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ABSTRACT OF DISSERTATION

THE INTEGRAL STRUCTURE OF HECKE ALGEBRAS FOR FINITE
GENERALIZED POLYGONS

Suppose (P, B, F') are the points, blocks and flags of generalized m-gon and
H(F) the associated rank 2 Iwahori-Hecke algebra. H(F') acts naturally on the
integral standard module ZF based on F'. This work gives arithmetic conditions
on subring R, where R contains the integers and is contained in the rationals,
that insure the associated R-ary Iwahori-Hecke algebra is completely reducible
on RF. The constituent multiplicities are related to the R-normal form of the

incidence matrix of (P, B, F).
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1 Introduction

Tits in [4] proved powerful generalization of fundamental theorem of geome-
try. However this theorem leaves open classification of B; geometries. It is built
on the Feit-Higman theorem which relies ultimately on multiplicity conditions.
Ott and Liebler used similar methods to B; geometries (see chapter 14 of [1)),
but there are cases where many parameter families survive.

In fact multiplicity conditions can be refined by restricting coefficients from
a field to a subring since non-isomorphic R-modules over an R-order may well
be isomorphic over the associated F-algebra where F' is the quotient field of R.

This thesis uses the rank 2 Hecke algebra and its action on the standard
module (Chapter 2 page 7) to refine Feit-Higman’s multiplicity conditions for a
subring R where Z C R C Q.

Chapter 2 contains the main result which tells us the conditions necessary
for the existence of the direct sum decomposition of the integral standard mod-
ule whenever the coeflicient field C is changed to a subring R. Moreover the
inequivalent irreducible R-forms that arise are given. We set up the connection
between multiplicity of an R-form appearing in the integral standard module
and the multiplicity of a parameter appearing in the R-normal form of the inci-
dence matrix M. The proof of the main theorem is spread over the remaining
chapters.

Chapter 3 contains the detailed computations of the central primitive idem-
potents. They are used to identify arithmetic conditions (related to R) necessary
for the existence of the direct sum decomposition of the integral standard module
over R.

In order to understand the structure of the standard module better, a second

module is introduced (point block module). The multiplicities of the irreducible
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R-forms constituents of the standard module are obtained from the point block

module by means of a combinatorial homomorphism.
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2 Definitions and Preliminaries

An incidence structure is a triple (P, B, F') consisting of a set P of points, a
set B of blocks, and a subset F' C P x B called flags . Say a point p is on or
incident with a block b (sometimes written pIb), if (p,b) is a flag.

We assume throughout that P and B are finite sets, and that there are s+1
points on every block and ¢ 4 1 blocks incident to every point. The integers s, ¢
are called the parameters of (P, B, F).

An incidence matriz M has rows indexed by points and columns indexed by
blocks. The (p,b) entry of M is a 1 or 0 according as (p,b) € F or not.

For a,b € P U B, a chain of length h from a to b is a sequence
Gy = G,04,...,a, = b of elements from P U B such that a; and a;,; are inci-
dent, for 0 <1< h—1.

The least integer h (if one exists) for which there is a chain of length h
from a to b is the distance p(a,b) from a to b. The diameter of (P, B, F) is the
maximum distance between elements of PU B and if p(a, b) equals the diameter
we say a and b are opposite. Note that any element in P U B can have more than
one opposite.

The incidence structure (P, B, F) is a generalized m-gon if it has diameter
m, each element of P U B has opposite, and whenever p(a,b) < m there is a
unique shortest chain from a to b. A generalized polygon is a generalized m-gon
for some m. Moreover (P, B, F') is thick if the parameters s,t are both greater

than 1.
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For a generalized m-gon with parameters s, ¢, the number of flags is a poly-

nomial function of s, t:
{gg(s,t):(1+3)(1+s+...+sm_1), for m = odd
gm(s,t) == |F|= (1 +s)A+st+...+ (st)"=)(1+1t), for m=even
This polynomial is called the Poincare polynomial.
A square is a thin generalized 4-gon with parameters (s,t) = (1,1). The
smallest thick generalized m-gon is the Fano plane also known as PG9(2). It has

7 points (black dots), 7 blocks (6 lines and one circle), 21 flags and parameters
(2,2).

Fano plane

Note that interchanging points with blocks leads to the same incidence struc-
ture. Since the incidence structure is self-dual the generalized m-gon axioms need
only be discussed for chains that start with a point.

Start with any point a. The elements at distance 1 from a are the 3 lines
on a. The elements at distance 2 from a are the 6 other points on these lines.
The elements at distance 3 from a are the 4 lines that do not contain a. Since
we covered all the points and lines the incidence structure has diameter 3.

Each element has four opposites, for example the opposites of any point in
the figure above are the 4 blocks that are left after removing all the blocks that

contain the point.
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The last axiom of a generalized 3-gon requires that if p(a, b) < 3, then there
is a unique shortest chain of from a to b where ¢ € P. The uniqueness of the

chains of length 2 follows from the fact that 2 poins uniquely determine a line.

Let R be a integral domain with field of quotients K of characteristic 0.

A projective R-module is a direct summand of a free module. The torsion
submodule of an R-module M is defined by

t(M) ={n € M : rn =0 for some nonzero r € R}.

Call M R-torsionfree if this submodule is 0. By choice of R, every projective
R-module is torsionfree.

An R-lattice is a finitely generated R-torsionfree R-module.

Definition 1 An R-order is a ring A whose center contains R, and such that

the additive structure of A is an R-lattice.

Definition 2 Let A be an R-order in a K-algebra A. A A-lattice is a (left)
A-module which is also an R-lattice, that is a finitely generated and projective as

R-module.

Let M be a A-lattice, where A is an R-order. If M is R-free with a finite R-
basis {my, ..., mg}, then, relative to this basis, M affords a matrix representation
M of A. For z € A, let

d
Tm; = Zaijmi, a; € R, 1< 5 <d, (1)

i=1
and put M(z) = (o) € Mg(R). The map x — M(z), = € A, is then a
representation of A by means of matrices with entries in R. We call M an

integral representation, R-representation or R-form of A.
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In order to describe how a change of R-basis of M affects the matrix rep-
resentation of M, it is convenient to write the R-basis {m;} as a formal row
vector m = (myq,...,my). (Warning: The entries of m and m’ are elements of

the A-lattice M, not elements of R.) Then (1) may be written as
zm = mM(z), x € A.

Let {m],...,m,} be another free R-basis for M, and put m' = (mj,...,m,).

We may write m = mP for some matrix P € GL4(R). For z € A, we have
rm =zrmP = mM(z)P = m P"'M(z)P.

Thus, change of R-basis of M has the effect of replacing M by the R-equivalent

representation P~'MP.

Let M be an R-lattice, and let L be submodule of M. L is an R-pure
submodule of M if M/L is R-torsionfree.
The importance of purity is that there is a bijective and inclusion preserving

correspondence between pure sublattices of M and the subspaces over Q.

Example 1 (Inequivalent R-forms) Let G = Zy = (g |¢*> = 1) and p,9,7: G —

May«2(Z) be the homomorphisms such that

¢(9)=<(1) _01>’ 19(9)2(2 (1)) 7(9):<_01 (1))

then there exists P € Mayo(Z) such that P7'9(g)P = ¢(g),Yg € G however

P~1 ¢ Myyo(Z) because P = ( 1

are spanned by the column vectors of P. Each of these eigenspaces is pure and

_11 ) and det(P) = 2. The eigenspaces of ¥

they form a Z-lattice but their span is not a pure lattice. Therefore ¢ and 9 are

not Z-equivalent representations. Indeed they are Q-equivalent representations
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as P7' € Myyx2(Q). Here ¢ and ¥ are the inequivalent Z-forms of the Q-matriz
representation.

On the other hand if we consider ¢ and v we have P = 9(g) and P~'y(g)P =
©(g) where P, P~ € Myyo(Z). So ¢ and v are Z-equivalent representation and

they are the Z-forms of the integral matriz representations.

Suppose (P, B, F') are the points, blocks and flags of generalized m-gon.
The integral standard module ZF for (P, B, F) is the free Z-module, ZF with
distinguished basis (labeled by) F'.

Informally we identify ZF with the set of all v by b matrices X with entries
in R that satisfy X o M = X where M is the incidence matrix and o is the
Hadamard product (defined by (X o M);; = z;;m;; where z € X and m € M).
This is certainly a free R-module of rank equal to the number of 1's in M, i.e.
the number of flags.

In this matrix model the points and blocks correspond to the rows and
columns of the matrices and a single flag f = (p,b) to the elementary matrix

E,; having a 1 in row p and column b and zeros elsewhere.
Let f = (p,b) € F. Define
Lr={@b)]a#p} and T;={(p,c)|c#?b}.

A flag g in ¥y corresponds to an elementary matrix having 1 in the same
column but a different row than that corresponding to f. Also a flag g in Ty
corresponds to an elementary matrix having 1 in the same row but a different

column than that corresponding to f.
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The integral Hecke algebra Hz(F') (or simply H(F")) is the Z-order generated
by 0,7 € Homgz(ZF,ZF') where

U(p,b) = Z 9= Z (Q7b)7 T(p,b) = Z g= z (p,c).

geXy p#qlb gET plc#b
Notice that
ro(p,b)= > g, To(p,b)= Y g (2)
geTEy geXTy

where

TEZ; = {(4,0)| ¢ #p,c # b and (,b) is a flag)
ET; = {(¢,0)l 4 #p,c # b and (p,c) is a flag)

because, for example, elements of TY s are obtained by a walk in M of length 2
which consists of vertical movement (starting from position (p,b) and ending at
(p1,b)) and then horizontal movement (starting from position (p;, b) and ending
at (p1,b1)).

We consider the following two types of chain:

Let p; € P and b; € B. Then p; = p,b1,p2,b..., P, b = b is an alternating
sequence with elements points and blocks where every point (block) is on the
blocks (points) that are located in the both sides of the point (block) in the
sequence.

By grouping the pairs (p1,b1), (b1, p2), (D2,02), - -, (Pm, bm) we obtain the
second type of chain. This chain consists of sequences of flags that share a point
or block.

We consider the second type of chains for the rest of this chapter.
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Proposition 1 Let f = (p,b) be a flag of a generalized m-gon (P, B, F). Then

(1+J+T+a'r+ra+...+(a’r)mT_10)f=deFg, if mis odd
(1+0+T+O’T+TU+...+(OT)%)f:deFg, if mis even

Proof: Let f = (p,b) be a flag. Suppose o € {f,Tf TZs,...} and
Be{f,TsXTy,...} have been defined. Then recursively define

Ya:={(r,d)| (r;,d) € a,r; #r} and T8 := {(r,d)| (r,d1) € B,d # d1}.

The generalized m-gon axioms require that the chains of length < m —1 are
uniquely determined by their terminal elements. In addition a chain of length

m is uniquely determined by its penultimate element. Therefore the sets

LI TR TE YT, (ST T8, if mis odd
f,Zf,Tf,TZf,ZTf,...,(XT)?, melS even

are disjoint. In fact the indicated sets form a partition of all flags because the
generalized m-gon has diameter m. The proposition follows from the obvious

generalization of equation (2).

Note that
(c4+1)o—5)=0=(1+1)(r—1t) (3)
where s,t are the parameters of the generalized m-gon, because the relation on

flags given by ”share a block”, respectively "share a point” is an equivalence

relation.

Theorem 1 Let H(F') be the integral Hecke algebra arising from the generalized
m-gon (P, B, F). Then the generators o and T satisfy:
(o) = (r0)f if m=2% is even

(o7)fo = (ro)fr if m=2%4+1 is odd

and no further relations other than (3).
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Proof: The case m = is odd is very similar to the case m = 2k is even. We
discuss only the case m is even. An expression that is a linear combination of
products of o and 7 (called terms) that equals 0 is called a relation. By equation
(3) there is no loss of assuming that, for s > 1, neither ¢° nor 7° appears in any
term of relations discussed. Call the terms in such an expressions reduced terms.
Define the length of a relation to be the number of times the generators appear
in its longest (reduced) term.

To prove the theorem we need to show the following:
1. (o7)* = (70)* is the only relation of length m
2. We do not have any shorter relations.
3. We do not have any longer relations.

Proof of 1: Since the incidence structure of the generalized m-gon is self-dual

we can interchange the generators ¢ and 7. Then we have the equality

o3

l4+o+7+0r+70+,...,+(07)2 =1+74+0+70+07+,...,+(10)%.

Since each of these corresponds to a partition of F, it follows that
(ET)* = (TL)* and so (o7)F = (r0)*. By proposition 1, no reduced term of
length m can be expressed as a linear combination of shorter terms. This im-
plies the uniqueness of the relation of length m.

Proof of 2: Distinct reduced terms of length < m —1 correspond to disjoint sets
of flags in the proof of proposition 1. Therefore there are no shorter relations of
length <m — 1.

Proof of 3: Suppose there is a relation containing a reduced term of
length > m. Use the relation in part 1 to transform it to a non-reduced term.

This contradiction completes the proof.

10

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Theorem 2 Let H (= H(F) ®z C) be the complex Hecke algebra defined by the
relations
(o7)" = (r0)* if m=22%€Z is even.
(oo = (ro)fr if m=2%4+1€Z is odd
and

(c+1)(c—s)=0=(1+1)(7 — t) where s,t € Z.

Then H is isomorphic to the complex group algebra of the dihedral group of order
2m. It has irreducible representations of dimension 1 or 2 only.

Its one dimensional representations are

Name | o] 7
index s| t
Steinberg -1 -1
first one dimensional s|—1

second one dimensional | —1 t

when m is even. If m is odd, the only one dimensional representations are index
and Steinbery.

For1 < j <m/2, j € Z take {c;},{d;} € C such that c;d; = s +t+
2v/stcos2mj/m. Then {T; |j € Z, 1 < j < m/2} are a full set of inequivalent

irreducible two-dimensional representation of H where

Tj(a)=<;1 2) Tj(T)z(é j’f‘l).

Proof:(Curtis and Reiner [[2] p.620])

The fact that the constituent multiplicities of H¢(F') acting on the standard
module CF must be integers forms the basis for the Kilmoyer-Solomon proof of

the Feit-Higman theorem [9].

11
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Theorem 3 (Feit-Higman) Finite thick generalized m-gons can exist only if

m=3,4,6 or8.

As already mentioned there are two proofs of the Feit-Higman theorem. The
original proof considers an adjacency matrix A, whose rows and columns are in-
dexed by the points and whose entry at (p,q) is the number of lines incident both
with p and q. As we have shown, axioms for a generalized m-gon are sufficiently
strong to describe all of the chains of given length r from point p to a point
q. This provides information about the powers A”. The minimal polynomial
of A and the traces of the powers A" are determined. Finally the eigenvalue
multiplicities of A are calculated as rational functions of the parameters s,t and
the fact that these must be integers leads to the theorem. In this proof there is
only one matrix A.

A second proof due to Kilmoyer-Solomon [5] , introduces the Hecke algebra
H(F) described in Theorem 1. Their proof uses the complex character theory of
H(F') and the irreducible character multiplicities leads to diophantine conditions
equivalent to those of Feit and Higman.

The relationship between these two proofs is exploited in chapter 4 to relate
the irreducible R-forms of Hecke algebra to the arithmetic invariants of the
incidence matrix.

This relationship is hinted by the following identity, Liebler [7]
|F| = |P| + |B| + mst — Mina (4)

where mg and m;,q = 1 are respectively the multiplicities of the Steinberg and

index representation in the complex standard module.

One of the other major ideas in this thesis is to follow through the complex

theory of the Hecke algebra H¢(F) of a generalized m-gon and obtain the central

12
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primitive idempotents (See Chapter 3 for definitions). Then change the field to a
ring R. By observing exactly what denominators are required in a ring R where
Z C R C Q so that Hg(F') contains the idempotents, the first part of our main

theorem is obtained.

Theorem 4 (Main Theorem) Suppose Z C R C Q. Consider the R-standard
module associated with a thick generalized m-gon (P, B, F') having parameters s,
t and Poincare polynomial gm(s,t). Suppose the expressions gm(s,t); (s +t) if
m = 4; (s®+st+t2) if m = 6; (s+1)(s>+t%) if m = 8 are units in R. Then the R-
ary Hecke algebra Hr(F) acting on the R-ary standard module RF := R @z ZF

has the following structure:

i. RF 1is a direct sum of Hr(F)-submodules RF = > ®M,; where C® M; is

an He(F') direct sum of isomorphic irreducible summands of CF.

it. The Hg(F)-modules M; are completely reducible and the one dimensional
wrreducible R-forms that arise are also C-forms. However some two di-
mensional C-form corresponds to several inequivalent R-forms. Each two

dimensional R-form s equivalent to one of the form:

= 5) (6 )

wherea,b € Randab=s =t ifm =3;ab= s+t ifm =4; ab= st/st+t
fm=6;andab=s+1t,sEV2st+1tif m=8.

1. The multiplicity of an R-form appearing in ii. equals the multiplicity of the
parameter a in the R-normal form of the generalized m-gon’s point-block

incidence matriz M.

The proof of the theorem will be given at the end of chapter 4.

13
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Example 2 Consider the unique projective plane of order 8. The structure is
a generalized 3-gon with parameters (s,t) = (3,3). By [[3] p.180] the Smith
normal form of the incidence matriz is a diagonal matric with diagonal entries

1,1,1,1,1,1,3,3,3,3,3,3,12. The standard module over Z has rank
|F| = (14 8)(1 + s+ s?) =4.13 = 52.

If R = Z) is the 3-adic integers, then Hg(F') is an R-order and the

R-standard module RF has the structure:
RF ~ 1 -index + 27 - steinberg +6-T1 +6 - T5

where, as in Theorem 2,

Name o T

ndex ]

steinberg —1 -1
-1 0 3 3

h 1 3 0 —1
-1 0 3 1

I 3 3 0 —1

Note that Ty and Ty are Q equivalent since
P7'Ty(0)P = Ty(0) and P'Ty(7)P = Ty(7)

where P is a diagonal matriz with entries land 1/3.

Part (iii) of the main theorem tells us that the multiplicity of ®; and P
equals the multiplicity of the parameter a = 1 and a = 3 respectively in the
Smith normal form of the generalized 3-gon’s point-block incidence matriz which

m our case is .

14
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3 Central Primitive Idempotents

Let (P, B, F') be the points, blocks and flags of the generalized m-gon and
0,7 be as in theorem 1. Consider Hg(F') where Ris aring suchthat Z C R C Q.

Let H, soon to be Hg(F), be a semisimple algebra over Q. Let

H=PHV) (5)
\4

be a direct sum decomposition of H where V runs over the simple H-modules
(up to isomorphism), and each H (V') is a simple Q-algebra. This decomposition
is known as the Wedderburn decomposition, and H(V)’s are known as the

Wedderburn components of H. Set

1H:ZBV7 eVGH(V). (6)

Then for z € H, we have

xleH:xZeVZerv, ey € HV). (7)
v v

The set {ey |ev € H(V)} is the set of central primitive idempotents of H. It is
unique and completely determined by the decomposition (6).

Since H(V) is a simple algebra, we have an isomorphism py : H(V) —
M., (Dy) onto a full matrix algebra, where Dy = Endy (V) is a division algebra
over Q and ny is the multiplicity of V as a composition factor of H (V) regarded
as a module over itself.

A simple module V is split simple if dimg Dy = 1, and that H is split if all

simple modules are split simple.

Proposition 2 Let {ey,...,e,} be a set of the central idempotents of H such that
1 =737 e and let W be an H-module. Then each e,W’s is H-invariant and
W = Z?:l @eiW.

15

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Proof: Let h € H. We have h(e;W) = e;(hW) C ¢;W. This shows that e;W is
H-invariant. Since e;e; = eje; = 0 for 1 # j the Im(e;) N Im(e;) = 0. Therefore
I'm(e;) forms a basis for e;W. Because we have a direct sum, the union of the

images of the central idempotents form a basis for W.

Lemma 1 Suppose e € H is a central primitive idempotent associated with o
linear representation X i.e. the equation he = A(h)e holds. Suppose V is an

H-module. Then v € eV if and only if hv = A(h)v for all h € H.

Proof: Suppose v € eV. Then v = ev; for some v; € V and hv = hev; =
A(h)ev; = A(h)v. Conversely assume v is in the A-component of V. Then
fv = 0 for every central primitive idempotent f # eand v = 1v = (1—e)v+ev =

fv+ev =0+ ev = ev by equation (6).

Definition 3 A trace function on H is an R-linear map p: H — R such that
w(hh')y = w(h'h) for all bk’ € H. The set of trace functions on H is an R-
module, with pointwise defined operations. We say that a trace function p is a

symmetrizing trace if the bilinear form
HxH — R, (h, /') — p(hh'),

is non degenerate. This means that the determinant of the matriz (11(bb")) e peB

is not only not zero but also a unit in R for some (and hence every) R-basis B

of H.

If i is a symmetrizing trace on H and B is a basis for H, we denote by
BY = {b"|b € B} the dual basis; it is uniquely determined by the equation
p(bYb') = by for all bb’ € B.

16
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Definition 4 Let V, V' be (left) H-modules and B be a basis of H, with dual
basis BY. For any ¢ € Homg(V,V’), define I(¢) € Homg(V, V") by

I(p)(v) =Y bVpbv)  (veV). (8)

beB

Theorem 5 Let V be a split simple H-module. Then there is a unique element

cy € K such that
I{y) = evTr(p)idy for all p € Endg (V).
Furthermore, the constant cy only depends on the isomorphism class of V.

Proof: (Geck and Pfeiffer [6] p.223)

The element ¢y € K is called the Schur element associated with V.

Proposition 3 Let H be split semisimple module and H = ®yH(V) be the
Wedderburn decomposition of H, where V' runs over the simple H-modules. Let
B be any basis of H. Let 1y = >, ey with ey € H(V). Then each ey is a
central primitive idempotent and, denoting by xv the characters of V, we have

ey = % S X (b, (9)

beB

Proof: (Geck and Pfeiffer [6] p.227)
Let erng, €s,€1,€2, f denote the central idempotents corresponding to the
index, Steinberg, first one dimensional, second one dimensional and all the two

dimensional representations together respectively.

Proposition 4 If H(F) is the complex Hecke algebra for the generalized m-gon
(P, B, F) where m > 3 then 1 = epq +es+e1 +ex+ f and the different factors

of the denominators of the idempotents are

(1+s),(1+s+s% for m=3
(1+5),(1+1¢),(1+st),(s+1) for m=4
(14 5), (1+1), (1 + st + s%2), (s® + st + 1?) for m=6
(148),(1+1t),(L+st),(1+s%2),(s+1t),(s* +t%) form=38
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Proof: We will prove the case where m = 3 and the other cases are done in
an analogous way. In this proof we start with R = Z and then extend our ring
whenever a division is required, but in the end restrict R to be just big enough
to contain the resulting central idempotents.

Define the symmetrizing trace of generalized 3-gon by
w:H—7Z, hw— coefficient(constant)

and compute the corresponding dual basis. If the basis of generalized 3-gon
is B = {1,0,7,07,70,070} then the corresponding dual basis for it is BY =
{1,2,Z,%%,%, 22} and now we need to replace R with Z[2].

By theorem 2 there are two one dimensional and one two dimensional rep-
resentations for generalized 3-gon.

The computation of equation (8) for the representations is as follows:

In the following three cases let ¢ be the identity homomorphism. So for the
index representation we get

Ie)w) = Y bev) =) b’ (w)

beB beB
= 1V-1v)+0" - (c-v)+7" - (7-v)
+(o1)Y - (o7 -v) + (10)Y - (10 - v) + (070)" - (070 - V)
2 2
— 1./U+f.S.U+f.s.v+_s_.s2.fu+s_.s2.'u
s S 52 52
3
s 3
—i—;-s ‘v

= (1+2s+258°+5%) v

Now use theorem 5 to compute the ¢y (the Schur element) of the index rep-
resentation of the generalized 3-gon. The equation I(p) = cyTr(p)idy reads

(14254252 +5%) = cy+1-1 which implies ¢y = (1+2s5+25%+53) = (145)(1+s+5?).
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After finding the Schur element of the index representations of the generalized
3-gon we find the central primitive idempotents by using proposition 3. The
primitive idempotent corresponding to the index representation of the general-

ized 3-gon is
14+0)(1+7+70)
(14 s)(1+s+s2) "

€Ind =

1

Therefore ernq exists if R = Z]; vt 1—+sl+?]

For the Steinberg representation we have:
I(p)(v) = Y bp(bv) = b"(bv)
beB beB

= 1V 1-v)+0" - (oc-v)+7"-(T-0)

+(o7)Y - (o7 -v) + (r0)Y - (0 - v) + (070)" - (070 - V)

= (1-U)+(—;1)-(—1)-v+(_81)'(—1)ov
+515 1 v+s—2-1~v+(—;31—)~(—1) v
2 2 1

= (1+;+'S—2+?;)'v

Now use theorem 5 to compute the ¢y of the Steinberg representation of the
generalized 3-gon. The equation I(p) = cyTr(p)idy reads (1+ 2+ 3 + %) =
¢y -1-1 which implies ¢y = 142+ % +%. After finding the Schur element of the
Steinberg representations of the generalized 3-gon we find the central primitive
idempotents by using proposition 3. The primitive idempotent corresponding to

the Steinberg representation of the generalized 3-gon is

(s —o)(s* — st +710)

ST AL )1+ s+ 7
Therefore es exists if R = Z[z5, 1z
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For the two dimensional representation we get

D bVp(bv) = bY(bv)
beB beB
= 1V-1-v)+0" - (o-v)+7 (7 v)

+(or)V - (o7 - v) + (r0)Y (TO’ v) + (aTa V.(oTo - v)

)
) (o). (-10

0 )

{
)
)]

25242542 0
J— 8 .
= 25242542 v
O S

The equation () = cyTr(yp)idy reads

252+s2s+2 0 1 0
0 e =020 { g

which implies that the Schur element for the two dimensional representation is
oy = st
The primitive idempotent corresponding to the two dimensional represen-
tation of the generalized 3-gon is
2s+(s=1)(o+71)—0T —7TO)
$2+s+1 '

€f =

Therefore ey exists if R = Z[i7].

Since 1 = enq + €5 + €5 We can write V as
V=V1=Veni®Ves® Vey.

Therefore this decomposition is defined over R if R = Z[~ i.e. if the

1+s? 1+s+32]

Poincare polynomial is a unit in R.
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Remark 1 We have used the techniques of [6] for the computations of the Schur
elements. The assumption that the parameters s and t are units in R s needed
for the computation of the dual basis. However this is not necessary for the

existence of the central primitive idempotents.

Proposition 5 If the expressions in the hypothesis of theorem 4 are units in
R then the R-ary standard module RF can be written as a direct sum of HrF-
submodules RF =) &M, where CQ M; is an Hc(F') direct sum of irreducibles
of CF corresponding to the one dimensional representations separately and all

two dimensional representations together.

Proof: Apply proposition 3 and the result follows.

21

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



4  The Point Block Module

Assume the expressions listed in proposition 4 are units in R and Hg(F)
contains the central idempotents appearing in proposition 4. Define RP and RB
to be a free R-module with distinguished basis labeled by the points and blocks

respectively. Define the maps:

¢pp : RP — RB(p — Zb); ¢pp: RB — RP(b+ Zp);

plb plb
¢pr: RP — RF(p— > (p,b)); épr: RB— RF(b— Y (p,b));
plb plb

¢: RP® RB — RF(¢ = ¢pr © é5F).
Let o = Epepp € RPORB, g = b€ RP®RB, L =< ay, 83 > and
RPB := (RP® RB)/L.
Let o', 7 € Homg(RP ® RB, RP © RB) be defined by

o (p) = —p+ épa(D), o (b) = sb,

’

7 (p) = tp, 7' (b) = ¢5p(b) — b.
With respect to the basis labeled by the points and blocks respectively ¢ and

7" have the following form:

’ —1 0 f tx1 M
o = and 7 =
MT sxI 0 I

where M is the incidence matrix.

We need to go back and forth between RP @ RB and RPB so we write
T for x + L mod L when x € RP @& RB and extend this notation to include
submodules writing A for A+ L mod L when A is a submodule of RP @ RB. In
addition, if ¢ € End(RP ® RB) leaves invariant L then write ¢ € End(RPB)
for the induced map.

All of the above notation will be used throughout this section.
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4.1 The RP & RB module and Im(¢)

Proposition 6 The map ¢ : RP ® RB — R satisfies the following relations:

i. 90 = o¢ and ¢ = T where 0,7 act on the standard module as in

theorem 1.
4. Ker(¢) = R(oq — fBip|) is invariant under o and 7.

#i. L is invariant under o and T and their matrices with respect to the basis

{ou, BB} are

o, = -1 0\ | = t ot+1
L=\ s4+1 s TL=\o -1 )

w. RPB is an H(o,T)-module with ¢ — ¢ mod L and 7 — 7 mod L.

Moreover Im(¢) is isomorphic to RPB.

Proof: Liebler ([7] p.586) shows (i), which implies that ¢ is an H(o, 7)-homo-
morphism and so the first part of (iv) follows from (ii). Ker(¢) = 0 since
Ker(¢) < L. This shows the isomorphism claimed in the second part of (iv).
Only (i) and (iil) need proof.

To prove (i) suppose v =} p ¢yP+ ) 45 dob and ¢(v) = 0. It is sufficient
to show that ¢, = —d;, independent of p € P and b € B.

Let C}, be the diagonal matrix with diagonal entries ¢, : p € P and similarly
let D, be the diagonal matrix with diagonal entries d, : b € B. Then C,M
corresponds to ¢(ZPE p Cpp) in the matrix model introduced after example 1 and
MyB correspond to ¢(}_,cpdpb). Note that the i'th row of D,M is a scalar
multiple of the i’th row of M, and similarly the j’th column of M D, is a scalar

multiple of the j’th column M. Since ¢(v) = 0 we have

D,M + MD, = 0.
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This matrix equation can only hold if both D, and D, are scalar matrices.
Suppose by way of contradiction c,, # cp, for points p; # p;. Among all such
pairs, choose p; and py so that the chain joining them p; = agp,...,an = P2
where h > 3 (as defined at the beginning of chapter 2) is as short as possible.
If we remove p; we obtain a shorter chain where all the coeflicients ¢; are equal
to cp,. Similarly removing p, gives us a shorter chain where all the coeflicients
c; are equal to ¢p,. Thus ¢,, = ¢,,. This is a contradiction. Therefore all the
coefficients of the points has to be the same. Similar argument holds for points.
Since the incidence graph of generalized m-gon is connected the result follows.
To prove (iii) we apply o to a; and By and we get
)=} P == p+(s+1)Y b=—lar+(s+1)fp
pep pEP beB

and

o (Be) =0 (D b) =5 b=sPp.

beB beB
The result follows.

Proposition 7 Let efnq, €5, €1, €3, f € H(F) be the central idempotents appear-

ing wn proposition 4. Then
i. esIm(¢) =0.
i. ¢(L) = ernalm(d) = ermaRF.

Proof : Note that ¢(p) = (o + 1)(f) for any flag f on a point p. Let v = ¢(p)

and apply lemma 1. Then
esv=eg(oc+1)=(0+1)es =0es+es=—es+es=0.
Similar argument holds if we replace p with b and o with 7. Part (i) follows.
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By proposition 6-(ii) ¢(ar — Bg;) = 0, so ¢(a) = ¢(Bjp) and
¢(L) = (¢(an)) = (X jer f)- Note that ¢(L) < RF is pure because RF/¢(L) is

torsionfree. Since
o> H=s0_0, O nN=tO_n,
feF feF fer feF

and mp,q = 1 (after equation 4) we get ¢(L) = er,qRF. This completes part (ii)

of the proposition.

4.2 RPB and the Smith Normal Form

Recall that RPB := (RP @ RB)/L.

Proposition 8 Let ej,q4,€5,€1,€9, f € H(F) be the central idempotents appear-

ing in proposition 4. Then Im(¢) = (e; + e, + f)RF.

Proof: By proposition 7-(ii), (L) = e;,qRF. We have

Im(¢) = Im(¢)/¢(L) = Im(¢)/ermaRF
= (ema+es+er+ e+ f)Im(d)/emaRF

&= (61 + €9 + f)Im(qS)

The only thing left to show is (ey +ex+ f)Im(¢) = (es +ea+ f)RF. Since Im(¢)
has rank |P|+|B|—2, equation (4) implies this result if coefficients are extended
to Q. Therefore (e; + ex + ef)REF/(e1 + e + e)Im(¢) is torsion module.

It remains to show I'm(¢) is pure. By definition of pure, we must show that

if « € R and ax € Im() then = € Im(¢). Suppose a € R, ax € Im(¢) and

az = ¢(w) for we RPB. (10)
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Define an R-homomorphism X : RF — RPB by A((p, b)) = (p,b). Suppose that
(Ap)~! exists. Apply (A@)~!A to both sides of equation (10)

(A0) " Maz) = (M) ' AP(w) = w.

Finally substituting for w in equation (10) we obtain

ar = p(w) = $((A¢) "' Maz)) = a(((Ad) ' \(z))) = ag(2)

where z = (A@) *A(z). Now a # 0 implies that © = ¢(z). This shows that
x € Im¢. This shows that Im(¢) is pure provided (Ad) 'exists.

To show (Ag)™" exists provided (¢A|f(5) " exists, let p be the map from
RPB to the I'm(¢) such that p(p,b) = ¢(p,b). Note that p differs from ¢ only in
codomain. Because Ker(¢) = 0, p is an isomorphism and has an inverse. Now
P A @) = PPN 1m(@)P = Mim@P = Mim@® = A@ shows that (Ag)~*
exists provided (PA|7pz) " exists.

Since @\ € He(o,7) the complex theory of this algebra applies. It remains
to show det(©(@))) = det(©(c + T + 2 + I)) is either 0 or invertible over R for
every complex irreducible representation © of H(F). The calculations of the

det(@)) are as follows:

For the Steinberg representation we get
c+7+2+xI=-1-1+2=0.
For the one dimensional representations we get for example:
o+717+2x]I=5—-1+2=5+1.
For the two dimensional representation we get
e (200 (3 4)0 (1)-(11 )
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So det(o+7+42%1I) = st+s+1t+1— ab. The product ab for the different two di-
mensional representations is a factor of the expressions appearing in proposition

4 and we have assumed these to be units in R at the beginning of this chapter.

We need to understand what happens to the incidence matrix M and M7
when 7’ and ¢’ are regarded mod L. We only discuss 7 because ¢’ is handled
in an analogous way.

Consider the square matrices

El:((l)l—]l> andEQZ((l)l_'_"Il>
|Pix|P| |B|x|B|

where |P| and |B| denote the number of points and blocks respectively. Iden-

s+110..0 ) Since we
A | M

assumed that the Poincare polynomial is a unit in R, s+ 1 and £+ 1 are units in

(s+1)! 0) (1 0) :
R. Let E5 = . Then EsE1MEy = . Finally, th
et Fs ( 5 7 en E3sE1ME, AT, inally, there

is a matrix F, invertible over R such that E F3E\MEy = ( é ]\(/.)f )
1

Let E to be a 2 by 2 block diagonal matrix with diagonal blocks (E4E3E;) ™!

tify these as transition matrices. Then EF4yME,; = (

and E,. Then the first and the p 4+ 1** row of E corresponds to «; and By

respectively. Moreover

E_lT/E _ < tx1 || E4E3E1ME2 )
0 -1

and E~'7'E mod L corresponds to removing the the first and the p + 1% row

and column of E~'7'E. This proves

Lemma 2 All the nonzero entries in the R-normal form of My appear in the

R-normal form of M.
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Proposition 9 We have the following:

i. The first one dimensional representation is afforded by

e1(RPB) = (0® Ker(M)) = (0@ ker(¢ps) C RPB and has multiplicity
my = |B| — rank(M).

it. The second one dimensional representation is afforded by

eo(RPB) = (Ker(MT)®0) = (ker(¢pp)®0) C RPB and has multi-
plicity mg = |P| — rank(M).

iti. Two dimensional H(F') irreducible direct summands have the same multi-

plicity in RPB as in RF.

Proof: Suppose 7 affords the first one dimensional representation. Then

o(v) = sv and 7(0) = —7 i.e.
o (W) =sv+l, 7@)=-1v+l,, where l 1, €L

Write v = v; & vy where v1 € RP and v, € RB. Then

sv1 + g, _O'I(U) =1 0 v -y
svatly ) TN MT osxT ve J  \ MTv + svy

by comparison of "first coordinates” it follows that (s + 1)v; = —l,,. Similarly

(Fatis) v (5 ) (3)-(22)
implies Muy = I, — (t + L)vy = I, + Z:[—il,,p. This shows 7 € _(—OGBTT(]\—/[W.

The multiplicity of the first one dimensional representation in RPB equals
the rank of m, which, by a fundamental isomorphism, equals the
rank of (0 ® Ker(M))/(L N (0® Ker(M))). But LN (0 ® RB) = R, and

Big) ¢ Ker(¢). The rest of part (i)follows by lemma 1.
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The proof of (ii) is similar to (i) and will be omitted.

Property (iii) follows from proposition 6.

Now construct a new basis of RPB. Let r = Rank(M), |P| be the number
of points and |B| be the number of blocks.
Let Te; = {Biprr41, Bpl4rt2:-- -, Bip—1} and Te, = {&2,83... &pj—r—1} be

an R-basis for the (0 ® Ker(M)) and (Ker(MT) & 0) respectively.
Because fRPB and RP are both pure in RPB, their intersection is again

pure and (fRPB N RP) N (fRPBN RB) = 0 which implies

fRPB = (fRPBN RP)® (fRPBNRB).

Pick an R-bases
Fp = {SIPI*“ 5|p|_r+1, - ,S,«} of fRPBN RP

and
Ty = {6r41,0r42,- .-, 0|p4r} of fRPBNRB.

Proposition 2 implies that I' = {I',, UT, UT, UL, } is an R-basis for RPB.
Needless to say, we need the matrices of & and 7 with respect to I'. The

next three paragraphs explain their form when blocked according to I'.

For each & € I, let « € RP @ RB such that & = o+ L mod L. Then
0 a = —a. Therefore & = —a&. This explains the first column of (¢)r.

For each § € T, let § € RP @ RB such that § = § + L mod L. Then
0'6 = =6 + MT§. Therefore 36 = — + MT5. Moreover § € fRPB so 5(0) is

too by lemma 1. This implies that MT§ € fRPBN RB and therefore is a linear

combination of elements of I',. Because Ker(M7) is accounted for by the first
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column of (5)r below, the matrix G of f(0® MT) has full rank equal to r — 1
This explains the second column of (7)r.

For each § € Ty UT,, let § € RP @ RB such that § =8+ L mod L. Then
0’8 = s6. Therefore 30 = s6. This explains the third and fourth column of (7)r

We obtain (7)r in a similar way and NN also has full rank equal to r — 1.

Therefore with respect to the basis [:

-I10 0 0 txl 010

(F)r = 0 -1 0 e 0 (t+«I| N} O
0| GlsxI| O 0 0 |-I|0

00 0 |s=T 0 0 0 |—-1

Theorem 6 Let (6)r and (7)r be the above matrices. Then the following equa-

tions have to be satisfied:

sG=GNG for m=3 (12)

(s+t)G=GNG for m=4
((s+1t) — GN)*G = (st)G for m=6
(s+1t)G=GNG for m=8 or
((s+1t) = GN)’G = (2st)G  for m =38

Proof: The generators (¢)r and (7)r have to satisfy the relations stated in

theorem 1. For m = 3 we have opr7-61r = 7ror7r. Since (7)r and (7)r are square

block diagonal matrices we work with the submatrices

—I| 0 txI| N
)::(G S*I)and T—( 5 ——I)'

So we have

txI — NG —sxI*x N CYTY -
—(s4+t)*xI*G+G*N+xG sxI+«xGxN—-g*+«1 | N
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_.2 —_—
=TZT:( t*xI+N*xG (s+t)*I*N+N*G*N>

—txIxQG sxI—GxN

Compare the second row and first column entries of matrices then we get
—(s+t)* I *xG+ G+ NG = —t«=1I=xG which is equivalent to

equation (12).

The other cases are done in an analogous way and are omitted.

By the fundamental theorem for modules over a principal ideal domain there
exist Sy, 82 € Matm, xm, (R) such that det(S;) and det(S;) are units in R and
D; = 5,GS5 is the R-normal form of G.

Let A, = {71,72,---,Vr—1} and Ay = {7,%,---,7%._, } be a new R-basis of

fRB where
r ~ |P{+r
Yi = Z uki5j, ’y;.: Z Uki5j7 fori,k=1,2,...,r—1
j=IP|-r j=r+1

where the coefficients uy; and vy, are the (i,k)-entries of the matrices S;* and S,

respectively. Let A = {A, U Az}

Theorem 7 With respect to basis A , & and 7 get the following form.:
N (1] 0 [ txI D,
(7)a = ( D: s*1>’(T)A" ( 0 —1)

and Dy = S;'NST! is a diagonal matriz.

Proof: The only thing that has to be shown is that D, is diagonal. This follows
from theorem 6. For example in case m = 3. Multiply equation (12) from the
left and from the right by S; and S, respectively. The left side of the resulting

equation is diagonal and equal to sD;. Since

SD1 = SlG52S2_1N5’1_151G52 = D152_1N51_1D1
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is diagonal, Dy = S, ' NS;! has to be diagonal.

The other cases are handled in a similar way and are omitted.

Proof of Theorem 4:
We start by proving the result for the one dimensional representations of
H(F'). Then we handle the two dimensional representations.

By proposition 4 page 17 we have

RF =e;,,RF ®esRF @ e;RF @& eyRF & fRF.

By proposition 7-(iii) page 24 we have Im(¢) = (e; + es + f)RF. Thus
RF = e;,qRF @ esRF @ Im(¢). By proposition 6 page 23 Im(¢) is H(F)-
isomorphic to RPB. By proposition 2 page 15 and proposition 5 page 21, we
have RPB = ejRPB®e; RPB& f RPB. Since the one dimensional R-forms are
just 1 by 1 integer matrices (entries are -1, s or t), they are exactly the same
with the one dimensional C-forms. This completes the proof relative to the one
dimensional C-forms.

In order to deal with the two dimensional C-forms it is sufficient to show
fRPB is a direct sum of rank 2 Hr(F')-modules and to establish the incidence
matrix connection.

Reorder the basis A appearing in theorem 7 on page 31 by listing ; imme-
diately following 7;. Denote this new basis by ¢.

With respect to the basis €, (6a)e and (7a ). become block diagonal matrices

which consists of 2 by 2 blocks of the form

(-1 g o[t d
T\ld s ) M TT 0 -1

where d; and d, are diagonal entries of Dy and D, respectively.
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The product d;ds must satisfies the conditions given in theorem 2 page 11 be-
cause they are the complex two dimensional representations of H(F'). This proofs
part (i) of the main theorem.

By Lemma 2 page 27 we see that dy’s come from the incidence matrix M.

Therefore part (iii) of the main theorem follows.
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