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2. MATHEMATICAL FRAMEWORK

ZHenceforththe term "position" will be used to mean any combi
nation of position and/or orientation variables.

(2)

(1)x~f(q).

where xe R" is the position of the end effector, q
eRn is the vector of joint variables, and m and n the
dimensions of the task space and joint space, teepee
tively. Manipulators that have more degrees of free
dom (DOFs) than required for a task, i.e., n>m, are
said to be redundant. 'The end-effector velocity is ex
pressed in terms of the joint rates as

where] E Hm X n is the manipulator Jacobian, xis the
end-effector velocity, and it is the joint velocity.

If perfect servo control of the joints is assumed,
then in a healthy manipulator the actual joint velod-

failed, the ability of manipulators to converge to de
sired end-effector positions even with imperfect/
approximated lacobtana/Iacobian-inverses has been
addressed in refs. 26 and 27. Therefore, we focus on
the other case where a joint has actually locked, but
the controller continues to command motion of that
joint as though it were healthy. For a general class of
tasks characterized by point-to-point motion, we ex
amine convergence issues such as whether the ma
nipulator comes to rest and, if so, what is the terminal
position and orientation of the end-effector. The con
vergence analysis is restricted to purely kinematic ef
fects, due to the fact that the dynamic effects of a fail
ure are essentially transient in nature and do not
significantly affect the convergence behavior.18.28-30

Conditions under which the manipulator converges
are explicitly defined and the anomalies in behavior
due to the faults explained and illustrated with ex
amples. These conditions are used to evaluate the
convergence behavior of the manipulator over the
postfailure workspace. This allows for the identifica
tion of workspace regions for which task completion
may be possible even with unidentified failures.

The position and orientation- of the end effector of a
manipulator can be expressed in terms of its joint
variables by the kinematic equation

"nus assumes a typical commercial robot where duplicate sensing
and/or analytical redundancy does not exist.

1. INTRODUCTION
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Failures in robots occur frequently in industrial
operations.' The likelihood of failures is far greater
when robots are operated in harsh environments.e
Since the control of the individual joints is essentially
independent in a typical robotic system, most failures
affect only a single joint. While there are several ways
in which a robot may fail,3--7 one common failure
mode is a "locked joint," where the affected joint's ve
locity is identically zero. Such a failure may have
catastrophic consequences or, at the very least, stg
nificantly degrade the system performance.

Since immediate human attention for repair or re
covery is often not practical in hostile environments,
it is desirable that the robot itself be able to cope with
failures. A common approach to enhancing failure
tolerance capability in a robot is the incorporation of
redundancy in the design. This may be in the form of
duplicated components" or through the intelligent
utilization of kinematic redundancy.9-13 Though there
has been considerable work in the area of failure tol
erant systems, there remain Significant questions
about the postfault behavior of robotic systems that
do not incorporate fail-safe mechanisms. Existing
failure tolerance schemes rely on effective failure de
tection and identification}4-16 only after a failure is
identified is an appropriate failure recovery strategy
initiated.17-21 However, failure identification is itself a
difficult process that may not always be successful.W

While it is easy to envision a failure recovery
strategy for identified failures, the situation is much
more difficult when a failure is merely detected, but
not identified. In particular, consider a joint malfunc
tion where a Significant deviation is detected between
the commanded joint velocities and those returned by
the joint sensors. Identifying whether this malfunc
tion is due to a joint locking up or whether the sensor
is (erroneously) returning a constant joint position is
not possible.' A simple response to such a situation is
to implicitly assume that a joint has locked, and to ad
just the control law accordingly so as to not command
motion of the joint in questicn.P However, given that
sensor failures are more likely than joint actuation
failures,22 this may not be the best course of action, as
the work;race is unnecessarily reduced (often quite
severely'f ,25).

We therefore consider the scenario where the con
trol Iaw remains unmodified, and explore the conse
quences. For the case when the sensor has indeed
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ties 'Ia equal the commanded velocities 'Ic' However,
in the event of a locked-joint failure of the ith joint, the
corresponding element of 'Ia is identically zero. Then,
the actual end-effector velocity is given by

(3)

where iJ is the post-failure Jacobian, given by

i/=[h ... jl-l 0 ji+l ... jll]. (4)

know whether the end effector will eventually con
verge to it.3

The first question that arises in the study of con
vergence behaviors of a failed manipulator is
whether the desired task position is reachable, that is,
lies within the postfeilure workspace. If indeed it
does, the issue of whether, under the employed con
trol scheme, the manipulator converges correctly to
the desired position must be examined. Even if reach
ability of the desired position is not possible for a cer
tain failure, it may still be of interest to know whether
the control allows the failed manipulator to converge
to the position closest to that desired.

A common method for generating 'Iis the inverse
kinematic scheme

where x, is the actual position of the end effector, and
Ke is a constant position error gain that is adjusted
when necessary to limit the commanded end-effector
velocity to a maximum allowable value.

In the event of a locked-joint failure, the actual
end-effector velocity in general will not be as com
manded by (6). In particular, if joint i fails, the actual
end-effector velocity is given by

where G is a generalized inverse of J satisfying the
Penrose condition JGJ= ]. A frequently encountered
generalized inverse is the pseudomverse r. which
yields the least squares minimum norm solution. For
full rank J, the pseudoinverse can be expressed as
r~JT(Jf)-l.

In this work, a general class of tasks characterized
by sequences of point-to-point moves is considered.
The commanded end-effector velocity is simply
straight line motion towards the desired task position
xci:

The workspace of a manipulator, in general, reduces
after it experiences a failure. 9,24,2S However, under
certain conditions, a task position can be guaranteed
to be reachable by a redundant manipulator after an
arbitrary joint failure along a trajectory. This is
achieved by ensuring that the ranges of the joint val
ues along the nominal trajectory never exceed the
bounds of the joint values given by the self-motion
manifold(s) of the desired task positionj"

The bounds of the self-motion manifolds can be
directly computed by numerically tracing the mani
foldfs}. Another more efficient way is to note that the
extremal values of a joint variable are determined by
the hyperplane that is tangential to the self-motion
manifold with a normal that is collinear with the cor
responding axis in the joint space. Consequently, the
contribution of that joint to the null motion of the ma
nipulator is identically zero. It is easily shown that a
joint i has a zero contribution to the null motion of the
manipulator if and only if the Jacobian IJ
<lii ... ji-l Oji+l ... jn] is rank deficient4p If the con
dition for a joint to be at an extremum is not satisfied
for any configuration corresponding to the desired
end-effector position, then the range of that joint on
the manifold is unconstrained, i.e., it spans the entire
[0° 360°] range. The limiting values of the range of
joint i are thus obtained by simultaneously solving
the following equations:

3. POST·FAILURE REACHABILITY

(6)

(5)'I=Gx,

(8)

(7)

which can be obtained by combining (3), (5), and (6).
Although xa may not drive the end effector directly
towards the desired task position, it is of interest to

3A manipulator is considered to have converged when all its
joints come to rest, i.e., all joints, except possibly the failed joint,
are commanded a zero velocity by the employed control scheme.

"The rank deficiency of this matrix is referred to as a sr:>mi
singularity in Ref. 31.
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and

nr(i)=o, j=l,,,.,n-m,, (9)

izing erroneous convergence of a manipulator, it is
necessary to identify conditions under which only the
failed joints of the manipulator are commanded mo
tion.

i

I
! i

:11'

I

where {nh, ... ,nJ
n

_ ) represent any n-m linearly in
dependent null vectors of J.

The identified extrema partition the [0° 360°]
ranges of the joints into a number of segments. The
segments corresponding to the joint ranges of the
self-motion manifolds can then be identified by test
ing the midpoint of each of the obtained segments.
Though this technique is a general one, its applica
bility depends upon the ease with which (8) and (9)
can be solved.

The above technique presents an efficient means
for evaluating the effect of a given control scheme on
the post£ailure reachability of a task position. More
over, the technique can also be employed for the de
sign of control strategies to guarantee the reachability
of critical task positions in a manipulator's
workspace."

4. ANALYZING CONVERGENCE BEHAVIORS

Independently of whether or not the reachability of a
task position is guaranteed for a failure, it is fmpor
tant to analyze the convergence behavior of a failed
manipulator for a given control scheme. If the desired
task position is reachable, will the failed manipulator
converge to that position? If it is not reachable, will
the failed manipulator converge to the closest pos
sible position? If it does not converge to one of these
positions, to what position does it converge, if it does
converge at all? These issues form the crux of the
analysis of the postfault behavior of manipulators.

We will define "convergence" formally to mean.
that the joints come to rest, that is, qa = O. This is pos
sible for a failed manipulator if either all its joints are
commanded zero velocities, or if only the failed
joint(s) are commanded motion (since qa=ilqJ. In
the context of the defined control framework, conver
gence with zero velocities of all the manipulator
joints is possible only if the commanded end-effector
velocity is zero. Since a zero end-effector velocity is
commanded only if the end effector is at the desired
position, convergence with qc= 0 implies correct con
vergence. Convergence with qc"'O (i.e., when some
or all of the failed joints are commanded nonzero ve
locities), therefore, must imply "erroneous
convergence" or convergence to a position other than
the desired one. To determine the factors character-

4.1. Characterizing Convergence

The following theorem shows that a manipulator gets
"stuck," or converges with a non-zero commanded
velocity, only when the following two conditions
hold:

• The commanded end-effector velocity lies in
the space spanned by the failed columns of the
Jacobian.

• The post-failure weighted Jacobian is rank de
ficient.

This result is derived as follows:
Theorem 1: Consider a manipulator at a nonsin

gular configuration, driven by a generalized inverse
control

(10)

where G=w-1f(Jw-1JT)-1 for some symmetric
W>O.5 Let S be the set of the indices of the k locked
joints, and let ji and Wi denote the ith columns ofJand
W, respectively. Then,

1. Only the failed joints are commanded motion
if and only if the commanded end-effector velocity
vector Xc lies in the space spanned by the columns
corresponding to the failed joints of the Jacobian, i.e.,

for some a; E IR, i E S, where e, represents a natural
basis vector.

2. Moreover, the failed joints are commanded
nonzero velocities only if a postfailure weighted Jaco
bian is rank deficient, i.e.,

(12)

5'rhe matrix W is used to specify the relative weighting on the
joint velocities when determining the minimum norm solution.
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where i(JW- 1) E11{lfIx{n-k) is obtained from JVV- 1 by
zeroing the columns with indices i Es.

Proof
1. The condition

can be established simply by premultiplymg the
equation on the left by J.

For the converse the following is given:

LetN ER(n-m)xn be a matrix whose columns span the
null space of J. Then, for the given inverse control

Using the fact that xc= JqCf the two equations above
can be written in a matrix form as

The matrix on the left is full-rank and invertible and
so the system of equations has a unique solution.
Since qc=Li"'SG.iei is a solution, it must be the unique
solution. This completes the argument.

2. The second statement of the theorem is proved
by contradiction. Suppose that for some nonzero qc'
'(JW-1) is full-rank. From the first statement of the
theorem, qc= L, ",SG.,ei. Then, from NTWqc= 0, it fol
lows that NT(2:idG.iWi)=O. This implies that
Li",SCliwiE'R.(f) or, equivalently, that

for some v'.i=O. This can be rewritten as

Zeroing out the rows with indices i E5 (correspond
ing to the failed joints) on both sides of this equation
yields

This implies that i(JW- 1)T has a nontrivial null space
and therefore is rank deficient. Thus i(JW-1 ) is also
rank deficient-a contradiction. D

The second statement of the theorem says that if
the rank-deficiency condition does not hold at a con
figuration, then the manipulator cannot come to rest
at that configuration with a nonzero commanded
joint velocity.

Theorem 1 identifies the various parameters that
affect the convergence of the manipulator after uni
dentified joint failures: the joints that have failed, the
configurations at which they failed, the actual posi
tion of the end effector, the desired task position for
the end effector and the inverse-kinematic control
employed. It is important to point out that Theorem
1 only characterizes potential positions of conver
gence, and does not answer the question of whether
the manipulator will eventually converge to such a
configuration and, if so, to which one. However, con
ditions under which each of the following three dis
tinct behaviors may be exhibited can be inferred from
the theorem:

1. The manipulator successfully converges to the
desired task position.

2. The manipulator converges, but to a position
other than the desired task position.

3. The manipulator does not converge, i.e., it
keeps moving forever.

Each of these behaviors can be encountered under
normal operation, as will be demonstrated in Sections
4.2 and 4.3.

4.2. A 2~DOF Planar Example

Since the workspace of a planar 2-DOF manipulator
reduces in dimension after either joint failure, the
postfailure reachability of a task position is almost al
ways not possible. This simple example, however, is
ideal for a detailed analysis of the postfailure conver
gence behavior where, in addition, a "brute-force"
analysis of convergence can be performed. All three

-n _
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"Here G is simply the inverse of the Jacobian, which is uniquely
defined except at the singularities of the manipulator identified
by the configurations where e2= b r, k integer.

This condition can be reinterpreted in light of Theo
rem 1. From Figure 1, it is seen that condition (16) is
equivalent to the position vector x" and the com
manded end-effector velocity Xc being orthogonal.
Since h and xs are also orthogonal, it can be con
cluded that Xc and it must be collinear. Thus, the mo
tion of only joint 1 (failed) is commanded. This is pre
cisely the convergence condition postulated by
Theorem 1. It should be noted that for the 2-DOF rna-

The condition for convergence is lh= 0, which re
sults, from simple trigonometry, in

is driven by the control input" defined in (6), with a
unit value of the positional error gain Ke , the velocity
of joint 2, after a locked-joint failure of joint 1, is given
by

Figure 2. A 2-DOF planar manipulator with joint 1 failed
at 0°. The shaded area represents the workspace of the
healthy manipulator that reduces to the inner circle after
the failure. Also shown in this plot are four task positions
A, B, C, and D for which very different convergence be
haviors are observed for the same starting position x(to)'

(14)

(13)

where the Jacobian Jexpressed in the base coordinate
frame is

with 51"'" sin(81) , Cl = cos(8d, 512= sin(81+ fh), and C12

=cos(81+ (h)·
Let the task position be given by Xci=[XdYdJ

T,

where Xci is not restricted to be either in the postfail
ure or the original workspace. When the manipulator

behaviors listed in Section 4.1 are illustrated here for
the case of a simple unit link-length, planar 2-DOF
manipulator. The failure of the first joint at 0° is con
sidered (without loss of generality).

For joint variables 81 and (h, the velocity relation
between the end effector and the joint variables given
by (2) can be written as

Figure 1. Geometric interpretation of the convergence
condition from Theorem 1 for the 2-DOF example. Since 1J
is always rank deficient for the 2-DOF manipulator, the
manipulator converges when Xc and h are collinear. Thus,
motion of only joint 1 (failed) is commanded, and, there
fore, the manipulator does not move.
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Figure 3. Joint-space trajectory evolutions for task posi
tions that are located 1 m from the 82 joint axis, e.g., task
positions A and B. The large arrows denote the evolution
of the trajectory in a region. The end effectorposition error
increases in the light-gray regions, and decreases in the
dark-gray regions. The dark lines indicate configurations
to which the manipulator may converge, i.e., the com
manded joint two velocity will be zero. Convergence to
the task position is observed with A. No motion results
when the task position is B.

nipulator the rank-deficiency condition of the theo
rem always holds since 1Jand 2Jare always rank de
ficient. Thus, for this example, only the collinearity
condition determines convergence.

It is seen that Theorem 1 only characterizes po
tential positions of convergence, and does not answer
the questions of whether the manipulator will even
tually converge to such a configuration, and, if so, to
which one. To address this issue, the evolution of the
manipulator trajectory is investigated next for differ
ent task positions. For this analysis, it is convenient to
represent Xd and Yd in polar-coordinates (p,¢) with
origin at joint 2:

and Yd~psm(¢). (17)

Four task positions that exhibit very different
convergence behaviors are A=(1,45°), B=(l,OO),
C=(2,1200), and 0=(2,60°) (see Figure 2). In each case,
the end effector is initially positioned at x(to)=(l,

Figure 4. [oint-space trajectory evolutions for task posi
tions that are located 2 m from the fh joint axis, e.g., task
positions C and D. The large arrows denote the evolution
of the trajectory in a region. The end effectorposition error
increases in the light-gray regions, and decreases in the
dark-gray regions. The dark H-shaped curve indicates
configurations to which the manipulator may converge,
i.e., the commanded joint two velocity will be zero. Note
that the line corresponding to configurations that are clos
est to the desired task positions (denoted Emin) does not
coincide with the possible configurations of convergence.
Thus, the end effector converges to a position that is not
closest to C. For task position D, the manipulator does not
converge at all, but cycles continuously.

-30°), with the robot configuration given by 81

= 0° and 82 = - 30°, and is commanded to move to
ward the task position until convergence. The joint
space trajectories for these cases are plotted in Figures
3 and 4 as functions of 82 and ¢ (since 81 is always 0)
for p=l and p=2, respectively. For each particular task
position, ¢ is constant and the trajectory evolves
along the 82 axis. For a given ¢, the task positions are
characterized in these plots by 82 = ¢. Points of con
vergence are at the intersection of the trajectory of 82

with the task position, or with the 82 = 0 curve?
Both the end-effector position error E=llxd-Xall

and its rate of change Eare shown in the plot. The
minimum and the maximum contours of the error E

7In Figure 4, the .92""0 curve is discontinuous at positions Sl and
S2' For the given value of p""2.0• .92 is nonzero at these positions
[from (15)].
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Figure 6. Erroneous convergence when the desired task
position Xd is in the postfailure workspace. With a joint 1
failure the manipulator converges to a configuration
where the "reduced-manipulator" becomes singular eJ
=[hhJ rank deficient), and Xc and h align (Xi

= I-' O.91.SJ T and Xci= [1.51.5JT).

and on the line xd=2. For such points, (15) gives 82

= - Yd' Thus, the manipulator rotates with a constant
angular velocity.

Remarks: Joint-space plots such as those in Fig
ures 3 and 4 are valuable workspace layout tools. As
will be illustrated in Section 4.5, these plots can be
used to identify regions of convergence where suc
cessful task completion can be achieved even in the
presence of unidentified joint failures.

Figure 5. Successful convergence to the task position. The
manipulator is able to complete the point-to-point motion
task between Xi and Xd' even with a failure of joint 2 (Xi

=[2.0-1.4JT and x.t=[1.51.5JT).

are denoted by E~ and Em~,p respectively. In the
dark-gray regions, E is negative, and it is positive in
the light-gray regions. In each region, the evolution of
82 is governed by (15) and is indicated in the plots by
large arrows.

Case 1. Successful convergence. From Figure 3,
it can be seen that for almost all cp, the 82 trajectory is
drawn to the task position 82= cp. [One such example
is shown with point A (¢=45°).] This behavior is ex
hibited only for p=1, i.e., when the task position lies
in the postfailure workspace. It will be seen that for
any other value of P, not only will successful conver
gence not be achieved (since the task position lies out
side the postfailure workspace), but also the manipu
lator will almost always not converge to the point
closest to that desired.

Even though successful convergence occurs for
p=l, the path taken by the end effector is dearly not
always the shortest. Also, the end-effector error ini
tially increases for large regions of 82 and <p, leading
to large excursions of joint 2, which may violate joint
limit constraints and therefore prevent convergence.
It is also important to note that such behavior is not
preventable by simply restricting only the workspace
(by limiting 1» or only the robot configuration (by
constraining 82 ) ,

Case 2. Erroneous convergence. Two types of er
roneous convergence are seen. The first is the unique
situation where the task position (B) is in the post
failure workspace, but the robot does not move at all
(see Figure 3). Here, Xc and h are collinear and 82

= O. Indeed this condition is true for any 82, and
therefore the robot does not move for any initial con
figuration. Note that this behavior will be observed at
every point on the boundary of the original work
space if joint 1 fails with the appropriate value for 81 .

The second, more common, type of erroneous
convergence is observed when the task position is
outside the postfailure workspace. Here, the end ef
fector does move, but converges to a point other than
one that minimizes the error, i.e., 82 = 1;. One such ex
ample is the point C shown in Figure 4. The figure
indicates that even for a constant value of p, very dif
ferent errors may be observed at convergence de
pending upon the value of ¢. The error is a minimum
for ¢=180D

, and rises to a maximum for <pclose to 60°.
For the special case when 4>=60°, no convergence oc
curs; this is discussed next.

Case 3. No convergence. D is an example of a
task position that lies outside the original workspace,

I
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erroneously converges. An analysis of these configu
rations is thus necessary for a better understanding of
the postfault behavior of the manipulator.

4.4. Conditions for Erroneous Convergence

The conditions of Theorem 1 can be used to deter
mine configurations of erroneous convergence for a
failed manipulator. Suppose the column of the Jaco
bian corresponding to a failed revolute joint i is ex
pressed in standard Denevtt-Hartenberg notation as

(18)

end

Equations (19)-(21) represent the conditions that
must hold for erroneous convergence. For a given
failure angle of a joint, these equations can be solved
for the other joint variables to determine the problem
atic configurations.

where coordinate frame (i -1) is attached to link (i
-1), the motion of joint i is along the 7:;_1 axis, and
Pi represents the position vector of the end effector
expressed in the coordinate frame (i -1). Then, if Xv
and Xw represent the translational and rotational com
ponents of Xo the first condition is equivalent to si
multaneously satisfying the following conditions:

(20)

(19)

(21)nt-(i)=O, j=1,...,n-m.,

With pseudoinverse control (W = 1), the rank de
ficiency condition in Theorem 1 is equivalent to the
ith component of each of the n - m linearly indepen
dent null vectors of Jbeing identically zero.12 Thus if
{nj , ... ,n] } represent any n-m linearly tndepen-

1 "-III

dent null vectors of J, then the second condition of
Theorem 1 is equivalent to

Figure 7. No convergence. With the choice of inverse
kinematics used, nonzero joint velocities are commanded
in the healthy joints everywhere, therefore the manipula
tor does not converge with the Joint 3 failure (~

=[0.7 2.lJT and :<0.=[ -0.8 Of).

4.3 A 3-DOF PlanarExample

Kinematic redundancy can be used to guarantee the
postfailure reachability of task positions. However,
potential problems with postfailure convergence re
main even in this case, as will be demonstrated with
a planar 3-DOF example. All three distinct conver
gence behaviors are illustrated here with three differ
ent cases shown in Figures 5-7. The failures of differ
ent joints are considered in these examples, and
pseudoinverse control is assumed. In each of these
cases the failed manipulator performs a point-to
point motion task from an initial position X;. to a de
sired task position Xci' In the first case, shown in Pig
ure 5, the manipulator is able to successfully
complete the task even with a failure of joint 2. Illus
trated in Figure 6 is a case of erroneous convergence,
where, even though the desired task position xci is the
same as in Figure 5 (and lies in the post-failure work
space after a failure of joint 1), the manipulator con
verges elsewhere. Presented in Figure 7 is a case
where no convergence is observed for the failure of
joint 3. In this case, the desired task position lies in the
original workspace, but outside the postfailure work
space. However, since at no position in the post
failure workspace are the conditions necessary for
convergence satisfied, convergence is not possible.
The manipulator therefore moves continuously.

The different convergence behaviors identified
and illustrated above are characterized by the prop
erties of the configurations to which a manipulator
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Figure 8. Joint-space trajectories of a 3-DOF unit link
length, planar manipulator, with a failure of Joint 2 at 45°,
S1 and 52 represent the two stationary configurations,
while q,;olt and 'boll represent the two post-failure solu
tions corresponding to the desired position. The solid lines
represent trajectories that are drawn to the stationary
points; they also partition the joint space into the two ba
sins. All trajectories (shown by dashed lines) that originate
in the gray basin converge to qso1l' while those that origi
nate in the unshaded basin converge to llsolf

4.5. Analyzing Stationary Configurations

After the stationary configurations of a manipulator
are determined, an important question is whether a
manipulator can be drawn into any of these configu
rations after a failure. The local behavior of the failed
manipulator about a stationary point (qo) can be de
termined by analyzing the stability of the linearized
system dynamics about the point. For q=g( q), where
g(q) = iIGKc(Xd- xa), linearization about 'Io yields
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Figure 9. Stationary curves for joint 1 failures of a 3-DOF
unit link length planar manipulator are shown in (a). 51
and'52 denote the two seed configurations used to trace
these curves. The sink segments are shown using dotted
lines, while the nonsfnk segments are shown with solid
lines. The segments are partitioned based on the behavior
of the determinant and the real part of the eigenvalues of
it shown in (b). The dashed lines in (b) define a "zero
band" that is used to check for the zero crossings of the
determinant curve.(22)d (agll·-"q~ - "q~T~q·

dt aq e,i
I

Ii

Since the components of the vectors eq and
(d / dt)~q corresponding to the failed joint i are ide_n
tically zero at a!:1 times after the failure, the matrix ls,
obtained from I by removing the components corre
sponding to joint i, is examined for stability. While an

antistable equilibrium point (where all eigenvalues of
Iihave positive real parts) poses no problem as far as
erroneous convergence of the manipulator is con
cerned, a stable equilibrium point (all eigenvalues
have negative real parts) acts as an attractor and is a
potential problem. A stable stationary configuration
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(a) nlOO

(c) n ..vg

(b) .rlOO

eo 100"

Figure 10. Workspace shaded as a function of, 7<.100' .rlOO, 'R.;lvg, and 'R.,;cns' for arbitrary joint failures (Xd= [1051.5JT).

is classified as a "sink." For an unstable equilibrium
point (some eigenvalues have negative real parts), the
stable modes can be used to trace the failure configu
rations for which the manipulator gets drawn to a sta
tionary point.

These traces, which are in general manifolds,
may in some cases partition the workspace into dis
tinct regions or "basins," as seen for the 3-DOF ex
ample in Figure 8. Since trajectories originating off
the basin boundaries can never reach these bound
aries, all trajectories are confined to the basins where
they originate. Note that the Cartesian-space trajec-

tory shown in Figure 5 is an example corresponding
to a configuration that lies in the unshaded basin; it
thus converges to solution q,;,,12'

It is important to point out that unless the station
ary points are sinks, the dimension of the manifolds
traced along the stable mode(s) is at least two less
than the dimension of the joint space (or the number
of DOFs) of the manipulator. This is because the fail
ure itself constrains one variable, reducing the di
mension by one, while the additional reductions in
dimension, if any, result due to the unstable modes.
This implies that in the absence of sinks, the probabil-
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ity of a failure resulting in a manipulator configura
tion on a problematic manifold is zero.

4.6. Tracing and Classifying Stationary Manifolds

For an analysis of correct convergence, all potentially
problematic stationary configurations in the manipu
lator's joint space must be identified. The loci of these
stationary configurations (referred to as "stationary
manifolds") must be generated for every possible
joint failure. The first step in tracing a stationary
manifold for a particular joint is to identify one sta
tionary configuration for each distinct singularity of
the failed arm. These stationary configurations rep
resent the set of seed configurations that are grown to
trace out the entire stationary manifold. Since (19)
(21) must hold at all stationary configurations, the
loci of stationary configurations can be traced by sim
ply starting at a seed that satisfies these conditions,
and moving in a direction orthogonal to the gradients
of the right-hand side components of these equations.
Doing this for each seed allows all the loci to be
traced. More specifically, a matrix M is formed by col
lecting the gradients, and joint motion in the null
space of M traces the manifolds [see Figure 9(a)].8 The
rank of M may drop along a trace, signifying the in
crease in the dimension of the null space, and hence
a branching in the manifold. This is an issue that must
be addressed in the implementation of this technique.

Sinks, being the real hindrance to correct conver
gence, must be identified on the stationary manifolds.
This is done by checking the eigenvalues of;i at each
point on the discrenzed manifolds. For manipulators
with exactly one degree of redundancy (as in the
3-DOF example consideredr.j. is square, and in such
cases the partitioning process can be performed more
efficiently by evaluating the determinant of i.. and
checking the eigenvalues only at the zero crossings of
the determinant. This is because only at these zero
crossings can the eigenvalues change sign. The sta
tionary manifolds can thus be partitioned into "sink"
and "nonsink" segments [see Figure 9(b)].

S. WORKSPACE ANALYSIS

The postfailure convergence behavior of manipula
tors, in addition to being functions of other variables,

"Tracing stationary manifolds in high dimensions is in general a
difficult problem. While there exist techniques for tracing 2-D
manifolds, such as the one presented in ref. 24, the formulation of
general methods to trace such surfaces in higher dimensions is an
open problem.

is seen to be dependent on task placement. If failure
identification is not available, or otherwise, not reli
able, this knowledge can be exploited to better cope
with failures. Through the characterization and clas
sification of workspace regions, critical tasks can be
placed in locations to which the manipulator can cor
rectly converge even after an. arbitrary joint failure.

Analyzing the workspace of a manipulator for
failure tolerance involves checking for reachability
and correct convergence. Based on the ideas pre
sented in the previous sections, a systematic proce
dure can be developed to analyze a manipulator's
workspace. For the given task model of point-to
point motion- a specified control scheme, and a de
sired task position, it is of interest to evaluate the en~

tire workspace to determine the effect of the initial
task position on the convergence behavior of a ma
nipulator when anticipating unidentified locked-joint
failures. Some concerns when evaluating a candidate
initial task position are the following.

• For what percentage of the trajectories origi
nating on the self-motion manifolds of the ini
tial position can reachability of the desired po
sition be guaranteed? If reachability cannot be
guaranteed for a failure along the entire trajec
tory, then for what percentage of the trajectory
can reachability be guaranteed?

• How much does the percentage reachability
change 'With the initial configuration? That is,
how sensitive is reachability to a choice of the
initial configuration?

Similarly, questions about correct convergence to the
desired position can be posed for trajectory portions
guaranteeing reachability.

For a given desired task position, the following
procedure allows the workspace to be evaluated for
identifying the suitability of different initial positions
for the task," The first step of the procedure is to dis
cretize the entire workspace. The discretized posi
tions in the workspace represent the set of initial po
sitions to be evaluated. Since, in general, a redundant
manipulator can reach each of these positions with an
infinite number of configurations, a Set of initial con
figurations must be considered. This set of configu
rations is obtained from the discretized self-motion
manifoldls) corresponding to the initial configura
tion. The procedure for the analysis is summarized in
the following pseudocode.

"Ihe effect of the choice of the final position on the convergence
behavior, for a given initial position, can be addressed in a similar
manner.

,
:1'.~

I,

'I
I
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eGenerate Bd

(the union of the bounding boxes of all the self
motion manifolds of Xd, the desired task position)

«Discretize the workspace to get a set of initial positions
xli), i = 1 : nXi

for i =1 ; nj/s (for each joint)
«Generate S,. (the union of all the stationary
manifolds) and classify S,. into sinks/non-sinks

end

for i =1 : nXi (for each initial end-effector position)
eGenerate the self-motion manifold(s) for Xi(i)

for j = 1 : nq,.(for each discretized configuration on the manifold(s))
eCompute the forward trajectory T) to Xu for the healthy manipulator
eCompute T),.", the portion of Tj inside BXd

for i = 1 : nj/s (for each joint)
-Compute the intersection of the range
of motion of joint i over T),.", with the
corresponding range over sink (SD

for Tj,." n S,.
eFor each discretized point on the
overlap, assume a failure of joint i
and check whether or not the
manipulator converges to Xd

end
(Tj;" n S,. empty => The task is
tolerant to joint i failures over TI. )

"m

end
(T)lfl n SIempty for i =I : /1,)/., => The task is
tolerant to an arbitrary joint failure over TI. )

"m

end
end

end

The data obtained from the implementation of
this procedure can be interpreted in a variety of ways;
however, the questions posed earlier in this section
are best addressed by the following measures:

R IGO: The percentage of configurations consid
ered for Xi' for which reachability of Xci can be guar
anteed for the failure of ajoint along the entire length
of the nominal trajectory.

R avg : The percentage length of the nominal tra
jectory for which reachability to xa can be guaranteed
for the failure of a joint, averaged over all considered
configurations.

'R..sen~: The difference between the maximum and
minimum, over all considered configurations, of the
percentage of the trajectory for which reachability to
xa can be guaranteed for a joint failure. This measure
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reflects the sensitivity of reachability to a choice of the
initial configuration corresponding to Xi'

Analogous measures for complete fault tolerance
(correct convergence), over trajectory segments guar
anteeing reachability, are given by FlOG, F avg , and
F sens ' respectively.

All measures are computed for the possibility of
a failure of a specific (known) joint, as well as that of
an arbitrary (unknown) joint,10

5.1. An Illustration

The application of the workspace analysis procedure
proposed above is illustrated for the example of a
3-DOF planar manipulator with unit link lengths. The
desired position considered in this example of a
point-to-point motion task is Xd= [1.51.5]T, The
workspace of the manipulator is sampled on an
equally spaced square grid, using 2032 samples. Each
of these samples is evaluated as a candidate initial P'>
sition for the task. The stationary manifolds for this
example are generated and partitioned into sink and
nonsink segments as discussed in Section 4.6. The
bounding box BXd for the single self-motion manifold

corresponding to xa is computed using the technique
outlined in Section ill. The bounds are [-24.30°
11"30'1, [-111.80' 111.80'1, and [-111.80' 111.80'], for
joints 1, 2, and 3, respectively. In Figure 10 the work
space is shaded as a function of four of the six pro
posed measures: 'R.100 , 'R,avf;' 'R.sens ' and F lOO, consid
ering arbitrary failures. These plots demonstrate how
the failure tolerance properties of the manipulator
change over the workspace. Since the measures
change in a continuous manner over the workspace,
these plots can be used to identify regions that guar
antee a certain level of failure tolerance. It is noted
that in general all regions with nonzero reachability
measures 'R,lOo and 'R,avgexhibit high values of the cor
responding comprehensive fault tolerance measures
F lOOand .r,wg (not shown). In other words, most tra
jectory segments that guarantee the reachability of
the task position also guarantee correct convergence.
Though this is true for xa in this example, it may not
be guaranteed for an arbitrary choice of task position.
It was also seen that the comprehensive sensitivity
measure FsffiS (not shown) is very low over the work
space, implying that, for this example, if reachability

lOWhen a specific joint is considered, only projections of trajecto
ries and bounding boxes for that joint axis are relevant.

is guaranteed, correct convergence has little depen
dence on the initial configuration of the manipulator.
Figures 5 and 6 are examples of postfailure conver
gence behaviors that could be predicted by studying
similar plots of workspace measures. While not
shown here, it turns out that the initial positions of
the manipulator in both Figures 5 and 6 are charac
terized by perfect measures of 'R,100, i.e., 100%, for the
failures of joints 2 and 1, respectively. It is the differ
ing values of the corresponding F100 measures of
these positions that result in the different conver
gence behaviors. The initial position considered in
Figure 5 is characterized by a high FlOG measure, and
so correct convergence is almost always observed for
a failure. The case presented in Figure 5 is an example
of such behavior. On the other hand, the initial po
sition considered in Figure 6 is characterized by a low
F lOO measure, and consequently incorrect conver
gence is seen for a significant number of failure con
figurations. An example of this problem is illustrated
by the case presented in Figure 6. Workspace plots
such as those shown in Figure 10 can thus be effec
tively used for an off-line prediction of the postfault
behavior of a manipulator.

6. CONCLUSION

In this work the behavior of robotic manipulators
performing point-to-point motion tasks with uniden
tified locked-joint failures was analyzed. Conditions
governing convergence issues such as whether the
manipulator comes to rest, and if so, at what terminal
position of the end-effector, were explicitly defined
and the different possible convergence behaviors, il
lustrated with examples. A general procedure for
evaluating the failure-tolerance properties of a ma
nipulator over its workspace was also presented.P
Since no closed form expressions to guarantee correct
convergence exist, brute-force evaluations to check
for the effect of certain failures become necessary
over some portions of the workspace. However, the
procedure based on the developed analysis tools al
lows for an intelligent evaluation of the workspace,
thereby minimizing the number of brute-force
checks. Using workspace information for task place
ment is an effective approach to coping with failures,
with or without failure identification.

llThe analysis procedure can be extended, in a manner analogous
to the one in ref. 27, to design manipulators that are guaranteed to
converge in the post-failure workspace.
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