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ABSTRACT OF DISSERTATION

ARITHMETIC IN GROUP EXTENSIONS USING A PARTIAL AUTOMATON

The purpose of this paper is to describe the structure of an extension group G
which has a normal subgroup K and a quotient group @ = G/K . To describe the
structure of G concretely, we want to be able to do arithmetic in G based on the
arithmetic done in both the normal subgroup K and the quotient group . We
will begin by looking at the 2-cohomology group which is the standard approach
for working on this problem. This will lead us to questions concerning storage

which we would like to reduce.

Therefore we will consider the case where our groups arc finitely presented
and see how storage may be reduced. During this reduction we will see that it will
be necessary to be able to rewrite words in a free group as a product of generators
of the normal subgroup K. We begin by looking at current approaches to this

problem, which requires computing an (augmented) coset table.

If we will let Q be a finite group for which we also have a presentation < S\R >,
(i.c. @ = F/N with F —< S > and N the normal closure of R in F). We assume
that Q does not have a confluent rewriting system. We want to rewrite a word in

S, representing the identity in Q as a product of conjugates in R. Such rewriting



can be done using an (augmented) coset table for N in F which can be visualized
in a graph by a coset automaton, also called the full Cayley Graph. Tracing in
the graph through words in F will allow us to rewrite these words as a product
of generators of N. The difficulty that arises in this approach lies in storing and
constructing the augmented coset table. Instead we will construct an object called
a partial automaton which is a subgraph of the coset automaton. The partial au-
tomaton will have the property that it contains a loop for every relator in R. We
will first show that this graph can be used to reconstruct the coset automaton,
which means it contains the same information as the coset automaton even though

it is much smaller.

Our next step will be to use the partial automaton to rewrite words in N as a
product of conjugates in R. Since the partial automaton is much smaller than the
coset automaton, and it does not contain doubly labeled edges as an augmented

coset automaton would it rcqurics substantially less memory to store.

A word in N is represented by a loop in the coset automaton, therefore if we
wish to rewrite this word as a product of conjugates of relators, we essentially want
to describe this larger loop as a product of smaller loops. Where we will restrict
our smaller loops to be loops in the partial automaton. To do this rewrting we
place the partial automaton locally at different states in the coset automaton until
we cover the entire loop. By placing the partial automaton at different states in
the graph we will then the conjugate of relators. Unfortunately we cannot just
place the partial automaton arbitrarily at different states, because we would have

many different choices of the conjugates of relators we could choose. Instead we



must use one further tool, which is the fact that our normal subgroup N is itself a
free group. Therefore N has a free generating set, where the generators of N are
conjugates of relators. With this generating set we can rewrite words in N uniquely

as a product of the generators.

We will therefore, use the partial automaton to compute the generators of the
free generating set for N and then use these generators to rewrite our word in N
as a product of conjugate of relators. By using the partial automaton to do this

rewriting we can quickly do rewriting in much larger examples.

This algorithm has been implemented in GAP and to suggest the improvement
we rewrote several words in the group PSp” which is a group of order 1,451, 520.
The partial automaton had 145 states and after some initial set up which will be
described in the paper the run time for this rewriting took less than a half a second

per word.

Ellen Ziliak

Department of Mathematics
Colorado State University
Fort Collins, CO 80523
Summer 2010
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Chapter 1

PREFACE

The purpose of this thesis is to explore arithmetic in group extensions. We
will be considering extensions G of K by Q where K is a normal subgroup of G and
Q is the quotient group. We will also assume that Q is given as a finitely presented
group, so @ » F/N. The standard approach to arithmetic in group extensions
which we will describe in Chapter 2 uses the 2-cohomology group. However, we
will see that this approach will require us to know the value of 2-cocycles for every
pair of elements in our quotient group Q. This requirement would be an issue if we
wanted to compute extensions generically in a quotient algorithm where each value
of the 2-cocyclc would then be a variable. Therefore our goal will be to reduce the

number of values of 2-cocycles we need to store.

In Chapter 3 we will show that we can reduce our storage requirement if we
assume we have certain information about the normal subgroup K, and quotient
group Q. First if we have a confluent rewriting system for each group, we will show
that we only need to store a value of the 2-cocycle for each relator of Q. This is
a significant reduction on the storage requirement, however the condition that we
have a confluent rewriting system may be too strong. Since it might not always be

feasible to get a confluent rewriting system, since confluent rewriting systems can



get very large. If we instead assume we have another representation for Q and K,
such as a permutation representation where we can compute a normal form, then
in this case, the problem can still be solved. It turns out, in this case all we need
is an algorithm which takes an element in N, the normal closure of the relators for

Q and writes this element as a product of generators for N.

In Chapter 4, we describe an object called the augmented coset automaton
which is a graph that can be used to do this rewriting. However the difficulty in us-
ing the augmented coset automaton arises in storing and constructing this graph
for large groups. We will instead use a similar object called a coset automaton
which contains information about elements in N, but does not contain information
about how to write those elements as a product of generators for N. In Chapter
5, we will then construct an object called the partial automaton, which will be a
much smaller subgraph of the coset automaton. We will show a partial automaton
contains enough information to reconstruct the coset automaton without introduc-

ing any coincidences.

Finally, in Chapter 6, we will show how a partial automaton can be used to
rewrite elements in N as a product of generators for N. We will then be able to use
the description in Chapter 3 to explore arithmetic in group extensions. In Chapter
7, we will discuss an adaptation to this algorithm, which will reduce the storage
requirement even further. A final example which actually does arithmetic in group

extensions will be the content of Chapter 8.

Since this description will include reference to several groups we will give

the following diagram which shows how those groups are related. In the diagram



F = F{S) will be a free group, such that Q is a finitely presented quotient group
Q = F/N which is given by the presentation @ =< S\R >. We will define N to

be the normal closure in F of the group generated by the relators < R > We will

let be a normal subgroup of G, where G is an extension of K by Q.
Q G
N=< R>° < 1>

< R> < >



Chapter 2

GROUP EXTENSIONS

Since we want to explore arithmetic in group extensions we will begin with
the formal definition of a group extension. The following description is detailed in

(R96, Chapter 11).

Definition 1 If K and @ are groups, an extension of K by Q is a short exact
sequence

1 K G Q

that meeans /I, is a monomorphism and e is an epimorphism. We will call the group

G as an extension group.

With this definition it is not obvious that for given K and Q, groups G with
this condition exist. Therefore wc begin with an example of a group G that will
always exist. Let * : Q —mAut{K) be a homomorphism, we know such a homomor-
phism f will always exists since it could be trivial. Given the semidirect product
G = (6 Kj Rl'is an extension of K by Q. To prove this we will begin by considering
the elements of the semidirect product as a set of pairs {g, k), where ¢ & @ and
k E K. In this case p can be defined by k* = (1,/c) for all k € K. Wc will then
define e such that for all g = (g, k) E G, we have = (g, ky = g Using these defi-

nitions we compute im{p) = (1, A) for every k E K, and kerfe) = {(g, k) such that



<= 1}. From these calculations we find = ker{e), and therefore we have an

exact sequence. We conclude that G = is an example of an extension group.

For hxed groups Q and K the set of extension groups are in general not
unique. However we can define an equivalence relation on extensions, such that

the equivalence classes correspond to isomorphic extension groups.

Definition 2 Let 1 K G Q 1 and
1 K G Q 1 be two group extensions. A morphism (a, [i,
")) from one extension to the other is defined by homomorphisms a,j3, and 7 such

that the following diagram commutes.

We now characterize when two extensions are isomorphic when there exists a mor-
phism (a, 1) such that a is an isomorphism. We will essentially prove that with
these conditions fi will be an isomorphism so that G = G and therefore the two

extension groups are isomorphic.

Theorem 3 If there is a morphism of the form {a, fi, 1) such that a is an isomor-
phism. of groups then /3is an isomorphism and therefore the huo extension groups
are isomorphic. Also, the set of rnorphisms 1) such that a is an isomorphism

gives an equivalence relation on extension groups.

Proof: Let us ns.sume (0,/?, 1) is given where a is on isomorphism.. IVe begin by

showing  is an isomorphism, then we can conclude by definition that we have



isomorphic group extensions. After that we will show that the morphism (a, P, \)

gives an equivalence relation. Con.sider the following diagrn.m:

1 K Q 1
p 1
Q— -1

By the definition of a morphism we have that P is a homomorphism.

Next we consider x € ker{P). Since p is a monomorphism there exists a
unique j & K such that —x. Hence if we calculate {jY» = x* = I, which by
applying (a, P, \), is a morphism we know that pP = ap which implies = 1.
Therefore as a and p are one to one we can conclude that ap, is one to one, this
implies thatj = 1. We can therefore conclude that x = 1 and hence the ker{P) —1,

so by definition P is one to one.

Now we show that P is onto. Let y G G, then since ap is one to one there
exists a unique k ~ K such that k** —y. Applying {a,P, 1) which is a morphism,
gives ap = pP implies that k" = y. This gives k™ E G such that (k™Y ~ V which

shows P is onto. We conclude that P is an isomorphism.

The final part of the proof requires that we show that the set of morphi.sms
(a,P,\) such that a is an isomorphism form an equivalence relation on extension
groups. We will say that group extensions
1----- K A>G— Q- A1 and 1-----K—4" G—" Q------ 1 equiv-
alent, denoted by G ~ G, if there exists a morphism {a,P, 1) where a is an iso-

morphism. We begin by showing this relation is reflexive. Consider the morphism



(1,1,1) where a and " are the identity map. The identity map is an isomorphism,
so (1, 1, 1) is a morphism between group extensions 1 K G Q 1

and 1— K G Q 1 so that G G. Therefore, we conclude ~ 1is

reflexive.
Next we consider two group extensions 1 K G Q 1 and
K G Q 1, such that there exists a morphism (a, fl, 1) be-

tween them,. Then since a is an isomorphism, by definition and, we .showed ft is an
isomorphism as well, we have a morphism (cx~", ft~", \) that goes in the reverse
direction between these two group extensions. Also the diagram commutes, since
gft —aft implies —flft~", and similarly fte = e implies ¢ —ft~"e. Therefore

we can conclude that the relation ~ is symmetric.

Finally if we have three group extensions * K G Q N

y -R * G » Q - >1. «! 1- EII’ G Q 1.such that
there are morphisms (a, ft, 1) and (S, 'f, 1) between them, where a and S are

isomorphisms. We can conclude also by our first argument that ft and 7 are also

isomorphisms. Then we have the following diagram:
G " Q
G— 1
1— K G Q ------ A1

Since the composition of isomorphisms is again an isomorphism, we conclude

that (@S, 1?7, \) is a morphism. Next, since we assume (a,ft,l) and (5,7,1) are



morphisms we have ap = /if] and dp, = p'y. IVe combine these identities to get
abp = ap'j = jJ-B. A similar argument shows the other half of the diagram corti-
m,utes, so we can conclude relation ~ 1is transitive. Therefore we have shown that

the relation ~ is an equivalence relation.”

Our next step will be to determine how to describe group extensions for fixed
groups Q and K. If we assume 1----- >R —" Q- 51 is an extension of
K and Q so the maps p and e are fixed, then we choose another function, ¢ : @ G
such that re = 1 and r is one to one. We will call r the transversal function, the
purpose of r will be to choose a representative for each coset in Q. Obviously in
most cases this choice of representative will not be unique, however we will require

There are two functions related to r; first if ¢ € @, then define the action
k hy k 1* {{kR")>P* . In other words, we arc using k“ as a shorthand for
{k>"Y"Y  Using this function we get a map @ Aut{K) which is defined by
q tk k%, Notice that this map is not necessarily a homomorphism. Let
q,p € Q, then /cUU" = ‘ and A" mAU = "=
Yk~)Tp™v | Since r is not a homomorphism we do not know that the coset rep-
resentative for {gpY is the same as the coset representative for v~ However,
if K is abelian this is no longer an issue, since {qpY and rfp'" can only differ by
an element in K and since the two representatives only differ by a conjugate of
an element in K this difference will cancel out. Therefore in the case where K is

abelian the map ¢  {& is a homomorphism.



The second function maps @ x @ » K and this map describes how far r is
from a homomorphism. If r is a homomorphism, then the extension group G is the
sernidirect product. For p,q ¢ @ we define rmip,, G K such that = {pgYrnp™"
and we call ngp'g a 2-cocycle which is a function which maps Q@x® —> K defined
hy (Pi?) mp"g Using this definition we can now derive some general properties

of the 2-cocycles.
Theorem 4 Properties of 2-cocycles
I = londmghi=1
2 Let k G and p,q E Q then
3 For a,b,c E @ we have rlabc *'mi.c = * aGc m{ma,bY"

Proof: For (1) since V = \ we have V iy~ = ¢™-1 and ¢*-V = ¢4-1. Next for (2)

= {ql-\pl~\k){pY{qY
={"qY-\WqY

= {{pqymp"q)~\k){{pqYmp,g)

- mM{ipqyy\k){{pqY)rnp”q
— "ppdV

To prove property (3) we use associativity, since (a"N)c'» = a™iffc'”) we have by
definition

(a"6"%c” = (a6)"m«fec"

= {abY {F c~"mnhc'



= {aby c™ma,bT"
= {abcymab,c{""a,bY"
On the other hand
ayb'~cy - a:bcymb,r.
= {obey mabcanb’c

Equating both sides we conclude that mabc *f"b,c = "wbc *

A theorem (R96, Prop 11.1.4) by Schreier states that these two functions

define an extension.

Theorem 5 (Schreier)

Given groups Q,K and two maps @ —~Aut{K) and @ x @ K such that the three
2-cocycle properties are fulfilled, then G = {{q,k)\q E Q,k € K} is a group. The
multiplication is defined by [q, k), {p,n) G G, then (q,k) *[p,n) = {gp,mg"pk "n).
This group G has normal subgroup K = {(1,A)} LG and G/K = Q.

Proof: We begin by first showing that G is a group. The identity element in G is
(1,1). If welet {q, k) G G, then [q, R){l, 1) = (g,mq_iA:-]) = {g k) and (1, )(g, k) =
{q,mi"gl"wk) = {q,k). Next the inverse of {q, k) is {q~", {R"P" '

check this by considering

{q,k){q-\

N {qq~\mgg-ik" 3" = (1>1)

Finally we need to show that multiplication in this group is associative.

Let {q, k), {p, n), {th, 1) G G. Then consider

{{a,k){p,n)){h,l) = (gp, m,,pF"n)(/i,)

10



= laphmgp himg' D) 0™

{qph,
Recall the definition of ,
phng php hle P ) .
= {qph, mg k"> {mp”fin'"fi)

= {q, kK){ph. npm™1)
= {q,k){{p,n){h,]))

We conclude G is a group. Next we can see clearly that K = (1,") so we only

need to show (1, K) 4 G. Let (p,n) € G and (1, fo) G (1, »), we consider

(p,ny\LE){p,n) = )~""mp"p-i){p, mi "Dk ™)

= (Lmp,p-i(@(®P") )""mp,p-)""F'n) € {I,K)

Therefore {1, K) L G. To show @ = GjK we need a homomorphism e : G ~ @
with kerfe) = K then by the first isomorphism theorem G/K = Q. Lete:G Q
such that {q, kfi = q. First we show that e is a homomorphism, let {q, k), (p, n) E G
then {{q, k){p,n)Y — {gqp,mq.pk,Nnfi = qp = {q,kY{p,nY. Also e is clearly onto
Q and kerfe) = {(q,k) G G\{q,RY = 1q} = (1,-*"), so by the first isomorphism
theorem G = @/K.n

Our next step will be to show an example of how to describe all group

extensions. In this example we want to compute all possible extensions when

11



Q K = C2where =< alo? = 1>. First notice that Aut{C2) =< 1>, since
the autornorphisin group is trivial for all ¢ £ . Next we consider the
second map, the 2-cocycles. Here we must have mi,i = Lr77i,a = 1, “ind m,,i = 1

by our first property. Therefore the only thing we have left to consider is the value

of maa-

We have only two options for this value since K = C2, either nig,a = 1 or
Haa = 0- Before we see what group extensions correspond to these 2-cocycles we
must first check that both options satisfy the 2-cocycle properties. We only have

properties (2) and (3) left to check since we begin with property (1) satisfied. For

property (2), let £k e C2 and p,q E C2, then 1.°¢ pj.Qpg. "y
holds since = k, which gives k = [R]""" = 'my [Ynp'g = A since

in this example K is abelian. Next we must show that for all a, b.c E @ property
(3) mix™emy”s™ = rrixy,z['xyY" holds. In the case where m,a = 1, this property is
trivially satisfied since 1 1= 1 +1. Now suppose m,,, = a, then since Q = C2we
only have two choices for x,y,z they can be a or 1. The following chart verifies this

identity holds for each choice of x,y, and z.

X vy z Axyzmiyz MMayz(tx,y)
111 1.1 1(1)
1 1 a 1.1 1(1)1
1 a 1 1.1 (1)1
a 1 1 1.1 (D1
1 a a 1-a a(l)i
a 1 a a-1 a()i
a a 1 a-1 1(a)i
a a a 1-a 1(a)i

12



This chart shows m,a = a is also a valid choice since property (3) holds for

all possibilities of a,b and c.

In the first case, if ma,a = 1, then the value of all 2-cocycles is one. The mul-
tiplication in G is defined by {g, k){e,n) —{qe, = {qe, kn), since Aut{C2) =<
1 >. In this case we have r is a homomorphism, and therefore G = C2 x C2.

Generally this would give the semidirect product, if the Aut{K) is nontrivial.

In the second case where rl&a = to identify this group let us look at the
order of elements. Consider x — (a, 1), then = (@a*,mQ,al" *1) = (n*,a) =
(1,a) (1,1)- Next we consider = (a,ma,iNa) = (a, a) (1,1), and x* =

JrlgeON 2 1) = = (1,1), so we conclude G has an element of order 4.

Since |G| = 4 we can conclude that G = C4 in this case.

We will now restrict ourselves to the case where K is abelian. In this case, as
we mentioned before the first map @ —mAut{K) is a homomorphism. We can think
of K as a Q-module where the action of Q on K is given by the map g -> A ~ /™).
Also, when we are working with 2-cocycles property (2); &MY = [k"pA"” g
no longer necessary, since because the 2-cocycle mp’y cancels off
when K is abelian. Therefore in the case where K is abelian, 2-cocycles only have
to have property (1) and (3). We will begin by looking at 2-cocycles and show

that they form a group called Z*{@, K), the group of 2-cocycles.

Theorem 6 For a particular action @ —> Aut{K) the set of possible 2-cocycles
form a group Z™{Q,K), the group of 2-cocycles. The arithmetic in Z™{Q,K) is

defined by {mm*)a,h —ma.h wP"ab’ '"“here m and m* are different 2-cocycles for the

13



extension of K by @ which correspond to the maps : m@ Gandt*:Q G

respectively.

Proof: The identity element of this group is the 2-cocycle defined by na’d = 1 for
all a,b E Q. This 2-cocycle will occur in the case where r is a homomorphism,

which gives the sernidirect product as the extension.

Next if, ua’b defines a 2-cocycle, then m~l also defines a 2-cocycle. To prove
this we will need to show that the two properties of a 2-cocycle hold for m~\. We
begin with property (1): = ()~ = 1for dll ¢q E Q. Similarly

= 1, so we conclude that property (1) holds for m~I. Next we must show
that property (3) holds for which comes from the fact that property (3) holds
for mp,g. Since ma’bembc = rrab.cima.bY'™ by taking inverses we can conclude that

“ah.c’ A abelian we have

which gives us property (3).

The next step to this proofis to show that the 2-cocycles are closed under multi-
plication in ZNQ, K). We begin first by showing that the product of two 2-cocycles
is again a 2-cocycle. Let m,m* be two 2-cocycles along with their associated maps
T:Q Gande*:Q " G respectively, then we must show that the two properties
of 2-cocycles hold for m mm*. Consider (m m = mi,, *m\*= 1-1 = 1 and
similarly (m *m¥*),i = 1, so we can conclude that property (1) holds. For property

(3) consider

{mm*)a,befmirn®)b,c = 'maMmi*bc'rnbTimlc

14



Since K is abelian

= rnab,cJn\ci”a,bY\rnl.b¥Y"

The map @ G which corresponds to mm* is ¢+ mt * the product of the two maps.

= mab,em* "o My T a,b){c"){G*)~\mLb){c'Y

= rnab.crnlbAc*l~"icy~\rna,b){ml,b){c'){c")

Therefore we can conclude that the product of 2-cocycles is again a 2-cocycle.
Now if we have three 2-cocycles m,m*, and rh, then since for all p,g E @, we
have mpgm*i™ and frfffj are elements of K we see that clearly {mpqlhpgmpy —
rnpgim* “rnf”) by the associativity of K. Hence we can conclude that Z*™{Q,K) is

a group.O

We have established that the set of 2-cocycles form a group Z"{Q,K), the
group of 2-cocycles. Our next step it to consider the function r : @ » G along
with the associated 2-cocycle function m, which is an integral part of the definition
of a given 2-cocycle. Suppose we are given a different map r* ; Q —G along with
its associated 2-cocycle function m*, where g”* = *(and (4 : Q K. We
can assume that r* has this form because a different transversal function will just

change the coset representatives. We now want to see how ma,b is related to m* j,.

15



Let us consider a”*6”* in two different ways: first there is a 2-cocycle m* so by

definition = {aby'rnlj,. Now since = fA-Cf we get = {abYcabmlj™-
If instead wc use the fact that = F u(f first we get
= ayb”b-ycab”ck
= a™"NCof (b
= O"bycafcb

For ease of notation we will leave off the r on (c*)*, however b is the image of the

element b in the group G under the map r.
= (a6)"mab(Ca)"Cfe
Now setting these two equations equal we get
Waj =  ma((Ca ¢ = *0) @

since all the elements are in K which is an abelian group. Notice that ni* differs
from m by something that depends on c. We will now show that the difference

between m and m* describes a subgroup of K).

Definition 7 Lit B'NQK) = {5MNoea)b\e: Q —>K} C {Q x @ K} this set

i1s called the 2-coboundries.
Lemma 8 B"{Q,K) < Z'"Q K)

Proof: First we show B'"{Q,K) ¢ Z™Q,K). To do this we need to show that the

functions ¢ : Q K fulfill the two 2-cocycle properties.

16



Given ¢ : Q ~ K, let mab = c“(Nea)"Ct, then m\"y = c~ )@@= G = 1
since V' = 1=V m(. Similarly m*i = c~"(c,)"ci = 1, so we have fulfilled the

requirements of property (1). For property (3) we have

“a,bc™b,c BMbe i7b)

= Gli(Cy)"CbYCe
= Cab\iCab)%C-""y{{CafcbYc,
= CfMiCabycficf"yCayCby
= mab,c{"a,bT
= mab.cima.bV"

We now add in the map r which was suppressed in our computations to be con-
sistent with our previous definition. Therefore we can conclude that DN{@Q,K) C

ZHQ,K).

Finally we need to show that BN{Q,K) is a subgroup of ZNQ, K). The ar-
gument for closure and inverses of elements in BN{Q,K) is the same as the argu-
ment given in Theorem 6 which did not depend on how m and m* were defined,
so letting mab = CfNEDb and = df™daydb for two maps ¢ : Q K
and d : @ K will not change the argument. Therefore we can conclude that
B*"Q,K) <Z\Q,K).a

Definition 9 Let H*{@Q,K) = Z\Q, K)/B\Q, K), then H*{Q,K) is called the

second cohomology group for the action of @ on K.

17



This group H"{Q,K) is the group we want to compute when we are trying to

describe all extensions groups for a fixed Q and K.

Theorem 10 Let @ and K be fixed along with a fixed action @ —mAut{K), then
extension groups up to morphism are in bijection with HMQ, K) for the same

action.

Proof: 1Ve begin by recalling Schreier’s Theorem 5 which states we can represent
all extension groups G = {{q, k)\qe @, k € K} along with two maps  Aut{K)
defined by q ~ {k k™) and the map @ x @ ~ K defined by (p, ) = rip’g Let
E be the set of equivalence classes of extension groups G for afixed @ and K. We
will construct a bijection between E and the group Z"N{Q,K). The map will take
the group G that has 2-cocycles defined by mah to the 2-cocycle defined to be

for each a,b £ Q. To show this is a bijection we need to show this map is one to
one and onto. If we call the bijection  then ker{g>) = {G 6 E\{GY = 1}. so if
G G ker{a) we have mab = 1 for all a,b £ Q. Then the m,ultiplication in G for
{a,k),{p,n) £ G IS defined as {q,k) m(p,n) = {qp,nig,pk"*n) — {qp,k""n). This is
the definition of a group extension G — @ K where » = F* : Q —>Aut{K) is
the given action. Since this is the identity element in E, we have a is injective.
Our next step is to show a is onto. Let mab be a 2-cocycle in Z'NQ K), then using
Schreier’s theorem we can then construct a group extension G with ma,b being the

2-cocycles. Therefore the map is onto.
Our next step is to relate this bijection to the equivalence classes of group

extensions. In Theorem 3 we showed that two group extensions G ~ G were

in the same equivalence class if we had a morphism (a, 1) such that a is an
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isomorphism. Consider the following diagram:

K G Q

1—* —1

Now we want to consider what happens to an element {q, k) £ G under the iso-
morphism j3. We will let elements of G — {{q, k)\q G Q@ k G K> and elements of
G = {lqk]\q G @k G K"} so we can distinguish the different groups. We begin
by considering an element of K~ = (l,k) under the map (d: {l,kff = [Lfc] where
[Lfe] G K. We are using the same letter k in this case since K = K. In reality
the element k = Kk, but for convenience we will just call the element k. Next
we consider an element . 1)* = R, c,] where G G K~. The element must look
like this since commutativity of the diagram gives Pe —e, and e takes an element
{q, ky = q where e is defined so that [q, kf = q. Therefore by looking at both of
our previous computations we can conclude that {q, kff = [q, GGk\. Now we want to
consider the effect of P on pairs of elements in G. Let {q,k), [p,n) G G, then we
consider

{{qg,k) m{p,n)f = {qp,mg,"kP\f = [qp, c"pm""pk""]

or similarly since P is a homomorphism we could multiply these two elements in

G instead

{q.kff w{p,nff = [q,Cgk] m\p,Con] = [qp~mf"ficghff"Cpu]

Now equating {{q.k){p,n)ff = {q,kff{p,nff we get Cgomg’pk"n = rnff{CgkY"CpU.
Since K is abelian, we can manipulate this equation to get np’g = rnjT cfp{cgY @
which is exactly our 2-coboundry condition. Which implies two extension groups

G and G are in the same equivalence class exactly when there 2-cocycles differ by
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an element in B'NQ, K). Therefore (p actually gives a bijection between the group

extensions and the group of 2-cocycles K).0

Now that we have shown that the equivalence classes of group extensions are
in bijection with the elements of the group H'"{Q,K), this gives us a way to de-
scribe extension groups. However, since our primary goal will be to do arithmetic
in an extension group G for a fixed Q and K, we will need more information then
just the equivalence classes of group extensions. We will need to know how the

maps and r are defined.

One issue we mentioned that arises is that for a given r we would need to know
the values of the 2-cocycles mab for every pair of a, b elements in @ to compute
the product a”6” of two elements in the extension group G. We would like to look
for an equivalence version of r where we can choose r so we have a good way to
describe the value of the 2-cocyclcs Ideally we would like to choose r so that

we can reduce the number of values of 2-cocycles we must store.

If we have a concrete extension group G for a fixed K and Q, then the maps
p and e are fixed. We would like to define r so that as many as possible of the
values of the 2-cocycles are trivial. Since we do not always have a split extension,
we know that most of the time we cannot make all of the 2-cocycles trivial. The
claim is that one way we can do this is to assume we have some way to compute
a normal form (NF) to represent every element in @ uniquely as a product of the
generators of Q. The choice of the normal form word can be arbitrary though we

would require that if ti; = NF{u) = vx, then the NF{v) = v. In other words.
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the normal form of a subword of a word in normal form is that subword. If
NF{w) XiX2 then define (xix’2 g2 m°xZ 1 so the values of
the 2-cocycles when forming normal form words are trivial. In this way we have
made r as close to a homomorphism as possible without G being the semidirect
product. Since extensions are uniquely defined by p and e making a choice for the
form of r does not effect the extension, so we are free to define r as we wish.
With this assumption on r, if we assume we have a black box operation which
takes a word in Q and puts it in normal form, then for any product of words in Q wc
can compute the value of the 2-cocycles. For example, take any product of words
umXin Q, we can input each word into the black box u = NF{u), v = NF{v), and
(v wv) = NF{u w) and this gives us a way to compute the value of the 2-cocycles.
Since {u *r) =W- we therefore have = {uvYu mv (7, 'v)_1 so the value

of the 2-cocycle niu,v —u wv mfu mv)
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Chapter 3

FINITELY PRESENTED GROUPS

Now that we have a description that reduces the amount of information we
must store to do arithmetic in a fixed group extension G. Our next step will be
to consider the case where @Q and K are finitely presented groups. We begin by
giving a formal definition of a finitely presented group. Wec will let F' — F{S) be

a free group.

Definition 11 Let R be a nonempty subset of F, the normal closure N of R in
F is the intersection of all the normal subgroups of F which contain R. Often N is
denoted by R".

By this definition it is clear N is the smallest normal subgroup of F containing
R. Now we will give a precise definition of a finitely presented group. In (DF99,

Sect 6.3) a finitely presented groirp is defined in the following way.

Definition 12 Let S be a subset of a group G where G is a finitely presented
group.

1 A presentation for G is a pair < 5|R >, where R is a set of words in
F(S) (i.e. the free group F with generators S) such that the normal closure
Nof R in F(S) equals the kernel of the homomorphism n : F{S) — G (where
T extends the identity map from, S to S). The elem,ents of S are called the

generators and those of R are called the relators of G
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2 We say Gisfinitely generated if there is a presentation < > such that
S is afinite set, and we say G is finitely presented if there is a presentation

< S\R > where both S and R are finite sets.

Now wc will discuss how one computes a normal form for a word in a finitely
presented group. We begin by taking a presentation with relators R, a sot of words
n = e. We can then wc manipulate these relators to make them into rewriting
rules. For example, if a group G has a relator xy = e then we can rewrite this
as a rule y To know which way the arrow must go, we must have a
well ordering on elements of the free group F. We then must have the property
that the left hand side of the arrow must represent a larger word with respect
to the well ordering then the right hand side of the arrow. In this way we will
define our normal form word as the smallest representative for a word. In general
if R =< T —712= mm —1rn = e >, then a rewriting system for R could be
R={n » ¢f2—me,....r, —>e}. If we can use this rewriting system to compute
a normal form and the order in which we apply the rewriting rules does not matter
then we say the rewriting system is confluent. For a more precise definition of

confluence see (S94).

Definition 13 A rewriting system is confluent if the order in which one applies

the rewriting rules to compute a normal form does not effect the resulting word.

We begin by supposing we have a confluent rewriting system for K and Q,
then we can develop a rewriting system for G, as long as we store a value of the
2-cocycle for each relator for the group Q. Before we prove this claim let us look
at an example. Suppose the confluent rewriting system for @ — V4 =< rs\r* —>

Ls* -=> 1,rs » sr > and K = C2=< ala® I >, then to get a rewriting system
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for G the extension of K by Q we will begin with the rules for Q and lift them to

G by using the values of the 2-cocycles.

We need to know the values of the 2-cocycles nirr = a, nis,s = 1, and =a
to get a rewriting system for G. It should be pointed out that the left hand side
of the rewriting rules do not need to be words of length 2, but rather the m*r are
2-cocycles in the sense that the image of the right hand side of the rule under r
is equal to the left hand side of the rule under r times the 2-cocycle in G. These
choices for the values of the 2-cocycles uniquely determine r, so the extension

group G is now fixed. Gonsider first the relator =~ —= 1. Under r we have:

— [r'"yrrir’r
Therefore we can conclude that N a is a relator in G. We will get two other
relators using this procedure, and we add the relators for K to get the following
rewriting system for G, >a,s™ —=>1,rs sra, and —> 1}. Using Tietze
Transformations we can change our presentation for G from < r, s,alr® = =
["rs = sra,0? = 1> to < r,s|r*= 1, = 1,rs = sr* > which is the presentation
for Dg. Now if we want to use our rewriting system for G, we can compare OTir
answer with the words in Dg to see that we in fact get the correct solution. The
final step necessary to compute the normal form in G, is that normal form words
will have elements which are images under Q” before elements which are images
under K”. Therefore if we have a word in G such that this is not the case, for
example k mq where k E and g E Q", we will apply the rule £ mg » qk" where
k™is the action on K by Q defined previously. With these rules we can rewrite any

word in G in normal form. For example, if we wish to rewrite rss E G.

rss —msras srsa’= srsa.
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We conclude srsa™ = srsa since the action on a is trivial because Aut{K) =< 1>,
Then

srsa — “raa —>rgu —>r

Therefore we can conclude that the normal form for rss is r. Indeed these are the

same elements in Dg.

Theorem 14 If G is afinitely presented group, such that <G and Q = G/
and we also we assume a confluent rewriting system already exists for K and @
Then if we know the values of the 2-cocycles for each rewriting rule in @ we can

develop a confluent rewriting system for G

Proof: Suppose the confluent rewriting system for @Q is given by

Q =< Xi, X0, wmmXr\Ri — Li, R2—>12,..., Rk ~ Lk >, and suppose we have the
values of the 2-cocycles m/jj.m/jj, *-m for each relator in @ These elements
are values of 2-cocycles in the sense that each mR. E K*, and {RjY = L'""mR. is
how multiplication is defined in G. Also, suppose that K has a confluent rewriting
system K =< y\,... ,ym\K\ K27~ J2, mmmKn ~ Jn >+ fhe can then develop
a confluent rewriting system for G, with respect to the wreath product order. Here
by wreath product order we mean that we will compare the Q parts of a word first,
and the K parts of the word second. If there are elem,ents in the word that are
images of before images of @ then those words are larger then all other words
where the @ parts come first. Gonsider an element in G given by g = g\g2ummon-
Since G is an extension of K by Q for each g,, ifg\ = \, then g E K*, otherwise
pi E Q@ One step in the rewriting process will be to move all pi E to the left.
To do this suppose pi E Q" and pi™i E then Pi™iPi —mPipfLi, we can conclude

~Mij E since <\G. In this way we can rewrite ¢ —q\ mmgik\ mmkm, where
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Q£ Q" and ki € K. Now, since the rewriting systems for @ and K are confluent
we will apply the rules mapped under r and (i respectively to each part of g in
any order we wish. Each time we apply a rule for a subword of q\ -mq we m.u.st
multiply by the appropriate value of the 2-cocycle. Once no further rules can be
applied we say the resulting word is the normal form of g. This rewriting system
is confluent since the rewriting systems were derived from were confluent, so the

order in which we apply the rules does not matter. o

In the previous theorem we are only required to store a value of the 2-cocycle
for each relator, but what if we want to describe the second cohomology group?
We would need to know a value of the 2-cocycle for each pair of elements in Q. We
can show now with the rewriting system for G that every value of the 2-cocycle
can be computed, so that it is only necessary to store a value of the 2-cocycle for

each relator of Q.

Theorem 15 Given afinitely presented group G such that K 1G and @ = G/K
where we assume a confluent rewriting system already exists for K and Q. Then if
we know values of the 2-cocycles for each relator in @ we can compute a value of

the 2-cocycle for any pair of elements p.q £ Q.

Proof: Suppose we want to compute forp,q G Q. We would begin by compui-
ing the normal form in Q for the words p, q and pq. We will denote the normal
form by p, q and pq. Then since we know up'y is defined by p'q"™ = {pqYrnp g
and since we can define r such that it maps generators to generators, therefore
the generators of @ are again in the generators of G . Hence we have the relation

p -q —pgmp”g which implies that mp’g = p -q wpg~". In this way we can compute
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the value of the 2-cocycle for any pair of elements p,q E Q. o

Our next step will be to look at the case where we do not have a confluent
rewriting system for Q. However, we will assume that we are able to obtain the
normal form of elements in Q by some other procedure. For example, we could
assume wc also have a faithful permutation representation for Q, and we define the
normal form word to be the smallest length-lexicographic representative. These
representatives can be computed using enumeration of the elements of Q, and the

following article (CFS90) describes how one can store two-bits for each element of

Q-

We will now briefly describe the algorithm which one can use to compute the
length-lexicographic representative of a given word from a faithful permutation
representation. The algorithm will require that we enumerate all of the elements
of the group Q by storing two lists: count and distance. Where the distance will
be defined to be the length of the length-lexicographic representative of the word
modulo 3. The list count is used to assign a unique integer in the range 0 to |(*| —L

Therefore each entry in count will uniquely represent a group element.

Now we will discuss how these lists are constructed. Initially the distance
list D, will have Dfi] = 3 for 1 < i < \Q —I and Z>[0] = 0 where we assume
count(e)=0. We will then update D so that if count(q)=1i, then Dfi] is the length
modulo 3 of the length-lexicographic representative of q. The elements are enu-
merated in count using an orbit algorithm where wc order our generators according

to the lexicographic ordering defined for the generators of Q. At the same time we
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will update our list D, until all values of D arc 0,1 or 2.

Finally to compute the length-lexicographic representation for g 6 Q once D
has been constructed is now a simple task. First we define a parent of a node
q to be any clement which has distance to the identity modulo 3 to be one less
that q. Notice this implies their may not be a unique parent for each ¢ E Q. The
only node which has no parent will be e the trivial word. Now to compute the
length-lexicographic representative for g S Q we must choose a parent node as
the successor of each new word we compute. Each time a new word is computed,
the distance is diminished by one unit, and since e has no parent the product will
eventually terminate. To compute the parent of q we will run through the genera-
tors X of Q and check the values of D/count{qx)]. If q is not equal to ¢, then there
exists a parent node qxi of q. This process is then repeated with q replaced by gxi.
Eventually we will get gXi m**xt = e, which implies g = x*-.Xi, which is the word of
shortest length which represents q. To guarantee this is the length-lexicographic
representative we must test our generators of Q in reverse lexicographic order.
Since that way the inverse of q will be as large as possible which implies q will be

as small as possible.

We now conclude this description with an example. Let @ = =< r =
1,2,3,4),.s = (1,2)(3,4) > and the lexicographic ordering on the generators
be [r, s, r“" then the length-lexicographic representatives of the elements of
Q are [1,1,s, rA rs, sr, rs]. We have count = [1,2,3,4,5,6,7,8] and D —
[0,1,1,1,2,2,2,0] and suppose we want the length-lexicographic representative of

1

rsr- (1,4)(2,3). We will run through our generators in reverse lexico-

graphic order [s \s,r, ] and compute D{qx) for each of these. Initially we
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have D{q) = 0, so we want to find a generator x such that D{qx) = 2.

q X qX count (qx) D (gx)
(1,49)(2,3) s-i = (1,2)(3,4) (1,3)(2,4) 4 2
(1,4)(2,3) (1,4,3,2) (1,3) 6 2
(1,4)(2,3) 2= (1,2)(3,4) (1,3)(2,4) 4 2
(1,4(2,3) r=(1,2,3,4) (2,4) 5 2

All of these products have distance 2, but we choose because that is first
in our reverse lexicographic ordering. Now we consider gs~" = (1,3)(2,4), where

D{gs~") = 2 so we want to find a generator x such that D{gs~"x) = 1

gs * X q s count(gs *x) D(gqs 'x)
(1,3)(2,4) s-~ = (1,2)(3,4) (1,4)(2,3) 7 0
(1,3)(2,4) r-i = (1,4,3,2) (12,34 1 1
(1,3)(2,4) s = (1,2)(3,4) (1,4)(2,3) 7 0
(1,3)(2,4) r= (1,2,3,4) (1,4,3,2) 3 1

Here only two generators work, but we choose since it comes first in

the reverse lexicographic order. Next we consider = (1,2,3,4) where

D{gs"*r~*) = 1, so we want to find a generator x such that D{gs~"r~"*x) = 0.

qgs V.~
(1,2,3,4)
(1,2,3,4)
(1,2,3,4)
(1,2,3,4)

X
s-1 = (1,2)(3,4)
= (1,4, 3,2
s = (1,2)(3,4)
r= (1,2,3,4)

qgs V ~x count(gs V *x) D(qs V "y
2,4) 5 2
0 0 0
(2,4) 5 2
(1,3)(2,4) 4 2

In this case there is only one choice for x which isr“‘, so we get gs~"r~"r~" = e
y

which implies the length-lexicographic representative for ¢ = r”s. Since it is well

known that a length-lexicographic order is a well-ordering, we know a smallest

representative will always exist and be unique.
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We would like to develop a procedure that takes a word in a fixed extension
group G and maps this element to its normal form representative which was defined
in Theorem 14. The first rewriting rule will be the rule which moves an element in

past an element in K”*. The procedure to do this operation will be defined as it
was in Theorem 14. Once we have our word in G written as g —g\| mmgik| mmkm,
where g G @” and k& G K. We then want a procedure which takes the product
q\ - ‘mg and calculates the normal form for this representative. We then want a
procedure that would compute the 2-cocycles from the 2-cocycles given for the
relators of @ in a nice way. Our final step will then be to compute the normal
form in K of the product of the 2-cocycles and ki mmkm- The product of these two

normal forms will give us the normal form for the word in G.

Our next step will be to give a more detailed description on how the rewriting
process will work. Suppose g € G such that g = w wv and w,v G then our
first step will be to compute the normal form of {fv mvY in Q. Since we assume
we have a way to compute the normal form of elements in Q, suppose u E @ such
that u — NF{{w wmvY). Now we can compute the 2-cocyclc needed to compute
the normal form of g E G. Since g = {{fw mvYY — and by Theorem 15

frwy = weaVe where E

However, since we assume we are only storing 2-cocycles for the relators of Q
our next step is to give a way to compute the value of 7% for arbitrary elements
w, Vin normal form from the stored 2-cocycles. The way we compute this value is
to rewrite w mv mu~" as a product of conjugates of the relators for Q. We will do

this rewriting in the free group F, where @ = F/N, so that m,,,., = HiLi where

30



Vi is a relator for Q and Xj € F. To make this more clear, let : F Q be the

natural homomorphism, then we want {{niw”vYY '~ Hili =

Then if we consider the map ipmF » G where G < G and G =< G. K > and

K < K, we get that ipis related to p such that the following diagram commutes.

F: G G- Q

In G we can rewrite g = w-v = W ((nr=1 where each nr.. is a 2-cocycle
which was stored for a relator r The only part of this argument which may not
be clear, is that the map P : G » G will not effect the 2-cocycles. However, an
element of G can be written as a product of words in G and K therefore to put
a word in normal form we will have to move elements of K to the right. During
this process we will not add any new 2-cocycles, so everything needed to rewrite
is known. Therefore, the fact that < maps to G instead of G does not effect the

number of values of 2-cocycles we need to store.

Now that we have outlined the basic procedure for rewriting a word in G, if
we do not have a confluent rewriting system. We see that all wc have left to do is
to describe an algorithm which rewrites a word in F as a product of conjugates of

the relators given for Q.
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Chapter 4

COSET AUTOMATA

The standard approach used to rewrite a word in F, which lies in N as a prod-
uct of conjugates of relators, is to construct an augmented coset table for N in F.
We give a brief description of this process and refer the reader to (S94) for further

details.

The first step will be to construct a coset table. The fundamental idea behind
this algorithm is that we perform an orbit algorithm on the cosets of a subgroup
N. This gives the images of generators of F under a permutation representation,
which we will list in a table called the coset table. Notice this construction will
require us to have subgroup generators of N, since the relators alone do not gen-

erate a normal subgroup of F.

One issue that may arise during this construction is that we might define two
different cosets which are really the same since we do not have an element test for
N. We will notice this duplicate dehnition when we trace through each generator
for N starting at the trivial cosct. When two different definitions arise we say we

have a coincidence, and we set the two cosets equal to each other updating the
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table in the process.

We now show an example of a coset table for /N —  where the free group
F =< a,b> and N =<

normal closure of R =< al

a a-i b
1 2 2 3 3
21 1 4 4
35 5 1 1
4 6 6 2 2
53 3 6 6
6 4 4 5 5

One thing to note is that the numbering of cosets depends on the generators of
the subgroup N, therefore in general the numbering of a coset table is not unique.
One can run a standardization process after the coset table is computed to make
the table unique, however since this standardization is not necessary for the fol-

lowing description we will only refer the reader to (S94) for further details.

Our next step will be to describe how to compute an object which we will call
the augmented coset table. An augmented coset table is a coset table where we
attach to each image in the coset table the word in N which corresponds to that
image. Since the generators of F are not the generators of N, we cannot tell how
an image is defined as a word in the generators of N in the standard coset table.

The purpose of the augmented cosct table is to give this information.

Definition 16 We say a relator R traces through a coset table C from the state

1£/7~=171inC
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The algorithm for computing an augmented coset table requires that each time
an image is defined by tracing completely through a generator of N, we attach to
that image the name of the corresponding generator of N. We can then use the
augmented coset table if we want to rewrite a word in N, as a product of generators
in N. We do this by tracing through the images of the augmented coset table
collecting the augmented words. The resulting word will give the word rewritten
in N as a product of generators of N. This algorithm works for any generating
set for N, therefore in particular we can choose a generating set in which the
generators are conjugates of relators for Q. Let us look at an example. Suppose
Q = 53 as before, and let the generators of N =< xq = d"\X2= b"NX3= (ab)", X4 =
(6M“,xs = ((a6)M“,xg = @N",X7= {{fab)) xs = (6")“" >, then the augmented

coset table for F'/N is given below:

a a-1 b 6-1
1 2 xj“"2 3 X273
2 Xjl 1 4 X1X4 1x7"4
3 5 X2.X6hx"5 X1 1
4 6 XIX4X5 " X2X0XgX3 6 XiX4X"" 2 2
5 X2X6X213 3 X2ZX6X8X3'6 X2ZX6X3 10
6 X3.X8"X6"X2"X5.X1\x)'M 4 X3Xg "X2 "5
From this augmented table if we wanted to rewrite ab “bab "as a product

of generators for N we trace

ah b 20 b N

= X1X4

'It should be noted in the augmented table we switched to writing the 2-cocycle on the left,
this was done so that inverse 2-cocyclcs are easier to read. If we left the 2-cocycles on the right
as they were in the description of group extensions, then inverse 2-cocycles would be conjugated
by the corresponding generator.
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= XiX""X""XiX4X""X2X(iXsX"7‘lg'/pb

= XiXAAX2XqXsXANXSXANX20 G !

= XXM X2XqXs Xq X2 "X2X1X2 "S™
= XiX""X2XeXsX2"I

Therefore we can rewrite ab~"a"bab~" = xix'""X2XaXsX2 "

Now we want to do is describe a nice way to visualize an augmented coset

table and that is with a directed graph called a coset automaton.

Definition 17 T coset automaton for a group @ = F/N is a directed graph
that consists of a set of vertices S one for each coset fN, and edges E. An edge is
defined from coset i to coset j if in the coset table there exists a generator x of F;
where the image of i under x isj, denoted F' —j. We then label this edge with the
generator x. We will identify the initial coset as the identity element. It .should be

noted that this is just a graphical representation of the coset table.

We assign a secondary label of the image in the generators of N to each edge which
we will call the augmented edge. If the graph has augmented edges, then the
graph is called an augmented coset automaton. Therefore the augmented coset
automaton for our example of S3, with N =< Xi = a*X2= b"\Xs = (a6)*,X4 =

= ((a6)M)“,xe = a"INX7= {ab)") xs, = {H'"y" > looks like the following

figure. To make the image easier to read we will not include inverse edges, as they
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can be determined by tracing a positive edge in reverse.

b X

At this point it might also be useful to introduce a few definitions from graph
theory to make the rest of the description more clear. These hold because a coset

automaton is essentially a digraph where states are vertices.

Definition 18 A walk in a digraph F is an alternating sequence of vertices and
edges, beginning and ending with a vertex, where each vertex is incident to both the
edge that precedes it and the edge that follows it in that sequence, and where the

vertices that precede and follow an edge are the vertices of that edge.

Definition 19 When we trace through a word w through the coset automaton,
we begin at the trivial coset and define a walk where we follow the edge labeled by
the first letter of w. Then from the state at which we arrive we leave following
the second letter of w. This process will continue until we have followed the edge
labeled by the last letter of w, at which point we will arrive at som,e .state in the

coset automaton.

Definition 20 A path in F is a walk in which no vertices (states) and thus no

edges are repeated.

Definition 21 A loop is a path which begins and ends at the same vertex (state)

in the graph F.
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Now with these definitions, we will now prove that coset enumeration is a valid
procedure, and therefore if we have a finite group Q then coset enumeration will

terminate. The following result comes from (M64).

Theorem 22 Assume the index of H in @ is finite. Then the coset enumeration

procedure as defined in (N82) for H in @ will eventually terminate.

Proof: Suppose we have an enumeration procedure where the following 5 properties

are fulfilled:
(1) 1€ S and the coset representative for 1 is the empty word e
(i1) = /3 if and only if =a

@) If = B then if the coset representative for a is A, and the coset represen-

tative for /d is B, we have the coset HAx=HB

(iv) For all a € S if = o then any other word V=A in @/H. We must have
1" =Q

(v) Let E be the set of elements in S that represent unique cosets, then for each

a GE and for each x G S VS~ we have is at some point defined.

If these properties are fulfilled we will show that the enumeration procedure will
eventually terminate. We notice that any valid strategy for coset enumeration will

fulfill these five properties.

Suppose the coset enumeration procedure for Q/H does not terminate. If the
enumeration procedure has these five properties fulfilled, then for each a € T at

some point a* is defined as = B Since a is in T we know a represents a unique
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coset in Q@/H. Now we do not know if P £ T and therefore represents a unique
coset. However, at some point we will either determine P is unique or [? = 7,
where -y is a coset that has been previously defined. So we have 7 < /3. Therefore,
since can only decrease it will eventually become stable. Thus S must be infi-

nite, because otherwise the coset table would full with S = S.

We can now define an infinite full coset table in which the rows are indexed
by the elements a € S and the entries of a are their stable values. Property (v)
ensures that the coset table gives a permutation representation of the group QfH.
Since the coset table is infinite and full we can therefore conclude that the action
of @ by right multiplication on the cosets of H, has infinite degree. But this con-
tradicts the assumption that \Q: H\ is finite, since Q is a finite group and H is a
subgroup of @ Therefore the coset enumeration procedure for Q/H will eventually

terminate.O

Notice that the proof of this theorem does not give a bound on how long it will
take to terminate, it only shows that eventually the procedure will terminate. In
fact, it has been proven that there cannot be an algorithm which would terminate
with a given bound, for any bound one gives there exists a presentation for which

the coset enumeration procedure violates this bound.

In the example we gave of the augmented coset automaton, the generators of
the group N included conjugates of the relators as well the relators themselves. We
will now show in an example that conjugates are really necessary to represent every

word in N. If we consider < R > the group generated by the relators of Q, then if
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F/ < R > generated Q we could write every element in Q as a product of elements
in R. To do this rewriting we would apply coset enumeration to construct a coset
table for F/ < R > which would give the multiplication table for Q. We will see
however in the following example that enumeration will not generally terminate,
which will allow us to conclude that the subgroup < R > has infinite index in F.
We will then show instead that we need to construct the coset table for F/N to

get the multiplication table for Q.

We will let @ = Dg =< r, slrd - s ~rsr = 1> then F =< r,s >, the
free group generated by r and s. The subgroup < R >=< r'* s",s~Vsr >. The
only constraint in defining new cosets will be that each generator of R must map

the trivial coset to itself. After defining the first 6 cosets we will get the following

edge table:

r 6
12 3 4 4
2 5 1
3 1 5 6
4 6 1 1
5 3 2
6 4 3

At this point each relator will map the trivial coset to itself so we have no
further constraints. Now notice that by defining the image of any coset representa-
tive under increasing powers of r will always define a new coset. Therefore we can
conclude that the coset enumeration for this example will never terminate with
a full edge table, and hence in this case every word in Q cannot be written as a

product of elements of R.
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Since we have seen that we cannot rewrite every word in Q as a product of re-
lators, we now want to show that every word in Q can algorithmically be written as
a product of conjugates of relators. In other words we want to show the algorithm

returns the multiplication table for Q given by a coset automaton constructed for

F/N.

Definition 23 A coset automaton is full, if for every state a € S and for each

X6 5US”" the image state is uniquely defined.

We will now prove that a coset automaton is full if and only if every cosct is

mapped to itself under each relator.

Definition 24 We say a coset automaton is relator closed, if it has the property

that each coset is mapped to itself under every relator and inverse relator.

Theorem 25 A coset automaton for a finite group Q is full if and only if it is

relator closed.

Proof: First if a coset automaton for @Q is full, then for each a £ S and each
X GSUS”' the image state is defined. Therefore at each state ¢ € E and
for each relator or inverse relator r, the walk W is defined. Suppose there exists a
a £ S such that W ~ a so that the coset automaton would not be relator closed.
Define a = where S is a word in @ so we have 771N This implies that
5rS“' T e in @ but since r is a relator, or an inverse of a relator, we have r = e
so = 55”"' —e, a contradiction. Therefore W —a for all r in the relators

or their inverses. Hence if a coset automaton for Q is full, then it is relator closed.

40



For the converse we will show that the same 5 properties identified in Theorem.
22 are fulfilled when we have a coset automaton that is relator closed. We could
then conclude by Theorem 22 that the coset enumeration will terminate, and the

coset automaton for @ is full.

We begin with property (i): the coset 1 is defined and 1 represents the trivial
coset. This is verified by the definition of a coset automaton. Next property (ii):
a”™ = fi if and only if = a. This property holds because every time we define
an edge, the inverse edge is also defined to guarantee each relator and its inverse
maps every coset to itself. For property (Hi): If = fi where =a and 1" = (5
then we need to show that the word represented by Ax=B. Since oF = fi this means
A which implies that therefore AxB"™ = e the identity element
in @ This tells us that Ax = B as words. Now we look at property (iv): for all
a if a is defined there exists a word A such that I'""= a. Now if in Q there is
another word V=A, we must have W = a. By definition a = so W = qa.

Therefore, we have verified properties (i)-(iv) which was afairly trivial verification.

The only nontrivial property we need to verify is property (v): for each a G S
and each x G 5 U S~ we have oF will at some stage be defined. Let a = s
then if  is not defined at some point there exists an element AxB"" of N, where
Q = F/N, .since AxB~" G N we know that AxB"" = e in F/N. We are as.sum.ing
this element cannot be traced through the coset automaton. Now since N is gen-
erated by relators {ri,..., r,}, and conjugates of the relators where we have the

property that for each 7 G S that Y' = 7, the word AxB~" can be written as a

product of conjugates of relators since it is an element of N. So AxB~" = rf* «- x% '
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If we let 7, = P* then 1"~ A= P’ — Pi1 "m® e I®FNR= = T e
Since the coset automaton is relator closed this implies must be defined to be
17, since each 72 is defined to be 7. Therefore, if the coset automaton is relator

closed, then the coset autom,aton is full as long as Q is finite. o

The problem we had with F/ < R > is that the coset automaton we con-
structed for F/ < R > will not be relator closed. Now wo will prove a result on

when termination occurs in the free group case.

Theorem 26 Let F=F(S) be afree group. Let @ —< S\R > be afinitely presented
finite group. Then coset enumeration will terminate for the free group F xuith

normal subgroup N=< R >’/

Proof: Since @ is afinite group let H be the trivial subgroup. Then by theorem 22
coset enumeration for Q/H will terminate. Upon termination the coset table will

be fidl, so therefore the coset automaton for @ will be relator closed.

Now consider N =< R the normal closure of < R >. Since < R > is
the group generated by the relators, coset enumeration will have the property that
every relator maps the trivial coset to itself. The generating set for the subgroup N
is larger than the generating set for < R > in that they also include conjugates of
relators. Therefore, coset enumeration will force each of these conjugates of rela-
tors to map the trivial coset to itself. However, the element we conjugate by g will
have a unique coset representative g in the coset enumeration, therefore by adding
this conjugate we are forcing the coset represented by g~" to map to itself under

each relator. Hence, coset enumeration for F/N will require the coset automaton
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to be relator closed, which therefore gives a full coset automaton. Also the coset
automaton for F/N will be isomorphic to the coset automaton for Q/H, which is

finite, so therefore this enum,eration will terminate. o
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Chapter 5

PARTIAL AUTOMATA

Our first goal will be to see if it is possible to construct the coset automaton
for F/N without having to compute a generating set for the subgroup N. Notice
in the proof of Theorem 26, we argued that for the coset automaton to be full it
must be relator closed. Therefore, if we know the path taken by each relator from
the trivial cosct wc can conclude that the entire automaton should have the same

set of paths defined from each state. Our next step will be to prove that this holds.

Before we give the proof, we must first define what it means for an automaton

to be isomorphic to itself when we consider different initial states.

Definition 27 If we let C be the full coset automaton for F/N with initial state
1 the trivial coset and let V he the same coset automMon with a different initial
state 7, then we say C = T> if there exists a one to one function [ : States{C) —
States{T>) such that any pair of states a, (5 which are adjacent = (5 if and only

*[(«)" = /(/3).

Theorem 28 Define C andV as they were defined in the previous definition. Then
cC="
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Proof: We need to construct a one to one function [ : States{C) —mStatesifD)
such that any pair of states a,j3 that are adjacent cP —fi if and only if f{ay =

1(1?7)

Since V is the same coset automaton beginning at a different state 7 ~ 1,

then there exists an element G G F/N such that = 7. We will then define
[ : States{C) States{V) such that if p G States{C) such that = p we have
fip)="{i"r.

Now we need to show that this function f is one to one. Suppose 1" = p and
1 = V and f{p) = f{v), then we conclude We can manipu-
late this equation to get = 1 which means G M —e in F/N.

Hence GM —GN so we conclude that M —N. Therefore p = o so f is one to one.

Next let a G States{T>) = States{C), then there exists an A & F/N such that

= a. Now by definition of afull coset automaton, there exists a /13 G States{C)
such that S = since for any word GA~" G F/N there must be a path in C
from 1 to GA~" We then have /(/3) = = 1~ = a. Therefore we can

conclude that [ is onto.

Finally we must show if there exist a pair of .states G States{C) .such that

= S than /(o)~ = /(/?)m Suppose = S then there exists A, B £ F/N such
that 1" —a and = S, so therefore 1"® ’ = 1. Now suppose /(a)® = < where
S~ f{S) = (Gfi and 1® = 5 Then f{a) = (1°)*, so AA

implies that GAxD~" = e. We can manipulate this equation to G = Dx~"A~".
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Also = 1 which implies AxB~" — e therefore xB~" = A~". Plugging in
this equation for G we get G = Dx~"xB~" = DB”"". Therefore D = GB which
implies that = /(/?). A contradiction, hence /(a)” = f(0)) so we have

an isomorphism. o

From Theorem 28 it now makes sense to construct an object which we will
call a partial automaton, that describes only the paths taken by each relator in
R in the full coset automaton. In the rest of the description that follows we will
assume that we have a fixed free group F — F{S) and a finite finitely presented

group @ —< 5]i? >. Also we assume C is the full coset automaton.

Definition 29 A partial automaton A is a subgraph of the full coset automa-
ton, including the initial state 1, with the property that each relator from the initial

coset traces through in A.

With this definition, it is clear that for some states in A we won’t have all
the edges which leave that state in C defined in A. We will therefore classify the

states into two categories; complete and incomplete.

Definition 30 The complete states of A will be those which have a known edge
for every element in S U . The incomplete states a will be those where there

exists an element x in S U such that 1S unknown.

Our goal will be to show that the partial automaton contains enough infor-
mation to reconstruct the full coset automaton from it by using the isomorphism
established in Theorem 28 and updating the partial automaton until all of the

edges are complete. We can assume without loss of generality, that 1 the trivial
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coset is complete, which means that we will require our presentation to contain at
least one relator that starts with each element of If this is not initially the
case, then cyclic conjugates of the given relators can be added to the presentation
until this property holds. The necessity of this condition will become clear in the

following lemma.

Lemma 31 A partial automaton is full if every state is complete.

Proof: To show a partial automaton is a full coset automaton we must show that
for alla ET and for allx ES U , the image state is uniquely defined. If
every state in the partial automaton is complete, we know for all states a in the
partial automaton is uniquely defined for allx E S U Therefore, we only
need to show that there does not exist a a in the full coset automaton that is not in
our partial automaton. If (3 is a state in the full coset automaton, then there exists
a word B E F/N such that 1~-/3. If B = bl mmbk then we know 1N must have
been defined, since we as.sume the trivial .state is com,plete which im,plies that the
state must exist in our partial automaton. Then by the completeness of each
state we have that must also be defined so that must also be a state in
the partial automaton. Continuing in this fashion we find that \» = (3 must be a
state in the partial automaton. Therefore if every state in the partial automaton

is complete, then the partial automaton is full. o

Our next step will be to describe how we can construct a particular partial
automaton for @ = F/N which we will use to reconstruct the full automaton. We
will begin by constructing an initial partial automaton by labeling the cosets to

determine the edges up to the point where each relator maps the trivial coset to
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itself. When defining new cosets we will use the element test in Q to ensure we
have a unique definition for each coset. Therefore we are guaranteed that we have

not defined the same coset twice.

First we will see an example, look at the partial automaton which we will use
for Z8 =< r, s|¢* = = s~*rsr = 1>. By defining edges up to the point where
each relator maps the trivial coset to itself, and we have guaranteed each state

defined represents a unique element in Q gives us the following table.

r r s s-i
1 2 3 4 4
2 5 1
3 1 5 6
4 6 1 1
5 3 2
6 4 3

This table defines an automaton with 6 states which looks like the following

figure where we will not write in the inverse edges so the picture is easier to read:

Our next step will bg to give an algorithm which uses the partial automaton
to reconstruct the full coset automaton. This is clearly a desirable property if
we want to be able to use the partial automaton for rewriting. Once we show
this reconstruction can be achieved, our next step will be to show how the partial

automaton can be used to do the same rewriting described using the augmented
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coset automaton.

Before we give a detailed description of the algorithm to reconstruct the full
coset automaton C from the partial automaton A, we will give a brief description

abstractly of what the algorithm will do.

To begin this description we will introduce a function which will help clarify
the process. The partial automaton A consists of a set of paths for each relator
in R. Since C is a full cosct automaton, we have proven in Theorem 25 that C is
relator closed. Therefore we can define a function: A embeds into C under the
map which takes the state 1 to the state cr, which we will represent by A Qi-*a C
If we define a — where S is an element of the free group F, then the map
AQi*a Ctakes any other state (1 —1®in  to in C. Since Cis full this map

is well-defined.

Our aim is to start with A and add information to this graph until we have all
of C. To do this we begin with our partial automaton A, and welet B~ Ci>o. C
be a new partial automaton where we add any information obtained by embedding
A to C under the map 1  a. However, when we do this construction we assume
C is not already known. Therefore for each /3 a state in A where (3 is defined so
that = /?, if we cannot determine uniquely that 1"® A 7 where 7 is a state
already known in A, then we do not label in B. The claim is that if we repeat
this process at every state a in ~ we will reconstruct C. Notice that here the set
of states in a in * could grow as we update our partial automaton. The proof of

this will be given after the formal description.
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To begin the formal description we will define a function p{A, 7,w) which
takes as input the partial automaton A, an initial state 7, and a word w. The
function maps words in F to states in A by tracing the letters of the word w
through the partial automaton A, and returning the state at which we end. We
define p{A, 7,re) = 0 if there exists a letter x in w, where w = DxA, such that

7D - 4 and 6" is currently undefined in A.

In our example, the initial partial automaton A has Lr*) = 6, but
p{A,l,sA) = 0 To begin reconstructing the full coset automaton we will go
through each existing state a, and try to set p{A, a,r) —a for each r a relator, or
an inverse of a relator. If this equality holds for each state a G S, then our partial
automaton is full by Theorem 25, and therefore we would have reconstructed C

the full coset automaton from A.

We must test our states in a systematic way. To begin we test states whose
coset representatives are words of the smallest size. Since we have chosen a well
ordering on F, we will choose the element which is minimal with respect to this
well ordering as our starting point. Once we have ensured that all relators and
their inverses map that state to itself for that coset, we will continue by choosing
the next state whose coset representative is the next largest size, where the size
of a coset representative is defined by the well-ordering of Q. Eventually we will
run through every state, at which point the updated partial automaton A will be
relator closed. We can therefore conclude by Theorem 25, A will be full. Also
since A is full by Lemma 31 every state is complete. At this point we will have

reconstructed C
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Suppose a is the first state such that there exists a relator or inverse of a
relator r, where p{A,a,r) A Then r = BxD~”", where p{A,a,B) = jj but
p{A,a, Bx) = 0. We must determine if p{A,a, Bx) — a for some a 6 S, or if
p{A, a, Bx) is a new state. Essentially we are trying to determine if this edge
should go to a state we already know exists or if it goes to a new state. This test is
the same as defining an updated partial automaton where a = B=A C
and determining if is equal to some other state in A, or if represents a

new unique state.

Therefore our first step is to test if p{A, a, Bx) = a for some a € S. To
determine this we will test for all a currently a state in A and all relators and
inverses r, letting p{A, a,r) = a to see if we can determine the edge p{A, a, Bx).
Let us first see how this would work in our example. We begin with the partial

automaton A which looks like the following figure.

At the state 2 we cannot trace the relator = through A. Since p{A4, 2,r) = 5
and p{A, 2,r") = 0, we get stuck at 2”| Therefore, we run through each state with
every relator to determine if 2* is equal to a state already in A, or if this edge goes
to a state that we do not know yet. The following table gives this computation
by listing p{A,a,r), the path taken by the relator r both forward and backwards

(which accounts for the inverse of the relator), and whether any new edges are
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defined.

p{A,a,r) Path Forward Path Backward New Edges
pLAr)=1 1 3 674 1 1/4-7673"1 None
p(, A s“Vsr) = 1 1A 27 54 47 1 1-A4-7T5-7T2-~! None
p{lAsh) =1 1~ 24 1 1 2~ 1 None
pi2,A, rH=20 2-75 2 2-7? ABA 2 None
p(2,A, s~"rsr) —0 2~ 12 3 72 2->?7.734A 14N 2 None
p{2,A,s" =2 27~ 17~ 2 2-71->2 None
pB,Ar®=3 37°6-747173 3->1-74-26-73 None
p@B, A, s~*rsr) =0 3 A2A 1IN 3 3-7T1-T2-772 73 None
pi3, A, s =0 3-77 3 3-7?-73 None
pl4Ar'”) =4 4721-73->6"24 476->3-71"4 None
p4, A, s~*rsr) —0 4725 2T7T"~6-T74 4-7677? A5 "4 None
P, =4 4 N4 41 (5) >4 4" = 5, 57" = 4
p(, A,r”) = 0 5 2~ 5 5-72->2.727 5 None
p(5.A, s~"rsr) =5 5-74->122->5 5-72-7T1"~4"5 None
p(5, A, 8% = 5 5 A5 5.7 (4) ~ 5 =4, 4" = 5
p(6,A, ") = 6 6—24-—y1-—y3-—3y6 673-"1-24-76 None
p(6,A, s“*rsT) = 0 6 N 3-7T6 6 3-7? A6 None
p(6,A,s") =0 6-7?7 ~ 6 6 -7 6 None

At this point we have verified that 7' ”~ a for any tr € S, and wc have found
two new edges 4" = 5, B = 4 along with their inverses. We will now give a formal

algorithm which describes this test.

Algorithm 32 ExistentEdges
Input: Partial Automaton A, an edge that is undefined.
Output: An updated partial automaton A if new edges get defined and if it

gets defined, otherwise = 0 if it does not get defined.

1 forr ER

2 forae T

3 If a new edge is computed by checking if p{A, a,r) = a update A

with the new edge. If cA is defined as  then return =17
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4 If  is not defined return a* = 0

The only part of this algorithm which might not be clear is step 3, in this step
we might define new edges. We must check that these new edge definitions are

correct, and therefore the new edges defined match the edges in C

Theorem 33 The edges defined in step 3 of ExistentEdges, will correspond to the

edges in the full coset automaton C, determined by the map A C

Proof: Suppose in step 3 we add the edge = 6, where 5 is defined such that
= 5and 1= a. To add the edge  —6 in step 3 there must have been a state

7 = 1" and a relator AxT~" such that A= T, with y» = a and 7T» = 5.

In the fidl coset automaton C, since AxT~" is a relator we know {AxT"")" ' is

an element of N, therefore in C we myust have A= 1 or

This implies 7"® = = 6 so = 6 in C. Therefore the edges defined in

step 3 of ExistentEdges will correspond to the edges in the full coset automaton C

determined by the map A C o

The next thing we must prove is that if in the full coset automaton C we have

= /3, where a and /3 are states already in A, then ExistentEdge will define

= fi

Theorem 34 If = fi in C, where a,fi are states in A, then ExistentEdge will

return  —fi.

Proof: Suppose a — andfi —  are states initially in A such that the edge
= S is not yet in A, but = fi is an edge in C. Then "= 11inC, so

AxB~" = e. Since AxB~" is not a relator because it is not a path in A this implies
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that AxB~~ can he written as a product of conjugates of relators since it is an
element of N. Therefore if < R >=< r\,.wrn >, we have AxB~" —

If we define jj = 1®' then the walk " . So the
path which has a label the word AxB~" can be traced by tracing through the relators

at each state T~

Now we must show that there exists a state jj € A such that by tracing through
the relators n™ we define = S with ExistentEdge. Since AxB~" = r™f mamf""
we know A = r™f umm where gf P is a prefix ofrffff and let Px@ =
Then the claim is that ExistentEdge will define the edge (7")" = Tm 'j there-
fore will then be defined.

Since by hypothesis = S is an edge between two existent states we know
7™ and 7~ ' are two states in A . Therefore, since each of these states are known
in A we can label the path from 7" to 7~ by the letters of P, and similarly for

Q~". Therefore in ExistentEdge we will see the path between 7" and 7" ' close

with (7" = Tm ' » point the edge  will be defined to be I? another state
inA. o
At this point if we do not find an existent edge we know that = 7, where 7 is

a new state. In our exampie, since 2" was not defined, we will define 2" = 5" = 7,
where 7 is a new state. At this point our partial automaton will look like the

following figure.
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The following algorithm will define a new state after we have determined that

a missing edge docs not go to a state that already exists.

Algorithm 35 NewState

Input: The partial automaton A, a state a, and a word S, where S is defined to
be the shortest subword of a relator such that p{A,a, S) = 0, and we have already
tested that a for alla EH

Output: An updated partial automaton B where A T B C C and the states of B

match the states of A except for the new state p{A,a,S) = a new state.
1 Let S= S mmS:
2 fi=p{A,a,si -mmSfc_i)
3 p{B,a,S) —T where 'y (A new state)
4 = fdin B

Next we will show NewState works correctly, by showing that NewState never

defines a new state which is equivalent to a state already in A.

Theorem 36 NewState will never define a new state which is equivalent to a state

which already exists in A-
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Proof: In NewState we define =7 and = /3 only after we test with Exis-
tentEdge that /7" is not defined to be a state in S. Therefore N a for any a
already in S, since in Theorem Sf we proved that all edges between existent states

will be defined by ExistentEdge. o

The construction makes it clear that the partial automaton A is always a
subset of the full coset automaton C, however we formalize this in the following

theorem.

Theorem 37 The partial autom.aton A is always a subset of the full coset au-

tomaton C, assuming the original cosets in A are unique.

Proof: Initially A is the partial automaton constructed with the property that for
allr € BV = 1 Since this property holds m the full coset automaton C and all

of our initial states are unique, we have initially A Q C.

Next we call the algorithm ExistentEdges which will only add new edges to A.
By Theorem 33 we showed that the new edges defined will always match the edges
in C. Therefore we will still have ACC.

Then we consider the algorithm NewState where we add a new state and two
new edges. First we must show our new state must be in C. Since C is afull coset
automaton we know that there exists a .state ft, .such that for each existing .state
a and for each x £ SU the image of = ft will be defined. Now since we
proved in Theorem 34, that ft A for all a €  currently in A, we know a new

state ft £ C is a unique state in C different from those in A. Also since =ftin
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C we know that the edges = P and = a added by NewState must also be in
C. Therefore A ~ C and hence the partial automaton A is always a subset of the

full coset automaton C.O

After calling NewState if B is not full we find the first state whose coset rep-
resentative is the smallest in the well-ordering for Q, and this coset is not relator
closed in A. We then set A = B and we will repeat the process again by calling
ExistentEdges followed by NewState. This process will continue until A is full.
Let us go back to our example. Again we see that the state 2 is not full since 2"

is not yet defined, therefore we call ExistentEdges. The following chart shows the

result of this call.

piA,a,r) Path Forward Path Backward New Edges
piLAr'") =1 1~ 3 6 -> 4 1 1~ 44~ 8 3> 1 None
p(,A s~"rsr) =1 1+~ 2~ 5~ 4~ 1 1~ 4~ 5 2 1 None
p{l,A,s"HN =1 1~ 2+ 1 1 2 1 None
pi2 A, v =0 2 A5 AT A2AQ 2A?2AT AL > 2 None
p(2,A, s~"rsr) =0 2+ 1~ 3 ) 2 3 1-> 2 None
pi2,A,sN) = 2 2 1 2 2-A1 -N2 None
p(3,,r'*) = 3 3-»6"4-~1"3 3~ 1r~4"~64"3 None
p(3.4,5“Vsr) =0 3 AgA 1A 3 34 14~ 2 A3 None
p(3 A, =0 3 A3 3 A3 None
p4, A rY) =4 4->1->3-26"4 4->6-23-)-1->4 None
p(4, A, s~"rsr) =4 4-25.>7->6"4 4-~6~ (T)-~5*4 7"=86, 6% =
pi4A,s'N) = 4 4 ->5 4 4 .> 5" 4 None
p(5. A, ) =0 5->77?2->2-"5 5A27A2.>775 None
p, A, s"Vsr) = 524 71->2->5 5->2->1-2475 None
p(5, A, =5 54 44 5 5+~ 4+~ 5 None
p6, A, rN) —6 6724->1->3"6 67r3-2"1-"4->6 None
p(6,A, s~"rsr) = 6-2"7->7-~3->6 6->3->2.A7.18 None
p(6, A, 8N =0 6 ~ 6 6 (7) 6 6% = 17, TN =

At this point

we have added two new edges and their inverses 7* = 6 and

6®= 7. However 2" is not defined to be an existent state, so we call NewState
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which will define 2" =5""

state of B

Still B is not full since 2" is still not defined, so we set 4= B and call Exis-

tentEdges. This calculation is given by the following table.

pi{A. a, 1)
pi{l,AA) - 1
p{\,A, s"Vsr) - 1
p(i,As2) - 1
pi2,Ay)"2
p(2,4, s"Vsr) - 2
p(2,A,s2) = 2
p{3,A,r?- 3
p@3, A, s~"rsr) - 3
p(3, A, s = 3
p(4,A,4) = 4
p4, A, s~"rsr) - 4
p(4,A,8") - 4
p(5,A,A)"5
p(5, A, s~"rsr)

p(5,.4, =
p(6,4, A) =
p(6,A, s~"rsr)
p(6,%, sN) =6

I o o |l

At this point the partial automaton B is full since each coset is relator closed

Path Forward
1~ 3 6 4 1
1 2 5+~ 4 1

1- 2~ 1
224572 T7T->8-72
2~ 1 3 2

25> 15 2

3r~67r47~1173
3~822721->3
3 8-> 3
4->1->3-2"6->4
4 A5 TNANENM4
4~ 5 4
BATA~8M~275
5-"47r1722->5
5~ 447 5
61747~1723-26
6—27-—y8-—3y3—26
6~ 7N 6

Path Backward New Edges
14—4—+6—3—1 None
1 4 5 2 1 None
1 2.1 None
2—~s +T7—5—~2 g+ 2,2 -
2> (8 > 3 1.- 2 3%- s,8" -
2.1 2 None
3->1-"4->6-"3 None
3> 1 2.5 (8 >3 8- 3 3“'-
3 8> 3 None
4->6->3->1->4 None
426" T~r5-"4 None
4 5 4 None
bA27~82~T15 None
5722->1->4->5 None
57 47~ 5 None
6-"3->1->4"6 None
67~3"8->7-"6 None
6"~ 7T~ 6 None

and the full coset automaton is given by the following figure.
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Our next step will be to give an algorithm which computes a full coset au-

tomaton from a partial automaton A.

Algorithm 38 FullAutomaton
Input: A partial automaton A

Output: A full coset automaton constructed from the partial automaton A-

1 for « G S such that the coset representative for a is the smallest in the

well-ordering for Q
2 if there exists a relator or inverse of a relator r such that p{A, a,r) %
then
3 ExistentEdges(A, a)

4 ifp{A, a,r) = ”~ then there exists a subword S of r of shortest length
such that p{A, a,S) —3$

5 B=NewState{A,a,S)

6 return A

Now we will prove if @ — F/N is a finite group, then FullAutomaton will

terminate.
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Theorem 39 Given Q is a finite group, the algorithm FullAutomaton will termi-

nate.

Proof: We need to show at some point is defined for all a G S, and for all
X e SUS“\ at which point FullAutomaton will return an updated A, the full
coset automaton. Suppose there exists an a &T,, such that is undefined. Then
we have two cases, first = fi where s already in the partial automaton A.
Then by Theorem 34: oF = fi will be defined by ExistentEdges. In the other case

= S, where fi is not already in A, then since @ is finite, and by Theorem. 36
we always define unique cosets, at some point we must define fi. We will therefore
define , using either ExistentEdge or NewState. Therefore if @ is a finite group,
FullAutomaton will terminate with a full coset automaton, since FxdlAutomaton

constructs a coset automaton which is relator closed.
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Chapter 6

PRODUCT OF CONJUGATES

Now that we have seen how the partial automaton can be used to construct
the full coset automaton Cioi @ = F/N where N =< R , our next step will be
to see how the partial automaton can be used for rewriting in group extensions.
In Chapter 3, we described an algorithm which assumed we were able to obtain a
normal form for elements in Q and K by some other means. For example, we could
assume we also have a permutation representation for Q and K, and we define
the normal form word to be the smallest length-lexicographic representative. We
have described previously how this representative can be found using an algorithm
which requires only the storage of two bits for each element in Q. The algorithm
for rewriting in group extensions also required we find a way to take as input a
word in N and express that word as a product of conjugates of relators. This step
was required so we could compute the value of the 2-cocycles from the 2-cocycles
we are storing for each relator of Q. Therefore in this chapter we will discuss how
the partial automaton can be used to write words in N as a product of generators
of N. We will begin by making two assumptions about the presentation for Q.
The first assumption is, that our relators have the property that no relator is a
proper subword of another relator. Our second assumption is that, no generator

occurs only once in one relator. If this was the case we would apply the Tietze
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Transformation which removes both that generator from the free group F and the
relator in which that generator occurred from the set of relators. Since this is a
Tietze Transformation this manipulation will not change the isomorphism class of

the group defined by our presentation.

We will begin by describing a partial automaton V that is a graph representing

all cyclic permutations of the relators given in the presentation for Q.

Definition 40 We will call a partial automaton a cyclically closed automaton
abbreviated cc automaton and denoted by V if it is a partial automaton and its
relators are defined to be all cyclic permutations of the set of relators given for @
Then the set of walks which can be traced through V will be defined by this set of

relators.

From this definition, we can now assume when we are talking about the re-
lators for the cc automaton V, that these relators consist of the relators given for
Q along with all cyclic permutations of these relators. Now we will use the cc

automaton V to compute a free generating set for N.

Definition 41 A free generating set or free basis S for the normal subgroup
N consists of a set of elem.ents in N that generaie N, with the property that every
element of N can be written uniquely as a product of elements in the free generating

set S

From (LS70, Prop 2.2) it follows that given a free group with an arbitrary
generating set T, one can remove generators from this set to get a free generating

set S. Therefore, sinee N is the group generated by all conjugates of relators, we will
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then construct a free generating set S which consists of some conjugates of relators.
Once this set is constructed we will use it to rewrite every element in N uniquely
as a product of elements in S. In other words, we can use this set which consists
of conjugates of relators, to uniquely rewrite every element of N as a product of
conjugates of relators. Once this rewriting has been done we can use our previous
description to do arithmetic in a group extension. To begin constructing S we
must first construct a spanning tree for C the full coset automaton. Recall from
our previous description that we are assuming we have a normal form for Q given.
We can use the normal form for each word in Q to define a spanning tree for the

full coset automaton C.

Definition 42 A spanning subtree T of C is geodesic in C if for any vertex v in

T the label of the path from the identity to v is the normal form for the element in

Q

With the geodesic tree we can now construct a free basis S for N. We begin

by defining two types of edges for the graph of C

Definition 43 Suppose the digraph C has the edge a — b then this edge is a
positive edge for a since the arrow has initial vertex a, and a negative edge for

b since b is the terminal vertex of the arrow.

It is all about perspective, a positive edge from one vertex is a negative edge
from another. Wc will call vert{T) the set of vertices in the geodesic tree T, and
we will call edge{T) the set of edges in the geodesic tree T. Consider the set of
edges X = {pe\Pe G edge{C —T),e G vert{T)], where the vertex c is the initial
vertex in 7' such that each pe is the label of a positive edge which leaves e, and
the edge p*is in C —7T. The following lemma says that the cardinality of the set

X is equal to the rank of N.
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Lemma 44 Let C be the full coset automaton and let T be a geodesic spanning
tree in C, then the number of positive edges in C outside T, given by |X|, is equal
to the rank(N).

Proof: By Nielsen-Schreier (LS70, Prop 3.9) we have

rank{N) = [F : N]frank{F) —1) + 1

= [F: N]{rank{F)) - {[F : X]- 1)

In C we have [F : NJ vertices, each with rank(F) positive edges. Therefore there
are [F:Njrank(F) positive edges in C. Qur tree T has one vertex for every group
element in @ F/N, which gives [F : F] —1 edges. Therefore, the size of the set
X is equal to the rank(N).

With this lemma we now have enough information to construct a free basis
for N which will consist of conjugates of the relators given for Q. In practice we
will not need to compute the entire set defined by the following algorithm, but
rather, we will only construct a subset of this set necessary to do rewriting of a
given word. In this construction we will associate to each positive edge p} EX a
unique clement of N. It will be easier in this algorithm for conjugates of relators
to have the form crc~" which we will write as  to denote that we are conjugating

by ¢~h It should be noted that “r = r* ' so these are still elements of N,

The basic idea behind the algorithm is that we will compute a generator for
each pb £ X. We will have that pt is a positive edge leaving a vertex b in the
geodesic tree T. We will define the label of a vertex to be equal to the word cre-

ated by adjoining the labels of the path in T which begins at 1 and ends at b. For
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example, suppose b = by.. .b" then in the geodesic tree there is a path from the

A

initial vertex 1to the vertex b where the labels on the edges of this path are b\ .. .b"

Now, since generators in S are conjugates of relators and we are only storing
V which does not contain all conjugates of relators, we need to use the fact that
a conjugate of a relator is a loop in C starting at a different vertex. With this in
mind, and the fact that we need a generator for each positive edge ph E X , where
b leaves the tree T from the vertex b — bV -mmb”", we will begin by tracing the
word bpb in V. If we can trace completely through this word in V then we know
the generator is a relator in V. Otherwise, the generator must be a conjugate of
a relator. We will now try to find a conjugate of a relator that has as prefix fp*
which we know exists since we know that there is a path in V that contains the
edge pb- In particular, we know that pb is an edge leaving the initial vertex, since
we assume the initial vertex of V is complete. We can then identify this path in
V which contains possibly some suffix of b, along with pb and then set some prefix
of b to be the conjugating element. In practice if bpb does not trace through V
then our next stop will be to let our conjugating element be bi and we try to trace
72 «++bkPb through V to see if we can define a relator. If not we will make our

conjugating element be 6162 and repeat our process.

Once we find a path h - s which is a path in V starting at the identity, we
then can identify a relator by choosing any path back in V to the identity which is
by definition a loop. By definition of a loop we will not allow ourselves to reverse
any of the edges bi,... ,bk,Pb in this process. We know such a path exists, since V

is a graph which consists of a union of loops for each relator and cyclic conjugates

65



of the relators. There is a possibility of some choice involved on our path back
and we will discuss the issues that arise with this choice in a moment. Since we
assume the initial vertex is complete, we know at a minimum pb is a path in V

and b could be our conjugating element.

Before wc go on to discuss the choice involved in the path back let us look at
an example so we can visualize this description, in the following figure images of
the path bpt will be marked with — > and the cc automation P whose lines will
be labeled with ----- . We will then look at what happens when we place the
cc automaton at each part of the word to find our conjugating element and the
relator. Edges that appear in both graphs will be labeled with > | and finally
the path that finishes the relator will be labeled with edges that look like —

To make the display easier to read we will let & —4

1) Initially we assume we have the word fpb = bib2bib"ph and the cc automa-
ton V given in the figure below.
bpb S 64 A >4 NS

\%4 b3
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(2) We begin by tracing fph in the cc automaton V. We see that the path b\b2
is in "P, however since & ¢ we cannot continue this path so we know we have a
conjugate of a relator instead.

wh b BA @ B, Y

m*v —}b> *w

3) At this point our conjugating clement will be b and we begin tracing the
word 6263641, in V, however again we find that we cannot trace through this entire
path since d 7 pf, so we will make our conjugating element longer.
AN/ b 63 4 B
bpi ! — — > — AeV— >°m

b3
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4) Now our conjugating element is 6162 and we see that the entire path
traces through V. We then choose a path back to the trivial coset which identi-
fies the relator b"biPbU The element of N which we will choose as a generator is

(63647 60).
pb *1 - w

Our next step will be to discuss the issues that arise in our choice of path
back to this initial vertex. The only issue wc may have would be if we choose the
same element as a generator for two different positive edges pb E X, then our set of
generators would not generate all of N, since the generating set would not have the
correct size. To see how our choice of path back might cause this redundancy, let
us think about how two positive edges might be related. We begin by considering
a positive edge pb* which leaves a vertex bi. This edge pbi must map to another
vertex @ in T, since T is a spanning tree for C. Therefore we have the following

picture.
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The next step in this process would be to compute the conjugating element
Cl, such that bi = CIC and (PGl is a path in 7. At this point we must choose a
path back to the initial vertex in V, we will call this path back  so that CHbife is

a loop in V, and therefore represents a relator. We now have the following picture.

If two different edges pe, Fb are given the same element of N as a generator
then we say that we have a redundancy of generators. Now the path is the only
place where a choice is involved where we could cause a redundancy of generators
can occur. To understand this potential redundancy let us consider two cases for
the form of r~ The first case is that --mPg, lor in other-words Vf is a

path which consists of only positive edges.

In this case, we have = —Fh2h" m*'Ph,” n path consisting of all positive edges.
We will then have the following picture, where we will assume that the edge pb,

will leave the vertex b,



In this case, we claim “(cgpp,re) =" ((capy, re) ™ P2 -1}, In other words,
this relation shows that two conjugates of cyclic permutations of our original relator
are equal, therefore we need to be sure not to define a cyclic permutation of this
relator for one of the other positive edges py,. To prove this we will use the fact

that & = bypy, - * Pu, in Q.
; ':Czpiu rt] = clcipblrt:cl_!

- cl'ﬂﬂphph ik 'Pb._,pb.pb,ﬂ oA pbmcl_l
o blphpbg e 'ph,-_1p'&1pb,+1 L phrnC;I
1

= bipb.p&, Y R Pb. If‘],_

Now since b; = ¢,co which implies that ¢; = b;(capy, - - ps,_, )~ which gives us
= by 1 . P —1y-1
= by, Py P (Bi(C2Pby - 20,2y ) )

] biphtph‘.,., ar e 'th'f:‘iﬁh Mo Ph,_.bfl
=% (Pu,Pu, . PhonCaPuy = Dby )
s {{':2'Fh| r.ﬁ}cupb,mz'-'ml -1)

Therefore we must be careful not to choose the cyelic conjugate of the relator

cap, e for any of the other positive edges py,, ..., Py,

Now we will consider the second case that r, contains at least one negative
edge. For convenience we will assume that the negative edge occurs as the first

letter, so v, = p;j P, . In this case py,, p, will both leave the same vertex b € {5



We will have the following picture.

At this point, since ~ positive edge leaving b, and not 12 we will not have
any issue with redundancy leaving 62. It turns out that wc get two issues from the
positive edges leaving the vertex b. We get that (cZPG?') ),
which implies that  (cZ2PGre))~" = ))~" so we cannot define the
inverse of this generator for the positive edge pf," Again the proof of equality

between these two equations stems from the fact that A= HGFp"™™ in Q.

“Y¢2Pb,re) = CiC2Pb,Ph*"Pb,pC
= biPoiPh"Pb.pci”
= bpbsPCi
Since = C\(2 this implies that c¢i = b{c2PbiPb2 "
bPb;PC2PoyPl"o~"
=" iPb,PC2Pb,pgY

=" {ic2Ph,reY' AN )

Therefore again we must be careful not to choose the cyclic conjugate of the relator

Chhi'fe for any positive edge pb" in re- For any negative edge, no matter where it
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occurs in the word we must not choose the inverse of the cyclic conjugate of

the relator CPbhiTe-

Definition 45 We define the redundancy condition to be the set of redundan-
cies of either type one where Bilhi ' "B which consists
of only positive edges or of type two where v\, contains at least one negative as edge.
If we have a redundancy of generators because one of the two types of redundancies

has occurred we will say that the redundancy condition has been violated.

With this definition we now give a theorem which states that the only way we

can have a redundancy of generators is if the redundancy condition is violated.

Theorem 46 The generators constructed from V are unique if we make sure to

not violate the redundancy condition.

Proof: Suppose we have two positive edges pb and Pe where Pe is not one of
the edges on the path back to the identity chosen for pb- Then we would not violate
the redundancy condition, so we will then show that no redundancy will occur. The
claim is that the two generators constructed from V for these two positive edges
are distinct. Suppose we choose ‘“x) for pb where the prefix of "{r) is bpb and we
choose '"Ng) for pe where the prefix of “Nq) is epe, then we claim “(r) (g) which

says that the two generators constructed are distinct.

Assume by contradiction that “(r) =~ (g) which implies
cre~" —dgd~".
Then we can manipulate this equation to get

r = c~/\dqd~/\c —m (g)
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Therefore we can conclude that r is a conjugate of q. Since these are both loops in
V this will allow us to conclude that r is a cyclic conjugate of g We make this con-
clusion since we assumed originally that in V the only loops which are conjugates
of relators are cyclic conjugates of the original relators for @ by requiring that no
relator of @ is a proper subword of another. Therefore we have a contradiction to
our assumption that “r) =" {q). Hence the only way the redundancy condition can
be violated is if we get a redundancy of the form described by case one or case two.

O

As a consequence of this theorem if we now choose generators which avoid
violating the redundancy condition we know that the free generators we construct
will be unique. Now we will give an algorithm to compute a free generating set.
We will see later how this algorithm can be adapted so we do not need to store all

of the previously computed generators to check for a possible redundancy.

Algorithm 47 FreeGen
Input: A geodesic tree T, agenerating set for the free group F, and a cc automaton

V.

73



Output: A free generating set for N given as conjugates of relators.

Vv

1 For each vertex vin T let  be the label of the path in T from 1 to v

2 Compute all positive edges p” € edge{C —T) where b G edge{T).

3 For all do

4 For each edge ph” it must have a terminal vertex w in T m Let be the
label of the path in T from 1 to w. Then bpi"bjf is a loop in the full

automaton C, so it is a word in N.

5 Let (B be the prefix of by such that ¢f"hyPb" is the prefix of a relator r in
V. In other words, we can trace through c~"byPb, in V, then by tracing
this path back to the trivial coset in V we will identify a loop in V whose

edges define the relator r = cf"byPbyre-

6 Add to the list of generators ~'r. Also check that we are defining a
unique element of N, by checking that the redundancy condition is not
violated by this assignment. If the redundancy condition is violated then

we want to choose a different relator r, or make ¢y a longer prefix of

by m

74



7 return the list of free generators er.

We will call the list of generators returned from the algorithm FreeGen S. The
next obvious question is whether or not this algorithm works. The only part which
might still be unclear is that we will always have another choice of element in N

that we can choose which we can associate to each positive edge.

Theorem 48 It is possible to choose a generator for each pj E X such that the

redundancy condition is not violated.

Proof: We begin by choosing an edge pb E X such that b is the label in T of the
path from the trivial coset to the initial vertex of pb- We know that this edge must
map to another state in T which we will call c. Therefore we have the following

picture to describe this situation.

We want to show that regardless of previous choices we can still find a gen-
erator for B that does not violate teh redundancy condition. We will prove the
existence of a generator by contradiction. Therefore, we suppose instead that us-
ing the algorithm FreeGen we cannot find any path in V that does not violate the

redundancy condition.

Our first step will be to show if this is the case, then our conjugating element
for ’b must be b We will prove this by assuming no shorter prefix of b can be
chosen as the conjugating element without the generator computed from FreeGen

violating the redundancy condition. To prove this, suppose our conjugating element
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is bi a prefix of b such that b = b\b2 and we cannot find any relator b2PbVe such that
the redundancy condition is not violated. Then in step 6 of FreeGen we make our
prefix bi longer and search again. Therefore, the only way we can not make the
prefix longer is if b is the conjugating element. Since we are assuming no generator

can be found, this will be the case.

Now that we can assume that b is our conjugating element the next step will
be to prove there exists at least two paths in V which begin at pb and trace back
through as a loop to the trivial coset 1. Since we know that the trivial coset 1 is
complete, we know there exists at least one path in V which begins with pb. Now
we claim that in fact there exists at least two paths in V which begin with pb. We
will prove this by contradiction. Therefore, we will a.ssume that there is only one
path in 'V that begins with pb and that path is ppre- Now since V contains all cyclic
permutations of relators this implies that ph is a generator of F such that there
exists only one relator for @ which contains pb only once. We can guarantee this,
since if ph or pf* had occurred in any other relator, then a cyclic conjugate of that
relator or its inverse would begin with pb and this would lead to another path in
V' which begins with pb. However, we originally made an assumption that Tietze
Transformations would be applied to the set of relators for @ which would have re-
moved Ib from the set of generators for F in this case. Therefore, we can conclude

that there exists at lea.st two paths in 'V .such that the path begins with pb.
The final step of the proof is to show that there will always be a generator of
N we can choose that will not violate the redundancy condition. In our previous

step, we showed that there are at least two paths pbr™ and phG in F which begin
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withpb- Now, we want to show that if a cyclic conjugate, or the inverse of a cyclic
conjugate, of both of these paths have already been chosen for generators of other
positive edges then we can guarantee the existence of other paths in V which begin
with pb that we can choose from. We begin by assuming that there are only 2 paths

in 'V which begin with pb, then we know a subset of V. must look like the following

figure.

Since we assum.ed that som,e cyclic conjugate or the inverse of a cyclic con-
jugate, of both Pb(2 and pife have already been chosen we must look at a couple
of cases depending on whether or not the inverse of a cyclic conjugate or a cyclic
conjugate was chosen. First, we will suppose a cyclic conjugate was chosen for both
positive edges so there exists two positive edge p”* and Py such that phVe —PR?1PT?2
and pbfg — Pbf\Pyf2. In this case we know there exists edges x,y in T such that
B 2Po"\) alid {PyfiPbFi) were chosen as generators. We also know there exists
at least two paths in V which begin with p~ and Py, so we know there are other
paths pc'Vx BFy which must be in V, so the cc automaton contains the paths
PxoPor-i, BTk, PyI2PbFi, and Pyfy. Therefore a subset of V. must look like the
following figure. It should be noted that we may have two edges in the following

graph which are in fact the same edges in V. This discrepancy will not change the
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argument, so for clarity we will draw the diagram ignoring this possibility.

From this figure since V contains all cyclic conjugates of relators we see two
possibly new loops which begin with pb, and they are Pb'r\rf*r2 and PbF\fy~"r2. We
will now update our subset of V by drawing in these loops as if they are different

from the other loops, however it remains to show that these loops are in fact new.

To determine if these are new loops, .suppose that in F

V2= Pbr\Pxr2

which means we are assuming these are exactly the same words. Then this would

imply in Fr~"~ —Px which would mean PXTx is not a loop in V which is a contradic-
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tion. Similarly we can conclude that pbf\fy~"f2 T~ Vo'riP)'"2- Next, if either of these
loops are new then we have found other paths in V to choose from. Therefore, we

suppose instead that they are not new which means
o1l Ve = PoTiPyre

and
V2= PbriPxV2

in F so that we have not found any new paths in V, just a renaming of the paths

we already knew.

Since P(rir“ V2 = PbF\Pyf2 and Pbr\fy~"r2 = W?iPx?2 lhan we an suppose
without loss of generality that f\ = rifj and r2= f2r2 or that f\ and fj are the
longer words. If this was not the case and r\ or T2 was the longer word then we
would have a similar equality for r\ and r2 so the argument will not change. From

the identity Pbfify~"f2 —Pbr\Pf2 we get
rify~"Fi = px
which implies
ri = B2
From 2= Po'r\Pyf2 we get

1>9 = rxrxPyrar2

which implies

= rxPyr2.
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Plugging in the identity for r\ we get
"wA= Pxr2 yPyT2

which implies = {pxf2 "TYyPyr2) ~= V2 "y 2P Therefore the loop in V

of BXfx which begins with p” leaving the trivial coset I, becomes
B2 "By A 2Peh

which is not a loop "vhich begins at the trivial coset, but rather a loop which leaves

the vertex Px- This is a contradiction, so one of these paths must be new.

Now in the previous argument we assumed that both of the generators already
chosen were cyclic conjugates of the two possible generators for ph. If we instead
had an inverse of a cyclic conjugate of a generator chosen the argument would be
exactly the same, except we would replace Px by pf". IVe will still find that there

exists at least one new path that begins with pi,.

Finally we claim that one of these new paths we just found has been chosen
for another positive edge p”, then there will be other paths we will be able to choose
from. Suppose any of these new paths was already chosen for a different positive
edge. IVe can assume for example that Pbf'\rf"r2 was chosen for a positive edge
Pz such that Phr\rf~"r2 — PoTxpfr]. then again we get another possibly new relator
PbEfrf~r” in V. Again by a similar argument as before we can show that either
this relator must be new or the other new relator we found previously must be new.
Eventually since only rank{N) —1 generators can be assigned before the generator

for pb we will have to find a new path which has not been used. Therefore it is
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always possible to choose a generator for each pb G X such that the redundancy

condition is not violated. o

Now that we have guaranteed the existence of a choice of generators our next
step will be to prove that the set S returned by FreeGen is a beisis for N. We will

begin by showing the list returned has the correct size.

Theorem 49 The set S will have cardinality rank(N).

Proof: By Lemma 44 number of positive edges in C - T = |X| = rank{N).
Therefore since we add a unique generator for each positive edge in C—T we are

only adding rank{N) generators, so the cardinality of S will be rank(N). o

Our next step is to show S generates N. To show this we will show that
if we build a graph from S which is essentially a union of Cayley graphs for each
generator in S that this graph can be used to construct a graph which is isomorphic
to C the full coset automaton. We will call Y the alphabet for a graph and Y
will consist of the set of generators of F along with there inverses. The following

description comes from (KMOO).

Definition 50 Let Fi be a directed graph (digraph), where there exists at least one
vertex v in Fi and at least two edges in Fi labeled by y G'Y, then we say F2 results
from folding Fi if in F2 there exists a vertex v the image of v in T2 and only one
path labeled by y G Y, where the terminal vertices of the edges labeled by y m Fi
are identified as the same vertex m F2. The rest O F 2 remains isomorphic io Fj.

Therefore a folding identifies a set of duplicate edges inTi.
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The following lemma gives us a few more details about how a folded graph

looks, the proof is trivial and will not be included.

Lemma 51 Let T be a digraph obtained from folding a graph T. Let v be a vertex

o/r and V be the corresponding vertex of T. Then the following hold.

1 IfVis connected then T is connected.

2 Let p be a path from v to v in T with label w. Then the edgewise image of p

m r is apath from v to v with label w.

3 If the digraph T is finite, then afolding always decreases the number of edges

inr by one.

We will say a graph T is a folded graph if it results from applying all possible
foldings to a graph T. The next theorem states that there exists a unique folded

graph resulting from applying all possible foldings to a given digraph.

Theorem 52 Suppose T is a digraph, then there exists a unique folded graph T

which is the graph which results from applying all possible foldings to T

Proof: Suppose that both T and fl1 are distinct graphs that result from applying all
possible foldings to f . Now since both T and 2 result from folding T, consider the
vertex v G vert{T), along with path p from v -> v in t with edge labels w. IVe
know there exists a vertex € F, and v £ ft along with the corresponding images
of the p which map v » v and v ~ v respectively in F and @, with edge labels w.
Let f :vert(T) -)+ vert{Ll) be defined so that f{v) = v and for any other vertex
u G vert{T) which lies on a path leaving v where the label of that path is x written

= u have as image f{u) = fiv"") = f{vY = iT. Since paths in F are defined as

82



images of paths in P we know this map is well defined. Also we see that f preserves
paths, therefore if f is one-to-one we can conclude that P = and therefore there
exists a unique folded graph for P. Suppose u = v in T, which means that the
image of u and v in Q results in the same vertex in Then suppose u ™ v where
u and Vare the corresponding im,ages of u and v in P. Since u —v this im,plies
that afolding was applied in @ to make that equality, and since P is afolded graph
this folding must have been applied there as well, so u = v. Which implies that f

is one to one and P = Q. o

Our next step will be to precisely define a graph which we will call the bouquet

created by the generators of S.

Definition 53 We define the bouquet B for S as the digraph with the property
that for every element S a Cayley graph is formed and the bouquet is then the union

of these Cayley graphs where the initial vertex is identified.

To better understand this definition we will consider an example, let @ = S3 =

F/N then a set S which generates Nis 5 = {of,b” f a?f {ababab) a?.ababab).
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The bouquet B looks like the following figure.

Next we will show that if we apply all possible foldings to this figure, so that
B is folded, we will get the full coset automaton C. Let us first see how this works

in our example, below is the figure for B folded.

We can see that this diagram is isomorphic to the full coset automaton C for
53 =< agbla™ = 6" = (ab)”* >, which was given earlier. Now that we have seen in

an example that B folded is isomorphic to C our next step will be to prove this
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result in general. To prove that when we fold B we get a graph isomorphic to C we
must first describe the properties a graph must have to be the full coset automaton

C for F/N. The following description comes from (S94).

Definition 54 A vertex v in a digraph T is accessible if there exists a path in T
from the trivial vertex 1to v. We define Tq to be the set of vertices in T which are

accessible. We say F is accessible ifV = Fa.

It should be noted that from this definition a digraph F which is accessible
is the same as a connected graph. We will define Fg to be the graph that results

from folding the bouquet B. Our next step will be to show that Fg is accessible.

Lemma 55 The digraph Fg is accessible.

Proof: First each vertex in F com,es from, a vertex in the bouquet B. The bouquet
B IS accessible because each element of S is a loop from the trivial coset back to the

trivial coset. Therefore Fg is also accessible.

The next property of a coset automaton C is that Cis deterministic.

Definition 56 A digraph F is deterministic if

a It has only one initial vertex

b The label of each edge is nonempty.

¢ For every vertex v in F, and for each y ~ Y there exists at most one edge

leaving v labeled x in T.

Now we will show Fg which is the folded bouquet B is deterministic.
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Lemma 57 The folded bouquet P" resulting from B is deterministic.

Proof: The only part of this definition that is not clear is item c that for every
vertex v in and for each y a negative element of Y, that there exists an edge
leaving v labeled by y in Tb - We know by the construction of B that for all positive
yin Y, and all v in Tb we have the edge leaving v labeled y defined in Pg. Now
since we have the same number of positive edges as negative edges and each positive
edge iP = w corre.sponds to a negative edge uP ~—uv, we only need to show that we
cannot have = v and —u where v N u. If this cannot happen, then since
each inverse edge goes to a unique vertex we can conclude for all vertices v and all
y &Y there is an edge leaving v labeled by y in Pg. Suppose w™ = v,w” —u
where v u, then since Pg is folded we have both edges leaving w under y~" are
the same edge, which means the vertices v —u which is a contradiction. Therefore
each inverse edge goes to a unique vertex and we can conclude that Tb is deter-

ministic.
Our next step is to show that any directed graph with the following properties

1s a coset automaton.

Lemma 58 A coset automaton is a directed graph P such that the following

properties hold.
a r IS accessible
b r is deterministic
¢ The initial vertex is the same as the terminal vertex

d If there is an edge = w in P, then A= v is another edge in P.
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Proof: To show that these 4 properties define a coset automaton, we must show
that given a digraph T with properties a-d, then T is a coset automaton. First we
give the definition of a coset autom,aton which we gave earlier. We defined a coset
automaton as a directed graph that consists of a set of vertices S one for each
coset fN, and edges E. An edge is defined from coset i to coset j if in the coset
table there exists a generator y of F; where the image of i under y denoted = j.
We then label this edge with the generator y. We will identify the initial coset as
the identity element. Therefore, we will show that a graph with these 4 properties
defines a coset table, and that coset table will correspond to a coset automaton.
We will number the vertices of the digraph, choosing one of them to be the trivial
vertex, then we will label our coset table so that the rows are numbered by these
vertices. We will label the columns of the table with the set of elements in Y for
the graph. Then since the graph T is accessible we know that the there exists a path
in r that connects the trivial vertex to each other vertex in F. Therefore we can
record the definition of each vertex as an image in our coset table. Next, since F
is deterministic we'know that each row of the table will be full, and therefore we
know that our graph F will define a coset table. Hence this coset table corresponds
to a coset automaton. Therefore these four properties completely define a coset

automaton.

Our final step will therefore be to show that Fg the directed graph resulting
from folding 5 is a coset automaton. If we show this, then since Cis defined to be
the coset automaton for F'/N we can conclude F~ = C. If this property holds, then
since the loops of B were defined to be the elements of S and we showed that this

graph when folded was isomorphic to the full coset automaton C we can conclude
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that S is a generating set for N. The reason we can make this conclusion is that we
know by definition of the full Cayley graph every element of N is represented by a
loop in C. Since we can use S to construct C, and all loops in a folded graph are
loops of the original graph B or a product of loops in the original graph B when
the edges are identified. We can therefore conclude that every element of N can

be written as a product of elements in S, and therefore S is a generating set for N.

Theorem 59 The digraph Fg is isomorphic to the coset automaton C.

Proof: In Lemma 55 we showed Fg is accessible. In Lemma 57 we showed Fg is
deterministic. By definition of B we have that Fg has the trivial coset as the initial
and terminal vertex, since each loop begins and ends at that vertex. Therefore Fg
has the same initial vertex as the terminal vertex. Finally we define inverse edges
in TB such that if u —w then " = u. Therefore Fg is a coset automaton for

F/N which means Fg = C. o

Our next step will be to show an example where we eompute a free generating
set for the group @ —< a,b,cla™= 6" = abab — acac~" — bebe™ = ¢* > which is
a transitive group of order 16. We will begin by computing the geodesic tree and

the partial automaton V. Below are these two objects.
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Geodesic Tree T

CC Automata V

Now we will give the list with label of edge to vertex in tree v, positive edge
leaving that vertex pv, and the generator for each. Again we are using the conven-

tion that = crec~"\
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A Py Generator
a a
b a baab
b b o
c a cac~"a
c b cbc~"b
c-i a cMaca
b c~"bcb
a ac~"ac
b “(c**6c6)
ab a abab
ab b abba
ac a acac~*
ac b °"feber™b)
be a Neac~"a)
be b bebe~"
a
b be~"be
cc a ”{CCLCNACZ)
cc b ’A{CbCNAb)
ce c
abce a “?(cac™*a)
abc b ‘/\{beCNA)
abe~" a “*(c“’aca)
abe™™ b "be™Mbe)
acc H
acc b “ (cbc-ife)
acc c
bcc /(A{CCIC "a)
bce b ‘>%CbC-Ab)
bce c
abcc d ’h’\A{oac ~a)
abcc b
abcc c ab(*,4)

We can test using GAP that the set of generators given in the table is in fact

a generating set for N.
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Now that we have described an algorithm to construct a free generating set
S for N, our next step will be to show how we can use this algorithm to rewrite a
word as a product of elements of S. We will take our word find the first element in
our product, then we will update our word by dividing off the element of S making
our word a shorter product of elements of S at each step. We will also construct

elements of S that we need while we do the rewriting process.

Algorithm 60 ProdConj
Input: A geodesic tree T, a generating set for the free group F, a cc automaton
V, and a word w E N to be rewritten.

Output: The word w rewritten as a product of free generators.
1 S:=[J; prod:=[j
2 while w " e do

3 Trace w in T, let he the vertex in T where we cannot trace any
further.

4 Let pi,, be the first letter ofb~"w. Then pb, is an edge in C that is not
in T, so pb" is either a positive edge or a negative edge.

5 If pb™ is a positive edge then do steps f-G in FreeGen, update S
to include the new generator. If the generator is already in S we
won't add a duplicate but we will make sure to use that generator,
w = generator~" mw, Addfprod, generator)

6 If I is a negative edge, then pf," is a positive edge leaving 6, =
NormalForm{b,ph.J. Apply steps f-G in FreeGen with ph, = pf,"m
Update S to include the new generator. Let w — generator mw,

Addfprod, generator~")
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7 return prod a list of generators which multiplied together gives w.

The only part of this algorithm which is not completely clear is that the algorithm

will terminate.
Theorem 61 ProdConj terminates.

Proof: Since w E N it can be written uniquely as a product of elements in S
Therefore we have w — algorithm begins by finding ~'ri as it was
defined as a generator. We then update w = nr=2(""]) "hic'h is a .shorter product.
Therefore since we find a generator at each step the algorithm terminates. The
reason why we can conclude that we are in fact finding the correct element of Sfor
the product, is that we compute the generator of S which we divide off in exactly
the same way we computed elements of S when we defined them, so these elements
will be the same. Since we showed that S generates N we know that every element

can be rewritten in this way, so the algorithm ProdConj terminates. o
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Chapter 7

ADAPTATION

Our next step will be to reduce our storage requirement even further. The
current algorithm requires storing generators of S as we rewrite words, but also
if we want to rewrite several words for the same group, we would need to store
the generators of S found at each previous call as well, which would amount to

constructing all of S in several calls to ProdConj.

Therefore, we wish to modify the way wo compute generators for the set S by
storing a list of paths that can be taken locally in the cc automaton V for each
vertex v. The list will be called the decision list and it will consist of an ordered
list of loops in V which pass through the given vertex and return to the trivial set.
By storing this local information in the cc automaton, wc can prevent violation
of the redundancy condition without the need to store the set S which describes

globally the generators of N in the full Cayley graph.

It should be noted that by definition of a loop the walk taken by any loop
in V will never pass through any vertex more than once, and therefore the walk
will also never pass through any edge more than once. Therefore, for each path

ordering the decision list will be a finite list. To ensure we do not choose the same
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element as a generator for two positive edges, we must test that the redundancy
condition is not violated by the first loop in the decision list, if it is we will then
move on to choose the second loop in the decision list. We will continue in this

fashion until we find a generator which does not violate the redundancy condition.

Let us recall how redundancies could occur from our previous description. We
essentially broke them down into two cases where we have a relator CPhjrg with
conjugating element ci. In the first case we had V& = Vb2 mm'Pbm is a path of pos-
itive edges. In the second case re = Pb"PbsP is a path which contains at least one
negative edge, and so we could draw pictures we assumed the negative edge occurs
first, since if it occurred at a different point in the word the argument was the same.
From our previous analysis we concluded that for any positive edge p™ we must be

careful not to choose the cyclic conjugate where
is the prefix of  of length i-2. In the case of negative edges we needed to be
careful not to choose the inverse of the cyclic conjugate

as a relator. We also showed that it is possible to choose a relator which does not

cause these redundancies in Theorem 48.

Essentially what we will do is adapt the definition of our generators, so that
the generator for any positive edge pb & X that leaves the vertex 6 G T is the
conjugate of the first loop in the decision list where the conjugating element is
smaller then all of the other conjugating elements computed for any other cyclic
conjugate of that relator that could violate the redundancy condition. In the case
where there is no loop in the decision list where this property holds, we will update

the decision list for other vertices by removing a relator to ensure this property
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holds. Now we will describe an algorithm which computes generators which fulfill

our adapted definition of generators.

To help make it more clear which decision list we are looking at we introduce

some notation.

Definition 62 Let pb E X be a positive edge leaving the vertex hin T m Then in
the algorithm FreeGen we computed c, the shortest prefix of the word bpb such that
c~"bph was a path in V. Define [bph] to be the vertex in V where we end after

tracing c~"bpb through V.

To prevent a redundant choice of generator we must make sure the path we
choose back to the trivial vertex in V will not assign a relator where a cyclic con-

jugate of this relator or its inverse will be assigned later to a different positive edge.

We will begin by supposing we have a word w in Q that we wish to rewrite
uniquely as a product of generators in S. We will then find the vertex by and
the positive edge ph" as they were defined in the algorithm ProdConj. Next we
compute the conjugating element (J as defined in the algorithm FreeGen. At
this point we can look at the decision list for [byPh,] which will contain a list of
relators which begin with a prefix ¢f"byPb”. The relators will then have different
suffixes where the superscript denotes that this is the suffix such that each

cf"byPb"re” is a relator in P. To help with this description we will draw a picture
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ITCIRNC NG e

P6,,

Now, for each if it is a positive edge in X we have a potential rednndant
definition with a cyclic conjugate of ¢c~"byPbji™\ If instead is a negative edge
then we have a potential redundant definition with the inverse of a cyclic conjugate
of c~"byPb" i where is an edge in X. We begin by deciding if a potential
redundancy can occur. To do this we must first compute the path ordering for
each where ri/” is an edge in X and see if the appropriate cyclic conjugate
of is in its decision list. If the cyclic conjugate of is not in its decision list
for any rlp that correspond to positive edges in X, then we are free to choose ri*\
Otherwise, we need to decide which of these positive edges should get c~"byPb,.ri"
or a cyclic conjugate as a relator. To make this decision we will compare the words
(3 and the corresponding conjugating elements for the that are elements of X
with respect to the ordering determined by our normal form. Whichever of these
words is smallest will be assigned the appropriate cyclic conjugate of G pyPh/ i’
or its inverse. If for example, the vertex which gets assigned this relator has
two positive edges (rejl,)~* and CeP leaving it then the smaller of the two words

or will be assigned the relator. We do not actually care about
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this tie break, unless ¢, = by and ~is a positive edge so we need to de-

termine if hyFby or gets the relator c~YyIb’r"e™ or its inverse respectively.

If (J is not the smallest word in the list 2™ umm and the words
that are smaller have a cyclic conjugate of c~"byPb™r"" as a relator in their decision
list, then we cannot choose the relator c~"byPb"ri™ as a relator for the positive edge
By € X. We will then go on to consider the relator Gbyfby"e” and repeat the

process.

Eventually we will either find a relator which works, or we will make the con-
jugating element (J longer if possible, and repeat the process. If we still do not
find a relator which works and (3 = by then we will choose the shortest ending
as our relator as long as the path orderings which contain a
cyclic conjugate of FhyA™ have decision list which contain more than one relator.
This could happen, for example if by is the largest word in Q. We will then assign as
the generator for Ht) the element Next we will remove the respective
cyclic conjugates from the decision list of the path orderings [/fVel?], **m
which contain a cyclic conjugate of Therefore we will guarantee that an
overlap cannot occur. The only thing that may not be clear at this point is that a

unique choice of generator exists for each positive edge pe G W.

Theorem 63 The adapted algorithm uses a unique generator for each positive

edge Pe E X .

Proof: Since we know from Theorem 48 that a unique relator exists for eachpe E X,

and we will only remove a relator from the decision list of a path ordering if the list

97



has more than one relator m it, we will be guaranteed that there is still a relator

left that we can choose for each X.o

Our next step will be to formally write up the adapted ProdConj algorithm.

Algorithm 64 ProdConjAdapt
Input: A geodesic tree T, a generating set for the free group F, a cc automaton
V, and a word w E N to be rewritten.

Output: The word w rewritten as a product of free generators.
1 S:=[J; prod:=[]
2 while w ~ e do

3 Trace win T, let v be the vertex in T where we cannot trace any further.

Let by be a prefix of w, which is a path from 1to vinTw

4 Let pt,: be the first letter of bf*w. Then ph, is an edge in C that is not

in T, so pb, is either a positive edge or a negative edge.

5 UBv  ® positive edge then do steps 4-6 in Free Gen. We will
choose the relator from the decision list for [byPb,] such that we do
not cause a redundancy. Once we have a unique generator we will
update w. w = generator~" mw, Addfprod, generator)

6 If Ph, is a negative edge, then p~™ is a positive edge leaving b, =
NormalForm{byPb,)m Apply steps 4-6 in FreeGen with pb, =
We will choose the relator from the decision list for [byPb,] such that
we do not cause a redundancy. Let w = generator mw, .Add(prod,

generator~")
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7 return prod a list of generators which multiplied together gives w.

Finally we will end this description with an example. Consider @ = S4 where
54 is given as the finitely presented group S4=< abla® — —a~"ba~"ba™"b >.

Then the cc automaton V is given by the following figure:

The geodesic tree T is then given by the following figure:

al a

.............................

Next we will give the list of path orderings followed by their decision lists.
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Path Ordering

[a]

[ab-"]

[a™b]

[0-\

la "6a

Decision List

[ a’, ab “ab "ab, ab “ah "ab \
a’ba~"ba~"b, a"ba~"ba~"b~" , ab~"ab~"a'"b~"ab~"a]

[ ab~"ab~"ab, ab~"ab~"ab"", ab~"ab~"a'"b""ab~"a]

[a-"ba-"ba-"b, -7ba-"ba-"b"!

a~’Aba~Aba~//\ba~/\ba~/\ ]

[bab~"ab~"a, bab "ab
bah~"ah~"a~"Ww"  ab]

[6~'a6"ab~'a, b “ab "ab '
bMab~ab~" a0~ ah~"ab™"]

[Ga *5a "ba  ba "ba "ba’\ ba "ba "bafba "ba b

[b Aba ~ba \ 5 “ba  ba
5“'a“ “a~"balba™" ba " b~"|

[a~"ba“'50“ 5, a-"ba™"ba-"b-\

avl/\5a~*5a<1/\5a“ l5au/\ 1

b, "ba g \ ba Yo "ba’ bo, “ha “ha’ba g b

b "a "ba "ba \ b "a "ba "ba

b-"a-"ba-"ba"ba-"ba-"b-"]
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In our example, suppose bl = a”ba is an edge label in T with positive edge
Py = b Then we compute = NorrnalForm{a?bab) = aba~". Next we deter-
mine using V that = [h], and look at the decision list for this path ordering,
the first relator is & We will have the following picture to describe what is hap-

pening, if we choose "

V)

Therefore, the only redundant definition which can occur would be with the
positive edge pt = b leaving the vertex aba~" which is a shorter word. However,
when we compute the path ordering for /nba~"b] we get that [abn~"b] = [bn~"h] and
6" is not a relator in the decision list for ba~"b, so therefore we can choose

as a generator for b\ph® without any risk that this relator causes a redundancy.
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Chapter 8

ARITHMETIC IN A GROUP EXTENSION
USING THE PARTIAL AUTOMATON

In this chapter, we will describe in detail how to do arithmetic in a group
extension. Recall in Chapter 3, we described an algorithm which did arithmetic
in a group extension, assuming we had a normal form for Q and K along with a
procedure which rewrites words in N as a product of conjugates of relators. In the
previous chapter we gave an algorithm that rewrote words in N as a product of
conjugates of relators. However, we have expanded the set of relators to include all
cyclic conjugates of the relators for Q. Unfortunately, since we only want to store
a 2-cocyclc for the relators given for Q we still have one further rewriting step to
apply. The claim is that if we get a loop in V which is not a relator for Q, that
loop in V can be rewritten only using the relators of Q. This rewriting can be done
using the partial automaton A which only has loops defined for the given relators

of Q.

To make this rewriting unique we must make two further assumptions about
our presentation. The first is that our presentation does not include two relators
of the form abc = 1 and adc = 1. If our presentation does include relators of this

form we will apply the Tietze Transformation which keeps the first relator abc = 1
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and changes the second relator to bd~* — 1. Second, if our presentation contains
two relators of the form abde = 1 and bfea = 1 we will apply the Tietze Trans-
formation which keeps the first relator abode — 1 and changes the second relator
to df~* = 1. Assuming these transformations have been applied we can uniquely
rewrite all loops in V using the partial automaton A so that the loops in V can

be rewritten as a product of conjugates of the given relators for Q.

To begin describing this algorithm, or first claim is that every loop in V is

either a cyclic conjugate of a relator, or a product of a cyclic conjugates of relators.

Theorem 65 There exists an algorithm which will rewrite every loop in V as a

product of cyclic conjugates of relators.

Proof: To prove this we will show that the folded graph T obtained from applying
all possible foldings to the bouquet B defined to have one loop for each cyclic con-
jugate of a relator is isom,orphic to V. We will do this by constructing a function
f :vertfr) —>vert{V), with the property that if x is the label of an edge in P,
and 7 is the label of a vertex in P then f{'j") = f{'vY- Suppose 7 G vertiV), then
there exists a path from. 1 to j in F with label G, so that W = j in T. Then we
claim there exists a vertex a in V, such that W = a. Since G is a path in P, we
know that G must be the prefix of a cyclic conjugate of a relator or the inverse
of a cyclic conjugate of a relator. Since V is defined so that all cyclic conjugates
of relators and there inverses must trace through V starting at 1, we know that G
must be a path in V. We then define 7(7) = a. Then clearly f is onto vert{V).
Next consider

ker{f) = {7 Guert{T)\f{'y) = 1 where 1 Guvert{V)}
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= {76 vertiT) where G is the label of the path in F from 1to 711" = 1in V]
= {1 Gnerf(r)}

Therefore we conclude that f is a one to one map so V =T. o

Next we give an algorithm which rewrites any path in P as a product of cyclic

conjugates of relators given for Q.

Algorithm 66 ProdCyclicConj

Input: A geodesic tree T, apartial automaton A, and a loop L in the cc automaton

V to be rewritten.

Output: The loop L rewritten as a product of cyclic conjugates of relators.
1 S:=[j; prod:=[]
2 while L ™~ e do

3 Trace w in T, let by be the vertex in T where we cannot trace amy

further.

4 let pb~ be the first letter of "> Then pt* is an edge in C that is not

in T, so pb, is either a positive edge or a negative edge.

5 Ifpby is apositive edge then do steps 4-6 in FreeGen, except on step
5 choose the path back so that we have a cyclic conjugate of a relator
and in step 6 we do not need to check for redundancy. Update S
to include the new generator. If the generator is already in S we
won't add a duplicate but we will make sure to use that generator,

w —generator~" mw, Add(prod, generator)
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A~ U By is a negative edge, then is a positive edge leaving by =
NormalForm{byPb,,). Apply steps 4-6 in FreeGen with Pb, =
except on step 5 choose the path back so that we have a cyclic
conjugate of a relator and in step 6 we do not need to check for
redundancy. Update S to include the new generator. Let w =

generator mw, Addfprod, generator~")

7 return prod a list of generators which multiplied together gives w.

It is clear that if this algorithm terminates the result will be correct, therefore

the only part wc need to prove is that the algorithm will always terminate.
Theorem 67 ProdCyclicConj will always terminate.

Proof: Since by theorem 65 we proved that every loop L in V can be written as a
product of cyclic conjugates of relators or their inverses we know that L = nr=i
where the Tl are relators or inverses of relators for @ and the Xi € F such that rf*
is a cyclic conjugate of Xi. We will show that the algorithm will uniquely compute
this product so the algorithm will terminate with n "=i 1"("Wined. Let us suppose
L begins with bpb where b is a prefix of K that is in T and pb is a positive edge
leaving T- Also, suppose ci is a prefix of bpb such that cf"bpb traces through A,
and let b= C\Q. Then we have the following picture.

The claim is that there exists a unique Vg such that {c2PW1¥) is the first cyclic

conjugate of a relator L. We will prove this by contradiction, so first suppose there
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exists a different path r in A such that "*c2P(r) is also a cyclic conjugate of a

relator. Let r™ = rejTej m*+  and r —ri mmOn then we have
""{c2Pbre) = GC2Pbre, ™' ¢

= re, m*mr-¢,C2Pfcre, -

since this is a cyclic conjugate of a relator and
{c2Pbr) = CiC2Pferi mmr,cj""

=ry rmC2Por| emdO-i

Now since c\C2Pb ~ C\CP we conclude

Let Ty m* = X and ri mm-rj-\ —y then we have two relators CPbxa = 1 and
CPbya = 1 in A. However, we assumed that this could not happen by our first
assumption on the relators for Q. So therefore we cannot have another path in A

leaving CPb-

The only other way we could get a different choice for a cyclic conjugate of a
relator is if there exists another prefix b\ of bpi, such that bf"bpi, traced through A
and b = bib2 so that (62P6?) is another cyclic conjugate of a relator where b c\.

We would then have the following picture.
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We suppose without loss of generality that bi is a prefix of O so that G = bid

and & = dc2m Then if we again let r = rj **+  we have
Nh2Phr) = bib-iPhrbf™
= bidc2Pirbf"
= T - mmrmdc2Phr| +++xi_i

and similarly

“ (c2Pbre) = GC2PbreC™
= bidC2PoTed~"bf'"

re, mmwre,,C2Pbrei *m

So therefore Vj mmVind = 1 <<+ = ad. We then have the following 2 relators
for @

dc2Pbya = 1
and

c2PbXnd = 1

However, we assumed that this could not happen by the second assumption on the
relators for @ so therefore we only have one choice for the first cyclic conjugate
of a relator for L and hence ri® {c2Phre)- We will continue this process, and
eventually ProdCyclicConj will return the finite product YYi=\rf' since at no step

will we have any choice involved. o

Now that we have described a process which rewrites all loops in P as a prod-

uct of cyclic conjugates of relators our final step is to show an example where we
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do arithmetic in a group extension.

In this example, suppose K = C2=< ald" = 1 > where the list of elements
in normal form are {l,a}. Let @ = V4 =< r,s|r" = = 1>
where the list of elements in normal form are {l,r, s,rs}. If we choose 2-cocycles
2= a, ms2= 1, and mysr-" a we have determined our extension group G,
which in this case is Dg. We do not actually need to know G to do arithmetic. It
turns out that since Q is so small the cc automaton P is the full coset automaton.
Therefore, we only need to do the second step of the rewriting which uses the
partial automaton A and the geodesic tree T to do the rewriting. We show these

two graphs below.

Suppose we wish to compute the normal form of rsar in G. Then our first
step would be to move the a which is an image of K to the right, so rsar ->
rsra”™ = rsra since Aut{K) —< 1>. Next we compute the normal form of rsr in
Q: NormalForm@{rsr) = s. Then we need to compute the 2-cocycles so we must
rewrite the product rsrs~" as a product of conjugates of relators for Q. We see
that rs is an edge in T, so r is our positive edge in X. Since rsr does not trace

through A we have r is our conjugating element. The following diagram depicts
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this situation.

We see in A we only have one choice of path back from sr, and that is
Therefore our first conjugate of a relator is = ("(rsr~"*s~"))“h Wc up-
date our loop rsrs~” by dividing off we get ("(rsr~"s“"))rsrs“ A=
A. Then since r is an edge in T and r is a positive edge we get the following

diagram.

From this we get our second conjugate of a relator, so that we have
rsrs~" =
Now to compute the normal form of rsra in G we have

NormalFormcirsra) = NormalFormQ{rsr)-NormalForma

= s mNormalFormxi~{a~"){a){a))
= s mNormalFormafa™" {a){a))

Since Aut{C2) =< 1>

—S K

We can check our result using the confluent rewriting system for Dg which we gave

earlier; £g=<r, s, alr* =1, —1rs sra, —>1>. Therefore we have

rsar sraar Sr sa
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Chapter 9

LARGER EXAMPLES

As a final step we will show a larger example, since it is not obvious from
our previous work that the new algorithm reduces storage. The author has imple-
mented the algorithm in GAP and this implementation has been used to do the
following computations. Let @ = PSL'I{A) =< a, 6|0 — = {aby — {ab'"y =
{abab'y = 1> and K = C8=< c|c* = 1>. In this case if we choose the 2-cocycles
ma2—1, mi4d = 1, m™aby = — 1 and m"abab”y = ¢ we get the non-split

extension group G = SLyA).

Suppose we wish to compute the normal form of the randomly chosen word
w = ba~"b*ab”aba~"b~"r in G. Then we begin by computing the normal form of
w = ba~"b"nb"abar"b~" in Q. The NormalForm,Q{w) = b ab""ab~"ah~", therefore

v = w mNormalFormQ{w)
= ba" b"ab"aba "ba b be N
Our first step will be to use the cc automaton V and the geodesic tree T to
rewrite v as a product of generators for N. In this example, since Q@ = 20,160

the geodesic tree has 20,160 vertices which is much to large to include a drawing

of here. The cc automaton is significantly smaller containing only 469 vertices.
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however again its image is difficult to draw. Using the adapted algorithm we

rewrite

N
14 {fa”)'{bati“ab”ab”ab”ab)-{ab) "{ab'Na e b Aab/\f =21 b 'b ’\a(é\_;,?

We can check by hand that this result is correct. However, at this point a few of
the elements in this product are not just conjugates of relators given for Q. We

will identify these elements by underlining them.

Na”) m(bab' abrabrab rab) w(ab)  ® A labrfa b fe'ab= ,  b~abab’a (a-2)

The underlined elements are cyclic conjugates or products of cyclic conjugates of
the relators given for Q so they need to be rewritten as a product of conjugates
of the relators given for Q. To do this rewriting we use the partial automaton A
which only has loops for each relator. This graph only contains 89. Using A to

rewrite v we get:
V. @) (@625 (a-2 (a-") (a-2

Now at this point our final step is to use this rewriting to compute the normal

form in G of w.

NornialForrnc{w) = Normal FormQ{w)

Now in this case Aut{C'i) = C2, however both automorphisms map 1 >a 1, so the
product in K simplifies to c¢. Therefore we conclude that the Normal Forma (w) —
b~"ab”ab~"ab~"c. We have now seen in this example that using the partial automa-

ton to do arithmetic in group extensions allows us to save on storage so we can
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work with larger groups.

To show the power of this algorithm, we also ran it on a much larger exam-
ple, for @ = PSpq{2) =< abla™ = — (ab)™ = {a~"b"a~"b~"a""b~"abababY =
(@~"b~"ab)" = > which is a group of order 1,451,520 elements. At
this size one can argue that rewriting can hardly be done by constructing an
augmented coset automaton. The cc automaton has 145 states and the partial
automaton has only 52 states. The only part of our algorithm that took any time
was the construction of the geodesic tree and decision list. We rewrote several
words that are elements of N using the algorithm and calculated the run time to
rewrite these words once those two lists were in place and the run time for this
rewriting took about a half a second. The results of rewriting using the algorithm

implemented in GAP arc included below.

word=a "ba wba M “ma M “mba % *-ab’ *ba~"P "o
(a-2).(a-2).((«6(a-2).((“b")(a-2).((“>")(a-2).((ab'a6']) (u-2)." (a6

(Rewritten in V)

(ab2felafc2ab)(*~2)) . ((ab”afc-("2) (Rewritten in A)

word = b “bma " ~a-b "ab-a’?b ™a wmba '6-a“‘6a“~

=> (<"’)(a-2)) . (a-2) . ((a6-’ai.-'ah)(a2)) . ((a6-’ afe-')("-2) , ((a6“>ab”>06"")("-2))

(Rewritten in V)

=> (1"“)(a“2)) . (f1-2) . ((a6- ‘a6-ia6)(*2™ . ((afo-‘ab~‘a6-)("-2". ((a& ‘afc-‘a6““)(q-2")

(R,ewritten in A)
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= 0-v6-S0-% 6v0 162 0-'6 0. 620 16'm n"xb7g
=> (N-1),00-2).06-00.00b°0)(0-2)).0ChI@)C6N)). ((biob ‘11[6-60-162 .-1)Z), [L6AN: -In:>-110 .N))
[(K-GNR:y6N 1IN /)

21}-((byaby )(6-v0-1620)?) -

oy b ylgu-syye. (A6WNnueGn 1]
L)0v-d = 060-3. 6-30-'6-1- A. 630-36¢Hm

v (D)) s (B7)ON) s (7)) (B7vAuubyATv b~ AT byA 11 . (@)
(@-1] I 1 xg() ., ((b7va) (61}} (£6\VQvv6N IN '/9)

S ((AB)(y-Zar - (2 e () (b~ yATybyAb A, DA}
((«d7D(@s)), 4 -z I(v-ZH, (v-iv-ZvvZv-iv-Zyv.62/- (BTG H(n-H)m ((b7vo}(O!H

(‘Leryniven 1IN v)

deWnvien 10 >)

— (vz)) ((nbzyb-11 (v-2z11,((4byyb-1vby) (vzIl1,((Abyab™yu} (viH,((ubyo,b-1ybyiyb-11 (y-211

(&'HI/\I“!VVBH in 4)

usopd = ABDAT DT ADT AUDT UATDT U AB-ADA  -BT AT BT AT UBAT DU ATT U BT A WD VALY
((vb)(v-z1}m ((Aba} (6-111 . (bbb D) (VD)) , ((obub) m ((ubub) (y-%¢))
((rbabAby) (v, -211, ((AbAbAby Ab™ AbAD) (®-1)) . ((Abubaby} (®@¢)) . ((abab) (v z11, ((Ubo-b) (v-IvZyv-Iv-212Z]
(feaynyren gn py
((«P)(@-8)), ((AbA}(6-1}1, ((Ababyaby “){y Z))-((rbAY)r6 "1)(y2)im

(((rb}yaby} o (((Ab}yAbyAb™y<abAb} (y,- 211, (((OD)[(1:>D)(@D)m ((rbabyo-) u
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(Nabob'b ") (a-2)) (Rewritten in A)

word —a™a” mb~"a~"b ma~"ba* mb~"a~"b~" *a~"b~"
(@) w@™) m(("")(a2) *(("")(«")) "
(Rewritten in V)

@) - (a9 . m(" (@) m((""a) L gmy) ¢

(Rewritten in

word = ab~"a wb~"ab ma~"ba~" wb~"a~"b m"b~"a~" wba~"b~" ma~"b~"a~" *ba™"b"a~"

Nob~ab~"ch)  —2""ob'" b~ Mob~"ab~"abab) MNab b @b ) — A
((“"~“"ufari(af,a;,-1)3).((a6-"a6-)(a2)).((afe” ~a)(5(*-2"-152Q-1125-1"),” (a6-"abab-'*a6) ("--2) .
((a6"a6b*2,bab)(*2)) . Nab-"abab-"ab) (M) (Ban,-20E, 28 N -20 M) L NMab-"ab™) (g - 2))
((ab-"“b-iab)**~-17-17-1)3) (Rewritten in P)

Nab~ab~ah) M-—2MNab~ab~alob)  —  Mab~ab~ahah)  —  ,Na6vefo fak6) 2,
Nob~"ab~"cbab) 27 _Nab‘ "ab* "dix'a) A j,Neb a6 "6 e Y M2 _Nab "B ab) M2,
Nahrab) 0AfR-2V2"2) , Nab a6 ) 2, Nab™dltaft"ed 2, b~ bab~"ahb) V)
Nafc™an6~"a0 M2M J@= M2 Mab e (T~M~2M272MNNab B’ " 6) A Nab eB'!) 2/
Nob™ab~"ab" a"b~") M@b* b’ e )N —N— A Nob~"ab~"abar"bab~") M2 A

INab-"ab-'ab)"-2j" (Rewritten in A)

word = ba~"b maba~" wba~"b" maba wb~"ab *a~"b~"a~" wb~"a~"b ma~"ba"" mb~"a~"b" m

a/\AbaN/\

=y (W (a_z)).((ummv) (a -9 )) ’ ((n“ll“m*")(a_2)) .(68)9-(&-2)-((“”‘ v) (a ‘2)) . ({m>_m|>_.)(a_20).

Nab B 6 ) 2 ,N@6HNY  —2Mab~"ab~"ab~"ab~"dh) 3 _Nab' "a6~"ab" ") M2
N@6 NN -2/ 21720 Nl dhab~"dhab~h) — . Nb~"ab™ab~"dhab~"abab) 2] A
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rfab 'ab 86 , Mab 'ab @b . Neb 'ab . Nab 'ab ) D~ b)Y
(Rewritten in P)

(()(@-2)-(("“*") (a-2))((*"¢)(a-2)).(W (26)9)-(a-2).(“"") (a-2))..((“> “>7)(@-2"",
Nab- 'ab-*a6-°)(Q-2"*,"(ab-'ab-*ab-'ab-)* -2/~ (a6-* ) “abab)"2%]."(ab-)” ab2a) A -1*-17 Ay 2.
Nab-1)" ab2ab™ a-"b) " 2jj, M (@b“") " 0b2) A 2. A((ab-1) 3aba) M -11-2Q1 2424, A((ab-) 3abab-2) M- 2) .
A(ab~ *ab~ “ab~*abab~*ab) NJ~2" *_~(ab~*ab~*ab~*abab~"abab) —2 . (@b~ ) ab) Gj~~ ~ (f1*)) -
Mab-iabi)((2") , (@b*)2a-ib-)"A-2)A (™)) (a-16-1a6)") (> ) (A,

(((@b->)"6"»)(0-2)) (Rewritten in A)

word = bab~" ma?b™a~" mb~"a~"
((ab-~(a2)) . (62)(*-7)) . (*-2" (Rewritten in V)

((Gb->)("2) , (H(?,-7)) . (a-2) (Rewritten in A)

word = a~"b"a~" wb~"0b"” mab" o mba’b-a~"b~"a"" Wb b~ ma~"b~"a~" *6a""6~"0""
N (g2 (@0 (g -2 M _((abrab*'abab™) (g -2 7, (@b"ab™ 'ababab) ("2 _({ob*ab* 'ab’ab’abab) (M-2]

(Rewritten in P)
(N-27 (@ (M -27 (e’ "abrey) (M -2 ~ (@b ab~abNob’ab) (M2 A ((ab™ab™ *ab’ab’abab) (A —2

(Rewritten in

more/ = 6“"a“ "6 *a~"ba wba’"b" ma~"0~"a"'"" wba~"b~" ma~"b~"a"" wb""a~"b
- M ((0“)(Q-27].((b*“'ab)(g-2"*.((b* 'ababab)(*-2",((b* 'ababab™)(Q-2,((b"ababab”ob*” ) (*-2°*

(Rewritten in 'P)

(™) (2~2))_((b™'ab) ("2 (0" “ahaybeb) (" -2 (b~abobabr) (127 j . (b "ababab™ab”) (" 2

(Rewritten in
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word = b "™ab “ma b mb b “mab"a? *b"™a 6" *a "ba ~+b"a *5-a "
— A dr PN BV -2 Mo~ ) MR AN
(6/\)) .({H_/\“n_lan_nan_v“n_n)(a_2)) (Rewrltten ln V)
NEVRB' Y ANV 2N M) M2 N~ bbb

, Nb-"abNab™ab-'ab~~) (Rewritten in A)

word = a~"b~"a” mb~"a~"b mab~"a~" mb ab~" waba~" * a~"b"a~"

=" (a-2) .((«")(a2)) . (afe-")("-2)" . ((a6-"ab)(,2)) . (@6-")("2)) , (" ba~"f) m

(Rewritten in V)

=> (f1-2) *((")(a2)) W(“"*) (a-2)) . (**)@2) . (@6-3" . "(ab*"6laTh)*-2)) .
(" w)(6-1a-16£6)") +((“(-"-' (- “I)(2-2)) . N@6=)"-2) . (26-4a6-)""2) . Aab~)
(Tum ) (a-2) . (@Y (a-"6-aB)3) (@« ) (a-2)) . Nab-)"-2) .

Nab a6 ab-)" 2" (Rewritten in ")

Kjord = a""b~"a~" mba"b~" <aba *
@2 +((""(a-2)) . (*")(a-2)) . ((")(a-2)) , (6262, (((-)(a2)) , ((ab-)(a-2))
(Rewritten in P)

=y (a2> .((H‘ lKa” H)) ° 1 (IH‘ Y“HHaV))I (IH“YH al))' (l“"“YHa” /\))

(Rewritten in A)

Therefore, we can conclude that the algorithm actually works well even on

extremely large groups.
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