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ABSTRACT OF DISSERTATION

ARITHMETIC IN GROUP EXTENSIONS USING A PARTIAL AUTOMATON

The purpose of this paper is to describe the structure of an extension group G 

which has a normal subgroup K and a quotient group Q =  G/K  . To describe the 

structure of G concretely, we want to be able to do arithmetic in G based on the 

arithmetic done in both the normal subgroup K  and the quotient group Q. We 

will begin by looking at the 2-cohomology group which is the standard approach 

for working on this problem. This will lead us to questions concerning storage 

which we would like to reduce.

Therefore we will consider the case where our groups arc finitely presented 

and see how storage may be reduced. During this reduction we will see that it will 

be necessary to be able to rewrite words in a free group as a product of generators 

of the normal subgroup K. We begin by looking at current approaches to this 

problem, which requires computing an (augmented) coset table.

If we will let Q be a finite group for which we also have a presentation < S\R >, 

(i.c. Q =  F/N with F —< S > and N the normal closure of R in F). We assume 

that Q does not have a confluent rewriting system. We want to rewrite a word in 

S, representing the identity in Q as a product of conjugates in R. Such rewriting
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can be done using an (augmented) coset table for N in F which can be visualized 

in a graph by a coset automaton, also called the full Cayley Graph. Tracing in 

the graph through words in F will allow us to rewrite these words as a product 

of generators of N. The difficulty that arises in this approach lies in storing and 

constructing the augmented coset table. Instead we will construct an object called 

a partial automaton which is a subgraph of the coset automaton. The partial au-

tomaton will have the property that it contains a loop for every relator in R. We 

will first show that this graph can be used to reconstruct the coset automaton, 

which means it contains the same information as the coset automaton even though 

it is much smaller.

Our next step will be to use the partial automaton to rewrite words in N as a 

product of conjugates in R. Since the partial automaton is much smaller than the 

coset automaton, and it does not contain doubly labeled edges as an augmented 

coset automaton would it rcqurics substantially less memory to store.

A word in N is represented by a loop in the coset automaton, therefore if we 

wish to rewrite this word as a product of conjugates of relators, we essentially want 

to describe this larger loop as a product of smaller loops. Where we will restrict 

our smaller loops to be loops in the partial automaton. To do this rewrting we 

place the partial automaton locally at different states in the coset automaton until 

we cover the entire loop. By placing the partial automaton at different states in 

the graph we will then the conjugate of relators. Unfortunately we cannot just 

place the partial automaton arbitrarily at different states, because we would have 

many different choices of the conjugates of relators we could choose. Instead we
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must use one further tool, which is the fact that our normal subgroup N is itself a 

free group. Therefore N has a free generating set, where the generators of N are 

conjugates of relators. With this generating set we can rewrite words in N uniquely 

as a product of the generators.

We will therefore, use the partial automaton to compute the generators of the 

free generating set for N and then use these generators to rewrite our word in N 

as a product of conjugate of relators. By using the partial automaton to do this 

rewriting we can quickly do rewriting in much larger examples.

This algorithm has been implemented in GAP and to suggest the improvement 

we rewrote several words in the group PSp  ̂ which is a group of order 1,451, 520. 

The partial automaton had 145 states and after some initial set up which will be 

described in the paper the run time for this rewriting took less than a half a second 

per word.

Ellen Ziliak 
Department of Mathematics 

Colorado State University 
Fort Collins, CO 80523 

Summer 2010
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Chapter 1

PREFACE

The purpose of this thesis is to explore arithmetic in group extensions. We 

will be considering extensions G of K by Q where K is a normal subgroup of G and 

Q is the quotient group. We will also assume that Q is given as a finitely presented 

group, so Q ^  F/N. The standard approach to arithmetic in group extensions 

which we will describe in Chapter 2 uses the 2-cohomology group. However, we 

will see that this approach will require us to know the value of 2-cocycles for every 

pair of elements in our quotient group Q. This requirement would be an issue if we 

wanted to compute extensions generically in a quotient algorithm where each value 

of the 2-cocyclc would then be a variable. Therefore our goal will be to reduce the 

number of values of 2-cocycles we need to store.

In Chapter 3 we will show that we can reduce our storage requirement if we 

assume we have certain information about the normal subgroup K, and quotient 

group Q. First if we have a confluent rewriting system for each group, we will show 

that we only need to store a value of the 2-cocycle for each relator of Q. This is 

a significant reduction on the storage requirement, however the condition that we 

have a confluent rewriting system may be too strong. Since it might not always be 

feasible to get a confluent rewriting system, since confluent rewriting systems can
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get very large. If we instead assume we have another representation for Q and K, 

such as a permutation representation where we can compute a normal form, then 

in this case, the problem can still be solved. It turns out, in this case all we need 

is an algorithm which takes an element in N, the normal closure of the relators for 

Q and writes this element as a product of generators for N.

In Chapter 4, we describe an object called the augmented coset automaton 

which is a graph that can be used to do this rewriting. However the difficulty in us-

ing the augmented coset automaton arises in storing and constructing this graph 

for large groups. We will instead use a similar object called a coset automaton 

which contains information about elements in N, but does not contain information 

about how to write those elements as a product of generators for N. In Chapter 

5, wc will then construct an object called the partial automaton, which will be a 

much smaller subgraph of the coset automaton. We will show a partial automaton 

contains enough information to reconstruct the coset automaton without introduc-

ing any coincidences.

Finally, in Chapter 6, we will show how a partial automaton can be used to 

rewrite elements in N as a product of generators for N. We will then be able to use 

the description in Chapter 3 to explore arithmetic in group extensions. In Chapter 

7, we will discuss an adaptation to this algorithm, which will reduce the storage 

requirement even further. A final example which actually does arithmetic in group 

extensions will be the content of Chapter 8.

Since this description will include reference to several groups we will give 

the following diagram which shows how those groups are related. In the diagram



F =  F{S) will be a free group, such that Q is a finitely presented quotient group 

Q = F/N which is given by the presentation Q = <  S\R >. We will define N to 

be the normal closure in F of the group generated by the relators < R >. We will 

let be a normal subgroup of G, where G is an extension of K by Q.

Q G

N =<  R > ‘ < 1 >

< R > < >



Chapter 2

GROUP EXTENSIONS

Since we want to explore arithmetic in group extensions we will begin with 

the formal definition of a group extension. The following description is detailed in 

(R96, Chapter 11).

Definition 1 If K and Q are groups, an extension of K by Q is a short exact 

sequence

1 K G Q

that m,eans //, is a monomorphism and e is an epimorphism. We will call the group 

G as an extension group.

With this definition it is not obvious that for given K and Q, groups G with 

this condition exist. Therefore wc begin with an example of a group G that will 

always exist. Let  ̂ : Q —>■ Aut{K) be a homomorphism, we know such a homomor-

phism f  will always exists since it could be trivial. Given the semidirect product 

G =  (5 Kj RT is an extension of K by Q. To prove this we will begin by considering 

the elements of the semidirect product as a set of pairs {q, k), where q & Q and 

k E K. In this case p can be defined by k̂  =  (1,/c) for all k € K. Wc will then 

define e such that for all g =  (g, k) E G, we have =  (g, ky =  g. Using these defi-

nitions we compute im{p) =  (1, A;) for every k E K, and ker{e) =  {(g, k) such that



<7 =  1}. From these calculations we find =  ker{e), and therefore we have an

exact sequence. We conclude that G =  is an example of an extension group.

For hxed groups Q and K the set of extension groups are in general not 

unique. However we can define an equivalence relation on extensions, such that 

the equivalence classes correspond to isomorphic extension groups.

D efinition 2 Let 1

1 K G Q

K G Q 1 and

1 be two group extensions. A morphism (a, [i,

')) from one extension to the other is defined by homomorphisms a,j3, and 7 such 

that the following diagram commutes.

We now characterize when two extensions are isomorphic when there exists a mor-

phism (a, 1) such that a is an isomorphism. We will essentially prove that with

these conditions fi will be an isomorphism so that G = G and therefore the two 

extension groups are isomorphic.

Theorem  3 If there is a morphism of the form {a, fi, 1) such that a is an isomor-

phism. of groups then /3 is an isomorphism and therefore the huo extension groups 

are isomorphic. Also, the set of rnorphisms 1) such that a is an isomorphism 

gives an equivalence relation on extension groups.

Proof: Let us ns.sum,e (o,/?, 1) is given where a is o,n isomorphism.. IVe begin by 

showing is an isomorphism, then we can conclude by definition that we have



isomorphic group extensions. After that we will show that the morphism (a, P, \) 

gives an equivalence relation. Con.sider the following diagrn.m,:

1 K Q
p 1

1

Q — -1

By the definition of a morphism we have that P is a homomorphism.

Next we consider x € ker{P). Since p is a monomorphism there exists a 

unique j  & K  such that — x. Hence if we calculate {jY^ = x  ̂ = I, which by 

applying (a, P, \), is a morphism we know that pP = ap which implies =  1. 

Therefore as a and p are one to one we can conclude that ap, is one to one, this 

implies that j  =  1. We can therefore conclude that x =  1 and hence the ker{P) — 1, 

so by definition P is one to one.

Now we show that P is onto. Let y G G, then since ap is one to one there 

exists a unique k ^ K such that k°‘  ̂— y. Applying {a,P, 1) which is a morphism, 

gives ap = pP implies that k̂  ̂ =  y. This gives k̂  E G such that {k^Y ~ V which 

shows P is onto. We conclude that P is an isomorphism.

The final part of the proof requires that we show that the set of morphi.sms 

(a,P,\) such that a is an isomorphism form an equivalence relation on extension 

groups. We will say that group extensions

1 -----  ̂K   ̂ > G —^  Q -----  ̂1 and 1 -----K  —^  G —^  Q --------1 equiv-

alent, denoted by G ^  G, if there exists a morphism {a,P, 1) where a is an iso-

morphism. We begin by showing this relation is reflexive. Consider the morphism
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(1,1,1) where a and ^ are the identity map. The identity map is an isomorphism,

so (1, 1, 1) is a morphism between group extensions 1 K G Q 1

and 1 —  

reflexive.

K G Q 1 so that G G. Therefore, we conclude ~  is

Next we consider two group extensions 1 K G Q 1 and

K G Q 1 , such that there exists a morphism (a, fl, 1) be-

tween them,. Then since a is an isomorphism, by definition and, we .showed ft is an 

isomorphism as well, we have a morphism (cx~̂ , ft~ ,̂ \) that goes in the reverse 

direction between these two group extensions. Also the diagram commutes, since 

gft — aft implies — flft~ ,̂ and similarly fte = e implies c — ft~^e. Therefore 

we can conclude that the relation ~  is symmetric.

Finally if we have three group extensions ^

1 ----- - R ^ G ^ Q -----> 1 . «««! 1 -

K G
= n 
K ----- G Q

Q

1

 ̂1 ’

.such that

there are morphisms (a, ft, 1) and (S, 'f, 1) between them, where a and S are 

isomorphisms. We can conclude also by our first argument that ft and 7 are also 

isomorphisms. Then we have the following diagram:

G ^ Q

G — 1

1 —  ̂K G Q ------  ̂1

Since the composition of isomorphisms is again an isomorphism, we conclude 

that (aS, /?7 , \) is a morphism. Next, since we assume (a ,ft,l) and (5, 7 , 1) are



morphisms we have ap =  /if] and dp, = p'y. IVe combine these identities to get 

a6p = ap'j = jJ-Pj. A similar argument shows the other half of the diagram corti- 

m,utes, so we can conclude relation ~  is transitive. Therefore we have shown tha,t 

the relation ~  is an equivalence relation.^

Our next step will be to determine how to describe group extensions for fixed

groups Q and K. If we assume 1 -----  ̂ > Q —^  Q ------------- 5. 1 is an extension of

K and Q so the maps p and e are fixed, then we choose another function, t  : Q G 

such that re = 1 and r is one to one. We will call r the transversal function, the 

purpose of r  will be to choose a representative for each coset in Q. Obviously in 

most cases this choice of representative will not be unique, however we will require
T

Qthat =  1g

There are two functions related to r; first if q € Q, then define the action 

k hy k 1-^ {{k^)‘>̂)>̂ '. In other words, we arc using k‘̂ '̂ as a shorthand for

{{k>^Y^Y Using this function we get a map Q Aut{K) which is defined by 

q {k k‘̂ '̂ ). Notice that this map is not necessarily a homomorphism. Let 

q,p € Q, then /cUU’' =  ‘ and k'̂  ̂ ■ A;U =  ' =

Yk^)Tp^)v \ Since r  is not a homomorphism we do not know that the coset rep-

resentative for {qpY is the same as the coset representative for q'̂ p̂ . However, 

if K is abelian this is no longer an issue, since {qpY and rfp'̂  can only differ by 

an element in K and since the two representatives only differ by a conjugate of 

an element in K this difference will cancel out. Therefore in the case where K is 

abelian the map q {k is a homomorphism.



The second function maps Q x Q ^  K  and this map describes how far r is 

from a homomorphism. If r is a homomorphism, then the extension group G is the 

sernidirect product. For p,q e  Q we define rrip,, G K  such that =  {pqYrnp̂  ̂

and we call rup̂ g a 2-cocycle which is a function which maps QxQ —> K  defined 

hy (Pi?) m,p̂ q. Using this definition we can now derive some general properties 

of the 2-cocyclcs.

Theorem 4 Properties of 2-cocycles

1 =  1 o,nd rriĝ i =  1

2 Let k G and p,q E Q then

3 For a,b,c E Q we have rUa.bc • 'mt.c =  ^a6,c ■ {ma,bŶ

Proof: For (1) since V  = \ we have V  ■q'̂  = q"̂  - I and q̂  -V  =  q~̂ -1. Next for (2)

=  {q l-\ p l~ \ k ){p Y {q Y  

= {p ^ q Y -\ W q Y

= {{pqymp^q)~\k){{pqYmp,g)

=  mM{ipqyy\k){{pqY)rnp^q

— p̂(p<lV

To prove property (3) we use associativity, since (a'̂ N)c'̂  = a’̂ iffc' )̂ we have by 

definition

(a"6")c^ =  (a6)"m«,fcc"

=  {abY {F c~'̂ )mnhc'̂



=  {aby c'̂  {ma,bT"

= {abcymab,c{'^a,bY"

On the other hand

ayb'^cy -  a: {̂bcymb,r.

= {obey rna,bcinb̂ c

Equating both sides we conclude that m,a,bc • f̂ b,c =  '̂ ■ab,c •

A theorem (R96, Prop 11.1.4) by Schreier states that these two functions 

define an extension.

Theorem 5 (Schreier)

Given groups Q,K and two maps Q —> Aut{K) and Q x Q K  such that the three 

2-cocycle properties are fulfilled, then G = {{q,k)\q E Q,k € K }  is a group. The 

multiplication is defined by [q, k), {p,n) G G, then (q,k) • [p,n) = {qp,mg p̂k̂ " n) . 

This group G has normal subgroup K  =  { ( 1, A )}  <1 G and G/K =  Q.

Proof: We begin by first showing that G is a group. The identity element in G is 

(1,1). If we let {q, k) G G, then [q, k){l, 1) =  (g,mq_iA:-l) =  {q, k) and (1, l)(g, k) =  

{q,mi^gl  ̂■ k) = {q,k). Next the inverse of {q, k) is {q~^, {k̂ P̂  ' 

check this by considering

{q,k){q-\

^ {qq~\mg^g-ik ‘̂>"̂  =  (1> 1)

Finally we need to show that multiplication in this group is associative.

Let {q, k), {p, n), {h, 1) G G. Then consider

{{q,k){p,n)){h,l) =  (gp, m ,,pF"n)(/i,/)
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=  {qph,mgp̂ h{mq̂ p) "̂ n'"" 1)

{qph,

Recall the definition of ,

{qph,mĝ phmp̂ h{k̂ 'P'̂ '̂  ̂ 1)  ■

= {qph, rriĝ phk̂ ^̂ '-'>" {mp f̂in' f̂i)

=  {q, k){ph. rup̂ hn̂  ̂1)

= {q,k){{p,n){h,l))

We conclude G is a group. Next we can see clearly that K  =  (1 ,^ )  so we only 

need to show (1, K) <] G. Let (p, n) € G and (1, fc) G (1, ^ ) ,  we consider

(p,ny\l ,k) {p,n)  =  ')~'^mp^p-i){p,mi^pk’̂ "n)

= (l,mp,p-i((n(P") ')"^mp,p-i)^"F"n) € { l ,K)

Therefore {1, K) <1 G. To show Q = G jK  we need a homomorphism e : G ^  Q 

with ker{e) =  K then by the first isomorphism theorem G/K = Q. Let e : G Q 

such that {q, kfi = q. First we show that e is a homomorphism, let {q, k), (p, n) E G 

then {{q, k){p,n)Y — {qp,mq,pk,Nnfi =  qp =  {q,kY{p,nY. Also e is clearly onto 

Q, and ker{e) = {(q,k) G G\{q,kY =  1q } =  (1,-^^), so by the first isomorphism 

theorem G = Q/K.n

Our next step will be to show an example of how to describe all group 

extensions. In this example we want to compute all possible extensions when
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Q K = C2 where = < a\o? =  1 >. First notice that Aut{C2) = <  1 >, since 

the autornorphisin group is trivial for all q E Q. Next we consider the

second map, the 2-cocycles. Here we must have mi,i =  l,r77,i,a =  1, înd m„,i =  1 

by our first property. Therefore the only thing we have left to consider is the value 

of ma,a-

We have only two options for this value since K = C2, either nia,a =  1 or 

’>T̂a,a = 0.- Before we see what group extensions correspond to these 2-cocycles we 

must first check that both options satisfy the 2-cocycle properties. We only have 

properties (2) and (3) left to check since we begin with property (1) satisfied. For 

property (2), let k e  C2 and p,q E C2, then rpj.̂ -g pj.Qpgj.^y

holds since =  k, which gives k =  [k]"^ '̂’ =  'my ]̂ kmp̂ q =   ̂ since

in this example K is abelian. Next we must show that for all a, b.c E Q property 

(3) rrix̂ yzmŷ ;̂  =  rrixy,z['^x,yY  ̂ holds. In the case where m„,a =  1, this property is 

trivially satisfied since 1 • 1 =  1 • 1. Now suppose m„,„ =  a, then since Q =  C2 we 

only have two choices for x,y,z they can be a or 1. The following chart verifies this 

identity holds for each choice of x,y, and z.

X .y z ^ x ,yz rriy ẑ ^^xy,z ( ^ x , y  )
1 1 1 1 • 1 1 ( 1 ) ’
1 1 a 1 •1 1(1)1

1 a 1 1 • 1 1(1)1

a 1 1 1 • 1 1(1)1

1 a a 1 •a a ( l ) i

a 1 a a •1 a ( l ) i

a a 1 a • 1 l ( a ) i

a a a 1 •a l ( a ) i

12



This chart shows m„,a = a is also a valid choice since property (3) holds for 

all possibilities of a,b and c.

In the first case, if ma,a =  1, then the value of all 2-cocycles is one. The mul-

tiplication in G is defined by {q, k){e,n) — {qe, =  {qe, kn), since Aut{C2) = <  

1 >. In this case we have r is a homomorphism, and therefore G = C2 x C2. 

Generally this would give the semidirect product, if the Aut{K)  is nontrivial.

In the second case where rUâ a =  to identify this group let us look at the 

order of elements. Consider x — (a, 1), then =  (a^,mQ,al" • 1) =  (n^,a) =  

(l,a ) (1,1)- Next we consider =  (a, ma,iNa) =  (a, a) (1,1), and x̂  =

: rUa,aO.̂  • 1) =  = (1,1), so we conclude G has an element of order 4.

Since |G| = 4 we can conclude that G = C4 in this case.

We will now restrict ourselves to the case where K is abelian. In this case, as 

we mentioned before the first map Q —)■ Aut{K)  is a homomorphism. We can think 

of K as a Q-moduIe where the action of Q on K is given by the map g -> (A; ^  /c'̂ )̂. 

Also, when we are working with 2-cocycles property (2); {k^̂ Ŷ  =  [k̂ pA'" jg 

no longer necessary, since because the 2-cocycle rrip̂ q cancels off

when K is abelian. Therefore in the case where K is abelian, 2-cocycles only have 

to have property (1) and (3). We will begin by looking at 2-cocycles and show 

that they form a group called Z^{Q, K), the group of 2-cocycles.

Theorem  6 For a particular action Q —> Aut{K) the set of possible 2-cocycles 

form a group Z ‘̂ {Q,K), the group of 2-cocycles. The arithmetic in Z‘̂ {Q,K) is 

defined by {mm*)a,h — ma.h ■ P̂ ab’ '^here m and m* are different 2-cocycles for the

13



extension of K by Q, which correspond to the maps t  ■. Q G and t * : Q G 

respectively.

Proof: The identity element of this group is the 2-cocycle defined by ruâ b =  1 for 

all a,b E Q. This 2-cocycle will occur in the case where r  is a homomorphism, 

which gives the sernidirect product as the extension.

Next if, ruâ b defines a 2-cocycle, then m~l also defines a 2-cocycle. To prove 

this we will need to show that the two properties of a 2-cocycle hold for m~\. We 

begin with property (1): =  (1)~^ = 1 for all q E Q. Similarly

=  1, so we conclude that property (1) holds for m~l. Next we must show 

that property (3) holds for which comes from the fact that property (3) holds 

for mp,g. Since mâ bcmb,c =  rrab.c{ma.bY'̂  by taking inverses we can conclude that 

^ah.c’ ^  abelian we have

which gives us property (3).

The next step to this proof is to show that the 2-cocycles are closed under multi-

plication in Z^{Q, K). We begin first by showing that the product of two 2-cocycles 

is again a 2-cocycle. Let m,m* be two 2-cocycles along with their associated maps 

T : Q G and t * : Q ^  G respectively, then we must show that the two properties 

of 2-cocycles hold for m ■ m*. Consider (m ■ =  mi,, • m\  ̂ =  1-1  =  1 and

similarly (m • m*),,i =  1, so we can conclude that property (1) holds. For property 

(3) consider

{mm*)a,bc{mrn*)b,c =  'maM'ml̂ bc'rnbTmlc

14



Since K is abelian

= rnab,cJn\ci^a,bY\rnl.bY^

The map Q G which corresponds to mm* is t  ■ t * the product of the two maps. 

= mab,cm*^bMy^{T^a,b){c"){G*)~\ml,b){c'Y 

= rnab.crnlbAc l̂~ îcy~\rna,b){ml,b){c' )̂{c"')

Therefore we can conclude that the product of 2-cocycles is again a 2-cocycle. 

Now if we have three 2-cocycles m,m*, and rh, then since for all p,q E Q, we 

have m,p̂ q,m,*ĵ  and fnfffj are elements of K we see that clearly {m'p,qTn.pq)m.p̂ q — 

rnp̂ q{m* r̂nf )̂ by the associativity of K. Hence we can conclude that Z‘̂ {Q,K) is 

a group.O

We have established that the set of 2-cocycles form a group Z‘̂ {Q,K),  the 

group of 2-cocycles. Our next step it to consider the function r : Q ^  G along 

with the associated 2-cocyclc function m, which is an integral part of the definition 

of a given 2-cocycle. Suppose we are given a different map r* ; Q —> G along with 

its associated 2-cocycle function m*, where g’’* = • Cq and Cq : Q K. We

can assume that r* has this form because a different transversal function will just 

change the coset representatives. We now want to see how ma,b is related to m* j,.
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Let us consider a’’*6'̂ * in two different ways: first there is a 2-cocycle m* so by 

definition =  {aby'rnlj,. Now since =  f^-Cf we get =  {abYcabmlj -̂

If instead wc use the fact that = F  ■ Cf first we get

=  ayb^b-ycab^ck

=  a ĥ̂ {Caf  ̂Cb 

= O^bycafcb

For ease of notation we will leave off the r on (c )̂ ,̂ however b is the image of the 

element b in the group G under the map r.

=  (a6)’’ma,b(Ca)̂ Cfe

Now setting these two equations equal we get

Wa j, =  rria (,(Ca) Cf, =  (*̂0) Cf,

since all the elements are in K which is an abelian group. Notice that ni* differs 

from m by something that depends on c. We will now show that the difference 

between m and m* describes a subgroup of K).

Definition 7 Ltt B'^{Q,K) =  {c~,̂ {ca)̂ Cb\c : Q —>• K }  C {Q x Q K }  this set 

is called the 2-coboundries.

Lemma 8 B‘̂ {Q,K) < Z'^{Q,K)

Proof: First we show B'^{Q,K) C Z‘̂ {Q,K). To do this we need to show that the 

functions c : Q K fulfill the two 2-cocycle properties.
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Given c : Q ^  K, let ma,b =  c“(,̂ (ca)̂ Cf,, then m\̂ q = c~^{ci)‘‘Cq =  Ci =  1 

since V ’ = 1 = V ■ Ci. Similarly m .̂i =  c~^(c,)^ci =  1, so we have fulfilled the 

requirements of property (1). For property (3) we have

^a,bc^b,c b̂ĉ b̂c î b)

= Cfbli(Ca)̂ CbYCc 

= Cab\iCab)%C-^ ŷ{{CafcbYc,

=  Cf^liCabycficf^yCayCby 

= mab,c{^a,bT 

= mab.cima.bV̂

We now add in the map r which was suppressed in our computations to be con-

sistent with our previous definition. Therefore we can conclude that D^{Q,K)  C 

ZHQ,K).

Finally we need to show that B^{Q,K) is a subgroup of Z^{Q, K ) . The ar-

gument for closure and inverses of elements in B^{Q,K) is the same as the argu-

ment given in Theorem 6 which did not depend on how m and m* were defined, 

so letting ma,b =  Cafĉ (Ca)̂ Cb and =  df^{daydb for two m.aps c : Q K  

and d : Q K will not change the argument. Therefore we can conclude that 

B^Q, K)  < Z\Q, K) .a

Definition 9 Let H^{Q,K) =  Z\Q, K) /B\Q,  K), then H^{Q,K) is called the 

second cohomology group for the action of Q on K.
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This group H‘̂ {Q,K)  is the group we want to compute when we are trying to 

describe all extensions groups for a fixed Q and K.

Theorem 10 Let Q and K be fixed along with a fixed action Q —)■ Aut{K), then 

extension groups up to morphism are in bijection with H^{Q, K) for the same 

action.

Proof: IVe begin by recalling Schreier’s Theorem 5 which states we can represent 

all extension groups G = {{q, k)\q e Q, k € K } along with two m.a.ps Q Aut{K)  

defined by q ^  {k k‘̂ )̂ and the map Q x Q ^  K defined by (p, (?) =  riip̂ g. Let 

E be the set of equivalence classes of extension groups G for a fixed Q and K. We 

will construct a bijection between E and the group Z^{Q,K). The map will take 

the group G that has 2-cocycles defined by ma,h to the 2-cocycle defined to be 

for each a,b £ Q. To show this is a bijection we need to show this map is one to 

one and onto. If we call the bijection then ker{g>) =  {G  6 E\{GY =  1}. so if 

G G ker{a) we have ma,b =  1 for all a,b £ Q . Then the m,ultiplication in G for 

{q,k),{p,n) £ G IS defined as {q,k) ■ (p,n) =  {qp,nig,pk^^n) — {qp,k‘’^n). This is 

the definition of a group extension G — Q K  where  ̂ = k'̂  : Q —> Aut{K) is 

the given action. Since this is the identity element in E, we have a is injective. 

Our next step is to show a is onto. Let ma,b be a 2-cocycle in Z' {̂Q, K), then using 

Schreier’s theorem we can then construct a group extension G with ma,b being the 

2-cocycles. Therefore the map is onto.

Our next step is to relate this bijection to the equivalence classes of group 

extensions. In Theorem 3 we showed that two group extensions G ^  G were 

in the same equivalence class if we had a morphism (a, 1) such that a is an
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isomorphism. Consider the following diagram:

K G Q

1 -----* ------1

Now we want to consider what happens to an element {q, k) £ G under the iso-

morphism j3. We will let elements of G — {{q, k)\q G Q'̂ , k G K>̂ } and elements of 

G =  {[q,k]\q G Q" ,̂k G K^} so we can distinguish the different groups. We begin 

by considering an element of K>̂  =  (l,k) under the map (d: { l ,kff  =  [l,fc] where 

[l,fc] G K^. We are using the same letter k in this case since K  = K. In reality 

the element k =  k°̂ , but for convenience we will just call the element k. Next 

we consider an element (<?. 1)^ =  [<?, c,,] where Cg G K^. The element must look 

like this since commutativity of the diagram gives Pe — e, and e takes an element 

{q, ky =  q where e is defined so that [q, k f =  q. Therefore by looking at both of 

our previous computations we can conclude that {q, kff =  [q, Cgk\. Now we want to 

consider the effect of P on pairs of elements in G. Let {q,k), [p,n) G G, then we 

consider

{{q,k) ■ {p ,n) f  =  {qp,mg,^kP\f =  [qp, ĉ pm̂ p̂k̂ ]̂

or similarly since P is a homomorphism we could multiply these two elements in 

G instead

{q,kff ■ {p,nff =  [q,Cgk] ■ \p,Cpn] = [qp^mf f̂icgkff^Cpu]

Now equating {{q,k){p,n)ff =  {q,kff{p,nff we get Cgpmĝ pk̂ n̂ =  rnff{CgkY^CpU. 

Since K is abelian, we can manipulate this equation to get mp̂ g = rnjT^cfp{cgY Cp 

which is exactly our 2-coboundry condition. Which implies two extension groups 

G and G are in the same equivalence class exactly when there 2-cocycles differ by
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an element in B' {̂Q, K). Therefore (p actually gives a bijection between the group 

extensions and the group of 2-cocycles K ).0

Now that we have shown that the equivalence classes of group extensions are 

in bijection with the elements of the group H'^{Q,K), this gives us a way to de-

scribe extension groups. However, since our primary goal will be to do arithmetic 

in an extension group G for a fixed Q and K, we will need more information then 

just the equivalence classes of group extensions. We will need to know how the 

maps and r are defined.

One issue we mentioned that arises is that for a given r  we would need to know 

the values of the 2-cocycles m,a,b for every pair of a, b elements in Q to compute 

the product a’’6’’ of two elements in the extension group G. We would like to look 

for an equivalence version of r where we can choose r so we have a good way to 

describe the value of the 2-cocyclcs Ideally we would like to choose r so that

we can reduce the number of values of 2-cocycles we must store.

If we have a concrete extension group G for a fixed K and Q, then the maps 

p and e are fixed. We would like to define r  so that as many as possible of the 

values of the 2-cocycles are trivial. Since we do not always have a split extension, 

we know that most of the time we cannot make all of the 2-cocycles trivial. The 

claim is that one way we can do this is to assume we have some way to compute 

a normal form (NF) to represent every element in Q uniquely as a product of the 

generators of Q. The choice of the normal form word can be arbitrary though we 

would require that if ti; =  NF{u) = vx, then the NF{v) = v. In other words.
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the normal form of a subword of a word in normal form is that subword. If

NF{w) XiX’2 then define (xix’2 ■'1-̂ 2 ■ • xZ; • 1 so the values of

the 2-cocycles when forming normal form words are trivial. In this way we have 

made r  as close to a homomorphism as possible without G being the semidirect 

product. Since extensions are uniquely defined by p and e making a choice for the 

form of r does not effect the extension, so we are free to define r as we wish.

With this assumption on r, if we assume we have a black box operation which 

takes a word in Q and puts it in normal form, then for any product of words in Q wc 

can compute the value of the 2-cocycles. For example, take any product of words 

u ■ X in Q, we can input each word into the black box u =  NF{u), v =  NF{v),  and

(u ■ v) =  NF{u ■ v) and this gives us a way to compute the value of the 2-cocycles.
-1

Since {u • r) = W -  we therefore have =  {uvYu ■ v • (?/, • v) so the value

of the 2-cocycle niu,v — u ■ v ■ {u ■ v) .
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Chapter 3

FINITELY PRESENTED GROUPS

Now that we have a description that reduces the amount of information we 

must store to do arithmetic in a fixed group extension G. Our next step will be 

to consider the case where Q and K are finitely presented groups. We begin by 

giving a formal definition of a finitely presented group. Wc will let F — F{S)  be 

a free group.

Definition 11 Let R be a nonempty subset of F, the normal closure N of R in 

F is the intersection of all the normal subgroups of F which contain R. Often N is 

denoted by R^.

By this definition it is clear N is the smallest normal subgroup of F containing 

R. Now we will give a precise definition of a finitely presented group. In (DF99, 

Sect 6.3) a finitely presented groirp is defined in the following way.

Definition 12 Let S be a subset of a group G, where G is a finitely presented 

group.

1 A presentation for G is a pair < 5|R >, where R is a set of words in 

F(S) (i.e. the free group F with generators S) such that the normal closure 

N of R in F(S) equals the kernel of the homomorphism n : F{S) —)• G (where 

7T extends the identity map from, S to S). The elem,ents of S are called the 

generators and those of R are called the relators of G.

22



2 We say G is finitely generated if there is a presentation < > such that

S is a finite set, and we say G is finitely presented if there is a presentation 

< S\R > where both S and R are finite sets.

Now wc will discuss how one computes a normal form for a word in a finitely 

presented group. We begin by taking a presentation with relators R, a sot of words 

n = e. We can then wc manipulate these relators to make them into rewriting 

rules. For example, if a group G has a relator xy = e then we can rewrite this

as a rule y To know which way the arrow must go, we must have a

well ordering on elements of the free group F. We then must have the property 

that the left hand side of the arrow must represent a larger word with respect 

to the well ordering then the right hand side of the arrow. In this way we will 

define our normal form word as the smallest representative for a word. In general 

if R = <  Tj — T2 = ■■■ — r'n = e >, then a rewriting system for R could be 

R =  {n  ^  e, f 2 —>■ e ,. . . .  r„ —>• e}. If we can use this rewriting system to compute 

a normal form and the order in which we apply the rewriting rules does not matter 

then we say the rewriting system is confluent. For a more precise definition of 

confluence see (S94).

D efinition 13 A rewriting system is confluent if the order in which one applies 

the rewriting rules to compute a normal form does not effect the resulting word.

We begin by supposing we have a confluent rewriting system for K and Q, 

then we can develop a rewriting system for G, as long as we store a value of the 

2-cocycle for each relator for the group Q. Before we prove this claim let us look 

at an example. Suppose the confluent rewriting system for Q — V4 = <  r,s\r  ̂ —>• 

l,s^ -> l ,r s  ^  sr > and K = C2 = <  a\â  I >, then to get a rewriting system

23



for G the extension of K by Q we will begin with the rules for Q and lift them to 

G by using the values of the 2-cocycles.

We need to know the values of the 2-cocycles nir̂ r =  a, nis,s =  1, and =  a 

to get a rewriting system for G. It should be pointed out that the left hand side 

of the rewriting rules do not need to be words of length 2, but rather the m .̂r are 

2-cocycles in the sense that the image of the right hand side of the rule under r 

is equal to the left hand side of the rule under r times the 2-cocycle in G. These 

choices for the values of the 2-cocycles uniquely determine r, so the extension 

group G is now fixed. Gonsider first the relator —>• 1. Under r we have:

— [r'̂ yrrir̂ r

Therefore we can conclude that  ̂ a is a relator in G. We will get two other 

relators using this procedure, and we add the relators for K to get the following 

rewriting system for G, > a,s^ —>• l,r s  sra, and —> 1}. Using Tietze

Transformations we can change our presentation for G from < r, s,a|r^ = =

l^rs = sra,o? =  1 > to < r, s|r‘* =  1, =  1, rs =  sr  ̂ > which is the presentation

for Dg. Now if we want to use our rewriting system for G, we can compare OTir 

answer with the words in Dg to see that we in fact get the correct solution. The 

final step necessary to compute the normal form in G, is that normal form words 

will have elements which are images under Q’’ before elements which are images 

under K^. Therefore if we have a word in G such that this is not the case, for 

example k ■ q where k E and q E Q"', we will apply the rule k ■ q ^  qk'' where 

k’̂  is the action on K by Q defined previously. With these rules we can rewrite any 

word in G in normal form. For example, if we wish to rewrite rss E G.

rss —)■ sras srsa’̂  =  srsa.
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We conclude srsa  ̂ = srsa since the action on a is trivial because Aut{K)  = <  1 >. 

Then

srsa —̂ ^raa  —> rgu —> r

Therefore we can conclude that the normal form for rss is r. Indeed these are the 

same elements in Dg.

Theorem  14 If G is a finitely presented group, such that < G  and Q = G/ 

and we also we assume a confluent rewriting system already exists for K and Q. 

Then if we know the values of the 2-cocycles for each rewriting rule in Q we can 

develop a confluent rewriting system for G.

Proof: Suppose the confluent rewriting system for Q is given by 

Q = <  Xi, X2, ■ ■ ■ Xr\Ri —>• Li, R2 —>• L2, . . . ,  Rk ^  Lk > , and suppose we have the 

values of the 2-cocycles m /jj.m /jj, • • ■ for each relator in Q. These elements 

are values of 2-cocycles in the sense that each mR. E K^, and {RjY =  L'̂ mR. is 

how multiplication is defined in G. Also, suppose that K has a confluent rewriting 

system K  = <  y\,... ,ym\K\ K2 ^  J2, ■ ■ ■ Kn ^  Jn >• fhe can then develop

a confluent rewriting system for G, with respect to the wreath product order. Here 

by wreath product order we mean that we will compare the Q parts of a word first, 

and the K parts of the word second. If there are elem,ents in the word that are 

images of before images of Q then those words are larger then all other words 

where the Q parts come first. Gonsider an element in G given by g =  g\g2 ■ ■ ■ gn- 

Since G is an extension of K by Q for each g.,, if g\ = \, then ĝ  E K^, otherwise 

pi E Q'̂ . One step in the rewriting process will be to move all pi E to the left. 

To do this suppose pi E Q'̂  and pi î E then Pi îPi —>■ PipfLi, we can conclude 

^fij E since <\G. In this way we can rewrite g — q\ ■■■ gik\ ■■■ km, where
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Qi £ Q'̂  and ki € K' .̂ Now, since the rewriting systems for Q and K are confluent 

we will apply the rules mapped under r and (i respectively to each part of g in 

any order we wish. Each time we apply a rule for a subword of q\ - ■■ qi we m.u.st 

multiply by the appropriate value of the 2-cocycle. Once no further rules can be 

applied we say the resulting word is the normal form of g. This rewriting system 

is confluent since the rewriting systems were derived from were confluent, so the 

order in which we apply the rules does not matter. □

In the previous theorem we are only required to store a value of the 2-cocycle 

for each relator, but what if we want to describe the second cohomology group? 

We would need to know a value of the 2-cocycle for each pair of elements in Q. We 

can show now with the rewriting system for G that every value of the 2-cocycle 

can be computed, so that it is only necessary to store a value of the 2-cocycle for 

each relator of Q.

Theorem  15 Given a finitely presented group G such that K  <1 G and Q =  G/K 

where we assume a confluent rewriting system already exists for K and Q. Then if 

we know values of the 2-cocycles for each relator in Q we can compute a value of 

the 2-cocycle for any pair of elements p.q £ Q.

Proof: Suppose we want to compute forp,q G Q. We would begin by comput-

ing the normal form in Q for the words p, q, and pq. We will denote the normal 

form by p, q, and pq. Then since we know vrip̂ q is defined by p'̂ q'̂  =  {pqYrnp g, 

and since we can define r such that it maps generators to generators, therefore 

the generators of Q are again in the generators of G . Hence we have the relation 

p -q — pqmp̂ q which implies that nip̂ g = p -q ■ pq~ .̂ In this way we can compute
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the value of the 2-cocycle for any pair of elements p,q E Q. □

Our next step will be to look at the case where we do not have a confluent 

rewriting system for Q. However, we will assume that we are able to obtain the 

normal form of elements in Q by some other procedure. For example, we could 

assume wc also have a faithful permutation representation for Q, and we define the 

normal form word to be the smallest length-lexicographic representative. These 

representatives can be computed using enumeration of the elements of Q, and the 

following article (CFS90) describes how one can store two-bits for each element of

Q-

We will now briefly describe the algorithm which one can use to compute the 

length-lexicographic representative of a given word from a faithful permutation 

representation. The algorithm will require that we enumerate all of the elements 

of the group Q by storing two lists: count and distance. Where the distance will 

be defined to be the length of the length-lexicographic representative of the word 

modulo 3. The list count is used to assign a unique integer in the range 0 to |(̂ | — 1. 

Therefore each entry in count will uniquely represent a group element.

Now we will discuss how these lists are constructed. Initially the distance 

list D, will have D[i] =  3 for 1 < i < \Q\ — I and Z>[0] =  0 where we assume 

count(e)=0. We will then update D so that if count(q)=i, then D[i] is the length 

modulo 3 of the length-lexicographic representative of q. The elements are enu-

merated in count using an orbit algorithm where wc order our generators according 

to the lexicographic ordering defined for the generators of Q. At the same time we
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will update our list D, until all values of D arc 0,1 or 2.

Finally to compute the length-lexicographic representation for g 6 Q once D 

has been constructed is now a simple task. First we define a parent of a node 

q to be any clement which has distance to the identity modulo 3 to be one less 

that q. Notice this implies their may not be a unique parent for each q E Q. The 

only node which has no parent will be e the trivial word. Now to compute the 

length-lexicographic representative for g S Q we must choose a parent node as 

the successor of each new word we compute. Each time a new word is computed, 

the distance is diminished by one unit, and since e has no parent the product will 

eventually terminate. To compute the parent of q we will run through the genera-

tors X of Q and check the values of D[count{qx)]. If q is not equal to e, then there 

exists a parent node qxi of q. This process is then repeated with q replaced by qxi. 

Eventually we will get g.Xi ■ • • .x/t =  e, which implies g =  .x̂  - .Xi, which is the word of 

shortest length which represents q. To guarantee this is the length-lexicographic 

representative we must test our generators of Q in reverse lexicographic order. 

Since that way the inverse of q will be as large as possible which implies q will be 

as small as possible.

We now conclude this description with an example. Let Q = = <  r =

(l,2 ,3 ,4),.s  =  (1,2)(3,4) > and the lexicographic ordering on the generators 

be [r, s, r “ ,̂ then the length-lexicographic representatives of the elements of

Q are [1, r, s, r ,̂ rs, sr, r^s]. We have count =  [1, 2,3,4, 5 ,6, 7, 8] and D — 

[0, 1, 1, 1, 2, 2, 2, 0] and suppose we want the length-lexicographic representative of

rsr - 1 (1,4)(2,3). We will run through our generators in reverse lexico-

graphic order [s \ s ,r , ] and compute D{qx) for each of these. Initially we
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have D{q) =  0, so we want to find a generator x such that D{qx) =  2.

q X q X count (qx) D (qx)
(1,4)(2,3) s -i =  (1,2)(3,4) (1,3)(2,4) 4 2
(1,4)(2,3) -  (1,4,3,2) (1,3) 6 2
(1,4)(2,3) .̂  =  (1,2)(3,4) (1,3)(2,4) 4 2
(1,4)(2,3) r =  (1,2,3,4) (2,4) 5 2

All of these products have distance 2, but we choose because that is first 

in our reverse lexicographic ordering. Now we consider qs~̂  =  (1,3)(2,4), where 

D{qs~^) =  2 so we want to find a generator x such that D{qs~^x) =  1.

qs ^ X q s count(qs ^x) D (qs 'x )
(1,3)(2,4) s-^ =  (1,2)(3,4) (1,4)(2,3) 7 0
(1,3)(2,4) r -i  =  (1,4, 3, 2) (1,2,3,4) 1 1
(1,3)(2,4) s =  (1,2)(3,4) (1,4)(2,3) 7 0
(1,3)(2,4) r =  (l,2 ,3 ,4 ) (1,4,3,2) 3 1

Here only two generators work, but we choose since it comes first in 

the reverse lexicographic order. Next we consider =  (1,2,3,4) where

D{qs^^r^^) =  1, so we want to find a generator x such that D{qs~^r^^x) =  0.

qs V  ^ X q s V  x̂ count(qs V  ^x) D (qs V ^x)
(1,2,3,4) s -i  =  (l,2 )(3 ,4 ) (2,4) 5 2
(1,2,3,4) = (1,4, 3, 2) 0 0 0
(1,2,3,4) s =  (l,2 )(3 ,4 ) (2,4) 5 2
(1,2,3,4) r =  (1,2,3,4) (1,3)(2,4) 4 2

In this case there is only one choice for x which is r “ ‘ , so we get qs~^r~ r̂~  ̂ =  e 

which implies the length-lexicographic representative for q =  r^s. Since it is well 

known that a length-lexicographic order is a well-ordering, we know a smallest 

representative will always exist and be unique.
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We would like to develop a procedure that takes a word in a fixed extension 

group G and maps this element to its normal form representative which was defined 

in Theorem 14. The first rewriting rule will be the rule which moves an element in 

past an element in K^. The procedure to do this operation will be defined as it 

was in Theorem 14. Once we have our word in G written as g — g\ ■■■ gik\ ■■■ km, 

where g* G Q'̂  and ki G K'̂ . We then want a procedure which takes the product 

q\ - • ■ qi and calculates the normal form for this representative. We then want a 

procedure that would compute the 2-cocyclcs from the 2-cocyclcs given for the 

relators of Q in a nice way. Our final step will then be to compute the normal 

form in K of the product of the 2-cocycles and ki ■■■ km- The product of these two 

normal forms will give us the normal form for the word in G.

Our next step will be to give a more detailed description on how the rewriting 

process will work. Suppose g € G such that g =  w ■ v and w,v G then our 

first step will be to compute the normal form of {tv ■ vY in Q. Since we assume 

we have a way to compute the normal form of elements in Q, suppose u E Q such 

that u — NF{{w ■ vY). Now we can compute the 2-cocyclc needed to compute 

the normal form of g E G. Since g = {{w ■ vYY — and by Theorem 15

fnw,v = w ■ V ■ where E

However, since we assume we are only storing 2-cocycles for the relators of Q 

our next step is to give a way to compute the value of 'niu,̂ y for arbitrary elements 

w, V in normal form from the stored 2-cocycles. The way we compute this value is 

to rewrite w ■ v ■ u~̂  as a product of conjugates of the relators for Q. We will do 

this rewriting in the free group F, where Q = F/N, so that m,,,.,, =  HiLi where
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Vi is a relator for Q and Xj € F . To make this more clear, let : F  Q be the 

natural homomorphism, then we want {{niw^vYY ' ~ HiLi ■

Then if we consider the map ip ■. F ^  G where G < G and G = <  G. K  > and 

K < K, we get that ip is related to p such that the following diagram commutes.

F : G G- Q

In G we can rewrite g =  w-v =  w’’ ((nr=i where each mr.. is a 2-cocycle

which was stored for a relator r̂ . The only part of this argument which may not 

be clear, is that the map P : G ^  G will not effect the 2-cocycles. However, an 

element of G can be written as a product of words in G and K  therefore to put 

a word in normal form we will have to move elements of K  to the right. During 

this process we will not add any new 2-cocycles, so everything needed to rewrite 

is known. Therefore, the fact that <p maps to G instead of G does not effect the 

number of values of 2-cocycles we need to store.

Now that we have outlined the basic procedure for rewriting a word in G, if 

we do not have a confluent rewriting system. We see that all wc have left to do is 

to describe an algorithm which rewrites a word in F as a product of conjugates of 

the relators given for Q.
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Chapter 4

COSET AUTOMATA

The standard approach used to rewrite a word in F, which lies in N as a prod-

uct of conjugates of relators, is to construct an augmented coset table for N in F. 

We give a brief description of this process and refer the reader to (S94) for further 

details.

The first step will be to construct a coset table. The fundamental idea behind 

this algorithm is that we perform an orbit algorithm on the cosets of a subgroup 

N. This gives the images of generators of F under a permutation representation, 

which we will list in a table called the coset table. Notice this construction will 

require us to have subgroup generators of N, since the relators alone do not gen-

erate a normal subgroup of F.

One issue that may arise during this construction is that we might define two 

different cosets which are really the same since we do not have an element test for 

N. We will notice this duplicate dehnition when we trace through each generator 

for N starting at the trivial cosct. When two different definitions arise we say we 

have a coincidence, and we set the two cosets equal to each other updating the
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table in the process.

We now show an example of a coset table for F/N — where the free group

F =< a, b >, and N =<

normal closure of R =< a\

a a-i b
1 2 2 3 3
2 1 1 4 4
3 5 5 1 1
4 6 6 2 2
5 3 3 6 6
6 4 4 5 5

One thing to note is that the numbering of cosets depends on the generators of 

the subgroup N, therefore in general the numbering of a coset table is not unique. 

One can run a standardization process after the coset table is computed to make 

the table unique, however since this standardization is not necessary for the fol-

lowing description we will only refer the reader to (S94) for further details.

Our next step will be to describe how to compute an object which we will call 

the augmented coset table. An augmented coset table is a coset table where we 

attach to each image in the coset table the word in N which corresponds to that 

image. Since the generators of F are not the generators of N, we cannot tell how 

an image is defined as a word in the generators of N in the standard coset table. 

The purpose of the augmented cosct table is to give this information.

Definition 16 We say a relator R traces through a coset table C from the state 

1 f/ 7^ =  7 in C.
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The algorithm for computing an augmented coset table requires that each time 

an image is defined by tracing completely through a generator of N, we attach to 

that image the name of the corresponding generator of N. We can then use the 

augmented coset table if we want to rewrite a word in N, as a product of generators 

in N. We do this by tracing through the images of the augmented coset table 

collecting the augmented words. The resulting word will give the word rewritten 

in N as a product of generators of N. This algorithm works for any generating 

set for N, therefore in particular we can choose a generating set in which the 

generators are conjugates of relators for Q. Let us look at an example. Suppose 

Q =  5,3 as before, and let the generators of N = <  xq = d^,X2 = b‘̂ ,X3 = (ab) ,̂ X4 = 

(6̂ )“ ,xs =  ((a6)^)“ ,xg =  (a^)'’ ,X7 =  {{ab)^)^,xs =  (6̂ )“  ̂ >, then the augmented 

coset table for F/N is given below:
a a-1 b 6-1

1 2 xj“ 2̂ 3 X2^3
2 Xjl 1 4 X1X41x7^4
3 5 .X2.X6hx̂ 5̂ .X2I 1
4 6 X1X4X5 X̂2XoXgX3 6̂ XiX4Xj"̂ 2 2
5 X2.X6X2 3̂ 3 X2X6X8X3'6 X2X6X310
6 X3.X8^X6^X2^X5.Xj\xj'M 4 .X3.Xg X̂2 5̂

From this augmented table if we wanted to rewrite ab b̂ab  ̂ as a product 

of generators for N we trace

âh b̂ab  ̂ _ 2  ̂ b̂ab ^

=  X1X4

'I t  should be noted in the augmented table we switched to writing the 2-cocycle on the left, 
this was done so that inverse 2-cocyclcs are easier to read. If wc left the 2-cocycles on the right 
as they were in the description of group extensions, then inverse 2-cocycles would be conjugated 
by the corresponding generator.

34



- lâ ab=  X i X ^ ^ X ^ ^ X i X 4 X ^ ^ X 2 X ( i X s X ^ ^ 6 ' ’

=  X i X ^ ^  X2 X q X s X ^ ^  X s X ^ ^  X 2 ^  5̂ ^̂  '

= XiX'̂  ̂X2XqXsXq  ̂X2  ̂X2X(iX2 Ŝ'̂

=  X i X ^ ^ X 2 X e X s X 2 ^ l

Therefore we can rewrite ab~̂ â b̂ab~̂  =  xix'^^X2XaXsX2 .̂

Now we want to do is describe a nice way to visualize an augmented coset 

table and that is with a directed graph called a coset automaton.

Definition 17 T coset automaton for a group Q = F/N is a directed graph 

that consists of a set of vertices S one for each coset fN, and edges E. An edge is 

defined from coset i to coset j  if in the coset table there exists a generator x of F; 

where the image of i under x is j, denoted F — j. We then label this edge with the 

generator x. We will identify the initial coset as the identity element. It .should be 

noted that this is just a graphical representation of the coset table.

We assign a secondary label of the image in the generators of N to each edge which 

we will call the augmented edge. If the graph has augmented edges, then the 

graph is called an augm ented coset autom aton. Therefore the augmented coset 

automaton for our example of S3, with N = <  Xi =  a^,X2 =  b‘̂ ,X's =  (a6)^,X4 =  

=  ((a6)^)“ ,xe =  {a' )̂ ,̂X7 =  {{ab)^)^.xs, = {b'̂ ŷ  > looks like the following 

figure. To make the image easier to read we will not include inverse edges, as they
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can be determined by tracing a positive edge in reverse.

b[xiXi{X̂

At this point it might also be useful to introduce a few definitions from graph 

theory to make the rest of the description more clear. These hold because a coset 

automaton is essentially a digraph where states are vertices.

D efinition 18 A walk in a digraph F is an alternating sequence of vertices and 

edges, beginning and ending with a vertex, where each vertex is incident to both the 

edge that precedes it and the edge that follows it in that sequence, and where the 

vertices that precede and follow an edge are the vertices of that edge.

D efinition 19 When we trace through a word w through the coset automaton, 

we begin at the trivial coset and define a walk where we follow the edge labeled by 

the first letter of w. Then from the state at which we arrive we leave following 

the second letter of w. This process will continue until we have followed the edge 

labeled by the last letter of w, at which point we will arrive at som,e .state in the 

coset automaton.

D efinition 20 A path in F is a walk in which no vertices (states) and thus no 

edges are repeated.

D efinition 21 A loop is a path which begins and ends at the same vertex (state) 

in the graph F.
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Now with these definitions, we will now prove that coset enumeration is a valid 

procedure, and therefore if we have a finite group Q then coset enumeration will 

terminate. The following result comes from (M64).

Theorem  22 Assume the index of H in Q is finite. Then the coset enumeration 

procedure as defined in (N82) for H in Q will eventually terminate.

Proof: Suppose we have an enumeration procedure where the following 5 properties 

are fulfilled:

(i) 1 € S and the coset representative for 1 is the empty word e

(ii) =  /3 if and only if =  a

(iii) If =  B, then if the coset representative for a is A, and the coset represen-

tative for /d is B, we have the coset HAx=HB

(iv) For all a € S if =  o  then any other word V =A  in Q/H. We must have

1  ̂ =  Q

(v) Let E be the set of elements in S that represent unique cosets, then for each 

a G E and for each x G S \J S~̂  we have is at some point defined.

If these properties are fulfilled we will show that the enumeration procedure will 

eventually terminate. We notice that any valid strategy for coset enumeration will 

fulfill these five properties.

Suppose the coset enumeration procedure for Q/H does not terminate. If the 

enumeration procedure has these five properties fulfilled, then for each a € T, at 

some point a* is defined as = B- Since a is in T we know a represents a unique
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coset in Q/H. Now we do not know if P £ T, and therefore represents a unique 

coset. However, at some point we will either determine P is unique or /? =  7 , 

where -y is a coset that has been previously defined. So we have 7 < /3. Therefore, 

since can only decrease it will eventually become stable. Thus S must be infi-

nite, because otherwise the coset table would full with S =  S.

We can now define an infinite full coset table in which the rows are indexed 

by the elements a € S and the entries of â ' are their stable values. Property (v) 

ensures that the coset table gives a permutation representation of the group QfH.  

Since the coset table is infinite and full we can therefore conclude that the action 

of Q, by right multiplication on the cosets of H, has infinite degree. But this con-

tradicts the assumption that \Q : H\ is finite, since Q is a finite group and H is a 

subgroup of Q. Therefore the coset enumeration procedure for Q/H will eventually 

terminate.O

Notice that the proof of this theorem does not give a bound on how long it will 

take to terminate, it only shows that eventually the procedure will terminate. In 

fact, it has been proven that there cannot be an algorithm which would terminate 

with a given bound, for any bound one gives there exists a presentation for which 

the coset enumeration procedure violates this bound.

In the example we gave of the augmented coset automaton, the generators of 

the group N included conjugates of the relators as well the relators themselves. We 

will now show in an example that conjugates are really necessary to represent every 

word in N. If we consider < R > the group generated by the relators of Q, then if
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F/ < R > generated Q we could write every element in Q as a product of elements 

in R. To do this rewriting we would apply coset enumeration to construct a coset 

table for F/ < R > which would give the multiplication table for Q. We will see 

however in the following example that enumeration will not generally terminate, 

which will allow us to conclude that the subgroup < R > has infinite index in F. 

We will then show instead that we need to construct the coset table for F/N to 

get the multiplication table for Q.

We will let Q = Dg =<  r, s|r4 _ s ^rsr =  1 > then F = <  r,s >, the

free group generated by r and s. The subgroup < R > = <  r'*,s^,s~Vsr >. The 

only constraint in defining new cosets will be that each generator of R must map 

the trivial coset to itself. After defining the first 6 cosets we will get the following 

edge table:

r 6'
1 2 3 4 4
2 5 1
3 1 5 6
4 6 1 1
5 3 2
6 4 3

At this point each relator will map the trivial coset to itself so we have no 

further constraints. Now notice that by defining the image of any coset representa-

tive under increasing powers of r will always define a new coset. Therefore we can 

conclude that the coset enumeration for this example will never terminate with 

a full edge table, and hence in this case every word in Q cannot be written as a 

product of elements of R .
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Since we have seen that we cannot rewrite every word in Q as a product of re-

lators, we now want to show that every word in Q can algorithmically be written as 

a product of conjugates of relators. In other words we want to show the algorithm 

returns the multiplication table for Q given by a coset automaton constructed for 

F/N.

Definition 23 A coset automaton is full, if for every state a € S and for each 

X 6 5 U S'” ' the image state is uniquely defined.

We will now prove that a coset automaton is full if and only if every cosct is 

mapped to itself under each relator.

Definition 24 We say a coset automaton is relator closed, if it has the property 

that each coset is mapped to itself under every relator and inverse relator.

Theorem  25 A coset automaton for a finite group Q is full if and only if it is 

relator closed.

Proof: First if a coset automaton for Q is full, then for each a £ S and each 

X G S U S” ' the image state is defined. Therefore at each state cr € E and 

for each relator or inverse relator r, the walk W is defined. Suppose there exists a 

cr £ S such that W ^ a so that the coset automaton would not be relator closed. 

Define a = where S is a word in Q, so we have 7̂  l ’̂ . This implies that 

5rS “ ' 7̂  e in Q, but since r is a relator, or an inverse of a relator, we have r = e 

so =  5 5 ” ' — e, a contradiction. Therefore W — a for all r in the relators

or their inverses. Hence if a coset automaton for Q is full, then it is relator closed.
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For the converse we will show that the same 5 properties identified in Theorem. 

22 are fulfilled when we have a coset automaton that is relator closed. We could 

then conclude by Theorem 22 that the coset enumeration will terminate, and the 

coset automaton for Q is full.

We begin with property (i): the coset 1 is defined and 1 represents the trivial 

coset. This is verified by the definition of a coset automaton. Next property (ii): 

a''̂  = fi if and only if =  a. This property holds because every time we define 

an edge, the inverse edge is also defined to guarantee each relator and its inverse 

maps every coset to itself. For property (Hi): If = fi where = a and 1^ =  (5, 

then we need to show that the word represented by Ax=B. Since oF' =  fi this means 

■ĵ Ax _  which implies that therefore AxB^^ =  e the identity element

in Q. This tells us that Ax =  B as words. Now we look at property (iv): for all 

a if a is defined there exists a word A such that 1'̂  =  a. Now if in Q there is

another word V=A, we must have W =  a. By definition a = so W =  a.

Therefore, we have verified properties (i)-(iv) which was a fairly trivial verification.

The only nontrivial property we need to verify is property (v): for each a G S 

and each x G 5 U S~̂  we have oF will at some stage be defined. Let a = ,

then if is not defined at some point there exists an element AxB^^ of N, where 

Q =  F/N, .since AxB~^ G N we know that AxB^^ = e in F/N. We are as.sum.ing 

this element cannot be traced through the coset automaton. Now since N is gen-

erated by relators { r i , . . . ,  r „}, and conjugates of the relators where we have the 

property that for each 7 G S that Y ' =  7 , the word AxB~^ can be written as a 

product of conjugates of relators since it is an element of N. So AxB~^ =  rf* • • • r®̂9k Ik '

41



If we let 7, =  P* then 1'̂ ^̂   ̂ =  P ’ l — Pi '''■i®’ • • • 1®*:̂ ’"̂ ®'= =  7['' • • .

Since the coset automaton is relator closed this implies must be defined to be 

1^, since each 7 -̂  ̂ is defined to be 7 .̂ Therefore, if the coset automaton is relator 

closed, then the coset autom,aton is full as long as Q is finite. □

The problem we had with F/ < R > is that the coset automaton we con-

structed for F/ < R > will not be relator closed. Now wo will prove a result on 

when termination occurs in the free group case.

Theorem  26 Let F=F(S) be a free group. Let Q —< S\R > be a finitely presented 

finite group. Then coset enumeration will terminate for the free group F xuith 

normal subgroup N=< R > ’ .̂

Proof: Since Q is a finite group let H be the trivial subgroup. Then by theorem 22 

coset enumeration for Q/H will terminate. Upon termination the coset table will 

be fidl, so therefore the coset automaton for Q will be relator closed.

Now consider N =<  R the normal closure of < R >. Since < R > is 

the group generated by the relators, coset enumeration will have the property that 

every relator maps the trivial coset to itself. The generating set for the subgroup N 

is larger than the generating set for < R > in that they also include conjugates of 

relators. Therefore, coset enumeration will force each of these conjugates of rela-

tors to map the trivial coset to itself. However, the element we conjugate by g will 

have a unique coset representative g in the coset enumeration, therefore by adding 

this conjugate we are forcing the coset represented by g~̂  to map to itself under 

each relator. Hence, coset enumeration for F/N will require the coset automaton

42



to be relator closed, which therefore gives a full coset automaton. Also the coset 

automaton for F/N will be isomorphic to the coset automaton for Q/H, which is 

finite, so therefore this enum,eration will terminate. □
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Chapter 5

PARTIAL AUTOMATA

Our first goal will be to see if it is possible to construct the coset automaton 

for F/N without having to compute a generating set for the subgroup N. Notice 

in the proof of Theorem 26, we argued that for the coset automaton to be full it 

must be relator closed. Therefore, if we know the path taken by each relator from 

the trivial cosct wc can conclude that the entire automaton should have the same 

set of paths defined from each state. Our next step will be to prove that this holds.

Before we give the proof, we must first define what it means for an automaton 

to be isomorphic to itself when we consider different initial states.

Definition 27 If we let C be the full coset automaton for F/N with initial state 

1 the trivial coset and let V he the same coset automMon with a different initial 

state 7 , then we say C =  T> if there exists a one to one function f  : States{C) —> 

States{T>) such that any pair of states a, (5 which are adjacent = (5 if and only

* / / ( « ) "  = /(/3).

Theorem  28 Define C and V as they were defined in the previous definition. Then 

C = T>
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Proof: We need to construct a one to one function f  : States{C) —>■ StatesifD) 

such that any pair of states a,j3 that are adjacent cP — fi if and only if f { a y  =  

/(/?)•

Since V is the same coset automaton beginning at a different state 7 ^ 1, 

then there exists an element G G F/N such that =  7 . We will then define 

f  : States{C) States{V) such that if p G States{C) such that = p we have

f { p ) = ^ { i ^ r .

Now we need to show that this function f  is one to one. Suppose 1̂  ̂ =  p and 

1^ = 1/ and f{p) = f{v),  then we conclude We can manipu-

late this equation to get =  1 which means G M — e in F/N.

Hence GM — GN so we conclude that M — N. Therefore p = o so f  is one to one.

Next let a G States{T>) =  States{C), then there exists an A & F/N such that 

=  a. Now by definition of a full coset automaton, there exists a /3 G States{C) 

such that S = since for any word GA~  ̂ G F/N there must be a path in C

from 1 to GA~~̂ . We then have /(/3) =  =  1-̂  =  a. Therefore we can

conclude that f  is onto.

Finally we m,u.st show if there exist a pair of .states G States{C) .such that 

= S than /(o )^  =  /(/?)■ Suppose = S then there exists A, B £ F/N such 

that 1'̂  — a and =  S, so therefore 1'̂ '̂® ’ =  1. Now suppose /(a )^  =  <5 where 

S ^  f{S) =  (iG)fi and 1® =  5. Then f {a)  =  (1°)^, so ^ ^

implies that GAxD~^ =  e. We can manipulate this equation to G = Dx~^A~^.
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Also =  1 which implies AxB~^ — e therefore xB~^ = A~ .̂ Plugging in

this equation for G we get G =  Dx~^xB~^ =  DB^^. Therefore D =  GB which 

implies that =  /(/? ). A contradiction, hence /(a )^  =  f (0))  so we have

an isomorphism. □

From Theorem 28 it now makes sense to construct an object which we will 

call a partial automaton, that describes only the paths taken by each relator in 

R in the full coset automaton. In the rest of the description that follows we will 

assume that we have a fixed free group F — F{S) and a finite finitely presented 

group Q —< 5|i? >. Also we assume C is the full coset automaton.

Definition 29 A partial automaton A is a subgraph of the full coset automa-

ton, including the initial state 1, with the property that each relator from the initial 

coset traces through in A.

With this definition, it is clear that for some states in A we won’t have all 

the edges which leave that state in C defined in A. We will therefore classify the 

states into two categories; complete and incomplete.

Definition 30 The complete states of A will be those which have a known edge 

for every element in S U . The incomplete states a will be those where there 

exists an element x in S U such that is unknown.

Our goal will be to show that the partial automaton contains enough infor-

mation to reconstruct the full coset automaton from it by using the isomorphism 

established in Theorem 28 and updating the partial automaton until all of the 

edges are complete. We can assume without loss of generality, that 1 the trivial
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coset is complete, which means that we will require our presentation to contain at 

least one relator that starts with each element of If this is not initially the

case, then cyclic conjugates of the given relators can be added to the presentation 

until this property holds. The necessity of this condition will become clear in the 

following lemma.

Lemma 31 A partial automaton is full if every state is complete.

Proof: To show a partial automaton is a full coset automaton we must show that 

for all a E T, and for all x E S U , the image state is uniquely defined. If

every state in the partial automaton is complete, we know for all states a in the 

partial automaton is uniquely defined for all x E S U Therefore, we only 

need to show that there does not exist a a in the full coset automaton that is not in 

our partial automaton. If (3 is a state in the full coset automaton, then there exists 

a word B E F/N such that 1^-/3. If B = b\ ■■■ bk then we know 1̂ ' must have 

been defined, since we as.sume the trivial .state is com,plete which im,plies that the 

state must exist in our partial automaton. Then by the completeness of each 

state we have that must also be defined so that must also be a state in 

the partial automaton. Continuing in this fashion we find that \̂  =  (3 must be a 

state in the partial automaton. Therefore if every state in the partial automaton 

is complete, then the partial automaton is full. □

Our next step will be to describe how we can construct a particular partial 

automaton for Q = F/N which we will use to reconstruct the full automaton. We 

will begin by constructing an initial partial automaton by labeling the cosets to 

determine the edges up to the point where each relator maps the trivial coset to
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itself. When defining new cosets we will use the element test in Q to ensure we 

have a unique definition for each coset. Therefore we are guaranteed that we have 

not defined the same coset twice.

First we will see an example, look at the partial automaton which we will use 

for Z?8 = <  r, s|r'* = = s~^rsr =  1 >. By defining edges up to the point where

each relator maps the trivial coset to itself, and we have guaranteed each state 

defined represents a unique element in Q gives us the following table.

r r ^ s s -i
1 2 3 4 4
2 5 1
3 1 5 6
4 6 1 1
5 3 2
6 4 3

This table defines an automaton with 6 states which looks like the following 

figure where we will not write in the inverse edges so the picture is easier to read:

Our next step will bg to give an algorithm which uses the partial automaton 

to reconstruct the full coset automaton. This is clearly a desirable property if 

we want to be able to use the partial automaton for rewriting. Once we show 

this reconstruction can be achieved, our next step will be to show how the partial 

automaton can be used to do the same rewriting described using the augmented
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coset automaton.

Before we give a detailed description of the algorithm to reconstruct the full 

coset automaton C from the partial automaton A, we will give a brief description 

abstractly of what the algorithm will do.

To begin this description we will introduce a function which will help clarify 

the process. The partial automaton A consists of a set of paths for each relator 

in R. Since C is a full cosct automaton, we have proven in Theorem 25 that C is 

relator closed. Therefore we can define a function: A embeds into C under the 

map which takes the state 1 to the state cr, which we will represent by A Qi-̂ a C. 

If we define a — where S is an element of the free group F, then the map 

AQi^a C takes any other state (i — 1® in to in C. Since C is full this map 

is well-defined.

Our aim is to start with A and add information to this graph until we have all 

of C. To do this we begin with our partial automaton A, and we let B ^  Ci_>o. C 

be a new partial automaton where we add any information obtained by embedding 

^  to C under the map 1 a. However, when we do this construction we assume 

C is not already known. Therefore for each /3 a state in A where (3 is defined so 

that = /?, if we cannot determine uniquely that 1'̂ ® A 7 where 7 is a state 

already known in A, then we do not label in B. The claim is that if we repeat 

this process at every state a in ^  we will reconstruct C. Notice that here the set 

of states in cr in ^  could grow as we update our partial automaton. The proof of 

this will be given after the formal description.
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To begin the formal description we will define a function p{A, 7 , w) which 

takes as input the partial automaton A, an initial state 7 , and a word w. The 

function maps words in F to states in A  by tracing the letters of the word w 

through the partial automaton A, and returning the state at which we end. We 

define p{A, 7 , re) =  0 if there exists a letter x in w, where w = DxA,  such that

7D -  Ad' and 6  ̂ is currently undefined in A.

In our example, the initial partial automaton A  has l,r^) =  6, but 

p{A, l , sA)  =  0- To begin reconstructing the full coset automaton we will go 

through each existing state a, and try to set p{A, a,r) — a for each r a relator, or 

an inverse of a relator. If this equality holds for each state a G S, then our partial 

automaton is full by Theorem 25, and therefore we would have reconstructed C 

the full coset automaton from A.

We must test our states in a systematic way. To begin we test states whose 

coset representatives are words of the smallest size. Since we have chosen a well 

ordering on F, we will choose the element which is minimal with respect to this 

well ordering as our starting point. Once we have ensured that all relators and 

their inverses map that state to itself for that coset, we will continue by choosing 

the next state whose coset representative is the next largest size, where the size 

of a coset representative is defined by the well-ordering of Q. Eventually we will 

run through every state, at which point the updated partial automaton A  will be 

relator closed. We can therefore conclude by Theorem 25, A  will be full. Also 

since A  is full by Lemma 31 every state is complete. At this point we will have 

reconstructed C.
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Suppose a is the first state such that there exists a relator or inverse of a 

relator r, where p{A,a,r)  A Then r =  BxD~^, where p{A,a,B)  = j5, but 

p{A,a, Bx)  =  0. We must determine if p{A,a, Bx) — a for some cr 6 S, or if 

p{A, a, Bx)  is a new state. Essentially we are trying to determine if this edge 

should go to a state we already know exists or if it goes to a new state. This test is 

the same as defining an updated partial automaton where a = B =  A C

and determining if is equal to some other state in A, or if represents a 

new unique state.

Therefore our first step is to test if p{A, a, Bx)  =  a for some cr € S. To 

determine this we will test for all a currently a state in A  and all relators and 

inverses r, letting p{A, a,r) = a to see if we can determine the edge p{A, a, Bx). 

Let us first see how this would work in our example. We begin with the partial 

automaton A  which looks like the following figure.

At the state 2 we cannot trace the relator through A. Since p{A, 2, r) =  5 

and p{A, 2,r^) =  0, we get stuck at 2’"\ Therefore, we run through each state with 

every relator to determine if 2  ̂ is equal to a state already in A,  or if this edge goes 

to a state that we do not know yet. The following table gives this computation 

by listing p{A,a,r),  the path taken by the relator r both forward and backwards 

(which accounts for the inverse of the relator), and whether any new edges are
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defined.

p{A,a,r) Path Forward Path Backward N ew Edges
p(l, A ,r ‘‘ ) =  1 1 3 6 ^  4 1 1 ^ 4 - 7 6 ^ 3 ^ 1 None

p(l,  A, s“ Vsr) =  1 1 ^  2 ^  5 ^  4 ^  1 1 -^ 4 -7 5 -7 2 - ^ ! None
p{l,A,s^) =  1 1 ^  2 ^  1 1 2 ^  1 None
p{2, A, r‘̂ ) =  0 2 -7 5 2 2 -7? ^  5 ^  2 None

p(2, A, s~^rsr) — 0 2 ^  1 ^  3 -7 2 2 ->? -7 3 ^  1 ^  2 None
p{2,A , s ‘̂ ) =  2 2 ^  1 ^  2 2 -7 1 -> 2 None
p(3, A ,r ‘*) =  3 3 ^ 6 - 7 4 ^ 1 ^ 3 3 - > 1 - 7 4 - ^ 6 - 7 3 None

p(3, A, s~^rsr) =  0 3 ^  2 ^  1 ^  3 3 -7 1 -7 2 -7? ^  3 None
p{3, A, s )̂ =  0 3 -7? 3 3 -7? -7 3 None
p{4,A,r'^) =  4 4 ^ 1 - 7 3 - > 6 ^ 4 4 ^ 6 - > 3 - 7 l ^ 4 None

p(4, A, s~^rsr) — 0 4 ^ 5  ^ 7 ^ 6 - 7 4 4 - 7 6 ^ ?  ^ 5 ^ 4 None
p(4, =  4 4 ^  4 4 ^  (5) -> 4 4" =  5, 5^'’ =  4
p(5, A,r^) =  0 5 2 ^  5 5 -7 2 ->? -7? ^  5 None

p(5.A, s~^rsr) =  5 5 - 7 4 - > 1 ^ 2 - > 5 5 - 7 2 - 7 1 ^ 4 ^ 5 None
p(5, A, s )̂ =  5 5 ^  5 5 -7 (4) ^  5 =  4, 4"'* =  5
p(6, A, r^) =  6 6 —̂ 4 —y 1 —y 3 —y 6 6 ^ 3 - ^ 1 - ^ 4 - 7 6 None

p(6,A , s“ ^rsT) =  0 6 ^  3 -7 6 6 3 -7? ^  6 None
p(6, A, s )̂ =  0 6 -7? ^  6 6 -7 6 None

At this point we have verified that T  ^ a for any tr € S, and wc have found 

two new edges 4̂  =  5, 5® =  4 along with their inverses. We will now give a formal 

algorithm which describes this test.

Algorithm 32 ExistentEdges

Input: Partial Automaton A, an edge that is undefined.

Output: An updated partial automaton A  if new edges get defined and if it 

gets defined, otherwise =  0 if it does not get defined.

1 for r E R

2 for a e  T,

3 If a new edge is computed by checking if p{A, a,r) =  a update A  

with the new edge. If cA is defined as then return =  7
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4 If is not defined return a* =  0

The only part of this algorithm which might not be clear is step 3, in this step 

we might define new edges. We must check that these new edge definitions are 

correct, and therefore the new edges defined match the edges in C.

Theorem  33 The edges defined in step 3 of ExistentEdges, will correspond to the 

edges in the full coset automaton C, determined by the map A C.

Proof: Suppose in step 3 we add the edge = 6, where 5 is defined such that 

= 5 and 1'̂  =  a. To add the edge — 6 in step 3 there must have been a state 

7 =  1*̂ , and a relator AxT~^ such that  ̂ =  7 , with -ŷ  = a and 7  ̂ =  5.

In the fidl coset automaton C, since AxT~^ is a relator we know {AxT^^)^ ' is 

an elem,ent of N, therefore in C we m,ust have  ̂ =  1 or .

This implies 7^̂® = =  6 so = 6 in C. Therefore the edges defined in

step 3 of ExistentEdges will correspond to the edges in the full coset automaton C 

determined by the map A C. □

The next thing we must prove is that if in the full coset automaton C we have 

=  /3, where a and /3 are states already in A, then ExistentEdge will define 

=  fi.

Theorem  34 If = fi in C, where a,fi are states in A, then ExistentEdge will 

return — fi.

Proof: Suppose a — and fi — are states initially in A such that the edge 

= S is not yet in A, but =  fi is an edge in C. Then ' = 1 in C, so 

AxB~^ =  e. Since AxB~^ is not a relator because it is not a path in A this implies
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that AxB~^ can he written as a product of conjugates of relators since it is an 

element of N. Therefore if < R > = <  r\,. ■ .r-n >, we have AxB~^ — .

If we define jj  =  1®'-' then the walk  ̂ . So the

path which has a label the word AxB~^ can be traced by tracing through the relators 

at each state 7 .̂

Now we must show that there exists a state jj  € A such that by tracing through 

the relators rî  we define =  S with ExistentEdge. Since AxB~^ =  r̂ 'f ■ ■ ■ rf̂ '' 

we know A = r̂ 'f ■ ■ ■ where gf^P is a prefix ofrffff and let PxQ  =  .

Then the claim is that ExistentEdge will define the edge (7^)^ = 7m ' j there-

fore will then be defined.

Since by hypothesis = S is an edge between two existent states we know 

7^ and 7^ ' are two states in A . Therefore, since each of these states are known 

in A we can label the path from 7^ to 7^ by the letters of P, and similarly for 

Q~^. Therefore in ExistentEdge we will see the path between 7^ and 7^ ' close 

with (7^)^ =  7m ' • point the edge will be defined to be /? another state

in A. □

At this point if we do not find an existent edge we know that =  7 , where 7 is 

a new state. In our exampie, since 2’’  ̂ was not defined, we will define 2̂  ̂ =  5̂  =  7, 

where 7 is a new state. At this point our partial automaton will look like the 

following figure.
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The following algorithm will define a new state after we have determined that 

a missing edge docs not go to a state that already exists.

A lgorithm  35 NewState

Input: The partial automaton A, a state a, and a word S, where S is defined to 

be the shortest subword of a relator such that p{A,a, S) =  0, and we have already 

tested that a for all a E H.

Output: An updated partial automaton B where A 'T B C C and the states of B 

match the states of A  except for the new state p{A,a,S) = a new state.

1 Let S =  Si ■ ■ ■ Sk

2 fi = p{A,a,si  • ■ ■ Sfc_i)

3 p{B,a,S) — 7 where 'y (A new state)

4 =  fd in B

Next we will show NewState works correctly, by showing that NewState never 

defines a new state which is equivalent to a state already in A.

Theorem  36 NewState will never define a new state which is equivalent to a state 

which already exists in A-
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Proof: In NewState we define =  7 and =  /3, only after we test with Exis- 

tentEdge that /?*'' is not defined to be a state in S. Therefore ^ a for any a 

already in S, since in Theorem Sf we proved that all edges between existent states 

will be defined by ExistentEdge. □

The construction makes it clear that the partial automaton A  is always a 

subset of the full coset automaton C, however we formalize this in the following 

theorem.

Theorem  37 The partial autom.aton A is always a subset of the full coset au-

tomaton C, assuming the original cosets in A are unique.

Proof: Initially A is the partial automaton constructed with the property that for 

all r € B V = 1. Since this property holds m the full coset automaton C and all 

of our initial states are unique, we have initially A Q C.

Next we call the algorithm ExistentEdges which will only add new edges to A. 

By Theorem 33 we showed that the new edges defined will always match the edges 

in C. Therefore we will still have A C C .

Then we consider the algorithm NewState where we add a new state and two 

new edges. First we must show our new state must be in C. Since C is a full coset 

automaton we know that there exists a .state ft, .such that for each existing .state 

a and for each x £ S U the image of = ft will be defined. Now since we 

proved in Theorem 34, that ft A for all a € currently in A, we know a new 

state ft £ C is a unique state in C different from those in A. Also since = ft in
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C we know that the edges = P and =  a added by NewState must also be in 

C. Therefore A ^ C and hence the partial automaton A is always a subset of the 

full coset automaton C.O

After calling NewState if B is not full we find the first state whose coset rep-

resentative is the smallest in the well-ordering for Q, and this coset is not relator 

closed in A. We then set A  = B and we will repeat the process again by calling 

ExistentEdges followed by NewState. This process will continue until A  is full. 

Let us go back to our example. Again we see that the state 2 is not full since 2’’  ̂

is not yet defined, therefore we call ExistentEdges. The following chart shows the 

result of this call.

p{A,a,r) Path Forward Path Backward New Edges
p{l,A,r'^) =  1 1 ^  3 6 ->  4 1 1 ^  4 ^  6 3 ->  1 None

p ( l , A, s~^rsr) =  1 1 ^  2 ^  5 ^  4 ^  1 1 ^  4 ^  5 2 1 None
p{ l , A, s ‘̂ ) =  1 1 ^  2 ^  1 1 2 1 None
p{2, A, r"*) =  0 2 ^ 5 ^ 7 ^ ? ^ 2 2 ^ ? ^ 7 ^ 5 - > 2 None

p (2 ,A, s~^rsr) =  0 2 ^  1 ^  3 ^  2 2 3 1 ->  2 None
p{2,A,s^) =  2 2 1 2 2 -^ 1  -^2 None
p (3 ,^ ,r '* )  =  3 3 - » 6 ^ 4 - ^ 1 ^ 3 3 ^ 1 ^ 4 ^ 6 ^ 3 None

p(3 . A, 5“  V s r )  =  0 3 ^  2 ^  1 ^  3 3 ^  1 ^  2 ^  3 None
p(3, A,  =  0 3 ^  3 3 ^  3 None
p(4 , A, r )̂ =  4 4 - > l - > 3 - ^ 6 ^ 4 4 - > 6 - ^ 3 - ) - l - > 4 None

p(4 , A, s~^rsr) =  4 4 - ^ 5 - > 7 - > 6 ^ 4 4 - ^ 6 ^  ( 7 ) - ^ 5 ^ 4 7" =  6, 6“* ' =  7
p{4,A,s'^) =  4 4 ->  5 4 4 ->  5 ^  4 None
p(5 . A, r"*) =  0 5 - > 7 ^ ? - > 2 - ^ 5 5 ^ 2 ^ ? - > 7 ^ 5 None

p(5 , A, s "  V s r )  =  5 5 ^ 4 ^ 1 - > 2 - > 5 5 - > 2 - > l - ^ 4 ^ 5 None
p(5 , A, =  5 5 ^  4 ^  5 5 ^  4 ^  5 None
p(6 , A, r )̂ — 6 6 ^ 4 - > l - > 3 ^ 6 6 ^ 3 - ^ l - ^ 4 - > 6 None

p (6 ,A, s~^rsr) =  0 6 - ^ 7 - > ? - ^ 3 - > 6 6 - > 3 - > ? - ^ 7 - ^ 6 None
p(6 , A, s )̂ =  0 6 ^  6 6 (7) 6 6* =  7, 7* ‘̂ =  6

At this point we have added two new edges and their inverses 7'̂  =  6 and 

6® =  7. However 2’'̂  is not defined to be an existent state, so we call NewState
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which will define 2'" =5 ' '  — 7̂  — 8. The following diagram shows the current 

state of B.

Still B is not full since 2'’'’ is still not defined, so wc set 4̂ =  B and call Exis- 

tentEdges. This calculation is given by the following table.

p{A. a, r) Path Forward Path Backward N ew Edges
p{ l ,A ,A)  =  1 1 ^  3 6 4 1 1 —y  4 —y  6 —y  3 —y  1 None

p{\,A, s” Vsr) =  1 1 2 5 ^  4 1 1 4 5 2 1 None
p ( i , As 2 )  -  1 1 ^  2 ^  1 1 2 - >  1 None
p{2, A y ) ^ 2 2 ^ 5 ^ 7 - > 8 - ^ 2 2 —y  8  —y  7 —y  5 —y  2 gr ^  2 , 2 ' “ ' =  8

p(2, A, s" Vsr) =  2 2 ^  1 3 2 2 - >  (8) - >  3 1 - >  2 3* =  8 , 8"“ ‘ =  3
p (2, A , s 2) =  2 2 - >  1 - >  2 2 - >  1 2 None
p{3,A,r ‘̂ ) =  3 3 ^ 6 ^ 4 ^ 1 ^ 3 3 - > l - ^ 4 - > 6 - ^ 3 None

p(3, A, s~^rsr) =  3 3 ^ 8 ^ 2 ^ 1 - > 3 3 - >  1 ^  2 - >  (8) - >  3 8 ’̂ =  3, 3“ ' =  8

p(3, A, s )̂ =  3 3 8 - >  3 3 8 - >  3 None
p(4, A, A )  =  4 4 - > l - > 3 - ^ 6 - > 4 4 - > 6 - > 3 - > l - > 4 None

p(4, A, s~^rsr) =  4 4 ^ 5 ^ 7 ^ 6 ^ 4 4 ^ 6 ^ 7 ^ 5 - ^ 4 None
p(4,A,s^) =  4 4 ^  5 4 4 5 4 None
p ( 5 , A , A ) ^ 5 5 ^ 7 ^ 8 ^ 2 ^ 5 5 ^ 2 ^ 8 ^ 7 ^ 5 None

p(5, A, s~^rsr) =  5 5 - ^ 4 ^ 1 ^ 2 - > 5 5 ^ 2 - > l - > 4 - > 5 None
p(5,.4, =  5 5 ^  4 ^  5 5 ^  4 ^  5 None
p(6, A, A) =  6 6 ^ 4 ^ 1 ^ 3 - ^ 6 6 - ^ 3 - > l - > 4 ^ 6 None

p(6, A, s~^rsr) =  6 6 —̂ 7 —y 8 —y 3 —̂ 6 6 ^ 3 ^ 8 - > 7 - ^ 6 None
p(6,^ , s )̂ =  6 6 ^  7 ^  6 6 ^  7 ^  6 None

At this point the partial automaton B is full since each coset is relator closed 

and the full coset automaton is given by the following figure.
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Our next step will be to give an algorithm which computes a full coset au-

tomaton from a partial automaton A.

Algorithm 38 FullAutomaton 

Input: A partial automaton A

Output: A full coset automaton constructed from the partial automaton A-

1 for «  G S such that the coset representative for a is the smallest in the 

well-ordering for Q.

2 if there exists a relator or inverse of a relator r such that p{A, a ,r) % 

then

3 ExistentEdges(A, a)

4 if p{A, a,r) =  ̂ then there exists a subword S of r of shortest length 

such that p{A, a,S) — $

5 B=NewState{A,a,S)

6 A = B

6 return A

Now we will prove if Q — F/N is a finite group, then FullAutomaton will 

terminate.
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Theorem  39 Given Q is a finite group, the algorithm FullAutomaton will termi-

nate.

Proof: We need to show at some point is defined for all a G S, and for all 

X e S' U S“ \ at which point FullAutomaton will return an updated A, the full 

coset automaton. Suppose there exists an a &T,, such that is undefined. Then 

we have two cases, first = fi where is already in the partial automaton A. 

Then by Theorem 34: oF = fi will be defined by ExistentEdges. In the other case 

= S, where fi is not already in A, then since Q is finite, and by Theorem. 36 

we always define unique cosets, at some point we must define fi. We will therefore 

define , using either ExistentEdge or NewState. Therefore if Q is a finite group, 

FullAutomaton will terminate with a full coset automaton, since FxdlAutomaton 

constructs a coset automaton which is relator closed.
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Chapter 6

PRODUCT OF CONJUGATES

Now that we have seen how the partial automaton can be used to construct 

the full coset automaton C ioi Q = F/N where N = <  R , our next step will be 

to see how the partial automaton can be used for rewriting in group extensions. 

In Chapter 3, we described an algorithm which assumed we were able to obtain a 

normal form for elements in Q and K by some other means. For example, we could 

assume we also have a permutation representation for Q and K, and we define 

the normal form word to be the smallest length-lexicographic representative. We 

have described previously how this representative can be found using an algorithm 

which requires only the storage of two bits for each element in Q. The algorithm 

for rewriting in group extensions also required we find a way to take as input a 

word in N and express that word as a product of conjugates of relators. This step 

was required so we could compute the value of the 2-cocycles from the 2-cocycles 

we are storing for each relator of Q. Therefore in this chapter we will discuss how 

the partial automaton can be used to write words in N as a product of generators 

of N. We will begin by making two assumptions about the presentation for Q. 

The first assumption is, that our relators have the property that no relator is a 

proper subword of another relator. Our second assumption is that, no generator 

occurs only once in one relator. If this was the case we would apply the Tietze
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Transformation which removes both that generator from the free group F and the 

relator in which that generator occurred from the set of relators. Since this is a 

Tietze Transformation this manipulation will not change the isomorphism class of 

the group defined by our presentation.

We will begin by describing a partial automaton V that is a graph representing 

all cyclic permutations of the relators given in the presentation for Q.

Definition 40 We will call a partial automaton a cyclically closed automaton

abbreviated cc automaton and denoted by V if it is a partial automaton and its 

relators are defined to be all cyclic permutations of the set of relators given for Q. 

Then the set of walks which can be traced through V will be defined by this set of 

relators.

From this definition, we can now assume when we are talking about the re-

lators for the cc automaton V, that these relators consist of the relators given for 

Q along with all cyclic permutations of these relators. Now we will use the cc 

automaton V to compute a free generating set for N.

D efinition 41 A free generating set or free basis S for the normal subgroup 

N consists of a set of elem.ents in N that generaie N, with the property that every 

element of N can be written uniquely as a product of elements in the free generating 

set S.

From (LS70, Prop 2.2) it follows that given a free group with an arbitrary 

generating set T, one can remove generators from this set to get a free generating 

set S. Therefore, sinee N is the group generated by all conjugates of relators, we will
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then construct a free generating set S which consists of some conjugates of relators. 

Once this set is constructed we will use it to rewrite every element in N uniquely 

as a product of elements in S. In other words, we can use this set which consists 

of conjugates of relators, to uniquely rewrite every element of N as a product of 

conjugates of relators. Once this rewriting has been done we can use our previous 

description to do arithmetic in a group extension. To begin constructing S we 

must first construct a spanning tree for C the full coset automaton. Recall from 

our previous description that we are assuming we have a normal form for Q given. 

We can use the normal form for each word in Q to define a spanning tree for the 

full coset automaton C.

Definition 42 A spanning subtree T  of C is geodesic in C if for any vertex v in 

T  the label of the path from the identity to v is the normal form for the element in

Q-

With the geodesic tree we can now construct a free basis S for N. We begin 

by defining two types of edges for the graph of C.

Definition 43 Suppose the digraph C has the edge a — b then this edge is a 

positive edge for a since the arrow has initial vertex a, and a negative edge for 

b since b is the terminal vertex of the arrow.

It is all about perspective, a positive edge from one vertex is a negative edge 

from another. Wc will call vert{T) the set of vertices in the geodesic tree T, and 

we will call edge{T) the set of edges in the geodesic tree T. Consider the set of 

edges X  = {pe\Pe G edge{C — T ),e  G vert{T)], where the vertex c is the initial 

vertex in T  such that each pe is the label of a positive edge which leaves e, and 

the edge p̂  is in C — T. The following lemma says that the cardinality of the set 

X is equal to the rank of N.
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Lem m a 44 Let C be the full coset automaton and let T  be a geodesic spanning 

tree in C, then the number of positive edges in C outside T, given by |X|, is equal 

to the rank(N).

Proof: By Nielsen-Schreier (LS70, Prop 3.9) we have

rank{N) =  [F : N]{rank{F) — 1) +  1 

=  [F : N]{rank{F)) -  {[F : Â ] -  1)

In C we have [F : N] vertices, each with rank(F) positive edges. Therefore there 

are [F:Njrank(F) positive edges in C. Our tree T  has one vertex for every group 

element in Q F/N, which gives [F : F] — 1 edges. Therefore, the size of the set

X  is equal to the rank(N).

With this lemma we now have enough information to construct a free basis 

for N which will consist of conjugates of the relators given for Q. In practice we 

will not need to compute the entire set defined by the following algorithm, but 

rather, we will only construct a subset of this set necessary to do rewriting of a 

given word. In this construction wc will associate to each positive edge p̂ , E X  a. 

unique clement of N. It will be easier in this algorithm for conjugates of relators 

to have the form crc~  ̂ which we will write as to denote that we are conjugating 

by c~h It should be noted that ‘̂ r =  r̂  ' so these are still elements of N,

The basic idea behind the algorithm is that we will compute a generator for 

each pb £ X. We will have that pt is a positive edge leaving a vertex b in the 

geodesic tree T. We will define the label of a vertex to be equal to the word cre-

ated by adjoining the labels of the path in T  which begins at 1 and ends at b. For
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example, suppose b = by .. .b̂  then in the geodesic tree there is a path from the 

initial vertex 1 to the vertex b where the labels on the edges of this path are b\ .. .b .̂

Now, since generators in S are conjugates of relators and we are only storing

V which does not contain all conjugates of relators, we need to use the fact that 

a conjugate of a relator is a loop in C starting at a different vertex. With this in 

mind, and the fact that we need a generator for each positive edge ph E X , where 

b leaves the tree T  from the vertex b — b-̂ b̂  - ■ ■ b̂ , we will begin by tracing the 

word bpb in V. If we can trace completely through this word in V  then we know 

the generator is a relator in V. Otherwise, the generator must be a conjugate of 

a relator. We will now try to find a conjugate of a relator that has as prefix bp̂  

which we know exists since we know that there is a path in V that contains the 

edge pb- In particular, we know that pb is an edge leaving the initial vertex, since 

we assume the initial vertex of V is complete. We can then identify this path in

V which contains possibly some suffix of b, along with pb and then set some prefix 

of b to be the conjugating element. In practice if bpb does not trace through V 

then our next stop will be to let our conjugating element be bi and we try to trace 

2̂ • • • bkPb through V to see if we can define a relator. If not we will make our 

conjugating element be 6162 and repeat our process.

Once we find a path h - ■ ■ b̂ Pb which is a path in V starting at the identity, we 

then can identify a relator by choosing any path back in V to the identity which is 

by definition a loop. By definition of a loop we will not allow ourselves to reverse 

any of the edges bi,... ,bk,Pb in this process. We know such a path exists, since V 

is a graph which consists of a union of loops for each relator and cyclic conjugates
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of the relators. There is a possibility of some choice involved on our path back 

and we will discuss the issues that arise with this choice in a moment. Since we 

assume the initial vertex is complete, we know at a minimum pb is a path in V 

and b could be our conjugating element.

Before wc go on to discuss the choice involved in the path back let us look at 

an example so we can visualize this description, in the following figure images of 

the path bpt will be marked with —  > and the cc automation P  whose lines will

be labeled with ----- . We will then look at what happens when we place the

cc automaton at each part of the word to find our conjugating element and the 

relator. Edges that appear in both graphs will be labeled with > , and finally 

the path that finishes the relator will be labeled with edges that look like — . 

To make the display easier to read we will let k — 4.

(1) Initially we assume we have the word bpb = bib2b’ib̂ ph and the cc automa-

ton V given in the figure below.
> 1 6.-! (>4 Pbbpb *1 —  * • —   ̂  ̂*10

V b3
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(2) We begin by tracing bph in the cc automaton V. We see that the path b\b2 

is in "P, however since b̂  c we cannot continue this path so we know we have a 

conjugate of a relator instead.
,  ̂ l>i 62 63 b4 Pbbph •! —   ̂  ̂* —  >■ *v —  > *w
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(3) At this point our conjugating clement will be b̂  and we begin tracing the 

word 626364P(, in V, however again we find that we cannot trace through this entire 

path since d 7̂  pf, so we will make our conjugating element longer.
,  ̂ bi bi 63 fc/i Pb
bpi •! —  —  >-• —  ^ ^ •V —  > •m

b3

Ph
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(4) Now our conjugating element is 6162 and we see that the entire path 

traces through V. We then choose a path back to the trivial coset which identi-

fies the relator b̂ biPbU. The element of N which we will choose as a generator is 

(6364̂ 60).

bpb *1 - •w

Our next step will be to discuss the issues that arise in our choice of path 

back to this initial vertex. The only issue wc may have would be if we choose the 

same element as a generator for two different positive edges pb E X , then our set of 

generators would not generate all of N, since the generating set would not have the 

correct size. To see how our choice of path back might cause this redundancy, let 

us think about how two positive edges might be related. We begin by considering 

a positive edge pb̂  which leaves a vertex bi. This edge pbi must map to another 

vertex 62 in T, since T  is a spanning tree for C. Therefore we have the following 

picture.
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The next step in this process would be to compute the conjugating element 

Cl, such that bi =  C1C2 and C2P61 is a path in 7̂ . At this point we must choose a 

path back to the initial vertex in V, we will call this path back so that C2Pbi f'e is 

a loop in V, and therefore represents a relator. We now have the following picture.

If two different edges pe, Pb are given the same element of N as a generator 

then we say that we have a redundancy of generators. Now the path is the only 

place where a choice is involved where we could cause a redundancy of generators 

can occur. To understand this potential redundancy let us consider two cases for 

the form of r̂ . The first case is that • • ■P6„, 1 or in other-words Vf. is a

path which consists of only positive edges.

In this case, we have — Ph2Pĥ  ■ • 'Ph„,̂  n path consisting of all positive edges. 

We will then have the following picture, where we will assume that the edge pb, 

will leave the vertex b,.
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In  t hi s c a s e, w e cl ai m ‘ '̂{ c2 P b J e)  ) • I n o t h e r w o r d s,

t hi s r el ati o n s h o w s t h at t w o c o nj u g at e s of c y cli c p e r m u t a ti o n s o f o u r o ri gi n al r el at o r 

a r e e q u al, t h e r ef o r e w e n e e d t o b e s u r e n ot t o d efi n e a c y cli c p e r m u t a ti o n of t hi s 

r el at o r f o r o n e o f t h e ot h e r p o si ti v e e d g e s p b,-  T o p r o v e t hi s w e will u s e t h e f a ct 

t h at bi — bi P h  ̂ • ■ - Pb,  i n Q.

Cl
{ C 2 P b J e )  =  C i C 2 P b , r e C i

- 1

- 1
=  C 1 C 2 P 6 1 P 6 2 • • • P 6 i _ i P 6 , P 6 . + i • • • P b m C l  

=  h P b l P b i  ■ ■ ■ P 6 . - l P 6 . P 6 . +  i ■ • ■ P b r n C i ^

= h P b ^ P b, ,̂ ■ •  ^

N o w si n c e b \ =  C1 C 2 w hi c h i m pli e s t h at Ci =  bi{ c 2 pb  ̂ ■ ■ ' P b, î) ~  ̂ w hi c h gi v e s u s

i \ -i
=  k P b. P b ^ ^, ■ ■ ■ P b m { b i { c 2 P b, ■ ■ ■ P b, ^ i )   )

=  M h. P b. +, • • • Pbr n C 2 Pbi  • • • P b, ,̂ b ~ ^

( P6 . Pf c. >i • ■ ■ P b m C 2 P br ■ - - P b, - , )

T h e r ef o r e w e m u st b e c a r ef ul n o t t o c h o o s e t h e c y cli c c o nj u g a t e of t h e r el a t o r 

C 2 P bii'e  f o r a n y o f t h e o t h e r p o si ti v e e d g e s Pb ,̂ ■ ■ ■ , P b m-

N o w w e will c o n si d e r t h e s e c o n d c a s e t h a t  c o nt ai n s at l e a st o n e n e g ati v e 

e d g e. F o r c o n v e ni e n c e w e will a s s u m e t h at t h e n e g ati v e e d g e o c c u r s a s t h e fi r st 

l ett e r, s o r'e = Pl ^ P bi P-  hi t hi s c a s e pb. ,̂ Pb,i  will b o t h l e a v e t h e s a m e v e r t e x 6 G T.
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We will have the following picture.

At this point, since  ̂positive edge leaving b, and not 1)2 we will not have 

any issue with redundancy leaving 62. It turns out that wc get two issues from the 

positive edges leaving the vertex b. We get that (c2P6i?"e) ),

which implies that (c2P6,re))~^ =  ))~  ̂ so we cannot define the

inverse of this generator for the positive edge pf,̂ . Again the proof of equality 

between these two equations stems from the fact that h =  biPĥ p'̂ ^̂  in Q.

‘'Y c2P b ,r e )  =  CiC2Pb,Ph^^Pb,pC^^

= biPbiPĥ P̂b.pcî

= bpbsPCî

Since = C\C2 this implies that ci = b{c2PbiPb2 )~'̂

bPb;PC2PbyPl̂ b~̂

='' iPb,PC2Pb,pgY 

='' {ic2Pb,reY' '̂' '̂'  ̂ )

Therefore again we must be careful not to choose the cyclic conjugate of the relator 

C2Pbi'f'e for any positive edge pb̂  in re- For any negative edge, no matter where it
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occurs in the word we must not choose the inverse of the cyclic conjugate of 

the relator C2PbiTe-

Definition 45 We define the redundancy condition to be the set of redundan-

cies of either type one where Pb-iPbi ' ' ' Pbm which consists

of only positive edges or of type two where r̂ , contains at least one negative as edge. 

If we have a redundancy of generators because one of the two types of redundancies 

has occurred we will say that the redundancy condition has been violated.

With this definition we now give a theorem which states that the only way we 

can have a redundancy of generators is if the redundancy condition is violated.

Theorem  46 The generators constructed from V are unique if we make sure to 

not violate the redundancy condition.

Proof: Suppose we have two positive edges pb and Pe where Pe is not one of 

the edges on the path back to the identity chosen for pb- Then we would not violate 

the redundancy condition, so we will then show that no redundancy will occur. The 

claim is that the two generators constructed from V for these two positive edges 

are distinct. Suppose we choose ‘̂ (r) for pb where the prefix of "{r) is bpb and we 

choose '̂ {q) for pe where the prefix o f ‘̂ {q) is epe, then we claim ‘’(r) (g) which

says that the two generators constructed are distinct.

Assume by contradiction that “̂ (r) = ‘̂  (g) which implies

crc~  ̂ — dqd~ .̂

Then we can manipulate this equation to get

r =  c~^dqd~^c ='" (g)
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Therefore we can conclude that r is a conjugate of q. Since these are both loops in 

V this will allow us to conclude that r is a cyclic conjugate of q. We make this con-

clusion since we assumed originally that in V the only loops which are conjugates 

of relators are cyclic conjugates of the original relators for Q by requiring that no 

relator of Q is a proper subword of another. Therefore we have a contradiction to 

our assumption that ^{r) ='̂  {q). Hence the only way the redundancy condition can 

be violated is if we get a redundancy of the form described by case one or case two. 

□

As a consequence of this theorem if we now choose generators which avoid 

violating the redundancy condition we know that the free generators we construct 

will be unique. Now we will give an algorithm to compute a free generating set. 

We will see later how this algorithm can be adapted so we do not need to store all 

of the previously computed generators to check for a possible redundancy.

Algorithm 47 FreeGen

Input: A geodesic tree T, a generating set for the free group F, and a cc automaton 

V.

73



Output: A free generating set for N given as conjugates of relators.

• V

1 For each vertex v in T  let be the label of the path in T  from 1 to v.

2 Compute all positive edges pî _ € edge{C — T) where b̂  G edge{T).

3 For all do

4 For each edge ph,̂  it must have a terminal vertex w in T ■ Let be the 

label of the path in T  from 1 to w. Then byptĵ  bjf is a loop in the full 

automaton C, so it is a word in N.

5 Let Cy be the prefix of by such that cf̂ hyPb̂  is the prefix of a relator r in 

V . In other words, we can trace through c~̂ byPb„ in V , then by tracing 

this path back to the trivial coset in V we will identify a loop in V whose 

edges define the relator r =  cf^byPbyre-

6 Add to the list of generators "̂r. Also check that we are defining a 

unique element of N, by checking that the redundancy condition is not 

violated by this assignment. If the redundancy condition is violated then 

we want to choose a different relator r, or make Cy a longer prefix of 

bvPby ■
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7 return the list of free generators '̂•r.

We will call the list of generators returned from the algorithm FreeGen S. The 

next obvious question is whether or not this algorithm works. The only part which 

might still be unclear is that we will always have another choice of element in N 

that we can choose which we can associate to each positive edge.

Theorem  48 It is possible to choose a generator for each pij E X  such that the 

redundancy condition is not violated.

Proof: We begin by choosing an edge pb E X  such that b is the label in T  of the 

path from the trivial coset to the initial vertex of pb- We know that this edge must 

map to another state in T  which we will call c. Therefore we have the following 

picture to describe this situation.

Pb

We want to show that regardless of previous choices we can still find a gen-

erator for Pb that does not violate teh redundancy condition. We will prove the 

existence of a generator by contradiction. Therefore, we suppose instead that us-

ing the algorithm FreeGen we cannot find any path in V that does not violate the 

redundancy condition.

Our first step will be to show if this is the case, then our conjugating element 

for Pb must be b. We will prove this by assuming no shorter prefix of b can be 

chosen as the conjugating element without the generator computed from FreeGen 

violating the redundancy condition. To prove this, suppose our conjugating element
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is bi a prefix of b such that b = b\b2 and we cannot find any relator b2PbVe such that 

the redundancy condition is not violated. Then in step 6 of FreeGen we make our 

prefix bi longer and search again. Therefore, the only way we can not make the 

prefix longer is if b is the conjugating element. Since we are assuming no generator 

can be found, this will be the case. .

Now that we can assume that b is our conjugating element the next step will 

be to prove there exists at least two paths in V which begin at pb and trace back 

through as a loop to the trivial coset 1. Since we know that the trivial coset 1 is 

complete, we know there exists at least one path in V which begins with pb. Now 

we claim that in fact there exists at least two paths in V which begin with pb. We 

will prove this by contradiction. Therefore, we will a.ssume that there is only one 

path in V that begins with pb and that path is ppre- Now since V contains all cyclic 

permutations of relators this implies that ph is a generator of F such that there 

exists only one relator for Q which contains pb only once. We can guarantee this, 

since if ph or pf^ had occurred in any other relator, then a cyclic conjugate of that 

relator or its inverse would begin with pb and this would lead to another path in 

V which begins with pb. However, we originally made an assumption that Tietze 

Transformations would be applied to the set of relators for Q which would have re-

moved Pb from the set of generators for F in this case. Therefore, we can conclude 

that there exists at lea.st two paths in V .such tha,t the path begins with pb.

The final step of the proof is to show that there will always be a generator of 

N we can choose that will not violate the redundancy condition. In our previous 

step, we showed that there are at least two paths pbr̂  and phG in F which begin
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withpb- Now, we want to show that if a cyclic conjugate, or the inverse of a cyclic 

conjugate, of both of these paths have already been chosen for generators of other 

positive edges then we can guarantee the existence of other paths in V which begin 

with pb that we can choose from. We begin by assuming that there are only 2 paths 

in V which begin with pb, then we know a subset of V must look like the following 

figure.

1. ^ .

Since we assum.ed that som,e cyclic conjugate or the inverse of a cyclic con-

jugate, of both PbCe and pife have already been chosen we must look at a couple 

of cases depending on whether or not the inverse of a cyclic conjugate or a cyclic 

conjugate was chosen. First, we will suppose a cyclic conjugate was chosen for both 

positive edges so there exists two positive edge p̂  and Py such that phVe — Pft?"iP,T?"2 

and pbfg — Pbf\Pyf2. In this case we know there exists edges x,y in T  such that 

'̂{Pxf'2Pbi"\) oiTid {PyfiPbFi) were chosen as generators. We also know there exists 

at least two paths in V which begin with p̂  and Py, so we know there are other 

paths px'Vx PyFy which must be in V , so the cc automaton contains the paths 

Px 2̂Pbr-i, Px'Tx, PyT2PbFi, and Pyfy. Therefore a subset of V must look like the 

following figure. It should be noted that we may have two edges in the following 

graph which are in fact the same edges in V . This discrepancy will not change the
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argument, so for clarity we will draw the diagram ignoring this possibility.

From this figure since V contains all cyclic conjugates of relators we see two 

possibly new loops which begin with pb, and they are Pb'r\rf r̂2 and PbF\fy~̂ r2. We 

will now update our subset of V by drawing in these loops as if they are different 

from the other loops, however it remains to show that these loops are in fact new.

To determine if these are new loops, .suppose that in F

V 2 =  Pbr\Pxr2

which means we are assuming these are exactly the same words. Then this would 

imply in Fr~^ — Px which would mean PxTx is not a loop in V which is a contradic-
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tion. Similarly we can conclude that pbf\fy~^f2 7̂  Vb'riPy'̂ 2- Next, if either of these 

loops are new then we have found other paths in V to choose from. Therefore, we 

suppose instead that they are not new which means

-1PbTir,, V2 =  PbTiPyr2

and

V~2 =  PbriPxV2

in F so that we have not found any new paths in V, just a renaming of the paths 

we already knew.

Since P(,rir“ V 2 =  PbF\Pyf2 and Pbr\fy~^r2 =  Pb?’ iPx?'2 lhan we ca,n suppose 

without loss of generality that f\ = rifj  and r2 =  f 2'r2 or that f\ and fj are the 

longer words. If this was not the case and r\ or T2 was the longer word then we 

would have a similar equality for r\ and r2 so the argument will not change. From 

the identity Pbfify~^f2 — Pb'r\Pxf’2 we get

r{fy~^Fi =  px

which implies

ri =  PxT2 F̂y

From 1̂-2 =  Pb'r\Pyf2 we get

-1>2 =  rxrxPyr2r2

which implies

= rxPyr2.
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Plugging in the identity for r\ we get

''■x  ̂ =  Pxr2 f̂yPyT2

which implies =  {pxf'2 T̂yPyr2)  ̂ =  V2 P̂y f̂y f̂'2Px -̂ Therefore the loop in V 

of Px'f’x which begins with p̂  leaving the trivial coset 1, becomes

PxT2 P̂ŷ r'y ^ 2Px̂

which is not a loop v̂hich begins at the trivial coset, but rather a loop which leaves 

the vertex Px- This is a contradiction, so one of these paths must be new.

Now in the previous argument we assumed that both of the generators already 

chosen were cyclic conjugates of the two possible generators for ph. If we instead 

had an inverse of a cyclic conjugate of a generator chosen the argument would be 

exactly the same, except we would replace Px by pf^. IVe will still find that there 

exists at least one new path that begins with pi,.

Finally we claim that one of these new paths we just found has been chosen 

for another positive edge p̂ , then there will be other paths we will be able to choose 

from. Suppose any of these new paths was already chosen for a different positive 

edge. IVe can assume for example that Pbf'\rf^r2 was chosen for a positive edge 

Pz such that Phr\rf^r2 — PbTxpfrj. then again we get another possibly new relator 

PbFfrf^r  ̂ in V . Again by a similar argument as before we can show that either 

this relator must be new or the other new relator we found previously must be new. 

Eventually since only rank{N) — 1 generators can be assigned before the generator 

for pb we will have to find a new path which has not been used. Therefore it is
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always possible to choose a generator for each pb G X  such that the redundancy 

condition is not violated. □

Now that we have guaranteed the existence of a choice of generators our next 

step will be to prove that the set S returned by FreeGen is a beisis for N. We will 

begin by showing the list returned has the correct size.

Theorem 49 The set S will have cardinality rank(N).

Proof: By Lemma 44 number of positive edges in C -  T =  |X| =  rank{N). 

Therefore since we add a unique generator for each positive edge in C — T we are 

only adding rank{N) generators, so the cardinality of S will be rank(N). □

Our next step is to show S generates N. To show this we will show that 

if we build a graph from S which is essentially a union of Cayley graphs for each 

generator in S that this graph can be used to construct a graph which is isomorphic 

to C the full coset automaton. We will call Y the alphabet for a graph and Y 

will consist of the set of generators of F along with there inverses. The following 

description comes from (KMOO).

Definition 50 Let Fi be a directed graph (digraph), where there exists at least one 

vertex v in Fi and at least two edges in Fi labeled by y G Y , then we say F2 results 

from folding  Fi if in F2 there exists a vertex v the image of v in T2 and only one 

path labeled by y G Y , where the terminal vertices of the edges labeled by y m Fi 

are identified as the same vertex m F2. The rest 0/ F 2 remains isomorphic io Fj. 

Therefore a folding identifies a set of duplicate edges inTi.
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The following lemma gives us a few more details about how a folded graph 

looks, the proof is trivial and will not be included.

Lemma 51 Let T be a digraph obtained from folding a graph T. Let v be a vertex 

o / r  and V be the corresponding vertex ofT. Then the following hold.

1 I fVis  connected then T is connected.

2 Let p be a path from v to v in T with label w. Then the edgewise image of p 

m r  is a path from v to v with label w.

3 If the digraph T is finite, then a folding always decreases the number of edges 

in r  by one.

We will say a graph T is a folded graph if it results from applying all possible 

foldings to a graph T. The next theorem states that there exists a unique folded 

graph resulting from applying all possible foldings to a given digraph.

Theorem 52 Suppose T is a digraph, then there exists a unique folded graph T 

which is the graph which results from applying all possible foldings to T

Proof: Suppose that both T and fl are distinct graphs that result from applying all 

possible foldings to f . Now since both T and f2 result from folding T, consider the 

vertex v G vert{T), along with path p from v -> v in t  with edge labels w. IVe 

know there exists a vertex € F, and v £ ft along with the corresponding images 

of the p which map v ^  v and v ^  v respectively in F and Q, with edge labels w. 

Let f  : vert(T) -)• vert{Ll) be defined so that f{v) = v and for any other vertex 

u G vert{T) which lies on a path leaving v where the label of that path is x written 

=  u have as image f{u)  =  fiv"^) =  f {v Y = iT. Since paths in F are defined as
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images of paths in P we know this map is well defined. Also we see that f  preserves 

paths, therefore if f  is one-to-one we can conclude that P =  and therefore there 

exists a unique folded graph for P. Suppose u =  v in T, which means that the 

image of u and v in Q. results in the same vertex in Then suppose u ^ v where 

u and V are the corresponding im,ages of u and v in P. Since u — v this im,plies 

that a folding was applied in Q to make that equality, and since P is a folded graph 

this folding must have been applied there as well, so u =  v. Which implies that f  

is one to one and P =  Q. □

Our next step will be to precisely define a graph which we will call the bouquet 

created by the generators of S.

Definition 53 We define the bouquet B for S as the digraph with the property 

that for every element S a Cayley graph is formed and the bouquet is then the union 

of these Cayley graphs where the initial vertex is identified.

To better understand this definition we will consider an example, let Q = S3 = 

F/N then a set S which generates N is 5  =  {of ,b'̂  f  a? f  {ababab) a?. ababab).
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The bouquet B looks like the following figure.

Next we will show that if we apply all possible foldings to this figure, so that 

B is folded, we will get the full coset automaton C. Let us first see how this works 

in our example, below is the figure for B folded.

We can see that this diagram is isomorphic to the full coset automaton C for 

53 = <  a,b\â  =  6̂  =  (ab)  ̂ >, which was given earlier. Now that we have seen in 

an example that B folded is isomorphic to C, our next step will be to prove this
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result in general. To prove that when we fold B we get a graph isomorphic to C we 

must first describe the properties a graph must have to be the full coset automaton 

C for F/N. The following description comes from (S94).

Definition 54 A vertex v in a digraph T is accessible if there exists a path in T 

from the trivial vertex 1 to v. We define Tq to be the set of vertices in T which are 

accessible. We say F is accessible ifV  =  Fa.

It should be noted that from this definition a digraph F which is accessible 

is the same as a connected graph. We will define Fg to be the graph that results 

from folding the bouquet B. Our next step will be to show that Fg is accessible.

Lem m a 55 The digraph Fg is accessible.

Proof: First each vert,ex in F com,es from, a vertex in the bouquet B. The bouquet 

B IS accessible because each element of S is a loop from the trivial coset back to the 

trivial coset. Therefore Fg is also accessible.

The next property of a coset automaton C is that C is deterministic. 

D efinition 56 A digraph F is determ inistic if

a It has only one initial vertex 

b The label of each edge is nonempty.

c For every vertex v in F, and for each y ^ Y there exists at most one edge 

leaving v labeled x in T.

Now we will show Fg which is the folded bouquet B is deterministic.
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Lemma 57 The folded bouquet P  ̂ resulting from B is deterministic.

Proof: The only part of this definition that is not clear is item c that for every 

vertex v in and for each y a negative element of Y, that there exists an edge 

leaving v labeled by y in Tb - We know by the construction of B that for all positive 

y in Y, and all v in Tb we have the edge leaving v labeled y defined in Pg. Now 

since we have the same number of positive edges as negative edges and each positive 

edge iP =  w corre.sponds to a negative edge uP  ̂ — v, we only need to show that we 

cannot have =  v and — u where v ^ u. If this cannot happen, then since 

each inverse edge goes to a unique vertex we can conclude for all vertices v and all 

y & Y there is an edge leaving v labeled by y in Pg. Suppose w'̂   ̂ = v,w^ —u 

where v u, then since Pg is folded we have both edges leaving w under y~  ̂ are 

the same edge, which means the vertices v — u which is a contradiction. Therefore 

each inverse edge goes to a unique vertex and we can conclude that Tb is deter-

ministic.

Our next step is to show that any directed graph with the following properties 

is a coset automaton.

Lemma 58 A coset automaton is a directed graph P such that the following 

properties hold.

a r  IS accessible

b r  is deterministic

c The initial vertex is the same as the terminal vertex 

d If there is an edge = w in P, then  ̂ =  v is another edge in P.

86



Proof: To show that these 4 properties define a coset automaton, we must show 

that given a digraph T with properties a-d, then T is a coset automaton. First we 

give the definition of a coset autom,aton which we gave earlier. We defined a coset 

automaton as a directed graph that consists of a set of vertices S one for each 

coset fN, and edges E. An edge is defined from coset i to coset j  if in the coset 

table there exists a generator y of F; where the image of i under y denoted = j. 

We then label this edge with the generator y. We will identify the initial coset as 

the identity element. Therefore, we will show that a graph with these 4 properties 

defines a coset table, and that coset table will correspond to a coset automaton. 

We will number the vertices of the digraph, choosing one of them to be the trivial 

vertex, then we will label our coset table so that the rows are numbered by these 

vertices. We will label the columns of the table with the set of elements in Y for 

the graph. Then since the graph T is accessible we know that the there exists a path 

in r  that connects the trivial vertex to each other vertex in F. Therefore we can 

record the definition of each vertex as an image in our coset table. Next, since F 

is deterministic we'know that each row of the table will be full, and therefore we 

know that our graph F will define a coset table. Hence this coset table corresponds 

to a coset automaton. Therefore these four properties completely define a coset 

automaton.

Our final step will therefore be to show that Fg the directed graph resulting 

from folding 5  is a coset automaton. If we show this, then since C is defined to be 

the coset automaton for F/N we can conclude F^ =  C. If this property holds, then 

since the loops of B were defined to be the elements of S and we showed that this 

graph when folded was isomorphic to the full coset automaton C we can conclude
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that S is a generating set for N. The reason we can make this conclusion is that we 

know by definition of the full Cayley graph every element of N is represented by a 

loop in C. Since we can use S to construct C, and all loops in a folded graph are 

loops of the original graph B or a product of loops in the original graph B when 

the edges are identified. We can therefore conclude that every element of N can 

be written as a product of elements in S, and therefore S is a generating set for N.

Theorem  59 The digraph Fg is isomorphic to the coset automaton C.

Proof: In Lemma 55 we showed Fg is accessible. In Lemma 57 we showed Fg is 

deterministic. By definition of B we have that Fg has the trivial coset as the initial 

and terminal vertex, since each loop begins and ends at that vertex. Therefore Fg 

has the same initial vertex as the terminal vertex. Finally we define inverse edges 

in TB such that if vî  — w then ' =  u. Therefore Fg is a coset automaton for 

F/N which means Fg = C. □

Our next step will be to show an example where we eompute a free generating 

set for the group Q —< a,b,c\a‘̂  =  6̂  =  abab — acac~  ̂ — bebê  ̂ =  o'* > which is 

a transitive group of order 16. We will begin by computing the geodesic tree and 

the partial automaton V. Below are these two objects.
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G eodesic Tree T

C C  A utom ata V

Now we will give the list with label of edge to vertex in tree v, positive edge 

leaving that vertex pv, and the generator for each. Again we are using the conven-

tion that = crc~ .̂
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V Pv G enerator
a a

b a baab
b b b̂
c a cac~^a
c b cbc~^b

c - i a c^^aca
b c~^bcb
a ac~^ac
b “ (c^^6c6)

ab a abab
ab b abba
ac a acac~‘
ac b °'{cbcr^b)
be a {̂cac~^a)
be b bcbc~̂

a
b bc~^bc

cc a ''{cac~^a)
cc b '̂ {cbc~̂ b)
cc c

abc a “'’ (cac^^a)
abc b ‘̂ {bcbc~ )̂

abc~̂ a “*’ (c “ ’ aca)

abĉ ^ b "{bc^^bc)
acc H-
acc b “ (cbc-ife)
acc c
bcc ‘̂̂ {cac â)
bcc b ‘>%cbc-^b)
bcc c

abcc ci "■̂ {̂cac ^a)

abcc b
abcc c ab(^,4)

We can test using GAP that the set of generators given in the table is in fact 

a generating set for N.
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Now that we have described an algorithm to construct a free generating set 

S for N, our next step will be to show how we can use this algorithm to rewrite a 

word as a product of elements of S. We will take our word find the first element in 

our product, then we will update our word by dividing off the element of S making 

our word a shorter product of elements of S at each step. We will also construct 

elements of S that we need while we do the rewriting process.

Algorithm 60 ProdConj

Input: A geodesic tree T , a generating set for the free group F, a cc automaton 

V, and a word w E N to be rewritten.

Output: The word w rewritten as a product of free generators.

1 S:=[J; prod:=[j

2 while w ^ e do

3 Trace w in T, let he the vertex in T  where we cannot trace any 

further.

4 Let pi,„ be the first letter ofb~^w. Then pb„ is an edge in C that is not 

in T, so pb̂  is either a positive edge or a negative edge.

5 If pb̂  is a positive edge then do steps f-G in FreeGen, update S 

to include the new generator. If the generator is already in S we 

won’t add a duplicate but we will make sure to use that generator, 

w = generator~^ ■ w, Addfprod, generator)

6 If Pĥ  is a negative edge, then pf,̂  is a positive edge leaving 6„ =  

NormalForm{b„ph.J. Apply steps f-G in FreeGen with ph„ =  pf,̂  ■ 

Update S to include the new generator. Let w — generator ■ w, 

Addfprod, generator~^)
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7 return prod a list of generators which multiplied together gives w.

The only part of this algorithm which is not completely clear is that the algorithm 

will terminate.

Theorem  61 ProdConj terminates.

Proof: Since w E N it can be written uniquely as a product of elements in S. 

Therefore we have w — algorithm begins by finding ^'ri as it was

defined as a generator. We then update w =  nr=2('"’ ’'j) '̂‘’hic'h is a .shorter product. 

Therefore since we find a generator at each step the algorithm terminates. The 

reason why we can conclude that we are in fact finding the correct element of S for 

the product, is that we compute the generator of S which we divide off in exactly 

the same way we computed elements of S when we defined them, so these elements 

will be the same. Since we showed that S generates N we know that every element 

can be rewritten in this way, so the algorithm ProdConj terminates. □
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Chapter 7

ADAPTATION

Our next step will be to reduce our storage requirement even further. The 

current algorithm requires storing generators of S as we rewrite words, but also 

if wc want to rewrite several words for the same group, we would need to store 

the generators of S found at each previous call as well, which would amount to 

constructing all of S in several calls to ProdConj.

Therefore, we wish to modify the way wo compute generators for the set S by 

storing a list of paths that can be taken locally in the cc automaton V for each 

vertex v. The list will be called the decision list and it will consist of an ordered 

list of loops in V which pass through the given vertex and return to the trivial set. 

By storing this local information in the cc automaton, wc can prevent violation 

of the redundancy condition without the need to store the set S which describes 

globally the generators of N in the full Cayley graph.

It should be noted that by definition of a loop the walk taken by any loop 

in V will never pass through any vertex more than once, and therefore the walk 

will also never pass through any edge more than once. Therefore, for each path 

ordering the decision list will be a finite list. To ensure we do not choose the same
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element as a generator for two positive edges, we must test that the redundancy 

condition is not violated by the first loop in the decision list, if it is we will then 

move on to choose the second loop in the decision list. We will continue in this 

fashion until we find a generator which does not violate the redundancy condition.

Let us recall how redundancies could occur from our previous description. We 

essentially broke them down into two cases where we have a relator C2Pbjrg with 

conjugating element ci. In the first case we had Ve =  Vb2Pbi ■ ■ 'Pbm is a path of pos-

itive edges. In the second case re =  Pb̂ PbsP is a path which contains at least one 

negative edge, and so we could draw pictures we assumed the negative edge occurs 

first, since if it occurred at a different point in the word the argument was the same. 

From our previous analysis we concluded that for any positive edge p̂  ̂ we must be 

careful not to choose the cyclic conjugate " where -

is the prefix of of length i-2. In the case of negative edges we needed to be 

careful not to choose the inverse of the cyclic conjugate

as a relator. We also showed that it is possible to choose a relator which does not 

cause these redundancies in Theorem 48.

Essentially what we will do is adapt the definition of our generators, so that 

the generator for any positive edge pb & X  that leaves the vertex 6 G T  is the 

conjugate of the first loop in the decision list where the conjugating element is 

smaller then all of the other conjugating elements computed for any other cyclic 

conjugate of that relator that could violate the redundancy condition. In the case 

where there is no loop in the decision list where this property holds, we will update 

the decision list for other vertices by removing a relator to ensure this property
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holds. Now we will describe an algorithm which computes generators which fulfill 

our adapted definition of generators.

To help make it more clear which decision list we are looking at we introduce 

some notation.

Definition 62 Let pb E X  be a positive edge leaving the vertex h in T ■ Then in 

the algorithm FreeGen we computed c, the shortest prefix of the word bpb such that 

c~̂ bph was a path in V. Define [bph] to be the vertex in V where we end after 

tracing c~̂ bpb through V.

To prevent a redundant choice of generator we must make sure the path we 

choose back to the trivial vertex in V will not assign a relator where a cyclic con-

jugate of this relator or its inverse will be assigned later to a different positive edge.

We will begin by supposing we have a word w in Q that we wish to rewrite 

uniquely as a product of generators in S. We will then find the vertex by and 

the positive edge pĥ  as they were defined in the algorithm ProdConj. Next we 

compute the conjugating element Cy as defined in the algorithm FreeGen. At 

this point we can look at the decision list for [byPh„] which will contain a list of 

relators which begin with a prefix cf b̂yPb̂ . The relators will then have different 

suffixes where the superscript denotes that this is the suffix such that each 

cf^byPb r̂e'’ is a relator in P. To help with this description we will draw a picture
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„(1) _  „(1)„(1) .. „(1)lUl  ̂e — ' ei ' 62 ' 6fc(]) •

P6„

Now, for each if it is a positive edge in X we have a potential rednndant 

definition with a cyclic conjugate of c~^byPbj'i^\ If instead is a negative edge 

then we have a potential redundant definition with the inverse of a cyclic conjugate 

of c~̂ byPb̂ rî '̂  where is an edge in X. We begin by deciding if a potential

redundancy can occur. To do this we must first compute the path ordering for 

each where ri]̂  is an edge in X and see if the appropriate cyclic conjugate

of is in its decision list. If the cyclic conjugate of is not in its decision list 

for any rlp that correspond to positive edges in X, then we are free to choose ri^\ 

Otherwise, we need to decide which of these positive edges should get c~̂ byPb,.rî  ̂

or a cyclic conjugate as a relator. To make this decision we will compare the words 

Cy and the corresponding conjugating elements for the that are elements of X 

with respect to the ordering determined by our normal form. Whichever of these 

words is smallest will be assigned the appropriate cyclic conjugate of Cŷ byPĥ rî  ̂

or its inverse. If for example, the vertex which gets assigned this relator has 

two positive edges (rejl,)~^ and CeP leaving it then the smaller of the two words 

or will be assigned the relator. We do not actually care about
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this tie break, unless c„ =  by and  ̂ is a positive edge so we need to de-

termine if hyPby or gets the relator c~̂ hyPb̂ r̂ e'̂  or its inverse respectively.

If Cy is not the smallest word in the list Cy, f 2̂ \ ■ ■ ■ and the words 

that are smaller have a cyclic conjugate of c~̂ byPb̂ r̂ '’ as a relator in their decision 

list, then we cannot choose the relator c~̂ byPb̂ rî  ̂ as a relator for the positive edge 

Pby € X . We will then go on to consider the relator Cŷ byPb̂ r̂ e'̂  and repeat the 

process.

Eventually we will either find a relator which works, or we will make the con-

jugating element Cy longer if possible, and repeat the process. If we still do not 

find a relator which works and Cy =  by then we will choose the shortest ending 

as our relator as long as the path orderings which contain a

cyclic conjugate of PbyÂ  ̂ have decision list which contain more than one relator. 

This could happen, for example if by is the largest word in Q. We will then assign as 

the generator for byPb̂ , the element Next we will remove the respective

cyclic conjugates from the decision list of the path orderings [/fVel^], • • ■ 

which contain a cyclic conjugate of Therefore we will guarantee that an

overlap cannot occur. The only thing that may not be clear at this point is that a 

unique choice of generator exists for each positive edge pe G W.

Theorem  63 The adapted algorithm uses a unique generator for each positive 

edge Pe E X .

Proof: Since we know from Theorem 48 that a unique relator exists for eachpe E X , 

and we will only remove a relator from the decision list of a path ordering if the list
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has more than one relator m it, we will be guaranteed that there is still a relator 

left that we can choose for each X . □

Our next step will be to formally write up the adapted ProdConj algorithm. 

Algorithm 64 ProdConj Adapt

Input: A geodesic tree T, a generating set for the free group F, a cc automaton 

V, and a word w E N to be rewritten.

Output: The word w rewritten as a product of free generators.

1 S:=[J; prod:=[]

2 while w ^ e do

3 Trace w in T, let v be the vertex in T  where we cannot trace any further. 

Let by be a prefix of w, which is a path from 1 to v in T ■

4 Let pt,: be the first letter of bf^w. Then ph,, is an edge in C that is not 

in T , so pb„ is either a positive edge or a negative edge.

5 U Phv ® positive edge then do steps 4-6 in Free Gen. We will 

choose the relator from the decision list for [byPb„] such that we do 

not cause a redundancy. Once we have a unique generator we will 

update w. w = generator~^ ■ w, Addfprod, generator)

6 If Ph„ is a negative edge, then p~̂  ̂ is a positive edge leaving b„ =  

NormalForm{byPb„)■ Apply steps 4-6 in FreeGen with pb„ =

We will choose the relator from the decision list for [byPb„] such that 

we do not cause a redundancy. Let w =  generator ■ w, .Add(prod, 

generator~^)
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7 return prod a list of generators which multiplied together gives w.

Finally we will end this description with an example. Consider Q = S4 where 

54 is given as the finitely presented group S4 = <  a,b\â  — — a~^ba~^ba^^b >.

Then the cc automaton V is given by the following figure:

The geodesic tree T  is then given by the following figure:

• • .

a /  a

a a b
• --------------s -  •  ------------- >  •  ------------- >  •

Next we will give the list of path orderings followed by their decision lists.
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Path Ordering Decision List

[a]

[ab- ]̂

[â b̂]

[b-\

[ba-n

i^-n

[a 6̂a

[ba b̂]

[b 6̂]

[ a ,̂ ab âb âb, ab âh âb \

a b̂a~̂ ba~̂ b, â ba~̂ ba~̂ b~̂  , ab~̂ ab~̂ a'̂ b~̂ ab~̂ a]

[ ab~^ab~^ab, ab~^ab~^ab^ ,̂ ab~̂ ab~̂ a'̂ b̂ âb~̂ a]

[a-^ba-^ba-^b, 

a~'̂ ba~̂ ba~'̂ ba~̂ ba~̂  ]

[bab~̂ ab~̂ a,

bah~̂  ah~̂  a~‘̂ h~̂  ab]

[6~'a6'^a6~'a,

b̂  ̂a.b~̂  ab~̂  a~'̂ b~̂  ah~̂  ab̂ ]̂

- 1-^ba-^ba-^b

bab âb

b âb âb ■̂

[5a 5̂a b̂a ba b̂a b̂â , ba b̂a b̂a?ba b̂a b̂

[b ^ba ^ba \

5“ ' a“ ̂  5a~ ̂  ba?bâ  ̂bâ b̂~̂ ]

[a~^5a“ '5o“ '5, 

a"^5a~*5a‘'^5a“ '5a"^ 1

5 b̂a b̂â .

a-^ba^^ba-^b-\

[bn, b̂a b̂a, \ ba ĥa, b̂â , ba, ĥa ĥâ ba b̂a, b̂

[b â b̂a b̂a \ 

b-^a-^ba-^ba^ba-^ba-^b-^]

b â b̂a b̂a'̂ .
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In our example, suppose b\ =  a'̂ ba is an edge label in T  with positive edge 

Pbj =  b. Then we compute =  NorrnalForm{a?bab) =  aba~ .̂ Next we deter-

mine using V that =  [h], and look at the decision list for this path ordering,

the first relator is b̂ . We will have the following picture to describe what is hap-

pening, if we choose b̂ .

\l

Therefore, the only redundant definition which can occur would be with the 

positive edge pt = b leaving the vertex aba~̂  which is a shorter word. However, 

when we compute the path ordering for [nba~̂ b] we get that [abn~̂ b] = [bn~̂ h] and 

6̂  is not a relator in the decision list for ba~̂ b, so therefore we can choose 

as a generator for b\pĥ  without any risk that this relator causes a redundancy.
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Chapter 8

ARITHMETIC IN A GROUP EXTENSION 
USING THE PARTIAL AUTOMATON

In this chapter, we will describe in detail how to do arithmetic in a group 

extension. Recall in Chapter 3, we described an algorithm which did arithmetic 

in a group extension, assuming we had a normal form for Q and K along with a 

procedure which rewrites words in N as a product of conjugates of relators. In the 

previous chapter we gave an algorithm that rewrote words in N as a product of 

conjugates of relators. However, we have expanded the set of relators to include all 

cyclic conjugates of the relators for Q. Unfortunately, since we only want to store 

a 2-cocyclc for the relators given for Q we still have one further rewriting step to 

apply. The claim is that if we get a loop in V which is not a relator for Q, that 

loop in V can be rewritten only using the relators of Q. This rewriting can be done 

using the partial automaton A  which only has loops defined for the given relators 

of Q.

To make this rewriting unique we must make two further assumptions about 

our presentation. The first is that our presentation does not include two relators 

of the form abc =  1 and adc =  1. If our presentation does include relators of this 

form we will apply the Tietze Transformation which keeps the first relator abc =  1
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and changes the second relator to bd~̂  — 1. Second, if our presentation contains 

two relators of the form abde =  1 and bfea =  1 we will apply the Tietze Trans-

formation which keeps the first relator abode — 1 and changes the second relator 

to df~  ̂ =  1. Assuming these transformations have been applied we can uniquely 

rewrite all loops in V using the partial automaton A  so that the loops in V can 

be rewritten as a product of conjugates of the given relators for Q.

To begin describing this algorithm, or first claim is that every loop in V  is 

either a cyclic conjugate of a relator, or a product of a cyclic conjugates of relators.

Theorem  65 There exists an algorithm which will rewrite every loop in V as a 

product of cyclic conjugates of relators.

Proof: To prove this we will show that the folded graph T obtained from applying 

all possible foldings to the bouquet B defined to have one loop for each cyclic con-

jugate of a relator is isom,orphic to V . We will do this by constructing a function 

f  : vertfr) —> vert{V), with the property that if x is the label of an edge in P, 

and 7 is the label of a vertex in P then f{'j^) =  f{'yY- Suppose 7 G vertiV), then 

there exists a path from. 1 to j  in F with label G, so that W =  j  in T. Then we 

claim there exists a vertex a in V, such that W = a. Since G is a path in P, we 

know that G must be the prefix of a cyclic conjugate of a relator or the inverse 

of a cyclic conjugate of a relator. Since V is defined so that all cyclic conjugates 

of relators and there inverses must trace through V starting at 1, we know that G 

must be a path in V . We then define 7 (7 ) =  a. Then clearly f  is onto vert{V). 

Next consider

ker{f) =  {7 G vert{T)\f{'y) =  1 where 1 G vert{V)}
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=  {7 6  vertiT) where G is the label of the path in F from 1 to 711̂  ̂ =  1 in V]

=  {1 G nerf(r)}

Therefore we conclude that f  is a one to one m.ap so V = T. □

Next we give an algorithm which rewrites any path in P  as a product of cyclic 

conjugates of relators given for Q.

Algorithm 66 ProdCyclicConj

Input: A geodesic tree T, a partial automaton A, and a loop L in the cc automaton 

V to be rewritten.

Output: The loop L rewritten as a product of cyclic conjugates of relators.

1 S:=[j; prod:=[]

2 while L ^ e do

3 Trace w in T , let by be the vertex in T  where we cannot trace any 

further.

4 let pb̂  be the first letter of bf̂ l̂>. Then pt̂  is a.n edge in C that is not 

in T, so pb„ is either a positive edge or a negative edge.

5 Ifpby is a positive edge then do steps 4-6 in FreeGen, except on step 

5 choose the path back so that we have a cyclic conjugate of a relator 

and in step 6 we do not need to check for redundancy. Update S 

to include the new generator. If the generator is already in S we 

won't add a duplicate but we will make sure to use that generator, 

w — generator~^ ■ w, Add(prod, generator)
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 ̂ U Phy is a negative edge, then is a positive edge leaving by = 

NormalForm{byPb„). Apply steps 4-6 in FreeGen with Pb„ = 

except on step 5 choose the path back so that we have a cyclic 

conjugate of a relator and in step 6 we do not need to check for 

redundancy. Update S to include the new generator. Let w = 

generator ■ w, Addfprod, generator~^)

7 return prod a list of generators which multiplied together gives w.

It is clear that if this algorithm terminates the result will be correct, therefore 

the only part wc need to prove is that the algorithm will always terminate.

Theorem  67 ProdCyclicConj will always terminate.

Proof: Since by theorem 65 we proved that every loop L in V can be written as a 

product of cyclic conjugates of relators or their inverses we know that L =  nr=i 

where the Ti are relators or inverses of relators for Q and the Xi € F such that rf* 

is a cyclic conjugate of Xi. We will show that the algorithm will uniquely compute 

this product so the algorithm will terminate with n ”=i i"(̂ Wrned. Let us suppose 

L begins with bpb where b is a prefix of K that is in T  and pb is a positive edge 

leaving T- Also, suppose ci is a prefix of bpb such that cf^bpb traces through A, 

and let b = C\C2. Then we have the following picture.

1.

The claim is that there exists a unique Vg such that {c2PhTe) is the first cyclic 

conjugate of a relator L. We will prove this by contradiction, so first suppose there
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exists a different path r in A  such that ^*(c2P(,r) is also a cyclic conjugate of a 

relator. Let r̂  =  rejTej ■ • • and r — ri ■■■ Cm then we have

‘"'{c2Pbre) = CiC2Pbre, ’ ' ‘

= re, ■ • ■ r-e„C2Pfcre, • • -

since this is a cyclic conjugate of a relator and

{c2Pbr) =  CiC2Pferi ■ • ■ r„cj"^

= r y  rmC2Pbr\ ■ ■ ■ 'O-i 

Now since c\C2Pb ~ C\C2Pb we conclude

Let Tej ■ • =  X and ri ■ ■ -rj-\ — y then we have two relators C2Pbxa =  1 and

C2Pbya = 1 in A. However, we assumed that this could not happen by our first 

assumption on the relators for Q. So therefore we cannot have another path in A  

leaving C2Pb-

The only other way we could get a different choice for a cyclic conjugate of a 

relator is if there exists another prefix b\ of bpi, such that bf b̂pi, traced through A  

and b = bib2 so that (62P6?’ ) is another cyclic conjugate of a relator where b̂  c\. 

We would then have the following picture.

Pb
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We suppose without loss of generality that bi is a prefix of C\ so that Ci =  bid 

and 62 =  dc2 ■ Then if we again let r =  rj • • • we have

'̂{h2Phr) = bib-iPhrbf̂

= bidc2Pirbf^

= Tj - ■ ■rmdc2Phr\ • • •rj_i

(c2Pbre) = CiC2PbreCf̂

= bidC2PbTed~̂ bf'̂  

re, ■ ■ ■ re„,C2Pbrei • ■

• • • =  ad. We then have the following 2 relators

dc2Pbya =  1

and similarly
C l

So therefore Vj ■ ■ ■ Vmd = r̂ . 

for Q:

and

c.2PbXnd =  1

However, we assumed that this could not happen by the second assumption on the 

relators for Q, so therefore we only have one choice for the first cyclic conjugate 

of a relator for L and hence ri  ̂ {c2Phre)- We will continue this process, and 

eventually ProdCyclicConj will return the finite product YYi=\rf' since at no step 

will we have any choice involved. □

Now that we have described a process which rewrites all loops in P  as a prod-

uct of cyclic conjugates of relators our final step is to show an example where we
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do arithmetic in a group extension.

In this example, suppose K = C2 = <  o.\a'̂  =  1 > where the list of elements 

in normal form are { l ,a } .  Let Q = V4 = <  r, s|r̂  =  =  1 >

where the list of elements in normal form are { l ,r ,  s ,rs}. If we choose 2-cocycles

771̂2 = a, rris2 =  1, and mysr-^ a we have determined our extension group G,

which in this case is Dg. We do not actually need to know G to do arithmetic. It 

turns out that since Q is so small the cc automaton P  is the full coset automaton. 

Therefore, we only need to do the second step of the rewriting which uses the 

partial automaton A  and the geodesic tree T  to do the rewriting. We show these 

two graphs below.

A
T

Suppose we wish to compute the normal form of rsar in G. Then our first 

step would be to move the a which is an image of K  to the right, so rsar -> 

rsra^ =  rsra since Aut{K) —< 1 >. Next we compute the normal form of rsr in 

Q: NormalFormQ{rsr) =  s. Then we need to compute the 2-cocycles so we must 

rewrite the product rsrs~^ as a product of conjugates of relators for Q. We see 

that rs is an edge in T, so r is our positive edge in X. Since rsr does not trace 

through A  we have r is our conjugating element. The following diagram depicts
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this situation.

We see in A  we only have one choice of path back from sr, and that is 

Therefore our first conjugate of a relator is =  (''(rsr~^s~^))“ h Wc up-

date our loop rsrs~^ by dividing off we get (''(rsr~^s“ ^))rsrs“  ̂ =

A. Then since r is an edge in T  and r is a positive edge we get the following 

diagram.

From this we get our second conjugate of a relator, so that we have

rsrs~^ =

Now to compute the normal form of rsra in G we have 

N ormal Formcirsra) =  NormalFormQ{rsr)-Normal Forma

= s ■ NormalFormxi^{a~^){a){a))

= s ■ N ormal Form a{a^^ {a){a))

Since Aut{C2) = <  1 >

— s ■ a

We can check our result using the confluent rewriting system for Dg which we gave 

earlier; £>g = <  r, s, alr^ —> 1, —> 1, rs sra, —> 1 >. Therefore we have

rsar sraar sr sa
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Chapter 9

LARGER EXAMPLES

As a final step we will show a larger example, since it is not obvious from 

our previous work that the new algorithm reduces storage. The author has imple-

mented the algorithm in GAP and this implementation has been used to do the 

following computations. Let Q = PSL'i{A) = <  a, 6|ô  — = {aby — {ab'^y =

{abab'^y =  1 > and K = C3 = <  c|ĉ  =  1 >. In this case if we choose the 2-cocycles 

m.a2 — 1, m,i4 =  1, m,̂ aby = — 1 and m̂ abab̂ y =  c we get the non-split

extension group G =  SLyA).

Suppose we wish to compute the normal form of the randomly chosen word 

w = ba~ b̂̂ ab̂ aba~̂ b~̂ r in G. Then we begin by computing the normal form of 

w =  ba~̂ b̂ nb'̂ abar̂ b~̂  in Q. The NormalForm,Q{w) =  b̂ âb'̂ ab~̂ ah~̂ , therefore

V = w ■ NormalFormQ{w)

=  bâ  b'̂ ab'̂ aba '̂ ba b̂ b̂ e  N

Our first step will be to use the cc automaton V and the geodesic tree T  to 

rewrite v as a product of generators for N. In this example, since \Q\ =  20,160 

the geodesic tree has 20,160 vertices which is much to large to include a drawing 

of here. The cc automaton is significantly smaller containing only 469 vertices.
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however again its image is difficult to draw. Using the adapted algorithm we 

rewrite

V {a ^ )' {ba ti^ ab^ a b^ a b^ a b )-{a b )  " {ab'^{a ^6— b âb̂ f̂  — 2\ b âb̂ ab â(^—2a

We can check by hand that this result is correct. However, at this point a few of 

the elements in this product are not just conjugates of relators given for Q. We 

will identify these elements by underlining them.

^(a^) ■ (bab'^ab^ab^ab'^ab) ■ (a b )   ̂  ̂ \ a b ^ { a  ^b-7 fc-'a6= b~'ab̂ ab-̂ aa (a -2)

The underlined elements are cyclic conjugates or products of cyclic conjugates of 

the relators given for Q so they need to be rewritten as a product of conjugates 

of the relators given for Q. To do this rewriting we use the partial automaton A  

which only has loops for each relator. This graph only contains 89. Using A  to 

rewrite v we get:

V (a^) ((a62)5) (a -2) (a-^) (a -2)

Now at this point our final step is to use this rewriting to compute the normal 

form in G of w.

N ornialForrnc{w) = N ormal FormQ{w)

Now in this case Aut{C'i) =  C2, however both automorphisms map 1 !->■ 1, so the 

product in K simplifies to c. Therefore we conclude that the N ormal Forma (w) — 

b~̂ ab̂ ab~ âb~̂ c. We have now seen in this example that using the partial automa-

ton to do arithmetic in group extensions allows us to save on storage so we can
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work with larger groups.

To show the power of this algorithm, we also ran it on a much larger exam-

ple, for Q =  PSpq {2) = <  a,b\â  = — (ab)  ̂ =  {a~^b^a~^b~^a^^b~^abababY =

(a~^b~^ab)  ̂ =  > which is a group of order 1,451,520 elements. At

this size one can argue that rewriting can hardly be done by constructing an 

augmented coset automaton. The cc automaton has 145 states and the partial 

automaton has only 52 states. The only part of our algorithm that took any time 

was the construction of the geodesic tree and decision list. We rewrote several 

words that are elements of N using the algorithm and calculated the run time to 

rewrite these words once those two lists were in place and the run time for this 

rewriting took about a half a second. The results of rewriting using the algorithm 

implemented in GAP arc included below.

word =  a b̂a ■ ba b̂  ̂ ■ a b̂'̂ a  ̂ ■ ba %  ̂ • ab' • ba~^P '̂ â '̂

(a -2) .(a -2).((«6)(a -2)).((“b")(a-2)).((“'>')(a-2)).((a6"a6" l)(u -2)).^(a6'̂ a6-

(Rewritten in V)

((ab2afe-lafc2ab)(^~2)) . ( ( ab^af c - (^2)) (Rewritten in A)

word =  b “̂b ■ a b̂ ^a-b ^ab-a?b ‘̂ a ■ ba ' 6 - a “ ‘ 6 a “ ^

= >  (<''“ ’ ) ( a - 2 ) )  . ( a - 2 ) . ( (a6- ’ a i . - ' a h ) ( a 2 ) )  . ( (a6- ’ af c- ' ) ( ^ - 2 ) , ((a6“ >ab^>06" ' ) ( ^ - 2 ))

(Rewritten in V)

= >  ( l ' ' “ ‘ ) ( a “ 2 ) )  . ( f l - 2 ) . ((a6- ‘ a6- i a 6) ( ^ 2 ^̂  . ((afo-‘ a6~ ‘ a6 - ‘ ) ( ^ - 2  ̂ . ((a&- ‘ afc-‘ a6“ ‘ ) ( q - 2 ^)

(R,ewritten in A)

1 1 2



£\\

■ (-o^qvqv)) ■ ((j®)(j<;t)j(qc))) ‘ iiz-'^) {qvqr>^_qv^qv^{qv))) ' {^qv^{qv)))

' ■ i(z^)(r. __gv^(fvqv ))-((z^}(, ^qv^qvqv)) ' i{l-9){vqv)) ' ((s-®)(q»))

id ut uai^uAvay)

iziz-^l-^z^l-^) (q-oqn)) ‘ iiz^) (qvqv)) ' ((5®) {^qvqnqv)) ' ((j-®) (qvqv ̂ _qv ̂qvqvqv)) ' iiz-'^) (^qvqvqv)) 

((?,-^) (qnqn)) ■ (qnqo)) ‘ ((j;^)(j _qT) ̂qT>qT) )) ' iil-9) {vqv)) ■ {iz-^)(q^))

^^v^^q^^v-^_q^__v^q-^_vq^_v-^_q^_v^_q-^^vqv-qv^_q.v^_q^v.^_qv^_q.^_vqv = pdocn

(y ui ua^^iuMB-y)

iiz-^) ii-q^i^q^i-q'o^qn))' Hl^) {n^_qv^qv))' iiz^) (^q^i-q^^qf))' iiz-^) ii-q^zq'"))' ((z^) —

(<i UI U91^UM9y) 

(^ UI U9^iuAi9'y;)

HiQ) {o^_q)) ■ ((j-U)(j_Bj,_q)) • iz9'‘̂z-^l-^Z^^Z-^l-^) ' Hz-^) iz-1' ((s®)(j_q»))

• • {v^q^^v^^qv^q^_v^_q) ■ • ((,«)(,_,)) ■ ((s^)(,_q)) • iiz-^)(qr,)) ^

(c/. UI U9^^UA\9y) {{i9) (v^_q)) ' ( j9x 11[-®)

• (e®) • • ii-V^q^_v^_q^_v^q^^v^_q) ■ ((,»)(^_,)) • ((jU)(^_q)) • ((^-U)(q„)) ^

■ 592-029 • V • E-9i-Ot-9 • 2-090 = P-^0(7l

(r U9nUM9y) • ((s-»)(^_q.^q))

•(e(029i-0^-9)(, ̂qvq̂))-{iz-

(t:/, UI u9^;uM9-y)

((K”)(j-<;«E-';«c9))'(z(l-”29t-Og-9)(j,_qOjq))'((i9)(Djq))'((2-0)(j.q))’(i-9)'(2-0)'(j-U) <=

2_qx_u ■ j;9i-Oe9 • 02_9i-0 • e9i-0^9 • t-Os-9^-0 =



(̂ {abab̂ ab ")(a -2)) (Rewritten in A)

word — â b'̂ â  ■ b~̂ a~̂ b ■ a~^ba ‘̂̂  ■ b~̂ a~̂ b~̂  • a~̂ b~̂

(a )̂ ■ (a )̂ ■ (("')(a2)) • ((" ')(« ')) '

(Rewritten in V)

(a^) . (a2) . ■ (('''^(a^)) ■ (('''^a ')) ’ ' (̂ ''“''̂ 0'" ) )  ‘

(Rewritten in

word = ab~ â ■ b~̂ ab ■ a~̂ ba~  ̂■ b~̂ a~̂ b ■ â b~̂ a~̂  ■ ba~̂ b~̂  ■ a~̂ b~̂ a~̂  • bâ b̂̂ a~̂
{̂ab~̂ ab~ ̂ ab) —2̂  ̂  ̂ ̂ {ab''̂ ab~~̂ abab)  ̂̂ {ab~̂ ab~̂ abab)  ̂̂  ̂ (a5“ â6“ ̂ a6a6a6“ )̂ — ^

((“''^'“''"■‘ari(af,a;,-l)3).((a6-^a6-‘ )(a2)).((afe“^a)(5(^-2^-l52Q-1^25-l^), (̂a6-^a6a6-'^a6)( -̂-2) .̂ 

((a6-^a6ab“2„bab)(^2)) . {̂ab-̂ abab-̂ ab) . ((“('""“) (5a^,-2of,2̂ ^-2̂ ^)) . (̂ab-̂ ab̂ ') (q - 2)) .

((ab-'“b-iab)^^^-i^-i^-i)3) (Rewritten in P)

{̂ab~̂ ab~̂ ab) ̂  ̂— 2̂ ^̂ {̂ab~̂ ab~̂ ahab) —  ̂̂ {ab~̂ ab~̂ ahab) — , ̂ (a6~̂ afo“ *a6a6a6~̂ ) —2^̂  ,

{̂ab~'̂ ab~̂ abab) ̂ 2̂  ̂j _ ̂ (a6“ â6“ âfâ a)  ̂ j , ̂ (a6“ â6“ â6̂ a6“ â“ 6̂) ̂ 2̂ _ ̂ (a6” â6"̂ a6̂ ) ̂ 2̂ ̂  ̂  ,

{̂ah~̂ aba) ̂ 0̂ — '[̂  — 2̂ 2̂̂ 2'j , (̂a6̂ â6a6“ )̂ —2̂  ̂ , (̂a6““ âfto,fc"̂ a6) —2̂  ̂  , {̂ab~̂ abab~'̂ ahab) ̂ 2̂'j'j ,

(̂afc"‘*a6a6~̂ a6) ̂ 2̂^̂  _ j'(â>“ ‘*â )̂ ̂ 2̂  ̂̂ {a6“ âfa) ̂ (7 ~ ̂  ̂ ~2̂ 2̂ ̂ 2̂  , ̂ (a6” '̂ a6” â“  ̂6̂ )  ̂, ̂ (a6“ â6“' ') — 2  ̂̂  ̂

{̂ab̂ âb~̂ ab'̂ a~̂ b~̂ )  ̂ (̂a6“ â6“ â6a“ 6̂a)^^—1̂ —  ̂ {̂ab~̂ ab~̂ aba~̂ bab~̂ ) ̂ ^—2'j'̂  ^

l̂ (ab-̂ ab-'ab)̂ -̂2ĵ  (Rewritten in A)

word =  ba~̂ b ■ aba~̂  ■ ba~̂ b̂  ■ aba ■ b~̂ ab • a~̂ b~̂ a~̂  ■ b~̂ a~̂ b ■ a~̂ bâ  ̂■ b~̂ a~̂ b̂  ■ 

â b̂a~̂

= »  (W(a-2)).((''“''“'’)(a-2))’ ((''“''“'"*'’)(a-2)).(6a)9-(a-2)-((“''‘ ')(a '2 )).({“'>-'“'>-')(a-20). 

(̂a6“ û6“ â6“ )̂ —2 , ̂ ((a6~̂ )̂ ) —2̂  ̂  ̂ ̂ {ab~ ̂ ab~̂ ab~̂ ab~ ̂ ab) 3̂̂  _ ̂ (a6“ â6~ ̂ a6“ ̂ a6~̂ ) ̂ 2̂  ̂̂  ̂

(̂(a6“ )̂̂ a6)^^-2̂  —1̂ 2̂ —1̂ 2̂  , {̂ah~̂ ah~̂ ab~̂ ahab~‘̂ ab) — . {̂nb~̂ ab̂ âb~̂ ahab~̂ abab) ̂ ~̂2'j'j , ^
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^{ab 'ab ’ a6 , ^(ab 'ab ’ ab . (̂ab ’ ab . (̂ab ' ab ') l)~l b) )̂

(Rewritten in P)

(('’)(a-2)).((''“ “̂'')(a-2)).(('’“'’«''“'')(a-2)).(W(a6)9)-(a-2).((“'’'')(a -2 )).((“'>-’ “'>-’ )(a-2^^.

(̂ab- 'ab-*a6-‘ )(Q-2^ ,̂^(ab-'ab-^ab-'ab-')^^-2^^.^(a6-‘ )̂ abab)̂ 2̂̂ j.̂ (ab-')'’ab2a)^^-l^-l^^yr^. 

(̂a6-i)'‘ab2ab*‘a-'b)^^2jj,^(ab“ ')'‘ob2)^^2^ .̂ (̂(ab-i)3aba)^ -̂l -̂2Q^2^2 ,̂ (̂(ab-')3abab-2)^ -̂2j .̂ 

^(ab~ ^ab~ ^ab~^abab~^ab) (̂j~2̂  ̂  _ ^(ab~^ab~^ab~^abab~^abab) —2 ^̂  . (̂(ab~' )̂ ab) (jj^^  ̂ ( fl^) ) •

^(ab-iab-i)((j2 )̂ , (((ab“ ')2a-ib-i)^^-2)^ . (((«''” ')') (a-l6-la6)^) • (((“'>'‘ ') (^^2  ̂̂  .

(((ab->) 6̂̂ »)(o-2)) (Rewritten in A)

word =  bab~̂  ■ a?b^ â~  ̂ ■ b~̂ a~'̂

((6ab-^(a2)) . ((6a)(^-7)) . (^ -2̂  (Rewritten in V)

((6ab->)(^2)) , ((H(?,-7)) . (a-2) (Rewritten in A)

word =  a~̂ b'̂ a~̂  ■b~̂ ab'̂  ■ab'̂ â  ̂■ba^b-a~‘̂ b~̂ â  ̂■b̂ â̂ b̂~'̂  ■a~̂ b~'̂ a~̂  •6a^^6~^o“ '

...-̂ . (q -2 .̂ ((ab̂ ) (q -2 ^̂ _ ((ab̂ ab“ 'ab̂ ab̂ ) (q -2  ̂j , ((ab̂ ab“ 'ab̂ ab̂ ab) (̂ 2̂ _̂ ({ob̂ ab“ 'ab̂ ab̂ abab) (̂ -̂2̂  j

(Rewritten in P)

(^-2^ .((ab̂ ) (  ̂-2̂  ̂_((ab̂ ab” âb̂ ab̂ ) (^-2 j ̂  _ ((ab̂ ab~'ab̂ ob̂ ab) (̂ 2̂  ̂  _ ((ab̂ ab“ *ab̂ ab̂ abab) (  ̂— 2̂ ^

(Rewritten in

more/ =  6“ ^a“ 6̂ • a~^ba ■ ba~'̂ b'̂  ■ a~̂ b~̂ â '̂  ■ ba~̂ b~̂  ■ a~̂ b~̂ â  ̂ ■ b̂ â~̂ b

---  ̂ ((b“ ‘ )(Q-2^j.((b“ 'ab)(g-2^^.((b“ 'ababab)( -̂2^ ,̂((b“ 'ababab̂ )(Q-2̂ ,̂((b"'ababab̂ ob“ ’ )(^-2^^

(Rewritten in 'P)

((b '̂) (g~2))_((b“ 'ab) (^-2^  ̂. ((b“*abo,bab) (^-2^ .̂ ((b~*abo.bab̂ ) (^-2^ j . ((b“ *ababab̂ ab'') (^“ 2̂ ^

(Rewritten in
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word = b ‘̂ ab  ̂ ■ a b̂ ■ b b̂  ̂ ■ ab'̂ a? • b'̂ a 6̂̂  • a b̂a  ̂ • b'̂ a *5 • a 6̂̂

—  ̂ ab~ ̂ —2̂  ̂  ab~̂ ̂ ah~̂ ) —2̂  j  ̂ {̂b~̂ o,b~ ̂ ab~̂ ab~̂  ab̂ ) ̂ 2̂̂  ̂  ^

(6^)) • ({''-^“''-'a''-"a''-'“''-")(a-2)) (Rewritten in V)

(̂6~'̂ a6“ ̂ ) 2̂  ̂   ̂ {̂b~̂ ab~ ̂ ab~ ̂ 2̂  ̂  ̂ {̂b~'̂ ab~̂ ab~̂ ) ̂ -̂-2̂ 'j _ {̂b~ ab~ ̂  ab~ ̂ ab~ ̂ ab'̂ ) ,

, {̂b-̂ ab̂ 'ab̂ âb-'ab~ ^ ) ( R e w r i t t e n  in A)

word = a~̂ b~̂ â  ■ b~‘̂ a~̂ b ■ ab~^a~‘̂  ■ b̂ ab~̂  ■ â ba~̂  • • a~̂ b̂ a~̂

= ^  (a-2) . ((«''^‘ )(a2)) . ((afc-^)(^-2)  ̂. ((a6-^a6)(„2)) . ((a6-^)(^2)) , (̂ b~̂  ba~^f) ■

(Rewritten in V)

==> (fl-2) • ((“'’‘ ‘ )(a2)) ■ ((“''*') (a-2)) . ((“'>̂ "“*')(a2)) . ((a6~3)̂ 2̂)̂  . ^(ab^^6-la-lb)^ -̂2)) . 

((“''■')(6-la-l6ft)^) • ((“('-"“- '( '- '“!')(a-2)) . ^(a6-=)^ -̂2)) . ((a6-^a6-')^^2)) . {̂ab~̂ ) .

((“'’■'“■‘*“ ')(a-2)) . ((«''“ “)(a-^6-^a6)3) • ((«f>“ '« “ '«>«('“ ')(a-2)) . (̂a6-^)^^-2)) . 

(̂a6-^a6a6̂ ab-')^^2)̂  (Rewritten in ^ )

Kjord =  a'̂ b~̂ a~̂  ■ bâ b~̂  • aba •

(a2) • ((''"')(a-2)) . (i^^')(a-2)) . ((''^')(a-2)) , ((6-'a6)^ 2̂^  ̂, ((('-')(a2)) , ((ab-')(a-2))

(Rewritten in P)

= »  (a2) • (("‘ 'Ka” ")) • ' ('"‘ ' “''H a '))' ('''“ 'H a ') ) ' ( '“"“ 'Ha” )̂)

(Rewritten in A)

Therefore, we can conclude that the algorithm actually works well even on 

extremely large groups.
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