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ABSTRACT

CONSTRAINED DYNAMICS OF ROLLING BALLS AND MOVING ATOMS

This dissertation is devoted to the study of the dynamics, conservation laws and

symmetries of rolling spheres, with special attention to applications to atomic and

molecular systems. Previously known conservation laws of the rolling motion are

associated with the nonholonomic version of Noether’s theorem. Moreover, the

conservation laws are related to the reduction by Lie symmetries of the dynamic

equations of motion. Symmetries in the Noether’s theorem and in the reduction

by Lie symmetries are compared in their applications. In addition, we analyze

the collective motion of the system of rolling particles for its statistical quantities

under the constraint condition of rolling without slipping motion. The numerical

simulations revealed some of qualitative characteristics in the statistical mechanics

of the rolling-constrained system.

As a separate topic, the study of the molecular dynamics is discussed in relation to

the results of recent experimental achievements with the non-contact atomic force

microscopy. We propose a novel scenario explaining the process of single-atom

manipulation in terms of the classical resonance effect.
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Chapter 1

INTRODUCTION

1.1 Outline

Dynamics in nature follow certain rules of order and symmetry. For example,

the planets are orbiting around the sun in ordered and periodic manner and solid

rocks have very regular lattice patterns in their atomic structures. The humans

have admired such order and symmetry existing in nature for centuries and have

been making great effort to understand its harmonic beauty. As a result, two

interesting characteristics of the nature have been revealed; ordered, periodic and

symmetric VS chaotic and unpredictable. The earth orbits around the sun in very

regular and periodic manner as described by Newton, but at the same time, the

orbital motion of planets is chaotic as revealed by Poincare. Atomic structure of

diamond is very regular but the motion and distribution of electrons between the

regular lattice of nuclei is very unpredictable and only probabilistic prediction is

feasible.

In the effort of finding the nature as an ordered and predictable object, its symmet-

ric characteristic has served as one of the most important features in understanding

dynamics of the nature. Mathematical laws and orders are related to symmetries

of the dynamics. The symmetries have been studied in several different directions
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such as Lie group symmetry, reduction of order and conservation laws to name a

few.

In an attempt to associate symmetries to conservation laws in the differential equa-

tions as the evolution model of dynamics, Emmy Noether first proved the relation

between the symmetries of a dynamical system and the conservation laws of the

system in the setting of variational problem. For example, energy conservation is

related to the symmetry or, in other words, the invariance of the system under

the time translation and the conservation of linear momentum can be the result

of the invariance of the system under the linear translation. So, Noether’s theo-

rem has taught us that if a variational system was symmetric or invariant under

a certain variation of the system, then the system would have the corresponding

conservation law.

However, if the system of interest becomes constrained and non-variational, such

association between the symmetry of the system and conservation law in the dy-

namics becomes unclear and the application of Noether’s idea becomes a difficult

issue. The topic of my study is about a type of constrained system of rigid body

dynamics, rolling rigid body. The dynamics of rolling rigid body have found very

useful applications in our daily lives. Automobiles and bicycles are all rolling on

the ground. Learning how to balance and ride on a bicycle comes easy when

learned during childhood, however, the dynamics of bicycles are not as easy as

those of flying or sliding objects. One feature of such rolling motions is the con-

straint condition of rolling. The rolling condition imposes such condition that

couples the translational and rotational motions of a moving body. Mathemati-

cally, nonholonomic constraint cannot be reduced to a function of coordinates only

(holonomic constraint). People have studied such constrained dynamics of rigid
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bodies. Some examples are the oval-shaped spinning toy, called the rattleback, or

the round-shaped tippe top. Even in a simple form of a toy top, the unpredictable

behavior in its dynamic motions can be shown. Many studies about the dynamics

of such unintuitive motions have revealed valuable understanding about nonlinear

dynamics and analytic solvability.

My study is focused on the nonholonomic system of rolling motion, named the

Chaplygin’s ball. The Chaplygin’s ball is a spherical ball which rolls on the plane

without slipping under the influence of gravity and the mass distribution could

be arbitrary in the most general circumstance. The equation of motion would be

nonlinear ordinary differential equation. The Chaplygin’s ball is a rather simple

dynamical system of rolling motion due to its spherical shape, and interestingly

when the shape of the rolling object is generalized into a different shape, the

dynamics become much more complicated. One of such motions is its direction

reversing character when it’s spined into one direction, it would stop spinning in

that direction, but would rattle and then spin into the opposite direction. Even

though such motion would be a very interesting problem, my study will focus on a

simpler motion of Chaplygin’s ball and will focus on the related conservation laws

of its dynamics.

Several well-known conservation laws in the rolling motion of Chaplygin’s ball

are my primary interest in the first part of the dissertation. To summarize some

of related conservation laws, the most general mass distribution of the rolling

ball seems to allow only the conservation of the total energy since the constraint

force due to the rolling condition does not do any work. However, if the mass is

more symmetrically distributed on the ball, in other words, if the distribution is
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cylindrical where two moments of inertia are equal, this rolling dynamics will allow

more conservation laws known as the Jellett integral and the Routh integral. The

Jellett integral and the Routh integral can be shown to be conserved quantities

directly from the equation of motion, the cylindrical mass distribution plays an

essential role in the derivation of conserved quantities. Chaplygin studied this case

and understood that the system could be reduced and separated in the variables

and eventually that the system could be integrated in this symmetric case [Cha02].

In the dynamics of the rolling symmetric Chaplygin’s ball, the conservation laws

could be strong indicators of certain symmetries of the system. And as demon-

strated by Noether theorem in variational systems, we would expect to relate the

conserved quantities with certain invariant transformations of the lagrangian of

the rolling ball. Obviously the internal symmetry of the mass distribution should

be essential for those conservation laws. But very interestingly, there seems to be

no clear explanation on the symmetry actions that could be associated with the

Jellett and Routh integrals [GN00]. Moreover even the form of the Routh integral

has been considered as mysterious [BM02b, GN00]. Here my study seeks an ap-

plication of the Noether theorem in its nonholonomic version to those well-known

conservation laws.

After the study of dynamic equations and conservation laws of a single rolling

ball was structured, we tried to make an application of such rolling motion into

the dynamics of interacting rolling particles. We idealized the dynamics of water

molecules in a monolayer on the silicon surface as the system of purely rolling par-

ticles. We studied the deterministic rolling motions using a computer simulation

model. The dynamics of many rolling water molecules are analyzed in the view of

the fundamental concepts in the statistical mechanics.
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As a separate topic from the rolling motion, the atomic dynamics of controlling

single atoms with the atomic force microscope (AFM) are discussed. In recent

experiments, the atomic force microscopy has demonstrated many diverse controls

of single atoms on the semiconductor surfaces, for example, the silicon surfaces.

The state-of-art experiments have shown that we could manipulate the single atoms

in many flexible ways. Based on the experimental results, we propose a new

scenario explaining how those manipulation of single atoms are carried out. We

propose that the manipulations are the results of the resonant effect of atomic

vibrations under the interaction between the single target atom and the atoms in

the AFM tip. In addition, the distortion in the field of potential energy around

the target atom by the approach of the AFM tip can enhance the very localized

manipulation of single atoms. In future work, we hope to confirm our proposed

scenario of resonance in the experimental settings.

1.2 Law of motion

In classical dynamics of rigid bodies, the motion of a rigid body follows a certain

governing law of nature and that law has been stated in several different manners.

The first well-known statement is the Newton’s law of motion.

Theorem 1.2.1 (Newton’s law of motion). The motion of a rigid body in an

absolute coordinate frame is governed by the following equations of motion,

d2(mx)

dt2
= F ,

d(Jω)

dt
= T ,

where m : mass, J(t) : the moment of inertia of the rigid body about its center of

mass, x(t) : the position vector of the center of mass, ω(t) : the angular velocity
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of the body, F : the summed force and T : the summed torque about the center of

mass of the body.

The Newton’s law states that the linear translational motion of the center of mass

(CM) is governed as the time derivative of the linear momentum vector (mẋ) is

equal to the external force and the time derivative of the angular momentum vector

(Jω) is equal to the external torque summed as acting on the CM of the body.

This principle needs the exact understanding of the nature of external forces and

torques acting on the rigid body.

The second popular description of dynamic law is the Hamilton’s principle in La-

grangian mechanics. The Hamilton’s principle requires the definition of Lagrangian

of the system.

Definition 1.2.1 (Lagrangian). The Lagrangian of the system is the map from

the phase space of the system to R, L : (q, q̇, t)→ L(q, q̇) ∈ R and it is defined as

L(q, q̇, t) := kinetic energy− potential energy .

In this definition of the Lagrangian of a rigid body, the system variable q is the

combination of the position vector of the CM and the rotation of the body. The

rotation of the rigid body may be represented as SO(3) matrix to describe the

rotational orientation of the body in 3D space.

Definition 1.2.2 (Action integral). The action integral is a functional defined as

S(q(t)) =

∫ t2

t1

L(q, q̇, t)dt .

The second description of dynamic law of motion of rigid body is the Hamilton’s

principle.
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Theorem 1.2.2 (Hamilton’s principle). The motion of a rigid body is the extremal

trajectory, q(t), of the action integral between two specified states q(t1) and q(t2)

as

δS = δ

[∫ t2

t1

L(q, q̇, t)dt

]
= 0 .

The extremal trajectory q(t) satisfies a second order differential equations which

are called Euler-Lagrange equations.

Theorem 1.2.3. The Euler-Lagrange equations are the equations for extremal

trajectories of Hamilton’s principle and can be given as

d

dt

(
∂L

∂q̇

)
− ∂L

∂q
= 0 .

Proof.

δS =

∫ t2

t1

δ(L(q, q̇, t))dt =

∫ t2

t1

<
∂L

∂q
, δq > + <

∂L

∂q̇
, δq̇ > dt

= −
∫ t2

t1

〈
d

dt

(
∂L

∂q̇

)
− ∂L

∂q
dt, δq

〉
+

[
<
∂L

∂q̇
, δq >

]t2
t1

= 0 .

The boundary condition gives δq(t1) = 0 and the same at t2. The arbitrary vari-

ation of δq will give the equations for extremal curve as the given Euler-Lagrange

equations.

The Newton’s law and Hamilton’s principle are equivalent when the force in New-

ton’s law arises as a conservative force. A conservative force is such a force that

arises as a gradient of a potential energy function. Hence if the force and torque

arise from potential energies, the dynamic law of motion can be derived from either

principle.
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1.3 Lie group action in rigid body motion

The configurational space of rigid body motion consists of the translation of the

CM and the rotation of the body about the CM. The translation can be easily

represented by a position vector, but the representation of rotation is little cum-

bersome. There are several ways of representing a rotation of rigid body like Euler’s

angle, quaternion or SO(3), special orthogonal matrix. Different representation of

SO(3) are equivalent, with each having its own advantages and disadvantages, and

are still used commonly in different applications.

These different representations of rotation can be best described as Lie group and

Lie group action on a manifold.

Definition 1.3.1 (Group). A group is a set of elements possessing a binary oper-

ation (composition) under which the set is closed, an identity element exists and

each element has a unique inverse.

Definition 1.3.2 (Lie group). A Lie group is a group that depends smoothly on

a set of parameters. In other words, Lie group is a group that is also a finite-

dimensional real smooth manifold.

Rotational groups can be represented by SO(3) matrices. And the group of rota-

tions and translations is represented by the special Euclidean group, SE(3) in 3

dimensions. The group SE(3) can describe the rigid body motion in 3 dimensional

space by its action on the configuration space of rigid motion.

Definition 1.3.3 (Group action). If G is a group and X is a set, then the (left)

group action is the binary operation G×X → X, g · x ∈ X that satisfies

• (g · h) · x = g · (h · x) , for all g, h ∈ G and x ∈ X ,
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• e · x = x for all x ∈ X and e, the identity element in G.

Definition 1.3.4 (Semidirect-product Lie group). A Lie group G that may be

decomposed uniquely into a normal subgroup N and a subgroup H such that every

group element may be written as g = nh or g = hn (in either order) for unique

choices of n ∈ N and h ∈ H is called a semidirect product of H and N, denoted in

the present convention as G = H nN .

The group SE(3) is the semidirect-product of SO(3) and R3; SE(3) = SO(3)nR3.

And SE(3) can serve for the configuration space of rigid body motion and its

group action can be used for representation of the motion. The element of SO(3)

represents the rotation of a body and the element of R3 represents the translation

of the CM of the body. The SE(3) operation is defined as

(g1, r1) · (g2, r2) = (g1 · g2, g1 · r2 + r1)

where g1,2 ∈ SO(3) and r1,2 ∈ R3. If the elements of SO(3) are represented as

3× 3 special orthogonal matrices, then the SO(3) operation is simply the matrix

multiplication and the SO(3) action on R3 is the matrix-vector multiplication.

Hence the product of SO(3) element and R3 element belongs to R3 and R3 is the

normal subgroup of SE(3).

Definition 1.3.5 (Tangent bundle). If M is a smooth manifold, the tangent bun-

dle, TM of M is the disjoint union of the tangent spaces of M ,

TM =
⋃
x∈M

TxM .

When SE(3) serves for the configuration space of the rigid body motion, then the

phase space becomes the tangent bundle of SE(3), which is noted as TSE(3). An
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element of the phase space becomes (ġ, ṙ)(g,r) ∈ TSE(3) where (g, r) ∈ SE(3).

Even though the phase space is the tangent bundle of SE(3), the Lie algebra is

more convenient tool for dealing with tangent space.

Definition 1.3.6 (Lie algebra). The Lie algebra g of a Lie group G is the tangent

space of the identity element of the Lie group.

An element ω ∈ g can be represented as g−1ġ or ġg−1 depending on the left

multiplication or right multiplication by the Lie group element. The Lie algebra

is a vector space because it is the tangent space at the identity element and more

over the Lie algebra is equipped with an extra binary operation which is called as

the Lie bracket, [g, g]→ g. The Lie bracket operation is defined as a commutator

operation, [x, y] = x · y − y · x, based on the Lie algebra multiplication which may

not be closed in the Lie algebra. Once the multiplication of Lie algebra elements

is defined, the Lie bracket has the following properties,

• [x, y] is bilinear operation.

• [x, x] = 0 and [x, y] = −[y, x].

• [x, [y, z]] + [y, [z, x]] + [z, [x, y]] = 0 .

Hence the Lie bracket is anti-commutative bilinear operation which satisfies the

Jacobi identity which is the third relation above.

The SE(3) group will be used to represent the configuration space of the rigid body

motion and it also serves as the group of coordinate transformations acting on the

configuration space.
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Definition 1.3.7 (One-parameter group). A one-parameter group of transforma-

tions is the set of additive subgroup of G as

gt1+t2 = gt1 · gt2

where gi ∈ G and ” · ” is the group operation.

If the one-parameter subgroup of a group G acts on a manifold M , then it generates

a trajectory on M as

p(0) ∈M → p(t) = g(t) · p(0) ∈M , g(t) ∈ G .

Using the one-parameter subgroup, the trajectory of motion of a rigid body can be

represented as the continuous action of the one-parameter subgroup on the initial

configuration of the rigid body,

(h, p) ∈ SE(3)→ (gt, rt) · (h, p) = (gt · h, gt · p+ rt) ∈ SE(3)

(gt, rt)|t=0 = Id ∈ SE(3).

Another way of obtaining Lie algebra element in g of a group G is using differential

operation on one-parameter subgroup,

ξ =
d

dt
(g(t))|t=0 , g(0) = Id ∈ G

Definition 1.3.8 (Vector field generated by Lie algebra). The action of Lie alge-

bra, g on the manifold M can generate a vector field as defined as

ξ(p) = p(t)′ = g(t)′ · p := ξp , p ∈M

where g(t) ∈ G is a one parameter group such that g(0) = Id and g(t)′t=0 = ξ.
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These tools from Lie group can be used to describe the dynamics of rigid body

motion. The coordinate transform between the body fixed frame and the spatially

fixed frame is easily made.

Ω(t) = g−1ω(t)g ,

s(t) = g−1σ ,

where the first equation is the transform of angular velocity as 3×3 skew symmetric

matrix and the second is the transform between 3 vectors. The relation between

time derivatives of vector variables becomes also clear:

d

dt
σ(t) =

d

dt
(g(t) · s(t)) = ġ · s+ g · ṡ

⇒ g−1 · d
dt
σ = ṡ+ g−1ġ · s = (

d

dt
+ Ω×)s .

Our work on deriving the equations of motion for rolling rigid body will use these

operations and manipulations on variables in Lie group and Lie algebra, as repre-

sented by matrices or vectors.

1.4 Symmetries and conservation laws

Symmetries of a system of differential equations are the transformation of variables

that leaves the system itself or a function related to the system invariant under

the transformation.

Definition 1.4.1. Lie symmetry is an invariance of the differential equations un-

der continuous transformations.

Such Lie symmetry group will transform a solution curve to another solution curve

of the system.

Another type of symmetry is the Noether symmetry of a Lagrangian system.
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Definition 1.4.2. Noether symmetry is an invariance of the action integral of a

Lagrangian system under the time and coordinate transformations.

In Lagrangian mechanics, the Noether symmetry is associated with conservation

laws of the equations of motion by the Noether’s theorem.

Theorem 1.4.1 (Noether theorem). Each Noether symmetry of the action integral

of a Lagrangian system corresponds to a constant of the motion.
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Chapter 2

ROLLING CHAPLYGIN’S BALL

Most previous theoretical studies assumed the rolling motion with a perfect friction,

i.e., without slippage at the contact. Then such idealized dynamics have been

studied for the equations of motion and their solution curves.

The resulting evolution equations are nonlinear system of differential equations

and many analytic and numerical studies have been done. Analytic studies have

focused on certain symmetric problems for its integrability, conservation laws or

qualitative analysis like stability.

The most outstanding problem of rolling rigid body is the Chaplygin’s ball. The

Chaplygin’s ball is a spherical ball that rolls without slipping on a horizontal plane

(under gravity). The rigid body dynamics of a rolling ball show very interesting

conservation laws under certain symmetric condition. In this chapter, we study

the detail of the dynamics of Chaplygin’s rolling ball and its conservation laws.

2.1 Equations of motion of rolling rigid body

The equations of motion for rolling rigid body had been a source of confusion

and controversy and the correct equations of motion are now well understood and

settled down. The correct equations of motion are derived by application of the

Lagrange-d’Alembert principle.
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Figure 2.1: The schematic of the rolling ball

Theorem 2.1.1 (Lagrange-d’Alembert principle). If the constraint forces are or-

thogonal to all the allowable displacements consistent with the constraint, then the

equations of motion for the constrained system can be given as∑
i

(Fi −miai) · δri = 0

where Fi: applied forces, mi: masses, ai: acceleration of i-th mass and δri : virtual

displacement consistent with the constraint.

Proof. The constraint force on i-th mass is Ci = miai − Fi and the Lagrange-

d’Alembert equations follow.

The Lagrange-d’Alembert principle is applied to a constrained system and com-

bining the Lagrange-d’Alembert equations and the given constraint conditions can

determine the dynamics of the system. Hence the Lagrange-d’Alembert equations

can serve as the law of dynamics as a generalized version of Newton’s equation.

The confusion about the correct equations of motion for a rolling ball comes from

the fact that there could be more than two different trajectories of rolling motion
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that satisfy the constraint of rolling condition and still conserve the total energy,

which seems to satisfy the condition that the constraint force does no work. Some

history of discussion about this confusion can be found in [Blo03, Koz92]. The

incorrect equations of motion come when the rolling constraint is directly substi-

tuted into the Lagrangian to apply the variational principle for the Euler-Lagrange

equations. The obtained Euler-Lagrange equations would satisfy the rolling con-

straint and would conserve the total energy of the rolling body, but it had been

known to be incorrect equations of motion for the rolling rigid body.

In our discussion, we focus on the system of Chaplygin’s rolling ball.

Definition 2.1.1 (Rolling constraint). The rolling without slipping constraint is

given by a relation between the linear velocity of the CM and the angular velocity

as

ẋ = ω × σ , and in body-fixed moving frame, V = Ω× s .

where ẋ: the translational velocity, ω: the spatial angular velocity, σ: the vector

connecting the contact point and the CM and V , Ω , s are the same vectors as

ẋ , ω , σ represented in the moving frame which is fixed on the CM.

The above rolling constraint is an equation between velocities and this condition

cannot be integrated to make a constraint relation in configurational variables.

Such type of constraint is called the nonholonomic constraint.

Definition 2.1.2 (Chaplygin’s rolling ball). The Chaplygin’s ball is the spherical

body with offset center of mass moving with the perfect rolling constraint.

We will use the vector notations as given in the figure (3.1). The vectors are given

in the reference frame that is moving with the rolling ball and we will refer that
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moving frame as the body frame (Ei-frame) and in contrast, the absolute frame

that is fixed on the plane will be referred as the spatial frame (ei-frame). Some of

the vector notations in the spatial frame will be used as

• σ: the vector of s in spatial frame.

• ẋ , ω: the vectors of V , Ω respectively in spatial frame.

In this setting, s = rΓ + `χ where χ = E3 = (0, 0, 1)T and Γ is the normal unit

vector to the plane of rolling in the moving frame which is fixed on the body.

we derive the equations of motion of rolling ball in two different approaches and

compare them. Two different derivations will come from the Newtonian approach

and the Lagrangian approach.

2.1.1 The equations of rolling ball in Newtonian mechanics

The derivation starts with Newton’s equations with explicitly writing the con-

straint force and the constraint torque that are induced by the imposed rolling

constraint.

d

dt
(mẋ) = F +Nc ,

d

dt
(Jω) = T + Tc .

where F , T are the sum of applied forces and that of applied torques. And Nc , Tc

are the constraint force and torque at the contact point. The m and J are the

mass and the moment of inertia of the rolling ball. J is a symmetric 3 by 3 tensor

which is normally a function of orientation of the body.
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If there are no external force nor external torque applied on the rolling ball, then

the constraint torque is induced only by the constraint force and we can use

Tc = (−σ)×Nc , F = 0 and T = 0 .

Then the equations for free rolling Chaplygin’s ball can be obtained by the cance-

lation of Nc and by the rolling constraint, ẋ = ω × σ,

d

dt
(mẋ) = Nc ,

d

dt
(Jω) = (−σ)× d

dt
(mẋ) ,

d

dt
(Jω) = (−σ)× d

dt
(mω × σ) .

In the case of gravity force (mγ) acting in −e3 direction, the equations of rolling

motion become

d

dt
(Jω) = (−σ)×

(
d

dt
(mω × σ)− (−mγe3)

)
.

For the free rolling Chaplygin’s ball, the complete system of equations in the spatial

frame become

ẋ = ω × σ , (2.1)

d

dt
(Jω) = (−σ)× d

dt
(mω × σ) . (2.2)

This system of equations can also be represented in the moving frame with the

body,

V = Ω× s , (2.3)

(
d

dt
+ Ω×)(IΩ) = (−s)× ((

d

dt
+ Ω×)(mΩ× s)) , (2.4)

where I is the moment of inertia tensor in body frame and it is a constant tensor.

If the body frame is aligned with the principal axes of inertia, then I becomes a

18



diagonal 3× 3 tensor, I = diag(I1, I2, I3).

The equation (2.3) is the kinematic equation that is purely geometric and keep the

ball rolling on the plane surface. But the equation (2.4) is the dynamic equation

that is imposed by the relationship between the constraint force and torque at the

contact point and it is purely deductive reasoning to use such a principle of motion

and it needs to be confirmed in experiments. In [Koz92], Kozlov commented as

”The question of the applicability of the non-holonomic model (indeed, like any

other model of the mechanics of systems with constraints) cannot, in any specific

situation be solved within the framework of an axiomatic scheme without recourse

to the experimental results”. Several experiments actually confirmed the validity

of the dynamic equations [LM95].

2.1.2 The equations of rolling ball in Lagrangian mechanics

The equations of motion in Lagrangian mechanics come from the variational princi-

ple of least action. The actual trajectory of motion will become the extremal curve

that minimizes the action integral between two specified end points in configura-

tional space. However such application of variational principle to the Chaplygin’s

rolling ball is not straightforward due to the non-integrability of the non-holonomic

rolling constraint.

Some usual situations in the least action principle are,

• the Lagrangian, L = KE−PE, contains all the forces in its potential energy,

• the holonomic constraints are applied to the Lagrangian and again, all the

applied forces and constraint forces are contained in the form of potential

energy.
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Hence the application of variational derivative on the action integral and the La-

grangian will reproduce all the necessary forcing terms in the resulting Euler-

Lagrange equations from the least action principle.

A troubling issue of applying the variational principle to the Chaplygin’s rolling

system is that the substitution of the rolling constraint into the Lagrangian doesn’t

generate the correct constraint force. This issue is the confusing one that had been

a trouble at some time. However, the correct equations of motion come when the

variational principle is twisted a little bit and this is exactly the application of the

Lagrange-d’Alembert principle. So we apply the following procedure to modify the

variational principle,

• -δL := d
dt

(
δL
δq̇

)
− δL

δq
= (ma− Fapplied) is the constraint force,

• The actual constraint force can not be regenerated by the direct substitution

of the nonholonomic constraint into the Lagrangian,

• use the Lie group and its action to represent the configurational space and

the motion.

Considering these conditions, the correct equations of motion come as the Lagrange-

d’Alembert equations.

Theorem 2.1.2 (Lagrange-d’Alembert equations). In the system of Chaplygin’s

free rolling ball, the following equations of motion are derived from the application

of the Lagrange-d’Alembert principle,

d

dt
(Jω) + σ × (

d

dt
(mω × σ)) = 0 , ẋ = ω × σ (2.5)
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in the spatially fixed frame, and the same eqautions in the body frame are

(
d

dt
+ Ω×)(IΩ) + s× ((

d

dt
+ Ω×)(mΩ× s)) = 0 , V = Ω× s . (2.6)

Proof. We begin with the variational derivative on the unconstrained Lagrangian

of freely rolling ball,

δL = δ(
1

2
< Jω, ω > +

1

2
< mẋ, ẋ >)

=
1

2
[< (δJ)ω + Jδω > + < Jω, δω > + < mδẋ, ẋ > + < mẋ, δẋ >]

=
1

2
[< (δJ)ω + Jδω > + < Jω, δω >] + < mẋ, δẋ >

where the notations are as followings,

• J = g(t)Ig−1(t) is the spatial moment of inertia tensor which is the 3 × 3

symmetric matrix and g(t) ∈ SO(3) is the rotational trajectory of the rolling

ball.

• < A,B >:= tr(AT ·B) is the matrix inner product for real valued matrices.

• ω ∈ so(3) is the angular velocity represented as 3×3 anti-symmetric matrix.

(Same ω may represent a 3 vector for angular velocity. It should be clear by

the context if ω is used as a 3 vector for an angular velocity.)

Now we go through individual variations and use the integration by parts with the

fixed boundary condition. Some of the necessary details are

δ(gg−1) = (δg)g−1 + g(δg−1) = 0→ δg−1

= −g−1δgg−1 ,

δJ = δ(gIg−1) = (δg)Ig−1 + gI(δg−1) = δgg−1gIg−1 − gIg−1δgg−1

= δgg−1J − Jδgg−1 ,

δω = δ(ġg−1) = (δġ)g−1 + ġ(−g−1δgg−1) = (δgg−1)̇ + (δgg−1ġg−1 − ġg−1δgg−1) ,

δẋ = (δx)̇ .
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We use η := δgg−1 for a variational angular velocity. Then we get

δL =
1

2
< (ηJ − Jη)ω, ω > + < Jω, η̇ + ηω − ωη > + < mẋ, (δx)̇ >

=< Jω, η̇ > + < mẋ, (δx)̇ > +
1

2

[
tr
{
ωTJTηTω − ωTηTJTω + 2ωTJT (ηω − ωη)

}]
=< Jω, η̇ > + < mẋ, (δx)̇ > +

1

2
[tr {ωJηω − ωηJω − 2ωJ(ηω − ωη)}]

=< Jω, η̇ > + < mẋ, (δx)̇ >=< − d

dt
(Jω), η > + < − d

dt
(mẋ), δx >

where the value of trace operation becomes zero due to the property of trace

operator. The fixed boundary condition for the variation is applied to make the

integration by parts at the last part of the equation. And ωT = −ω , J=J , ηT =

−η and tr(ωJωη + ωJωη) = tr(ωJωη − ηωJω) = tr(ωJωη − ωJωη) = 0 is also

used. Now we get,

δS =

∫
δLdt =

∫
< −(Jω)̇, η > + < −(mẋ)̇, δx > dt (2.7)

=

∫
< −(Jω)̇, η > + < −(mω × σ)̇, η × σ > dt (2.8)

=

∫
< −(Jω)̇− σ × (mω × σ)̇, η > dt = 0 (2.9)

and the arbitrariness of η brings the desired equations of motion as a form of

Lagrange-d’Alembert equations.

(Jω)̇ + σ × (mω × σ)̇ = 0 , with ẋ = ω × σ .

In the equation (2.9) the rolling constraint is applied to make the variations to be

consistent with the imposed rolling constraint, δx = η × σ. This last step is the

application of the Lagrange-d’Alembert principle and if there were no constraint,

then the equations of free rigid body would have come from the equation (2.7).
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Now the conversion into the equations in body frame can come from the conversion

principle,

g−1 d

dt
z = g−1

(
d

dt
(g · Z)

)
= g−1ġZ + g−1g

dZ

dt
=

(
d

dt
+ Ω×

)
Z

where z and Z are the spatial and body representations of the same vector.

2.1.3 Comparison of the equations of motion

Looking at the two different derivations of the equations of motion for the Chaply-

gin’s rolling ball, we can see the application of the Lagrange-d’Alembert principle

is much clearer in the Lagrangian mechanics. The dynamic principle for the freely

rolling ball can be stated in two different ways in Newtonian and Lagrangian me-

chanics,

• Newtonian mechanics: the constraint torque is induced only by the constraint

force.

• Lagrangian mechanics: the constraint force and torque are orthogonal to all

the possibly allowable directions of motion.

The resulting equations for the free rolling ball are same. Hence the two above

statements for the dynamic law of perfect rolling ball should be equivalent. How-

ever, the direct association is not that clear.

The second issue in the derivation of the equations is the application of the rolling

constraint in the Lagrangian approach. In holonomically constrained systems, the

constraint conditions are directly substituted into the Lagrangian and then the

variational principle can be applied to arrive the equations of motion. We may
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try the same strategy for the non-holonomic rolling constraint to get the reduced

constrained Lagrangian,

Lc :=
1

2
(< Jω, ω > + < mω × σ, ω × σ >) ,

where the translational component has disappeared and the constrained Lagrangian

is only a function of the rotation and the angular velocity, hence reducing the phase

space to TSO(3) from TSE(3). Now if the variational derivative is taken on this

constrained Lagrangian, we get the Euler-Lagrange equations.

δLc = δ

[
1

2
< Jω, ω > +

1

2
< mω × σ, ω × σ >

]
=< −(Jω)̇, η > + < mω × σ, δω × σ + ω × δσ >

=< −(Jω)̇, η > + < mω × σ, (η̇ + η × ω)× σ + ω × (−η × `χ) >

=< −(Jω)̇, η >

+ < − d

dt
(σ × (mω × σ)) + ω × (σ × (mω × σ)) + `χ× (ω × (mω × σ)), η >

=< −(Jω)̇− σ × (mω × σ)̇ + (ω × `χ)× (mω × σ)

+ ω × (σ × (mω × σ)) + `χ× (ω × (mω × σ)), η >= 0

and the corresponding Euler-Lagrange equation is

(Jω)̇ + σ × (mω × σ)̇− (ω × `χ)× (mω × σ)− ω × (σ × (mω × σ)) (2.10)

− `χ× (ω × (mω × σ)) = 0 .

The problematic issue is that the resulting Euler-Lagrange equations, (2.10), are

not the same equations as the Lagrange-d’Alembert equations, (2.5), of free rolling

ball. Nonetheless, the dynamic evolution according to these Euler-Lagrange equa-

tions (2.10) is consistent with the rolling constraint and with the conservation of
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the total energy of the system. Hence even along this incorrect trajectory, the

constraint force is not doing any work on the system.

Thus the Lagrange-d’Alembert equations and the Euler-Lagrange equations are

not the same in the rolling dynamics of Chaplygin’s ball. Then what can be the

geometric interpretation of the constraint force and torque in the correct Lagrange-

d’Alembert equations, (2.5), for the Chaplygin’s rolling ball? The answer has been

studied in the context of Ehresmann connection ([Blo03]) and the discrepancy be-

tween the equations (2.10) and (2.5) is coming from the curvature of the associated

Ehresmann connection.

2.1.4 Conservation laws and symmetries in Chaplygin’s rolling ball

For general mass distribution in the Chaplygin’s ball, it is not known if there is

any conserved quantity along the motion other than the total energy conservation.

However, there appear two more conserved quantities along the motion if the mass

distribution of the rolling ball satisfies certain symmetry conditions, which will be

called as cylindrically symmetric Chaplygin’s ball. The symmetry conditions are

as follows:

• The moment of intertia is symmetric about a principal axis. For the repre-

sentation of the moment of inertia in its diagonal form, this condition states

I1 = I2 6= I3. I3 may be equal to the other components of the principal

moment of inertia, but it is not required for the symmetry of our concern.

• The center of mass (CM) of the ball is located along the symmetry axis. So

in the body frame of principal axes, χ = E3 and thus the mass distribution

of the ball becomes cylindrically symmetric. The CM may coincides with the

geometric center (GC), but it is not required.
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Satisfying these two conditions for the symmetric imbalanced Chaplygin’s ball,

there appear two extra prominent conservation laws and the rolling motion of

a symmetric imbalanced ball had been proved to be analytically integrable by a

Russian mathematician, Chaplygin. The two conservation laws are called as Jellett

and Routh integrals and they are given as their representation in the body frame

for the free rolling ball (no external field other than constraining with the rolling

without slipping condition).

J =< IΩ, s >= rI1(Ω1Γ1 + Ω2Γ2) + I3Ω3(rΓ3 + `) ,

R = Ω3

√
I1I3 +m < Is, s > = Ω3

√
I1I3 +m(I1r2Γ2

1 + I1r2Γ2
2 + I3(rΓ3 + `)2) .

Actually these two conservation laws are preserved for the presence of an external

gravity field in the normal direction to the plane of rolling. However, we will focus

mainly on the free rolling motion under no external potential field to simplify the

problem without eliminating the feature of prominent conservation laws of Jellett

and Routh.

The physical interpretation of the Jellett and Routh integrals is not fully under-

stood yet and the symmetry origins for the conservation laws are still confusing.

Hence, my discussion will focus on the two conservation laws and on possible as-

sociation of symmetry to those conservation laws.

To my knowledge, the Routh integral has not been studied in the association with

a symmetry action in the context of Noether’s theorem. My study tries to modify

the Noether’s theorem into the nonholonomic system and find its application to

the conservation law of Routh integral.
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2.2 Noether’s theorem in symmetric Chaplygin’s rolling ball

In variational problem, the Noether’s theorem provides the association between

conservation laws and symmetries. Similar association can be made in the problem

of rolling ball with its Lagrange-d’Alembert equations. Basically, the two promi-

nent conserved quantities of the Routh and Jellett’s integrals can be associated to

their corresponding infinitesimal variations. We will work out the variations in the

body frame.

δL =< IΩ, δΩ > + < mV, δV > ,

δΩ = δ(g−1ġ) = −g−1δgg−1ġ + g−1δġ = (g−1δg)̇ + g−1ġg−1δg − g−1δgg−1ġ

= η̇ + [Ω, η] ,

δV = δ(g−1ẋ) = −g−1δgg−1ẋ+ g−1δẋ = (g−1δx)̇ + g−1ġg−1δx− g−1δgg−1ẋ

= (η × s)̇ + [Ω, η]s .

The nonholonomic variation is applied by taking the variation first δẋ = (δx)̇ and

then applying the rolling constraint (δx)̇ = (η × s)̇. With this careful step of

taking variational derivative, the correct Lagrange-d’Alembert equations follow as

the equations of motion by the vanishing δS = 0 for the arbitrary η with fixed

boundary condition.

The Noether’s theorem is applied to this nonholonomic variation in the following

manner,
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δL =< IΩ, δΩ > + < mV, δV >

=< IΩ, η̇ + Ω× η > + < mV, (η × s)̇ + (Ω× η)× s >

= − < (
d

dt
+ Ω×)(IΩ) + s× ((

d

dt
+ Ω×)(mΩ× s)), η >

+
d

dt
(< IΩ, η > + < s×mV, η >)

=
d

dt
(< IΩ, η > + < s×mV, η >) =

d

dt
(< IΩ + s×m(Ω× s), η >) .

In the application of the Noether’s theorem, several things are assumed. These

conditions will distinguish the application of the least action principle and that of

the Noether’s theorem in nonholonomic system.

• Ω(t) and s(t) are the solution trajectory of the motion equations given as the

Lagrange-d’Alembert equations.

• The variations of δΩ and δV are induced by the change of coordinate sys-

tem, which is consistent with the rolling constraint. Hence the variation δV

is taken with first applying the variational derivative and then the rolling

constraint applied.

• The fixed endpoints condition is not applied as in the least action principle

because the variation is induced by the time and coordinate transformation

for applying Noether’s theorem.

And we get a version of Noether’s theorem in the Chaplygin’s rolling ball.

Theorem 2.2.1 (Nonholonomic Noether’s theorem). If the Lagrangian is invari-

ant under an infinitesimal coordinate variation that is consistent with the rolling

constraint, then there is a corresponding conservation law given as,

δL =
d

dt
(< IΩ + s× (mΩ× s), η >) = 0
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< IΩ + s× (mΩ× s), η >= constant

where η ∈ so(3) is angular velocity for the infinitesimal coordinate variation.

This version is applied to the two prominent conservation laws in the case of

cylindrically symmetric, imbalanced rolling ball.

J =< IΩ + s× (mΩ× s), s >=< IΩ, s > , (2.11)

R =< IΩ + s× (mΩ× s), I1χ+m < s, χ > s√
I1I3 +m < Is, s >

> .

Just looking at the Lagrangian, L = (< IΩ,Ω > + < mΩ × s,Ω × s >)/2,

this Lagrangian is invariant under any translational and any rotational coordinate

transformation if the coordinate transformation in Noether’s theorem is assumed

as free of any constraint. Hence the Noether’s theorem provides the association

between such invariance and the conservations of linear and angular momentums in

free body motion. However, such linear and angular momentums are not conserved

in the rolling free body and there are the Jellett and Routh integrals instead.

Since the geometry of the plane of rolling motion and the internal symmetry of

the ball about the symmetric axis indicate good possibility of symmetries, we can

assume that the Γ and χ vectors are the axes of symmetry and try to seek the

symmetry as the rotation about these vectors.

Example 2.2.1

If η = Γ which is the infinitesimal variation as the rolling about the normal vector

to the plane,

δΩ|η=Γ = Γ̇ + Ω× Γ = −Ω× Γ + Ω× Γ = 0 ,

δV |η=Γ = (Γ× s)̇ + (Ω× Γ)× s = (−Ω× Γ)× `χ+ (Ω× Γ)× s = (Ω× Γ)× rΓ ,

δL|η=Γ =< IΩ, δΩ > + < mΩ× s, δV >= 0+ < mΩ× s, (Ω× Γ)× rΓ >

=< Ω, rΓ > · < mΩ× `χ,Γ >6= 0 ,
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where ṡ = (rΓ + `χ)̇ = −Ω× rΓ is used. Hence δL 6= 0 brings that η = Γ doesn’t

induce a conservation law by the Noether’s theorem.

Example 2.2.2

If η = χ which is the axis vector of internal symmetry of the body and also a

constant vector in the body frame,

δΩ|η=χ = χ̇+ Ω× χ = Ω× χ ,

δV |η=χ = (χ× s)̇ + (Ω× χ)× s = χ× (−Ω× rΓ) + (Ω× χ)× s ,

δL|η=χ =< IΩ, δΩ > + < mΩ× s, δV >=< IΩ,Ω× χ >

+ < mΩ× s, χ× (−Ω× rΓ) + (Ω× χ)× s >

= 0+ < mΩ× s,< χ,Ω > rΓ+ < Ω, s > χ >

=< Ω, rΓ > · < mΩ× rΓ, χ > 6= 0 .

Hence δL 6= 0 indicates that < IΩ+s×(mΩ×s), χ > is not a conservation law.

Example 2.2.3

If η = s = rΓ + `χ, then the variation of the Lagrangian comes from the linear

combination of the previous two examples,

δL|η=s = rδL|η=Γ + `δL|η=χ

= r < Ω, rΓ > · < mΩ× `χ,Γ > +` < Ω, rΓ > · < mΩ× rΓ, χ >= 0

and the associated conserved quantity is the Jellett integral, J =< IΩ+s× (mΩ×

s), s >=< IΩ, s >.
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Example 2.2.4

If η is given as an angular velocity vector as

η =
I1χ+m < s, χ > s√
I1I3 +m < Is, s >

,

then δL = 0 and the Routh integral is another conservation law. This can be

checked with direct calculation of δΩ and δV .

Proof. We use a simplifying notation for the vector η,

η = aχ+ bs , s = rΓ + `χ

a =
I1√

I1I3 +m < Is, s >
, b =

m < s, χ >√
I1I3 +m < Is, s >

Then the variations are:

δΩ = η̇ + Ω× η = ȧχ+ ḃs+ bṡ+ Ω× (aχ+ bs) ,

δV = ((aχ+ bs)× s)̇ + (Ω× (aχ+ bs))× s

= ȧχ× s+ aχ× ṡ+ (Ω× (aχ+ bs))× s ,

ȧ =
I1m < Is,Ω× rΓ >

(I1I3 +m < Is, s >)3/2
,

ḃ =
m < −Ω× rΓ, χ > (I1I3 +m < Is, s >) +m2 < s, χ >< Is,Ω× rΓ >

(I1I3 +m < Is, s >)3/2

and we use vector identities

< A,B × C >=< B,C × A >=< C,A×B > ,

(A×B)× C + (B × C)× A+ (C × A)×B = 0 ,

A× (B × C) =< A,C > B− < A,B > C .
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And the internal cylindrical symmetry of I = diag(I1, I1, I3), χ = E3 = (0, 0, 1)T

gives another identity

< IΩ,Ω× χ >=< Ω× IΩ, χ >= 0 .

Now using these identities and notations,

δL =< IΩ, ȧχ+ ḃs+ bṡ+ Ω× (aχ+ bs) >

+ < mΩ× s, ȧχ× s+ aχ× ṡ+ (Ω× (aχ+ bs))× s >

=< IΩ, ȧχ+ ḃs+ b(−Ω× rΓ) + Ω× aχ+ bΩ× s >

+ < mΩ× s, ȧχ× s+ aχ× (−Ω× rΓ)+ < Ω, s > (aχ+ bs)− < aχ+ bs, s > Ω >

=< IΩ, ȧχ+ ḃs > + < mΩ× s, ȧχ× s+ < aχ,Ω > rΓ

− < aχ, rΓ > Ω+ < Ω, s > aχ >

=< IΩ, ȧχ+ ḃs > + < mΩ× s, ȧχ× s+ < Ω, rΓ > aχ >

= ȧ(< IΩ, χ > + < s× (mΩ× s), χ >) + ḃ < IΩ, s >

+ < Ω, rΓ >< mΩ× rΓ, aχ >

=
I1m < Is,Ω× rΓ >

(I1I3 +m < Is, s >)3/2
(< IΩ +m|s|2Ω, χ > −m < Ω, s >< s, χ >)

+
m < −Ω× rΓ, χ > (I1I3 +m < Is, s >) +m2 < s, χ >< Is,Ω× rΓ >

(I1I3 +m < Is, s >)3/2
< IΩ, s >

+
(I1I3 +m < Is, s >)mI1 < Ω, rΓ >< Ω× rΓ, χ >

(I1I3 +m < Is, s >)3/2

=
(I1I3 +m < Is, s >)m

(I1I3 +m < Is, s >)3/2
{< −Ω× rΓ, χ >< IΩ, s > +I1 < Ω, rΓ >< Ω× rΓ, χ >}

+
m < Is,Ω× rΓ >

(I1I3 +m < Is, s >)3/2
{I1(< IΩ +m|s|2Ω, χ > −m < Ω, s >< s, χ >)

+m < s, χ >< IΩ, s >}

=
(I1I3 +m < Is, s >)m

(I1I3 +m < Is, s >)3/2
{r(Ω1Γ2 − Ω2Γ1)(I1rΓ3 − I3(rΓ3 + `))Ω3}

+
−mr(Ω1Γ2 − Ω2Γ1)(I1rΓ3 − I3(rΓ3 + `))

(I1I3 +m < Is, s >)3/2
{(I1I3 +m < Is, s >)Ω3}

= 0 .
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Hence even for

η =
I1χ+m < s, χ > s√
I1I3 +m < Is, s >

,

the variation of the Lagrangian δL vanishes and the nonholonomic Noether’s the-

orem applies to the Routh integral with η as specified.

A nonholonomic version of the Noether’s theorem is successfully applied to the

conservation laws of Jellett and Routh integrals. And the original form of the

Routh integral was

R = Ω3

√
I1I3 +m < Is, s >

and this mysterious form of the conservation law is brought into a new form

which corresponds to the nonholonomic Noether’s theorem. And the nonholo-

nomic Noether’s theorem can be applied to the energy conservation of H =<

IΩ + s× (mΩ× s),Ω > /2 where the symmetry vector η = Ω.

However, even with such successful application of Noether’s theorem to conserva-

tion laws, we still do not fully understand the conservation laws of the symmetric

rolling boll. Some of the fundamental questions could be

1. What could be the physical interpretations (or interpretation of the related

symmetries) of the Jellett and Routh integrals?

2. How could the symmetric variation vector η be found for the symmetry of

the rolling dynamics with Jellett and Routh integrals?

3. How could the conservation laws be found in such nonholonomic dynamics?

4. If the coordinate system moves by η = Ω which is the symmetry vector for the

energy conservation, the coordinate system becomes the body frame. Now
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if the coordinate system moves by other symmetry vectors of η for Jellett

and Routh integrals, could there be any special feature in using such moving

frames which evolve with corresponding η and looking at the dynamics in

those moving frames?

On the last question above, those symmetric variational actions related to the

Jellett, the Routh and the energy integrals are such coordinate transformations

that preserve the as value of Lagrangian in their own moving frames as that of

the absolute spatially fixed frame, thus the trajectories of rolling motion will be

identical if they are derived as the extremal curves in the nonholonomic variational

principle. Hence it seems that those symmetry coordinates of moving frames are

special because they preserve the same dynamics of the rolling motion. More study

in this perspective may be an interesting future problem.

Even though the nonholonomic Noether’s theorem is successful in associating the

invariant variations of the Lagrangian with the Jellett and Routh integrals, nothing

is yet clearly understood. Nonetheless, such mystery of conservation laws in sym-

metric rolling ball is strongly believed to allow its understanding in the connection

with symmetries as many other physical conservation laws have been understood

in such way.

2.3 Symmetry reduction in symmetric Chaplygin’s rolling ball

2.3.1 Symmetric unbalanced Chaplygin’s rolling ball under no gravity
(free rolling ball)

Sophus Lie(1842) introduced continuous symmetry groups to solve nonlinear dif-

ferential equations and such tool of using Lie group and Lie algebra in solving

differential equations became very strong analytic method. Here we use the tool of
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reducing the order of a system of differential equations using Lie group symmetries.

The detailed process is nicely explained in the textbook ([Olv93]) by P. Olver and

here we follow the same tools as explained in the reference.

We already know there are several conservation laws for the dynamics of a cylindri-

cally symmetric Chaplygin’s ball, however the symmetry origin is not very straight-

forward. The only symmetry is the symmetric internal mass distribution, but the

detailed connection to the conservation laws had not been clearly understood yet.

Chaplygin himself already proved that the symmetric ball’s rolling dynamics are

completely integrable, so we focus on the detailed work on the reduction process

by seemingly evident Lie symmetries in the equations of motion. Inspecting the

equations of motion, we can find Lie symmetries of the differential equations of

rolling motion.

We can inspect such Lie symmetries on the equations of motion in the body frame

which is moving frame with the body. Then the cylindrical mass distribution

imposes certain symmetry features into the system of equations. These symmetries

are: invariances under rotation, time translation and scaling of angular velocity

vectors in the system of symmetric and imbalanced rolling ball’s motion. As a

simpler problem, we start with cylindrically symmetric imbalanced free-rolling ball

under zero gravity, ` 6= 0 , I1 = I2 6= I3. The reduction by symmetry in solving a

system of differential equations can be extended to include non-zero gravity field

in Chaplygin’s rolling ball and the Jellett and Routh integrals are still conserved

quantities in such an extension.
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The explicit equations of motion are as follows.

(
d

dt
+ Ω×)(IΩ) + s× ((

d

dt
+ Ω×)(mΩ× s)) = 0 ,

Γ̇ = −Ω× Γ , V = Ω× s

⇒

(I1 +m(r2 + `2) + 2mr`Γ3)Ω̇1 −mr2(Ω̇1Γ1 + Ω̇2Γ2 + Ω̇3(Γ3 + `/r))Γ1 (2.12)

= −mr`(−Ω1Γ2 + Ω2Γ1)Ω1 +mr`(Ω1Γ1 + Ω2Γ2 + Ω3(Γ3 + `/r))Ω2

+ (I1 − I3)Ω2Ω3 ,

(I1 +m(r2 + `2) + 2mr`Γ3)Ω̇2 −mr2(Ω̇1Γ1 + Ω̇2Γ2 + Ω̇3(Γ3 + `/r))Γ2

= −mr`(−Ω1Γ2 + Ω2Γ1)Ω2 −mr`(Ω1Γ1 + Ω2Γ2 + Ω3(Γ3 + `/r))Ω1

− (I1 − I3)Ω1Ω3 ,

(I3 +m(r2 + `2) + 2mr`Γ3)Ω̇3 −mr2(Ω̇1Γ1 + Ω̇2Γ2 + Ω̇3(Γ3 + `/r))(Γ3 + `/r)

= −mr`(−Ω1Γ2 + Ω2Γ1)Ω3 ,

Γ̇1 = −Ω2Γ3 + Ω3Γ2 ,

Γ̇2 = −Ω3Γ1 + Ω1Γ3 ,

Γ̇3 = −Ω1Γ2 + Ω2Γ1

This system of equations is already reduced by the constraint condition and the

equations are the evolution equations for the rotational motion of the rolling ball.

This system is closed system between variables of Ω and Γ. To compute the

translational motion, we can use the reconstruction equations as

V = g−1ẋ = Ω× s ,

ẋ = g(t)V .

Hence the translational trajectory of x(t) ∈ R3 can be integrated once the solution

of rotation g(t) ∈ SO(3) is solved. Thus the symmetry reduction will be only
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applied to the above system of equations for the angular motion.

The obvious symmetry actions from inspection of the equations are as follow.

Rotation : (Ω1,Ω2)→ (Ω1 cos ε+ Ω2 sin ε,−Ω1 sin ε+ Ω2 cos ε),

(Γ1,Γ2)→ (Γ1 cos ε+ Γ2 sin ε,−Γ1 sin ε+ Γ2 cos ε).

Time translation : t→ t+ ε , Ω→ Ω , Γ→ Γ .

Scaling : Ω→ eεΩ , t→ e−εt , Γ→ Γ .

And the unusual conservation laws of Jellett and Routh integrals are given as

J =< IΩ, s >= r(I1Ω1Γ1 + I1Ω2Γ2 + I3Ω3(Γ3 + `/r)) ,

R = Ω3

√
I1I3 +m < Is, s > = Ω3

√
I1I3 +mr2(I1Γ2

1 + I1Γ2
2 + I3(Γ3 + `/r)2 .

Now we would like to see the relation between the existing Lie symmetries of the

system of equations and the unusual conservation laws on Jellett and Routh. For

this purpose we proceed with the reduction of order applying the Lie symmetries.

The invariance of the system of differential equations under the given symmetry

transforms can be directly checked with the given system. For example, the rota-

tion symmetry can be confirmed under the following change of variables,

Γ̃1 = cos εΓ1 + sin εΓ2 ,

Γ̃2 = − sin εΓ1 + cos εΓ2 ,

Ω̃1 = cos εΩ1 + sin εΩ2 ,

Ω̃2 = − sin εΩ1 + cos εΩ2 ,

Γ̃3 = Γ3 ,

Ω̃3 = Ω3 .
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With this change of variables by rotation about E3 axis, the system in new variables

is exactly the same system as (2.12).

Thus the symmetry transforms are Lie symmetries that transform solution curves

to another solution curves of the system of differential equations. We follows

the application of symmetries as in [Olv93], and reduce the system in sequential

applications of symmetries.

We can start the symmetry reduction with the rotational symmetry first. For the

reduction, we find a variable that straighten the symmetry action and invariant

variables under the symmetry action. The variable that explicitly straighten the

rotational symmetry action is the angle, θ, which will be called as explicit action

variable from now on. The original system of equations will be transformed into:

dθ

dt
=

d

dt

(
tan−1(

Γ2

Γ1

)

)
=

Γ̇2Γ1 − Γ̇1Γ2

Γ2
1 + Γ2

2

=
−(Γ2

1 + Γ2
2)Ω3 + (Ω1Γ1 + Ω2Γ2)Γ3

Γ2
1 + Γ2

2

The reduced system of equations for invariant variables are obtained from the

original system. The invariant variables under symmetry rotation are

Γ3 , Ω3 , (Ω1Γ1 + Ω2Γ2) , (Ω2
1 + Ω2

2) , (2.13)

and −Ω1Γ2 +Ω2Γ1 is a function of the invariant variables and so is Γ2
1 +Γ2

2 = 1−Γ3
3.

−Ω1Γ2 + Ω2Γ1 = (+/−)
√

(Ω2
1 + Ω2

2)(Γ2
1 + Γ2

2)− (Ω1Γ1 + Ω2Γ2)2

where the sign is determined by the initial condition for the system and we will

just assume the positive sign without loss of generality.
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Now Ω1Γ̇1 + Ω2Γ̇2 = −Ω3(−Ω1Γ2 + Ω2Γ1) is used to make the following system.

dΓ3

dt
= −Ω1Γ2 + Ω2Γ1 =

√
(Ω2

1 + Ω2
2)(Γ2

1 + Γ2
2)− (Ω1Γ2 + Ω2Γ2)2 ,

(I3 +mr2 −mr2Γ2
3)
dΩ3

dt
−mr2(Γ3 + `/r)

d(Ω1Γ1 + Ω2Γ2)

dt
= mr2Γ3Ω3(−Ω1Γ2 + Ω2Γ1) ,

−mr2(1− Γ2
3)(Γ3 + `/r)

dΩ3

dt
+ (I1 +m`2 +mr2Γ2

3 + 2mr`Γ3)
d(Ω1Γ1 + Ω2Γ2)

dt

= −Ω3(−Ω1Γ2 + Ω2Γ1)(I1 +mr2Γ2
3 +mr`Γ3 + I3 − I1) ,

(I1 +m(r2 + `2) + 2mr`Γ3)
d(Ω2

1 + Ω2
2)

dt

− 2mr2(Ω1Γ1 + Ω2Γ2)

(
d(Ω1Γ1 + Ω2Γ2)

dt
+ (Γ3 + `/r)

dΩ3

dt

)
= 2mr2Ω3(−Ω1Γ2 + Ω2Γ1)(Ω1Γ1 + Ω2Γ2)− 2mr`(−Ω1Γ2 + Ω2Γ1)(Ω2

1 + Ω2
2) .

Here, the second equation comes from the third equation of (2.12), the third equa-

tion is coming from (Γ1× (eqn 1)+Γ2× (eqn 2)) and the fourth is from (Ω1× (eqn

1)+Ω2× (eqn 2)) in the previous system (2.12).

Thus, the system is reduced to a system between the invariant variables (2.13) and

the angle can be integrated once the system of invariant variables are integrated.

Then, the conservation law of the rotational symmetry will be associated to the

constant of integration of the derivative of angle, θ, and its symmetry action can

be associated to the translation of angle if an initial condition is given.

We introduce the new invariant variables:

J1 := Γ3 , J2 := Ω3 , J3 = Ω1Γ1 + Ω2Γ2 , J4 := Ω2
1 + Ω2

2 .

Following the analysis of [Olv93], we can divide the previous system by dθ/dt and

the angle can replace the time. Then we get a same system with respect to θ,

dθ

dt
=

d

dt

(
tan−1(

Γ2

Γ1

)

)
=
J2

1J2 + J1J3 − J2

1− J2
1
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and

dJ1

dθ
=

(√
J4(1− J2

1 )− J2
3

)
1− J2

1

J2
1J2 + J1J3 − J2

,

(I3 +mr2 −mr2J2
1 )
dJ2

dθ
−mr2(J1 + `/r)

dJ3

dθ

= mr2J1J2

(√
J4(1− J2

1 )− J2
3

)
1− J2

1

J2
1J2 + J1J3 − J2

,

−mr2(1− J2
1 )(J1 + `/r)

dJ2

dθ
+ (I1 +m`2 +mr2J2

1 + 2mr`J1)
dJ3

dθ

= −J2(I3 +mr2J2
1 +mr`J1)

(√
J4(1− J2

1 )− J2
3

)
1− J2

1

J2
1J2 + J1J3 − J2

,

(I1 +m(r2 + `2) + 2mr`J1)
dJ4

dθ
− 2mr2J3

(
dJ3

dθ
+ (J1 + `/r)

dJ2

dθ

)
= 2mr(rJ2J3 − `J4)

(√
J4(1− J2

1 )− J2
3

)
1− J2

1

J2
1J2 + J1J3 − J2

.

This reduced system of invariant variables, J1, ... , J4, is again invariant under the

new scaling symmetry ation,

Ω→ eεΩ , Γ→ Γ ⇒ J1 → J1 , (J2, J3)→ eε(J2, J3) , J4 → e2εJ4 .

We choose the following variables as a explicitly straightened variable, τ , and

invariant variables, Ki.

τ := log(Ω3) = log(J2) , K1 := Γ3 = J1 ,

K2 :=
Ω1Γ1 + Ω2Γ2

Ω3

=
J3

J2

, K3 =
Ω2

1 + Ω2
2

Ω2
3

=
J4

J2
2

.
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Then some of basic derivatives become

dτ

dθ
=
d(log J2)

dθ
=

1

J2

dJ2

dθ

=
mr2(I1J1 − I3(J1 + `/r))

I1I3 + I3m(`+ rJ1)2 + I1mr2(1− J2
1 )

(√
J4(1− J2

1 )− J2
3

)
1− J2

1

J2
1J2 + J1J3 − J2

,

dJ2

dτ
= J2 ,

dJ3

dτ
=

d

dτ
(K2J2) = (

dK2

dτ
J2 +K2

dJ2

dτ
) = J2(K2 +

dK2

dτ
) ,

dJ4

dτ
=

d

dτ
(K3J

2
2 ) = J2

2 (2K3 +
dK3

dτ
) .

And we get the next reduced system by dividing the previous system in Ji’s by

dτ/dθ. The previous system will transform to the following system of equations.

dK1

dτ
=
I1I3 + I3m(`+ rJ1)2 + I1mr

2(1− J2
1 )

mr2(I1J1 − I3(J1 + `/r))

=
I1I3 + I3m(`+ rK1)2 + I1mr

2(1−K2
1)

mr2(I1J1 − I3(K1 + `/r))
,

I3 +mr2(1−K2
1)−mr2(K1 + `/r)(K2 +

dK2

dτ
)

=
K1(I1I3 + I3m(`+ rK1)2 + I1mr

2(1−K2
1))

(I1K1 − I3(K1 + `/r))
,

−mr2(1−K2
1)(K1 + `/r) + (I1 +m(`+ rK1)2)(K2 +

dK2

dτ
)

= −(I3 +mr2K2
1 +mr`K1)

(I1I3 + I3m(`+ rK1)2 + I1mr
2(1−K2

1))

mr2(I1K1 − I3(K1 + `/r))

(I1 +m(r2 + `2) + 2mr`K1)(2K3 +
dK3

dτ
)− 2mr2K2(K2 +

dK2

dτ
+K1 + `/r)

= 2mr(rK2 − `K3)
(I1I3 + I3m(`+ rK1)2 + I1mr

2(1−K2
1))

mr2(I1K1 − I3(K1 + `/r))

where the four equations in three unknowns, K1,2,3 are a direct conversion from

the previous system of variables Ji. The second and third equations of this system

are reduced to the same equation and we get the reduced system of equations in
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Ki’s.

dK1

dτ
=
I1I3 + I3m(`+ rK1)2 + I1mr

2(1−K2
1)

mr(rI1K1 − I3(rK1 + `))
,

K2 +
dK2

dτ
=
−I3(I3 +m(r2 + r`K1)

mr(rI1K1 − I3(rK1 + `))
,

2(I1 − I3)[rI1K1 +mrK1(r2 + `2) +mr2`(1 +K2
1)]

rI1K1 − I3(rK1 + `)
K3

+ (I1 +m(r2 + `2) + 2mr`K1)
dK3

dτ

=
2rK2(I1 − I3)(I3 +mr2 +mr`K1)

rI1K1 − I3(rK1 + `)
.

This final system gives the Routh integral from the integration of the first equation

of the system and the Jellett integral from the integration of the second equation

of the system as

R = Ω3

√
I1I3 +mr2(I1Γ2

1 + I1Γ2
2 + I3(Γ3 + `/r)2

= eτ
√
I1I3 + I3m(`+ rK1)2 + I1mr2(1−K2

1) ,

J = r(I1Ω1Γ1 + I1Ω2Γ2 + I3Ω3(Γ3 + `/r)) = eτ (rI1K2 + I3(rK1 + `)) .

And the integration of the third equation from the system gives the conservation

law of the total energy,

H =< IΩ + s× (mΩ× s),Ω >

= (I1 +m|s|2)(Ω2
1 + Ω2

2) + (I3 +m|s|2)Ω2
3 −m(r(Ω1Γ1 + Ω2Γ2) + Ω3(rΓ3 + `))2

= e2τ [(I1 +m(r2 + `2) + 2mr`K1)K3 + (I3 +m(r2 + `2) + 2mr`K1)

−m(rK2 + rK1 + `)2]

Hence the conservation laws of R, J and H come as the constants of integration

from the above system. These conservation laws are left as the last three equations
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after the original system has been reduced by the symmetry actions of the rotation

and the scaling action.

The solution of this nonlinear system of differential equations for the rolling ball

is completed as follows

K1 = K1(τ, R) , K2 = K2(τ,K1, J) = K2(τ, R, J) , K3 = K3(τ, R, J,H) ,

dθ

dτ
= f1(K1, K2, K3) ⇒ θ =

∫ τ

τ0

f1(K1, K2, K3)dτ + θ0 = F1(τ, R, J,H) + θ0 ,

dt

dτ
=
dt

dθ

dθ

dτ
= f2(τ,K1, K2, K3) ⇒ t =

∫ τ

τ0

f2(τ,K1, K2, K3)dτ + t0

= F2(τ, R, J,H) + t0 .

The process of back-solving involves only direct integrations. And (R, J,H, τ0, θ0, t0),

these 6 constants and a certain value of τ will determine the current state of vari-

ables. Actually Ki, θ and t as functions of τ are less number of dependent variables

than the original system had and additional equation for determining the original

system come as the conservation of the geometric condition, Γ2
1 + Γ2

2 + Γ3
3 = 1.

Now we still want some answers for the puzzle of associating the conservation

laws of R, J and H with corresponding symmetries. The internal symmetry of

cylindrical mass distribution enables the rotational symmetry action on the sys-

tem of equations. Without this rotational symmetry, the reduction by rotational

invariance would not work. Then the only possible reduction would come from the

scaling symmetry.

Hence in the free rolling motion of the imbalanced and non-symmetric ball, it seems

be lacking the Lie symmetries to reduce the system into completely integrable
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system. However there has been found another conservation law in [BM02b].

B =< IΩ + s× (mΩ× s), IΩ−m < Ω, s > s > .

Thus the scaling symmetry seems to be connected to the conservation law ofB since

this conserved quantity survives when the cylindrical symmetry breaks [BM02b].

Thus in the free rolling motion of Chaplygin’s ball, the H and B are two most

general conservation laws, but it is still not sufficient number of conservation laws

to provide a complete integrability of the system. However, the understanding of

connecting the rotational symmetry to the conservation laws of R and J is still

very obscure and remains as unanswered question in this approach.

2.3.2 Extension to cylindrically symmetric rolling ball under gravity

Interestingly the rotational symmetry is still preserved under the extension to in-

clude the gravity field that is normal to the plane of rolling if the mass distribution

of the rolling ball is cylindrically symmetric. The extended system of equations

can be explicitly given as follows.
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(I1 +m(r2 + `2) + 2mr`Γ3)Ω̇1 −mr2(Ω̇1Γ1 + Ω̇2Γ2 + Ω̇3(Γ3 + `/r))Γ1

= −mr`(−Ω1Γ2 + Ω2Γ1)Ω1 +mr`(Ω1Γ1 + Ω2Γ2 + Ω3(Γ3 + `/r))Ω2

+mγ`Γ2 + (I1 − I3)Ω2Ω3 ,

(I1 +m(r2 + `2) + 2mr`Γ3)Ω̇2 −mr2(Ω̇1Γ1 + Ω̇2Γ2 + Ω̇3(Γ3 + `/r))Γ2

= −mr`(−Ω1Γ2 + Ω2Γ1)Ω2 −m`(Ω1Γ1 + Ω2Γ2 + Ω3(Γ3 + `/r))Ω1

−mγ`Γ1 − (I1 − I3)Ω1Ω3 ,

(I3 +m(r2 + `2) + 2mr`Γ3)Ω̇3 −mr2(Ω̇1Γ1 + Ω̇2Γ2 + Ω̇3(Γ3 + `/r))(Γ3 + `/r)

= −mr`(−Ω1Γ2 + Ω2Γ1)Ω3 ,

Γ̇1 = −Ω2Γ3 + Ω3Γ2 ,

Γ̇2 = −Ω3Γ1 + Ω1Γ3 ,

Γ̇3 = −Ω1Γ2 + Ω2Γ1

where γ is the acceleration of gravity.

The scaling symmetry would be still valid if additional scaling action on the accel-

eration of gravity is assumed as γ → e2εγ. The same application of the rotational

symmetry and the scaling symmetry will integrate the system.

In this system of cylindrically symmetric rolling ball under gravity, the conser-

vation of B is no longer valid, but the conservation of H, R and J will be still

effective. With the addition of geometric condition |Γ|2 = 1, these conservation

laws will make the system still integrable as proved by Chaplygin [Cha02]

2.4 Comparison between the Noether’s theorem and the symmetry
reduction

Using Noether theorem and symmetry reduction by Lie symmetries, we wanted

to see how we get the conservation laws from symmetries and how to connect
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them. Now which connection between Noether symmetry and Lie symmetry is

easier to find? And which one is giving more understandable connection to the

corresponding conservation law? Noether symmetry of the action integral or Lie

symmetry of the system of differential equations?

There seems not be the general answer to this question. However, in the problem

of Chaplygin’s rolling ball the Lie symmetry looks like being more straightforward

application of symmetries that lead to their corresponding conservation laws. The

symmetry vectors for Noether symmetries, η, are not physically nor mathemati-

cally clear about how to find them. And at this point, their meaning of Noether

symmetry vectors are not clear yet.

The weakness of Lie symmetry is that a Lie symmetry cannot be directly associated

to a conservation law because the symmetry is used to reduce the degree of the

system of equations by one and still requires the integration of the reduced system

to get a conserved quantity to be associated to the Lie symmetry action. However,

the Noether symmetry has direct association to a conservation law if a Noether

symmetry exists for the Lagrangian system.

Hence there are their own advantages on both sides of approaches to the symmetries

of the system. Further studies could clarify the picture on interpreting the related

symmetry actions and getting the two approaches to be related each other.
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Chapter 3

AN ENSEMBLE OF ROLLING WATER

MOLECULES AS A MODEL FOR

MOLECULAR MONOLAYER

(This paper has been accepted in the journal Physical Review Letters.)

Rolling motions have many applications in our daily life, for example, many ma-

chines with rolling parts, like bicycles or automobiles. In this chapter, we tried to

find applications of the rolling dynamics in an experimental setting of rolling bod-

ies in molecular scale. The rolling constraint imposes very interesting restriction

of motion due to its non-integrability. Hence we found the dynamics of a system

under such nonholonomic constraint would show interesting aspect of physics. The

study is focused on how the nonholonomic rolling constraint affects on the basic

statistical quantities in the system of many interacting particles.

3.1 Introduction

Molecular monolayers are playing an ever increasing role in technology as they al-

low manipulation of contact properties of materials in a precise and controlled man-

ner. There have been considerable effort in analyzing the structure of molecular

monolayers; in particular, self-assembled polymeric monolayers [Ulm96, MKL02]
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and water monolayers with TIP5P model [ZM03]. Previous theoretical work on

molecular monolayers has concentrated on either static studies of monolayer struc-

tures [CMF+09, Ulm96] or molecular dynamics simulations where each molecule is

moving under the forces and torques from surrounding molecules and the substrate

[MKL02, Kum10, ZM03, KYX+06]. The direct molecular simulations employed in

these papers were quite successful in explaining various properties of liquid water,

e.g formation of contact angle [MKL02] or anomalous properties for nano-confined

water [KYX+06, Kum10]. In the latter papers, the confinement of water molecules

to a very thin layer was achieved by physically constraining the bulk of water

to a very narrow (nm) layer by the rigid surface on both sides. On the other

hand, experimental data demonstrate the presence of a water monolayer on a Si

surface under normal conditions, which is due to the strong bond between the

water molecules and the substrate [MXSS98, CMF+09]. Such a bond is difficult to

account for in the atomistic molecular simulations of TIP5P type. On the other

hand, one would like to keep the relative simplicity of atomistic models without

introducing extra coupling bonds, the nature of which are not well understood.

The purpose of this study is to suggest a simple yet physical way of introducing

a strong coupling bond between the monoloayer molecules and the substrate as

a rolling constraint. We assume that the bonds between the substrate and the

molecule are very short ranged and thus act on the part of the molecule in close

contact with the substrate atoms. Physically, that leads to the fact that while the

molecule itself is moving, its point of contact with the substrate is stationary. This

invokes the analogy with a classical problem of rolling body on the surface with

perfect friction, appearing when the bond molecule-substrate is infinitely strong at

contact point, but decays rapidly away from substrate. In reality, if that bond is
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large but finite, the motion will be a combination of sliding and rotating. However,

the theory of sliding and rolling is not yet well developed [RDG94, BMZ05], and

so in this paper we will restrict ourselves to the simplest possible realization when

the friction is perfect. Thus, we consider the dynamics of a monolayer consisting of

rolling molecules that are self-interacting by the long-range interactions (Lennard-

Jones and electrostatic), while the influence of the boundary is limited to restricting

the motion to the perfect rolling dynamics. While the rolling dynamics may seem

too idealized, it has actually been observed in the context of functional nano-

structures [SOZ+06]. More complex models of molecule-substrate interaction are

possible, resulting in the gravity-like component in the force acting on the ball,

but such interactions will not be considered here.

The study of rolling motion of rigid bodies has a long history in the context of clas-

sical mechanics [Blo03, BMZ05, Gol01]. However, the study of collective motion of

rolling particles has not been undertaken. The non-holonomic rolling constraint is

a major obstacle in the way of constructing statistical mechanics for the rolling par-

ticle systems [Tar05, GL, Kut99, LL80]. This study is devoted to defining ordered

and disordered states of the rolling particle systems (akin to solid and gas/liquid),

and computing statistical physics concepts for such systems. We also show the

way rolling affects propagation of phonons through a rolling particle lattice, which

opens the way to experimentally confirm the molecular rolling motion.

3.2 Concepts in statistical mechanics

The statistical mechanics, or thermodynamics, are developed as microscopic equiv-

alent of gas theory which was based on empirical observations and behavior of a

gas in macroscopic terms. The basic theory of the thermodynamics redefined the
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properties of a gas in mathematical and statistical concepts.

The theory is based on the assumption of ideal gas, which assumes the following

postulates [Bla].

1. A gas consists of a collection of small particles traveling in straight-line mo-

tion and obeying Newton’s Laws.

2. The molecules in a gas occupy no volume (that is, they are point masses).

3. Collisions between molecules are perfectly elastic (that is, no energy is gained

or lost during the collision).

4. There are no attractive or repulsive forces between the molecules.

5. The average kinetic energy of a molecule is 3kT/2. (T is the absolute tem-

perature and k is the Boltzmann constant.)

Under these assumptions of an ideal gas, the small non-interacting particles ex-

change velocities through many collisions and come to the state of thermodynamic

equilibrium. Statistical properties of gas contained in finite volume can be deter-

mined.

Many macroscopic properties of a system can be defined as average quantities in

the ensemble of the system. The ensemble of a thermodynamic system is the col-

lection of all the possible microscopic states which share one or more macroscopic

properties (e.g. the same total energy of the system). The system evolves in time

visiting those states. For example, the members of the ensemble of same total

energy can differ in their kinetic energies. Then still some macroscopic properties

on different microscopic systems in the ensemble could be the same as they are
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defined as averaged quantities and such macroscopic observables such as temper-

ature and pressure can be calculated by averaging over the whole ensemble [Tuc].

A macroscopic property, A, of the system can be calculated as the average of a

microscopic function a,

Amacro =
1

N

N∑
λ=1

aλ,micro

where N is the total number of members in the ensemble and aλ is the value of

a microscopic function a in the λ-th member. In other words, a thermodynamic

property of a system can be calculated as an ensemble average of the corresponding

microscopic function.

Now the statistical distribution can be defined on the ensemble. For example,

on the ensemble of the same total energy, the members of the ensemble may have

different kinetic energies. The ensemble will have all the members of every possible

kinetic energies, Ei. Then the number of members in the energy state of Ei can be

associated as the function of energy states in the ensemble and this function can

define a statistical distribution in the ensemble.

Since the physical system of the ensemble evolves in time, some members of the

ensemble can be visited by a trajectory of time-evolving system from on initial

state and some other members may need the system to evolve from a different

initial state. However the usual hypothesis is the ergodic hypothesis.

Definition 3.2.1 (Ergodic hypothesis). An ergodic system is a system which,

given an infinite amount of time, will visit all possible microscopic states available

to it.

According to the ergodic hypothesis, if a system is ergodic, then the ensemble av-

erage of a property will be equal to the time average of the property in an ergodic
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trajectory.

For an ideal gas, the statistical distribution function becomes the Maxwell-Boltzmann

distribution for a canonical ensemble of the system.

Definition 3.2.2 (Boltzmann distribution). The proportion of members in the

ensemble occupying a set of states i with energy, Ei, is

Ni

N
=

gi exp(Ei/kT )∑
gi exp(Ei/kT )

(3.1)

where Ni and N are the number of members in the state i and the total number in

the ensemble and gi is the degeneracy of the state i. k is the Boltzmann constant

and T is the temperature of the system.

If there is no degeneracy (gi = 1), then the distribution simplifies to

Ni

N
=

exp(Ei/kT )∑
exp(Ei/kT )

.

Thus the distribution function of the translational velocity of point masses in one

direction becomes

f(vx) =

√
m

2πkT
exp(
−mv2

x

2kT
) (3.2)

The temperature of an ideal gas system is defined as a macroscopic property.

Definition 3.2.3 (Temperature). The temperature of an ideal gas with Boltzmann

distribution (3.2) is the average of the (translational) kinetic energy of the system.

3

2
kT =<

1

2
mv2 >=

3∑
i=1

<
1

2
mv2

i >

where the average of each directional kinetic energy becomes kT/2.

Definition 3.2.4 (Equipartition of energy). In thermal equilibrium, the energy of

a system is shared equally among all of its various forms.
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According to the equipartition of energy, the translational kinetic energy of an

ideal gas is all same as kT/2 in any directional motion in 3D and the total energy

becomes 3kT/2. If the molecules of the system has rotational components in its

kinetic energy, then each rotational component of kinetic energy will share the

same energy as any one of translational component of the energy.

Hence, the temperature of an ideal is the ensemble average of the kinetic energy

of the system and it also determines the Boltzmann distribution of the system.

Moreover, the temperature can be calculated from the distribution of the velocity

in one direction if the system follows such a Boltzmann distribution (3.1).

log(
Ni

N
) =

1

kT
Ei − log(

∑
exp(Ei/kT ))

and 1/kT can be computed as the slope of the linear graph of the kinetic energy and

log(N1/N) or the kT/m can be found as the variance of the normal distribution of

the one component of velocity in (3.2). Since the directions are indistinguishable

in the motion of point masses of an ideal gas, the choice of any velocity component

doesn’t affect on the distribution function and on computation of temperature as

the variance of the distribution.

In our study of the system of many rolling particles, we have tried to extend the

concepts of statistical mechanics into the rolling-constrained system.

3.3 Setup of the dynamics

The rolling particles are simulated as identical spherical rigid bodies of radius r all

having the same mass m and the moments of inertia tensors. The center of mass

is assumed to be at a position different from the geometric center, as illustrated
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on Fig. 3.1. The notation used in this paper is as follows: Γi is the unit vector

pointing to the geometric center (GC), Ω is the angular velocity in the ball’s

coordinate frame and si is the vector pointing to the center of mass (CM). The

Figure 3.1: Schematic and definitions of an offset rolling ball dynamics.

equations of motion for an individual ball come from the well-known Chaplygin’s

equations [BMZ05, BM02a]. Under certain symmetry conditions, Chaplygin’s ball

is completely integrable and has three integrals of motion: one is total energy that

is the easily understandable physical quantity. The other two constants of motion

are Routh and Jellet integrals that are harder to explain in terms of elementary

physics [GN00]. The equations of motion for the i-th ball are as follows:(
d

dt
+ Ωi×

)(
I iΩi +msi × (Ωi × si)

)
−miṡi × (Ωi × si) = si × Fi + Ti (3.3)

dΓi

dt
= −Ωi × Γi . (3.4)

Here, I i are the eigenvalues of the tensor of inertia and Fi and Ti are the total force

and torque acting on the ith particle. These forces and torques include the inter-

particle interactions. The rolling constraint for velocity of the center of mass Vi,
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written as Vi = Ωi × si cannot be reduced to an equation between configuration

variables only, and is thus non-holonomic [Blo03]. The Hamiltonian approach for

the ensemble of rolling ball cannot be defined, and thus it is impossible to construct

a meaningful approach for this system by simply extending the classical statistical

physics to this case. Note that neither linear nor angular momenta are conserved,

neither for individual particles nor for the whole system. The total energy of the

system, however, is conserved.

The inter-molecular interactions causes the interchange of linear and angular mo-

mentum as well as energy between particles. In the simulation of rolling water

molecules, the Lennard-Jones (LJ) potential VLJ and the dipole potential Vd are

considered. The dipole pi is positioned at the center of mass on each spherical

particle. The interactions we consider are defined as follows:

VLJ = 4ε
∑
i 6=j

(
σ12

r12
ij

− σ6

r6
ij

)
, (3.5)

Vd =
1

8πε

∑
i 6=j

pi ·
(

3(pj · r̂ij)r̂ij − pj
r3
ij

)
. (3.6)

To be concrete, in the computations of collective dynamics for rolling particles,

we use the parameters and interactions relevant to water molecule monolayers

by choosing the mass m = 2.991 · 10−23 g, moments of inertia (I1, I2, I3) =

(0.2076, 0.1108, 0.3184) · 10−39 g·cm2, radius r = 1 Å, displacement of center of

mass from the geometric center ` = 0.068Å, dipole moment 6.17 · 10−30 (C · m),

LJ radius σ = 3.165 Å and energy ε = 0.650kJ/mol. These values correspond to

the parameters of a water molecule [BPvGH81]. For convenience, we choose the

angular velocity scale ω̃ = 1013rad/s. The rolling constraint then introduces the

scaling of velocity to be ṽ = rω̃ = 10cm/s. Given a different set of parameters, the

details of our computations will be different, but the methods and results outlined
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here hold for other molecules as well. For the set of parameters considered here,

neither Routh nor Jellet integrals for each ball are conserved.

3.4 Stationary states: a crystalline lattice

The existence of stationary states for the system of rolling particles depends on the

presence and orientation of the dipole moment. Suppose for now that the dipole

moment is absent, and the only interaction between the molecules is Lennard-

Jones. Suppose also for the moment that the particles are not moving, and are

aligned so both geometric center and center of mass are along Γ, the unit vector

pointing upward from the contact point. It is easy to see then that there is an

equilibrium configuration so that the centers of mass are arranged at a distance

close to σ, the equilibrium distance of LJ potential. For the case of two and three

particles, there is an equilibrium configuration where the particles are arranged at

exactly the distance σ from each other.

Let us suppose now that these particles are spun with angular velocity Ωi =

(0, 0,Ωi) that is pointing upwards. In the absence of nonlocal interaction this will

be a neutrally stable state for each particle, although friction forces may destabilize

such equilibria, similar to familiar phenomenon of the tippe top [BRMR08]. Be-

cause LJ forces are exactly at balance, independent of the values of Ωi, this will be

an equilibrium state. In the presence of the dipole moment, finite lattices cease to

be equilibrium configurations. However, if the dipole moment points exactly along

the line from the geometric center to the center of mass (which is the case for the

particles considered here), an infinite regular lattice, possessing high symmetry

(like a triangular or square lattice) will still be an equilibrium state. The dipole

moments can either be arranged in the same directions or be alternating. However,
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the states with the dipole moments all pointing in one direction are unstable both

linearly and nonlinearly. Thus, in what follows we concentrate on the states with

the alternating dipole moments as shown on Figure 3.2.
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Figure 3.2: Schematic representation of stationary states.

A question about the stability of these states immediately arises. While a detailed

investigation of the stability is a complex issue beyond the scope of this discussion,

a simple physical explanation can be made showing that these states are linearly

unstable. Suppose for simplicity that all rotation rates are the same, Ωi = Ω0. A

small perturbation in the spinning stationary state will result to a precession of

each particle, which according to the rolling constraint will happen at the same

rate as the rotation frequency. The distance between particles will also change

with the same frequency, and through the LJ interaction (3.5) both particles will

experience parametric resonance. Similar argument applies to different rotation

rates, and more particles in a lattice. Thus, all lattice states are linearly unstable.

However, these states are nonlinearly stable at least for some of the configurations

and initial conditions we have investigated, corresponding to low initial energies.

In Fig. 3.3, left, we show the positions of the centers of 81 rolling balls situated

in a rectangular lattice, over a long simulation time. While each particle remains

close to its equilibrium position, the individual trajectories (blow-up on the same

Figure) are chaotic and are strongly reminiscent of thermal vibrations in lattices.
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Figure 3.3: Left: trajectory of the center of rolling particles in lattice model, with
the blow-up showing the trajectory of an individual particle. The finite lattice is
not an exact stationary state, so the vibrations are most apparent at the edges.
Right: trajectories of a gas state in a circular container.

3.5 Lattice dispersion relation

In order to suggest a possible experimental verification of rolling motion, we suggest

measuring the propagation of disturbances through the lattice. The derivation of

dispersion relation for a lattice of spinning particles in general case is difficult, as

it involves linearization about oscillating base states. If the equilibrium base state

is a spinning state, then the linearized system involves time-periodic coefficients

and it becomes a Floquet system. Here we consider an even simpler problem. We

present the analysis of the rolling and rocking lattice with all the particles being

stationary in the base state, i.e. Ωi = 0 in body frame or ωi = 0 in spatial frame.

The body and spatial frames coincide initially. Assuming an infinite square lattice

of rolling and rocking ball-shaped particles, we have the equations of motion for

the i-th particle in spatial frame as,(
d

dt

)
(J iωi) +mσi ×

((
d

dt

)
(ωi × σi)

)
= σi × F i . (3.7)
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The system is perturbed from the stationary equilibrium state and the displace-

ment of a particle from its equilibrium position is D(i,j) for the CM of the particle

at the lattice index position of (i, j). Considering the small deviation is in the

order of ε, the rolling condition in the perturbed motion becomes

Ḋ(i,j) = (0, 0, r + `)T × ω(i,j)

where D(i,j) and ω(i,j) are all in the order of ε. Componentwise, we get

ω(i,j),x = −
Ḋ(i,j),y

(r + `)
, ω(i,j),y =

Ḋ(i,j),x

(r + `)
and Ḋ(i,j),z = 0 .

Now, the force acting on the (i, j)-th particle is considered as the sum of the spring

forces ( linearization of LJ forces) from the 8 nearest-neighboring particles. Simply,

we assumed the spring constants are all the same for all the 8 spring forces. We

get the following vector sum of forces in the order of O(ε).

F(i,j) = K < D(i+1,j) −D(i,j), (1, 0, 0)T > (1, 0, 0)T

+K < D(i+1,j+1) −D(i,j), (1, 1, 0)T/
√

2 > (1, 1, 0)T/
√

2

+K < D(i,j+1) −D(i,j), (0, 1, 0)T > (0, 1, 0)T

+K < D(i−1,j+1) −D(i,j), (−1, 1, 0)T/
√

2 > (−1, 1, 0)T/
√

2

+K < D(i−1,j) −D(i,j), (−1, 0, 0)T > (−1, 0, 0)T

+K < D(i−1,j−1) −D(i,j), (−1,−1, 0)T/
√

2 > (−1,−1, 0)T/
√

2

+K < D(i,j−1) −D(i,j), (0,−1, 0)T > (0,−1, 0)T

+K < D(i+1,j−1) −D(i,j), (1,−1, 0)T/
√

2 > (1,−1, 0)T/
√

2 .
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In addition, the zero order terms of some variables are

J(i,j),0 = (I1, I2, I3) ,

σ(i,j),0 = (0, 0, r + `) ,

ω(i,j),0 = (0, 0, 0) ,

D(i,j),0 = (0, 0, 0) .

Finally, we get the linearized system as, (I1 +m(r + `)2)(−D̈(i,j),y/(r + `))

(I2 +m(r + `)2)(D̈(i,j),x/(r + `))
0

 =

 0
0

r + `

× F(i,j) . (3.8)

Wave solutions for the perturbed rolling and rocking motion of this system can be

tried in the form of

D(i,j) = e−i(ωt−kx·x−ky ·y)(Dx, Dy, 0)T

where ω is the frequency of the wave and kx , ky are the wave numbers. With this

assumption of wave solution, the wave form of D(i+1,j+1) would become,

D(i+1,j+1) = e−i(ωt−kx·a−ky ·a)(Dx, Dy, 0)T

= ei(kx·a+ky ·a)e−i(ωt(Dx, Dy, 0)T

= ei(kx·a+ky ·a)D(i,j)

where a is the length of the equilibrium lattice and the square lattice is assumed.

We applied the wave form of solutions to equation (3.8) and obtained the system

of equations for the directional vector (Dx, Dy) of the wave. Making the argument

that the directional vector should exist, we make the determinant of the coefficient

matrix become zero. Then we arrive to the following dispersion relation for the
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propagation of disturbances of the form e−iωt+ikxx+ikyy, (kx, ky) being the wave

vector:

{m
K

(
1 + ζ1)ω2 − 4 + 2 cos(kxa)(1 + cos(kya))

}
×{m

K

(
1 + ζ2)ω2 − 4 + 2 cos(kya)(1 + cos(kxa))

}
(3.9)

−4 sin2(kxa) sin2(kya) = 0 ,

where ζi = Ii/
(
m(r + `)2

)
, K = d2VLJ/dr

2 is the spring constant of the LJ

potential and a is the periodicity of the square lattice . Note that (3.9) differs

from the standard dispersion relation for a square lattice of springs only by the

dimensionless coefficients ζi, incorporating the effects of rolling. For our values of

parameters, ζi ' 0.1− 0.2. Thus, the rolling constraint affects the speed of sound

by about 10-20%, which should be a measurable difference.

This dispersion relation (3.9) only makes sense within the periodicity domain 0 ≤

(kx, ky) ≤ 2π/a. An example of two roots of ω(k) is given in Fig. 3.4. The

frequency ω is always real.

The dispersion relation for a lattice consisting of non-rolling balls connected by LJ

springs can be easily obtained from (3.9) by setting I1 = I2 = 0, l = 0. For the

values of parameters chosen here, ω(k) for rolling and non-rolling balls differ by

about 20%, which should be a noticeable and measurable difference.

3.6 Disordered states: statistical analysis

For large initial energies, the lattices become unstable, and in the absence of exter-

nal boundaries the particles scatter to infinity, making the concepts of statistical

physics meaningless. Thus, for large energies leading to gaseous states, we perform

the simulations in a round potential well with sharp walls, forcing the particles to
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remain within a circle. An example of such simulation with 16 particles is shown

in Figure 3.3, right.

The first step towards considering this system as a statistical physics model is to

investigate the distribution of linear and angular velocities. For an ideal gas in 3D,

the Maxwell-Boltzmann distribution for velocities is

fv(v) =
( m

2πkT

)3/2

exp

(
−mv2

2kT

)
, (3.10)

and similar for the rotational degrees of freedom. The implicit assumption in (3.10)

is that the distribution of velocities in each direction is normal with the same width

that defines the temperature T of the system. However, in the system of rolling

particles there is no reason for (3.10) to work: first, the rotational and translational

components are coupled through the rolling constraint and second, even though the

rolling motion is along the plane, each ball undergoes three-dimensional motion.

Figure 3.5 shows several examples of the distribution for several values of total

energy of the system. On the left side of this Figure, we plot the distribution of

ωx, which is identical to the distribution of ωy. These distributions are always very

close to normal, which are shown with solid curves. The right side of this Figure

shows distributions of ωz for the same values of the energy, and it is apparent

that this distribution is not normal. The distributions of vx, vy and vz show

the same tendencies. It is important to note, however, that the variances (in

proper units) of normally distributed angular and linear velocities are not the

same, and thus there is no straightforward definition of temperature for this system.

We shall also note that due to the non-normal nature of the distribution in one

of the components and the non-holonomic coupling between angular and linear

velocities, the kinetic energy distribution does not follow Maxwell-Boltzmann law.
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In addition, the kinetic energies of rotational and translational motion are not

equal (even in a statistical sense), so the equipartition of energy in our system

does not hold.

3.7 Temperature as scaled variance

Clearly, the rolling constraint prevents a straightforward statistical physics descrip-

tion of the rolling particle systems. Nevertheless, there is a surprising relation that

connects the variances σ obtained from the angular (σω) and linear (σv) velocities.

Namely, we observed that for all values of in our numerical experiments, there is a

surprising well-behaved linear relationship σω = kσv, with the coefficient k ' 1.08

depending only on the parameters on the system (geometry of the ball, center of

mass position etc) but not on anything else. That relationship is valid for almost

6 orders of magnitude in lattice and gas states, as shown in Figure 3.6. We note

that there is no a priori reason for such relationship to exist, but the surprising

robustness of this law leads us to believe that it could be taken as one of the

postulates in future development of statistical mechanics for non-holonomic gas.

Using this surprising relation we can define the temperature as the variance of

either horizontal linear or angular velocity, or any linear combination of those.

Since the temperature is defined up to a constant, all these definitions lead to the

same results up to a scaling factor. Thus, on Figure 3.7, we plot the scaled variances

vs total energy of the system. If we think of the variance W as being proportional

to temperature, we observe that the total energy E is directly proportional to

the temperature,which is reminiscent of ideal gas. Thus, in spite of complexities

of the rolling systems, some aspects from the ideal gas remain. We shall note

that since in simulations we use real balls interacting with LJ potential, a more
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detailed simulation should show the effects of the finite size of the particles, but

our simulations do not allow a reliable investigation of these effects.

Using the concept of temperature as scaled invariance, we can now define thermo-

dynamically meaningful equations of state. On Figure 3.7, we plot the temperature

as a function of the energy per particle. The equation of state for the lattice state

(left panel of the Figure) ceases to exist for small negative energies as the lattice

becomes unstable and ceases to exist. The exact nature of the destruction of lattice

state is as yet unclear, but the divergence of the variance σ2 ∼ (E0−E)−1 (shown

in the insert) indicates the presence of a phase transition.
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Figure 3.4: Dispersion relations given by two different roots of (3.9).
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Figure 3.5: Distributions of ωx (left) and ωz (right) for different energies of the
system. Solid curves represent fits to normal distributions.
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Figure 3.6: Linear relationship between variances σv and σω for lattice states
(circles) and gas states (lines). Common linear fit to both sets of data is also
shown. The linear plots for each regime are shown as inserts.
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Figure 3.7: Variances vs energy in the lattice state (left) and gas state (right).
Circles: σ2(ω)-distribution; crosses: σ2(v)-distribution multiplied by k = 1.08.
Left insert: 1/σ2 vs E.
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Chapter 4

MANIPULATION OF SINGLE ATOMS USING

AFM AS RESONANCE EFFECT

The previous chapters have discussed on the dynamics of system with rolling con-

straint. The detailed discussion on the evolution equations and the constraint of

rolling condition is eventually applied to the simulation of the monolayer of water

molecules which are idealized as perfectly rolling particles. Our attention to the

nano-scale dynamics continues in this chapter. Recent experimental results of sin-

gle atom manipulation motivated our study.

As electronic devices miniaturize, and the methods for small-scale manufactur-

ing advance, the possibility of building useful structures out of individual atoms

are becoming within our reach [TSZ04]. Recent development of dynamic force

microscopy has demonstrated amazing capability of manipulating single atoms

and building nano structures with single atoms [ES90, BMR97, SC04, OCY+03,

SCAM06, SPC+08]. The techniques of manipulation of individual atoms have ex-

perienced an explosive development in the last two decades. Already, scanning

tunneling microscopy (STM) has been used for atomic-scale imaging and manip-

ulations [ES90, BMR97, SC04, Hla05]. However, STM operation is limited to

electrically insulating surfaces. In contrast, an Atomic Force Microscope (AFM)
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uses short range inter-atomic forces to directly probe and image material surfaces

[SPA+07].

Thus STMs and AFMs have been applied intensively as main tools for atom-

manipulations on the semiconductor surfaces even though they were developed for

their capability of the imaging power for atomic scale. Noticeably, recent experi-

ments conducted in Osaka University have shown that the ultra high vacuum non

contacting AFM (UHV-NCAFM) could realize very diverse manipulation of single

atoms [OCY+03, SCAM06, SPC+08]. Such diverse controllability has immense

potential importance of application in the fields of bio science and material sci-

ence. Upon the observation of the experimental achievements, theoretical studies

have followed to illuminate the mechanism of atomic manipulation using NCAFM

[DvP05, Dv07, TWKS07, KPH09]. There are two points of view on the atomic

control, quantum mechanical view and classical mechanical one. The solid silicon

(Si) surface is formed as a regular lattice structure of Si atoms and many electrons

are filling the space between those atoms. Thus the Si surface is a very compli-

cated system consisting of many atomic particles and the manipulation of a single

atom could be a very challenging process. Despite such challenges, amazingly di-

verse possibility of manipulation has been experimentally realized. Based on the

experimental results, our study tries to illuminate the process under the view of

mechanical resonance and shows that the dynamic interaction of atoms could re-

sult in such manipulation of single atoms. This part of our study was published

in the journal of Physical Review Letters [KPH09].

4.1 Review: experiments on single atom manipulation

The experiments of atomic manipulations using NCAFM have been conducted

in the Morita Laboratory in Osaka University, Japan. The results from those
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experiments have been the subject of our study. Most experiments of manipulation

using NCAFM have been conducted on the silicon surfaces since the silicon material

is of high interest in the semiconductor industry. The solid silicon is formed as a

very regular diamond lattice with four outermost electrons for an atom and they

form covalent bonds between atoms. Even though the atoms form a regular lattice,

they vibrate in their lattice position and the covalent bonds can break and form

to make structural changes. The atomic resolution of image made by NCAFM has

been so much improved by the lab and the NCAFM image could show the change

in the atomic structure through the direct scanning of the silicon surface using

the interaction between the atoms in Si surface and those in the AFM tip. The

tip of NCAFM is itself a very sharp solid structure of silicon or other some other

solid material. The approach of the AFM tip is delicately controlled by electronic

feedback circuit so that the surface lattice is not damaged under the interaction

with NCAFM tip (non-contact mode).

Extremely sensitive controls of the interaction between the AFM tip and the Si sur-

face atoms have resulted in many interesting and diverse manipulations of surface

atoms. The experiments demonstrated the extraction of a single atom embedded

in the surface lattice. Then the researchers repeated control experiments and re-

vealed that the extracted or an atom from the AFM tip could be deposited back

into the defect hole in the surface lattice which was created by the extraction con-

trol [OCY+03]. In other experiments of atomic control, a single atom embedded

in a surface lattice could be pushed (or pulled) and be rolled over to the top of

the surface and then could be dragged laterally by AFM tip [OCAM06]. And in

another experiment on the surface with mixed atoms, indium (In) atoms doped

on the silicon surface, the atom control experiments with NCAFM showed that

71



two different type of neighboring atoms could interchange their lattice position

[SCAM06]. And another recent experiment succeeded in interchanging two atoms

vertically and those atoms were coming as an atom in the surface and one in the

AFM tip [SPC+08]. More surprisingly this interchange control was reversible by

making another vertical interchange and bringing the original atom into the place.

So literally, the experiments in Morita group have shown that any physically imag-

inable manipulations would be possible. These amazing achievements have been

resulted with their state of art NCAFM machines which were home-built by the

research group.

4.2 Theoretical studies

There have been two major directions for theoretical explanations of these results.

The first avenue of reasoning [TWKS07, Hla05] centers on the consideration of

double well potential model within the framework of classical mechanics. When

the AFM tip is far away from the lattice, there are two minima of potential energy

for the target atom, one close to the tip and another one close to the surface. These

potential minima are separated by a large energy barrier that prevents the target

atom from reaching the tip. When the AFM tip is within several Angströms (Å)

from the surface, the potential barrier between the two minima disappears, afford-

ing the capture by the tip; upon tip withdrawal, the potential barrier reappears

and the target atom follows the tip. Since the potential well is asymmetric, this

line of reasoning leads to the conclusion that there must be a strong preference

towards extraction versus deposition of target atoms. Later in this paper we show

that it is not necessary for the potential well to disappear completely, and both

extraction and deposition may happen even when a finite potential barrier exisits,
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as illustrated on Fig. 4.3 and the discussion focusing on the energy balance. We

shall note, however, that the double well structure of the potential plays an im-

portant role in our considerations, eventually explaining the asymmetry between

target atom behavior for deposition and extraction.

Quantum mechanics offers an alternative to the double well mode by allowing the

target atom to escape even when the potential barrier is higher than the particle’s

energy. This is due to the phenomenon of tunneling (i.e., particle crossing the

classically forbidden zone) as well as possible changes in the barrier because of the

covalent bonding structure. Thus, the second avenue of reasoning appealed to the

quantum mechanical explanations [DvP05, Dv07]. Under this paradigm, the Car-

Parrinello molecular dynamics (CPMD) model was used to compute the electronic

structure for a given configuration of the tip and the lattice. Then, the target atom

was moved to find minimal energy state according to the electronic density, and the

calculation was repeated again. This quantum mechanical model reproduces some

aspects of atomic manipulations along a crystal surface. However, analogously to

the classical models described above, these quantum mechanical theories did not

consider the time scales of atomic vibration and AFM tip. In other words, these

quantum mechanical models assumed the experiment is conducted at absolute

zero temperature [DvP05]. However, laboratory evidence at non-zero temperature

demonstrates that proper excitation of atomic vibrations has the ability to break

chemical bonds [ZFT+06], so the vibrations of individual atoms may alter the

results of CMPD dynamics considerably.

4.3 Problem setup

The most interesting to us is the failure of these theories to explain both deposition

and extraction of target atom for the same experimental conditions. This is a
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natural consequence of considering the atomic manipulation through the prism of

force balance only. Indeed, deposition would require a stronger bond between the

lattice and the target as compared to tip–target bond. On the other hand, atom

extraction would require a stronger tip–target bond as compared to the target–

lattice bond. Seen from the point of view of forces only, this creates a paradox

precluding the possibility for both deposition and extraction of atoms, which is in

apparent contradiction with the experiments [OCY+03].

We show herein that experimental results pertaining to the extraction and depo-

sition can be explained using a purely classical description based on the simple

and familiar idea of parametric resonance [Gol01]. Here, by parametric reso-

nance we mean transfer of energy from tip to target atom through a periodic

change of a parameter of the system, in our case, the length between these atoms.

The idea of parametric resonance-based microscopy has been presented before, see

[MMRGHR06]. In our case, we consider parametric resonance as applied to the

motion of individual atomic vibrations and not the whole cantilever. In other

words, we demonstrate that a coupled dynamics of the AFM tip, target atom and

surrounding lattice, is capable of producing excitations which extract or deposit

the atoms. The novelty of our approach, compared to the previous literature, lies

in the consideration of vibrations for individual atoms. Our explanation proceeds

as follows.

A typical time scale of individual atomic vibrations is of the order of 1013Hz

[BHT92]. AFM tip itself is an assembly of atomic oscillators – silicon (Si) atoms

in experiments – of approximately the same frequency. The dynamics of AFM

cantilever oscillation is much slower than the atomic vibrations: the frequency of

oscillations of the AFM tip lies in the range of 105 Hz. Thus, during one AFM

74



tip oscillation, each individual atom performs ∼ 108 vibrations. When the AFM

tip approaches to the target to about 2 Å, the collective dynamics between the tip

and the target ensues due to the arising inter-atomic force between the tip and

the target. When the tip stays in near-contact with a target atom on the surface,

vibration of the atom in the tip works as a periodic forcing on the target atom and

thus amplifies the vibration of target atom. This interaction is a purely classical

mechanical effect of parametric resonance. This resonance provides enough energy

for a target atom to cross the potential barrier and escape to either the lattice

(deposition) or the tip (extraction), without any necessity to either wait for the

potential barrier to vanish, or use quantum mechanical tunneling. Also, this sce-

nario allows to explain atomic extraction and deposition using the same physical

mechanism.

4.4 Simulations

We conducted simulations on atomic model with pre-defined inter-atomic poten-

tial energy to confirm the above scenario on the atomic motion in manipulation

control. our simulation model is a simplified 3D model for the dynamics of a single

atom under the periodic approach of AFM tip. The set-up for our simulations is

illustrated in Fig. 4.1.

The AFM tip which denoted in blue on Fig. 4.1, is represented by five Si atoms

in a pyramid configuration with four atoms forming the base, shown in blue. In

reality, the Si tip of the AFM will be covered by an oxidized layer [CLK05]. In

experiments [MON+03], special care has been taken to remove the oxidization

layer from the AFM tip by a stream of inert gas and performing experiments in

ultra-high vacuum. Unfortunately, the exact degree of de-oxidization achieved in
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Figure 4.1: Initial arrangement of the lattice atoms (yellow), target atom (red)
and AFM tip atoms (blue) for simulations. The tip atoms are considered as fast
5×1012 Hz oscillators with fixed amplitude. To model the oscillations of the AFM
tip itself, we also prescribe the motion of the tip atoms, bringing them closer to
surface and taking them away from the surface with much slower frequency ∼ 1010

Hz. The dynamics of all 72 target and lattice atoms is then computed according to
the rules of Newtonian mechanics, taking into account all the inter-atomic forces.

experiments is not known. In our theory (see below), oxidization will change the

atom geometry, oscillation frequency as well as Lennard-Jones interactions. All

these factors should impede the manipulation process. The lattice is modeled

by 71 atoms in a proper crystal formation (not counting the atomic vibrations),

shown in yellow. The target atom, which is identical to lattice atoms, is initially

positioned in the place of one of the lattice atoms and is shown in red. Numerical

simulation proceeds by computing the dynamics of tip and lattice atoms based

on a regular Newtonian mechanics: mass×acceleration = net force for each atom.

For simplicity, the AFM tip atoms are modeled by oscillators of fixed frequency,

5× 1012 Hz, and a fixed amplitude, 0.1 Å, at prescribed time-dependent positions.

This amplitude corresponds to the temperature of 80K per oscillation mode as

in experiments. It is also a typical value of atomic vibration amplitude reported
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earlier [FFQ+94]. Of course, since the temperature is only an averaged measure of

energy, it is not applicable to the target and tip atoms. The behavior of the target

atom is then a result of many-body dynamics due to atomic interactions.

In this study we shall explain experimental results on atom extraction and deposi-

tion at low temperature (∼ 80K) [OCY+03]. Our model assumes only the classical

inter-atomic pair potential in the Lennard-Jones (LJ) form:

VLJ = 4ε

[(σ
r

)12

−
(σ
r

)6
]
. (4.1)

which is similar to the inter-atomic potential observed in the experiments [OCY+03,

SPA+07]. It is characterized by strong repulsion in the near field and rapidly di-

minishing attraction in the far field. The simulation parameters for LJ potential

are σ = 2 Å, ε = 3.47×10−19J (∼ 2.17 eV), where ε is the minimum energy for the

pair potential. In the experiments, the target atom is surrounded by the atoms of

the crystalline lattice, with the average distance between two lattice atoms being

2 Å, corresponding to a typical value for a real silicon crystal. The pair potentials

between lattice atoms and for target and tip interaction are adjusted to conform

to the experimentally measured values of interaction and binding energy in the

lattice. The binding energy between two atoms is about −2.5 eV and the binding

energy of an atom which is embedded in a bulk lattice is about −4 ∼ −5 eV with

a distance of 2 Å between the atoms [BHT92]. Also, in our simulations, all the

atoms are assumed to have the mass of a silicon atom, i.e., 4.648× 10−26 kg.

In general, other potentials may be used in simulations as well. The important

feature for our scenario to be valid is: a) similar frequencies of atomic vibra-

tions for all atoms (tip, target and lattice), and b) the relatively short range of

the potential so parametric resonance occurs when the AFM tip comes close to
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the lattice. A reasonably accurate approximation of covalent bonds by potential

could be possible, although it would require use of more algebraically complex and

direction-dependent interaction potentials. We believe that as long as the poten-

tial used for modeling of covalent bonds is short range and does not alter atomic

vibration frequency significantly, it will lead to similar parametric excitation of

atoms. In the absence of good analytical formulas approximation covalent bonds

as classical potential we shall leave these studies to the future. Our goal here is to

demonstrate that even the simplest LJ potential can explain atomic manipulations.

The oscillation of a real-life AFM tip is a periodic function with amplitude ∼ 10 nm

and frequency 105−106 Hz. In the simulations, we take a tip performing harmonic

oscillations with the same amplitude, but increase the frequency to 1010 Hz in

order to speed up the computations. This is necessary because we need to resolve

the individual atomic vibrations that have a typical frequency of 1013 Hz. One

AFM oscillation in our simulation thus contains about 103 atomic vibrations. The

Lennard-Jones potential is effectively felt when the tip atom and the target atom

are about 2 − 3 Å apart. During this time, in our simulations, about 300 atomic

vibrations happen, as compared to 107 − 108 atomic vibrations during contact in

experiment. Unfortunately, resolving a realistic number of atomic oscillations for

the complex system we consider is out of reach for modern computers. For real

systems, the number of atomic vibrations in contact will increase the energy being

transferred from the tip to target atom, although not proportionally because of the

nonlinear nature of the resonance. Thus, we expect that atomic manipulation in a

corresponding experiment will be easier to achieve. On the other hand, even in this

reduced setting we are able to demonstrate target atom extraction and deposition.
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Figure 4.2: Dynamical description of the process of extraction. Left : The target
atom (thin red line) gets extracted from the lattice under the approach of AFM
tip atom, shown in black. Time scale is shown in units of the period T of AFM
oscillation. Only the first half of AFM oscillation is shown, as it demonstrates the
approach to the lattice. The second half of AFM oscillation plays no role in the
dynamics. The target atom follows the tip, escaping the bonds with the lattice.
Right : The motion of lattice atoms, shown in black, and the target atom, shown
in red, as seen from the side. Coordinate X is along the surface, and Z is normal
to the surface.

Fig. 4.2, left shows the distance of target atom measured normally to the surface

as a function of time. One can see that when the AFM tip (shown as a black

line) approaches the target atom, a radical increase of the kinetic energy happens

(shown in red). The increased kinetic energy allows the target atom to cross the

potential barrier and escape the lattice to join the tip atoms. Side view of target

atom extraction is shown in Fig. 4.2, right. Note large meanderings of the target

atom (red trajectory) under the extraction process, and relatively small oscillations

of lattice atoms, shown in black.

In Fig. 4.3 we illustrate the energy balance of the system. The left part of that

Figure shows the double well structure of the potential for different distances of
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Figure 4.3: Energy balance in the extraction simulation. Left : potential energy
profile as a function of normal distance Z from the lattice for different separations
d of tip apex from the surface. 1 (solid black): d = 13 Å; 2 (long dashes): d = 8
Å; 3 (short dashes): d = 4 Å; 4 (dots): d = 3 Å. Right : time evolution of potential
barriers for the target atom and kinetic energy (KE) of the target atom. Solid
black: potential barrier value for the lattice well. Dashed: potential barrier for the
tip well. Red is kinetic energy. All energy values are in electron Volts (eV).

AFM tip apex to the lattice surface. Right part of Fig. 4.3 compares the kinetic

energy of the target atom and the values of potential barrier of the tip side (dashed)

and lattice side (solid black). Initially, the kinetic energy of the target atom is

much smaller than the depth of the potential well, but upon the approach of the

tip, the kinetic energy quickly increases and at the same time the potential barrier

of the double well potential gets smaller. The target atom escapes to the potential

well of the tip and is extracted. The drastic increase of the kinetic energy of the

target atom after extraction comes from the continued pumping of energy from

tip atoms. In reality, dissipation in the system due to imperfect vacuum and

formation of covalent bonds will dampen those vibrations. Here, we shall neglect
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the dissipation completely as theoretical modeling for atomic dissipation in this

setting is not well established.

Figure 4.4: Dynamical description of the process of deposition. Left: The target
atom (red) follows the AFM tip (blue) until it approaches the lattice, positioned
at Z = 0.2 Å. Time is scaled by the period of AFM oscillation T . The increase
in kinetic energy of the target atom due to the interaction with the lattice atoms
allows it to escape the potential well of the tip and bond to the lattice. Right:
The motion of lattice atoms, shown in black, and the target atom, shown in red,
as seen from the side. Compare to the corresponding dynamics of extraction as
shown on Fig. 4.2.

4.5 Discussion

Our models demonstrate the deposition procedure simply by replacing the apex

atom of the AFM tip by the target atom. The dynamical process of deposition

is illustrated on Fig. 4.4. All the notation is identical to Fig. 4.2 for simplicity of

reading. The dynamics of deposition is rather different from that of the extraction

due to different values of potential well in the double-well potential as shown on

Fig. 4.3, left. The potential well at the tip is much shallower than then potential
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well at the surface. Once the atom at the tip acquires sufficient energy to escape

from the potential minimum at the tip, that atom will necessarily go directly to

the deeper potential minimum at the surface. Thus, the escape from the tip occurs

almost instantaneously after the target atom’s kinetic energy reaches the value of

the potential barrier, as shown on Fig. 4.3, right. Correspondingly, since the total

energy of the target atom is small during deposition, the subsequent oscillations

of target atom are rather small, as can be seen by comparing the right part of

Fig. 4.3 and Fig. 4.2. Our results illuminate the nature of asymmetry between the

extraction and deposition as a consequence of a complex interplay between forces

of interactions of individual atoms, atomic vibrations and resonance.

In conclusion, we propose a new explanation of extraction and deposition of atoms

using AFM. We demonstrate that a simple model of atomic lattice, target atoms

and AFM tip, built exclusively on pair potentials and classical mechanics of atoms,

can explain both extraction and deposition of atoms. Our explanation is built on

the idea of parametric resonance between the vibrating atoms of AFM tip and the

target atom. In spite of simplified nature of our models, such as absence of va-

lence bonds, shorter time scales, and rather idealistic view of AFM tip, our results

demonstrate the importance of atomic vibrations for the explanation of atomic

extraction and deposition. As far as we know, this physical effect has not been

considered in previous literature based on either quantum or classical mechani-

cal theories. We thus believe that dynamical effects such as atomic vibrations

and resonances are very important for accurate theoretical explanation of atomic

manipulations.
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Chapter 5

CONCLUSION

This study has been focused on the time-evolution of a rigid body and its appli-

cations to nano-scale particles. The time-evolution of objects in nature is compli-

cated. The evolution equations could be obscure when the studied system involves

large quantity of atomic elements such as quantum particles or constraint condi-

tions. The tools we have employed in this study are differential equations, symme-

tries and related mathematical concepts in the effort to understand the evolution

of rolling rigid body or atomic system.

On the rigid body motion of Chaplygin’s ball, we applied Lie symmetries and a

nonholonomic version of Noether symmetries to clarify the origin of conservation

laws. These symmetries are applied partially successful in deriving the Jellett and

Routh integrals, but still the mechanism for the origin of such first integrals is not

yet clearly understood. Further study will be pursued to connect symmetries of

dynamical systems under constraints with conservation laws.

The mechanical system of particles with nonholonomic constraint is simulated and

analyzed for the application of the concepts in statistical mechanics. The most

fundamental concepts in statistical mechanics such as ensemble distribution and

temperature, are applied on the nonholonomic system. We observed that the idea

of statistical mechanics could be defined and applied on such system. Thus, the
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nonholonomic system seems to allow the development of statistical mechanics. In

our future study, we will try to apply more complicated and advanced concepts and

structures of the thermodynamics on the nonholonomically constrained system.

In the future study, more complicated and advanced concepts and structures of

the thermodynamics may be applied on the nonholonomically constrained system.

The last chapter of this dissertation discussed the evolution of atomic dynamics

during the manipulation process of single atoms. Our analysis utilized the ideas

of classical mechanics. Moreover, our proposal brought the manipulation process

into a simple and clear picture of particle motions. However, the surface lattice of

silicon is an extremely complicated system that contains many electrons between

the nuclei, which are considered as simple particles in our study. Hence, further

study of considering such quantum particles of electrons in the resonant effect is

necessary in order to confirm our mechanism that is proposed for the manipulation

process of single atoms.
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