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 "SUBJECT: INTEGRAL EQUATIONS FROM AN AMATEUR'S STANDPOINT
ABSTRACT AND CONCLUSION

Methods of solution of linear integral equations are
. described. Methods are compared and ranked with respect to the
ease with which they can yield exact analytical solutions in

" closed form. It is concluded that methods basec on transform

theory are most efficient. The transform method uses the trans-
form property of the kernel operator itself, or that of an L
.external transform operator, e.g., Laplace' s transform. In the

. latter case the integral equatlon is Laplace-transformed, whereas

in the former case the equation is "kernel"-transformed. The

W;_ k%ﬁnel -transform procedure yields immediate results whenever the

:?;_dlfferentlal equation. Either this partial differential equa-

. -iterated kernel operator is expressible as a linear combination
-~ of lower order iterated kernel operators. The Laplace transform

- method yields immediate results whenever the integral in the
.- equation is a convolution of the kernel and the unknown functlon
.-_Generallzatlons are possible. ¥

INTRODUCTION

- On_the whole, the usual method in reservoir analysis™
. to solve a problem can " be curtly summarized in the following
procedure. The problem is formulated in terms of a partial

—

tion can be solved exactly or the equation is approximated by

the method of finite difference. The solution is then obtained

numerlcally from a computer, the problem having been reduced to

the solutlon of a system of linear or nonlinear algebraic
equatlons Instead of formulating the problem in terms of

differential equations, one might formulate the problem in

terms of 1ntegral equations. Actually, the integral equation
is more generol than the differential equation. The integral

- equation is often still valid under conditions when the dif-
’ferentlal equation breaks down.

'The use of 1ntegral equatlonsralses several questlons.
First, how does one formulate a problem in terms of an integral
equatlon? Second, when is it possible to formulate a problem
in terms of an *ntegral equation? Will this formulation be
possible, whether the differential €quation be of the elliptic,
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: parabollc, or hyporbollc type? Thlrd once a problem has been
- formulated in terms of an integral equatlon, how does one obtain
a solution - either an exact solution or an approximate one?
Fourth, if the solution is obtained exactly or approximately,

SRR ¥ the formulation advantageous compared to the formulation of
. the problem in terms of a dlfferentlal equatlon? :

; Thls partlcular memorandum is. not concerned with the
" method of formulating a problem in terms of an.integral equation.
It is concerned with the methods of solutions once the problem
~has been formulated in terms of an integral equation. Even
~ then, the integral equation considered here is not the most gen-

Ziiv eral Z*tegral equation. The integral equation con51dered is a
-7 linear- one Wthh can be put in the form of Eq (1) .

S s
ST : l

!/ The interval of 1ntegrat10n in the integral is called the range
...+ of the integral equation. F(x) is the unknown function,
o7 K(x,s) is called the kexnel of the integral equation and f(x)
BEEEES K- known as the right-hand side or free term. The character
i of an integral equation is determined essentially by the prop-
‘erties of the its kernel. If thé double integral, over the
range of the square of the modulus of the kernel is finite,
- the equatlon is said to be of the Fredholm type. If the kernel

ff‘ 15 of the form - ;iﬁaéf;L ~ where q“ls fess than 18

the 1ntegral equation is sald to have a weak 51ngular1ty 1f

i e N
:the kernel is of the form A, 5) : the 1ntegral equatlon “ll

”?.,,' ' : ' x-S :
. 1s said to be singular. The integral in the equatlon must be
understood in the Cauchy sense. In Eq. (1) if § = O, the
equation is said to be of first kind. If & = 1, the equation is
said to be of the second kind. If the right-hand side of Eq (l)
“is O the equation is sald to be homogeneous.
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. REVIEW OF METHODS OF SOLUTIONS
Notatlons

- In the f011°W1“9a;We shall use an Operator s notatloﬂ ‘4 s
We shall call K an Operator, deflned by the equatlon e

-

/( () f A/(x, s) CJ ﬂ’ﬁ b '

tet Ya

i With that notation in the case Cyl =.l, Eq (l) transformsvhfﬁilﬁfi

-2k - f g e

Kﬁ is called the kernel transform of ﬂ

Succesqlve Substltutlons o . . E
LS It will be assumed that the 51ngle 1ntegral of the :
'iJ,’square of the modulus of f(x) 15 f1n1te Then we can wrlte
Eq }(2) as g RS
;A(x) /(x) *# 2//(@« 5) y[sjc/s | .(4),\_;,}

If we substitute under the integral 51gn the value £ obtalned '
from Eq. (4), we obtaln

é() ZZij ,L;z/ZZQgggabﬂkgkﬁg 7‘53/6%8 q/{?;%S\é)}ﬁﬂéﬁi:}&ig (4) 4_ ik

- We see that the kernel Operator has been applled twice. The
symbol for the product is the operator K There are two ways

- of looking at this operation. We have either applied the kernel
operator twice or we have applied the product of the two

operators once. The kernel of the product operator is called
the second 1terated kernel.
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The two ways are equ1valent Proceeding with fhe substi£u£ion ;ﬁ/f#if:f'

ey ¢ tlmes, we ‘obtain

N VT

'f,L where g of order n is the nth order approx1mat10n to the solutlon o :

This procedure will converge, provided that A is small enough
; Proceedlng to the llmlt Eq %6 becomes (7) =~ -

4

- /w >~ 2/ o O vﬁw

s Invertlng the order. of summatlon and 1ntegrat10n in Eq (7), we"‘ﬁ'ﬂ'
f; - obtaln Eq (8) s

The expre551on in brackets 1n Egs (8) is known as the resolvent

m-4

;:__@5W§?’ﬁ@y‘? rw)

X Substltutlng Eq (9) into Eq. (8),'we obtain Eq (lO) .

'gﬂCX/: (K/ 1"2/[’(,\’ S Hjjf(ojds :   ‘(_10)‘
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" Formally speaking, if the resolvent is first calculated the
.solution is obtained immediately by Eq. (10). Even though

Eq. (1) was proved valid only feor small values f , this
suggests that the solution may always be of the form given in
(10). Naturally for large values of A the resolvent is

yet 8nknown and would be given by a dlfferent expre551on than

"The method of succe551Ve substitutions leads to a

" series which, as a rule, ‘can not be summed in closed form. In

practice, the method of successive substitutions can give only

“an approximate solution of the integral equation. As a rule

in the cases when the series in Eq. (7) can be successfully

© summed in closed form, it turns out to be possible, with the

help of some special trick or other, to solve the integral

'equatlon without hav1ng recourse to the general theory. "l

A partlcular type of Predholm s 1ntegral equatlon

~ known as Volterra's equation corresponds to the case when the
-Upper limit of the 1ntegral is the variable x.

poA Tt i)

: The range of this 1ntegral equatlon can be reduced to that of the
"Fredholm type with the understanding that the kernel is equal to-

K(x,s) for s € x and O for s > x. If the free term in

-~ Volterra's equation is absolutely integrable then successive
.- . substitutions for this equation converge,. for all values of A . S
.~ This property is also true for Volterra's equatlon w1th a weak .

. singularity ( .

convergence 1s slower).

‘\ s ¥ s '

--" ‘Successive Approximations

In the previous method, the zeroth order approx1nat10n

.to the solution was chosen equal to the free term, but the

zeroth order of approximation could have been chosen 1n2a com-
pletely arbitrary manner. The procedure will converge. This

i procedure may be advantageous, with an-educated guess, to obtain
~an approximate numerical solution but from the form of solution

in Eq. (10), it can be inferred that it will not be a good proce-
dure to obtaln an exact ‘'solution. Kk o A A



Deqenerate Kernels

A degenerate kernel is a kernel which is constltated |

1“u of a finite sum of products of a functlon of X times a functlon

| Of 22 ' . PSR S S b s e S TR oy SN /x,

n S ‘-,; :: - iy e 2 A
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2‘1“; where the functions a; (x) and b (s) are irnearly 1ndependent‘v" PP

This class of integral is 51mply solved by reduction to a b e
system of algebrarc equatlons The 1ntegra1 equatlon takes the . g ndl e
form d ot ey

(O R
pw 22¢M@ﬁﬁwmwﬂ ﬂy.wyg;

he % Deflne the n scala1~ product Operators BJ = -//ﬂég (X}{lZCZA and ‘é-;T:‘x

é ' S m.':"."."-, i ..

426 ,_‘.\

notatlon, Eq (14) becomes (15)

\" o - 274, oa 0« 09 ‘955 i

Apply the Operator BJ once for all J s to Eq (15). ' Awi_' I:Yffi‘ii.

5? %,<,w08a) B f 'ﬂimfi“

5 We obtaln a system of n equatlons for n unknown scalar
products A solution of this system of equations is

- possible oniy 1f the determinant, which is a function of A
7: is different from O.

Ay Ay A |
AK?J:-, ‘-2( y, "/-'2(0/2"@“‘?’% ,,0) (17)A
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AMA) is a olynomlal i A of order at most n. The solution
. for the %bl, 2:0 ) 5

~ values of A or the values of A4 which make A( ) = 0, the
~integral equatlon is either insoluble or has an infinite number
~of solutions. This fo]lows from the theory of equatlons

is always possible except for possibly n

Partltlon of the Kernel | . e o

The solutlon of. Fredholm's equatlon in the general
case can be reduced to the solution of an equation with a

: degenerate kernel. This can be achieved by many methods. For

1nstance, the kernel can be expanded in-a double Fourler coslne';ufr

e serles.

ET
/( (x s ) = p . | ,é cos QFX /MLZ‘—) i
ZD@,J) 2 /4,4 los z/TX ms(,é/r\s') (19)
"{/'é = ' AT
then "- | ; 1-ifﬁii"' i’_‘ | -'At. et ?'

Kixs) = Plus) + Kixs)

(20) “ff;

~_ Provided n is large enough and the single integrai of the quare;vq-,,.
- of the modulus of the kernel K' is less than a constant C', the

solution will be fairly accurate. Any partition of the kernel

into a degenerate kernel and a small kernel is applicable. The
method accordingly reduces to this. Without changing the right-

hand side of the equation, the kernel is replaced by an approx- E
imate degenerate kernel. The degree of the approx1matlon to the
kernel is determlned by the value of C'.

Application of Approximate Formulae of Inteqration

The approximation of a kernel by a degenerate one, as
well as the method of substitution, requires a number of quad-
ratures. Instead, let us replace the integrand in the equation
by a finite.sum of values of the function at regular values of x in
the interval (the rectangle formula)

. 5
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‘In the approx1mate equatlon, ' & ‘.;ff{éffl";'* i;{ﬁﬁrwiiff
:;2 let us replace succe551vely X by xl, X0, etc ' Then we S
' obtain-a system of linear algebralc equations in % (%1 )5 B
B(xq). Solving,we obtain #(x1), etc., B(xpn), i.e., the value

. of the solution for discrete values of the variable. Interpola-

'; ¥,lt10n for the complete solution is best obtained between these

5 ~points by the very integral equatlon formula (?2) because
: Xk ‘1s known -

o - foo U Ky o)

“More accurate results would be obtalned for example, us1ng

4] ‘Slmpson s Rule instead of using the rectangle formula

N'}?ilFredholm s Method of Solution

& . It was seen earlier that the solution did not ex1st
or was not unique for a number of values of A in the case of

-l;ff'a degenerate kernel. For these values of 2 then the resolvent )
*. "+ in Eq. (10) must not exist. The values of 2’ for which the \

- resolvent of Fredholm's equations exist will be called regular’
-and the values of A for which the resolvent does not exist
~will be icalled eigenvalues.

Fredholm's alternative: either the inhomogeneous
equation is soluble whatever its right-hand side may be, or
else the corresponding homogeneous equation has a nontrivizl
solution. Nontrivial solutions of the homogeneous integral
equation are called eigenfunctions of the kernel, or of the o
equation, corresponding to the given eigenvalue. Based on the
idea that the method of approximate formulae of integration
will yield the exact solution in the limit, Fredholm was able
to obtain a SOlUtlon 1n the form

"fgww*
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. Hilbert—Schmidt Theory for Symmetric Kernels;;””"

W) ﬂwa / %@j / ”wds o ottty

" and gave expressions fog D(x,s; A) and D(A). The elgenvalues )

are the solution of D( A) =-0. D(A) is a power series of

valid for all /. D(x,s; A) is an integral function of A . The
entire dependence of the resolvent on.x and s-is in D(x,stQ).
Expressions for D(x,s, A) and D(A) are glven in Mlkhlln p. 54,
55 and in Lovitt?2 p. 32, 3 +33. : S Ee

K(x,s) was deflned earlier as the kernel ' Tha conjugate
kernel, K*¥ is the complex conjugate of K(x, s) after the varlables
Xy have been 1nverted e ST

Al /( © o x) R s)

Foanded

In the paragraph on degenerate kernels, the scalar product of
two functlon f and g, was defined as . ey

/ /[xj (j{x) dx ( ][ g‘) "(26A) ”

‘This deflnltlon applles forreal functlons For complex functlons,
‘the scalar product,of f and g 1s deflned as ‘g]zr_ % e \

[

It is ea51ly shown that (g, f) = (f,g§ T f 2, (28)

Note that the symbol Ky3 means v/iézX\gjféﬁ&)C%& - and is
dlfferent from (K, 90 V//‘/%Zﬁbq;) y%ﬂ5)65<5 | .i‘The’kernel.is

said to be symmetric if it is equal to 1ts congugate The

Hilbert-Schmidt method of solution of an integral equation
with a symmetrlc kernel 15 based on the prOperty that the

!
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eigenfunctions of a symmetric equation corresponding to differ-

ent eigenvalues are -orthogonal, Then both the unknown function

“and the right-hand side are expanded in a Fourier series of

the eigenfunctions @n(s), where Zn(x) is the eigenfunction
correspondlng to the elgenvalue An. They satisfy the equation

e YO WG T

SUbStltUtlng inte the 1ntegral equatlon we obtaln i?‘ﬁw

e 2 9& 2 ,2 % A/w 2 7[
Using'Eq. (29; -1t follows ‘that . |
; fi;?;€ :L7]€

Flnally

W) %W/?,, e L G

' ‘To.solve

,Inteqral Equatlons with a Fourier Kernel =~ _'f“'::;?_ Bl

“An ;ntegral Operator is said to have a Fourier kernel® |

"o if the product of two operations is equivalent to the 1dent1ty !
= Operatlon tlmes a constant > o 4y

2

p-Akp < f

it sufflces to kernel trancform Eq 34 s Wthh glves i

(31) _"'“

AT C A e

A/}O g ,/( /@ 7[ | -{(35?‘



A -‘-*f'é'nd explici’tly', ' AT ',:;:;:.-.-_'_ec_; iR

: _ ll -
Uslng Eq (33), we get (36 % B '
S ' /@o QCP /(7[ '_-(36')_,. g

.:Ellmlnatlon of K,@ between Eq (34) and (36) ylelds the solutlon "‘/";

ra ek S

P(X) 7[()<) ¥3 7)//(@( 5)7[(5)5/5 ; '(3~8)-

/- /7 “C -i-
":Examplés of Fourier Kernels3 - ' =
__ Range Kernel ~ Transform
(0, o= ) cos (xs) ' ~ Fourier cosine transform
(0, o= ) sin (xs) | Fourier sine transform
(0, oo ) Vs ?/;'(xs) | Hankel transform
(- ©o y +©° ) B Hilbert _tranefprm i
0,00 T2 T
) ,"_-Note that if k(x) is a Fourler kernel functlon, so are k(ax)
; bz _ 1
-and X /é(/\’ . The resultant m(x)

m(x} f/?@ﬂﬂ /[6‘)0’5 (39)

‘of two Fourler kernels, (x) and ,{ ), is a Fourler kernel
Thus - : o :

.1 cos'(x‘s): 2/ . ds = 5'/,.}9_@4'/ |  ; »-"'.(49'_
e e O iR i iR 2T '
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,?Inteqral Equatlons with a Generalized Fourier Kernel

% ~of n operations can be expressed as 2 llnear comblnatlon of lower
o - order Operatlons : : R o »

The operator with such a kernel is such that the product

: Sy ST /7;/ : SR &8 ‘Q:i:; | ;Jfgﬂi'
. /(‘ L /( 2 o s ,za A’ + d, (41) s

N~/

g 5 3 |- S ' '“?;'
_;'_SaY /( ,:-_ a A/ -/ 4, / * [7 . Then he 1ntegral equatlon __ 

"-:fls kernel transformed twice

L k- AL @f,“ﬂ@ﬂf
' mom@ (F o el

Between the above equatlons, K3¢ K26 and Kﬁ can be ellmlnaued

u?f;”;w1th the result

i ;a (/—242 24,/7[ - 7(/ J@A/x ‘ ; //7( ,
o - Z-Adgy - A =429 %o ‘ _(45,)_:‘._____ |

- For a generalized Fourler kernel of order n, L& '«f'}ii,\-xj'

(" Da .- —2”a’)7[ fooe Z? /- 2. ////7[ f)”'///h;/[ _(46.)'-.:‘

N e

Inteqral'Equation of the Convolution Type

e T L1 ?M/;o 7[ (47)!' |
@%]-k fé@yﬂﬁ-* nuw
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/(—-/ é’é’—&j {ja’é’ - where k of negatul-ve. ‘argument

. is 1dent1cally 0. Take the Laplace transform4 ot Eq (47)‘

The solutlon of Eq (49) ls 1mmed1ate

SRS
Lo Ak

Fi

4y 2@;0)@@ / "“9’

( - ,

The solutlon is obtalned by taking the inverse transform of g -

!4 .l; =17 Af)%f | .‘., .?1:;?; ,':; | _.:;;{ir_
;-. ;& by Z --//.. AL A - ,(51) b

I Is the convolution prOperty a property of the chlace transform

-only? Let us con51der the more general transform ;

A - [asopek s

~and deflne the same convolutlon as before

lew [fergodr el

'Then it is possible to take the transform of the convolutlon and

as for the usual Laplace transform we invert the order of inte-
~-gration

./1 C /ngy///@.cygzzw/c o/f’ | f. . (5%)



srw' Lot ;‘ C = u and dt - du. Then the transform of the convolu-l l;M‘
 tion becomes . g@j/f aAls a+£)]//ujd/u a/é"

'_ The transform w1ll have the Laplace convolution prOperty 1f ‘ _,f;

/lc = /j(&) A (5 zjc/zv ﬁ[/cr ) A é;u/.c/x : (56)

f»f_whlch requ1res that the kernel of the transform satlsfles the" .

S0
g PN

functlonal relatlonshlp /? (S a*Z’) 2@5 aJ /7@ é) ‘ (57)

ek d , V( J(.“
The solution of thls equatlon 1s' :?é? é{)

- -where ¥ (s) can be any arbltrary function prov1ded that the 1ntegral
- in the transform converges In the case of the Laplace transform,

Yi(s) = -s. The transform /oo (/o s)e ja//‘ /6' jalf'

-is.another such transform However, the usefulness of such a e.:.'n

-transform is condltlonal to obtalnlng its 1nverse

___.-_.,

Integral Equatlons w1th e
Product Kernel (That is not a Fourier Kernel)

Is there a transform to give an approprlate convclu—
tlon prOperty? "The convolutlon is of the type

B e
| SN
il

c(é) / /o (£2) }0@46 o
and the transform must be such that the transform of the convolu-

tion be equal to the transform of the unknown functlon times
any function.

/lc /ﬁgé)f/k(wj ;o[a)a’c:/a/t- |
f ;o(z.j/ / A6, é)/e(ézja/ _} 0,? - (59)



| V~5) ;
# ~ But anY\ / & : ] a/zf‘ will do.‘

The transform will have the required prOperty 1f 1ts kernel o A

satlsfles the functlonal relatlonshlp

=

| A M@tjﬂcw e

.. 'where /L(s u) is an- arbltrary functlon The solutlon for
s this equatlon is . :

@Z—) : L HEY- <-‘ b ‘62)

))(s = s, then the transform is the Mellln transform

g - Applying the Mellln transform to the 1ntegral equathn\'T" )
it transforms 1nto i il

¢@ ;Iﬁ@ A/ % S) /’(5) .<6s>f;""”

_Capltal letters are used to denote the transform,_ The solutlon

is easlly obtained
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Plnally, the solution of the 1ntegral equatlon is obtalned by
taking the inverse Mellln transform of Eq 64 :

}o(x ) - ﬁy Zf v (S) SJ f (65.?

/= 2/((/

‘e

: Inteqral Equatlon w1th a- Ratlo Kernel '-:;{fm L ,m ;f'ff

.An lntegral equatlon w1th a ratlo kernel is of the
~form e

S,a(x) ~ 2/7/(@(;) }0(6)5/.5 7[(/9 (ee)

Following the procedure of the previous paragraphs, we look for.
;- a general transform that would have the appropriate convolution
- property. The kernel of such a transform must satlsfy the func-

» " tional relatlonshlp s

2(3 uz) < £ A6 Z“)/a G G
 where f4(51U) is an arbltrary functlon Solurion.of thatizd'_ N
.,equation’is, . e i .'._ ':Z‘rfn”' g .f;;. e
‘;?4=' Zf"\: . '/LL = “’ - L ;;3(68)¥”.

j}If Y(s) = s- l then we obtain again the Mellln transform
The transformed 1ntegral equatlon is 4,5 :

ng@i) ;?‘95222)/41é§f2g/ 'Ar(tij - (6§3‘3:A..

’jfron which the solution to the 1ntegral equatlon is obtalned by
inverse transform ;

9&()() @ / F(S) h, (70)

/- 2%@4




EHOD _as obtalned by these methods
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% RELAIIVE;MERITS OF.THE_METHODS |

The relative merits of the various methods reviewed
jin this memorandum can be deduced from the- form of the resolvent

Generalities

.
e g

Inteqral equation

P /m ; /7/ A/cx s/ ;.o/w/s _1j ()

: Soiution 'h | "k"{?ffL;i::f
: [ .f (X) 7[[,0 ,L;)f[’éf s, 2)7/{5) d& (72) ~

" " The analogy between Eq. (7l) and (72) is self- e,
. That Eq. (72) is the general form of the solution was proved

" by Fredholm. It must be noted that the operator /7 may not
always be an integral operator. -Thus Eq (72) may be rewritten

ol symbolically and more generally SRR L
7{ # /7_/“’7[ (73’) R

Successive Suhstitutions : ' f-_ ) g*”‘{~' vﬁt' ;Héﬁéhd’
T < : - ] . L& % L : ‘ 3 » : ) ‘. r
“ |+ In this 1nstance ‘ ' R 1 e \flfi'-
2 27 A/ LR

Thus J[T is an 1nf1n1te sum of integral transform Operators Km

',/(mv;—‘;/ m (X 5) Z(j ‘/5

Note that symbolically lu follOWS from Eq (71) and (73) that

f;a"' ,_777! (/fmvjz

Expanding ___ZL___. © in power series (for small ;2 K)

Fa 2/(

PR
. .-t



it follows that' /;4 /7/(7‘- 7 /( Fo t /7 4'/ +- ..=;‘ /7‘/7[’ '

: Degenerate Kerneis' :rF;t“j' -.;;{»,.:_ A R e 3
-f/,* Z ae)de wda My
~where Cl ‘ﬂ 7£ is the solutlon of the system |

; f/f _;?2 :c (é a / (é-d{) J—zyn

" The Operator Ai is a flnlte sum of scalar product Operators o e B A
as is seen from the solutlon for the CJ by Kramer s rule., L LfEEEGT

PN m
il 37 . T AT, ;i
.7 Approximate Formulae of Inteqration

= E ﬂ A Ky Zp e
7fiﬁ;:wbere Ck = 450? 2{ , 1s the solutlon of the system: ) \t{7i;
S 42V 242 KWL he) = Xk ) :

i . The Operator Ay is a flnlte sum of "dlscretlzatlon"5 operators

i~ - because the Ck are linear forms of the values 'of f(x) at discrete

; points x] X2 .. Xk .. Xpn. No quadratures are required to obtain
- the solution. %, .y ' = ‘ L

‘Fredholm‘s Resolvent

-
'Thls resolvent is obtained as the limit of Eq (76) as

h — Oandn — oo . The limit of an infinite sum of
dlscretlzatlon Operators belng an 1ntegral Operator



- Hilbert-Schmidt'Resolvent o

‘..~ Fourier Kernels

AT

| -/V= ?,’ _%__(Q / ﬁ,f[s) gf]d,_y (78)

This resolvent is more expllclt than Fredholm' t: elgenvalues N

s bu

. and eigenfunctions must be known to apply Eq.. (78). In Eq. (77)
it is not necessary to calculate the roots of D(.A

4 eigenfunctions, . . 7N T Vo s heltn RN ;w_.,,»

7 QC%( g e

© /7 Note the eqoivalence of'Ea (79) and (77). Because the so’ution -
© -~ is unique D( A ) = 1- RQC and

AC+K = Z’C{j f/(é\/o')/jc/s /.D@r /y[_/a/s

.«;gfobv1ously D(x,s; A ) = K(x s) 4 QC:R(X s) Where R(x g is"""'
.Jra reprOdUCI”Q kernel, i.e. 3 a kernel such that S

C [Rsfode s fog oy

7O

;f;(Example of such Operator 1s Yimit J/ﬂ. 2; fl; &ﬂs

o lee & a3

a Thoughthe same resolvents should be obtained by the Fourier
- 'kernel-method or by Fredholm's method, the resolvent obtained
.by the latter will look formally more compllcated

The method of succe551ve substltutlons would have

‘given a resolvent equivalent to (79) but valid for small A only.

It would be the power series eXpan51on of (79) for small A

ﬁ ;?C’(/%? +/7C+/ (/+2C+2C+ //( (so

-'Proceedlng in reverse order it would have taken more steps

to realize that the power serles representation of /' obtained by

~ the method of successive substltutlons would converge to the

losed form (79)

i n .y, s - I L E N i :

A’) noz the i



Generallzed Fourier Kernels

h= I

/7 ao # (/-;70/;-/ PR .-242)/(* 1‘2(/—/?4/) /)A/*/7ﬂ./</. 81) | 4

"‘-‘ i_ : / 94,,-,-— 20/7 2 ....'...'— a 2 do

- ..
‘.’l‘.
R

What was said about ‘the’ Fourler kernel- method is appllcable.

. The more complicated Eq. (ST is, the more involved would be

- the application of Fredholm's method and the more dlfflcq%t it ‘
" would be_ to realize that the power series expanslon of / for e

small A converges to Eq E . s : it |

2 External Transform w1th ProDer Convolutlon Pr0perty

(e.g., Laplace transform)

~ The use of the generallzed Fourier-kernel method is possrble
«/f,e'(exactly) only if the K, K2 .. K-l transforms can be obtained
.~ explicitly. This restriction applies to Fredholm's method and
<"~ . to the method of successive substitutions. The lst, 2nd ... nt
g order transform may still be linearly dependent, or’ may not.
.7 - It is under these circumstances that the. external transform
,;:' method w1ll -be most useful o 2 > s s
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