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. . ~ . : . . _· ,· -.-,< ): ,· 
Methods of solution of linear integral-· eq~ations ari 

d~scribed . Methods are compared and ranked witr respect -to the 
,f. ease with which they can yield exact analytical solutions in 

:~~· ·_ closed form. It is concluded that meth ods based on transform 
'-· _ theor y are most . efficient. The transform method uses the tr ans 
~ · . form property of the kernel operatoi itself, or that of an 

" · ; . . exte rn al transform operator, e .g., Laplac e 's transform. In the 

.. . •. ·-' ·. 

• !_· 
- · latter case the integral equation is Laplace-transformed, wherea s 

in t he former case the equcttion is llkernel"-transformed . The 
kf~nel -tr ansform pr?cedure · yields immed iate result~ whenever the 
n -iterated kernel operator is expressible as a linear combi nation 
of l ower order iterated kernel operator s. The Laplace trans form 

. _ method yields i mmedia t e results wheneve r the integral in the 
.~ ; : .·. equat i on is a convolutioh of t he kernel and the unknown func ti on . 
. ,:- •:• · Generalizations are p9ssible. · ·/-: __ < -;:_ 

- ··, . . 

·• ::· ..... INTRODUCTION 

On _the whole, the usual method in r eservoir an al y~ is
·.·.: :· : to solve a problem can be curt ly summar iz ed in -:he follmving 
· ; . _- procedu~e. The problem is formulated in terms of a partia l 

.. \ · : ,:_ differe11tial equat ion . Either t his partial dif:erentia l equa

. •·. _.: ·_ tion ca~ be so lved exactly or the equation is approximated by 
· the method of finite diffe rence . The solution is then obtained 

numeri c~11Y from a computer, the problem having been reduced _t o 
the solution of a system of linear or nonlinear algebraic 
equation s . In stead _of formulating the problem in terms · of · 
differential equations , one might formulate t he probl em in 
terms of int~gral equations . Actually, the integral equation 
is more general th an the differential equation. The integral 

_, equation is ofte n still va lid unde r conditions when the dif
· ferential equation breaks down . 
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The use of integral equations rai ses several qu es ti on s. 
First, how does one formulate a ~roblem in terms of an i ~tegral 
equation? Second, when i s it po s sible to formula t e a problem 
in terms of an integral equat ion? Will this formulation be 

\ pos sible , whe t he r the differential ~quation be of the ellipt i~ , 
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parabolic, or hyperb.olic type? . ·Third, once a problem has been . · · · :, .. _. · · /j 
formula~ed in ~erms of an in t etj r al_equation, how d?es one obta i n •~ ~ ~ 

:- - ·. 

. a . solution - e i ther an exact solution or an approximate one? ~- · · f 
Fourth, if the solution is ob t ained exactly or approximately, * 

. is the formulation advantag e ous compared to the formulation of , . .. · .~ . ~ 
).• -· · ' the problem in terms . of a differential equation? _.· ·-.__:":/ -,: -: }· :, ·· ~-

•. This particular me m~randum · is, not concerned with the Ji<:.·::: ·' .. ff 
; ;:~ metho of formulating a proble m in terms of an . i n tegral equat i on. _ 

. . It i s c oncerned with the •m.ethods of solutions once the problem 
~~~:: has ~~ n formulated in terms of an integral equation. Even /<~LL the n the integ r al equation considered here is not the most_ ·gen 
·.> .. -.· .. era i .t egral equati.on. The integral equation considered is a 
f.::· .··.·:> line a r one which can be put in the form of Eq. (·l). ·. ·. : . . ,, .. :· :. ,: · · · ·- •, . , • • - · - . ·-. •' ,, ... ·: · ,· :- - . 
·.::::' ·,;·: : ·.. ( .:· ... . ··, ;. .· . 

. .. .· ~ -'. . -~--: . . ... . . . . ' . ·-.t_'i-...· ··· ·_ - i> . __ ,.,.._,._ .. ,.• ... 

<:'· J Cfcx) if !<?!,'V y?~)ds = f {X) 

. <.·:·: .~ 
(1) f 

.. .. . ·., .. : a . -.· -
:·::·_-•.'J:·· ·The i nterval of integration in the integral is called the range 
-.--'.:, -:~;,:. of t he integral equation. ,0( x ) is the unknown function, 
;..,: ·' . K(x,s) is called the ker:nel of the integral equat ion and f(x ) 
(· ; ; · is known as the right-hand side or free term. The character 
·. -:>_ . of . an integral equation is dete rmined es$entially 'by the prop 
_,> . .- ·: .. :'· ::_ertie s. of the its kerne 1. If the double integral, ove r the 
_:-: ·.·:~ .:: range, of the square of the modulus of the kernel is finite, 
,· .. >: :::,: the.equation is said to be of the Fredholm type. If the kerne l 

::.'. ls° of the form /:~Xs~ir where c.us. less than 1, 

.. ·:...:· z. 
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i >< ~ 
. f{ ·· .• ·-.· ~ the integral equation is said to have a weak si0gularity. I f 

i ·> •the kOrne / is of the fo; m \ , If {X, .S) , the integral equation \ 
·- · - ~-· X - S 

. t 

.K 
,-. ·• ~.·1 

is said to be . singular. The i ntegral in the equ a tion must be 
_ .. understood in the Cauchy sense . In Eq. (1) if o = o, the 

equa•tion is said to be of first kind. If b = 1, the equation 
. _said to be of the second kind. If the right-ha nd side of Eq . 

. · · is o, the equ a tion is said to be homog e ne ous. · · 

-~ ~ ll 
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_·-, ._: ·.· => .. ·_-, _ ·. ·· . ::::.//· :·-:. 
... . . ·. :: : : . : .. . · .· ·. :..·. ··:REV_IEW OF M

0

ETHODS OF SOLUTIONS 
. ... •• : f . . • 

·· .•-: -· 

:_ . . . : : . . tt· .. ·. ·.. ; . 
. . : . "' :. }_ : : .. '-. ~- . -.:~-:-:':~ .· . ~.: ~--:_. ~-.: _- .-; , . _· ~-. . . .. . . .. _. ' 

. ·. •· :_ .·- ~-:..' .-._-_:___ :..__,___ - . - _.. . .. . ·. . ~ : . . . 
. . . ,~ "' . .. - . 

-_,. _., _ . -•:. ·. 

'. . --:- ·-,.::::: 

. ~ - : .• \-.·;_.:_:~_. ~:_\·:·: ·· 
· :· rn the following, '_we shail . use an operator's ·notation . . , . . : -

We shall call. K an _?per_ator; defined by the equation ··. / '.<;-/·' 
,_ ., • : 

• - r-.· • • • 

. . _:--;;-, .. ·.•:'./.-. . -_.· 6 

I<( ),o,,:[ l(~,s) 

I ,• - • • 

~ .. 

f:)),,; ~~!~ (W notation in :~.· c•s• :·s 
. : . . : .. : .. -~ ·' . . . .. _-. -~ .. - -_: . . . . . _·: . 

. .. ... · -_ . ' : 

·; ;_- · __ : __ . -. f . . :-.( 3) . :·· :_~~-.·_ .. 
. . :;.··--.·. 

::2/ '·.:-::·: _ K,0 is called · the kernel transform of ¢. . : . ... _·: >-:_.:~·:<: ·.-: ··: · .. -~: 
. ,• .. : . _, -~- /".:. : .. ' ... · ~- .. _.._ . . , . . . . . 

~ . . . . . ~ . . : .. . :.•-: . ~- .. . . 
.. · • ·: .: . 

(>(_\·_:_·_._ :._: Success ive Substitutions · · ·· · ._ / ._· _.· ·:>//.: · 
'.. ~~'.,'>:_··;_::·. ·. · . · · It. will be assumed that the si~gle integral of the · · --~-
·-::: ·.·.;J .: ._ ; squa·re of the modulus of f ( x) is finite., Then we can write 
·,::;_· •<_>, . .-__ '·.f _q'. ( 2) as ·_: _ : . I:, .. .. . :· :. : ; . 

;,f;} .•... ,y>(X) .::j(xJ T-1/Kcx,.s)~{sJds 
_ . .. . .. . 

• .. . 

· .. '. (4 ) ' 
\ ' .• . · .. • ·. , I . . ... a 

:·~:: -)-_. ·-:·::::/\£ we substitute under th~'' integral sign the value ¢ obtained 
'. 1 : :.:· . . . . . 

.·_.·-.::•:····:· _from Eq. (4), we obt_ain 
1 

.-· -:· 

. . : , :- . . . . . I, . . -·; . . R o .,6 ': . :·'· ·: ::· ·:·. \ . 

( 4) . . pcx) = {(x) ( ;t_ j}<e<,--:Jjts)ds -f3/<&,1k§;f)y{tJ1ds 
. . a a 

. 
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I 

/ 
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We ·see that the kernel operato'r has been applied twice. The 
symbol for the product is the ope rator K~. There are two ways 
of looking at this operat ion. We have either applied the kernel 
operator twice or we have applied the product of the two · 
operators onc e . The kernel of the product ope:rator is call_ed 
the second iterated kernel. · 
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Substit~ting ~q. 
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-. : ·- ·. epCx), =-
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-. . ·. · ' .. 
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(9) i~to Eq. (8) , · we obtain Eq.'. : (~O) . _. 
. 6 , . .. 

/(x) r ?tf .P(K, s;_A)j{sJds : ·. · ... 
... . . a.. . " . 

---....;~-- -~----:---

(10) 
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_··. ··- .. ,· Formally speak~ng, 1f the resolvent is first calculated, the 
. ~ ·· solution is obtained imme dia te ly by Eq. (10). Even though 

.. _ . . _.:· Eq. (1) was proved valid only for small values -f ~ , this 
•.··. · suggests that the solution may always be of the f orm give·n in 
·· ' .:,. .. _ Eq. (10). Naturally for la:r;-ge values of ~ the resolvent is 

. :•: : _::;· .. 
... ( :· ... .. 

. : .· ~ : .. .. -. : ... ~. :· 

·.: · . . · : -_ ·:' 

yet µnknown a~? wou~d be given by a different expression than 
~q. \.9). . . . 

, ~--· . :, ·_ ·: 

. : : .(.>~~:~_:--~ .: :· .. 
f M •• O o 

. ...=· . . .·. : ' : . ' . . ~· 
.• .. ·:. · · ·· - ~ "The method of successi~e substitutions .leads to a 

·: · : series which, as a rule; ~c an not be summed in closed form. I n 
\ -· .. ·. practice, the me thod of s uccessive substitutions can give on l y 
;; _· .. ~ an approximate solution of the integral equ a tion. As a rule ~ 

.. ; __ :: ·· .. _.-. 
. ... ; 

.. : ::. •·: 

. o-:.: · . in the cases when t he series in Eq. ( 7) can be successfully 
· _: :· _·---: · summe·d in closed form, it turns out to be possible, with the 

. .. -
. - ·-·•.· 

'. _.--~- help of some spe cial trick or other, to solve the integral _: .·· . . -: : 

-~ - · - · equation without having recourse to the general :theory~ 11 1 
. . . .. ... .. _ ., ·. 

A particular type of Fredholm's integral equation 
as ·Volterra's equation corresponds to the case when- . the 
limit of the -integra~ is the variable x. 

. ... ... .. . 
' .· ·· 

. . 

known 
upper 

. . :· ·- )( . . . 

... . ' ; . 

( 12) . . .. . 
;--:--,_) ; .. pCXJ _ ?i.j 1<0',s) f°{.sJ ds _. -_ /{x) _ 

· .. .. .- .. · ··- ·-· 
ar _, J .- .. · • · a .. :· ·\ \:-.::· -~: . . . ~.-:· 

. . . .. . . . . 
: . . :~.:-~~--: ·• · ... · \:: 

··:.:_\_, ' __ -__:.· rhe rang e of this integr a l equation can be reduced to that · o"f the _.· 
·, ·: _-_:-·.:.· · Fredholm type with t he un derstanding that the kernel is equal to · .·:;_ ··: > · K(x,s) for s < x and 0 for s > x. If th e free term in . : .. 
··._. __ '·._. · Volterra's equation is absolutely inte grabl e then successive . · 
: .. :_· .. ·_ ._. .· _. substitution s for t h is equation converge, . for all values of;/ 
\ ~:_ :-~:-·:, : ... This prope rty is a l so true for Volterra's equation with a we a k 
··, . · :; .. _· singular ity t converge nce 'is slower). _ -· ~. · _ . 

·· .··· .... :·: , · .. : "'·, , . 

-·. . .. : ·- ·,, ...... - Successive Approxima tion s 
' • -· 

In the pr e~ious me thod, the zeroth ord~i . appr~xi m~ tion 
· -. ·: __ ·._ to the _ solution was chose n e qual to the fr ee term, but the 

zeroth order o f approx i mati on could h ave bee n chosen in
2
a c om 

pletely arbi trary manner. The procedure will conve rg e . Th is 
.. _ ~rocedur e ma y be advan tage ous, with an -ed uc ate d gue ss, to ob t a in 

.an appro ximate numer ical solution but from the form of solu t ion 
in Eq. (10), i t tan be inferred that it will Dot be _ a good pr oce-
dure to obta i n an exact ·solution. ·· 

I 
.· I . 

; 
. I 

I . 

- . . . .... : 
,, . -: · ; 

· : •.\ · : : _· ~•r••.\ . • ' • : 

... .. ..;-·' 

- . ' . - . 
. : . . 

... . .. -

.. • 
: • 

. :.--~ ._ ... ·_ .. . . 

/ 
.. . ! . 

. . .. . . :•~· . 
. . ... . 

.. :-· . ...... . . 
, . ·: \ " 

: · ... : . -. :-· · .. · _. -, :· . .. \ I , 

: -: 



. -- . 
' > . ' . 

- . · . 
. - . ~ . . .' 

... ... 

. . . 
-.. . • · . . ... .. · 

. •• . . · ... ~ . ,. . .. -

' .... . .' : . .. _. . :~ .. . . . 

. . . . . . - . 

.. ~ . 
,.· ,. 

. 
.• .•· . . 

'! . -.-: ;. • ~ ~ -~ ';, -~ :· 

-• .. ·, 
. · . . ,.. · • . 
. ... : · .- .:. · 
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~ :_·: :_. ·:-: .. . .. . • . . -~ 
. ----- . 

.. -· 
. . . .. . -- .6 . 
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. ·· .. . 
' · . . , .' 

• • • - • ·-~~ : 1... • • • • ; _ • • 

. - --
,: :·-_·_--:.~'::_';_ ·: :oe·generate Kernels 

. ·. -... .. . ·-- -
. • : 

·. '. .. "·: - - - . . .. - . -.· 

· .·· . ·-.. . 
... . :~ : . . "',. :_ : : '. ~ 

: .:--· ;·· ·.·.- : _ _. .. ·. -
·- ·.· .- .. - A 

.• :y :,(l,~}. :: finite 

degenerate kernel is a kernel which is constituied . _ _ _ _ 
sum of products of _ a function of_ x times a function · _ . . _ _. .-:< / 

. - :. ' .- -~ .. :. ·, .'. ___ ;:-_>·;: _~'.'_'i ·i-· .. . . . ~'- . -~,' : __ :-_-·._--_,/ '.{\i,.·:.J:\;. 

--~~t(~,Sj_= ·J~ a,-{x)4'';sj ·_ ,· (i3; :i',"':} 
:-\}t-t· ~~ :· .. ·•--C . _ -1;.a-:- ~~ = - <: '. ,. · .• · Xi ·. >:f;{i;:{}:; 
.::) ·:\· .t:_·-~wh7re the· func~ions ai ( ~) a1:d bi ( s) are linear 1 y ;ndependent. . _ -~, ,.-... __ _ 

' -: .. ::_·. -_:: · <• 1°his c lass of integral is simply solved by reduction to a . ,. · __ .··:•:<:;_ >:'° 
_:\_\_·. ·::~ system of algebraic equations. The integral equation take_s the _. : . .. ·.- .·_- ._·. · 
. / :: __ :,--".-':t fo-rm _ · - · - · ::.:: :- .0 - - ··.:= · - - -:· - ~-:._~·: ::: · _:--· · -' ,;~-~-: · \· · 
,_::: .. :· .- :'.:.-... · .. _.- --~. - I . n - _f> . . _· ~ ~- - -. . -_,_:}?:'.):_-(}/: 

. . :-=. :.:_·: :, ·. 
. . 

. :. . . . ·'.a._ ,~ ·, ----~ 

•\ 

:.. . -~ :. ;. 
.. 

:J· , :: : ~he scala:'produ;t (bj ,~) = 'J\tx) ~{X) c/,x 
;:::~· i\:j_('. 11ot~t_ion·, Eq. C_i4)_ bec_o~es (fs )-. . . --· -· 
{::(_·/~\ {=- '=_ '.. ·_ --:~: _· : : ~ .· _.>: ~~: .-~ ~-·:· ~-~- -: ~h:. = ·. C' - - - :- ~:: _·'.: :~ - --~ . 

---<---· \:> :,:_ ' _: >~ ; ·.-: ~-. ·_ · - -~ ~ ~ : ·-;;, 2' ( b·· Y;) a/_ { ___ x) - ~ _/{ x) 
: ;;~::.:'' :: ~r -· r: x _. - · . ,(=a . ,, - T' 
-· / -:,":~ _-c:_·-::\ Aj,:_p\ ../ -th.e ·oper·a\;/ Bj ·on.ce -i~r -~-11· j,~; {o. -E~.~ ( 15). 

- · \ · - . ·. - . n · - ·,,-....... , '. · 

. . -. . _,-_ - _ ll·co _ ;/ 2 ti- u;J(JJ·a·): ~-f --. -. ·-q -/~ . / = 1 . ~ "/ r/ Z/ '- - ~ -
"'- · . -· _We _ql;_>tain a_ systerri of n_ equations for n unknown scalar 
· · : -· _products (bj,¢). A solution of this system of equations is 

: •.· possible only if the determinant, which is a function of ;:i , 
_ ... · is different from 0. · . _ . . . · . ,"" . . 

- ." ;:-. ... .. . ·- : ' 

With this 
··:· ~- ·: : ... ·.-. .. 

: . ·: ;- · .. ·.: :: 
. :. · · . -

t . ~ · ·, : ·· •. · . .. . . _: -~ .-. ".: .~- --.~ _ _, .. __ · . • 

0 ~ . · • • • 1 ~ , • • , L " •,'. • · : /•~• • •.•:, 2/ •~ _~/ ~:- ... < : ' 
: -~. \ :· ~ . . ,. . .. ·. •. . : .: ':_ · .... · .. ·.; · .. ~ 

• ~ • ,. • • . • • • ·: •• •• • • "i 

,. . . ,, ~ . ..... _. ·. · . .- ...... ! . . ., 

, . . . · . 
.' : . ... 

.. _. ~ ... 
·. . : .·_ 

· . . \ . . 

-
- _. ··. 

. . . . 

(- - ::l (4,, a,) _;J(4 1 C1:>) - _A(6✓ 1Cln,} 
~-) {41a,) ··1 ~;; (6,21C?v .. -- ~;}(i-2,, ar.:J . (17) 

- ..... ·- - - -. - - - - - _, 
. • . :·· 
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•.ti(A) ·is a polynomial in~ o(order at most n. The solution 
:, . : for the ( bi, ~ ) is always· ·possible except for p_ossibl y 

. · values of ;/ . For the· values of ~ which make 6( /1 ) = o, the 
. ·' -~·- integral equation is either insol0ble or has an infinite number 

.. ., -: -

· ::;.- · . ·_ of solutions. This follows from the theory of equations. -,,:· : ·· 

--- . -·.· .... . -.. ·.·;\ ·: ·,··:_· _./ :~·:;:/ :'};:/<X•:-· 

•·· .... Partition ::e t::l:::::l Of. FTectholm' s e:uation in ~he \enera0l• .·. ?H/ • 
->·- case can be reduced to th·e solution of an equation with a . · ' · ">: :- · · 

de.generate kernel. This can be achieved _by many methods. . For · .·,-. ,i ··.- ·. 
instance, the kernel can be expanded in · a double Fourier cosine .. ·-.. . 
Ser1·es. · .:,.-,; · · , ·' ;•, :_._·,,_:_, .. ·• .... , -. _: .. ~- . . ' - ' . . . . . 

. . • . : -~• • ·. - -:• - , l ,, •.-,: ; •• ~ • : .~ • . : •., • :_ · • -- .... · . · · -.· · ... · :- ·t>:Y~ . ·-
1< (x, ~) '~ :~, · A-;, _cos /~ilT x)· ws!Rff s ,) ( is_} : -<.·-; ., _ 

.· ~ ,¢ = 0 t"' . l.6 - a, ~~ ' ' ' . I . . . . . . i .. . ' -

: ._, . 

.- · -• •. •. • < • • a ·.· .. .· ·- _•..:.,,., 

' '\ . ·: . . 
-· .. · Let • t .,_ • : •• •• -· . ·. : -·- .. .. __ , :.:. 

_.· .. ···/ .: --.: : ..: -- . 
. f -~· • .. • - • 

~ , . ( 19 ). -- ._ -. 
. ) · - . .. . ; ;._ , . , . 

. ·._.: -.. · . . ·. 

. . . . ·, . 

. · . .. .. : 

. .... ··· 

- ~ . . . 

... ...... 

. ....__,, 

! 

' . • I 
I 

I 
I 

I 
I 

then ' 
· , . 

[ 

Kc_x, s) _-P0✓ s) 

.· ,- · . . 

+ l<(x, -V 

--~·:_)/ < : 
. ·•·/ ·· :.- . 

-( 20) 
. . • · .. :,. -·.· . ~ . ' .. . 

Provided n is large enough and the single integral of th~ s quare 
1 

of the modulus of the kernel K' is less than a constant C', the \ . 
-solution will be fairly accurate. Any partition of the kernel 
into a degenerate kernel and a small kernel is applicable. The 
method accordingly red0ces to this. Without changing the right
hand side of the equation, the kernel is teplaced by an approx
imate degenerate kernel. The degree of the approximation to the 
kernel· is determined by the value of C'. 

Application of Approximate Formulae of ·rnteqrat :.. on . . · .· 

- The ~~proximation oi a kernel by a · de~eneiate one, as 
well as the method of substitution, requires a number of quad 
rature~ . . Instead 1 let us replate th~ ~ntegrand in the eq~ation 
by a finite .sum ot values of the~.,. functi9n at _ !-'§~gular:-_yalu~-~ of x in 
the , inte!,'val ( the rectangle formula) · ·· ·_: _-.- .. . · .. ___ · ··-::· · ·._ 

·.- . . . . . . ' . 
•• •· M . . , . . -:( 

I • , • • 

. ' . • • i , ... 

. ,. 

: · . : ·;·_,: . .. 

. · .. :- .. 

. ~ . · ,. 

·"'-.. : 
. \ l 

' 

: · ·• . ·, 

'. 
I 
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. . · . ' . . : \. .· ~ - . . ··:.'., 

. .. . .. .: . . . , ,: 
. :-·. ~· . ·.· ': . , .. ,.. .. . ·. ·. . - . .. :-··. :·:• 

--.. · 6 . . . . ... _ 

)_ 
( 21) 
' .. ,·. 

·.- ,,. -- -·: .. . j Kcx,~ }O{sJds 
• I • • • • • • · . . . . . . a. . . . . . . - - - -- :-

. , 

.· . 
. . ·- · ·-· 

- . . . ... - . 

~- · .. :, . ·: ; . ,:· . 

:in the approx.imate equation ; 
. , ... ~:-: i:~ .. 

n 
,_ Y,(;<) - A/2 k~ -l<(X,X,1;) lp(XR) -
,: 1 . .-· .... - . . 

/ex) .... ,. 
. ... ... 

:>L-:/ >; :· Iet ':1s· replace succe -~sively ' x by_x1, x2,.etc·.?· XQ· . Then we . .. ·. · ·,;· 
. t··O:. : ,· obtain · a system o_f linear algebraic equations in J'.'.l(x1), etc., ;-··: :; :>:· 
~;· .. :.:_"• ·: ¢(x0 ). Solving,we obtai n ¢(xi) etc., ¢(_x0 ), i.e., the value . . 
.,:- >-<> of the solution for discrete values of the variable. Interpola
- ~~ ~ ~: ~_tion for the complete solution is best obtained between the se 
-. __ ·; :··:,'.:_:.: points by the very integral equation · formula ( 22) because · . . . . · .: ··,.:,: 
·;/~::.:.- .: ·_ . )O(xk) i is known . . ·.•· , C - .. _ -. : -·r:' .- i .. 

. , . I ·_ .... -:·. . -- .. -· . ... h . . ·. . ..... •.·-.·: .·.· ' .· _·. 

,, ,_ i ?'9~) ,=/(xJ i- JI;~ l<(!,XJ?) ?°(xR) (23) .,: 
. . . R-1 . . .. · • L 

--:.;.: ·-··-:_=,. ~-·. ~_; . ... 

:\·:::'..'.·, More accurate results ,,.;ould be ~btained, for example, using 
~ :·-~ .:: .··:· Simpson'~ Rule ~ns t e ad .of using the rectangle f o71!1u~a. 

···· -. '. ·-: . . -:- , 

.·. ·. -: >:·-

-., .- - -.- . -~ ·. -
··: · :; _::.:··. Fredholm's Me thod of Solution 
. '. ·:-:;-: .:· . · ... · . . - . . .. 

' .. 
._·_.-·'_.• : 

·" __ ; , 

_. , ... - . It was seen earlier that the solution did not exis t · . , · 
·. ·.- .<:_:._ .- ·-or was ~ot unique for a numbe r of values of /t · in the case of .. _ .... ·- ._ 
." .. . -.-·. ; · a degener a te kernel. For these values of ;::\ , then the re sol vent , .. · · _ . 
_;_\_.· ·_-~·, ·_ in Eq. (10) must not exist. The values of ;l for which the ·\_. . :. . 
. .'··. --:_ ·· .. resolve ~t of Fredholm's equ a t i ons exist will be called reg l ar 

,:· , !~f/~: \~=i~:~ ~fg~v!~~e:~ich the resolvent does not exist < . '( 
:_ · Fredholm's alternative : either the inhomog e neou s 

'.· .. ./ 

. / 
I . 

·/ 
/ . . 

. equation i s soluble whateve r its right-hand side may be, or 
else the corre sponding homog e ne ou s equ a tion has a nontrivi al 
solution. Nontrivial solu t ions of the _ homog e neous integral 
~quation are called eige nf unc tions of the kernel, or of the 
equationJcorres ponding to th e giveri eigenvalue. Based on t he 
idea that the method of appr ox i ma te formulae of integration 
will yie ld the exact solution in the limit, Fredholm was ab l e 
t9 · obtain a solutiori in the fo~m · · · 

.. . . ' . I ·. : . . . 

✓-

. ~ . . : . _,. . . ·.. . 
. \· - . 

•: ·.' 

. . . · . 
.. ... :· - ·. _.,. _:·. 

•• t . • C ~ ,• 

.· . ,.·.· 

. . .. ·, . 

··-. ---- ... 

' . \ 

.. : . . '\ 
, • • I • 
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. . .. ·. -- ~--. ·, ~~ _· ·:_-. ~ ~-·-_--;--; -~-:: -~ ... -._, - . . .' ·-: .. ~--~ ... ';: 

' . . .. - ·-· . . (. ·- ·. · . .. . 
: • . ; • : • • -._i_ :· • .. _ . ~.. . . 

. . . ,· .. .6 . . . . :· ,·.'.· .. : ·:::' ·: ,. . . . ' 
9 

•. :· .. . . \_'·:: . . ·_ . .; 

.~ .. , . 

. .. . ~- . . . . -.. : .. -
. · .. ·,· . -

' · . .. ' .... _ 
. "- ·. .. . . 

:: ·."' -i: ' · • 

~ .. ~ . . -:: ~-·. . 

·y?(x) =.· j(x) , -1 ;i·j , iJ(x, s; ;:ij f{s) ds 
. Ti ·. a .1)(_;1) Tl 

. ' - ( 24) : . -. ---: .. -_ _. .. 
...... · 

' ·- •· . . ... _:: ' ?-

' ... - ... . ·,·-

. :- . 
· · and gave expr~ssions for D(x 1 s;A) and_D(~). · The e~genvalues 

. are the solu tion of D( /I) = ·.u. D( /l ) is a power series of ;\ , 
valid for all;}. D(x, s; _;n is an integral fun.ction of~ . The 
entire dependence of the resolve nt on .x ands -is in D(x,s, ~ ) . 

• ,'• . 
/ ... -· . 

,·' ·: . ; ~ •> 

. . . ... .. . ~ 

.. ,_ ... . 

. -.. . . .-.-_. 

.. 
, • , .. 

--.. -_· _f- .• . 

...----.. . 
. ' . 

I_: .. : ._ 
._ ...,,., .• 

.·_·: .·. -: 

: ... .._ 

. Expression s for D(x, s, · A) and D( ;:J) are given in Mi~~lin,Ip. 54, 
55 and in Lovi tt2 p. 32; _.33. • · ·· '· . . _ .. ··.,. , 

. . , .- <· ... /. : f·:'·S\~·<·. :c .. -::: · , 
- ·• .. :,--.-.. ' :·. ·:.;_:f :. ' . . _.. . " ;_. 

.· ·-.-· ~~· :~ -~.:- ;.-:..:_.~· ,' ' ·_:·: -: /·:_, . 
Hilber t-Schmidt Thebry for Symmetric Kernels . ~. 

. . ·- •· .~ ... ... . . . ' . 
. , • .. : · .· -: :- . --~. : :-~ . 

· K(x,s) was.d e fin ed earlier as the ke.rne·i: The con jugate ,·.·_,_ 
kernel, K* is the complex conjugate of K(x,s) · after the variables __ ·. 
x, s have been inverted.. . · _ --. -~ . -: _/ ->. -.. _· :·.·. :_· ·:·_ _ - · : ,-. · '.~: 

:- . '.' .. ,.;:_·: .• '. ., ... .. ... _ .· .; 

·. ~ - -
_·. : ... ):._\ -; ~-:~►-.-.: _·, ; : ••· - - . ~ 

: . . -

I< :- --·~··~.J<~ ~ :, _:!·---·\ -/ \ :-. 
: .. · •. , '., ·. ·-. 
f ~- ·•. :-:: ; 

~. 

In the paragraph~~ digenerate kernel;, the ~~ala; · produ~t ci{ 
two function s, f and .9, was defin ed as _ ... :·. __ ; ·· 

1 ·.: -;_.-.;:~·-> .::-,:_··~ _:: 
, .c, ' . • · ' ....... ·••f ftx)cJ(x)dx = (/;J) } >·· 

. a .. :· .-~.-' ·. ,.,. .. 
; • ; . ; .. 

( 25 )_ ·-· . 

. - - -; -. . . .:. . , · ...... : 

. . :· ,.: ~ . : . .- . 4: 
... 

. . . . . ;. _:_~-
.·_ : . . , . ..... -.. .. -. . . . .. ... . · ... 

'\ . . ~ 

( 26) 

_ · This d~finiiion a~pli~s
0

forra~ functions. For ~b~pl~x f~~ctions, 
c: .,. ... · · the scalar product;f::•f .::O~t9 is defined as .. __ <c ,.\';·/.'· \ 

·' 
:.-. · 

I 
I 

.. / 
I . 

j frx)t}J;J cl~ {/✓ 3-) ' '., :." : (27) 

a -.. · - · ---· -t:.f· .- · 
It is easily 

. I . I 
{ 

I 
Note that the 

shown th a-t ·(g,f) = · {f,g) -~ - . 
. . . .6 .. ; · .. . 

symbol Kl", me ans 1 l<'(!<,.s) fP(sJ els . ·, . . . 
f> . 

(28) 

and is 

different from (K, ~) = J K{~/s} >°{SJ ds 
a 

The kernel is 

sa id to be symmetric i-f it is equal to its cotj ~gate . The 
Hilbert -Schmidt method of solution of an integral equation 
with a symmetr ic kernel is based on the property that the 

. · . .,. · 
' ' , ' . ,. I . : 

··. . . - : .· 

. . .. . : . 
. . . ~ 

.,__;·:••w• ; .-
• . -..._ .· 

. ~ · ... : . -:_· ~ . \ . ... : . .. 

. ' . 

. . \ . 
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:.-·_. •, •• . _. _ . .-_·-__ ... __ .. ; . ····:_._ . 

.. ·'. .. •·, 
. : ·_- _ . . 

. . 
·eigenfunctions of a symmetr·c e quation corresponding to differ-
_ent eigenvalues are -orthogonal! Then both the unknown functio n 
and the right - hand side are e xp anded in a Fourier series of 
the eigenfunctions ¢n( s) ,- wher·e ¢n(x) is the eigenfunction . 

_. .. -. 

corresponding to -~~e eigenva l ue ;l n• They satisfy_ -~he equa_tion ,.-:. ·:.:.:,: 

y;. 
·= ~ 

- . ·. ~ 

. . . . .. - ,·. ' . . ..-... .,. .::•---:-
' ;- ;_(: :'</: :·:'·.?: :_.-~- .. -;' ... .- : .. ·,·. _.-.·_· ... r:-·. (29) .· .. _._ . · 

~--_·.f-= ·2,'J (LJ . _ ._ .. .::-· ;:-.·.-.· JI? Tn . . : ~-. . . •' · . 
• ·:• •:•: ··: · •• • r; • - .:_. . • , : ► -~ . ~ :~- ;. • • 

-Substituting into the inte~ral equation, we obtain ·. : ·_;i _>'_ ; . · ". :. i.:·i · . . . . .. :.• . . .. { . . --· .: · . ._ 

i ._:-

: . r . , 

-- :--. ... . 

... -: 
. } :.·· 

.. -· . ... . .. · - · ,, . · '·-; . . 

::::::1 : · .. · _:_'. ; ·, 

. :Z qi) .~ - ~ Z Cln ~~ 

Using E~. (29\: it fo1lo~s that 

.. · 2 ·1n · ~·-:!i;:;"''fX fi ::i0r ?· •·· 
~ . . '?: :: 

Finally · 

! • . . l :• • •' ; , ~ .• • • • ·, 

t .-· . ~ .. : . : ":' · •.. . . . - .. 
. . 

. - -;;} · . ..L 
. n Jr; 

·An-// 
. . ·, . . . ' .. · , . . . 

. . .'. ~.. . . . . 
. _. . -~ ~- . . ... :-' . 00 

' . ' 

y>O<) ·-~---· ·f{x)-;-;) :z' 
- . . 17 = I . . . . 

. ,_.: · .. .. · .. -
. . . . ; . . 

.. ·· ,• . 
. . : -~ -, -.. __ ·: i<- · .. 

,· ·-·.·. 
-._ -', . ' · -, 

.· ... ·.· . 

. .. .. . . -. . • . . 

:_t){\_'::_; ·._ '.. _·•. '. 

1n ~ (x}i/Ft . (32) . • ·•••• 

An-;/ . ·.·· .. 
. . 

.. . . . ·_,.: . ... · .': ~- .. 
. . : .. ~ . ,' ·. ~-. . ... · ... . 

. . ·~ ~ ~ 

. . / : 

,: · Integral Equati ons wi th a Fourier Kernel · .. ,•, . ~ .. 

.' : ... · :. : . ·; ,; . 3 ' 
-;' . , kl in tegral oper-ator is said to have a Four ier kerne l 

. :-._, · '._ if the produc t of two operations is equivalent to the . identi ty 
_·_·.· operation t imes a constant . ', _ . ·- -:j;;-_ .. · :_: .. · 

-~ , ·. . R .• > · 
. ' . ·.:. . . . . ~ 

- I 
I 

I 

I 
! 

.. . : ~... . ·.: . K = C _.,·· . _ .. :: 
... : ' ! ~ - .: t. •.· . 

. ·. 1: · . • 

· To solve ·_:· · ·.·· .. \ ·-.: 

'. 1. 

f . 
. . , .. . ' 

it suffices t o kernel-tran s fo r m Eq. (34), which gives 

- :;) /(Rfo -
. I 

:· . ~: .. 
-. . .. 

. -
- ·. : 

. . .... ... .·, ... · . 
• I 

. .. , . . . -... 
. --·· . 

. . . : .. -~ ~ : :~ · .. ·.. ·.·• · .. - .• ..... 
·. . . . ~- :. . . . .. . ' . ·'. ·: . . : ·, . . 

·- . ' . · ... 
' ' 

• , .. . • •. • •• ·, I 
. . :, ... 

: ·, . . 
,·· ... 

·- . 
. .. · .. -~. . -

(33) 

{ 34) 

(35) 
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Using Eq. ~33), ·0e get .- (36) . - , _· ·. ·• _ . 

-:~\ , .k'>° - ~er = !ff 
-.. -

. ·: . .. 
,. 

r • -~•/' '. . :'._·... -~ .' ... : ...... -. . ' . . -. 
_. ... ·-.-·- : 

-_ -\;.:-.-; · .. : Elimination of 
.. _ .. - -~ . . : 

: ·::·--; _<·r .. .-.. ·,_. 
.. ·.· •.· . _::" . ... -:· 

' _:-' . . . ~ . . . .. 
: . . ·.• .. · ___ _ .. ; 

--.... - ~ ~ ' : · .. _ .. ' ... 
1 • • • • • 

. ;- - . . 
. : -~- . . ~ .. 

. .. ~.:.": •• :__ -: ."!.· ~- -• • 

. : - ·. 
. . :-Ex.ample.s of Fourier Kerne ls3 · . 

;" ·.:·.~ · .. 
-~ .. · . . · .. : :· -.. • 

Range Kernel Transform 
. :, - .. 
·: ·,.;_ -., ·_; (o, C>o ) c·o·s· (xs) . 
'--:--:--': -:·: , .' _;, , , : . , 

.. 
Fourier cos ine transform 

, ... ___ .. . :.. (,o, .. ~) sin (xs) 

::::: :·. <.- :.'·:. . ( 0, ¢0 ) y;;· . ·c7)-l .. ( XS) 

Fourier sine trinsfori · 

Hankel transform 
. ·-~ ... . 

·-'. - l (-Co +Co) ·:_···-~ · .-· ., . x-s 
,, ·, . , ' f . ; ' . 

/~->-:::: _ _. (O, e,o ) I 1-(xs~~\ .· .·~-~--.··: :. ·. 

Hilbert transform 

. __ .: ::·_-Note that if k(x) is a Fourier kernel function," so are k(ax) 
.!.(.6-~ h 6 ... 

-- · .· . and X 2 . . I"(( X ) T_he resultant m( x) 
. ·. C,-0 . 

. . .. . '-' • . _: :-
. . .. . ' .. . 

. j ·.: . ' .. . _ .. . 

. . -~ . ' .. . . . 

. ; ', _ 

',. . -~ 
~ -. -. . .--. 

. : : ·. . :· 
·. -. - : . 

~-: \ : .. 

... · ' • 

:- . . . . ~ 
•· ... . . ; ·~ 

' .. . . 

\ .. :- . .-
1 . .. 

. . 
. '- ·• . 

. .. _\ ::_ .·\ . 
;· · .· .. . ~ 

ln{X) ·==f ;f(x~ lrs)ds · __ ( 39) 

/ 

I 
. I 

/ 
I . 

0 

· of two Fourier kern~ls, k(x). and -/(x), is a Fourier kernel. · 
Thus · ·.· .- : · · 

••• - • • • r ·. ·- · 
. . . ~ 

, ·. 
·ds _ Sin (a)() . 

· .. ·._ ·:2T7a . 
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, Integral Equations with a Generalized Fourier Kernel . .... 
. .... . -· 
. ·-, .-

The operaior with such a kernel is such th~t _the pr6duc~ 
__ -· of n operations can be expressed as a linear combination of lower . d t. · .. · ; : r. -. 

·_ ::=_·::--·>_.- ·:_ dr er opera ions ,. . < ·_:f_;-.:-.---'. __ .-_.__; ~ .·· .. ._. ... · .. . t ··· · _ _ ·./ >\ _.-'. _-: : .. : 
. _;-. · . . : . : . · n n-1 " . - · ·· · · - ! · . · · ·. ·. 

· .. , - \~- ;- . 

. -.:. . :- · . 
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·• · ~ : · a11 • 1 f f •· •· \~/( f Clo _· : <
41
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:.\ /;_ ,-~:·_··: Say K. ~ a~ /( ¥-a;/( -,L C/
0 

,-- • . -._Then"-:h_~:, \~tegra~ -~
1

quation . .- -·~.-

\/ ·' -.· ·i 'is kern"~l-tran.sformed twice · _/ .'.°-: ": /·: .• · ·. :" ·,,.·:} ;; ·. . . .. ' -'.> ·· '.:. 
- · -. _: · . . . -·· t ~// :•· .- _-- ---'.: ctJ _) ,<ca -~~/:J · .- .. .- -·:· <;:;:,r; :>' -;\J. c42{ , 
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A k< :f = J<_. :£ . . -.. ·_ .'{/\~: ::_,i . -
• p _ ]- ·. · ( 44) '-:- --~< . . _ 

.. . . : ·i : _. ~. 
,"-: ;· __ · .. 

K2¢ .·and K,0 can be elimina ted , _ _ . 

{"·-- '. '. : \ .·: .. 

~:( .. _ Between the abov~-\q·u;tions, K3,0, 
';, ·-- :-. -· .. with : the result . · . · - .. , :• ; . ·. -~-.... _. 

_; :_ ... _· :· · .. --~ ' ' - . - .- . : .. 
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. ·.- . _ .. .. _ : 
. -"', .. - : _. 

f=· -f ;J2kt . -. .. : - . 

(45 ): 
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' .0::0: · .:. For a .9e!1eralized Fourier ke( nel of order n, ·· \' .. /\: ,- . 
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- -;";,~)f r- -· r :/b-2_ Aan-J)(_/( f: f"K'" hr (46) \ 
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' Integra l Equation of the Convolution Typ_g_ 

. '·· · 
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or'. ./r·.-1· ·. k0'-s:J {Jds , · where k of n:g:Jt: .argument·.• < :;;·.? 
. 0 . ' . 

is identically 0. Take the Laplace transform4 o/ Eq·. -_ (47) . :'/ :/~_, _,·; · . .- .:, · . . 
-~- .... ; . ' . ·. :' .. ~,:\/.>.-.. '..'. ,·> ' . '. _._:;_::}.>:./\~ .... .. ' './;. '· :: \: 
: . . ;- . 
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•.·. 

: ~>" - J(!y;)(_.1.Rj. = Lj: >_,;.: .. · . (49). ;: / 

>1 ·-:. ··:- .. 
• I ~- . •, 
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. • ,, • •, • • • • ' l • , • • • ~ ' . • .: : • •~ •:· :. _• ~• • :. • . •.,: 

The sol,~ tion of. E q. . ( ~ 9 \.f s imme; :;e . __ ····-:·.:·: ;.:._._~-; .•_·. •.•.·.•-·:c· ·::::···'..;-:_:.•:.:._•·:::.:.::;,:.: , i:··••:·.·~··•.·· ... ·.:.,, · . ... · ·.··• { : \ c · . ·\ : . o:, 
. . , ·. . : ;:.,·····;LJ ... ·•.·:._:.::_:_, =.. ... ;: .. ; -!. k . . . ii (50) .·· ., .. . .. .. · .. . 
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·:-.·- ;;. 

. . • .. : .. : .. -: ~-.. , .. ; .. -. . · .. 
.. . . , ~- . -~ . :: ; . . . . . . . . ·. 

• J ~ -• ~ . .. .- : • .• • • , ., I . •· . 

·.· _.,, ·. . 

The solu~ion is obt
0

ained by. taking the inverse . ·t~·an:;fo~m of L~ 

. .... . . .. . 
,• . . -.. I . ~ . 'L-f /_~t_k] . L: '. / ' .. (51) 

•; .- . 

. · •:.:·. ;:· Is the convolution propeity a property of" the Lapla~~•·transform 
;_;... ·. · .. · only? Let us consider the more ge neral transform . · 

. . : __ ·.::· . 

, . . . '.· • . ~ -
·. . . 

. ·. · .. . ~ . ·;, .· · . . ·_ ·1·· . . - . c:; 1.~ 
1
~' lJ 1'f - .. ... ·.:.:-~:<\~:_'·:· . 

_/ J. /1 '2: ,,,/ CIL > ·/'•.:: ··.< ,·: -;: • .· .( 52) 
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. ~ ·. ,: ~~'J. : ... ,,:, -. ·:· 
.: •"(--<" :\, •-· .· -

·<.·>·:: ··· 
. . .:::, 

?.··:.\ . : ~nd defi.ne the same convolu tion as before 
. ·-.. ~;-' ··· .. : : . .. ·_ · . : . . 
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·. :_. 
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( 53) \ . 

Then it ~s possible to take the transform of the convolution and 
· as f~r t ~e usual Laplace tran sform, we invert the ord~r of ·nte-

·. gra ion . 
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~---" Let t _· L = u and dt = du. . Then the transform of the convolu- , . ... ·_ .i·: .. ·::_ 

0 " tion ~~~ome; ~_ .· f ;~/[°j(.s; tutj/(aJda} d~ ·. _ :\L'.t.\ 
-·. ·_ . . ·: The transform will have the~. Laplace _s:onvolution _ p:i;op.erty if . . . / _··\:_::~-~:::·:}: 
·-:·· . •. _ . ~--· . . . t>.::> . . c,.o ·.. . . .' ; .· :_:: ·• · . . · /:..,'-:_'.:.:.··.·: ---·<. 

· · ·. . . A.c = f.Jf ! ~(s,1:jdz:-ffr<LJ ;] {§ u)dtL c (56) y;.j::x 
, . ... . · . , . . ·_: 0 . . 0 . :-:·:_:\';i·'.::(~?\:/ 

: · •: : -- whi.ch requires ·that the kernel of the transform satisfies the • .. •: 

} . · ·;un~t-ional r<>la~ionship . _;J {_S, Cl_;-Z:-) = lf (s, lL) ;:{0 z:J (57) ;! '.: '{t 
.. .. . The sol Hon of ~: ;~- ~qu: uon"' is ;:-- _';? &, t). = ··. e Y(S) C .. - 1~).t 
:· 1:. . . . .• •. • . ·. • . . .. . ; ·- ·---•. ·. 
· j · ,~ -.: .:;..where V ( s) can be any arqi trary function pro.vi:ied that the integral · 
J . · ·. · in the transfor~ converge~. In the c~se of the Laplace trari sform, -

:: , Y ( s) = -s. The.ira·nsfor.~ J'!;. (l~s)t { J d/- = ;o; t[ J dt . · 
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- is -another such transform . . However,- the usefulness of such a 
: fransf~r~ ~s conditi6nal to obt~ining its inv~rse. 

. . ~ ... . ' . . .. 
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· Integra l Equations with a '~ - -~L · ·_ ..:- :--

Product Kern e l (That is not a Fourier Kerne l) 
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_ . Is theri a tran~form to give an appropriate . convol~-
: tiori ~iopeity? :The con~qlution is of the type 
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· - -- · ccf-)- f k (tc) <rli:)dt-
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o . •. 
and the transform must be such that the transform of the convolu
tiori be equal to the transform of the unknown function times 
any function. · ·- · · 
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The transform 
satisfies the 
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-: .. ; · · ·where f-(s,u~ is 
_:: . . - this equation is 
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· t .{Jdf willdo.-
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. Applying the Mel'lin transform to the integral equation· , . · 
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·.· Finally·, the solution of the integral equation is· obtained ' by . :··: · _-:: •.:: :_; 
. taking the inverse Mellin transform of Eq. (64) . · , _: : ;. ·>.- -.. :· .. _::::,.: , 
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Int~gral Equation with a -Ratio Kerriel 
·1 - : •• 
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.::-=~- ·. · •·· .. form 
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Fol l owing the pro~eduri of the p~evlous paragraphs, we look fo~ 
r . a general transform that . would have the appropriate convoluti on 
· property. The kernel of s uch a .transform must satisfy the :unc-·. .- ~ .' ::. . . . . . 

tional relationship · ·· . .. 
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.. ·~- --. ·: If -))(-s) = s-1, then we obt ain again the Mellin transform. 
· · .. · ·. The transforme d integral equation is .. ; . 
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F{s) (69) 

.-~ '- from which the solution io the integral equation is obtained by 
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The relaii~e ~erits of . the various methods reviewed 
. · .. :-_. .. . , · . :· . . 

-- - ._. -· .- in this memorandum can be deduced from the · form of the resolve nt . 
. . :""''. -:a·s obtained by thes·e methods _ .; --·:- : ·<·. -:: ._.:/ ··.-.. _, : 
.: · :-_· - - -- -- _·:_i :-.- .. -_~--:':: ·~: -'._ .'-: -< ·-_--_ z.:.;_~--:::>:\/\-
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:·:-: ·_c : Generali ties 

/;'ptt) - /(x) + ;;{~(!, -V Pf'._.vds ;_; _._( _71)_}_/_·-.t_:_/_i} __ ,'._ -_-_-

.... ·. _.-:_ -. ·:-
· Int~gral· equatibn: 
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The analogy- between Eq. ("-/1) and ( 7;y -i~- self-evide nt.·-:_:·/; ( :)-::·~·,\'.··:'. 
· That Eq.· ' (72) is the gen_eral form of the solution was proved _:_·;_:}_:>:: 

by Fredholm. It must · be noted that the operator £' may not _· ·_: __ -- .· -_,.-,.-'._ 
always be an integral operator. · Thus Eq. ( 72) may be rewrit te n · •._, · · 

·symbol'ical ly and ~07:e _generally_. · ;,:- ,-_..-:,; :.-· ' · · ·_-;- _: __ ·._.::_._)t .>·-:·-
, . _.. . ·. .- ._ .. -~:::.:-· ·, ·-'. · . :_·:· ·_ ... _,; ·:_· .. · . ' ~: .~·-.- . 

. ;·. . ·~- ~ 

Y?"== . f . i- ;J J-Yf ; . ._; , _·_ (73·~,_'.,.·.,c, . 
. : .. ·--. · . . :.·.-. . ..... . .. 

_ ...... _~ .! • • . .· '. : . · ,- _ . . -, ,,.·. ~ · .~:. ..... 

. . :, . -r; > .... ·; , <\' \i • 
In-I .. fn . , - __ ,. .· .- . 

;t J< : _ ·· (74) _ . ·-:·. 
: .-: ·; , . \. . · . 

:; .. - -.' . . .... 

Success f ve Substitutions 

Jn this 
. ' 

. -' :,:.'• 
• '1 • 

,_. ,_ .· . 

'. 1. . , _Thus l' is an infi_ni te .. ·sum of integr~l transform ~p_erators Km 

' .· . .. 

-.· b . 

· · /( m == { ~ (X, 5) {} ds 

· Note that symbolically i ~ follows from Eq. (71) ·and . (73) that 
. . 

· • 

. :7° ·~- =,1--~K I - (1-1-~L1)f _ 
' 

Expanding I · in power series (for sma11 ~ K) 
/ . . .. , ... . 

. I 

/ 
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/ 
·- ~. .. .... :-.. 

. . ' . :·. . '· .. : \ 
. ' i : .. . ! 

,. 
... \ . . ·, . :·-. ~- :· . ,. 

- _;: . 
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-.··1.··.: 

· -. ~\: .. ~ ., .-
. . • - '; . · • i 

. . . . ~- . . . : . . . : .. I .: . 
.~ . : .,- • ., ··:· ., - _. ;. r .-.. .. : .. • - · ·.· .. -· . . . : : . . . -' . 

·: . . : ::: . . :'-,:::- . ~- 18 
. , .· . .. 

·--: · .. 
. ·.· ... ~- · . .. ·: ',_ : . : :, · ... 
. ' . :_:_._,_ . . : . . . • ... . · :--. . . ... : .. : . . . . ... . ·.~ . . . 

-~ 
. ' 

, it 

.., .- ... . . .. .. . ·--. 

.. . . .· .• ·. : . : ' . ~··: ... . 

or 

,:_.. . .. e:,.a 
.· ·£1· . ' ·· · -, 

. . ~ . . 

.·· ··•··. ~ q ;;1::=1. 
. :-. . ;--· .. _: -.~; . -: . _:- ; 

. : / ,. .. ·:· ; , .. :_ ._. . ·, ....... ·. ~ -.. ,• 

· -:· ::. :, i· )f ;,eE' 
'' -:·· .... ·•· :·. · •. - : 

-.• '. ·.:. .. 

(•':· : .. . : ~ . 

-·. ._ ' . .. - . 
Dege ne rate Kernels . . . .,_-. . .. ·: .. : n 

: /ti:I!iF= 7 
, >}{_:'.:_\]:_(;{ : -' ~ < . 

. •_ .. - __ ; · ·-.-
.•··. ·.' 

. -~-r .. ~ 1: 

Cx)LJl· 
Ll('ilj-: 

.- -· •·· .. • 

l •· 

~ \ . 

. - ': . . . where Ci . = LJl· . f ..... =i~ t he solution of the system 
. --· 

.,. . ·- . 

·~ .. 

I 

I 
AC/I) 

.- h 
_ .... ;/2 1 I C

i - J . /~1 • 
c. (b· a·) 

t· JI L . 

·,: .. • · The operator fli is -~/finite sum of scalar prod~ct oper .. ator s 
· ·.·.· as is se en from the solution for the Cj by Kr amer;'s rule. 
~ - . 

. .· .. ;.~ 
._,,1 . · · •,· •. ' 

·· -.': . . ·· . 
·: ~ . :· ·.: 

. : _· . .. · 

:\ ~/.: ,- =Appr~ximate Formulae · of . lnteqrat:f.on 
. _.;: . . 

. ' .. . . . 7', 

. -~ - . _ ·.-::_ ( 76) ·:_ 
. ;: _. . ~ . 

.... : · . . "· 

i: : ·/- .where ... _ ...... _ -.•. · ·. . .. 

'· · ,. : . 

! ·· The operator flk is 
L . ·. because· t i.he Ck are 

. t I po1.n s x1 x2 . . Xk-
I . . the solution. 

solution of the syste·m: 
I'} 

. . ; ;:. ' :. ~k . A I; i, I< (f// %1?) cl· . -

a ·finit e sum of "discre ti zation" 5 operators 
linear f orms of the v a lues ·of f(x) at di screte 
.. Xn, No quadratures are required to obtai n 

: . . · :_-.. 

Fredholm ' s Re solvent - --~ • ! ._ . .. _ :. . • ... 

. \ ' 

-~. .' 

j-, ., :- .·.' . 

i 
. I 

I 
/ 

/ _ . : 

Thi s resolvent 
h _:__> 0 and n 
discreti zation 

, 
. ·-:. · 

. · . ( 77) · 

a . . . . ..;,- . . 

is obtained as the limit of Eq. (76-) · as 
. ·, 

I .. 

-'> o:::> The limit of an infini te sum of 
operators be ing an integral o~eraior . 

. . , · . 
\ 
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-:---; 

; . . - · '\. __ . 
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. . ' .: :..· . . ·• . . . 
. ,: 

... ·· Hilbert-Schmidt .Resolvent . . I . . 
~:. \ " ·::. ·-i:· -_:" . 

· .: .. . "'• .:._ .; ·_ • .. -·.' -: : --

p •• • 

0 . -:-:_:· : .. ._· ·· .. ·· .... . 

['= .• ~ .· >;; (xJ / ~ (sJ f}ds (;a{'.< 
, . ,·: .. ~=1 ''.·_//n-A a. .·_::·:'-7~ ._ .. ~-- ~ .;_·/ (.·\~)~. :-·.> 
, ,.·· . This resolvent is more explicit than Fredholm's but '. eigenvalues .. -:··. ··;:. ···:· 
... · ..... , and eigenfunctions must be known to apply Eq. (78)·. In Eq . . (77 ) · ··· .. . 

:-.· • .' ·. it is not necessary to talculate the roots of D( ~;::\ ) nor the ' ··h' ·. ·· ... : 
·· :·. , ·: :eigenfunctions. · . -· . · · ·\_..L. · .·.·: < . .' >' -. ·. 

t<', ' ;o rier Kernels ... '' { · \;: ; ' . ' c( :-il{( .. {.' · ::IJN}:.j; 
.. · .. ,. ,• ·~- ·. ,:· .. '. \. .· -~ -- ~-- · .· .. . . . . . ~ ~ ... :,-__ .. ~_··."'·.~.'. -: ·._:-:_···. ~ .. ( .~ . .. 

. :_.:· . . .. .•. · F=:· ~= ;CK ····•.• .. ··········,.{, (;9Lt;;',;;.:; 
·_/ . ·:' .. i >_ No t e the equi~ale~~e of Eq: '(79.) and (7.7) •· Beca·use the so_ution·. ·• ..::... . 
-:_·-:<.::. ;i _s unique D( ;\ ) = l~ . ;l2c -and .t, . ·. . .--~-- .·- · h . :· · .. ·. ~-·· •:_:::_·:::_\ . 

/: .... ;;/C1-K _ ;/cf }-1-/Kf!,s)(Jds -j':b(x,s-;·)J/JdJ 
~ :."::'..- :-- >t ··· a > a. . :·,\{/,>,-:-.<·:. 
~~-'/<·: ~ / o'b~iousl y D( x, s; ~ ) ·=· .K( x, s) .·.· -I- JC R(;, s) whe·r ·e ·R( ~, s) is . :·. ;_ · <._·.~/. [:··:::_ ,; <·. · 0 

· : . , ·:-· a :;c-~pr:oduci ng kernel, i.e. , a kernel such that ~ : .- ., >--~_-,. ·-
. :_,·_;·; . . . b .· . . . : .·· •.: . . ·-

· .. ,• :- .· ·.·· 
. . .... ' 

' .. · . . l ~. : __ · . :.· . : ... JR(x,s)j(s)ds= /txJ forarbitraryf(x ) , · : 
:· . . :·: •, .. - . ' a . . . . r oo .. . ._. . ~ '. ... · . . L i( (x-sf fjd's ·· 
I • • • 

. Though the s ame resolvents should be obtained by the Fo~rier 
·kerne l-method or by Fredholm's method, the resolvent obtaine d 

: by ,the latter will look · formally more complicated. . 

· ·. . . The method of successi~e substitutions ~ould have . ··_· 
.· given a resolve·n·t e quivalent to (79) b·ut valid for small ;/ only. 
lt would be the power serie s : expansion of (79~ for small~ .. 

·\ . 

· Pr~ceedirig in reverse order , lt would have taken more step s 
...__,,, , _ ·. to realize that the p·ower series representation of 1' . obta ined by 

"/ .. · the method of successive substitutions would converge to the 
: · c 1 o s e d form ( 7 9 ) ~ · · · · 

i 
I - :• . ., .. .•. . . 

: .- p • • 
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. .. . . · ... · __ . • ~.; \ ·.:- , 

.. · . ·. =. ' !, ' • • . .:., . 
. -~ . . . : - \ . ~ . · .. 

• • . • •• ►: • • ~ • 

Generalized · Fourier Kerne ls _;- :.;:_ :· . .--~:/: :·,<.\::•~-, . 
. '.;: ;.· ./)- / .. : . ; •·. < . . · . I) .3 . . 11·2. . . 11-i ·.: '·:: : . • 

_.:;: ·,_-~·:·>_• .. : .f-1 = A Clo r {!- ;/a/1-I r··· - )~:)l<t-·.' +J (l-;/an-Jk'-1-;J
11
·/(_ (B~~J : .· ,·,.· ._ .. · 

,; -~ '. :. · · · · -, · · · -:, 2. · "'"1 n-1 ---:> n - : . .. , . t '. , ·. ·. . . . 

... . :· .. _-,-.:. : (- ://_Cln-~. -:-. rtCJn-2 - ... - /l a, - // C/0 . • · ·, ·j / f\· ·, _~. ! 
~:.: \~:. . . .. ,.. . ' . .· :"/:/~,;t ~~';· :'._ .. ~ 
:_·.:·.,///.· What was said about ~-h·}:;9urier k'ernel:..method is applicabl / . ·' · .. ·,, \: .· · ... ~ 
>:·:· ._. . The more complicated Eq. · · (B l ) is, the more involved would be . ·. · · · : ... _· ~ 
>·.· .. ·: the application of Fredholm ' s method and the more difficult it . . · ·, 
/<'_. · would be to reatize that the power seri~s expansion of .f-r . fo~ i •. , · · ~ 
·,\ ·.· .< ·. · sma11 /} _con_verge s to Eq. ( 81 ). . . · . . .· .. • .. • . . .- ' ; . .. -··,: .-·· ·:•; ·: · ·t 

·ti· Externai T;ansform ~i th; p; ~p : r Convolution Property . . . S>:; ;<'-~-·:c · I 
<.: _ (e.g., Lap.lace transf<:rm) - .. - . ' :-}?} · j 

~ ·• J 

= IL --,t f L · 1 _. ....,1· .· . ;.- . . ,. ~-_,... i' 

• _r - _ _ _ l I - -;Ji ,{' _, - ( S ~) \ f: 

' ., !: 

- ,• . •, · • .. · . 

··,· : ... 
. : ~ . ·• . 

· · -- · .. The use of the gener a lized Fourier-kernel method is possible 
~ i ·,'.,·' (exactly) only if the · K

1 
K2 Kn-l transforms can be obtained 

e~plicitly. This restriction applies to Fredholm's method and 
to the method of successive substitutions. The 1st, 2nd . ·~ n th 

~::'..,- order transform may still be linearly dependent, or may not. 
. ~ ~ It is under these circumstances that the external transform ' 
· ., ... • method .will -be most useful.-

•· . . .. . . 
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·. ·-· ... 

· . . . ; ... ... 

" . . 

\, REFERENc;:Es . 
· '-. . : . . ·-,.1 M.khl. :, ·. · _ _.,. .. ·. . • . l. in, 

· .. ,. . . . 
S. G. : "Integr~l Equations", Pergc.mon Press, 1_957 . · :: 

.: :-.. :-_· ' : 2. ·. Lovitt, W. V. : 
··. · .. · New York 

II Linear Integral Equ~ ti on's II' Dover Publi~a tio_ns ' 
1950. . 

;: . .. 3 
•... . 

4. 

. ' 
Ti tchmarsh, E. C.; . "Introduction to the Theory of Fourier 

Integrals", Oxfor d V. ·P._, 1~59_. 

Churchill: "Operati~na l Mathematics", McGraw-Hill, 1958. 

Friedman: II Principle s ·and :Techniques o f Applied Mathematics II' 
. ~i1ey, 1956. 

· .. . ... ,,, 

- · i 
HJM: am 
FILE-4 

: . .. 
., 

. . \ .. 
I 

. , / . 
I 

· / .. . .. 

1 
· ' ; 

. ·, .. 
.. . . . 

; . . : 

- :·· ,_ . . 

. . .... :.: 

'· . 
• I 

. I; 
l r: ~· 
~:. 
L 
f( 


	CERF_65_76_001
	CERF_65_76_002
	CERF_65_76_003
	CERF_65_76_004
	CERF_65_76_005
	CERF_65_76_006
	CERF_65_76_007
	CERF_65_76_008
	CERF_65_76_009
	CERF_65_76_010
	CERF_65_76_011
	CERF_65_76_012
	CERF_65_76_013
	CERF_65_76_014
	CERF_65_76_015
	CERF_65_76_016
	CERF_65_76_017
	CERF_65_76_018
	CERF_65_76_019
	CERF_65_76_020
	CERF_65_76_021

