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Influence of Electron Collisions Inside the Cathode
Sheath Upon the Electron Energy Spectrum in the

Negative Glow Region of a Gas Discharge
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Fig. I. The electron energy distribution at a sheath-negative glow inter
face. Adapted from Gill and Webb [I].
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In a hollow cathode discharge, the cathode sheath di
mension is small, typically 1 mm at a helium pressure of
10 torr [2]. A large portion of the discharge voltage is
dropped across the sheath so that a strong electrical field
E( r) is a characteristic of the cathode sheath region.
Moreover, the steady-state energy distribution of sheath
electrons is spatially dependent because of the varying
sheath electric field. Hence, a spatially dependent Boltz
mann equation must be used in calculations regarding the
sheath region. One prior theoretical approach has been to
neglect electron-atom collisions occurring inside the
cathode sheath [3], [4]. The resultant electron energy dis
tribution function obtained at the cathode sheath-negative
glow boundary is a delta function at an energy e Vc cor
responding to the discharge voltage drop Vc ' The delta
function assumption yields a sharp peak in the high-en
ergy region of the theoretical spectrum which does not
coincide with the smooth peak of the experimental spec
trum shown in Fig. 1.

The primary goal of this theoretical work is to elucidate
the relative effects of various electron-atom collision
mechanisms on the energy spectrum of electrons being
injected from the sheath into the negative glow region of
the discharge. In a prior theoretical work, Davis and Van
derslice [5] have constructed a model of the cathode fall
region, but only to calculate the energy spectrum of ions
impinging on the cathode; they have included only ion

I. INTRODUCTION

T HE electron energy distribution in the negative glow
region of a glow discharge is considered favorable for

the excitation and ionization of atoms primarily because
the energy distribution possesses a significant number of
high-energy electrons compared to the positive column
region of the discharge. Gill and Well [1] measured the
energy spectrum of the electron flux I (E) at the boundary
of the sheath and negative glow regions of a planar elec
trode glow discharge for helium pressures of 3-25 torr in
order to stimulate hollow cathode discharge conditions.
Gill and Webb's experimentally measured electron energy
distribution data is reproduced in Fig. 1 of this paper. The
spectrum can be divided into three energy regions. There
is a high-energy beam component at the full cathode fall
energy eVe- Below this, an empty gap is seen in the spec
trum approximately 20 eV wide, following which there
occurs a secondary peak. Finally, at lower energies, there
is a third high-density feature which is characteristic of
low-energy electron-beam-pumped glow discharges.

Abstract-Computer models have been developed to solve the Boltz
mann equation for the electron energy spectrum in both the cathode
sheath and the negative glow region of a glow discharge. Electron col
lisions occurring during acceleration inside the cathode sheath par
tially determine the structure of the electron energy distribution mea
sured in the negative glow. The relative role of elastic, excitation, and
ionization collisions are examined using the computer model. Good
qualitative agreement was obtained between calculated electron energy
distributions and previous experimental measurements both at the
sheath-plasma interface as well as in the negative glow region of the
discharge.
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collisions in the sheath and have not considered the evo
lution of the electron energy distribution through the
sheath. In this work, we have developed a numerical
model describing the evolution of the electron energy dis
tribution inside the cathode sheath. We also solve a spa
tially homogeneous steady-state Boltzmann equation in
the negative glow for the electron density energy spec
trum N(E) at the sheath-bulk plasma interface. Note that
the conventional relationship between N (E ) and the elec
tron flux density energy spectrum / is
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Fig. 2. Partial energy level diagram of helium used in this model.
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Here, N ( r, v) is the electron density energy distribution
function. V r and VI' are gradient operators in six-dimen
sional phase space. (oN ( r, v) / ot) c is the rate of change
of N due to electron-atom and electron-electron colli
sions. a is the acceleration of electrons in the electrical
field E. Because aN/at = 0 for steady-state conditions,
(2) becomes
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of the simplified seven-level model of the helium atom
and some of the excitation and decay processes consid
ered. Fig. 3 is a plot of the individual electron-neutral
collision cross sections for the mechanisms considered.
Qex represents the collision cross section for electron im
pact excitation from one excited state to another. Al
though Qex has the largest value of all cross sections in
Fig. 3, the density of excited states is small compared to
the density of ground state atoms, and therefore such pro
cesses are negligible and have been neglected in our model
[7]. We treat the first four excited states of helium indi
vidually, but treat higher lying helium with one equiva
lent level. Elastic collisions dominate at electron energies
less than ionization and excitation threshold energies.
Ionization and excitation collisions dominate the electron
energy transfer for electron energies above 100 eV, with
ionization collisions playing the largest role. The elec
tron-helium cross sections we employ mainly come from
a database developed at Princeton [8].

Fig. 4 illustrates the various spatial regions of the glow
discharge considered in this work, as well as the linear
spatial variation of the electric field versus distance in the
z direction assumed in the sheath. The assumed functional
form of the electric field is in agreement with previous
experimental results [9]. The discharge is assumed to be
spatially uniform in the x and y directions.

10'
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Fig. 3. Comparison of the individual cross sections describing electron
He I collisions versus energy (8), [10]. Q,.,: elastic cross section, Q;:
ionization cross section, Q"J: groundexcited state cross section, Qex: ex
cited-excited state cross section.
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where v is the velocity of electrons.
We outline our model assumptions in Section II. Sec

tion III deals with the methodology for performing the
energy distribution calculations in the sheath region of the
plasma. Bulk plasma calculations are discussed in Section
IV. Section V contains the results of simulating a glow
discharge in helium. Our theoretical results illustrate the
relative effects of the various collision mechanisms on the
electron energy distribution. Also included in Section V
is a comparison of our calculations to the measurements
of Gill and Webb at the sheath-glow interface and to the
results of Olson and Nordlund [6] inside the negative glow
region. Section VI contains a summary of conclusions re
sulting from this work.

II. THE MODEL

We employ a numerical solution of the Boltzmann
equation to obtain the energy spectrum of both the elec
tron flux density in the cathode sheath as well as the elec
tron density in the negative glow. The appropriate form
of the Boltzmann equation for both of these conditions is
given by

We have included both elastic and inelastic electron
atom collision mechanisms in our discharge model. The
collision mechanisms included are ionization, recombi
nation, excitation, superelastic deexcitation, and momen
tum transfer collisions. Fig. 2 is a partial energy diagram

III. CALCULATIONS INSIDE THE SHEATH REGION

We have simplified (3) to a one-dimensional
z-dependent Boltzmann equation to determine the electron
energy spectrum in the cathode sheath [10]. We assume
that the electron velocity component that deviates from



(4 )

950

oo=-----~---...L...--

Position (millimeters)

(a)

10 ------- -

0,
I
I
I
,
,

Cathode Negative
Face Glow

Region

° '0
(b)

Fig. 4. (a) Measured electric in the cathode sheath by laser optogalvanic
study at I torr ambient pressure of helium and 0.35 kV discharge volt
age. (b) Relative linear electric field E and associated potential V inside
the cathode sheath versus relative position. The position Zo is defined as
that location where V drops to 0.1 V, and E drops to Eo/3.

the z direction is small compared to the velocity it will
gain from the z-directed electric field before its next col
lision. This assumption is reasonable because of the very
strong z-directed electrical field in the sheath and because
the majority of electrons experience small angle scattering
following elastic and inelastic collisions [11]. Low-en
ergy electrons with velocities nonparallel to the z direc
tion will gain energy only from the z-directed electric
field. Therefore, these electrons are rapidly redirected
with velocities essentially parallel to the sheath field in
the z direction. Secondary electrons ejected from ionized
neutrals are distributed isotropically [12] and are most
likely to be emitted at zero energy [13]. Such electrons
will be subsequently accelerated by the strong sheath field
to energies in excess of several electron volts before trav
eling along the z direction more than several hundred mi
crons. We recognize that there will be some loss of elec
trons from the beam resulting from isotropically emitted
electrons near the edge of the sheath towards the negative
glow region which are not redirected by the remaining
electrical field. The fraction is judged to be small, having
little effect on the final results.
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According to our laser-optogalvanic study of the elec
tric field distribution in cathode sheath, shown in Fig. 4(a)
[9], in this model a linear electric field was used within
the cathode sheath. The boundary of the cathode sheath
and negative glow is defined as the position Zo where the
voltage drop to 10 percent of the cathode voltage V, was
assumed arbitrary [14]. Clearly, this occurs at different
absolute positions under varying experimental conditions.
In the linear field model of Fig. 4, the electrical field has
a value of 1/3 of Eo at the sheath-negative glow interface
where Eo is the maximum electric field strength. Under
these assumptions,

eE
az = --;;;' at = 0, a; = 0,

and

aN aN
ax = 0, ay = °

(3) becomes

v aN + eE aN = (ON)
z az m Bu, Of,

where the collision term (ON/Of), was expl icitly de
scribed in [10].

Our theoretical calculation starts with a group of elec
trons emitted from the surface of the cold cathode with an
initial velocity Vo = 0. Secondary electrons emitted from
a cold cathode in low-voltage discharges are generally
emitted at low energies. For example, the mean second
ary electron energy is measured to be 6 eV for helium ions
impinging on a tungsten cathode [15]. Starting the sec
ondary electrons from the cold cathode at zero energy
simplifies accounting procedures and should not seriously
alter results. Subsequent to cold cathode secondary emis
sion, the electrons gain energy as they are accelerated by
the strong sheath field and lose energy through collisions.

IV. THE DISTRIBUTION IN THE NEGATIVE GLOW

For the calculation of the bulk plasma electron energy
distribution N (E), one must consider the situation out
side the sheath in the negative glow. As a first approxi
mation, we assume that outside the cathode sheath the
bulk plasma is field free and homogeneous. This does not
necessarily contradict our assumption that 90 percent of
the discharge voltage is dropped in the cathode sheath as
the majority of the remaining drop occurs at the anode
sheath and only a small percentage of the voltage is
dropped in the negative glow region. Electrons launched
from the sheath will lose energy in the bulk plasma via
collisions and reach a steady-state distribution in energy.
Under bulk plasma conditions, the Boltzmann equation
(3) will simplify to the form

v . 'VrN(v, v) = ( oN(r, v)) . (5)
Of ,
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(6)

Using Gauss's theorem and integrating over full solid
angles, the Boltzmann equation takes the simplified form

-5(E) = (ON(E))
Or c
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Fig. 5. Calculated electron energy distribution at the sheath-negative glow
interface. (a) Full energy range. (b) Expanded view of the high-energy
region.

An expanded view of the high-energy region of the dis
tribution is shown in Fig. 5(b) for comparison to experi
mental results given later in this section.

Fig. 6(a) shows the calculated I(E) distribution with
inelastic collisions yielding excited helium atoms re
moved. In this instance, only three of the original peaks
A, C, and E are evident in the high-energy region of the
spectrum. Peak C is attributed to an electron having
undergone one ionization collision during its acceleration
through the sheath and peak E arises from two ionization
collisions. The interval between the peaks A and C in the
calculated spectra of Fig. 6(a) is larger than the separation
between A and B in Fig. 5(a) because the peaks in Fig.
6(a) arise only from ionization collisions which have a
characteristic 25 eV energy loss as compared to excitation
collisions which have a lower threshold energy.

The calculated flux density distribution excluding only
ionization collisions is given in Fig. 6(b). The observed
peaks include A, B, and D which can arise only from ex
citation collisions. Peak B is due to a single excitation
collision, and peak D represents two excitation collisions
that occur during the electron flight through the sheath.
Note the absence of the continuous distribution of elec
trons in the mid- to low-energy range as no secondary
electrons are created at these energies due to the lack of
ionization. For the same reason, the total number of elec
trons under the curves in Fig. 6(a) and (b) are not equal.

Fig. 7 illustrates the results of calculating the electron
flux density energy distribution with ionization and exci
tation collisions included, but with all secondary elec
trons ejected from ionization collisions confined to zero
energy and omitted from the distribution. All peaks in the
spectrum are smoothed and broadened about 5 eV when
compared to the spectra in Fig. 6(b) as the excitation and

V. THEORETICAL ENERGY SPECTRUM RESULTS

The results of numerically solving (4) for the energy
distribution of the electron flux at the sheath-glow inter
face are discussed below. The contribution of the various
collision mechanisms to the electron energy spectrum are
examined. To elucidate the relative role of the various
collision mechanisms, the individual electron-atom col
lision processes are removed from the calculation one at
a time. The collision processes are removed by making
the cross section for that process equal to zero. As a re
sult, as different processes are removed, the physical
structure of the discharge can be strongly altered. That is,
the reaching distance of electrons increases as the total
cross section is reduced. A result of this is a larger sheath
dimension and significantly modified current and voltage
characteristics of the discharge. We have neglected these
effects in this work, however, in an effort to provide a
qualitative understanding of the roles of the various col
lision mechanisms in forming the shape of the electron
energy distribution. As a result of our assumptions, many
of the results presented are impossible to compare quan
titatively, but shed much light on the effects of the elec
tron collision mechanisms in shaping the electron energy
distribution in the negative glow. The changing I (E )
spectrum provides a clear view of the effects of each type
of collision.

Fig. 5(a) is a plot of the calculated electron energy
spectrum at the sheath-glow interface with all the colli
sion processes included. All calculations were made for
an ambient helium pressure of 15 torr. There are six iden
tifiable peaks in the theoretical spectra of Fig. 5(a) labeled
A-F. Below we will examine the relative role of elastic,
inelastic-excitation, and inelastic-ionization collisions in
the formation of the electron flux peak structure. Con
trolled manipulation of the collision mechanisms included
in the computer model allows the study of the effects of
each of these mechanisms on the flux spectrum structure.

N(E) = i in LN( v, v) d 3 r dfl. (8)

5 (E ) represents the source flow of electrons into the bulk
plasma. Solving (6) numerically within the bulk plasma,
we obtain the electron energy distribution function N (E ).
The electron flux density energy distribution at the sheath
bulk plasma interface is used as the source term 5 (E) in
(6).



Fig. 6. Calculated electron energy distribution. (a) No excitation colli
sions. (b) No ionization collisions.
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It must be emphasized that the spectrum being considered
is only that portion of the plasma electrons which reach
the experimental collector. A is the collector orifice area,
NE is the electron density, and m is the electron mass. The
results of formula (9) were added to the results of Fig.
5(a) to achieve the calculated combined energy spectrum
of Fig. 9. It is very similar to the one obtained by exper-

broadened and shifted downwards toward lower energy.
When inelastic-excitation collisions are included together
with elastic collisions, several broad peaks will appear
separated from each other by an energy characteristic of
the spacing between the ground state and excited states.
Inclusion of ionization collisions fills in the spectrum.
Only the vacant space between peaks A and B arising from
a single inelastic-excitation collision in the sheath is still
present in Fig. 5(a) because no inelastic electron-atom
collision can fill this gap.

Fig. 5(b) is an expanded view of the high-energy region
of the distribution. Excellent agreement in the shape of
the calculated and experimental (Fig. I) distributions is
observed within the high-energy portion of the spectrum.
A gap of approximately 20 eV appears in both the calcu
lated and experimental distributions.

There are some differences between the two distribu
tions in Fig. 1 and Fig. 5(a) which occurs at low electron
energies. The ratio of the relative heights of the low-en
ergy peak F to the high-energy peak A in the theoretical
distribution of Fig. 5(a) is smaller than the experimental
peak ratio of Fig. l. Reference [I] indicates that at low
electron energies (less than 25 eV), a background
"plasma" component is also included in the experimental
data. This constitutes a large fraction of the total electrons
in the low-energy portion of the experimental distribu
tion. Up to this point, the plasma component has not been
included in the theoretical calculation of Fig. 5(a), and
thus there appear to be fewer electrons at low energies in
the theoretical curve than in the experimental one. In the
measurement apparatus of [I], the beam acceptance angle
a is about 2.5 0

• The relationship between electron density
N(E) and electron flux density I(E) into a small solid
angle is found to vary as [16]
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Fig. 8. Calculated electron energy distribution without elastic collisions.
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Fig. 7. Calculated electron energy distribution with secondary electrons
confined to zero energy and omitted.

ionization peaks are now overlapping with a small offset
( - 5 eV) due to the different threshold energies for the
two processes. The number of peaks in the spectrum of
Fig. 7 is larger than the number in Fig. 6(b). Peaks G, H,
and I arise from three, four, and five ionization events,
respectively. The scale of the vertical axis has been
changed in Fig. 7 to show the small peaks clearly.

Elastic collisions broaden and slightly shift the spec
trum because of the very small energy change that occurs
per elastic event, on the order of (2m / M ) E or - 10-3E
for helium. Here, m is the electron mass, M is the helium
atom mass, and E is the energy of the colliding electron.
The spectrum obtained neglecting all elastic collisions but
with both ionization and inelastic collisions maintained is
given in Fig. 8. The comparison between Fig. 5(a) and
Fig. 8 indeed confirms that elastic collisions not only
smooth and broaden the peaks, but also slightly shift the
peaks downwards in energy.

In addition to the six major peaks in Fig. 5(a), there is
a single major minima that occurs in the spectrum. If we
consider that no collisions of any type occur in the sheath,
then I (E ) will be a delta function with a single peak at E
= eVe' If we include the possibility of elastic electron
atom collisions, then the single peak A will be both
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Fig. 9. The bulk plasma theoretical electron energy spectrum in a 15 torr
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and Nordlund's measurement of the bulk plasma electron distribution
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glow region of the discharge in Fig. 11(a). For compari
son, the results of Olson and Nordlund are shown in Fig.
11(b). Good qualitative agreement is observed in the shape
of Fig. II(a) and (b). The sudden drop at 20 eV in Fig.
11(a) and (b) arises mainly due to the energy threshold for
the excitation cross sections.

iment as shown in Fig. 1. The abundance of low-energy
electrons in the plasma arises from ejected secondary
electrons created by ionization collisions.

The result of solving (6) for the bulk plasma electron
energy distribution is given in Fig. lO(a). There is a high
energy peak component as obtained previously in Fig.
Sea), but its peak height is much smaller than the peak
located at low energies. For comparison, Fig. l Otb) gives
the electron energy distribution obtained if a delta func
tion approximation is used as the source term of electrons
launched into the bulk plasma. The delta function source
term gives a sharply varying high-energy tail in N (E)
which is quite different from the smoothly varying exper
imental one shown in Fig. 1. Note that the low-energy
portions of Fig. lO(a) and (b) are roughly the same despite
the different source term choices.

To allow our results to be compared to the experimental
results of Olson and Nordlund [6], we have plotted the
normalized electron energy distribution in the negative

VI. CONCLUSIONS

Good qualitative agreement between theoretical and ex
perimental electron energy distributions is found over a
wide energy range. The unique effects of inelastic and
elastic collision mechanisms have been elucidated. The
results of the calculations indicate that the shape of the
electron energy distribution in the bulk plasma is strongly
influenced by the effects of electron collisions in the sheath
region of the discharge.

The effects of ionization collisions dominate the struc
ture of the distribution both inside the cathode sheath and
in the bulk plasma region. Ionization collisions are re
sponsible for several of the peaks observed in the high
energy region of the distribution, the smooth midenergy
region, as well as a portion of the large "thermal" com
ponent of the distribution. Secondary electrons emitted in
ionization events are also responsible for smoothing the
I (E) distribution. Excitation collisions are responsible for
several peaks in the high-energy region of the distribu
tion, but their effects on I (E) are overwhelmed by the
smoothing effect of the secondary electrons emitted in
ionization events. The role of elastic collisions is seen to
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be important to I (E ), primarily at low energies in this
type of discharge.
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