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ABSTRACT

Bailfall data collected from a fixed network in northeastern
Colorade during three seasons (1920-62) included the estinated impact cne*(;y,
duration of hailfall, most cormon stone size, naximum stone size, end
nuber of stones per squarc inch. These basic data, X , aleng with
the transformations; In X, -/&X, 2/, eana 1/X, were annlyzed by
corputer methods to determine vhich paranmeters could be used in a statis-
tical analysis of hail suppressicn experiwent. The garma distribution
function was fitted to the hailfall data Yy the method of naximum likell-
hood. A chi-square goodness of fit test was opplied to the data, and one
transformation was tested using a secquential enalysis technique.

All parameters except irpact energy end nurmber of hajlstones per

squarc inch were eliminated from the stat

‘_"a

stical analysls becouse of bias,
non-honogeneity, or spersity of sarples. Transformations which produced
the minirmun nean coefficient of variaticn were logarithm of impact energy
(In E) and square root of the nurber of stones per square inch -—fﬁ;:@.
It was determirned thot o target-control analysis was not feasible for the
enalysis of hail suppression experiment. A period of 3 to 5 ycars is be-
lieved necessary to detect changes of 10 to 25 percent in the hail parame-
1.5 data. Fronm

the results it was concluded that a sequential analysis test alone could

1

bution function fitted only the /I

?

v

e
¥

ters. The gamsa dis

not adequately evaluate the effectiveness of a hail modification experiment.
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HATILFALL DATA FRCM A FIXED IETWORK FOR TIHE EVALUATION
CF A HAIL MODIFICATION EXFERIIIHT®

Introduction B
Devedoprient of techniques for cloud modificatlon by cloud sceding

has lod tc a variety cf att

@
)

ste &b weather medification, including precipit-

t
aticn increace, hurricane modificatien, fog dlspersal, and hail suppression.

~

enon 1s such that detection

13

The naturcl verisbility of meteorolozical pheno

of any smll change which night have been effeeted ariificially is difficult.

3

This diffsculiy is increascd with the variabllity of the meteorological

phenormenor being considered, end leads to frustration for cases in which
hicgh varicnee and low fregquencies cf occurrence conbine to require erceuasive
pericds of time to drew valid conclusions concerning the effects of redifica-
tion attepte.

Thesc difficultics ave further cormpownded for evaluation of ctterpls
of hall swpresscion becmuse of & lack of basic data on the nature and charac-
teristies of hallifalls. For exarmle, the cnly statistic concerniﬁg hailfalls
: doys with hail.” Vhile this porameter meg
scerve to Celinit regional differences in the average anmual Trequency of hail,
it leaves much to be desired a3 a statistic vhich would be eppropriate for
detecting changes in hallfalls which might have been produced artificially.

This paper presents o procedure for the eveluation of hall suppression
using date on hailfells for threc seasoas (1950-15G2) from the fived hall

-

network orerated in northeastern Coloradoe by Colorado State University.
provides an insight into some of the physical

Examinaticn of these data
propertice of the High Plaing hailstorm, delimits the hailfall poraneters
which night be used in the design of a hail redification experiment, and

points ouf the problens inherent in and requirerents of a statistical enalysis

of & hail medific¢ation experinment,

*Research supncrted by the Atmospheric Sciences Program, National Science

Foundabtior, MNSP Grant G-23705.
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Basic Data
Frog information on hailfalls cbiained from the Colorado State
Univerczity network see Schleusener and Jennings 1960, Schleusener 190la,
and Schleusener and Grant 1951b. The fellowing data were derived and pre-
pared for corputer analysis:
From cocperative observars:
Estizased inpact ernergy, fi-1b per £t° Bc
Duraticn of hailfell, minutes D#
Moat coraen sicre size (coded) MC
Meoiuna stone size (coded) MK
Fron the passive hail indicators:
Iipact encrgy, ft-lb per £ Ei

-

Number of stones per square inch for

(coded) diamcters of hailstones
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night be changed if cloud sceding were effective in modification of hail.
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Transformations were applied to the basic date, to attapt to pro-
duce a ninirmun absolute dispersion of the indlvidual coafficients of variation
gbout the mean coefficient of variation (Zlei—Cvl). In addition to the

tasic observaticons, X ,

*D  was removed from Durther enalysis becmuse of excessive blas. Most
D > enel

cooperators re



consideration was given te cach of the follewing trarsformations vhich
vere applied to cach of the observetbicns:
InX, /%, 2K anaifx.
Th= selected transformations were ln X for Ec and Ei and

=X for ¥2, I, Ny o5 My g Wy gy ond My o« The value of the mean
standarl deviation, and the nurber of sa:rples wes determined for each tronse
forzed hail parameter cet plus subsets by years, months and geographic
loceations. The tre
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reased the variance ol the parancters
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icient of variation continued to be greater than

unity in most cases.

Tests of Homegeneity of Deta
The varisbles and transformed varlebles were tested by means of an P
test for homogenglty among years and among ronths by o one way analysis of
variance.
From these anadyses (Table 1) it was determined that the hypothesis
of horegenelty enong years for In E; e, 1_, , and ~ﬁ; 5

t be

H
h

>
-

reJected. The hypothesis of homegeneity among :."M.:.‘*G must also be rejected
for —/ﬁ end i 1-6 On this basis end since X (not listed in
Tevle 1) was more varioble thon -—/EC_, the parameters «VITC. ’ -\ﬁ':( and
-/H, 2.  vere reJected from further analysis. The IZQ‘T)OJ.C':'LC‘.}E.S of ho:.zoge:ei’.:y
among yesxs for 1n B. vhen using data fronm all of

rejected whereas vhen using only data from the west triangle of the network

it could not be rejected. The hypothesls of homogeneity azong years end
ronths for In Ec , and ;‘5 5 could not be rejected. The parameters
i1, 5 6 gnd - ﬁi:- 4 vere rejectad from further analysis due to low fre-
quencies ol occurrence.
The remaining sets of paramcters, consisting of 1n Ei ’ -—-,/Tll G
(rctained for analysis despite homogeneity consicderations noted ob c) n
In Ec s vwere eroitrarily céivided into subsels fron east o west and subsets

-

frem north to south. The hypothesis of homogeneity ermong east-west suvsets
nsequently it wes deciced
to add a 60 nile norih-south line of indicators through the west holf of the

L ~

nd north-zouth subscets could not be rejected; ¢

C)

network for the 1963 season.



TABLE 1
F Test Recults for Significance of Differences

© Betwsen Parecrnieter Subscetls

Parareter

Aunong Arong

Between eost and wes Between north and sout
yoors mon'ths 7 t cWe rt an uh

b

€0 61 62 €0 61 62

0 93 0.34  L.oowe 2.8 2
(2:903)  (2xaca)(h: Sek)  (Lxsolk) x283) (Gx261) (53x348) (3,502)

5 73:# 0.72 1.13 g9.52%%  1.63 b W L. 1%% 1.38
2x726) (2:01) (?x275) (2x328) (2xh9) (2x222) (2xh23)

3.94%%  2.39 2.7

L, o0% 12,90 15Lo%R 1,30 1.15
(zx757)  (2x717) (1aa1l) (1a85) (1xhs3)

18.55%% 2.69 L .o* kb 2.7
(Lv,¢,) (2:571) (Ax7:) (1aas52) (1362

1.18 0.48 .24 5.70% 0.04
22221)  (2x228) (1x15) {(1x59) (1x160)

T
(2x57) NOTES:

*  SBignificant at 0.05 level
*#%  Bignificant at 0.0l level



Effect of Size of Sampling Arca on Varlability of Paramctlers
The coefficient of varistion was corputed as a function of sarpling

arca for the 3 rcoaining hail parameters. (Pigwres 1, 2 and 3) From thesc
computations it
be changed very little if only holf of the saupling area was used. For
some of the hall perometers, a reduction in sarpling area preoduced a decrease
in varisnce. From these results and the results of the homogeneity tests con
In Ei it was concluded that the size of the carpling area could be reduced,
in

and the east half of the indicator network was abandoned prior to the g
ning of the 1963 ceason.

or
(5]

Tests for Normality of Parameters

The -—ﬁf'::; » InE, and InE_ data sets and subsets by years,
were tested for normality. In ncarly a.ll cets and subsets the data were
highly sheowed right, with the kurtosis ranging from leptclurtic to iso-

'~
kurtic to platylurtic, (Figures 4, 5 and 6).

" Correlation coefficients were computed between certain combinations
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over other regliens approxinately 25 niles awzy. The results indicate no

for the hail parameter
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han 0.50, the hypothesis of depen-

dence could not be rejected (Teble 2).

Tests to Estirate the Pericd of Time Required to Detect Scale Changes in the
Hail Parameters

Computaticns were made to estimate the period of time required to

obtaln significent differcences in the hail parameters; asswning varicus scale

changes in the porareters (Appendix A). These corputations asswie that
»

i
negative reports of hail occurrence can be ¢ifained in those cases in whlch

was determined that the variance of the hall parameters would

ed over one reglen versus the peremeters average



TABLE 2
Ifurber of Significant and Non-zignificant Correlations
Between a Dented Hall Indjcator and

its Heighbor (Neighbors ) Lecated 2(h) Miles Away

Correlation 2 Miles b Mile
Neighbors  Neighbor Neighbors  Heighbor
NS 8 1 13 146
s Y 4 3
s#* 12 6 8

ote: NS = No significant correlation (C.05 level)

S = Significant correlation (0.05 to 0.01 level)
% = S



complete hail suppression micht be attained, that all hail-producing stormis
would have been subjected to a modification treatment during the period of
15 iay to 31 July, and that the average number of hail samples will rerain
constant. It may be noted that "success" in a hail modification experiment
would increase 2ifficulty of staiistical analysis tecause of an increase in
zero velues.

Vhen these three (questionable) asscunpiions ere made, a period of 3 to
§ years is estinated to detect scale changes of 10 to 25 percent in the haill

peraneters. (Tables Al, A2, and A3)

Carma Distribution Parameters o

Hartley end Lewish (1959) have reported fitting a two-paramecter germa

ry
™
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distribution function to non-zero rain: firat step In fitting
the garma distrivution firiction to the data is to estimate the distribution
parcneters. The most cfficlent method for cstimating these distribution
paranmeters is the method of maximunm likelihood., Maximum likelihood estimators
erc obtained by differantiating the likelihood function and equating the de-
rivative to zero. GCreenwood and Durand (1950) have solved the complex equations
in this procedure using polynoninal gpproximaticons. Since this rethed in-
volves a lcgarithm of the data, it can be used cnly with data that are
groaster than zero. To elirdnate zero values from the observed hail data,
wvhich ere either positive or zero, 0.01 was added to each data sarple.

The gamma distribution functicn waos fitted to the following date:
E;» :nE, InE, for (E >1), ¥, g éfﬁ; , and —fr‘l’_‘g :
Garma distributicon paramcters for these data are glven in Table 3.

Test for Goodness of Fib
A chi-sguare gocdness of fit test was used to compare the distiridbu-
tion of the hailfall data to a theoretical gorma distribution.

In applying this test, boundaries were selected such that the nwber
of expected values exceeded 5 in cach category. It is permissible to set
1Wdaries in any desired nonner, provided one is not e ’

boundaries in any desired monner, provided one is not influenced by the

observed frequencies. In epplying this test an atterpt was made to obtein



TABLE 3

Gamma Distribution Parancters for Hailfall Data

Cama Parancters

Data
Shape Parameter, ¥ Scale Parareter, B

E, 0.8211 16.1012

1n By 0.9292 2.053
In By (zi >1) 3.5L88 0.6070
K ¢ 1.1587 2.7071
/iy ¢ . k.2209 0.3727
095X"'l/1:1—6 1‘02210 O-BSI;l
9010 ¢ 4 ,2209 0.335h
8511 . k.2210 0.3168
151 g §.2210 0.2795
1.05:-:—~,/z;l_ 5 k.2210 0.3913
1.25x— 0 e L .2210 0.4659

2A 2925 .ak23
S 9.2925 0.1k21




TABLE &

Cecll Doundaries and Chi-Square Values for the Goodness of Fit Test of Hailfall Dato
Type of Cell Boundaries Calculated
Data oy Remarks
Cell 1 Cell 2 Cell 3 Cell & Cell 5 Cell 6 Cell 7
B, 0.00-1.90%* 1.90-2.70 2.70-3.90 3.90-6.70 6.70-13.10 13.10-25.10 25.10-400.1 1Z2.1
E, 0.00-1.20 1.30-2.70 2.70-3.90 3.90-7.50 7.50-14.10 1k.10-25.1  25.1 -330.1 56.1 2nd Tun on
In E 0.00-0.61 0.61-1.01 1.01-1.26 1.26-1.51 1.51-1.86  1.86- 3.46  3.46- 6.01 208.8 E
ln E; 0.00-2.51  2.41-2.91 2.91-3.21 3.21-3.71 3.71~3.91  3.91- k.71 L.71- 5.91 96.9 gfadznm on
in Ei(E_L)l) 0.00-0.79 0.79-1.01 1.01-1.26 6-1.51 1.51-1.86  1.86- 3.06  3.06- 6.01L 76.7 i
N ¢ 0.00-0.61 0.61-1.01 1.01-1.51 1.51-2.51 &.51-4.51 L.51- 9.01 9,01~ 41.51 28.0
/f.‘;_‘; 0.00-077  0.77-1.01 1.01-1.26 1l.26-1.51L 1l.52-1.86  1.86- 3.01  3.01- 6.01 18.5
-/17:'1‘_‘6‘ 0.00-0.79 0.79-1.01 1.,02-1.26 1.26-1.51 1.51-1.85 1,86- 5.06 3.06- 6.01 6.5 2nd Run on
-/i ¢

% Por & degrees of freclom and a .05 probability level, the tabuwlated x;z value is 9.5.

#%Cell boundaries are inclusive on the larger value, (i.e. 0.003%-cell 1 s 1.90).



categories vhich containced epproximately the sene number of obsexvations.

It is believed that in using this method it was not possible to completely
elindnate the influence of the observed frequencies. This factor produced o
Blight effect on the caleculated values of chi-square. Judicious selection of
bounderies reduced the chi-squeve value in 8ll cases, but only for the —ﬁ;‘g
date did it alfect the decision as to the goodness of fit. The boundaries
used end tle results ¢btained with this test are presented in Table 4.

If the gemma distribution function adequately fitted the ohserved
data, then the probebility of obtaining & chi-square value less than 9.149 is
0.95 with b degrees of frecdom. Since only the »/E‘l‘_'g data produced & chi-
square velue less than 9.%9, it was concluded that the gonma distribution did
not adequately fit E; , nE, ond InE (8 >1), bu thet this distribu-
tion function did provide a marginal it for 'W/IG:; data.

Sequential Analysis Testing

Stetistical tests such £s Student's ¢, F, and x2 set an ¢ level
for e null hypotheces (type I error) end n number of samples and lets thae
B 1level for a specific alternative hypotheses (type II errvor) £a1l vhere it
pay. In the sequential analysis test bolh the ¢ and P levels exre set and
the observations are tested sequentially. With each new cbservation one of
the following declsions is reached: (1) accept the hypothesis, (2) reject
the hyroihesis, and (3) continue the exgerinent by taking an additional obser-
vation. The experineal continues uatil the hypothesis is elther eccepted or
rejecied.

In the sequentiel enclysis test, if the distribution function under
concideration has two poarauveters, it is necescory to either test & compesite
hyvothesis, or to reduce it to & simple hypothesis by assuming one of the
parameters constant. It moy be showm both theoretically (Appendix B) and
experimentally that scale changed date maintains a constant shape parameter
(Table 3). Taerefore, & simple hypothesis con be used when a scele changed
data is considered (see Thom 1957, end Wold 1947).

Sequential enalysis testing involves plotting & curmidative function
of the date egainst the number of observetions as shown diegrammatbicelly
in Figure 7.



In this test waxirnm and minirunm valuves (from the rejection and
scceptance lines) corresponding to each chservation eare compered with the
eccumlated valus of the data. If the cumidative velue remains between
these limits the test continues. VWhen the cimulative value excesds the noxi-
run value the hypothesis is rejected with probability o of a type I ervor.
If the cumnlative value becomes less than the minimum valus the hypothesis is
eccepted with probebility B of & type II error. The slope of the rejection
end acceptence lines end the difference between maxdirmm and minimum values
gre functions of the hypothesis being tested and the a and P levels selec-
ted.

In selecting velues for ¢ end P, economic considerations (cost
of secding versus potential benefit) suggest the establishrment of & low probe
ebility of ecrrar for type I errors (rejecting a true hypothesis) with a higher
probability of error for the type II errors (seccepting a false hypothesis).

Results of the sequentiold enalysis test indicote that if the gornma
distribution fmetion fits the ~;/:;:(: datz, & 5 percent scale change with o
end P both 0.0L would reguirs 752 observetions to obtain an eccept or reject
decision. The results caleulated for other scale changes with various «a and
p velues ere presented in Table.S.

Conclusions

1. Fromz the 9 hailfall perameters derived from date on hailfalls collected
by the Colorado State University hail nelwork, 6 were elinmineted for use
in I:my statistical analycis of hail nmodificalion becouse of bias, none
hamogeneity betwecen years, or sparcity of sanples. The rermaining parane-
ters were Ec, Ei’ and Nl-6 . _

2. The transforiations which yproduce the minimum Z|Cvi-Cv| are ln Ec >
In B , and ~I o -

3« A north-south extension of the hail indicator network can be mnde, and
the east halfl of the network can be abandoned without significantly
effecting the statistical properties of the indicator date.

4. The hypothesis of dependence between adjecent indicators spaced 2 to 4
miles epart cannot be rejected, even thouzh the correlation coefificients

are less than 0.50.



5.

6.

A pericd of 3 to 5 years is estimated to be required to detect scale
changes of 10 to 25 percent in the hoil paraneters that might be eccoun-
plished by modification attempts. However, there are practical dif-
ficultles iavolved in attaining the conditions assuzed in the analysis,
one oi the wmost difficult being the problen of handling zero values if
complete hail suppression were to be attained.

Lack of significant correletion betuwcen adjacent areas indicates that a
target-control analysis is not feasible for atiempting to detect signi-
ficant changes that vight result from a hail modification experiment.

0f the duta collected ond the transfortations studied, only the —/ﬁzjg
date can be fitted by a gamra distribution function and it rrovides only
2 rayvginal) fit.

The sequentisl analysis test alcne could not adeguately evaluate the
effectlvenccs of this hall wodification cxperirent.

Further work is preosently being done to develop procedures not dependent
on & Tixed neitwork for znalysis of effects which might be produced in a

hail wodification experiment.



TABLE 5

Thasber of Cbservations Required 1n a Hypothetical Cuse to Reach
en Accert or Reject Decision Using a Sequential Analysis Test and
-VHl 6 Hailfell Data. These Results were Obtained Experimentally

by Asswuuing Certain Indicoted Changes were Applled to ell of the Data.

Type of Type of " -~ lo. of Ous. S

£8, Change Alrha Bete Required Decision
~./E~:1_6 5% seele decrease 0.01 0.05 105 Accept
—-fﬁl_s 105 scale decreose 0.01 0.05 135 Accernt
- z:l’:s’ 25% scale decreose 0.01 0.05 36 Accept
-V g 5% seale decrease 0.01 0.01 2 Accept

-y‘ISl_G 105 scole deercase 0.01 0.01 il Accept
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Appendix A

The following equation estimates the nwiber of replications reguired

to ovtain significant results at & particulor probability level.

> (8” t )?
222 (& ¢y

5
where
r = replications reguired.
¢ = populntion standard deviation.
rn = ypopulation meen.
® = scoale change.
tp = value of students® t ot significonce level p .

2lue of students' t et significance level 2(1-p)

(34
0
i

for a two~tailed tect.

Using the above equation and assuming various scale chonges end
sipnificance levels, the number of replicatlions required to obtain signifi-
cant results for InE , 1nE, eond —y@i::g vere computed end arc presen-
ted in Tolles A1, A2 oand A3.



Aprendix B

The following proof shows that for scale-changed date., the shape
paremeter, y , of the gammn élstribution function remains constant. The
gore distribution has a probability function given by the equation

- -
£() = i L (1)
8" ["z)
The maxdimm likelihood esctimotes of £ , the scale peramcter, end 7y,

the shope parancter are

Ly,
end
B =Xy )
vhere x is the wean of x,'s end
n
A=log¥ -2 3 logx (&)
n i
i=1
- 1
Y Y- P .
= lou(i{;l xi/n = log P (ni) (5)
for
P(x;) = (x,) (xe)_(xj) e ee (x) (6)
Now assume that a ganra distribution also fits xi' s Where
t - +
x'=x (1+4) (7)
where di is some scale or non-scale change end di >« 1.
Substituting (7) in to (5)
A':lo-*'—l-'9 x (1+d)“--3510*fP~< a+a,) (8)
°n & 171 i n~° i i
iml
vhere
n n n
l e ) - 1 -
log = ° '_v (l+d)]=log [——-,‘ X, +=, xd] (9)
Doy ; 4 i Dy 1 By i
= L, 2 x
= Jog x4+ log X+ A di/ sy X



and since
P lxi @+ di)} =P (x) P (1+4) (11)

log P [xi (1 + ai)] =log P (x,) +log? (1+4), (12)

consequently substituting (10), (1), and (32) into (8)

A' = log % + log (1+-———- Z X, )-%105?(:41)-%1031’(1-0-(11).

nxi=l
(23)
Let n
. S R,
a:lo-;,(l+nx*_ xidi)-nlobP(l+d1), (a4)
i=1
then substituting (L) and (%) into (13) gives
A'=A+eo (35)
Now substitute (15) into (2) 2nd (3) gives
1
7' = {1 + (L+h (A+e)3) !/1'. (A +a) (16)
end L B ;B
6! = }./7‘ = ‘j; +Ei‘l=l Xi di)/7 (17)
For di =d , & conctant
n
Yog {1+-.1: 2 % d):log (1 + ) (29)
nx i=1
and n
L5 20z (1+a)=20z (2 +a) (19)
n -~
i=1
therefore, substituting (18) and (19) into (14)
8a=0. (20)
And finally substituting (20) into (16) yields the reswlt:
7 =7 (21)
B! =X (L +a)y . (22)

Experimental tests (cee Table 3) verified these results for - I, 5 data.
i
The shepe paramcter, Vv , rerained constant for the scale changed data while

the scale parercter, P, varied as suggested in equation (22) sbove.



and since
P [xi @+ di)] =P ()P Q+dq) (11)

log P [xi ( + ai)} =log P (x) +log? (1 +¢), (12

consequently substituting (10), (11), and (12) into (8)

n
-y i 1 1
v = - 3 ——— - v £y - o ™
A' = log x + log (1 + 2 X, di) = log P (Xi) = log P 1+ di)

n x i=1
(13)
Let n
: 1T 2 300
e = log {1 e XN di) —nlo;,P (l+d1), (ak)
i=1
then substituting (4) and (14) into (13) gives
A'=A+2 (15)
Now substitute (15) into (2) =nd (3) gives
RN
P o= [Le @ @ea)s)Nls (e (16)
and
wh ¢ 4" 4 B \
ﬁ' = x/y’ = [ X +-£ i_‘ Xi di;/7' (17)
i= |
For di =ad , & coastant
n
log (1 o d) = log (L +a) (18)
n x i=1
end . n
=95 log (A +a)=120z (2 +a) (19)
n —
=1
therefore, substituting (18) end (19) into (I4)
8=0. (20)
And f£inally substituting (20) into (18) yields the result:
7t =y (21)
B' =X (1 +a)/y . (22)

Experirentel tests (cee Teble %) verified these results for - :-Il 6 data.
The shope parameter, v , remained constant for the scale changed data vhile

the scale yarexcter, P , varied as suggested in equation (22) above.
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