4.19: Average monomer mobility (fi) versus ring size .V for crossing rings 
in the melt.
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g3{t)/6t, as opposed to g3{t)N/6t  plotted for non-crossing rings.

Fig. 4.21 shows the self-diffusion coefficients for the crossing rings. For all ring 

sizes studied we observe a Rouse-like scaling D N  ~  const. This is to be con­

trasted with the result for non-crossing rings D N  oc N ~0-6. Clearly removing the 

constraint of non-concatenation results in a significant alteration of the dynamics.

As with the non-crossing rings we now look at the mean-square displacements 

3 2 (i) and g3(t) (shown in Fig. 4.22). For all crossing rings we observe Rouse­

like behavior of the center-of-mass mean-square displacement, g3{t) oc t 1, for all 

times (fits not shown in plot). Additionally, we observe the Rouse-like square-root 

dependence for the monomer mean-square displacement at intermediate times, 

gi{t) oc t l/2. This is consistent with what is to be expected for the dynamics of 

an unentangled linear chain.

In Fig. 4.23 we show the diameter vector autocorrelation functions for cross­

ing rings. From a long-time exponential fit of Cee{t) we obtain the single-chain 

orientational relaxation time r ee.

The orientational relaxation times ree and the characteristic diffusion times 

rdif f  are plotted in Fig. 4.24. Fits of the N  >  100 data yield the same scaling 

law ree oc Tdiff oc JV2 0. These fits are also consistent with that of an unentangled 

linear chain system. This should be contrasted with the stronger N-dependence 

of the scaling for non-crossing rings ree oc iV2-5.
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Figure 4.20: Mean-square center-of-mass displacement divided by six times time 
g-i{t)/6t versus time scaled by the degree of polymerization squared t / N 2 for cross­
ing rings in the melt. Note that the time axis is rescaled merely for convenience.
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Figure 4.21: Center-of-mass self-diffusion coefficient times degree of polymeriza­
tion D N  versus degree of polymerization N  for crossing rings in the melt.
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Figure 4.22: Mean-square monomer displacement mean-square monomer
displacement in the center-of-mass frame g2{t). and mean-square center-of-mass 
displacement 173(£) versus time t for crossing rings in the melt. The solid lines 
show intermediate-time power-law behavior, with scaling exponents indicated.
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Figure 4.23: Diameter vector autocorrelation function CKe(t) versus time t for 
crossing rings in the melt. Note that for convenience the time axes have been 
rescaled by differing orders of magnitude (as indicated on each time axis)
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Figure 4.24: Single-chain relaxation times ree and rdif f  versus degree of polymer­
ization N  for crossing rings in the melt. Crosses: exponential long-time fit to 
Cee(t); plus signs: characteristic diffusion time r * / /  =  R%/6D. The lines indicate 
power law fits with the scaling exponents indicated.
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Conclusion.

In conclusion we find tha t topological interactions have significant consequences 

for the dynamics of ring polymers in the melt. The absence of topological con­

straints leads to the scaling of the self-diffusion coefficient for crossing rings 

D oc N ~ l , whereas for non-crossing rings the scaling observed is D  oc .V-1-6. Ad­

ditionally, the relaxation times follow different power laws: for crossing and non­

crossing rings the orientational relaxation times scale as T e e  oc 'V2 0  and ree oc iV2-5, 

respectively.

4.3 Single rings

We now investigate isolated rings on the lattice. For such rings the non-crossing 

constraint results in a restriction forbidding configurations which contain self­

knots. The simulations of single rings thus provide some insight into the impor­

tance of self-knots in determining static and dynamic properties.

The equilibrium size of isolated, unknotted ring polymers with zero excluded 

volume has been investigated by Deutsch40. It was claimed that the scaling ex­

ponent shows approach to a SAW value, which is in agreement with an analytical 

argument41 that topological constraints lead to the same scaling behavior as ex­

cluded volume interactions.

The purpose of the simulations presented in this section is to investigate the 

influence of topological constraints on the equilibrium structure and dynamics of
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isolated ring polymers. The main result is that topological interactions have only 

a very mild quantitative influence on the structure and dynamics of isolated ring 

polymers. See Table 3.2 for pertinent simulation parameters and data from the 

single-ring crossing and non-crossing simulations.

4.3.1 E quilibrium  properties

As in previous sections we use the mean-square radius of gyration R g and the 

mean-square ring diameter R \  as our measure of average ring size. Fits for both 

crossing and non-crossing isolated rings for N  >  100 (Fig. 4.25) yield the scaling 

relationships f?2 oc R2 oc N lAT. Apparently self-knots play little role in determin­

ing the scaling of the average size for isolated rings.

Off-lattice simulations by Baumgartner42 of a single unknotted ring polymer 

find the scaling iV118 for both K{ and R 2g. For single rings on the lattice Sikorski43 

finds R\  oc AT1180 and R 2g oc iV1186.

The recent simulations by Deutsch40 of rings with zero excluded volume find 

the scaling relationship for larger rings of R g oc JV117. It is argued that the 

topological interaction alone is sufficient to produce SAW scaling for large rings. 

We see no difference in the scaling exponents for our single rings in either the 

crossing or non-crossing systems; however, non-crossing rings are slightly larger: 

topological interactions produce an increase of the excluded volume as argued in 

Ref.41.
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Figure 4.25: Mean-square radius of gyration F?g and mean-square diameter vector 
Rl  versus degree of polymerization N  for crossing and non-crossing isolated rings. 
Circles: non-crossing rings: crosses: crossing rings. The solid lines indicate the 
fits to the non-crossing rings, and the dashed lines indicated the crossing fits. The 
scaling exponent obtained from all fits is the same.
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4.3.2 D ynam ics

In Fig. 4.26 we show self-diffusion data  for single rings. It can be seen that 

D N  is roughly independent of N  for both crossing and non-crossing simulations, 

indicating the Rouse-like scaling D  oc N ~ l .

If we look at characteristic orientational relaxation times for single rings (shown 

in Fig. 4.27), we find that both the crossing and non-crossing rings exhibit the 

identical scaling ree oc JV21. This is consistent with the previous simulations 

of isolated rings on the lattice by Skolnick and Kolinski29 in which they report 

r ee oc iV21. We find then that the dynamics of isolated rings occurs on similar 

time scales regardless of the presence of topological constraints in the system.

C onclusion

To conclude the analysis, we find that for isolated ring polymers the presence or 

absence of topological interactions does not affect, qualitatively, either static or 

dynamic properties: scaling exponents in both cases do not change.

4.4 Discussion

To discuss the dynamics of rings in the melt we now turn to a comparison between 

crossing and non-crossing simulation results. It is clear that non-crossing rings 

in the melt are experiencing constrained dynamics that are a consequence of the 

topological interactions between rings. This can be seen in the fact that removal
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Figure 4.26: Center-of-mass self-diffusion coefficient times degree of polymeriza­
tion D N  versus degree of polymerization N  for crossing and non-crossing isolated 
rings. Circles: non-crossing rings: crosses: crossing rings.
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Figure 4.27: Single-chain orientational relaxation time ree versus degree of poly­
merization N for crossing and non-crossing isolated rings. Circles: non-crossing 
rings; crosses: crossing rings. The lines indicate power the law fits with scaling 
exponent indicated.
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of the topological constraints in the crossing ring simulations results in Rouse-like 

scaling of the self-diffusion coefficient and longest relaxation time. Unanswered 

is the question of whether or not the larger rings are experiencing a fully entan­

gled (asymptotic) dynamics, or whether they are in a crossover regime to a new 

dynamics.

To address this issue we investigate the different time scales on which the 

dynamics of different size rings occurs. In Fig. 4.28 we show rescaled values for all 

three mean-square displacements (3 1 , g2 and 3 3 ), plotted versus a rescaled time 

coordinate. The displacements are divided by the mean-square radius of gyration 

and the time is divided by the orientational relaxation time. From the plot we see 

that the rings with N  = 100, 150, and 200 superimpose quite well; however, for 

the larger rings with N  =  300, 500, and 800 there is a scatter which appears to 

have a systematic drift associated with it. When contrasted with Fig. 4.29, which 

shows the data  for crossing rings scaled in the same way, it can be seen that for 

a similar range of N  the crossing data collapses perfectly.

We can perform a similar scaling for the diameter vector autocorrelation func­

tion. In Fig. 4.30 we plot the normalized diameter vector autocorrelation function 

versus reduced time. We see that, as in Fig. 4.28, the rings with N  = 1 0 0 , 

150, and 200 superimpose essentially perfectly, whereas the larger rings appear to 

show the same systematic drift. Again, if we compare this with the rescaled data 

for crossing rings we see no such drift, and all data collapses to a single curve
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Figure 4.28: Mean-square displacements {gi, g-i and gz) scaled by the mean-square 
radius of gyration g/Rg  versus time scaled by the orientational relaxation time 
£/ree for non-crossing rings in the melt.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



69

t — i—i n  1111

O 100 
□ 300 
O 500

1 0

Ol

s i )

1 0

□
□

a

©

1 0
-i

1 0

Q

□
j  i ■ 1 1 1 in

10 '

I » I I I 11II

1 0

t / T
ee

10 '

Figure 4.29: Mean-square displacements (g\, 52 and 3 3 ) scaled by the mean-square 
radius of gyration g / R * versus time scaled by the orientational relaxation time 
t / r ee for crossing rings in the melt.
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(Fig. 4.31). This suggests that for the larger non-crossing rings (iV >  300) there 

is the emergence of a crossover to a new time scale for the dynamics.

In obtaining the relaxation times r ee we performed exponential fits to the long­

time parts of Cee(t). Each of these exponential fits has a corresponding amplitude 

which indicates a length scale associated with the relaxation mode. If we plot the 

amplitudes obtained from the long-time exponential fits of Cte(t), Ctl.rf lt{t =  0). 

we see an interesting scaling behavior. The amplitudes for N  < 200 scale roughly 

with the average size of the entire ring, Ceej i t{t =  0) oc iV0 8; however, for N  > 200 

the scaling undergoes a transition to Ceej i t ( t  =  0) oc N ° 6. It appears that the 

longest relaxation time is becoming associated with a smaller portion of the chain 

for the larger rings. Stated in another way, this seems to indicate the appearance 

of new long-lived constraints upon ring polymer motion, the effects of which are 

beginning to play an appreciable role in the ring dynamics (unlike reptation. these 

new constraints "act” on a length scale smaller than Rg). Combined with the 

evidence for the appearance of a new time scale, this implies that there is indeed 

the beginning of a transition to a new dynamical regime for the larger rings.

Finally, in Fig. 4.33 we look a t D  as a  function of Rg for rings and linear 

chains. Fit to the N  > 100 data  for rings yields the scaling D oc This is

consistent with the observed scaling D  oc N ~ l£. For linear chains, a fit to the 

N  > 50 data  yields an identical scaling D  oc R ~3S, which is also consistent with 

the observed entangled scaling for long linear chains D  oc iV~ 2 0. The scaling of the
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Figure 4.30: Normalized diameter vector auto-correlation function Cee(£)/Cee(0) 
versus time scaled by the orientational relaxation time £/ree for non-crossing rings.
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Figure 4.31: Normalized diameter vector auto-correlation function Cet.{t)/Cee.(Q) 
versus time scaled by the orientational relaxation time t / r ee for crossing rings.
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Figure 4.32: Amplitudes obtained from the long-time exponential fits of the diam­
eter vector autocorrelation function Ceej i t {t =  0 ) versus degree of polymerization 
N  for non-crossing rings. Also included in the plot is data  for the mean-squaxe 
diameter vector R \  (circles).
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self-diffusion coefficient with size for the larger rings and entangled linear chains 

is quite similar. This implies that size is the determining factor in the dynamics. 

We know that the linear-chain dynamics is in an entangled (asymptotic) regime 

for N  > 50. Could then the larger rings, with their similar dependence on R g, also 

be in an asymptotic regime? The evidence appears to indicate that the rings with 

N  > 300 are at least in a crossover regime to a new dynamics. Further comment 

on any asymptotic scaling is not possible without simulating larger ring sizes.

However, if we assume an asymptotic form D  oc N ~ 2 we can attem pt to 

estimate an entanglement crossover chain length for rings using a formula from 

Ref.29. We fit the self-diffusion coefficient data  to the equation D = c /{N  ■+■ 

.V2 /iVe); where c and Ne are adjustable parameters. From a least-squares fit we 

obtain Nc<ring =  2 x Ne «  250. This value is consistent with the observation that 

rings with N  > 300 are showing evidence for a transition to a new dynamical 

regime.

4.5 Conclusion

The main result of this Chapter is that rings diffuse faster than linear chains, and 

that this faster ring diffusion persists up to ring sizes at least twenty times greater 

than the entanglement crossover chain length of linear chains. Furthermore, we 

show that, for all ring sizes studied, the dependence of the single-chain relaxation 

time on ring size is weaker than tha t expected for linear chains. Additionally we
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Figure 4.33: Center-of-mass self-diffusion coefficient D versus radius of gyration 
Rg for non-crossing rings and linear chains. Circles: rings; squares: linear chains 
(note tha t the data from our work and Ref.25 is included here).
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have shown that for the rings with N  > 300 there appears to be the beginning of 

a transition to a new time scale. We suggest that this is indicative of the presence 

of longer-lived constraints in the system, and that it implies the onset of some 

form of new (asymptotic?) dynamics.

We also show that both faster diffusion and faster relaxation of rings can be 

rationalized by their smaller size: dependence of the self-diffusion coefficient and 

relaxation time on the radius of gyration of rings and linear chains is remarkably 

similar.
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Chapter 5

Three-Arm Star Polymers

5.1 Introduction

In this Chapter we present the results of computer simulations of three-arm star 

polymers. We have simulated both single stars and stars in the melt. The single 

star simulations were performed to see whether the simulation model could be 

applied to star polymers. As such the results from the single star simulations are 

presented here merely for completeness. The majority of the results from this 

Chapter have already been published44.

Our motivation for studying star polymers in the melt is to investigate the 

different theoretical approaches to melts of entangled linear chains (as discussed 

in Chapter 2); however, additional incentives to study star polymers in the melt 

come from their practical importance: most of the polymers used in industry 

are branched chains of various types. It is known that the dynamical properties

77
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of branched chains (especially non-linear flow properties) are very different from 

those of linear chains45. The systematic study of branched polymer dynamics has 

just begun46,47.

It is believed tha t in dense systems of star polymers reptation is strongly sup­

pressed. De Gennes48 and other workers33,49 have argued tha t large-length-scale 

diffusive motions proceed through an “arm-retraction” mechanism which leads to 

an exponential dependence of both the self-diffusion coefficient and viscosity on 

the length of the arm. Experimental data of Bartels et al.50 on three-arm star 

polymer melts shows a stronger-than-power-law dependence of the self-diffusion 

coefficient on arm length. A plot of their data shows exponential dependence 

over roughly five orders of magnitude. Similarly, experiments by Fetters et al.5l 

find that the coefficient of viscosity exhibits a stronger-than-power-law behavior 

consistent with an exponential increase of viscosity with arm length. These ex­

periments are probably the strongest argument in favor of reptation. It should 

be emphasized that in these experiments there is no direct evidence for any arm 

retraction mechanism.

There have been several simulations of isolated stax polymers embedded within 

a lattice of fixed constraints. A simulation by Needs and Edwards52 suggests an 

exponential slowing of the dynamics with increasing arm length. A more recent 

simulation by Barkema and Baumgartner53 shows over several orders of magnitude 

that diffusion decreases exponentially with increasing arm length. The results of
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the above simulations are perhaps not entirely surprising as the immobile linear 

constraints strongly suppress motion of the center bead with respect to motion 

of the arms, leading to a separation of time scales between the two. This is the 

underlying assumption of the arm retraction mechanism.

A recent simulation by Sikorski et al.M of a single star in a matrix of linear 

chains shows a power-law scaling of the self-diffusion coefficient with arm length; 

however, the star arm lengths simulated appear to have been too short for an 

entangled dynamics.

The goal of this study is to investigate the dynamics of entangled melts of star 

polymers. To the best of our knowledge a simulation of entangled star polymers 

in the melt has not previously been done. Such a simulation could provide direct 

evidence for the arm-retraction mechanism, which, again, has never been directly 

observed.

This Chapter is organized in the following way. The results for the equilibrium 

and dynamical properties of melts of star polymers are presented, followed by a 

brief presentation of the main results for the single s tar simulations.

5.2 Stars in the melt

Table 3.3 lists the main simulation parameters and results for our star melt 

simulations. We have simulated stars with arm lengths up to Narm = 150. 

As Mc, linear ~  40, it is expected tha t the dynamics for the melt of stars with
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N

Figure 5.1: Example conformations for 3 x 90 star and 300mer linear chain (taken 
from equilibrated melt configurations).

Narm =  150 should lie in at least a semi-entangled regime.

5.2.1 Equilibrium  properties

Shown in Fig. 5.1 is a typical conformation of a three-arm star polymer compared 

with that of a linear chain. The two chains appear to have reasonably similar 

structures.

As in previous chapters we monitor the mean-square radius of gyration R * in 

order to quantify the average size of the s tar polymers. We also use two additional
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measures which are specific to stars: the mean-square distance between the center 

bead (branching point) and an arm end bead

where R c is the position of the star center bead. R e,t is the position of the end 

bead on the ith arm (there are three arms), n Jtor is the total number of stars in 

the system; and the mean-square distance between the end beads of any two arms

Shown in Fig. 5.2 is a plot of all three quantities. We observe the same scaling 

for all three measures of star polymer size, R* oc oc R 2ee oc iV, indicating that 

excluded volume is being screened.

Fig. 5.3 shows results for the monomer pair-correlation functions gintm(r ) and 

9in t c r { r ) .  We find that the correlation hole and intra-chain monomer correlations 

for stars are quite similar to what is seen for linear chains. In Fig. 5.4 we show 

that the correlation hole deepens with increasing degree of polymerization.

As a further characterization of equilibrium structure, we show the center-of- 

mass pair-correlation function ^ ( r )  in Fig. 5.5. The correlation hole in gcm(r ) 

decreases with increasing arm length, indicating that as the stars get larger there 

is an increasing degree of inter-penetration.

Finally, in Fig. 5.6 we show the master curve for the intra-chain static structure 

factor S(k). As indicated in the plot, we obtain the power law fit from the

E  £ ( ( * : - a * ) 2) .
a  — I  .*— 1 '  '

(5.1)

(5.2)
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Figure 5.2: Mean-square radius of gyration R2, mean-square center-to-end dis­
tance Rle and mean-square distance between arm end beads R2ee versus degree of 
polymerization iV for stars in the melt. The line indicates the power law fit with 
scaling exponent indicated.
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Figure 5.3: Monomer pair-correlation functions gtntra{r) and f/mter(r) versus sepa­
ration distance r  for selected ring, linear and star polymers.
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Figure 5.4: Monomer pair-correlation functions Si„tra(r ) and versus dis­
tance r  for stars of different sizes (as indicated in the legend). The correlation 
hole in gmter{r) deepens and widens with increasing degree of polymerization.
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Figure 5.5: Center-of-mass pair-correlation function i7cm(r) plotted versus separa­
tion distance r  for stars in the melt.
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collapsed part of the curve S {k ) /N  oc {kRg)~l/l' with the exponent v =  0.5. This 

is of course one of the signatures of Gaussian statistics, and is consistent with the 

scaling exponents obtained from the fits of R g, R&, and R ee.

5.2.2 D ynam ics

As for ring polymers, we first present results for monomer mobility. Shown in 

Fig. 5.7(a) is the bead mobility along the arm /in. There is a significant decrease 

in nn for the center bead (n =  0). Of note is tha t the mobility of intermediate 

beads along the arm is essentially the same for all arm lengths. Also shown is the 

average mobility for all the beads in the simulation box (/x) (Fig. 5.7(b)). Apart 

from small N  values the average bead mobility is independent of AT.

To analyze time-dependent properties for stars we utilize the same three mea­

sures of mean-square displacement as was used for rings: the monomer mean- 

square displacement (Ji{t): the monomer mean-square displacement in the center- 

of-mass reference frame 172 (t); and the center-of-mass mean-square displacement 

g3{t) (see Chapter 4 for the precise definition of these quantities). VVe also measure 

the center-to-end vector autocorrelation function

Cce(t) =  —  £  (R“ ( t ) . R“ ) - (5.3)
" star Q=l

In Fig. 5.8 we show the convergence of g3(t)N/Qt. from which values for D  are 

extracted. The self-diffusion coefficients obtained from the plot are shown in 

Fig. 5.9. We show D  plotted in (a) log-log and (b) log-linear fashion. Following
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Figure 5.6: Static structure factor scaled by degree of polymerization S (k ) /N  
versus wave vector times the radius of gyration k * R g for stars. In the intermediate 
scaling regime the plots reduce down to a single curve. The solid line shows the 
observed scaling: S {k ) /N  oc (kR g)~20, which gives a value u =  0.5 consistent 
with Gaussian statistics.
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Figure 5.7: (a) Individual bead mobility Hn versus fractional distance along arm 
n /N arm. Note that bead n  =  0 corresponds to the s tar central bead, (b) Average 
bead mobility (/x) versus s tar size IV.
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the convention used in experimental papers51 we plot these quantities versus so- 

called span degree of polymerization, N3pan =  2  x Narm. We compare to D for 

linear chains (note tha t for linear chains Nspan =  N).

A power law fit to our data gives D  oc Exponential fit to the ex­

perimental data  of Bartels et al.50 for star polymers in the melt gives a depen­

dence of the form D  oc exp(-0.59M arm/M e). Exponential fit to our data gives 

D oc exp(-0.0128iVJpOn), which when rearranged into the form of the experimen­

tal fit gives D  oc exp(-0.51iVarm/lVe). Graphically it appears tha t the power law 

fit is a better representation of the data; however, neither fit appears to be ideal. 

It is interesting that the exponential fit appears to be in close agreement with the 

experimental result. This is suggestive that perhaps the data  for the largest stars 

already lies in a crossover regime to an entangled dynamics.

In Fig. 5.10 we plot the mean-square displacements gi{t). yi{t) and g-s(t) for all 

stars. For the center-of-mass displacement. </3 (t). we observe a slower-than-linear 

time dependence for short times. This is similar to what we observed for the 

ring polymer simulations; however, for the largest star the value is much smaller 

than the value for the largest ring (compare 0.69 for N ltar =  450 to 0.81 for 

-Vring =  800).

We also show in Fig. 5.10 fits to the monomer mean-square displacement of 

the form gi(t) oc if1. As with the ring polymers the exponent a is N-dependent 

and monotonically decreasing from a Rouse-like value a =  0.53 (for iVttrm =  1 0 )
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Figure 5.8: Mean-square center-of-mass displacement times degree of polymer­
ization divided by six times time gz(t)N/6t versus time scaled by the degree of 
polymerization squared t / N 2 for stars in the melt. Note that the time axis is 
rescaled merely for convenience.
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Figure 5.9: Center-of-mass self-diffusion coefficient D  for stars and linear chains, 
(a) Log-log plot of D  versus Nspan [Nipan =  2 x Narm for stars: N span = N  for 
linear chains), (b) Same data plotted in log-linear fashion. Diamonds: data  for 
stars: triangles: linear chain data from Ref.25; squares: linear chain data from our 
work. Power law fit to the s tar data  in (a) gives D  esc iV“2̂ ; exponential fit to the
star data  in (b) gives D  oc exp(—0.0128iVjpon).
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to a =  0.43 (for N arm =  150).

We now look at the decay of the center-to-end vector autocorrelation function 

Cce(t). In Fig. 5.11 we show Cce(t) for all stars simulated. Fit to the long-time 

decay of Cce(t) is used to obtain the single-chain orientational relaxation time rce.

Shown in Fig. 5.12 is a plot of the orientational relaxation times versus degree 

of polymerization. As for the self-diffusion coefficient, the data for r ce appears to 

be best fit by a power law; however, the data is too limited for any conclusion to 

be drawn.

5.3 Single stars

As noted in the introduction, the single-star simulations are performed as a check 

to ensure that there are no problems associated with the star branching point on 

the lattice. The equilibrium properties should be a reasonable representation of a 

star polymer in a good solvent. On the other hand, it should be emphasized that 

our single stars are not a good model for a s tar polymer in dilute solution, as we 

do not include any hydrodynamic interactions.

5.3.1 Equilibrium  properties

To quantify the average star size we monitor the customary mean-square radius of 

gyration R2. Additionally we monitor the mean-square distance between center 

bead and arm end bead R%e, and the mean-square distance between arm end beads
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Figure 5.10: Mean-square monomer displacement g\{t), mean-square monomer 
displacement in the center-of-mass frame 5 2 (f), and mean-square center-of-mass 
displacement 53 (i) versus time t for stars in the melt. The solid lines show power- 
law fits, with scaling exponent indicated.
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Figure 5.11: Center-to-end vector autocorrelation function Cce(f) versus time t 
for stars in the melt. Note that for convenience the time axes have been rescaled 
by differing orders of magnitude (as indicated on each time axis).
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Figure 5.12: Center-to-end vector relaxation time rce versus degree of polymer­
ization N. The line in (a) indicates the power law fit rce oc N ^ n. The line in (b) 
indicates the fit oc exp(0.019iV3pOn).
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R*e. As can be seen from Fig. 5.13 the observed scaling with N  is identical for all 

three measures of star polymer size R 2 oc R 2e oc R \e oc N 1-2. The scaling exponent

1.2 agrees with the SAW exponent. This is consistent with results from previous 

MC lattice simulations by Evans55, Batoulis k  Kremer56, Sikorski57, and Molina 

k  Freire58.

5.3.2 D ynam ics

Here we are interested in the mobility of the branching point relative to the 

mobilities of the other monomers. As with the other sections on dynamics, we 

introduce a mobility /in, which is the fraction of accepted MC moves of the nth 

bead. In Fig. 5.14(a) we show /x„ as a function of fractional position along the 

arm. Note that in this plot bead 0 is the branching point (center bead). It can be 

seen that the center bead has a reduced mobility compared to the other beads. 

This is of course due to the center bead having three bond constraints upon it. as 

opposed to two for the other beads inside the star, and one for the arm end beads. 

Hn is virtually constant for intermediate values of n. In Fig. 5.14(b) we show the 

average bead mobility (fi) as a function of star size. For small N  (fi) is slightly 

N  dependent due to the end beads (with their significantly higher mobilities) 

representing a  larger fraction of the total number of beads in the simulation. This 

effect becomes less pronounced as N  increases, and for higher .V (fi) is essentially 

constant.
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Figure 5.13: Mean-square radius of gyration R*, mean-square center-to-end dis­
tance R%e and mean-square distance between arm end beads R~e versus degree 
of polymerization N  for single stars. The line indicates the power law fit with 
scaling exponent indicated.
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Figure 5.14: (a) Bead mobility along the star arm /xn versus fractional distance 
along arm  n /N arm for single stars. Bead n  =  0 corresponds to the star center 
bead, (b) Average monomer mobility (fj.) versus star size N.
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To characterize other dynamical aspects of the single stars we monitor the 

mean-square center-of-mass displacement 5 3 (f), and the center-to-end vector auto­

correlation function Cce(t). as defined above. From these time-dependent functions 

we obtain the self-diffusion coefficient D, and the center-to-end vector relaxation 

time Tee. The values for these quantities are listed in Table 3.3.

Fig. 5.15 shows results for the self-diffusion coefficient. It can be seen that D N  

is independent of N,  indicating a Rouse-like scaling of D oc N ~1. In a single-chain 

MC simulation by Sikorski57 a slightly stronger N  dependence is found with an 

exponent —1 .1 .

In Fig. 5.16 we show the center-to-end vector relaxation time rce as a  function 

of N.  A power-law fit gives rce oc N 2 3. The exponent 2.3 is close to the value 2.18 

predicted from scaling arguments for the Narm dependence19. From single-star 

MC simulations, Molina & Freire58 report an exponent of 2.17. Sikorski57 reports 

an exponent of 2 .2 , and Needs k. Edwards52 report an exponent of 1.94.

5.4 Conclusion

In this Chapter we have presented the results of computer simulations of three-arm 

star polymers for both single stars and stars in the melt.

For stars in the melt we find that the excluded volume interaction is screened 

and we observe a scaling for the radius of gyration of R 2 oc N.  We find that 

the correlation hole deepens and widens with increasing degree of polymerization
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Figure 5.15: Center-of-mass self-diffusion coefficient times degree of polymeriza­
tion D N  versus degree of polymerization N  for single stars. For all star sizes 
D N  a: const.
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Figure 5.16: Orientational relaxation time rte versus degree of polymerization 
N for single stars. The line indicates power the law fit with scaling exponent 
indicated.
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for stars in the melt. Furthermore, we show that the extent of inter-penetration 

increases with the degree of polymerization.

For the dynamics in the melt we observe a possible non-power-law dependence 

of the self-diffusion coefficient on star size. Our limited data  set prevents us from 

reaching any stronger conclusions. We note tha t while the exponential fit to the 

self-diffusion data  appears to be of lower quality when compared to the power law 

fit. it does show close agreement to an exponential fit of experimental data for 

stars in the melt.

However, we concentrate here on the power law fit to the self-diffusion data for 

the three largest stars D  oc N]pan. There is a stronger dependence on the degree of 

polymerization for the dynamics of the three largest stars than for the dynamics 

of fully entangled linear chains. This seems to imply tha t the dynamics of the 

three largest stars lies in an entanglement crossover regime. It seems reasonable 

then to conclude that the dynamics of the largest star size simulated (.Varm =  150) 

should at least lie in a semi-entangled regime.

We find for the single-star simulations that the static and dynamic results 

agree with what is expected for a single star on the lattice performing constraint- 

free diffusive motion. We find that the radius of gyration scales as R 2 oc N 1-2, 

and the self-diffusion coefficient scales as D  oc N ~ l .
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Chapter 6

Summary

In this dissertation we have looked at the equilibrium structure and dynamics 

for the non-linear architectures of ring and star polymers. We observe different 

behavior between the two non-linear architectures when compared with linear 

chains, and also when compared with each other. The main results for ring and 

star polymers are summarized below. Following this there is a brief inspection 

into possible architecturally independent generalizations for the dynamics.

6.1 Ring & star polymer results

The main conclusion for the equilibrium structure of rings in the melt is that the 

constraint non-concatenation results in rings which are much more compact. It 

was shown that the radius of gyration for non-crossing rings follows the scaling law 

R 2 oc N 0-62. Whereas the radius of gyration for crossing rings, with the absence

103
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of topological constraints, follows the Gaussian scaling law R* oc N.

We also find that the non-crossing constraint produces ring polymer configu­

rations which have a much lower degree of inter-penetration than is the case for 

linear chains of comparable N.

The main result for the dynamics of ring polymers in the melt is tha t non- 

crossing rings diffuse faster than linear polymer chains of comparable JV. and that 

faster ring diffusion persists up to ring sizes at least twenty times greater than the 

entanglement crossover chain length of linear chains. The observed scaling laws 

for linear chains and rings are D oc N ~ 2 and D oc N ~ L6. respectively.

Additionally, we find that the characteristic diffusion time for non-crossing 

rings has an Ar-dependence that is much weaker than for linear chains. Specifically, 

we observe for linear chains and non-crossing rings the scaling rdif f  oc JV3-2 and 

Tdiff oc -V2-4. respectively. We also report a scaling of the orientational relaxation 

time for non-crossing rings of ree oc iV2-5.

We demonstrate that the scaling seen for non-crossing rings in the melt is a 

direct consequence of the topological constraint of uncrossability. In particular, we 

demonstrate that removal of the constraint of uncrossabilitv results in a scaling for 

the self-diffusion coefficient of D  oc N ~ l for crossing rings in the melt. Moreover, 

we show that for crossing rings in the melt the characteristic diffusion time and 

the orientational relaxation time follow the power law scaling rdif f  oc ree oc iV20. 

These scaling laws characterize Rouse-like dynamics, and hence show that removal
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of the constraint of uncrossability in a melt of ring polymers leads to unentangled 

dynamics.

Finally, we show that the constraint of uncrossability has little effect on static 

and dynamic quantities for single rings. For both crossing and non-crossing single 

rings we observe that the radius of gyration scales as R2 oc iV117. Also we observe 

a self-diffusion coefficient and orientational relaxation time which scale identically 

for crossing and non-crossing single rings as D  oc N ~ l and ree oc N 2A, respectively.

The main results for the equilibrium structure of three-arm star polymers in 

the melt is that the excluded volume interaction is fully screened and we observe 

the scaling R2 oc N.  We also show that the inter-penetration in a melt of stars 

increases with the degree of polymerization.

For the dynamics of three-arm stars in the melt we observe a possible non- 

power-law dependence of the self-diffusion coefficient on star size. Our limited 

data prevents any further comment from being made. We argue that the largest 

star size simulated, Narm =  150, is at least in a semi-entangled dynamical regime.

For the single s tar simulations the static and dynamic results agree with what 

is expected for a single chain on the lattice executing constraint-free diffusive 

motion. We find that the mean-square radius of gyration scales as R 2 oc .V. and 

the self-diffusion coefficient as D  oc N ~ l. It is also shown that the orientational 

relaxation time scales as r  oc N 2-3.
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6.2 Size determines dynamics?

In the Chapter 4 discussion of ring polymer dynamics, a comparison of D{Rg) for 

rings and linear chains revealed a surprisingly similar dependence. This was used 

to explain faster ring diffusion for a given degree of polymerization N  based upon 

the smaller ring size. We now include star polymers, and look at the the data  for 

all three architectures.

In Fig. 6.1 we plot D  versus Rg for all ring, star and linear polymers simulated. 

The plot includes two different fits to the star polymer data. The first fit is done 

in a similar range of R g as the fits for rings and linear chains, and gives the scaling 

D  cx R ~ 4 0. This fit agrees well with the ring and linear chain fits (recall that both 

fits in a similar range gave D  oc Rg3'9)-

However, a second fit to the three largest star sizes gives D  oc R~4 6. Note 

that fits to the three largest rings and three largest linear chains give D oc R~A 0 

(not shown in plot). This result suggests that the star polymer dependence for 

D{Rg) obtained from the first fit is only a finite-N crossover effect.

It is interesting tha t a very similar agreement is obtained between all architec­

tures for D (R g) when the fit includes only the intermediate range of R g values for 

the stars. At least for the s tar polymers this appears to be only a finite-N result. 

Of course it doesn’t resolve any issue regarding the similar dependence seen for 

D(Rg) between rings and linear chains. It does, however, emphasize the need for 

simulations of larger ring sizes.
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Figure 6 .1 : Center-of-mass self-diffusion coefficient D  versus radius of gyration 
Rg for non-crossing rings, stars and linear chains. Circles: rings; squares: linear 
chains (note that da ta  from our work and Ref.25 is included here); triangles: stars. 
Two different fits to the s tar data are shown. The first fit (dashed line) shows 
the scaling D  oc R~40, which is in close agreement to the ring and linear chain 
fits in a similar range D  oc R j 39. A fit to the three largest stars (solid line) gives 
D  oc R~4-6.
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6.3 What next?

To resolve the issues regarding ring polymer dynamics, obviously it is desirable to 

perform simulations of larger ring sizes. This is relatively straightforward and is 

simply a m atter of obtaining computers with greater computational power.

However, even with data from larger ring polymer simulations we are still faced 

with the more challenging problem of developing a theoretical explanation for the 

observed ring dynamics. As a next logical step then, it makes sense to attem pt 

to construct a model of ring polymer dynamics which accounts for the observed 

behavior. Linear polymer chains have the snake-like motions of reptation, and star 

polymers have the arm retraction mechanism, what characteristic motions enable 

ring polymer dynamics? A reasonable starting point for developing an intuitive 

picture of ring polymer motion would be to understand the change that occurs 

in the scaling of the amplitude associated with the long-time exponential fit to 

Cee(t). An initial question to address might be, under what conditions does one 

expect to observe the iV0-6 scaling law? Speculation along these lines could allow 

comment to be made on the asymptotic scaling expected for ring polymer self­

diffusion. In an ideal scenario such predictions for ring dynamics would stimulate 

further experimental studies of ring polymers.
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Appendix A

Ring source code

program rngncrvll

c Stochastic lattice dynamics simulation of a system of cyclic, 
c monodisperse polymer chains with excluded volume in a periodic box.

c In this implementation, the polymer chains are modeled with the 
c ONE-SITE bond fluctuation model. The stochastic dynamics is a simple 
c dynamic Monte Carlo process.

c In our implementation of the ONE-SITE bond fluctuation model, each 
c polymer bead occupies one site on the lattice. The bonds between 
c connected beads are restricted to the set (1,0,0), (1,1,0), and 
c (1.1,1). Excluded volume conditions are enforced for all polymer 
c beads by restricting the occupancy of the lattice sites to at most one 
c polymer bead. An array of occupation numbers for the primary lattice, 
c on which the beads reside, is maintained to check for bead overlaps.

c To forbid the crossing of polymer chains during the dynamics, we also 
c track the MIDPOINTS of the polymer bonds. These coordinates of bond 
c midpoints are always integer multiples of 1/2, so we maintain an 
c additional lattice of occupation numbers for bond midpoints. This 
c lattice has twice the number of entries in each coordinate direction 
c as the lattice o f occupation numbers for polymer beads. Any bond 
c crossing must involve the simultaneous overlap of the coordinates of 
c two bond midpoints, so this bond crossing condition is easy to detect.

c Note that the occupation numbers for the beads must be either zero or 
c one because the excluded volume condition is always enforced. In 
c contrast, the occupation numbers for the bond midpoints may be greater 
c than one, because severed bond midpoints can overlap when the chains
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c are allowed to cross.

c The connectivity information is provided by the array KCONN, described 
c below, so that polydisperse systems can be simulated with relative 
c ease, i f  we choose do so later.

c The program can use previously equilibrated configuration 
c i f  the flag equil is set to TRUE

c PARAM ETERS

c
c N . ...................... Number of beads per polymer chain
c npoly...................Number of polymer chains
c nbead....................Total number of polymer beads
c nx,ny,nz............. Size o f the lattice box for polymer segments
c nxmid,
c nymid,
c nzmid Size of the lattice box for bond midpoints
c
c nrelax.................Estimate of the relaxation time
c kdata.................. Number of MCS between accumulation of data
c ndata.................. Number of data points that will be calculated.
c
c (The total number of MCS will be KDATA*NDATA.)
c
c equil...................Logical flag: TRUE if  equilibriated configuration
c is used; FALSE otherwise
c
c rpoly................... number of chains whose bead displacements will be tracked
c rbead total number of beads in the rpoly polymer chams
c maxbin.................. max number of bins in radial distribution function
c
c --------

implicit none

common/blockl/cmpoly,r,Rg,lpoly,hist

integer N, npoly, nbead, nx.ny.nz, nxmid,nymid.nzmid
integer nrelax, kdata. ndata, rpoly. rbead

c note these parameters need to be set in subroutines core, data, and start

parameter (N = 1000)
parameter (npoly = 65)
parameter (rpoly = 1)

parameter (nbead = N*npoly)
parameter (rbead =  N*rpoly)
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parameter (nx =  50)
parameter (ny =  50)
parameter (nz =  52)

parameter (nxmid = 2*nx)
parameter (nymid = 2*ny)
parameter (nzmid = 2*nz)

parameter (kdata = 250000)
parameter (ndata = 2000)
parameter (nrelax = 406700000)

logical equil
parameter (equil = .true.)

c runmax is the total number of desired independent trajectories 

integer runmax
parameter (runmax = 1) 100

c nstream is the number o f desired stream, coord files for .each, 
c trajectory, nconfig evenly divides up the total number of 
c configurations for a single trajectory into the nstream 
c stream, coord files

c maxstream is the total number of stream.coord files for all 
c trajectories
c you specify the names of the stream.coord files in the array
c ucoordfile” no

integer nstream, nconfig, maxstream
parameter (nstream = 10) 
parameter (nconfig = ndata/nstream)
parameter (maxstream = nstream*runmax)

integer maxbin
parameter (maxbin = 125)

c VARIABLES 120

c
c Ipoly................... Lattice coordinates o f all polymer beads
c locc Lattice occupation numbers for polymer beads:
c
c LOCC(jxJyJz) = 0 i f  (jx,jy,jz) is unoccupied;
c LOCC(jxjy,jz) = 1 if  (jx,jy,jz) is occupied,
c
c loccmid............... Lattice occupation numbers for bond midpoints:
C 130

c LOCCMID(jxm,jym,jzm) = 0 i f  no bond midpoint
c is present at position (jxm /2,jym /2,jzm /2).

I l l
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c
c LOCCMID(jxm,jym,jzm) is a positive integer, M,
c if  M bond midpoints are present at position
c (jxm /2Jym /2Jzm /2) on the lattice;
c 
c
c kconn...................Array containing the connectivity information:
C 140

c For polymer beads not at chain ends,
c KCO NN(l,I) = 1-1 and KCONN(2,I) = 1+1,
c signifying that the bead I  is bonded to
c its two neighbors,
c
c for the first bead of a polymer chain,
c KCO NN(l,I) = 0 and KCONN(2,I) = 1+1,
c because there is no bond to the ‘‘left”,
c
c for the last bead of a polymer chain, iso
c K CO NN (l,I) = 1-1 and KCONN(2,I) = 0,
c because there is no bond to the “right”,
c
c cmpoly center-of-mass coordinates of all polymer beads
c msd center-of-mass “autocorrelation" function
c Rg.........................radius o f gyration
c r ....................... records displacement of each bead
c C r........................ time correlation for bead displacement
c Ce........................ time correlation for diameter vector
c C cm f....................time correlation for bead motion in center-of-mass frame i«o
c attmov.................. array for attempted moves
c accmov................. array for accepted moves
c tRg...................... accumulate Rg for averaging
c tRe...................... accumulate Re for averaging
c moblty..................final mobility
c nrm normalization constant
c hist.................... histogram array for center-of-mass pair-correlation function
c grcm....................center-of-mass radial distribution function
c d r ........................6m width for pair distribution
C 170

C -------------------------------

integer imcl. imc2, jpoly, iseed
integer jbead, i, j, lper, jn2, k
integer istream, iconfig, itrash, istart
integer kconn(2,nbead), lpoly(3,nbead)
integer locc(nx,ny,nz). loccmid(nxmid,nymid.nzmid)
external lper

double precision cmpoly(ndata,3.npoly) iso
double precision msd(Q:ndata), Cr(0:ndata), ran3 
double precision Rg(ndata,3), r(ndata,3,rbead), tRg, tRe 
double precision attmov(nbead), accmov(nbead), moblty(n)
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double precision Ce(0:ndata), Ccmf(0:ndata), arm 
double precision grcm, const, pi, d, dr, hist(0:maxbin)

character*(75) coordfile(maxstream) 
character*(10) msdfile(runmax), grfile(runmax)

msdfile(l) = "msdl"

grfile(l) = "grcml"

coordfile(l) = "configs/stream.coordl" 
coordfile(2) = ”configs/stream.coord2" 
coordfile(3) = "configs/stream.coord3" 
coordfile(4) = "configs/stream.coord4" 
coordfile(5) = "configs/stream.coord5" 
coordfile(6) = "configs/stream.coord6" 
coordfile(7) = "configs/stream.coord7" 
coordfile(8) = " configs /  stream. coord8 " 
coordfile(9) = "configs/stream.coord9" 
coordfile(lO) = "configs/stream.coordlO"

pi = acos(-l.dO) 
dr = 0.2d0

do i=l,nbead 
attmov(i) = O.dO 
accmov(i) = O.dO 

enddo

do i=0,maxbin 
hist(i)=0.d0 

enddo

c read in run parameters

open(unit=10,file="runtime.cfg",status="old")
read(10,*)iseed
read(10,*)istart
r ead (10, *) istream
read(10,*)iconfig
close(lO)

c create new output file

open(unit=10,file="mg.out",status="unknown")
write(10,*)" "
close(lO)
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call start(nx,ny,nz,nxmid,nymid,nzmid,kcoim,locc,loccmid, 
attmov.accmov,kdata,pi,dr,nconfig,iconfig,iseed,equil, 

nrelax.istream.nstream.istart.maxstream.coordfile)

C = = = = = = = = = = = = = = = = = = = =

C STA R T THE M AIN LOOP 
C = = = = = = = = = = = = = = = = = = = =

do k=istart, runmax

open(unit=10,file="mg.out",status="old".access="append") 
write(10,*)" "
write(10.35)" Beginning run ", k, " of ", runmax,
write(10,*)" "
close(lO)

if (k .gt. istart) then 
iconfig = 0 
do i=0,maxbin 

hist(i)=0.d0 
enddo 

endif

do imcl=iconfig+l, ndata

c = = = = = = = = = = = = = = = = = =

c Save coordinates 
c = = = = = = = = = = = = = = = = = =

istream = 1 + (imcl-l)/nconfig + (k—l)*nstream

open(35,file=coordfile(istream) ,status="unknown", 
access="append", form="unformatted") 

write(35)lpoly 
close(35)

c = = = = = = = = = = = = = = = = = = = = = = = = =

c Save configuration info 
c = = = = = = = = = = = = = = = = = = = = = = = = =

itrash = -int(5.0d5*ran3(iseed)) 
open(unit=10,file="runtime.cfg" ,status="unknown") 
write(10,10)itrash, " : Random number seed" 
write(10,10)k, " : current trajectory" 
write(10,10)istream, " : existing coord files " //

"(starts at zero)" 
write(10,10)imcl, " : current number of configs " // 

"(starts at zero)"
dose(10)
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c = = = = = = = = = = =

c Accumulate data 
c = = = = = = = = = = =

call data(imcl,dr) 290

if (mod((imcl-10),10) .eq. 0) then

c ============
c Calculate Re & Rg 
c = = = = = = = = = = = =

tRg=0.d0
tRe=0.d0
nrm=0.d0 300

do i=l,imcl 
tRg=tRg+Rg(i.l)+Rg(i.2)+Rg(i,3) 

enddo

do i=l,imcl 
do jpoly=l,rpoly 

do jbead=l+(jpoly-l)*n,jpoIy*n-(n/2)-l

jn2 = jbead+(n/2) 310

tRe=tRe+(r(i,l,jbead)-r(i,l,jn2))**2+
(r(i,2,jbead)—r(i,2,jn2))**2+
(r(i,3jbead)—r(i,3,jn2))**2

nrm=nrm+l.dO

enddo 
enddo 

enddo

tRg=tRg/dble(imcl) 
tRe=tRe/nrm

call corr(imcl.msd.Cr.Ce,Ccmf)

320

C = = = = = = = = = = = = = =

c Save intermediate data
c = = = = = = = = = = = = = =

open(unit=80 ,file=grfile(k) ,status= "unknown ") 
write(80,25) "#kd=" ,kdata, "nd=" .ndata,"imcl=" .imcl, 

"<Rg“2>=,\tRg."<Re~2>=".tRe

write(80.5)"t"
write(80,5)"# r g_cm(r)"

330
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const = 4.0*pi*dble(npoly)/(3.0*dble(nx*ny*nz)) 
i = 0
d = dble(i)*dr

grcm=hist(i)/(.5**3*const*dr**3*dble(npoly)*
dble(imcl))

write(80,102)d,grcm 

do i=l,maxbin 

d = dbie(i)»dr

grcm=hist(i)/(((dble(i)+.5)**3-(dble(i)-.5)**3)*
const*dr**3*dble(npoly) *dble(imc 1))

write(80.102)d,grcin

enddo
close(80)

open( unit=30,file=msdfile(k) ,status=" unknown ") 
write(30.25) "#kd= " .kdata." nd= " .ndata," imc 1=". imc 1, 

"<Rg*2>=".tRg,"<Re‘2>=".tRe 
write(30.5)"#"
write(30,5)"# tstep Rcm2 NRcm2/6t'\

" Cce r2 rcmf2"

write(30,101)0,0,0,Ce(0),0,0 
do i=l, imcl-1 

write(30,101)i*kdata,msd(i),
msd(i) *N/ (6 .dO*dble(i*kdata)), 
Ce(i).Cr(i).Ccmf(i)

enddo
close(30)

endif

C = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = :

c Advance the configuration kdata steps

do Lmc2=l, kdata 
call advance (N’.npoly.nbead.nx.ny.nz.nxmid.nymid.nzmid.

kconn,lpoly,locc,loccmid,iseed,attmov,accmov)
enddo

enddo
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c Run for kdata *ndata time steps without collecting data

if (k .It. runmax) then

do imc2=l, kdata*ndata

call advance (N,npoly,nbead,nx,ny,nz,nxmid,nymid,nzmid, 
kconn,lpoly,locc.loccmid,iseed,attmov,accmov)

if (mod((imc2—100000),100000) eq. 0) then
400

open(65 ,file=" intermed.coord" ,status=" unknown")

write(65,30)" kd*nd= " ,kdata*ndata," imc2=" ,imc2

do i=l. nbead 
write(65,100)lpoly(l,i)tlpoly(2,i),lpoly(3.i) 

enddo

close(65)
410

end if 

enddo 

endif 

enddo

C = = = = = = = = = = = = = = =  420

c save mobility 
c = = = = = = = = = = = = = = =

do i=l.nbead 
accmov(i)=accmov(i) /  attmov(i) 

enddo

do jpoly=l,npoly 
do i=l,n

jbead = i + N*(jpoly-l) 430

moblty (i)=moblty(i)+accmov(jbead) 
enddo 

enddo

do i=l,n 
mobIty(i)=moblty(i)/dble(npoly) 

enddo
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open(unit=70.tie="final.data"lstatus="unknown") 
write(70,*)"# Bead Mobility" 
do i=l,n 

write(70,101)i,moblty(i) 
enddo

close(70)

5 format (4(a))
10 format (2x,i8.a)
25 format (a4.i6,lx,a4,i5,lx,a6,i5,3x,a7,el0.4,2x,a7,el0.4) 450

30 format (Ix,a,il0.3x,a,il0)
35 format (a,i2,a,i2,a)

100 format (lx, i4, Ix, 14. lx, i4)
101 format (Ix,il0.6(lx,el0.4))
102 format (Ix,fl0.4,2x,el0.4,lx,el0.4)

stop
end

480

c s u b r o u t i n e  c o r r  **************************

c subroutine for time correlatation functions

subroutine corr(imcl.msd.Cr,Ce.Ccmf) 

implicit none

common/blockl/cmpoly.r.Rg.lpoly.hist

integer n.npoly.nbead.rpoiy.rbead.ndata.maxbin
parameter (N = 1000)
parameter (npoly = 65)
parameter (nbead = a*npoly)

parameter (rpoly = 1)
parameter (rbead = n*rpoly)

parameter (ndata = 2000)
parameter (maxbin = 125)

integer imcl,t,to,tto,jn2
integer jpoly.jbead.bin
integer lpoly(3,nbead)

470 c o rr

480
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490

double precision anpoiy(ndata,3.npoly).msd(0:ndata),cino(3)
double precision nonn(0:ndata),r(ndata.3,rbead)
double precision Cr(0:ndata),Cro(3)
double precision Ce(0:ndata),Ceo(3)
double precision Ccmf(0:ndata),Ccmfo(3)
double precision hist(0:maxbin),Rg(ndata,3)

500

C = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = : = = = = = = = = = = =

c Polymer center-of-mass displacement correlation
c  = = ■ = = = = = = = = = = = = = = = = : = = = = = = = = = = = ■ = = = = = = : = = = = = = = = = = = : = = =

do t=0,imcl—1 
msd(t) = O.dO 
norm(t) = O.dO 

enddo

do jpoly=l,npoly 510

do to=l.imcl

cmo(l) = cmpoly(to,l,jpoly) 
cmo(2) = cmpoly(to,2,jpoly) 
cmo(3) = cmpoly(to,3,jpoly)

do t t o = t o , i m c l

t  =  t tO  — tO  520

msd(t) = msd(t) ■+• (cmo(l)-cmpoly(tto,l,jpoly))**2 — 
(cmo(2)-cmpoly(tto,2jpoly))**2 -r 
(cmo(3)—cmpoly(tto,3,jpoly))**2

norm(t) = nonn(t) + l.dO

enddo

enddo
530

enddo

do t=0,imcl—1
msd(t) — msd(t)/norm(t) 

enddo

c ============ ===== ===== ==== ===== ===== ==== ===== ==
c Bead displacement correlation in normal and center-of-mass frame 
c = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = =

540
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do t=0,imcl—1 
Cr(t)=0.d0 
Ccmf(t)=0.d0 
norm(t)=0.d0 

enddo

do jpoly=l.rpoly 

do jbead=l+(jpoly-l)*njpoly*n
550

do to=l,imcl

Cro(l) = r(to,l,jbead)
Cro(2) = r(to,2.jbead)
Cro(3) = r(to,3,jbead)
Ccmfo(l) = cmpoly(to,ljpoly)-r(to.l,jbead)
Ccmfo(2) = cmpoly(to,2jpoly)-r(to,2,jbead)
Ccmfo(3) = cmpoly(to,3jpoiy)-r(to.3,jbead)

do tto=to,imcl seo

t = tto -  to

Cr(t) = Cr(t) -r (Cro(l)-r(tto,l,jbead))**2 +
(Cro(2)-r(tto,2,jbead))**2 +
(Cro(3)-r(tto.3.jbead))**2

Ccmf(t) = Ccmf(t) + (Ccmfo(l)+r(tto,ljbead)- 
cmpoly(tto,l jpoly))**2 +
(Ccmfo(2)+r(tto,2,jbead)- 570
cmpoly(tto,2,jpoly))**2 +
(Ccmfo(3)+r(tto,3,jbead)- 
cmpoly(tto,3,jpoly))**2

norm(t) = norm(t) + l.dO

enddo

enddo
580

enddo

enddo

do t=0,imcl—1
Cr(t) =  Cr(t)/norm(t)
Ccmf(t) =  Ccmf(t)/(norm(t)*2.d0) 

enddo

C = = = = = = = = = = = = = = = = r = z ~ = z = = = = = = = = = =  5 SO

c Diameter vector correlation
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do t=0,imcl—1 
Ce(t)=0.d0 
nonn(t)=0.d0 

enddo

do jpoly=l,rpoIy
eoo

do jbead=l+(jpoly- l)*n jpoly*n-(n/2)-1

jn2 = jbead+(n/2)

do to=l,imc 1

Ceo(l) = r(to.l,jbead)-r(to,l,jn2)
Ceo(2) = r(to,2,jbead)-r(to,2,jn2)
Ceo(3) = r(to,3,jbead)-r(to,3,jn2)

610

do tto=to,imcl 

t = tto -  to
Ce(t) = Ce(t) Ceo(l)*(r(tto,l,jbead)- 

r(tto,l,jn2))+
Ceo(2)*(r(tto,2,jbead)-

r(tto,2,jn2))+
Ceo(3)*(r(tto,3.jbead)-

r(tto,3,jn2))
6*20

norm(t) = norm(t) + l.dO 

enddo 

enddo 

enddo 

enddo
630

do t=0,imcl—1
Ce(t) = Ce(t)/norm(t) 

enddo

return
end

840
c ******************** SUBROUTINE DATA **************************
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subroutine data(i.dr) 

implicit none

common/blockl/cmpoly,r,Rg,lpoly,hist

integer n,npoly,nbead,rpoly,rbead,ndata,maxbin
integer nx. ny, nz
parameter (N = 1000)
parameter (npoly = 65)
parameter (nbead = n*npoly)

parameter (rpoly = 1)
parameter (rbead = n*rpoly)

parameter (ndata = 2000)
parameter (maxbin = 125)

parameter (nx = 50)
parameter (ny = 50)
parameter (nz = 52)

integer jx, jy. jz, imcl
integer jbead, j, jpoly, i, k, bin
integer lpoiy(3, nbead)

double precision cmpoly(ndata,3,npoly) 
double precision Rg(ndata,3), r(ndata,3,rbead) 
double precision rxij, rvij, rzij 
double precision rxxij, ryyij, rzzij 
double precision rij, rijsq, d, dr, hist(0:maxbin)

d a ta

650

660

670

Rg(i,l)=0.d0
Rg(i,2)=0.d0
Rg(i,3)=0.d0

do jpoIy=l, npoly

cmpoly(i,ljpoly)=0.d0
cmpoly(i,2jpoly)=0.d0
cmpoly(i,3jpoly)=0.d0

do jx=l, N

jbead = jx + N*(jpoly—1) 
cmpoly(i,ljpoly)=cmpoly(i,l,jpoly)+ 

dble(lpoIy(l jbead)) 
cmpoIy(i,2jpoly)=cmpoly(i,2,jpoly)+

680

690
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dble(lpoly(2 jbead)) 
cmpoly(i.3jpoly)=cmpoly(i.3jpoly)+ 

dble(lpoly (3 jbead))

enddo

cmpoly(i,ljpoly)=cmpoly(i,l jpoly)/dble(N) 
cmpoly(i,2jpoly)=cmpoly(i,2jpoly)/dble(N) 
cmpoly(i.3 jpoly)=cmpoly(i,3jpoly)/dble(N)

c Radius of gyration

do jx=l,n

jbead = jx — N*(jpoly-l)

Rg(i,l)=Rg(i,l)+(dble(lpoly(ljbead))- 
cmpoly(i,l jpoly))**2 

Rg(i,2) =Rg(i,2)+(dble(lpoly(2 jbead)) -  
cmpoly(i,2 jpoly))**2 

Rg(i.3)=Rg(i,3)+(dbIe(lpoiy(3 jbead)) -  
cmpolv(i,3 jpoly))**2

enddo

enddo

Rg(i,l)=Rg(i,l)/(dble(n)*dble(npoly))
Rg(i,2)=Rg(i,2)/(dble(n)*dble(npoly))
Rg(i,3)=Rg(i,3)/(dble(n)*dbIe(npoIy))

do jbead=l, rbead

r(i,ljbead)=dble(lpoly(l jbead)) 
r(i,2jbead)=dble(lpoly(2jbead)) 
r(i,3jbead)=dble(lpoIy(3 jbead))

enddo

c Radial distribution function o f center-of-mass

do j= l, npoly—1 
do k=j+l, npoly

ndj=anpoly(t,lj)-cmpoly(i.l,k) 
ryij=cmpoly(i,2 j) -cmpoly(i,2,k) 
raij=cmpoly(i,3j)-cmpoly(i,3,k)
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nocij = nrij—anint(ndj/dble(nx))*dble(nx) 
ryyij = ryij-anint(ryij/dble(ny))*dble(ny) 
rzzij = rzij-anint(rzij/dble(nz))*dble(nz)

rijsq =  rxxij**2 + ryyij**2 + rzzij**2 t s o

rij = sqrt(rijsq)

bin = anint(rij/dr)

if (bin .le .maxbin) then 
hist(bin)=hist(bin) + 2.d0 

endif

enddo
enddo 760

return
end

SUBROUTINE START

subroutine siart(nx,ny,nz,nxmid,nymid,nzmid,kconn,locc,loccmid, 
a«mov,accmov,kdata,pi,dr,nconfig,iconfig.iseed,equil. 

nrelax.istream,nstream,istart,maxstream,coordfile)

implicit none

common/blockl/cmpolytr,Rg,Ipoly,hist

770

integer
parameter
parameter
parameter

parameter
parameter

parameter
parameter

n.npoly,nbead,rpolv,rbead,ndata,maxbin 
(N =  1000)
(npoly = 65)
(nbead = n’npoly)

(rpoly = 1)
(rbead = n*rpoly)

(ndata = 2000)
(maxbin = 125)

780

integer nx, ny, nz, nxmid, nymid, iconfig, jconng
integer nzmid, nrelax, kdata, jx, jy, jz, istan 790

integer iseed, jxxx, jyyy. jzzz, jcon2, itrash
integer jbead, j. jpoly, jxmid, jymid, jzmid, imcl
integer lper, iu. i, k, nconfig, bin, istream
integer kconn(2,nbead), lpoly(3,nbead), nstream
integer locc(nx,ny,nz), loccmid(nxmid,nymid,nzmid)
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integer maxstream
external lper

logical equil
a oo

double precision attmov(nbead),accmov(nbead) 
double precision cmpoly(ndata,3.npoly) 
double precision Rg(ndata,3), r(ndata,3,rbead) 
double precision rxij, ryij, rzij 
double precision ncxij, ryyij, rzzij, const 
double precision rij, rijsq, pi, d. dr, hist(0:maxbin)

character*(75) coordfile(maxstream)

C ----------------------------------------------------------------------------------------------------------  810

if(istream .eq. 0) then 

if(equil eqv. .false.) then 

open (10, file = "init.coord", status = "old") 

read (10, *) itrash
if(itrash .ne. N) then 820

write(*. *)"Number of beads does not match input" 
stop 

endif

read (10, *) itrash 
if (itrash .ne. npoly) then 

write (*, *) ’Number of polymers does not match input’ 
stop 

endif
830

do jbead = 1, nbead 
read(10,*)lpoly(l jbead),lpoly(2,jbead) ,lpoly(3 jbead) 

enddo

close (10)

else

open (unit=20,file= ’ s ta r t . coord’ ,status= ’ old’)
840

read (20, *) itrash 
if (itrash .ne. N) then 

write (*, *) ’Number of beads does not match input’ 
stop 

endif
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read (20. *) itrash 
if (itrash .ne. npoly) then 

write (*, *) ’Humber of polymers does not match input’ 
stop 

endif

do jbead = 1, nbead 
read(20,*)lpoly(ljbead).lpoly(2,jbead),lpoly(3 jbead) 

enddo

close (20)

endif

c RU N  PARAM ETERS

iu = 9
open (unit=iu,file= ’ v i ta l . s ta ts  * ,status= ’ unknown ’. 

form= ’ f ormatted ’)
write (iu. *) 
write (iu,55) 
write (iu.55) 
write (iu, *) 
write (iu,60) 
write (iu, *) 
write (iu,50)

Chain length: 
Number of chains:

N
, npoly

Sim ulation box s iz e : ’, nx, ny, nz
I

Average density : 
dble(nbead) /  dble(nx*ny *nz)

write (iu, *) 
write (iu,55) 
write (iu,55) ’ 
write (iu,55) ’ 
write (iu.55) ’ 
write (iu, *) 1 ’ 
close (unit = iu)

MCS between da ta  recording: kdata
Number of da ta  reco rd s : ’ , ndata 

T otal number of MCS: ’, kdata*ndata 
E q u ilib ra tio n  MCS: ’, nrelax

else

c = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = =

c We are restarting from a crash
c = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = =

open(unit=10,file="rng.out'' ,status="old" ,access="append")
write(10,*)" "
write(10,*)" Restarting..."
write(10,*)" "
close(lO)

c =========================
c Open stream, coord files
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do k=l+(istart-l)*nstream, istream

open(unit=10 ,file=" mg.out" ,status=" old" ,access=" append")
write(10,20)" Accessing file: ", coordfile(k)
close(lO)

open(15,file=coordfile(k) ,status= "old".
form=" unformatted ")

do i= l, nconfig

jconfig = i + (k-1—(istart—l)*nstream)*nconfig

lf(jconfig le. iconfig) then 
read(15)lpoly

call data(jconfig,dr) 
endif

enddo

close(15)

enddo

open(unit=10,file="rng.out",status="old" ,access="append") 
write(10.*)" "
write(10,*)" Done reading files."
write(10,*)" "
close(lO)

endif

c =============
c Connectivity 
c = = = = = = = = = = = = =

call connect(npoly,n,kconn,nbead)

c = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = =

c Initialize occupation numbers
c = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = =

call occunmn(nbead,nx,ny,nz,nxmid,nymid.nzmid.locc.loccmid, 
kconn.lpoly)

C Check again whether restarting, i f  true then advance kdata steps
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if(istream .ne. 0) then

open(unit=10,file="mg.out",status="old",access="append") 
write(10,*)" "
write(10,*)" Advancing configuration kdata steps..."
write(10,*)" "
close(lO)

do imcl=l, kdata 
call advance (N,npoly,nbead.nx.ny.nz.nxmid.nymid.nzmid, 

kconn,lpoly,locc,loccmid,iseed,attmov,accniov)
enddo

open(unit=10,file=" rng.out" ,status=" old " ,access=" append") 
write(10,*)" "
write(10,*)" Done restarting."
write(10,*)" "
close(lO)

endif

C Check again whether the system is equilibrated 

if( equil .eqv. .false. ) then 

if( istream .ne. 0 ) goto 1000

c EQUILIBRATION PERIOD

open(unit=10,file="mg.out" ,status= "old" ,access=" append") 
write(10,*)" "
write(10,*)" Equilibrating..."
write(10,*)" "
close(lO)

do imcl = 1, nrelax 
call advance (N,npoly,nbead,nx,ny,nz,nxmid,nymid,nzmid, 

kconn,lpoly,locc,loccmid,iseed.attmov.accmov)

if(mod((imcl—100000), 100000) .eq. 0) then 
open(68 ,file=" run.coord" ,status=" unknown") 
write(68,30) "nrelax=" .nrelax, "imcl=",imcl 
do i=l, nbead 

write(68,100)lpoly(l,i),lpoly(2,i),lpoly(3,i) 
enddo 
close(68) 

endif 
enddo
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1000

c Write equilibrated coordinates. ..

open (unit=77, file=’eq u il.co o rd ’ , status= ’unknown’)

w rite  (77. 90) N, ’ : Chain length  ’ 
w rite  (77, 90) npoly, ’ : Number of chains’

do jbead = 1, nbead 
write(77,100)lpoly(l,jbead),lpoly(2 jbead),lpo!y(3,jbead) 

enddo
close (unit=77)

c --------------------
c Check for bond crossing 
c --------------------

do jbead=l, nbead 
jcon2 = kconn(2,jbead)

jxmid = lpoly(ljbead) + lpoly(ljcon2) 
jymid = lpoly(2,jbead) +• lpoly(2jcon2) 
jzmid = lpoly(3,jbead) -r lpoly(3,jcon2)

jxxx = lper(jxmid,nxmid) 
jyyy = lper(jymid,nymid) 
jzzz = lper(jzmid,nzmid)

if (loccmid(jxxxjyyyjzzz) .ne. 1) then  
w rite  (*. *) 'ERROR: Bond crossing de tec ted : ’ , 

jxxxjyyyjzzz, loccmid(jxxx,jyyy,jzzz)
stop

end if
enddo

open(unit=10,file="rag.out",status="old",access="append") 
write(10,*) ’ ’
write(10,*) ’ No bond crossings remain. . . ’
write(10,*) ’ ’
close(10)

1000 end if

20 format (a,a)
30 format (Ix,a,il0,3x,a,il0)
50 format (a, f8.4)
55 format (a, ilO)
60 format (a, i4, lx. 14, lx, i4)
90 format (lx. i6, a)

100 format (lx. i4. lx, i4. lx, i4)
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return
end

c ******************** SUBROUTINE ADVANCE **************************

C = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = =  1080

c ADVANCE: This subroutine advances the dynamic Monte Carlo time 
c evolution of a lattice polymer system by one MC step. A total of NBEAD  
c time steps are attempted. The polymer chains are modeled by the 
c ONE-SITE bond fluctuation model.
c Periodic boundary conditions are applied in all coordinate directions, 
c = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = =

subroutine advance ( N, npoly. nbead, nx. ny. nz. nxmid. nymid, 
nzmid, kconn. Ipoly, locc, loccmid, iseed, attmov. accmov )

1070

c INPUT
c nbead.................... Total number of polymer beads
c nx,ny,nz.............Size of the lattice box for polymer beads
c nxmid,
c nymid,
c nzmid.................... Size of the lattice box for bond midpoints
c Ipoly.................... Initial lattice coordinates of all polymer beads
c locc Lattice occupation numbers for polymer beads:
c
c LOCC(jxjy,jz) = 0 i f  (jx,jy,jz) is unoccupied; ioao
c LOCC(jx,jy,jz) = 1 if  (jx,jy,jz) is occupied,
c
c loccmid................ Lattice occupation numbers for bond midpoints:
c
c LOCCMID(jxm,jym,jzm) = 0 if  no bond midpoint
c is present at position (jxm /2,jym /2,jzm /2).
c
c LOCCMID(jxm,jym,jzm) is a positive integer, M,
c if  M  bond midpoints are present at position
c (jxm /2,jym /2,jzm /2) on the lattice; 1090

c
c kconn....................Array containing the connectivity information:
c
c For polymer beads not at chain ends,
c KCO NN(l,I) = 1-1 and KCONN(2,I) = I+ l,
c signifying that the bead I  is bonded to
c its two neighbors,
c
c for the first bead of a polymer chain,
c KCO NN(l,I) = 0 and KCONN(2,I) = I+ l, uoo
c because there is no bond to the “left”,
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c
c for the last bead of a polymer chain,
c KC0NN(1,I) = 1-1 and K C 0N N (2,I) = 0,
c because there is no bond to the “right”,
c 
c
c iseed................... Initial random number seed
c
cO U T P U T  mo
c Ipoly.................... Updated lattice coordinates o f all beads
c locc......................Updated occupation numbers for beads
c loccmid................Updated occupation numbers for bond midpoints
c iseed................... New random number seed
C attmov.................array storing attempted moves fo r each bead
C accmov................ array for storing accepted moves
c
c ------------------

implicit none 1120

c -  A R G U M E N T S------
integer N, npoly
integer nbead, nx, ny, nz, nxmid, nymid. nzmid, iseed
in teger kconn(2, nbead)
integer lpoly(3, nbead)
in teger locc(nx.ny.nz)
in teger loccmid(nxmid,nymid,nzmid)

c - L O C A L ----------  U30
in teger iatt, jbead, jmove, jconl, jcon2, jx, jy. jz,

jxmidl, jymidl, jzmidl, jxmid2, jymid2, jzmid2, 
jxxx, jyyy, jzzz, LSQR, jpoly

in teger lper
double precision ran3, rannum
double precision attmov(nbead), accmov(nbead)
external lper, ran3

C ----------------------------------------------------------------------------------------------------------- 1140

c = = = = = = = = = = = = = = = = = = = = =

c --------------
c MOVE ATTEM PTS  
c --------------
c =====================

do iatt = 1. nbead

c ================  1150

c Select the event 
c = = = = = = = = = = = = = = = =
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jbead =  1 +  int(dble(nbead)*ran3(iseed)) 
attmov(jbead)=attmov(jbead) +  l.dO

jmove =  1 +  int(6.D0*ran3(iseed))

c ===================
c Generate trial move
c = = = = = = = = = = = = = = = = = = =

jx =  Ipoly(ljbead) 
jy =  lpoly(2,jbead) 
jz =  lpoly(3,jbead)

if (jmove .eq. 1) then
jx = jx + 1

eke iif (jmove .eq. 2) then
jx = jx -  1

eke :if (jmove .eq. 3) then
jy — jy -r 1

eke if (jmove .eq. 4) then
jy = jy -  1

eke if (jmove .eq. 5) then
jz = jz + 1

eke
jz = jz -  1

endif

jconl =  kconn(l,jbead) 
jcon2 = kconn(2jbead)

jxmidl =  jx +  Ipoly(ljconl) 
jymidl =  jy + lpoly(2 jconl) 
jzmidl =  jz + lpoly(3 jconl)

jxmid2 = jx + lpoly(l jcon2) 
jymid2 = jy + lpoiy(2 jcon2) 
jzmid2 = jz + ipo!y(3jcon2)

c = = = = = = = = = = = = = = =

c Test trial move 
c = = = = = = = = = = = = = = =

c Ad soon as vie find a violation o f a necessary condition for the 
c acceptance of the move, we jump to the end o f the loop over trials...

c ------------------------
c Excluded volume constraints
c ------------------------
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jxxx =  lper(jx,nx) 
jyyy =  lperGy.ny) 
jzzz =  lper(jz,nz)

if (locc(jxxx,jyyy,jzzz) .ne. 0) goto 1000
c -------------------
c Allowed bond vectors 
c -----------------

c We have already checked for bond lengths of zero 
c by enforcing the excluded volume condition...

LSQR =  (jx -  lpoly(l,jconl))**2 
+  (jy -  lpoly(2,jconl))**2 
+ (jz — lpoly(3jconl))**2

if (LSQR .gt. 3) goto 1000

LSQR = (jx -  lpoly(l,jcon2))**2 
+ (jy -  lpoly(2,jcon2))**2 
+ (jz -  Ipoly(3jcon2))**2

if (LSQR .gt. 3) goto 1000

c Bond crossing 
c -----------

jxxx = lper(jxmidl.nxmid) 
jyyy =  lper(jymidl.nymid) 
jzzz =  lper(jzmidl,nzmid)

if (loccmid(jxxx,jyyyjzzz) .ne. 0) goto 1000

jxxx =  lper(jxmid2 .nxmid) 
jyyy =  lper(jymid2,nymid) 
jzzz =  lper(jzmid2,nzmid)

if (loccmid(jxxxjyyyjzzz) .ne. 0) goto 1000

c = = = = = = = = = = = = =

c UPDATE SYSTEM
c = = = = = = = = = = = = =

c I f  we get to this point, then the move has been accepted...

accmov(jbead)=accmov(jbead)+l.dO 

c Update occupation numbers:
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jxxx =  lper(lpoly(ljbead),nx) 
jyyy =  lper(lpoly(2jbead),ny) 
jzzz = lper(lpoly(3 jbead).nz) 
loccQxxx jyyy jzzz) = 0

jxxx = lper(jx,nx)
jyyy = lper(jy.ny) 
jzzz = lper(jz,nz) 
locc(jxxxjyyyjzzz) = 1

c Update bond midpoints:

jxxx =  lper(lpoly(l,jbead) + Ipoly(ljconl), nxmid)
jyyy =  lper(lpoly(2jbead) +  lpoly(2,jconl), nymid)
jzzz =  lper(lpoly(3jbead) +■ lpoly(3,jconl), nzmid) 
loccmid(jxxxjyyyjzzz) =  Ioccmid(jxxxjyyyjzzz) -  1

jxxx =  lper(jxmidl, nxmid) 
jyyy =  lper (jymidl,nymid) 
jzzz =  lper(jzmidl, nzmid)
loccmid(jxxxjyyyjzzz) =  loccmid(jxxxjyyyjzzz) •+• 1

jxxx =  lper(lpoly(l jbead) +• lpoly(ljcon2), nxmid)
jyyy = lper(ipoly(2jbead) -  lpoly(2jcon2), nymid)
jzzz =  lper(lpoly(3jbead) + lpoly(3,jcon2), nzmid) 
loccmid(jxxx jyyy jzzz) =  loccmid(jxxx jyyy jzzz) -  1

jxxx = lper(jxmid2,nxmid) 
jyyy =  lper(jymid2.nymid) 
jzzz =  Iper(jzmid2.nzmid)
loccmid(jxxx jyyy jzzz) =  loccmid(j xxx jyyy jzzz) -  1

c Update coordinates:

Ipoly (1 jbead) = jx 
lpoly(2,jbead) = jy 
lpoly(3,jbead) = jz

1000 enddo

return
end

c ******************** SUBROUTINE OCCUNUM *********************
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c ================================
c Initializes occupation numbers
c = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = =

subrou tine  occunum(nbead,nx,ny,nz,nxmid,nymid,nzmid,locc,loccmid, 
kconn,Ipoly)

implicit none

integer nx,ny,nz,nxmid,nymid,nzmid jx jy jz jxm id  
integer jymid.jzmid jxxx jyyy jzzz,jcon2,nbead 
integer jbead,lper

integer locc(nx,ny,nz) ,loccmid(nxmid,nymid.nzmid) 
integer kconn(2,nbead),lpoly(3,nbead)

external lper

open(unit=10,file="mg.out",status="old",access="append") 
write(10,*)" "
write(10,*)" Initializing occupation numbers..."
write(10,*)" "
close(lO)

do jz =  1, nz 
do jy =  I, ny 

do jx =  1, nx 
locc(jx,jyjz) =  0 

enddo 
enddo 

enddo

do jzmid = 1, nzmid 
do jymid =  1, nymid 

do jxmid =  1, nxmid 
loccmid(jxmidjymidjzmid) =  0 

enddo 
enddo 

enddo

do jbead =  1, nbead 
jx =  lpoly(ljbead) 
jy =  lpoly(2jbead) 
jz =  lpoly(3 jbead)

jxxx =  IperQx.nx) 
jyyy =  lperQy.ny) 
jzzz =  lper(jz,nz)
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if(locc(jxxx jyyy jzzz) .ne. 0)then
w rite  (*,*)’ERROR: Bead overlap d e te c te d ’ 
stop 

endif

locc(jxxx jyyy jzzz) =  1

jcon2 =  kconn(2 jbead)

if (jcon2 .ne. 0) th en  
jxmid = Ipoly(ljbead) + lpoly(ljcon2) 
jymid =  lpoly(2jbead) 4- lpoly(2jcon2) 
jzmid = lpoly(3jbead) + lpoly(3 jcon2)

jxxx =  lper(jxmid,nxmid) 
jyyy =  lper(jymid.nymid) 
jzzz =  lper(jzmid,nzmid)

if (loccmid(jxxxjyyyjzzz) .ne. 0) then  
w rite  (*, *) ’WARNING: Bond crossing detec ted : ’ , 

jxxxjyyyjzzz. jbead
endif

c NOTE: There may be more than one bond midpoint at a given location...

loccmid(jxxxjyyyjzzz) =  loccmid(jxxxjyyyjzzz) + 1

endif
enddo

return
end

c SUBROUTINE CONNECT **********************

c ====================
c Connects the beads 
c = = = = = = = = = = = = = = = = = = = =

subroutine connect(npoly,n,kconn,nbead)

implicit none

integer npoly,n.nbeadjbeadjpoly.J 

integer kconn(2,nbead) 

c ---------------------------------------------------------------
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open(unit=10,file="mg.out" ,status="old" ,access="append") 
write(10 *)" "
write(10,*)" Setting up chain connectivity..."
write(10.*)" "
close(lO)

do jpoly = 1, npoly 
J = 1
jbead = J + N*(jpoly-l)

kconn(ljbead) = jbead+n-1 
kconn(2jbead) = jbead+1

do J = 2. (N-l) 
jbead = J + N*(jpoly-l)

kconn(l,jbead) = jbead-1 
kconn(2,jbead) = jbead+1 

enddo

J = N
jbead = J + N*(jpoly-l)

kconn(ljbead) = jbead-1 
kconn(2.jbead) = jbead-n-t-1 

enddo

return
end

c ******************** f u n c t i o n  l p e r  **************************

c = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = =

c LPER: Given an uncorrected lattice coordinate LCOORD, and the size 
c o f the lattice (in the corresponding coordinate direction) N, this 
c function returns the corrected lattice coordinates by applying 
c periodic boundary conditions. ..
c Here we assume that the primary lattice box runs from 1 through N. 
c = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = =

integer function lper ( Icoord, n )

implicit none

integer Icoord, n

c --------------------------------------------------------
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if (Icoord .It. 1) then
lper = n + mod(lcoord.n) 

else
lper = 1 + mod(lcoord-l.n) 

endif

re tu rn
end

c #*«*»***#*********** FUNCTION RAN3 **************************

c = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = =

c RAN3: Returns a uniform random deviate on (0,1). Set IDUM to 
c any negative value to initialize or reinitialize the sequence, 
c From “Numerical Recipes", Chapter 7.
c = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = =

double precision function ran3 (idum)

implicit none

integer idum

double precision mbig, mseed, mz, fac 
parameter (mbig = 4000000.D0) 
parameter (mseed = 1618033.DO) 
parameter (mz = 0.D0) 
parameter (fac = 2.5D-07)

integer i, ii. iff, inext, inextp, k
double precision mj, mk 
double precision ma(55)

save iff. inext. inextp
save ma

data iff /0/

c ---------------------------------------------------------------

if(idum.lt.0.or.ifF.eq.0)then
iff=l
mj=mseed-iabs(idum)
mj=mod(mj,mbig)
ma(55)=mj
mk=l
do 11 i=l,54 

ii=mod(21*i,55)
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ma(ii)=mk 
mk=mj—mk
if (mk.lt.mz)mk=mk-t-mbig 
mj=ma(ii)

11 continue 
do 13 k=l,4

do 12 i=l,55
ma(i)=ma(i)—ma(l+mod(i+30,55)) 
if(ma(i).lt.mz)ma(i)=ma(i)+mbig

12 continue
13 continue 

inext=0 
inextp=31 
idum=l

endif

inext = inext + 1 
if (inext .eq. 56) inext = 1 
inextp = inextp + 1 
if (inextp .eq. 56) inextp = 1

mj = ma(inext) -  ma(inextp) 
if (mj .It. mz) mj = mj + mbig 
ma(inext) = mj

ran3 = mj*fac

return
end
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Appendix B

Star source code

program sncrv6

c Stochastic lattice dynamics simulation of a system of tri-functional, 
c monodisperse polymer stars with excluded volume in a periodic box.

c In this implementation, the polymer chains are modeled with the 
c ONE-SITE bond fluctuation model. The stochastic dynamics is a simple 
c dynamic Monte Carlo process.

c In our implementation of the ONE-SITE bond fluctuation model, each 
c polymer bead occupies one site on the lattice. The bonds between 
c connected beads are restricted to the set (1,0,0), (1,1,0), and 
c (1.1,1). Excluded volume conditions are enforced for all polymer 
c beads by restricting the occupancy of the lattice sites to at most one 
c polymer bead. An array of occupation numbers for the primary lattice, 
c on which the beads reside, is maintained to check for bead overlaps.

c To forbid the crossing of polymer chains during the dynamics, we also 
c track the MIDPOINTS of the polymer bonds. These coordinates of bond 
c midpoints are always integer multiples of 1/2, so we maintain an 
c additional lattice o f occupation numbers for bond midpoints. This 
c lattice has twice the number of entries in each coordinate direction 
c as the lattice of occupation numbers for polymer beads. Any bond 
c crossing must involve the simultaneous overlap of the coordinates of 
c two bond midpoints, so this bond crossing condition is easy to detect.

c Note that the occupation numbers for the beads must be either zero or 
c one because the excluded volume condition is always enforced. In 
c contrast, the occupation numbers fo r  the bond midpoints may be greater 
c than one, because several bond midpoints can overlap when the chains
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c are allowed to cross.

c The connectivity information is provided by the array KCONN, described 
c below, so that polydisperse systems can be simulated with relative 
c ease, i f  we choose do so later. Because KCONN is a one dimensional 
c array and one bead, the star center bead, is tri-functional we declare 
c a parameter that labels the initial bead of the third arm (i.e. the 
c bead that represents the connectivity of the third bond on center 
c bead).

c The program can use previously equilibrated configuration 
c i f  the flag equil is set to TRUE

c PARAM ETERS
c --------
c
c N ........
c npoly...
c nbead...
c nx,ny,nz
c nxmid,
c nymid,
c nzm id..
c
c nrelax..................Estimate of the relaxation time
c kdata....................Number of MCS between accumulation of data
c ndata....................Number of data points that will be calculated.
c
c (The toted number o f MCS will be KDATA *NDATA.)
c
c equil Logical flag: TRUE if equilibriated configuration
c is used; FALSE otherwise
c
c rpoly..
c rbead..
c maxbin
c ahead..
c Ibead..
c

implicit none

common/blockl/cmpoly.r.Rg.lpoly.hist

integer N, npoly, nbead, nx.ny.nz, nxmid,nymid,nzmid
integer nrelax, kdata. ndata, rpoly, rbead

c note these parameters need to be set in subroutines core, data, and start

parameter (N = 450)
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number of chains whose bead displacements will be tracked 
.total number of beads in the rpoly polymer chains 
.max number of bins in radial distribution function 

.bead of third arm that is connected to the center bead 
this is the center bead of the star

.Number of beads per polymer chain
Number of polymer chains
. Total number of polymer beads
Size of the lattice box for polymer segments

.Size of the lattice box for bond midpoints
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parameter
parameter

parameter
parameter

parameter
parameter
parameter

parameter
parameter
parameter

parameter
parameter
parameter

logical
parameter

(npoly = 64)
(rpoly = 1)

(nbead = N*npoly) 
(rbead = N*rpoly)

(nx = 40)
(ny = 40)
(nz = 36)

(nxmid = 2*nx) 
(nymid = 2*ny) 
(nzmid = 2*nz)

(kdata = 200000) 
(ndata = 2000) 
(nrelax = 14800000)

equil
(equil = .true.)

90

100

c nstream is the number of desired stream, coord files, nconfig 
c evenly divides up the total number of configurations into the 
c nstream stream.coord files
c the names of the stream, coord files are specified in the array 
c ‘coordfile n

integer
parameter
parameter

integer
parameter

integer
parameter

integer
parameter

c VARIABLES
c -------

nstream. nconfig 
(nstream = 10)
(nconfig = ndata/nstream)

maxbin
(maxbin = 100)

irunmax, istart
(istart = 1. irunmax = 1)

lbead. abead
(lbead = 150, abead = 301)

no

(20

Ipoly..................Lattice coordinates o f all polymer beads
locc....................Lattice occupation numbers for polymer beads:

LOCC(jx,jy,jz) = 0 i f  (jx,jy,jz) is unoccupied; 
LOCC(jxJy,jz) = 1 i f  (jx,jy,jz) is occupied.

loccmid.............Lattice occupation numbers for bond midpoints:
130

142
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c LOCCMID(jxm,jym,jzm) = 0 i f  no bond midpoint
c is present at position (jxm /2,jym /2,jzm /2).
c
c LOCCMID(jxm,jym,jzm) is a positive integer, M,
c if M  bond midpoints are present at position
c (jxm /2,jym /2,jzm /2) on the lattice;
c
c 140

c kconn...................Array containing the connectivity information:
c
c For polymer beads not at chain ends,
c KC0NN(1,I) = 1-1 and KC0NN(2,I) = I+ l,
c signifying that the bead I  is bonded to
c its two neighbors,
c
c for the first bead of a polymer chain,
c KCONN(1,1) = 0 and KC0NN(2,I) = I+ l,
c because there is no bond to the “left”, iso
c
c for the last bead of a polymer chain,
c KC0NN(1,I) = 1-1 and KC0NN(2,I) = 0,
c because there is no bond to the “right",
c
c cmpoly.................. center-of-mass coordinates of all polymer beads
c msd.... center-of-mass “autocorrelation” function
c Rg....................... radius of gyration
c r ......................... records displacement of each bead
c C r....................... time correlation for bead displacement iho
c C cm f................... time correlation for bead motion in center-of-mass frame
c arm ..................... time correlation for star arm vectors
c attmov................. array for attempted moves
c accmov................ array for accepted moves
c tRg...................... accumulate Rg for averaging
c tRe...................... accumulate Re for averaging
c moblty................. final mobility
c nrm  normalization constant
c hist.....................histogram array for center-of-mass pair-correlation function
c grcm....................center-of-mass radial distribution function 170

c d r ........................bin width for pair distribution
c endbead................sets arm end beads (value set in beginning of program)
c
c ------------------

integer imcl, imc2, jpoly, iseed
integer jbead, i, j, lper, k, endbead(3)
integer istream, iconfig, itrash
integer kconn(2,nbead), lpoly(3,nbead)
integer Iocc(nx,ny,nz), loccmid(nxmid,nymid,nzmid) iso
external lper

double precision anpoly(ndata,3.npoly)
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double precision msd(0:ndata), Cr(0:ndata), ran3 
double precision Rg(adata.3). r(ndata,3,rbead), tRg 
double precision attmov(nbead), accmov(nbead), moblty(n) 
double precision arm(3,0:ndata), Ccmf(0:ndata), arm 
double precision grcm, const, pi. d. dr, hist(0:maxbin)

character*(25) coordfile(nstream) iso
character*(10) msdfiie(lO) 
character*(10) grfile(lO)

msdfile(l)="msdl"

grfile(l)="grcml"
200

coordfile(l) = "configs/stream.coordl" 
coordfile(2) = "configs/stream.coord2" 
coordfile(3) = "configs/stream.coord3" 
coordfi!e(4) = "configs/stream.coord4" 
coordfile(5) = "configs/stream.coord5" 
coordfile(6) = "configs/stream.coord6" 
coordfile(7) = "configs/stream.coord7" 
coordfile(8) = "configs/stream.coord8" 
coordfile(9) = "configs/stream.coord9"
coordfile(lO) = "configs/stream.coordlO" 210

c = = = = = = = = = = = = = = = = = = =

c Set arm end beads 
c ===================

endbead(l) = 1 
endbead(2) = 300 
endbead(3) = 450

pi = acos(-l.O) 22o
dr = .2

do i=l,nbead 
attmov(i) = O.dO 
£iccmov(i) = O.dO 

enddo

do i=0,maxbin 
hist(i)=0.d0

enddo 230

c =========================r======
c Read in runtime configuration
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o
o

o

open(unit=10 ,file= "runtime .cfg " ,status= " old")
read(10,*)iseed
read(10,*)istream
read(10,*)iconfig
c l o s e ( l O )  240

call start(nx,ny.nz,nxmid,nymid.nzmid,kconn,locc,loccmid, 
attmov.accmov.kdata,pi,dr,nconfig,iconfig,iseed, 

equil, nrelax.istream.coordfile.lbead.abead)

write(*,*)" "
write(*,*)" Beginning run.. 
write(*,*)" "

= = = = = = = = = = = = = = = = = = = =  250

STA R T THE M AIN LOOP

do k=istart,irunmax

if (k .gt. istart) then 
do i=0,maxbin 

hist(i)=0.d0 
enddo

endif 2so

do imcl=iconfig-rl, ndata

c ==========================================
c Save coordinates & runtime configuration
c ==========================================

istream = 1 + (imcl-l)/nconfig

open(35,file=coordfile(istream) ,status=1 unknown’. 270
access= ’ append ’ ,form= ’ unformatted ’) 

write(35)lpoly 
close(35)

itrash = — int(5.0d5*ran3(iseed)) 
open(unit=10,file="runtime.cfg" ,status=" unknown ") 
write(10,’ (2x,i,a) ’Jitrash, " : Random number seed" 
write(10, ’ (2x, i , a) ’ )istream, " : Number of stream files" 
write(10,’ (2x,i,a) *)imcl, " : Number of configm-ations"
close(lO) 280

c = = = = = = = = = = = = = = = = =

c Accumulate data
c = = = = = = = = = = = = = = = = =
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call data(imcl,dr)

if (mod((imcl-10),10) .eq. 0) then

c ===================
c Calculate Re & Rg 
c = = = = = = = = = = = = = = = = = = =

tRg=0.d0

do i=l,imcl 
tRg=tRg+Rg(i, 1) +Rg(i,2)+Rg(i,3) 

enddo

tRg=tRg/dble(imcl)

c = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = =
c Calculate time correlation functions
c = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = =

call corr(imcl.msd.Cr.arm.endbead.Ccmf)

c = = = = = = = = = = = = = = = = = = = = = = = =

c Save intermediate data 
c = = = = = = = = = = = = = = = = = = = = = = = =

open(unit=80,file=grfile(k) ,status= " unknown") 
write(80,25)"#kd=",kdata, "nd=",ndata,"imcl=",imcl, 

"<Rg“2>=",tRg

write(80,5)"#"
write(80,5)"# r g.cm(r)"

const = 4.0*pi*dble(npo!y)/(3.0*dble(nx*ny*nz)) 
i = 0
d = dble(i)*dr
grcm=hist(i)/(.5*#3*const*dr**3*dble(npoly)*

dble(imcl))

write(80,102)d,grcm 

do i=l,maxbin 

d =  dble(i)*dr
grcm=hist(i)/(((dble(i)+.5)**3-(dble(i)-.5)**3)* 

const*dr**3*dble(npoly) *dble(imc 1))

write(80,102)d,grcm

enddo
close(80)
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open(unit=30 ,file=msdfile(k) ,status=1 unknown ’) 
wr ite(30,25)" tkd= " .kdata," nd=" .ndata," imc 1=" ,imcl, 

"<Rg“2>=".tRg

write(30,5)"#"
write(30,5)"# tstep <Rcm(t)‘2> D(t)N <r(t)_2> ", 

"<Rcmf(t)*2> arml arm2 arm3"

write(30,101)0,0,0,0,0,arm(l,0),arm(2,0),arm(3,0)

do i=l, imcl—1 
write(30,101)i*kdata,msd(i),

msd(i)*N/(6.dO*dble(i*kdata)),
Cr(i),Ccmf(i),arm(l,i),arm(2,i),
arm(3,i)

enddo
close(30)

endif

c = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = =
c Advance the configuration kdata steps
c = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = =

do imc2=l, kdata 
call advance (N,npoly,nbead,nx,ny,nz,nxmid,nymid,nzmid, 
kconn,lpoly,locc.loccmid,iseed,attmov,accmov,lbead, abead) 

enddo

enddo

c = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = =

c Run for kdata *ndata time steps without collecting data 
c ==================== ================

if (k It. irunmax) then

do imc2=l, kdata*ndata

call advance (N,npoly,nbead,nx,ny,nz,nxmid,nymid.nzmid, 
: kconn.lpoly,locc.loccmid,iseed.attmov,accmov,lhead.abead)

if (mod((imc2-100000).100000) .eq. 0) then

open(65.file="nm.coord" .status^ " unknown ")

write(65,25) "kd*nd=" ,kdata*ndata, "imc2=" ,imc2

do i=l, nbead
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write(65,100)lpoly(l,i),lpoly(2,i),Ipoly(3,i)
enddo

close(65)

endif

enddo

endif

enddo

c Work-up and save data

do i=l,n 
moblty(i)=0.d0 

enddo

do i=l,nbead 
accmov(i) =accmov(i) /  attmov(i) 

enddo

do jpoly=l,npoly 
do i=l,n 

jbead = i + N*(jpoly—1) 
moblty(i)=moblty(i)+accmov(jbead) 

enddo 
enddo

do i=l,n 
moblty(i)=moblty(i)/dble(npoly) 

enddo

open(unit=70,file="final.data",status="’unknown")

write(70,*)"# Bead Mobility" 
do i=l,a 

write(70,101) i.moblty(i) 
enddo

ciose(70)

open (16, file=' end. coord ’, status=' unknown ’)

write (16, 90) N, ’ : Chain length ’ 
write (16, 90) npoly, ’ : Number of chains’
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do jbead = 1, nbead 
write(1 6 ,1 0 0 )lpoly(l,jbead),lpoIy(2 jbead),lpoly(3 jbead) 

enddo

5 format (4(a))
25 format (a,il0,lx,a,il0,lx,a.i9,3x,a,el0.4.2x,a,el0.4)
90 format (lx,i5.1x,a)

100 format (lx, 14, lx, L4, lx, i4)
101 format (Ix,il0,7(lx,el0.4))
102 format (Ix,fl0.4,2x.el0.4,lx,el0.4)

450

stop
end

c *#***«#**#*****#«*»* s u b r o u t i n e  c o r r  **************************

c subroutine for time correlatation functions
460

subroutine corr(imc 1 ,msd,Cr.arm.endbead.Ccmf) 

implicit none

common/blockl /  cmpoly ,r,Rg,lpoly .hist

integer
parameter
parameter
parameter

parameter
parameter

parameter
parameter

n,npoly .nbead, rpoly, rbead, ndata,maxbin 
(N = 450)
(npoly = 64)
(nbead = n*npoly)

(rpoly = 1)
(rbead = n*rpoly)

470

(ndata = 2000)
(maxbin = 100)

imcl.t.to.tto.mod 
jpoly,jbead,i
lpoly(3,nbead) ,endbead(3) ,e(3)

480

integer 
integer 
integer

double precision cmpoly(ndata,3.npoly),msd(0:ndata),cmo(3)
double precision norm(0:ndata).r(ndata.3,rbead)
double precision Cr(0:ndata),Cro(3)
double precision arm(3,0:ndata)
double precision Canf(0:ndata),Ccmfo(3)
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double precision hist(0:maxbin),Rg(ndata,3)

c -----------------------------------------------------------

c Polymer center-of-mass displacement correlation 
c === == = = = = = = = = = = = = = = = = = = = = = = = = = = =

do t=0,imcl—1 
msd(t) = O.dO 
norm(t) = O.dO 

enddo

do jpoly=l,npoly

do to=l,imcl

cmo(l) = cmpoly(to,l,jpoly) 
cmo(2) = cmpoly(to,2,jpoly) 
cmo(3) = cmpoly(to,3,jpoly)

do tto=to,imcl

t = tto -  to
msd(t) = msd(t) + (cmo(l)-cmpoly(tto,l,jpoly))**2 — 

(cmo(2)—cmpoly(tto,2,jpoly))**2 + 
(cmo(3)—cmpoly(tto,3,jpoly))**2

norm(t) = norm(t) + l.dO

enddo

enddo

enddo

do t=0,im cl-l
msd(t) = msd(t)/norm(t) 
do i=l,3 

ann(i.t)=arm(i,t)/norm(t) 
enddo 

enddo

C = = = = = = = = = = = = = := = = = = = = = = = = = = = = := = = = = = = = = = = :

c Bead displacement correlation in normal and center-of-mass frame
C = = = ? = = = = = = = = = = = = = = = = = = = = = = = = = = = := = = = = = = := :

do t=0,imcl—1 
Cr(t)=0.d0 
Ccmf(t)=0.d0
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norm(t)=0.d0
enddo

do jpoly=l,rpoly

do jbead=l-t-(jpoly-l)*n,jpoly*n

do to=l,imcl

Cro(l) = r(to,l,jbead)
Cro(2) = r(to,2jbead)
Cro(3) = r(to,3jbead)
Ccmfo(l) = cmpoly(to.l,jpoly)-r(to.l,jbead) 
Ccmfo(2) = cmpoly(to,2jpoly)-r(to,2 jbead) 
Ccmfo(3) = cmpoly(to.3jpoly)-r(to,3jbead)

do tto=to,imcl

t = tto -  to

Cr(t) = Cr(t) + (Cro(l)-r(tto,l,jbead))**2 + 
(Cro(2)-r(tto,2jbead))**2 + 
(Cro(3)—r(tto,3jbead))"‘*2

Ccmf(t) = Ccmf(t) -f (Ccmfo(l)+r(tto.ljbead)-  
cmpoly(tto,ljpoly))*,12 + 
(Ccmfo(2)-i-r(tto,2 jbead)-  
cmpoly(tto,2jpoly))**2 -  
(Ccmfo(3)+r(tto,3jbead)- 
cmpoly(tto,3jpoly))**2

norm(t) = norm(t) + l.dO 

enddo 

enddo 

enddo 

enddo

do t=0,imcl—1
Cr(t) = Cr(t)/Dorm(t)
Ccmf(t) = Ccmf(t)/(nonn(t)*2.d0) 

enddo

do t=0,im cl-l 
norm(t)=0.d0 
do i=l,3 

ann(i,t)=0.d0 
enddo
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enddo

do jpoly=l,rpoly

mod = n*(jpoly—1) 
e(l) = endbead(l)+mod 
e(2) = endbead(2)+mod 
e(3) = endbead(3)+mod

600

do to=l,imcl 
do tto=to,imcl

t = tto — to

do i=l,3 
arm(i,t)=axm(i,t)+( ( r(to,l,e(i))- 

r(to.l,mod) )*
( r(tto,l,e(i))-

r(tto,l,mod) ) )+ «io
( ( r(to,2,e(i))- 

r(to,2,mod) )*
( r(tto,2,e(i))- 

r(tto,2,mod) ) )+
( ( r(to,3,e(i))- 

r(to.3,mod) )*
( r(tto,3,e(i))- 

r(tto,3,mod) ) )
enddo

620

norm(t) = norm(t) + l.dO

enddo
enddo

enddo

do t=0,imcl—1 
do i=l,3

arm(i,t)=arm(L,t)/nonn(t) 630
enddo 

enddo

return
end

c SUBROUTINE DATA ************************** 940

subroutine data(i,dr) data

152

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



im plicit none

common/blockl/cmpoly.r.Rg.lpoly.hist

integer n,npoly,nbead.rpoly,rbead.ndata,maxbin
integer nx, ny, nz
parameter (N = 450)
parameter (npoly = 64)
parameter (nbead = n*npoly)

650

parameter
parameter

parameter
parameter

parameter
parameter
parameter

integer
integer
integer

(rpoly = 1)
(rbead = n*rpoly)

(ndata = 2000)
(maxbin = 100)

(nx = 40)
(ny = 40)
(nz = 36)

jx. jy, jz, imcl 
jbead. j, jpoly, i. k, bin 
lpoly(3, nbead)

660

double precision cmpoly(ndata,3,npoly) 
double precision Rg(ndata,3), r(ndata,3,rbead) 
double precision nrij, ryij, rzij 
double precision rxxij, ryyij, rzzij 
double precision rij, rijsq, d. dr. hist(0:maxbin)

870

Rg(i.l)=0.d0
Rg(i.2)=0.d0
Rg(i,3)=0.d0

do jpoly=l, npoly

cmpoly(i,ljpoly)=0.d0
cmpoly(i,2jpoly)=0.d0
cmpoly(i,3jpoly)=0.d0

do jx=l, N

jbead = jx + N*(jpoIy-l) 
cmpoly(i,ljpoly)=cmpoly(i,l,jpoly)+ 

dble(lpoly(l Jbead)) 
cmpoly(i,2jpoIy)=cmpoIy(i,2,jpoly)+ 

dble(lpoly(2 jbead))

680

690
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cmpoly(i,3jpoly)=cmpoly(i.3jpoly)+ 
dble(lpoly(3 jbead))

enddo

cmpoly(i.ljpoly)=cmpoly(i,ljpoly)/dble(N)
cmpoly(i,2jpoly)=cmpoly(i,2jpolyj/dble(N) 7oo
cmpoly (i,3 j  poly) =cmpoly (i ,3, jpoly) /dble(N)

c = = = = = = = = = = = = = = = = = = = =

c Radius o f gyration 
c = = = = = = = = = = = = = = = = = = = =

do jx=l,n

jbead = jx + N*(jpoly-l)
710

Rg(i,l)=Rg(i,l)+(dble(lpoly(ljbead))- 
cmpoly(i,ljpoly))**2 

Rg(i,2)=Rg(i,2)+(dble(lpoly (2,jbead)) -  
cmpoly(i,2jpoly))**2 

Rg(i.3)=Rg(i.3)+(dble(lpoly(3,jbead))- 
cmpoly(i,3,jpoly)) **2

enddo

enddo 720

Rg(i,l)=Rg(i,l)/(dble(n)*dble(npoly))
Rg(i,2)=Rg(i.2)/(dble(n)*dble(npoly))
Rg(i.3)=Rg(i,3)/(dble(n)*dble( npoly))

do jbead=l, rbead

r(l,l,jbead)=dble(lpoly(l,jbead)) 
r(i.2,jbead)=dble(lpoly(2 jbead))
r(i ,3 jbead)=dble(lpoly(3 jbead)) 730

enddo

c = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = =

c Radial distribution function of center-of-mass
c = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = =

do j= l, npoly—1 
do k=j+l, npoly

740

ndj=onpoly(i,lj)-cmpoiy(i,l,k)
ryij=anpoly(i,2j)-cmpoly(i,2,k)
rzij=cmpoly(i,3j)-anpoly(i,3.k)
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norij = nrij—anint(rxij/dble(nx))*dble(nx) 
ryyij = ryij—anint(ryij/dble(ny))*dble(ny) 
rzzij = rzij—anint(rzij/dble(nz))*dble(nz)

rijsq = norij**2 4- ryyij**2 + rzzij**2
rij = sqrt(rijsq) 750

bin = anint(rij/dr)

if (bin .le .maxbin) then 
hist(bin)=hist(bin) + 2.d0 

endif

enddo
enddo

780

return
end

c SUBROUTINE STA R T  **************************

subroutine start(nx,ny,nz,nxmid.nymid,nzmid,kconn,locc.loccmid.
attmov.accmov, kdata, pi, dr,nconfig,iconfig,iseed. 770

equil, nrelax, istream.coordfile.lbead. abead)

implicit none

common/blockl/cmpoly ,r,Rg,lpoly,hist

integer n.npoly, nbead, rpoly, rbead,ndata,maxbin
parameter (N = 450)
parameter (npoly = 64)
parameter (nbead = n*npoly) ?so

parameter (rpoly = 1)
parameter (rbead = n*rpolv)

parameter (ndata = 2000)
parameter (maxbin = 100)

integer nx, ny, nz, nxmid, nymid, nzmid. lbead, abead
integer nrelax, kdata, jx, jy, jz, iconfig, jconfig
integer iseed, jxxx, jyyy, jzzz, jcon2, itrash 790

integer jbead, j, jpoly. jxmid, jymid, jzmid, imcl
integer lper, iu, i, k, irestart, bin, istream
integer kconn(2,nbead), lpoly(3,nbead). nconfig
integer locc(nx,ny,nz), loccmid(nxmid,nymid,nzmid)
external lper
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logical equil

double precision attmov(nbead),accmov(nbead)
double precision cmpoly(ndata,3.upoly) soo
double precision Rg(ndata,3), r(ndata,3,rbead)
double precision ndj, ryij, rzij
double precision nodj, ryyij, rzzij, const
double precision rij, rijsq, pi, d, dr, hist(0:maxbin)

character*(25) coordfile(lO)

if(istream .eq. 0) then aio

if (equil .eqv. .false.) then

open (10, file = ’s tart.coord ’, status = ’old’)

read (10, *) itrash 
if (itrash .ne. N) then 

write (*, *) ’Number of beads does not match input’ 
stop

endif 820

read (10. *) itrash 
if (itrash .ne. npoly) then 

write (*, *) ’Number of polymers does not match input’ 
stop 

endif

read (10, *)

do jbead = 1. nbead 830
read(10,*)jxjv,jz

lpoly(l,jbead) = jx 
lpoly(2,jbead) = jy 
lpoly(3,jbead) = jz 

enddo

close (10)

else 840

open (unit=20,file= ’ equ il. coord’ ,status= ’ old’)

read (20, *) itrash 
if (itrash .ne. N) then 

write (*, *) ’Number of beads does not match input’
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stop
endif

read (20, *) itrash aao
if (itrash .ne. npoly) then 

write (*, *) ’Number of polymers does not match input’ 
stop 

endif

do jbead = 1, nbead 
read (20,100) jx, jy, jz

lpoly(l,jbead) = jx
lpoly(2,jbead) = jy sao
lpoly(3,jbead) = jz 

enddo

close (20)

endif

c = = = = = = = = = = = = = =

c RUN PARAM ETERS  
c = = = = = = = = = = = = = =

iu = 9
open (unit=iu,fiie= ’ v i ta l . s ta ts  ’ ,status= ’ unknown ’,

form= ’ f ormatted ’)
write (iu, *) ’ ’
write (iu,55) ’ Chain length: N
write (iu,55) ’ Number of chains: ’, npoly
write (iu. *) ’ ’
write (iu,60) ’ Simulation box size: ’, nx. ny, nz
write (iu, *) ’ ’
write (iu,50) ’ Average density: ’,

dble(nbead)/dble(nx*ny*nz)
write (iu, *) ’ ’
write (iu,55) ’ MCS between data recording: ’, kdata 
write (iu,55) ’ Number of data records: ’, ndata
write (iu,55) ’ Total number of MCS: ’, kdata*ndata 
if (equil .eqv. .false.) then 

write (iu,55) ’ Equilibration MCS: ’, nrelax
else

write (iu,55) ’ Equilibration MCS: N/A’
endif
write (iu, *) ’ ’ 

close (unit = iu) 

else

870

880

890
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c = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = =

c We are restarting from  o crash
c = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = =

write(*.*)" " 
write(*,*)" Restarting..." 
write(*,*)" "

c = = = = = = = = = = = = = = = = = = = = = = = = =
c Open stream.coord files 
c = = = = = = = = = = = = = = = = = = = = = = = = =

do k=l, istream

write(*,’ (a,a) ’)" Accessing file: ", coordfile(k)

open(15,file=coordfile(k) ,status= ’ old1,
form= ’ unformatted’)

do i=l, nconfig

jconfig = i  + (k-l)*nconfig

if(jconfig .le. iconfig) then 
read(15)lpoly

call data(jconfig,dr) 
endif

enddo

close(15)

enddo

write(*,*)" "
write(*,*)" Done reading files." 
write^*,*)" "

endif

c = = = = = = = = = = = = =

c Connectivity 
c = = = = = = = = = = = = =

call connect(npoly,n,kconn,nbead,lbead,abead)

c ================================
c Initialize occupation numbers
c = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = =
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call occunum(n,nbead,nx,ny,nz,nxmid,nymid,nzmid,locc.loccmid,
kconn,lpoly.abead)

9S0

C Check again whether restarting, if  true then advance kdata steps 

if (istream .ne. 0) then 

write(*,*)" "
write(*,*)" Advancing configuration kdata steps..."
write(*,*)" " 96Q

do imcl=l, kdata 
call advance (N.npoly,nbead.nx,ny,nz,nxinid,nymid.nzmid,kconn, 

lpoly,locc,loccmid,iseed,attmov.accinov,lbead,abead)
enddo

write(*,*)" "
write(*,*)" Done restarting." 
write(*,*)" "

970

endif

C Check again whether the system is equilibrated 

if (equil .eqv. .false.) then 

c ====================
c EQ U ILIBRATION PERIOD
C  = = = = = = = = = = = = = = = = = = = =  980

write(*,*)" "
write(*,*)" Equilibrating..." 
write(*,*)" "

do imcl — 1, nrelax

call advance (N,npoly,nbead,nx,ny,nz,nxmid,nymid,nzmid,kconn, 
lpoly,locc,loccmid,iseed.attmov,accmov,lbead,abead)

990

if (mod((imcl—100000),100000) .eq. 0) then 
open(68,file="run.coord" ,status="unknown") 
write(68,30)"nrelax=",nrelax,"imcl=",imcl 
do 1=1, nbead 

write(68,100)lpoly(l,i),lpoly(2,i),lpoly(3.i) 
enddo 
close(68) 

endif
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enddo

c Write equilibrated coordinates.. .

open (unit=77, file=’equil.coord’, status= ’unknown’)

w rite (77. 90) N, ’ : Chain length  ’ 
w rite  (77, 90) npoly, ’ : Number of cha ins’

do jbead = 1, nbead 
write(77,100)lpoly(l,jbead),lpoly(2 jbead),lpoly(3,jbead) 

enddo
close (unit=77)

c --------------------
c Check for bond crossing 
c --------------------

call bcross(n,nbead,nxmid,nymid.nzmid,kconn.lpoly,
loccmid.lbead,abead)

endif

30 format (Ix,a,il0,3x,a,il0)
50 format (a, f8.4)
55 format (a, ilO)
60 format (a, i4, lx, i4, lx, i4)
90 format (lx, i6. a)

100 format (lx, i4. lx, i4, lx, i4)

return
end

c SUBROUTINE ADVANCE *************************

c ADVANCE: This subroutine advances the dynamic Monte Carlo time 
c evolution of a lattice polymer system by one M C step. A total of NBEAD  
c time steps are attempted. The polymer chains are modeled by the 
c ONE-SITE bond fluctuation model.
c Periodic boundary conditions are applied in all coordinate directions, 
c = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = =

subroutine advance (N,npoly,nbead,nx.ny,nz,nxmid,nymid, 
nzmid,kconn,lpoly,locc,loccmid,iseed,attmov,accmov,

Ibead.abead)

c INPUT
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c nbead. Total number of polymer beads
c nx,ny,nz.............Size of the lattice box for polymer beads
c nxmid,
c nymid,
c nzm id. Size of the lattice box for bond midpoints
c Ipoly Initial lattice coordinates of all polymer beads
c locc......................Lattice occupation numbers for polymer beads:
c
c LOCC(jxjy,jz) = 0 i f  (jx,jy,jz) is unoccupied;
c L O C C fjx jy jz) = 1 i f  (jx,jy,jz) is occupied. loeo
c
c loccmid............... Lattice occupation numbers for bond midpoints:
c
c LOCCMID(jxm,jym,jzm) = 0 if  no bond midpoint
c is present at position (jxm /2,jym/2,jzm/2).
c
c LOCCMID(jxm,jym,jzm) is a positive integer, M,
c if M  bond midpoints are present at position
c (jxm /2,jym /2,jzm /2) on the lattice:
C 1070

c kconn....................Array containing the connectivity information:
c
c For polymer beads not at chain ends,
c K CO NN(l,I) = 1-1 and KCONN(2,I) = I+ l,
c signifying that the bead I  is bonded to
c its two neighbors,
c
c for the first bead of a polymer chain,
c KC0NN(1,I) = 0 and KC0NN(2,I) = I+ l,
c because there is no bond to the “left’’, ioho
c
c for the last bead of a polymer chain,
c KC0NN(1,I) = 1-1 and KC0NN(2,I) = 0,
c because there is no bond to the “right’',
c 
c
c iseed.................. Initial random number seed
c
c OUTPUT
c Ipoly................... Updated lattice coordinates of all beads toso
c locc..................... Updated occupation numbers for beads
c loccmid................Updated occupation numbers for bond midpoints
c iseed.................. New random number seed
C attmov................. array storing attempted moves for each bead
C accmov.................array for storing accepted moves
c
c ------------------

implicit none
1100

c -  A R G U M E N TS------
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integer N, npoly, Ibead, abead, ajb
integer nbead, nx, ny, nz, nxmid, nymid, nzmid, iseed
integer kconn(2,nbead)
integer lpoly(3,nbead)
integer locc(nx.ny.nz)
integer loccmid(nxmid.nymid,nzmid)

c -  L O C A L ----------
integer iatt, jbead. jmove, jconl, jcon2, jx, jy, jz, 1110

jxmidl, jymidl, jzmidl, jxmid2, jymid2, jzmid2, 
jxxx, jyyy. jzzz, LSQR. jpoly 

integer jxmid3, jymid3, jzmid3

integer Iper
double precision ran3, rannum
double precision attmov(nbead), accmov(nbead)
external lper, ran3

c --------------------------------------------------------------- 1120

c =====================
c ----------------
c MOVE ATTEM PTS

c = = = = = = = = = = = = = = = = = = = = =

do iatt = 1, nbead
1130

c = = = = = = = = = = = = = = = =

c Select the event 
c = = = = = = = = = = = = = = = =

jbead = 1 + int(dble(nbead)*ran3(iseed)) 
attmov(jbead)=attmov(jbead) -i- l.dO 
ajb = int(jbead/n)*n

jmove = 1 + int(6.D0*ran3(iseed))
l MO

c = = = = = = = = = = = = = = = = = = =

c Generate trial move 
c = = = = = = = = = = = = = = = = = = =

jx = lpoly(l,jbead) 
jy = lpoly(2,jbead) 
jz = lpoly(3,jbead)

if (jmove .eq. 1) then
jx =  jx + 1 1150

else if (jmove .eq. 2) then 
jx =  jx -  1
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else if (jmove .eq. 3) then 
jy = jy + 1 

else if (jmove .eq. 4) then 
jy = jy -  1 

else if (jmove .eq. 5) then 
jz = jz + 1 

else
jz = jz -  1 

endif

jconl = kconn(l,jbead) 
jcon2 = kconn(2,jbead)

if (jconl .ne. 0) then
jxmidl = jx + lpoly(ljcoal) 
jymidl = jy + lpoly(2,jconl) 
jzmidl = jz + lpoly(3jconl) 

endif

if (jcon‘2 .ne. 0) then
jxmid2 = jx + lpoly(l jcon2) 
jymid2 = jy + lpoly(2.jcon2) 
jzmid2 = jz + lpoly(3,jcon2) 

endif

c ===============
c Test trial move 
c = = = = = = = = = = = = = = =

c .4 s soon as we find a violation of a necessary condition for the 
c acceptance of the move, we jump to the end of the loop over trials. ..

c ------------------------
c Excluded volume constraints 
c ------------------------

jxxx = lper(jx,nx) 
jyyy = lper(jy.ny) 
jzzz = lper(jz.nz)

if (locc(jxxx,jyyy,jzzz) .ne. 0) goto 1000
c -----------------
c Allowed bond vectors 
c -----------------

c We have already checked for bond lengths of zero 
c by enforcing the excluded volume condition.. .

if(jconl .ne. 0) then
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LSQR = (jx -  lpoly(ljconl))**2 
+ G'y -  lpoly(2,jconl))**2 
+ (jz -  lpoly(3,jconl))**2

if (LSQR .gt. 3) goto 1000 

endif 1210

if(jcon2 .ne. 0) then

LSQR = (jx -  lpoly(ljcon2))**2 
-r (jy ~ lpoly(2,jcon2))**2 
+ (jz -  lpoty(3,jcon2))**2

if (LSQR .gt. 3) goto 1000 

endif 1220

if(jbead—ajb .eq. lbead) then

LSQR = (jx -  lpoly(ljbead-l))**2 
+ (jy -  lpoly(2,jbead-l))**2 
+ (jz -  lpoly(3.jbead-l))**2

if (LSQR .gt. 3) goto 1000

LSQR = (jx -  lpoly(ljbead+l))**2 1230

+ (jy -  lpoly(2,jbead+l))**2 
+ Qz -  lpoly(3,jbead+l))**2

if (LSQR .gt. 3) goto 1000

LSQR = (jx -  lpoly(l,abead+ajb))**2 
+ (jy -  lpoly(2,abead^ajb))**2 
+ (jz -  lpoly(3,abead+ajb))**2

if (LSQR .gt. 3) goto 1000 1240

endif

c Bond crossing 
c -----------

if (jconl Jie. 0) then 
jxxx = lper(jxmidl,nxmid)
jyyy =  lper(jymidl,nymid) 1230
jzzz = lper(jzmidl, nzmid)

if (loccmid(jxxxtjyyy,jzzz) .ne. 0) goto 1000 
endif
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if (jcoa2 .ne. 0) then 
jxxx = lper(jxmid2,nxmid) 
jyyy = lper(jymid2,nymid) 
jzzz = lper(jzmid2,nzmid)

1280

if (loccmid(jxxx,jyyy.jzzz) .ne. 0) goto 1000 
endif

if (jbead-ajb .eq. lbead) then 
jxmid3 = jx + lpoly(l,abead+ajb) 
jymid3 = jy + lpoly(2.abead+ajb) 
jzmid3 = jz + lpoly(3.abead+ajb)

jxxx = lper(jxmid3,nxmid)
jyyy = lper(jymid3,nymid) 1270

jzzz = lper(jzmid3, nzmid)

if (loccmid(jxxxjyyyjzzz) .ne. 0) goto 1000 
endif

c UPDATE SYSTEM

c If we get to this point, then the move has been accepted. .. t2so

accmov(jbead)=accmov(jbead)-t-l.dO

c Update occupation numbers:

jxxx = Iper (lpoly(l jbead) ,nx) 
jyyy = lper(lpo!y(2jbead),ny) 
jzzz = lper(lpoly(3jbead),nz) 
locc(j xxx jyyy jzzz) = 0

1290

jxxx = lper(jx,nx) 
jyyy = lper(jy,ny) 
jzzz = lper(jz,nz) 
locc(jxxxjyyyjzzz) = 1

c Update bond midpoints:

if (jconl .ne. 0) then
jxxx = lper(lpoIy(ljbead) + lpoly(ljconl), nxmid) 1300

jj-yy = lper(lpoIy(2jbead) + Ipoly(2jconl). nymid) 
jzzz = lper(lpoIy(3jbead) + lpoIy(3jconl). nzmid) 
loccmid(jxxxjyyyjzzz) = Ioccmid(jxxxjyyyjzzz) -  1

jxxx = lper(jxmidl .nxmid)
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jyyy = lper(jymidl,nymid) 
jzzz = lper(jzmidl, nzmid)
loccmid(jxxx jyyy jzzz) = loccmid(jxxxjyyy jzzz) •+■ 1 

endif

if (jcon2 .ne. 0) then
jxxx = lper(lpoly(l jbead) + lpoly(ljcon2), nxmid) 
jyyy = lper(lpoly(2jbead) + lpoly(2jcon2). nymid) 
jzzz = lper(lpoly(3jbead) + lpoly(3jcon2), nzmid) 
loccmid(jxxx jyyy jzzz) = loccmid(jxxxjyyyjzzz) -  1

jxxx = lper(jxmid2,nxmid) 
jyyy = lper(jymid2, nymid) 
jzzz = lper(jzmid2, nzmid)
loccmid(jxxxjyyyjzzz) = loccmid(jxxx jyyy jzzz) + 1 

endif

if (jbead-ajb .eq. Ibead) then
jxxx = lper(lpoly(ljbead) + lpoly(l.abead-t-ajb). nxmid) 
jyyy = lper(lpoly(2jbead) + lpoly(2,abead+ajb), nymid) 
jzzz = lper(lpoly(3jbead) + lpoly(3,abead-r-ajb), nzmid) 
loccmid(jxxx jyyy jzzz) = loccmid(jxxxjyyyjzzz) -  1

jxxx = lper(jxmid3 .nxmid) 
jyyy = lper(jymid3, nymid) 
jzzz = lper(jzmid3,nzmid)
Ioccmid(jxxxjyyyjzzz) = loccmid(jxxxjyyyjzzz) -r 1 

endif

c Update coordinates:

lpoly(l jbead) = jx 
lpoiy(2 jbead) = jy 
ipoly(3 jbead) = jz

1000 enddo

return
end

c SUBROUTINE OCCUNUM ***•**»*****«*»«»»***

c ================================
c Initializes occupation numbers
c = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = =

subroutine occunum(n,nbead,nx.ny,nz,nxmid.nymid,nzmid.locc.
loccmid.kconn.Ipoly.abead)
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implicit none

integer nx,ny,nz,nxmid.nymid,nzmid,jxjyjz jxmid 
integer jymidjzmid jxxx jyyy jzzz,jcon2,nbead 
integer jbead,lper,n

integer locc(nx,ny,nz) ,loccmid(nxmid,aymid,nzmid) 
integer kconn(2,nbead),lpoly(3.nbead),jconl.abead

external Iper

write(*,*)" "
write(*,*)" Initializing occupation numbers..." 
write(*,*)" "

do jz = 1, nz 
do jy = 1, ny 

do jx = 1, nx 
locc(jxjyjz) = 0 

enddo 
enddo 

enddo

do jzmid = 1, nzmid 
do jymid = 1, nymid 

do jxmid = 1. nxmid 
loccmid(jxmidjymidjzmid) = 0 

enddo 
enddo 

enddo

do jbead = 1, nbead 
jx = lpoly(l,jbead) 
jy = lpoly(2jbead) 
jz = lpoly(3,jbead)

jxxx = lper(jx,nx) 
jyyy = lperG’y.ny) 
jzzz = lper(jz,nz)

if(locc(jxxxjyyyjzzz) .ne. 0)then 
write (*,*)■ ERROR: Bead overlap1 
write (*,*)1 loccfjxxx, jyyy,zzz)=1 .loccQxxx jyyyjzzz) 
write (*. *) 1 jbead, jx , jy , jz : 1 jbeadjxjyjz 
stop 

endif
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locc(jxxx,jyyy,jzzz) = jbead

jcon2 = kconn(2,jbead)

if (jcon2 .ne. 0) then 
jxmid = lpoly(l, jbead) + lpoly(ljcon2) 
jymid = lpoly(2,jbead) + lpoly(2jcon2) 
jzmid = lpoly(3jbead) + lpoly(3 ,jcon2)

jxxx = lper(jxmid,nxmid) 
jyyy = IperQymid.nymid) 
jzzz = lper(jzmid,nzmid)

if (loccmid(jxxxjyyyjzzz) .ne. 0) then 
writ e(*,*)"WARNIN'G: Bond crossing: ",

jxxx,jyyy,jzzz,loccmid(jxxx.jyyy,jzzz) 
write(*,*)'jbead, jx, jy, jz: " .jbead jx jyjz 
write(*,*)"jconl, jcon2: ",kconn(l jbead) jcon2 

endif

c NOTE: There may be more than one bond midpoint at a given location. ..

loccmid(j xxx,jyyy jzzz) = loccmid(jxxx,jyyy jzzz) + 1

if(jbead-int(jbead/n)*n .eq. abead) then 
jconl = kconn(ljbead) 
jxmid = lpoly(l,jbead) + lpoiy(l,jconl) 
jymid = lpoly(2,jbead) + lpoly(2jconl) 
jzmid = Ipoly(3,jbead) + lpoly(3,jconl)

jxxx = lper(jxmid,nxmid) 
jvyv = lper(jymid,nymid) 
jzzz = lper(jzmid,nzmid)

if (loccmid(jxxxjyyy,jzzz) .ne. 0) then 
writeC*,*)"WARJS'ING: Bond crossing: ", 

jxxxjyyyjzzz, loccmid(jxxx,jyyy,jzzz) 
write(*,*)’jbead, jx, jy, jz: " jbead jx jyjz 
write(*,*)"jconl, jcon2: ",jconljcon2 

endif
loccmid(jxxx,jyyyjzzz) = loccmid(j xxx,jyyy jzzz) -r 1 

endif

endif
enddo

return
end
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c „******,*********** SUBROUTINE CONNECT ************************** l4g0

c = = = = = = = = = = = = = = = = = = = =

c Connects the beads 
c = = = = = = = = = = = = = = = = = = = =

subroutine connect(npoly,n,kconn,nbead,Ibead.abead) connect

implicit none

integer npoly,n,nbead,jbeadjpoly,J 1470

integer kconn(2,nbead) ,na,Ibead.abead 

c --------------------------------------------------------------

write(*,*)" "
write(*,*)" Setting up chain connectivity..." 
write(*,*)" "

1480

do jpoly=l,npoly

j = 1
jbead = j + n*(jpoly-l)

kconn(l,jbead) = 0 
kconn(2,jbead) = jbead+1

do j = 2,abead-2
1490

jbead = j + n*(jpoly-l)

kconn(ljbead) = jbead-1 
kconn(2,jbead) = jbead+1

enddo

j = abead—1
jbead = j + n*(jpoly-l)

1500

kconn(l, jbead) =  jbead—1 
kconn(2,jbead) = 0

j = abead
jbead = j + n*(jpoiy-l)

kconn(l,jbead) =  Ibead + n*(jpoly—1) 
kconn(2,jbead) = jbead+1
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do j = abead+l.n—1 1510

jbead = j + n*(jpoly-l)

kconn(ljbead) = jbead—1 
kconn(2jbead) = jbead+1

enddo

j =  &
jbead =  j +  n*(jpoly-l) 1520

kconn(l,jbead) = jbead-1 
kconn(2,jbead) = 0

enddo

return
end

1530

subroutine bcross(n,nbead,nxmid,nymid,nzmid,kconn,lpoly, 
loccmid, Ibead.abead)

integer jbead, jcon2,jxmidjymid,jzmid,jxxx, jyyy jzzz 
integer Ipoly(3,nbead),kconn(2,nbead),lper 
integer nxmid.nymid.nzmid.lbead,abead
integer Ioccmid(nxmid,nymid,nzmid) ,n 1540

external lper

do jbead = 1, nbead 
jcon2 = kconn(2jbead)

if (jcon2 .ne. 0) then 
jxmid = Ipoly(ljbead) + lpoly(ljcon2) 1530

jymid = lpoly(2,jbead) + lpoly(2jcon2)
jzmid = Ipoly (3 .jbead) + Ipoly(3,jcon2)

jxxx = lper(jxmid,nxmid) 
jyyy = lper(jymid,nymid) 
jzzz = lper(jzmid.nzmid)

if (loccmid(jxxx jyyy jzzz) .ne. 1) then 
write (*, *) ’ERROR: Bond crossing: ’,

jxxxjyyyjzzz, loccmid(jxxx,jyyy,jzzz) isso
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write(*,*)’jbead, jx , jy, jz : ’ jbeadjxjyjz 
write(*,*)’jconl, jcon2: ’,kconn(l,jbead)jcon2 
stop 

endif

if (jbead—int(jbead/n)*n .eq. abead) then 
jconl = kconn(l,jbead) 
jxmid = lpoly(l,jbead) + Ipoly(ljconl) 
jymid = lpoiy(2,jbead) + lpoly(2jconl) 
jzmid = lpoly(3jbead) + lpoly(3,jconl)

jxxx = lper(jxmid,nxmid) 
jyyy = Iper(jymid.nymid) 
jzzz = Iper (jzmid,nzmid)

if (loccmid(jxxxjyyyjzzz) .ne. 1) then 
write (*, *) ’ERROR: Bond crossing:

jxxxjyyyjzzz, loccmid(jxxx,jyyy,jzzz) 
write(*,*)’jbead, jx , jy , jz : ’.jbeadjxjyjz 
write(*,*)’jconl, jcon2: ’ jconljcon2 
stop 

endif 
endif

endif

enddo

write(*,*)" "
write(*,*)" No bond crossings remain." 
write(*,*)" "

return
end

c »#**»*#**##******»*# FUNCTION LPER **************************

c = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = =

c LPER: Given an uncoirected lattice coordinate LCOORD, and the size 
c of the lattice (in the corresponding coordinate direction) N, this 
c function returns the corrected lattice coordinates by applying 
c periodic boundary conditions.. .
c Here we assume that the primary lattice box runs from 1 through N. 
c == = == === ==== === == ==== = == == = ==== == === ==== ==

integer function iper ( Icoord, n )

implicit none
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integer Icoord, n

c -----------------------------------------

if (Icoord .It. 1) then 
Iper = n + mod(lcoord.n) 

else
Iper = 1 -r mod(lcoord-l.n) 

endif

return
end

c FUNCTION RAN3 *******************

C = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = :

c RAN3: Returns a uniform random deviate on [0,1). Set IDUM to 
c any negative value to initialize or reinitialize the sequence, 
c From “Numerical Recipes”, Chapter 7.

double precision function ran3 (idum)

implicit none

integer idum

double precision mbig, mseed, mz. fac 
parameter (mbig = 4000000.00) 
parameter (mseed = 1618033.00) 
parameter (mz = 0.00) 
parameter (fac = 2.5D-07)

integer i, ii. iff, inext, inextp, k
double precision mj, mk 
double precision ma(55)

save iff, inext, inextp
save ma

data iff /0/

c --------------------------------------------------------------.

if(idum.lt.0.or.iff.eq.0)then
iff=l
mj=mseed-iabs(idum)
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mj=mod(mj ,mbig)
ma(55)=mj
mk=l
do 11 i=l,54 

ii=mod(21*i,55) 
ma(ii)=mk 
mk=mj—mk
if (mk.lt.mz)mk=mk+mbig 
mj=ma(ii)

11 continue 
do 13 k=l,4

do 12 1=1,55
ma(i)=ma(i)—ma(l+mod(i+30,55)) 
if(ma(i).lt.mz)ma(i)=ma(i)+mbig

12 continue
13 continue 

inext=0 
inextp=31 
idum=l

endif

inext = inext + 1 
if (inext .eq. 56) inext = 1 
inextp = inextp + 1 
if (inextp .eq. 56) inextp = 1

mj = ma(inext) -  ma(inextp) 
if (mj .It. mz) mj = mj — mbig 
ma(inext) = mj

ran3 = mj’fac

return
end
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