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ABSTRACT OF DISSERTATION 

TURBULENT DIFFUSION 

On a practical level of application the problem studied 

in this dissertation is that of the dispersal of a "pollut-

ant" gas in air under inversion conditions. The experimen-

tal work was performed in the U.S. Army Meteorological Wind 

Tunnel at Colorado State University. Using helium gas as a 

tracer, or "pollutant," diffusion from a point source was 

studied within a "two-dimensional" turbulent boundary-layer 

flow over a smooth cold plate (~30oF)6 Concentration pro

files downstream from a simulated point source located on 

the floor of the wind tunnel were measured using flow veloc

ities of 5, 6, 7, 10, 20 fps with a~T=O and AT=-llOoF 

(AT =T"all-Tce) where ToO is the free stream temperature. 

Velocity and temperature data were modeled using the 

Monin-Obukhov (1954) velocity and temperature profi1es~ 

k(ur - us) 
In 

zr 
+ ~ (Zr - zs) = 3.19 

u* Zs L 

and: 
k(Tr - Ts) - In zr + B (zr - zs) 3.20 

L 
T* Zs 

with "universal" constant 'B and where k, von Karman's con-

stant, is 0.4; where ur and Tr are reference velocity and 

reference temperature at reference height zr; and where Us 

and Ts are velocity and temperature at variable height zs. 

A technique is demonstrated by which one may solve for the 

Uaveragedn constants u~~, T.~, 13 , and L. 
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Two basic theories were formulated, experimentally 

verified, and presented in this dissertation. Using a 

"Lagrangian simd1arity hypothesis" and the above-mentioned 

velocity and temperature profiles, a theoretical relation-

ship was developed relating the vertical dispersion of a 

pollutant to the downwind distance. Then, based on physi-

cal and empirical reasoning, the maximum f1oor1ine concen-

tration was theoretically related to this same downwind 

distance. The experimental concentration results agree 

very well with the two theoretical predictions. These two 

relationships were numerically solved using a 1620 IBM 

Computer and are graphically represented. 

While additional experimental work would be an inter-

esting adjunct to the work herein presented g the experi-

mental results obtained herein give excellent agreement 

with the theoretical predictions and serve to show that 

one may use theoretical models and laboratory experimental 

work in the increasingly important field of air pollution 

and its relation to the atmospheric condition known as 

temperature inversion. 

S. B. Koehler, Research Assistant 
Fluid Mechanics Program 
Civil Engineering Department 
Colorado State University 
Fort Collins, Colorado 
March 1967 
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A. History of Theory 

CHAPTER I 

INTRODUCTION 

A landmark in the early development of the study of 

atmospheric turbulence was the formulation of the concept 

of the ttAustausch" (exchange) coefficient by Wo Schmidt 

and G. I. Taylor. This hypothesis adapted the rundamental 

ideas of the kinetic theory of gases and applied them to 

turbulence. This new concept was built on ideas then cur

rent in the field of aerodynamics and was later used in 

research by von Karman, Prandtl, and others. An early, 

practical and notably meteorological investigation by 

Taylor (1915)* was concerned with the formation of fog 

when warm air flowed over the Great Banks of Newfoundland. 

Taylor applied the ideas to the vertical diffusion of heat 

through the lowest layers of a thermally stratified atmos

phere. 

These beginnings (1,2)* served to emphasize that much 

of the interest in turbulence by the meteorologist and 

fluid dynamicist lay in the transport properties -- notably 

in sensible heat, momentum, concentration, and water vapor 

or heat in latent form. 

The small-scale turbulent flux of these quantities 

in the vertical direction generally far exceeds that in 

the horizontal direction particularly in the lower 

.. Numbers in parentheses refer to tfReferences. tt 
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2 

atmosphere. Thus, the vertical flux plays a dominant role 

in the stud,- of vertical (concentration) diffusion or 

"spread." The theoretical solut-ion to the small-scale 

"diffusion" problem has generally- evolved around two 

basic approaches: 1. the classical-appro~ch solution to 

the diffusion equation, using the concepts of the "jns

tausch" or K-theory approaches; 2. the statistical 

approach or the theory- of continuous movements. Both 

these theories are applicable under certain conditions 

to free stream flow and are not generally valid in the 

boundary layer- flow. 

To date, many theoretical and experimental diffusion 

studies have been in the direction of attempts to modify 

the above two basic theories so that they might be extend

ed or applied to boundar.y layer f10wo Much of this 

experimental work has been in the nature of field stUdies 

(which are subject to varying' atmospheric conditions). A. 

few stUdies have been made in wind tunnels so that the:. 

variables ot flow may be more adequately controlled or 

stabilized. 

This dissertation is concerned with Turbulent 

Diffusion in !. Stably Strat"ified Boundary Layer. Stable 

flow conditions can be simulated in the wind tunnel by 

cooling the lower boundary-and heating the circulating air. 

This represents the night-time conditions present in the:' 

atmosphere under' a temp'erature inversion. This "stable 

flow stratification" is also c$lled an inversion or 



temperature inversion. This inversion is also one of the 

primary causes in the containment- of air pollutants and 

the attendant- air- pollution problems- cODDllO;nly occurring 

in some of the larger cities of the U.S.A. 

To date, work has been done both in the field and in 

the wind tunnel analyzing neutral and unstable diffusion. 

There has been some work on s"tabl~ diffusion that was 

based on field studies, but to date there has been no 

published work on turbulent diffusion in a stably strati

fied boundary layer that has been obtained in a wind 

tunnel. Colorado State University has the only facilities 

capable of ~erforming such studies at present. 

B. Background of Present Theory 

The basic theory of this dissertation evolves around 

the velocity profile as proposed by Monin and ObUkhov 

(1954) and is as follows: 

The classical experiments of Nikuradse (1) in the 

laboratory established the existence of various regimes 

of flow in a turbulent boundary layer. Buoyancy effects 

were absent, and shearing stress took place under neutral 

conditions. 

The analysis of flow under turbulent conditions in

volves the shear velocity u. , defined as: 

1.1 
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where 'Co is the shearing stress at the wall and t=' is 

the densityo 

Using the mixing-length hypothesis in relation to the 

velocity profile in a turbulent boundary layer, Nikuradse 

(1) obtained the nondimensional form of the profile of the 

mean velocity to be: 

u = + In(U~) + constant 

For motion near a smooth wall he (1) found eq 1.2 could be 

written as~ 

u = 1 In(~) + 5.5 I.), 

u* k 

and is used for the mid-region of the three flow regions. 

It was 

u z 
* 0 

r 

v 

also found for smooth and rough surfaces 

0.13 for smooth flow and that~ 

2.5 for fully-rough flow where z is 
o 

defined as the roughness lengtho 

that: 

In the fully-rough regime the influence of viscosity 

is negligible. Thus, in terms of the mixing length 

hypothe sis, u mus t depend only on the lengths z , .,R" and 
~ 

ep • The unique length is ~ , which characterizes the 

local intensity of the turbulent mixing at some height and 

may be a function of position and of the mean velocity. 

E~ is a representative mean height of the surface 
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protuberances. Taking L = kz , the velocity profile is 

now: 

= : ~: + constant 
k C'i' 

which is usually written in the form: 

U 1 4=- z 77 Zo and 1.5 = 
u* k Zo 

,.., £1' The two profiles, egs 1.2 and 1.5, are Zo • 
-W 

similal.- in fOZ'Ill when the y in 1.2 is rep1a.ced by u. Zo ' a 

term which Sutton (1) has named "macroviscositT' or "If. n 

Whether a surface is rough or smooth, the shape of the 

adiabatic profile is uniquely given by: 

= 

,Following Obukhov (1946), Russian experimenters have used 

the ratio Z for the diabatic wind profile where for small 
L 

£ «RiNo (Richardson No. to be defined later), and z , 
L 

where L is a length uefined by: 

L = u~ 
k.s,.. 

T 

To allow for the effects of stability, one may seek 

generalization uf eq 1.6 by writing: 

~u = 1.8 -a z 

where It is a stability parameter = t and nftt is the 

function which remains to be determined. For small values 
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o£ 11, and retaining only the first term in a power-series 

representation of this function/L , eq 1.8 may be express

ed as iul1ows! 

au = -;Jz 

where # B1.&7 be expec"tred 1;0 be a universal canst-ant. ~is 

assuaptiOB---waS flrst- introduced by Ha1st.ead (194,). 

I.te-gra-s·ion of ·1.9 KiTes: 

1.10 

If the temperature profile i~ assUDled to follow the same 

form. as 1 •. 10, it may be w~ritten as: 

= 1.11 

The above discussion is f'urther expanded in the text to 

follow. 



A. Introduction 

CHAPl'ER II 

LITERATURE SURVEY 

As has been mentioned previously, there are two basic 

theories utilized in describing-the turbulent diffusion 

process. This chapter is devoted to a general rerlew of 

these two basic theories. This chap~eralso cites exten

sions and modifica"trion-s t-o t-hese the-ories. Also, ot-he:rr 

work which makes one aware of the development- to date in 

the field of neutral and stable diffUB±on is ci~ed. 

One of the basic theories is based on the Eulerian 

.frame of reference to describe the diffusion process. 

This Eulerian viewpoint describes the spatial distribution 

of the scalar quantity of concentration. If, in describ

ing this process of diffusion, an exact analogy is made 

with the process of molecular diffusion, then the exchange 

coefficients are assumed constant as is done in the Kinet

ic Theory of Gases (1,2). This is t-hen called the ftFick

ian Diffusion Theory" or the UK-Theory of Diffusion. n 

The second basic theo~ is t-hat- formulated by G. I. 

Taylor (3) and s~ems from his classical works based on 

statistical methods. It employs a Lagrangian frame of 

reference and describes the characteristics of a diffusing 

medium in tarmsof mean, variance, standard deviation and 

the like. 



8 

B. Semi-Empirical Diffusion Theory 

If one assumes that the tracer or Upollutant tf gas is 

neither created nor destroyed, one can write for the con

servation of mass of an incompressible fluid as follows: 

... 
ot V • (C V - grad KC) = 0 2.1 - + 

Using Reynolds' rules of time-averaging, neglecting 

molecular diffusivity in comparison 'to turbulent diffusiv

ity, assuming an incompressible fluid, and operating on 

eq 2.1, one o~ains for the conservation equation the 

following expression in tensor notation: 

+ = 

2.2 

+ K --------------
ax! 0 xi 

where the bar represents the mean value and the prime 

represents the fluctuating value. The first term in the 

above equation is the local temporal variation of concen

tration; the second term is the convective transport; the 

third term is the local veloci ty-c-oncentration fluctuation 

correlation which is equated to the turbulent diffusion or 

turbulent exchange in eq 2.3 below. The last term is the

molecular diffusion -- and is neglected in turbulent flow. 

The problem of turbulent diffusion is then to solve 

eq 2.2 for the mean concentration C. But the three terms 

ciu~ are unknown. In the semi-empirical analysis (as is 



similarly done in the heat-conduction theory), one may 

use Boussinesq's exchange coefficient method of writing 

and use: 

- c'u{ = 

This hypothesis related the mean coneentrationgradient to 

the local velocity-concentration fluctuation correlation. 

There is no general validity to Boussinesq's hypothesis, 

but it has proved adequat-e for approximating simple flow 

fields, such as fully developed pipe flow. 

The nine coefficIents K .. define the diffusion ilenErGr 
l.J 

-which in general is a function of the sp-at-ial co-ordinate,;. 

In order--tro solve eq 2.2 with the help of eq 2.3, the 

following additional hypotheses are made: 

(1) The diffusion phenomenon is steady, i.e., ~~ - 0 i 

-
(ii) u = t.r = constant, if' = W= 0 (i.e. ,mean flow 

is one-dimensional); 

(iii) The x- , y- , and z-axes are the principal 

axes of the diffusion tensor. Thus, Kij = 0 , i,€j 

(i,j : 1,2,3); 

(iv) The diiru.sioll tensor does not depend on x, y, 

and z. Thus, Kii =Kjj = constant- (i.e., Fickian). 

Substituting these assumptions into eq 2.3, one obtains: 

::: 
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If a simple transformation is made, i. e. ~ 

t = x 
1 -

, xl = x , Yl 
= Y zl = z 

U VKxx YKyy Y Kzz 

then eq 2.4 is transformed into the classical heat 

equation: 

= 

If the exchange coefficients Kij are not assumed 

constant, then one writes eq 2.4 in form: 

= u 

2.5 

2.6 

This is one of the forms of the basic K-Theory equa

tion. Solutions have also been obtained for e~ 2.7 by 

assuming that the K's vary with height according to some 

power or other law (1). 

In spite or several simple solutions which have been 

obtained from the modified diffusion equation, these 

equations 2.4 and 2.7 remain intractable in boundary layer 

flow. This is due to the fact that these simple express

ions do not adequately account for the effect of surface 

roughness, wind shear, density variation, and time of 

travel. In closing the above discussion one should note 

that the essential feature of the Fickian (4) and "K

Theory" equation is that the distribution of the suspended 

material or gas, with respect to distance from the center 
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of the "puff" in the case of inst-antaneous generation at a 

point or fram the line or plane through the line or point 

source, is ~redicted to have a Gaussian form with 

variance: 

(i2 
i 

2.8 

c. The Statistical Theo;y of Turbulent Diffusion 

The theory of diffusion by continuous movements as 

published by T~lor (3) in 1921, like the Fickian and 

related theories, is restricted to giving a kinematic 

description of dispersion; but-t-he description is much 

more adequate because it is based on the turbulent 

properties of the fluid flow. Taylor's equation for the 

case of dispersion in a turbulent flow field which is 

spacially homogeneous and stationary (5) in time with 

source at (0,0,0), gives the component variances of the 

particle displacement from the appropri~te center of 

gravity (x,O,O) after a time of travel t~ , to 
r V 

be: 

2.u.:i./tt -s) ~ (S') df, 2.9 
(> 

where Ri(S) is the Lagrangian autocorrelation coefficient: 

= 2.10 

For small dispersion times the limit of eq 2.10 is unity 

for ,= 0; and eq 2.10 is effectively zero for large ~ , 
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say 5.7 t:1,. Hence, for small t, eq 2.9 reduces to: 

2.11 

and for large t, eq 2.10 reduces to: 

dl 

rj(t) = Z ut 2 Lt. t - 2 ufo/iRi (c, ) d ~ 2.12 
dJ 1 0 

(where Lt. =jRi< S )dlg is the Lagrangian time scale of 
l. D 

turbulence); or: 

constant 2.13 

Since for very large times the time t in eq 2.13. is much 

larger than -~he constant in this same equation, 2.13 can 

be written as: 

2.14 

Equation 2.14 is equivalent to the variance given for the 

diffusion equations 2.4 and 2.8 when ~2 Lt replaces Kii 
i 

This theory too is not generally valid in the case of 

diffusion in the boundary layer. 

D. Sutton's Hypothesis and Others 

Practical utilization of the principles set forth in 

the Taylor diffusion theory has been accomplished by 

Sutton (1947), who derived a set of expressions for 

diffusion from a point source from eq 2.9 by making cer

tain assumptions upon the nature of the autocorrelation 



function 2.10. Using dimensional arguments, Sutton (1) 

showed that in a layer of air flowing over a smooth 

surface, Ri (S) could be expressed in form: 

== V 2.15 
I 

(?)fJ 
The exponent n is a stability parameter va~ing between 0 

and 1 in accordance with the wind profile expression: 

i(z) 

Xl 

_ ( z )2-n 
UIZl . 2.16 

For flow over rough surface Sutton suggest-ed that r in 

eq 2.15 be replaced by the macroviscosity, N = u.zo • 

Upon substituting 2.15 into 2.9 and intregrating, Sutton 

obtained a combined expression for the three-dimensional 

distribution of pollutant concentration that would result 

at a point at any time after an instantaneous emission 

from a point source emission with a source strength Q : 

X(x.y)z,t) = [TT12~ ~Ai(tft)¥iZ-h1exp[(tft)n~~. 

2.17 

where Ki is the diffusion coefficient. This equation has 

been extended to different geometries and stabilities by 

Sutton by "line Ut:3e of diiierent related expressions. From 

2.17, solutions ior a continuout:3 ~oint, finite line and 

infinite line sources in a uniform wind Ware obtained by 
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integration. For a continuous point source the solution 

is: 

where the factor two in the numerator- accounts for the: re-

flection" of the gas bT the imperviou's ground. Jor 

diffusion over level surface with small temperature gradi

ent and with moderate wiud, a value of n a ~ has been used 

in eq 2.16. This corresponds "to the one-seventh "power

lawlt which wind-tunnel studies have found t-o characterize 

the turbulent boundary layer of a smooth plate. 

In 1953 Frenkiel (7) derived the following expression 

for three-dimensional diffusion from an instantaneous 

point source from the st'andpoint of statistical theory, 

basing his treatment upon the Taylor equation: 

2.19 

Here the variance of the displacements of the diffusing 

particles ~ is a function of, t determined by Taylor's 

diffusion equation. Comparing this result- with the K

Theory solution for the same problem given by Roberts (8) 

in 1923: 
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it can be seen that the two expressions are identical 

when x2 = 2Kt. 

In 1962 Cermak (14) applied the Lagrangian similarity 

hypothesis to diffusion in turbulent shear flowo Basically 

this hypothesis is based on a Lagrangian description of a 

fluid particle and also uses the parameters of shear 

velocity u*,stability length L. This assumption postulates 

that the turbulence characteristics of the mean flow are 

completely determined (21) by the shear velocity u* and the 

stability length L and that the roughness length z for 
o 

fixed Land u* affects only the mean velocity of translation. 

Using this basic hypothesis and the definition of the 

distribution of particle-displacement probability density 

for an ensemble of single-particle releases, Cermak (14) 

extended the Lagrangian similarity hypothesis to obtain 

(for the neutral velocity distribution) the continuous 

point slope m (tangent to concentration versus downstream 

distance line) to be: 

z 
m = -( ~~ ) 1 + 2 In Zo 

Zo .... .... 2.21 z In 2 Z 

Zo Zo 

using the logarithmic velocity distribution of eq 1.5e 

In the thermally stratified case Cermak (14) obtained 

for the continuous point source the slope m to be: 
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-, --_ ------) ] 1 
• ...!L + - ~ .8'J L -I J 

£0 4- LEo 10 , 

2.22 

using a fo'rm (15) of the exponential wind profile (eq 2.49). 

E. Effect of Thermal Stability 

In general heat-transfer work, three basic dimension

less numbers play a dominant role in describing a convec-

tive flow field. They are as follows: 

Reynolds Number = Lc t.r r:' 
#-

Nusselt Number = hG'c 
-it 

Prandtl Number = Cp J.I 

At 
where Lc is a characteristic length and kt is the 

coefficient of thermal conductivity. 

2.23 

2.24 

2.25 
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If the problem is one or low-speed flow as round in 

natural or free convection, one can mOdifY the Reynolds 

number, which is the ratio of inertia forces to the viscous 

forces, to obtain: 2 2 2 

(_Lc,M_U : __ ) i Re = 2.26 

In this low-speed flow, buoyant forces have been found to 

be dominant; thus, if the kinetic energy of motion 'pu2 

2 
is set equal to the work per unit volume required to move a 

fluid element ~g{f'trt) (~) Lc-1 through a characteristic 

distance or height Lc ' one can solve for U2 to obtain: 

= 2.27 

where ~ t is the coefficient or thermal expansion. Thus is 

obtained the velocity of motion at which the buoyant forces 

are dominant. 

Now placing eq 2.27 into eq 2.26, one obtains the 

Grashof number: 

Gr = 
L.

3
c 

p2 .D 
I g (U t t\ T ) 2.28 

which is the ratio of the buoyant forces and inertia 

forces to the viscous forces. 

Using these above-mentioned dimensionless numbers, 

researchers in heat transfer have investigated the mean 

velocity distribution in a stably stratified boundary 

layer. However, they have generally assumed that the 
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effect of thermal stratification on the mean velocity 

(eq 1.4) is negligible, i.e., that the profile for neutral 

flow is the same as that for stratified flow. However, 

micrometeorologists (who do not use these dimensionless 

numbers) have realized that for a sufficiently large 

stability number the effect of the stratification can no 

longer be ignored; and a number of equations have been 

proposed in which the thermal influence on the velocity 

distribution is considered. 

In the presence of marked density gradients, this 

subject has been further examined by Deacon (1948). He 

(33) introduced the Richardson number: 

Ri = g 

Q 

which is the reciprocal of the Froude number squared: 

2.29 

£rr2 
= - ( t )2. _7 (i.e., the ratio of inertia forces to 

!l. (tJ r) 
T Lc 

gravity forces) as the basic parameter. In general: 

= 

If the motion is of the fully-rough type (see p. 4), the 

influence of viscosity, and hence the influence of the 

Reynolds number, is negligible; and, if the observations 

are always made over the same surface, the roughness may 
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be regarded as constant. Thus, with these assumptions, 
-u 

should depend on Ri, which may be expected to play 

much the same part as trhat- exercised by the Reynolds 

number in the motion of a homogeneous air stream. If the 

case exists such that trhe tremperaturegradient- is super

adiabatic, then Ri < 0 ; and for the case such that there 

exists an inversion of the potential temperature, then 

Hi ) 0 • 

Stewart (20) gives a stability criteria of Ri ~ 0.25, 

i.e., the bua,yant forces predominate. Sutton (1) says 

that in the shallow layer of relatively dense air near 

the ground the gradients of velocity and temperature may 

be supposed invariable with height (without large varia

tio~ so that differentials may be replaced by finite 

difference and one may write 2.29 in form: 

Ri g (~) 

Q (~:f 
The publication of the preceding theoretical works 

provided insight ±nt"o the- field of turbulent diffusion. 

Based on this new insight t m8.l'lY workers have been attempt

ing to analyze theoretically the mechanism of diffusion in 
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the turoulent su~ace l~er bT conce~s based on or exten

sions of the statistical theory of turbulence or the 

diffusion equation. 

With Prandtl's theorT of mixing length as the point 

of beginning, Businger (1955) proposed another theory for 

the atmospheric surface layer (9). He comridere-d the ac

celeration due to the frictional pa~ of the turbulenae to 

be dependent-- on stability"-. A dimensionle-ss-- stability

num:berwas introduced enabling one to obtain a simple 

survey of all states of the atmospheric surface layer. 

To express his work (1) Businger makes use of 

Richardson's principle which is expressed thus: the 

kinetic energy of the turbulence will increase or decrease 

depending upon the balance between the supply of energy 

made available by the Reynolds stresses and the rate at 

wbich work has to be done against gravity by the turbu

lence. In this form the Richardson principle neglects 

certain possible energy transfor.m.ations and limits its 

applications to conditions in which the degree of turbu

lence is small and the flow borders on the laminar state. 

The criterion in its original form may be derived as 

follows: suppose the fluid is one in which P, I' , and T 

are all functions of height- z, and consider- a vulu:me of 

fluid moving vertically- as a result- of the turbulence frOM 

a level z- R. to a new level z, where 11. is the mixing length. 

If the volume of fluid rises without mixing the eddy, which 
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originally had the temperature T ( z- R. ) 1'\.0 - R a '1! = T(z) - -a z , it 

will change its temperature adiabatically and will reach 

the level z with the temperature lJ.!(z) _l( ~; +f') where I' 

is the adiabatic lapse rate. At the -new level its density 

will be greater than its environment by the following 

amount: ~.Rp ( :: + r). Thus. there is a buoyancy 

force brought into being, acting downwards, of magnitude: 

(~~.R)(~:+r) . If WI be the eddy velocity, the 

mean rate at which work has been done against ~avity in 

lifting the mass is ther~fore: (~P ~/.t) ( :; + r) 
- T 

and since we define ur/~ = KH as the eddy conductivity, 

then one obtains: 

as the expression for the work done per unit volume, which 

work must be done at the expense of the energy of the 

turbulent motion. 

On the other hand, the work which is extracted from 

the mean motion by the Reynolds stress and which serves to 

ma-i-nta-in the turbulence is: 

per unit volume, where ~ is the eddy viscosity or exchange 

coefficient. If now ~~denotes the mean turbulent kinetic 

energy per unit volume of -the fluid, Richardson's principle 

states that the time rate of increase of ~ is given by the 
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difference between eq 2.33 and eq 2.32 or: 

2.35 

Since H ( () u ) 2 is essentially positive and different 
H a z 

from zero (except in the trivial case when u = constan~), 

the sign of oJ 
ot 

depends on whether the Richardson No: 

lU' = ~ (~ + f7 ) 

T (~t 
is less or greater than the ratio Kg , the turbulent 

Xii 
Prandtl number. In his original discussion Richardson 

assumed K)( = KH ' in which case the criterion becomes: 

turbulence increases if Ri Ii... 1 

turbulence decreases if Hi ..., 1 

implying the existence of a critical value (Ricrit ) of 

the Richardson number, which in ~his case is unity. 

Usually Ri is e"xpressed by a change of variables to 

be: (~:) Ri 
g 

7i (~:y~ 2.37 

and ~ = potential temperature = (! + f1z}. 
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Using the Hi lio. of eq 2.37 as a measure of stability 

of the atmosphere, Businger (9) cites a disadvantage of 

2.37 in that the Ri No. varies with height. He defines a 

new Ri No.: 

~. - 2.;8 

(Tm • mean absolute temperature) 
9 8 ... where one term is constant with height: i.e., Sn = a 
7in U. 

and a known quantity R ,which varies with height. Sn is 

now used as a stability parameter instead of Ri to de

scribe the flow conditions. 

In 1957 Ellison (10) set up dimensional "laws" 

governing the process of heat and momentum transport from 

an infinite plane. Then he set up detailed equations for 

the turbulent energy, the mean square temperature fluctu

ation, and the covariance of temperature and vertical 

velocity to make some speculative assumptions concerning 

the dissipative action of the turbulence from which he 

derived a series of relations between the turbulent in-

~Eities and the Austausch coefficients. One of these 

relations indicates that the flux form of the Richardson 

No. (denoted by Rf) is equal to the ratio of the rate at 

which buoyancy forces extract energy from the turbulence 

to the rate at which it is supplied by the shear stress. 

This result is a direct consequence of a simplified energy 
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equation for the turbulence. R:f-ma:y be e"Xpre-ssen in the 

following equivalent -ways: 

Rf 
K 

R. H 
= ~ X; = 

or 

Rf = 

where for P=const : 

pllV 

(~) 
f( = 
M· 

2040 

and 

2.41 

Ellison (10) states that under certain specified condi

tions and from experimental data Rf = 0.15. He (10) also 

states that "the small critical value is most remarkable 

since it implies that in stable conditions the buoyancy 

forces do not have any great effect on the energy balance-" 

F. Log + Linear Wind Profile 

In the 1950·s several Russian workers published a 

similarity theoT,T for diffusion in the surface layer of 

the atmosphere. The foremost of those were Monin and 

Obukhov (1953 and 1954). 
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The basis of the 1953, 1954 work was described in an 

article by Monin (1959). He cites that ~he turbulent 

regime is completely determined by the parameters u. 

(friction velocity) and L (stability length) and says that 

these are the only scales of velocity and length in the 

surface layer. This is applicable when the turbulence is 

stationary and has horizontal homogeneity in the surface 

layer. Monin describes an average wind velocity profile 

and universal profile which have been used and modified by 

others and have been described in this writing previously. 

Combining this wind velocity equation with the turbu

lent energy balance and utilizing several other assump

tions gave a result which takes into account the variation 

of wind velocity with height.. This result (11) was one 

of few at that date. 

G. Dependency of i1 upon L 

Monin and Obukhov (1954) determined ~= 0.6 on the 

basis of experimentally determined wind profiles. Ogura 

(1952), who obtained the equation for wind speed profile 

on the basis of the energy balance, gave'-B = 3 in the 

range where the log + linear law holds. However, there is 

an unknown proportional constant in his equation which is 

determined by using data from Deacon (1949). In 1959 

Yamamoto questioned Monin's (1954) method of obtaining;8 • 

Yamamoto believed that the procedure used to determine the 
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value ofB from observations without knowing the exact ex-

pression for the wind profile might lead to erroneous re-

suIts. This is possible in the above situation of Monin 

because the range of applicability of the approximate 

formula (eqs 1.10, 1.11) is not certain. Instead, Yama

moto (1959) extended the mixing-length theory to non

adiabatic conditions and obtained ~ = 10 under unstable 

conditions and tf = 2 under stable conditions in the 

range where the log + linear law holds. In 1955 Businger 

reported that ~ = 2. Gifford (1961) reports that as a 

result of studies by Priestly (1959), Taylor (1960), Inoue 

(1959), Takeuchi (1961), and Panofsky, Blackadar and 

McVehil (1960), it appears that ;9 should be somewhat 

larger - - - and that the value -- of IS = 6 is consistent 

with results given by most of these authors. However, 

Takeuchi (1961) found that ~ changes considerably from 

0.2 to about 20, that under stable conditions # becomes 

larger than under unstable conditions at the same magni

tude of IL I , and that ~ is largest under neutral condi

tions. These studies described above have been the basis 

of later work by Batchelor (12), Gifford (13), Cermak (14), 

and Swinbank (15). It was also the basis of a great deal 

of work on stable flow by several Japanese workers --

notably Inoue (16), Yamamoto (17), Takeuchi (18), and 

Okamato (19). 

One final article should be mentioned in this theo-

retical aspect.. In 1959 Stewart (20) analyzed the problem 
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of diffusion in a stratified field. He based his analy

sis on the work of Corrsin (1956), Ellison (1957) and 

Townsend (1958) and discussed various assumptions and 

terms oi the Navier-Stokes equations and balance of turbu

lent energy equation. He finally concludes that when 

stability becomes very great, it is doubtful if satis

factory result-s can be obtained by- any- appr-oach which 

treats the fluctuating motrion as turbulence in the ordi

nary laborators-sense. In fact he believes that in very 

stable situations the motion is likely to take the form 

largely of internal gravity waves. In this case the 

transfer of momentum is intimately connected with the 

little understood mechwlism of wave generation, while 

transfer of other properties depends upon the breaking of 

the waves about which also very little is known. 

H. Experimental Work 

1. Diffusion 

In additIon to the theor-etical studies described 

or mentioned above, various workers have done experimental 

work (or confirmed theory) in turbulent diffusion in a 

shear boundary layer with stable stratification. 

Basing his work on the previously reported work 

of the Russians (21), Inoue (16) in 1959 estimated the 

effect of thermal stratification on turbulent diffusion in 

the atmospheric surface layer by comparing the probabla 
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changes in the turbulent structure under the non-adiabatic 

conditions from that under the adiabatic conditions o This 

was done semi-empirically tr,rmaking use of the so-called 

(log + linear) law of wind velocity profile which is as 

cited by Moninto be: 

u 
= 

The numerical constant 29 which Monin gives as 0.6 was 

found by Yamamoto's (17) analysis to be: 

I 

fUcr/t 

2.42 

2.43 

where Ri (crit) was found to be approximately 0.15 by 

Ellison (10). ThUS, the value of 19 adapted by Inoue is 

in the order of unity. Inoue also discussed the effects 

of stability length L on diffusion phenomena and obtained 

similarity laws of diffusion based on ~ and H where H 
Zo L 

denotes the characteristic height of tunnel source or 

atmospheric source. 

In 1959 Panofsky, Blackadar, and McVehil (22) com-

pared observations at various locations (OtNeill, Nebrask~ 

Melbourne, Australia; and others) with the hypothesis of 

Ellison concerning the Richardson No. effects. They 

showed that theory and observations agree well for near-

neutral and unstable air; however, they claim that in 

stable air, factors not considered in the similarity 
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theory may become important. They further take a value of 

~ = 405 and claim that the rang-e of usefulness of the 108"' 

linear (log + linear) wind profile is small. 

Barad and Haugen (23) in 1959 evaluated Sutton's 

hypothesis (1) for diffusion for a conti-nuous point source 

using data obtained from Project Prairie Grass. They 

found that- the hypothesis pred±ct:s the observed concentra

tion distribution only if there are two values of Sutton's 

n: one to characterize lateral diffusion -- ny ; and one 

to characterize vertical diffusion -- n z • 

In 1961 Poreh (24) and Davar (25), in 1962 Malhotra 

(26), and in 1963 Quraishi (27), all made diffusion 

studies in a neutral and unstable turbulent boundary layer 

and expressed their results in the form of: 

X-p 
(1J1OX 0( 

IL 0< xt 
A 0( xl--

where x is distance downwind from source, h is the 

vertical spread (position of 50% maximum decay), and /\ is 

half the horizontal floor spread (position of 50% maximum 

decay). Some of their data has been used to confirm 

Cermak' s (28) -Lagrangian Similarity Hypothesis for neutral 

and unstable flow, which has been discussed previously. 
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2. Wind and TempeI'ature Profiles 

a. Deacon's Equation 

Deacon (1949) was one of the first to use 

the Richardson number as the basic parameter in describing 

stable and unstable atmospheres. He found that- to a good 

approximation the wind gradient is a function of the Hi 

No., the surface roughness being" constant. He found that 

he could model velocity data with the relation: 

du 
dz 

= Az -~ 2.45 

(where A is a constant independent of z and 1) is the slope 

of the velocity-gradient versus z curve when plotted on 

log-log paper); and: 

for Ri < 0 

for Ri = 0 

for Ri ~ 0 

superadiabatic 

adiabatic or neutral 

inversion 

Deacon (33) also found that the relationship express

ed in eq 2.45 becomes very uncertain when Ri) 0.1 • 

Others (1) have extended the applicability of eq 2.45 

to temperature gradients to obtain an equation as follows: 

dl! 

dz 
= 2.46 

(where G is "Bnother constant and 'If t is the temperature

gradient slope). 
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z 
b. Monin's Use of Stability Parameter L 

In 1964 Monin proposed the use of the stabil-

ity parameter Jr = 
z 
L , in addition to the customarily 

used Ri No., for modeling veloci~ profiles. If the ratio 

of the exchange coefficients for heat and momentum are 

considered constant, then eq 3.29 could be exnressed as: 

Ri = 1 2.47 

KH • 

KM 
where 0(= 

In his work he used a reference height of ~ 

which required different referen~e heigh~s for different 

velocities and different stations as L changed with sta

tion, veloci~ and type of flow. Monin also cited the 

asymptotic behavior of the universal functions by means of 

the following: 

1) neutral flow: L~ 00 and f'CY) = 
1 

J» 
This corresponds to logarithmic law for velocity profile. 

2) strong instability: u* must be omitted from 

I-~ similarity equation and f' C J' ) ':' - 0Il S 
3) strong stability: z must be omitted from 

similarity equation and f' C j ) t""\., C2 where: 

fC j ) = ~n I jl + 0.6 S + constant 
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c. Swinbank' s Exponential Wind Profile 

In 1960 Swinbank modeled field data related 

to stable ,relocity profiles using the expression: 

{ 

Zs 
~ (exp T 

k (exp zr 
L 

= - 1) } 

- 1) 

2.49 

This relation, above, is expected to be applicable in all 

stabilities and to all heights below which the shearing 

stress and the vertical heat flux remain constant. 

A form of the above re-Iation proposed by--SwinbaIlk (15) 

was used by Cermak (14) in his Lagrangian similarity 

hypothesis for made1ing diffusion da.ta taken under 

thermally unstable flaw conditions. 

I. Resume 

This chapter has been a survey of the literature 

whic.h is most directly related to turbulent diffusion in 

a stably stratified boundary layer. This writer has 

discussed the details of the literature of those authors 

whose work pertains to· the two general theories relating 

to diffusion in general. The subsequent discussion has 

been an historical survey of the mast- significant-work 

relating to this dissertation as determined by this writer. 

A review of the experimental work in this literature 

survey has been in confirmation of basic theories and 

compilation of data for which empirical relationships were 



33 

developedo The work of this disse~ation has utilized the 

ideas and concepts of many of the authors discussed in the 

preceding pages in the development of this dissertation in 

the hitherto unexplored field of turbulent diffusion in a 

stably stratified boundary layer. 

In closing, the author offers the following quotation 

which so aptly emphasizes the meaningful application of 

the preced±ng theoret±c-al and experimental ma1ierial to tbe 

real world: " ••• increasing concern about air ••• pollu

tion presents a ••• challenge •••• through basic research 

to provide the knowledge and techniques needed to solve 

pollution problems." (6) All the work mentioned hereto

fore is related in some manner to this very real and 

challenging problem of air pollution and its solution 

through research. 



Ao Introduction 

CHAPl'ER III 

ANALYSIS OF THEORY 

Current progress in the understanding of wind distri

bution and of temp"erature distribution in the atmospheric 

boundary layer has resulted from the Monin-Obukhov "Simi

larity Theory." Their work was based on atmospheric~datao 

Field studies, however, are limited by the variable natu

ral weather conditions such as temperature, water vapor, 

heat transfer, and wind velocityo Since these parameters 

can be controlled in a wind tunnel, results obtained in a 

wind tunnel study can be more meaningful. 

Flow conditions in the atmospheric boundary layer 

can be closely simulated in the wind tunnel by the inner 

portion of a boundary layer generated by- air flow over a 

plane wall. If the rate of production of convective 

energy in this layer is negative, then this phenomenon 

constitutes a basic flow similar to the atmospheric sur

face layer which occurs naturally in the night-time 

atmosphere (at which time the diffusion of matter becomes 

very weak -- hence the occurrence of pollution problems). 

Under the inversion conditions stated above a most inter

esting , feasible and, at present, unlimited field of 

study is presented. Similar inversion conditions as those 

mentioned above can be simulated in the Colorado State 

University wind tunnel. However, one also obtains the 

34 
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added benefit of practically s~eady-state flow and temper

ature conditionso This is done by constant cooling on ~he 

boundary from below (cold plate) and by constant heating 

of the circulating air. This produces a stable layer 

through the action of a temperature inversion of ~he flow

ing air. These changes greatly modify the lIluch-studied 

neutral boundary- layer. 

The purpose of t-h±s part±on of the discussion is two

fold: (1) to examin-e the wind and temperature profiles 

utilizing a modified logarithmic law-and wind tunnel data; 

and (2) to discuss the characteristics of turbulent diffu

sion under stable stratification. 

Bo "Log + Linear" Law 

From the similarity theory, where t is small, the 

profiles of wind (air) velocity and of temperature can be 

expressed by the so-called "log + linear" law and by the 

universal function. One can assume ~hat, for a wide range 

of stability the profiles are expressed by that law; and 

one can make analysis of the data. obtained in the wind 

tunnel in order to determine the range and validity of the 

law. From the previous section, the profiles of wind (ai~ 

velocity and temperature can be expected to be expressed 

by: 

u(z) 

k fin + 
= 



36 

when it is assumed tha~ the exchange coef!icien~s for 

momentum and heat are approximately equal to each -other 

(1.e., f=!l). 

To det-ermine the validity-of eqs 3.1 and 3.2 in the 

inner portion of the turbulent boundary layer, the values 

of fJ and L are comput-ed by- means of the mean wind and 

mean temperature profiles obtained in the wind tunnel by 

a technique described below. 

Assuming that the turbulent Prandtl No. is approxi-

matel-yone, one carr write-the equations for the wind and 

temp~~ pro~iles as: 

u(z) = 

k 

T(z) - T(O) 

k 

where f is a universal function o 

Combining eqs 3.3 and 304, one obtains the ratio of 

friction temperature to friction velocity to be: 

7;- 7 (0) - 7;, 
- -ar t4t. 

and Tr-~ h. --
il.,. - Us 111' 
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Combining eqs 3.5 and 3.6, one ~inds To ~o be: 

= - T - T 
Tr - u r ( _r s) 

-llr - llS 

-where To or T(zo) represents the t-emperature at the height 

Zo for a rough plate or the temperature at the upper boun~ 

ary of the laminar sublayer de for a smooth plate. 
T 

Thus, the data are averaged by eq 3.7, and an average(~) 
u. 

is then obtained from eq 3.5 . 

Now, -usingmiihe d-e-t±ni"tion of friction temperature: 

3.8 

one can rewrite eq 1.7: 

L :: u~ 

~ 'l(-- L) 
T PCI' 

to read: 

L = 
2 u. 

Ii' 9 T« ,..., 
7 

or une --ma:y-wrl t e : 

L =( W u • 
) 3.10 

k 

where:: 

til :: T. u. 
(r) g • 

3.11 
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If one uses eqe 3.1 and 3.2 for arbitrary heights r and St 

one may modify these equations to read: 

r ~ s 
or: 

= ( In _Zr ) + ~ ( Z _ Z ) 
- r s 

k Id' 

u and solving for (~) to obtain: 

k 

k 

(u - u ) - tl (z - Z ): r s - r s· 
tV-

Zr 
In -

Zs 

If d1fferentarbitrary heights from r , s are now selected, 

one obtains: 
~ 

(ii • - u • ) - - (z t - Z , ) r s ttl'- r s 

k 

Setting eq 3.14 equal to eq 3.15, one may solve for 

to obtain: 

(Ur - us) (~, - u • ) s 

In 
zr 

In 
zr' - -

~ Zs Zst 
= 

V 
(zr - zs) (zr' - z • ) s 

Z zr' In ....!: In-
Zs zs' 

-tV-

3.16 
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!2!!: Using the method of .onin (1962) of employing a 

fixed reference heigh~ of zr and Zrt (r ~ rl) and utiliz

ing the fixed reference velocities ur ~ urI (at these 

heights) simp-lifies the solution of the problem. However, 

one should note that Monin used a reference height z = ~ 

which reduces the variations in the differences to: 

This method described above also reduces the degree 

of variation in analyzing the veloci~-profiles (when 

using eq 3.1~ to some fixed constant. Putting the value 

of ~ back into egs 3.14 and 3.15, one solves for ~ • 

Putting this value of u. and the value of ur from eq 3.11 

into eq 3.9, one solves for L. 

After values of u. ,T. and 
B -r are found for each 

profile for arbitrary heights above the floor, the pro

tiles can be-expre13"Sedas -f"ollows: 

3.19 

3.20 
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c:. Dependence on Richardson Number and Reference Height 

From the above discussion concerning results obtained, 

one can conclude that one must select reference height and 

regions of applicability quite carefully when determining29 

and L. Also, when discussing the Richardson number, one 

must again carefUlly select reference heights and applicable 

regions since Hi is proportional to ~ for small z or large 

L. This is shown as follows: 

Starting with the definition of shear ( ~) stress per 

unit area for motion parallel to the x-axis, one (37) can 

write: 

= 
au 
,3z 

if T LL K 
M 

3.21 

It is known (41) that one is over-predicting and that a 

maximum is being used for~ 

au 
1\ 

M a z = = 
2 

u 
* 

The heat transfer in the z-direction is (37): 

q aT aT if k
t 

LL = - (k + XII) - = K - t (}z H t) z r cp 

One can define a velocity profile as: 

u(z) = u* {ln~+ B (z - z )] 
k Zo L 0 

= 

3.22 

K 
H 

3.23 

3.1 
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where Il = t and Il 0 

perature profile as: 

== zo· and one can define a tem
-r' 

= T. £ (IJ) 
- 4 't. 
k 

If Reynolds analogy holds (i.e., the exchange coeffi

cient for momentum and heat being equal), then f3 = f4 = f 

and ~ = KH = K; and one can write 3.3 and 3.4 as: 

u(z) = ~ f(1/.. ) 
k 

~(Z) - T(O) = :: f(~) 
k 

and so: 

and: 

a T' T. 
- == ~ f'(IL) a Z KZ 

Thus combining 3.24 and 3.22, one obtains: 

== == ----

3.4a 

3.24 

3.26 
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If one combines 3023, 3025, and 308, one- obtains: 

= 

~; - ~.u.kz = 

T.f"(I2..) f' (/},) 

Using a definition of' the Richardson Number, one writes: 

g 
(a '1) 
a z g ~ f' (It )kz 

Ri == == -(-) } 
" (a U)2 

!f r(- {ft(ll) 2 

a z 

z L z L-
== = ( ) 

L f" (/1. ) L 1 + $-\ 
and when z ~LL, then~ Ri - """ z 

= L 
Therefore, one can conclude that- in the stable bounda.r.r 

layer of the wind tunnel there should exist a portion of 

the velocity and temperature profiles that can be express

ea by the log + linear lawo This is possible even though 

there is a great deal of uncertainty- involved in the 

determination and/or selection of tJ as has been noted in 

the preceding discussion of the atmospheric boundary layer 

found in the published literature of othe-r researchers. 

It should be noted here again that in conjunction 
z 

with t and/or ~ the stability length L is the only scale 

length which has been proposed to model wind tunnel data 

with atmospheric field data o 
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D. Turbulent Diffusion in Stably Stratified Air 

In the foregoing section the author discussed that 

portion of the boundary layer having constant heat flux 

and constant total shear ---- and relatred these parameters 

by means of the stability length L 0 As noted previously, 

such a field present'S· an attractive si tuat-ion for study 

because of its similarity tro the naturally-occurring 

atmospheric boundary layer. 

The discussion to follow pertains to shearing flow in 

a stably stratified fluid (39, 40). If in a flow which is 

predominantly horizontal the density of the medium dimin~ 

ishes rapidly upwards (as in a mass of air with the temper

ature increasing upwards), the process of turbulent mixing 

must cause heavier layers to be moved above light-er layers, 

and lighter layers tro be pushed down" below heavier; that 

is, part of the strare of energy- available for t-he mainte

nance of turbulence (derived froDr the main flow) is used 

in working against- gravity. Hence, t-he turbulent motion 

is diminished and may die out altogether. This is the 

explanation of the cessation of turbulence and "dying-down" 

of the.wind at night in the lower layers of the atmosphere 

(the wind still continuing unabated at a higher level, but 

the shearing stress and turbulence is diminished). 

Thus, the stability of a heavy stratified fluid, if 

the velocity varies with height, tends to hinder turbulenc~ 

since the vertical motions of individual fluid particles 
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shi£t heavier material upwards and lighter material down-

wards, and in both cases work is done. 

Now, it is essential to have a length which may be 

interpreted as the diameter or £luid particles which move 

as a whole and also as the path traversed by these parti

cles relative to the rest of the £luid before they lose 

their individuality again by' mixing with the turbulent 

£luid by which they are surrounded. One cannot say a 

priori that these two lengths are exactly the same; one 

may expect, however, that they broadly speaking -- will 

be proportional to each other. The assumption is also 

made that the flow is such that the velocity varies in a 

direction at right angles to the stream-lines. 

Assuming that the rluid is incompressible, the length 

discussed above is proportional to Z j and, utilizing 

Arch1mides' principle, the work done in raising a fluid 

particle of unit volume is then found. This is done by 

solving for the force which is in equilibrium in a layer 

z = zl in relation to the downward force at Z = z2 (i.e., 

buoyancy force) and is (39): 

F = 

so that the work is: 

_ I zl + Ild 
/_ F z2 

zl 
= 

= 

g 
d~ 
dz 

2 z 
2 

where .2 = cz , c is taken to be one, and g dj:> is 
d z 

essentially constant. 

3.30 



45 

Thus, the Eean work of many particles is: 

.J.. L>O( I rI~) iF z. r t7 f' d r. 3.32 

The rate rt--which work is done is therefore: 

~ ~V (; 1:) it (iF) 
where ~ is identical with the variance in the theory of 

diffusion by continuous movements (3) and is shown as: 

= 

When the turbulent energy is not decreasing, this work 

must be done by- th-e Reynolds stresses. The rat-e at which 

the Reynolds stre-ss does work when the mean flow is two

dimensional is: 

- du fUty. (-) 
dz 

The relations expressed by 3.33 and 3.35 can be com

bined to make an energy balance in the turbulent field and 

can be denoted-as follows: 

where ¢ represents the mechanism necessary to balance the 

turbulent energy- equation. For instance, ¢ should include 

the divergence of turbulent energy and the dissi~ation of 

turbulent energy. 
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It is known that the shear stress can be defined as: 

-
= -/u'w l 3.37 

and that the heat transfer at the wall can be expressed as: 

= q = a T 
- k t a z 

+ cPT 'w f 
P 

3.38 

Equations 3.37 and 3.38, however, are considered constant 

in the atmospheric surface layer (31). 

In practice, within the region of interest for atmos

pheric modeling ~at is, everywhere except very close to 

the ground -- i.e.: 

z (--L)i '7 100 3.327, or r' 

the first term in each of eqs 3.37 and 3.)8 is negligible 

(1, 31) • This is so because the turbulence is responsible 

for the great majority of the momentum and heat flux. 

Since the momentum flux and total heat effectively set the 

conditions of the problem in the boundary layer of the 

atmospheric surface layer, they are used as scaling 

parameters by setting: 

= 1.1 

where u., is the shear velocity, and for synnnetry by setting: 
'i," 

- q ( ) 
1 = T 

* 

where T* is the friction temperature. 

3.8 
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As an approximation the following (empirical) re1a-

tions are used: 

u2 ,-..J 

= u'w • * 
and: 

-q 

I' cp 
= T "u" = T'w r 

,,~ ~. 

If a perfect gas is assumed with constant pressure, one 

obtains: 

g 
d,P 
,P 

dT 
= 

and 3.36 may now be denoted by: 

2 du 
u,(,. 

")~ 

dz 
11 = 0 

3·40 

3.41 

On the other hand the balance of turbulent kinetic energy 

in equilibrium under thermally non-neutral motion can be 

represented by the following relation (1, 32): 
I II III ,.., fr 2 2 2 1-1 ~ _ (u I + V t + Wi }w t + _P 'w t = 

c9Z2 ? 

where Cd is the rate at which turbulent kinetic energy is 

being converted to heat by the action of viscosity. The 

first term of eq 3.44 represents production of turbulent 

energy by transfer from the mean flow. The third term 

represents diffusive transport of turbulent energy and 

practically means loss of turbulent energy in the boundary 
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layer where shearing stress is constant (Townsend, 1956). 

The second term represents production or loss of turbulent 

energy through work done by or against buoyancy forces 

according to unstable or stable conditions. Lumley (31) 

writes that the left side of term III is usually neglected 

near the ground and the right side of term III, which has 

never been measured, is also usually neglected near the 

ground. 

Using a definition of turbulent heat flux represented 

by eq 3.41, one can insert 3.41 into 3.44 and equate this 

new relation 3.43 to obtain a relation between the move

ment of the fluid particles in the field of stable air 

flow to read: 
q 

1 dz 2 
= 

/' cp 3.45 
~ dt dT 

dz 

Again using the definition of heat flux as represented 

by eq 3.41, one may now express 3.45 in the form as shown 

below: 

= -dT 
dz 

Equation 3.46 can also be .derived on the basis of eddy 

diffusivlty. 

In a statistical sense one may assume that (z2)i 

corresponds to a certain characteristic height for the 

upward movement of the fluid partioles; so, if one defines 
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~ = (~)~ , in which ~ corresponds to the mean position 

for the vertical displacement of the fluid particles, 

e.q 3.46 can be expressed as follows: 

or: 

and: 

rv 
d(z) == 

/'V'''' 

z(~) == 

which can be expressed as: 

• T.u • 

Assuming: 

f'J 
Z == cz; 

rv 
'and if e is taken to be one, or solving at z == Z , one can 

express 3.47 1I.S: 

== = 

~~) 
dz 

Thus, Batchelor's constant b (Batchelor, 1964) should 
T. 

correspond to the term d!0 of eq 3.48 above. However, 

db~ 
it may be expressed by von Karman's constant k under 
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inversion "f'lown ; so one would expect b to change {14> with 

stability under thermally stratif'ied flow. Now, returning 

to 3.48 the average statistical vertical velocity of a 

marked fluid particle, released at time t=O from a ground~ 

level continuous point source, is (Ito, 1965) found by the 

following procedureo 

One can write: 
"'-" T*~ dz = dt ~ rv 

Z dT 

Ld([>. 

or: 
""" T."u* 

dz 
,(' 

= crt '" ~ IL dT 
d/t 

Now, using the temperature distribution corresponding to 

the mean height of the movement of the marked particles: 

"" /"'v '\... 

where f (/l ) = In fl + 8 nand f (/1., 0) = lnll 0 + $Ilo so 

that the right side of 3.51 may be written as: 

~ 

dT 
dlt = 



and thus: 

or: 

rv 
dz 

= 

crt == 

51 

T.u. 

I\" A." 

where f is- the universal functi;-on, Il z = L ,and the 

"prime" indicat-es dif-f-erent-iation. 

The average horizontal velocity of a marked fluid 

particle after a short relaxation time is at an~ point 

equal to the assumed mean wind (air) velocity at that 

point and can be written as follows: 

r---' "--' 
The relationship between x and z is shown to be as follows 

~ 

= ~{f(n) - f( lLo) } {f(h) - f( '\) } / 

or: 

"" where_ e = 

obtain: 

= 

• One can integrate ~ in eq 3.55 to 

IV 

/l 

ff!tfJ(~) - f( "#'o)J fJ(~) - f( /l,o)J} d/l 
/lo 
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Equation 3.56 is similar to one that has been developed 

and derived by the Lagrangian similarity method provided 

that Batchelor's constant b is allowed to change (14) 

with s~abil±t.y under thermally stratified flaw. 

Introducing the log + linear law for the universal 

function, -one integrates eq 3.56 to obtain: 

"" ~ ~ f\.., ~ ~ 2 :1 \ .1'\..) 
£ = Il l!n ~ - (1l-1Zo) +~(/l -1Zo/-lZo (I/.-Ilo/+---

liZ Ii I (""2. 2.)' d ~ ~) 6' /",2 2J • •• z. k Ii: - -1 Il --I/,; + 3 (~ -flo / - F ~ r 'Ii. -4,/ 
~ 3.~7 

Solutions of eq 3.57 were obtained by'- programming it- for

the IBM 1620 Computer and solving tor di~ferent values of 
~ ~ 

B, fl, , and 120 to obtain e «) 

Equations 3.56 and 3.57 can be compared to Gifford's 

(1961) solution to Monin's (11) work which is as follows: 

F(.f,f) = E = 
() 

kbi 

L 

J' 
_j[';;(f)-f(£)} f£:f 
- {I I t ~ 3.~8 
~ - -{I(f) j 

where: 

and: -

f(f) =£/J j7 + 6' f 

f(1;) =.£/JJ; + t1 fa 

--f = Z 

L 

, 1: = Zo t and f'(f) 
() -

L 

3.58a 

3.58b 

= (], + B ) · 



53 

One may then rewrite eq 3058 to read: 

f f' 
E - ([.Ra To + -e( i-1;) ~ df 

)({-'7" t9f-f) '4 J 
L / -f ~f -

Equation 3.59 can be solved either by graphical or com-

pu.ter means, and in this case the computer was us-e-d. The 

computer solutions of 3057 and 3 .. 59 are discussed with 

d.ata points in Chapter V. 

Eo The Mean ConcentratIon all Ground Level 

One can assume that the tracer gas or diffusive 

material does not influence the dynamical behavior of the 

surrounding fluid, in which case the state of the gas or 

material may be as described below. 

Cramer et al (1957) have shown that- t-heir calculated 

atmospheric a:x±al gas concentrations agre-e closely- witb 

their measured values based on the assumption that the 

smoke or gasapproximat-Efs a normal distributiono If one 

follows the same approximation, one can assume- that the 

gas or effluent is normally distributed (with some- error) 

along the y and z coordinates. ~hus, it follows from the 

geometry (35) that 1ihe downwInd ground gas concentration 

of a ground-level continuous point source (with reflectio~ 

is: 

Caxis = 2Q 
3.60 
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in which Y' = (~)~ has the meaning of the standard devia-

tion for the particles moving in the crosswind directiono 

The velocity, lr , is defined as follows: 
l"-

lL 

~ = ! f f -'It> .5. -+ J1( Ii-A,,)] c££ 
u. Ii 7..." /ttJ 

/1,0 
'" I\... r- A,tJ 

I-t -one -a-ssumes -"that t 0( ~or t = c /l" one can replace 

3.61 

the 
t:"" ,.v 

variables "of u and t fro"m eq 3.60 by their respective 

values-to ubta:in: 

2 u.L Caxis constant 

constant 
= 

where Caxis is the floor1ine maximum concentration and Q 

is the volumetric injecllion floT rate. 

Equation 3062 is similar to "the one developed by 

Gii'i'ord (1961), in which he assumes the following: 

k 

and using eqs 3.58a and 3.58b mentioned before, one can 

derive: 

U.L2C 1 

Qk 
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Equation 3.64 was solved by another computer program o 

Then, the dimensionless downwind distance c was plotted 

against the dimensionless maximum floorline (stable flow) 

concentration as expressed by the right side of eq 3.62. 

The right side of eq 3.64 was similarly plotted against 

the definition of C. Both results are shown in 

Chapter V. 

From the above results one can model meteorological 

phenomena in the wind tunnel using the parameters ~ and 
L 

zo. This is possible providing the thermal and momentum 
L 
stable boundary layers are thicker than the diffusion 

boundary layer, as was found to be true in the U.S. Army 

Meteorological Wind Tunnel located at Colorado State 

University • 



CHAPrER IV 

EXPERIMENTAL EQUIHtENT AND PROCEDURE 

A. Introduction 

The experiments war-e performed in the large U.S. Army 

Meteorological Wind Tunnel locat-ed in the Fluid Dynamics-

and Diffusion Laboratory- at Colorado State- University-. 

The wind tunnel has been described in detail by Plate and 

Cermak (1963). The instruments used are part of the 

standard laboratory- equIpment-with the exce-pti:un of the 

118-9 (mass spectrometer) leak detector (29). The wind 

~unnelC1nd instruments used are hereby described. 

B. The Wind Tunnel 

The wind tunnel is of the recirc~lating type. It is 

-shuwn in Fig. 1., The inject-or was placed directly on the 

smooth floor of the wind tunnel and was located 40 ft

downstream from 1;h-e inlet of the test- section for- the 

initial work. For other work the probe was set at x=65 ft. 

The boundary layers along t-he walls of the tunnel were 

artificially tripp-ed (Fig. 2) to become- turbulent- by a 

heavy sawtooth fence followed by a four-foot section of 

3/8 in. gravel fastened all around the exit portion of the 

transition section. The e-ntry lengtrh of- 40 ft was an 

adiabatic 6 ft X 6 ft section and was similar to the 40 ft 

length of aluminum-floored test section except for its 

wooden floor. 

56 
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The air speed in this wind tunnel is controlled with 

a variable-speed, variable-pitch aircraft" propeller. The 

temperature of the ambient air is maintained a~ a constant 

value by means of an air-conditioning system for neutral 

conditions and by electrical heaters for stable conditiona 

The floor is maintained at a constant temperature by means 

of a brine system for the stable flow conditions. The 

pressure in the test section was kept Uconstantft by ad

justing the ceiling of the 6 X 6 ft2 cross sectional area 

to obtain a u zero " pressure gradiento A large contraction 

ratio of 9:1 in conjunction with a set of 4 damping 

screens yields an ambient turbulence level of about ,,:J4%, 

C. Instrumentation 

The measurements consisted of velocity measurements 

for mean velocities, temperature measurements for mean 

temperature, and concentration me'asurements for mean 

concentrations. 

1. Velocity Measure'ments 

The velocity distributions were measured with a 

pitot static tube of the standard (Prandtl) design6 The 

two pressure part"s of the tube were connected to t-he two 

parts of an-electronic differential pressure transducer 

(Transonic Equibar Type 120), which provides a DC output 

proportional to the differential pressure. This DC volt

age was applied to the Y-axis of an X-Y plotter (Moseley 

Type l35)~ To the other axis of the plotter, a voltage 
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was applied which was obtained across a potentiometer. 

This potentiometer was geared to the drive screw of a 

motor-driven positioning device and thus provided a resist

ance proportional to the distance of the probe from the 

smooth (floor) plate. In this manner, continuous profiles 

were obtained of the dynamic pressure. 

The pressure transducer was calibrated against a water 

manometer which was used as a primary standard. The posi

tion potentiometer and amplifier of the X-Y plotter x-axis 

were calibrated against measured distances before each run, 

or before each set of runs, if no interruption of the test 

sequence was required. 

Assuming a perfect-gas relationship for the air, the 

following relationship based on Bernoulli's equation is 

obtained: 
= c V ~ h 

where c is a "constant" dependent on the tunnel ambient air 

temperature and pressure plus the floor temperature. The 

variable boundary layer density which is included in c was 

"averaged" using these two temperatures., These three para

meters were measured and recorded for each experiment. The 

pressure transducer or Transonic error was less than 1% of 

the full-scale deflection when compared to the inclined 

manometer mentioned above. 

The positioning error of the vertical carriage signal 

was found to be less than 1/16 of an inch. 
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20 Temperature Measuremerrts 

The temperature distributions were measured with 

a standard ice-junction thermocouple circuit in conjunc

tion with a precision potentiometero Select copper con

stantan wire (1: o50 F guarantee) was used for the ambient 

thermocouple as well as the cold-junction (32°F reference 

point) thermocoupleo These thermocouples were calibrated 

at two- temperatures -- the ice point- (32°F) and the boil

ing point of water- at- local ambient- pressure and t-empera

tureo For the me-an- measurements involved, a linear rela

tionshi.p -be tween these two poinils- was assumed to be 

sufficiently accurateo Point by point tempe'rature measure

ments were taken with this thermocouple setup since the 

time-response of it was not sufficiently rapid to allow 

continuous temperature recordingo 

30 Concentration Measurements 

The gas feed and sampling system is shown 

schematically in Fige 30 The continuous point source was 

supplied with helium (99099% pure helium) directly from 

the pressurized tank 0 The flow rate of helium was con

trolled by us±nga pressure- regulator-at the bottle outlet 

and by passing the gas through a calibrated Brooks flow

metero The exit velocity of the gas was set at- an approx

imately fixed velocity regardless of mean ambient local 

velocity conditions in the air surrounding the injectoro 



60 

However, differen~ fixed injection veloci~ies were used 

with different mean ambient free sueam velocities& 

The air-was- sampled continuously- by means of a probe 

to which a vacuum- pump- applied negative pressure. A 

calibrated Matheson flow-meter was set- in the line prior 

to- the vacuum: pump. so thail a fixed suctIon or negatIve-

pressure could be maintainedo The suc~ion line was con

nected through a T-sect±on t-o the inlet leak (" st-andard 

calibrated leak" or orifice) of the mass spectrometero 

The leak detector (mass spectrometer) continuously sampled 

the helium cont-ent of the gas-air flow and gave an elec

trical (DC-voltage) output which was applied to the X-axis 

of an X-Y plotter& The Y-axis of the recorder was cali

brated against distance as was done for the velocitr,y 

measurements. However, because of the slow response of 

the leak de'tact-or, continuous profiles could not be taken. 

(This is discussed in more detail in Appendix B.) Instea~ 

the X-amplifier of tIre pia li lier was switched 110 t-he time 

base; and a plot of ouliput voltage from lIhe leak detector 

vs. time was obtained for selected elevations and/or 

horizontal posit±ons. 

Typical results are shown in Figs. 4 and 5. The 

experimental results in output volts of the mass spectro

meter were converted into concentrations by means of a 

calibration chart. An exam:ple of this calibration using 

three different helium-nitrogen standard gas mixtures and 

three different standard calibrated leaks is shown in 
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Fig 0 60 The manufacturer-' s two const-itutent- gases (helium

ni~rogen) were checked chromatographically and were found 

to be close t-o t-he guarant-eed concentrationg-o It was 

found by this writer in t-he initial study (as is discussed 

in Appendix B) that- a drift in the mass spectrometer out

put due to "dirtying" of the filament of the nVee"-tube 

and otbercomponen1iB caused a change in the magnitude of 

the concentration mea:suremerrtrs which resul t"ed in a fairly 

"-parallel sh±:ft- o-t-the caliorationcurve on log-log- paper--. 

~for-e, before--and- aft"er- each- run, calibration points 

-were obtained with t-he standard gas (helium-nitrogen mix-

ture _ ..... 05%, .2%, and .5%). The calibration- CllI'VlfS- were 

extended to lower and higher values of the calibrated con

centration points by assuming that a linear relationship 

existed outside the calibration points as did within the 

calibration point-s-o It was found that the scale reading 

or ftSRn versus concentration graph (see Figo 6) could be 

expressed by an equation of form: 

Y = axb + e 4.2 

where: 

Y = scale reading of .8-9 

x = concentration in ppm 

b = exponent to be found (slope) 

a = constant--t-o be found; different with 

changing conditions of MS-9 
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The constant b was found to be approximately one; so, this 

equation could be written as: 

y=-ax+c 

40 Sampling and Injection Probes 

The sampling probe was made of 'trhin wall 1/16" 

IGDo s'trainless s'treel tubing and was clamped onto the 

vertical traversing m~chanismo Tygon tubing joined the 

probe to the sucn-on unit. 

The injection probe was centered on the floor 

and was made of a piece of 3"-long, o07ino IoD. brass 

tubing 0 It was similarly joined to the gas injection unit 

bytygon tubing o 

50 Calibra'trion of Injection and Suc'trion Flow-Meters 

The injection flow-meter-with black ball (Brooks 

Sho-Rate; 'trubes 2-66-AMM, 605 cm scale) was calibrated 

twice by the well-known water-dis~lacement method, and 

the calibration points checked within:!: 1%0 The meter was 

further checked using the usoap-bubbleu method. The 

calibration points of both methods agreed wi thin ± 3% 0 

The results of these calibrations are shown in Figo 70 

A Matheson Flowmeter No. 203 (with sapphire 

ball) was used for the suct-iono The calibration of this 

flow-meter was verified for a few points only, since the 

flow-meter had been calibrated previously by other experi

menters at the Colorado State University Fluid Dynamics 
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and Diffusion Laboratory. The recalibrated points agreed 

with the previous results within the range of allowable 

experimental variation. The graph of the original cali

bration for this meter can be found in Reference 27. 



CHAPI'ER V 

ANALYSIS OF DATA 

Ao General Discussion 

10 Introduction 

This section is concerned with the experimental 

results obtained in this worko To date there have been 

very few studies of this nature undertaken in any- wind 

tunnel (except for ~his facility) or in the manner per

formed during the work of t-his di ss-ertation 0 Therefore, 

this topic was particularly intriguing and open to origi

nal investigation and exploration both experimentally and 

theoreticallyo 

20 Stable Atmosphere 

To determine what velocity should be used for 

stably stratified flow, eq 2029 was so 1 ved for (IJ. U)2 to 

obtain: 

= 

where Q is the potential temperature (oR)o Assuming no 

slip at wall, ioeo, u = 0, Ri = 0025, and also using an w 

average air temperature of 100°F and .A z = 15", one ob-

tains ~ = 6 fps and for ~z = 30 ft
, 1I.o = 609 fps 0 

Based on above calculations, an inversion with flow 

velocity of 6 fps was utilized as a basic flow for the 

stable stratification studyo 

64 
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From neutral flow theory it is known that the loga

rithmic profile law is valid away from the wall. I1J was 

apparent- from studying the forms of the velocity profiles 

under temperatur-e inversion that this same law with modi

fication above should be valid in the same region. Thi~ 

is so because the form of the curve is unaffected by con

siderable changes in temperature gradient. 

From this writer's previous unpublished work it was 

found that 1Jhe stability length L was approximately 4 to 

15 inches at 6 fpso Various reference heights were ex

perimented witho However, rather than taking a fixed 

percentage of L for the reference height as was done by 

Monin (+), five inches was arbitrarily selected based 

on the previously- mentIoned unpublished worko This 

selection of five inches as tbe reference height allowed 

one reference position to be used for- all the velocity

profiles at 6, 10 and 20 IpS. This method reduced the 

computational work a great deal o 

Using this reference height of 5 inches, Figs. 8, 9, 

and 10 (x = 60, 70, 78 ft) show the Monin-Obukhov velocity 

model comparison for velocities of 6, 10, 20 fps in con

firmation of eq 3.190 It was found from these plots that 

the wind tunnel data matches or confirms the "log + linear" 

law very well from 1/2 inch to 18 inches o As was also 

lound from these s~e graphs and data points, there is a 

very small area of deviation from the ideal, which occurs 
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when data is obtained extremely close to the wall and very 

far from the wall as could be expected. 

In addition, whereas other experimenters have used 

field data in confirmation of the "log + linearn law, the 

work of this author represents the first over-all con

firmation of the "log + linear" law using wind-tunnel 

boundary-layer data. 

Using this same reference height of 5 inches, Figs. 

11, 12, and 13 (x = 60, 70, 78 ft) show the Monin-Obukhov 

temperature model comparison for 6, 10, and 20 fps using 

eq 3.20. As can be seen from these plots, the confirma

tion in the Colorado State University wind tunnel is not 

comparable to the velocity modeling. This poorer agree

ment is due to the fact that the thermal boundary layer is 

still rapidly growing at the same velocity stations. How

ever, one can note that the agreement improves as the 

stations go downs~eam from 60 ft (Fig. 11) to 78 ft 

(Fig. 13). The modeling for these temperature profiles 

was generally valid from 3 inches to 12 inches (Fig. 11, 

x = 60 ft) and from ~ inches to 15 inches (Fig. 13, 

x = 78 ft). The ambient entry region is 40 ft (xo = 40 ft) 

in all six figures. 

Generally, both the friction velocity u. and friction 

temperature T. are variable quantities (i.e., functions of 

x, the downwind distance) near the inception of their 

respective boundary layers. However, if measurements are 

taken well downstream of the inception regime, then u. and 
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T{~ are fairly constant. The profiles wi th the above quan

tities, however, can be adequately expressed by the log + 

linear u1aw tt even in such cases where the respective bound ... 

ary layers are not yet fully developed as can be seen in 

Figs. 11, 12, and 13. Thus, it is found that data obtained 

in the wind tunnel can be adequately expressed with the log 

+ linear "law" for the middle portion of the inversion 

boundary layer. This same relationship has been used by 

others (14) to confirm the data in the atmospheric boundary 

layer. 

B. Discussion of Results 

1. Velocity and Temperature Profiles 

As shown in Chapter III, the modeling of the log + 

linear "law" required the solving of many simultaneous 

equations to get average values of Ui~ , T* I ~ I and L 

for the inversion temperature-velocity profiles. 

In the growing region of the boundary layer the fric

tion veloci ty u~E- is found to be a function of the downwind 

distance x both for neutral and inversion type flow. Simi

larly, the friction temperature T .. is found to be a function 
.,~ 

of x for the rapidly growing thermal boundary layer. How-

ever g using the method of averaging these simultaneous 

equations, the values of u~} , To)} , 1:1 , and L are averaged 

from the velocity and temperature profiles for a fixed 

x-position even though these values change with downwind 

distance as mentioned before. 
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The above-mentioned simultaneous equations are solved 
T. u. ~ 

for (-:u;-) by eq 306, (-k-) by eq 3.14, and (w- ) by eq 

3.16. Then ~ is obtained from 3.16 in conjunction with 

3011 for tIf. L is obtained by solving eq 3.10 with the 

value of ~ , which was previously obtained from eq 3.11 
u* 

and with the value of (~) from eq 3.14. Upon solving 

for u*, T., ~ , and L, one can then model eq 3.19 for 

velocity profiles and eq 3.20 for temperature profiles. 

Even though u., T., and L are averaged to obtain a constant 

value for a fixed x-position in the growing boundary la~er, 

they are known to be variable with x; but far enough down-

stream these parameters should be fairly constant with 

height and x-position for a fixed velocity and inversion. 

Since L is directly related to u. as shown in eq 3.10, L 

is also a function of x in the wind tunnel boundary layer. 

The experimental data confirms this. 

The velocity profile of 6 fps was studied for inver

sion flow conditions. In addition a velocity of 10 fps 

was studied for near "stable" flow conditions. Then a 

velocity of 20 fps was studied to demonstrate the effects, 

if any, of a high velocity on the velocity profiles with 

temperature inversion~ 

Neutral velocity profiles of 6, 10, and 20 fps were 

also studied in order to compare the similarities and 

differences between the two types of flow. In Fig. 14 can 

be seen the relation between L and x for 6, 10, 20 fpso 
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The average L's for 6, 10, and 20 fps was found to be 14 

inches, 33 inches, and 110 inches respectivelyo 

In Figs. 15 and 16 are seen the relationship beVween 

u. and x for neutral and inversion type- flow for- 6, 10, 

and 20 fps. For the neutral case the average friction 

velocities for 6, 10, 20 fps were found t-o be 0.27, 0.45, 

and 0077 fps respectively. For the inversion-type flow 

they were found to be 0025, 0 0 41, and 0064 fps. As can be 

seen on both graphs, u. decreases with downwi.nd distance. 

On log-log paper the slope of the u. vs. x relationship 

was found to be approximately: 

..J -0014 
u.~x 

By plotting the neutral velocity profile of log ~ VS. 

t! on semi-'log paper and utilizing a curve of best-fit 

"through the points, the average ruuglmess lengtn Zo was 

found to be approximately- 000011 inches or 0.0001 fto By 

-taking"the intercepil of the log z axis where u ~ 0, the 

slope of this curve was similarly used to solve for u •• 

Since all test-s were run in the same tunnel, Zo should be 

independent of flow conditions. Solving for Zo for in

version conditions gave values similar to those above. 

In Figs. 17 and 18 can be seen the relationship 

between u. and T. and between u. and L. As can be seen 

on both graphs, T. and L increase with increasing u.. In 

Fig. 19 can be seen the relationship between T. and Xo 

Here T. increases with downwind distance for all velocities. 
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In Fig. 20 are -seen values of IJ vs. L under inversion 

(stable) flow conditions of 6, 10, 20 fps in the Colorado 

State University- large wind tunnel o Thus, it can be seen 

that 19 increases with increasing L in agreement with the 

results found by- Takeuchi (18) 0 This wind tunnel velocity 

profile results also showed an average 19 = 0099 for 6 

fps, -8 = 1033 for 10 fps, and ~ = 5096 for 20 fpso When 

using the-se re-sult-s to confirm the- diffusion data, an 

average value of ~ = 100 was used for 6 and 10 fps. An 

average value of 6 = 600 was used for 20 fpso As not"e-d 

before, an average ~ for 6 fps was found to be about-

Oo9~ and an average ~ for 10 fps to be about 1.33. This 

gave an average -fJ for both velocities of about 1.20 The 

average ~ for 20 fps was found to be 5096. If one were 

to average the ~ for all three velocities, an average t9 

of 2.8 is obtainedo 

Using these values of u*, T*, ~ , and L as shown on 

the various graphs, the "log + linear" relationship as 

presented previously f-or the velocit"y-profiles was con

firmed by the tunnel data from 1/2 inch to 18 inches o An 

attempt to model the temperature data by a similar "log + 

linear" law was found to be not as adequate and was only 

confirmed from 3 inches to 12 incheso These results are 

all shown on Figse 8 through 130 
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2. Richardson Number 

Using temperature-height gradients and velocity-

height gradients obtained from t-emperature velocity- pro

files under inversion flow conditions, plots of (see 

Fig. 21 ) Richardson number as a function of velocity and 

momentum boundary layer growth were obtained. The defini

tion of the Richardson number as indicated by a form of 

eq 5.3 was used. It is: 

(d T ) 
Ri g ;;Jz 

= 
T ( 0> U )2 5.3 

az 

Fig. 21 also shows that the Ri No increases with down-

stream distance for the increasing momentum boundary layer 

and thermal boundary layer. Also, it can be seen from the 

same figure that t-he position of the maximum Ri No for the 

same x-posi·tion decreases with decreasing free stream 

velocity. The Ri No for all velocities and positions 

starts at a low value near the floor, reaches some maximum 

value at about 4 to 6 inches up, and then starts to de-

crease again with height. 

Using Figs. 14 and 21, a cross-plot was obtain-

ed (see Fig. 22) to show the relationship between Rimax 
and 1 This was plotted as L vs. 1 and confirms L • Rimax 
eq 3.29 for small z or large L. It was found that the 

height for the maximum Ri No for a fixed position was 

within 3% for the different velocities so that the z in 
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eq 3.29 could be considered a constant; and thus, eq 3.29 

can be expressed as: 

L ~-R~tp---
max 

-which is a line-ar relation for the data. 

3. Boundary- Layer Growth 

In Figs. 23 and 24 are plotted dimensionless 

neutral boundary- layer-- grow th versas· dimensionless- ve-loc-

ity at two differ-ent- stationso As can be seen fronr the-se 

two figures, there is very little difference in the pro

files of 6, 10, and 20 fps for this neutral turbulent 

flowo In Figs. 25 and 26 are plotted the same type 

dimensionless parameters for inversion-type flow for the 

same two stations. As can be seen from these two plots, 

the profiles become less fully developed with decreasing 

velocity or decreasing L and increasing Ri No. The pro-

file for inversion 20 fps is practically similar 110 the 

Same plot for neutral 20 fpso The inversion 10 fps is 

slightly displaced from the neutral 10 fps, but the 

inversion 6 fps is greatly displaced from the neutral 

6 fps showing the effects of decreased turbulence. 

Reynolds et al (36) developed a semi-empirical 

equation to show the relationship between the thermal 

boundary layer and the momentum boundary layer for a flat 

plate with a step temperature distribution (unheated or 

adiabatic starting length) as a function of downstream 
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distance. They (36) made the following assumptions: 

(a) the viscous effects, r , as well as thermal ef.fects, 

kt ' are Ilegligible in the turbulent boundary layer; 

(b) the eddy diffusi vi ty for heat, KH ' is equal to the 

eddy diffusivity .for momentum, KM ' (Reynolds analogy). 

Since assumption (a) is assumed to hold everywhere in the 

boundary layer, except at the wall, assumption (b) implied 

that the Prandtl number is 1. (c) The velocity profile 

may be assumed to be represented by an expression of the 

form: 

= (-i) ~ 
-u 

Uoa 

where m is the familiar exponent of the upower-law" used 

to characterize the turbulent boundary layer for a flat 

plate. (d) The temperature profile is similar to the 

velocity profile, based on its own boundary-layer thick-

ness which is: 

Q = = 

starting with the energy equation for the boundary 

layer, neglecting dissipation and assuming the temperature 

difference (A T = Tw - ToO) is constant in the region of 

interest, plus using the four other conditions cited abov~ 

Reynolds et al (36) obtained the following equation 

(corrected from ref 36): 
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= 

m 
m+2 

where ["(x ) is the momentum boundary thickness at x = Xo o 
and Xo is the adiabatic e-ntry le-ngth. The exponent m is 

as' defined in eq 5.5 • 

In the range 104 < Rex < 107 t-he boundary layer thick

ness t varies as x4/5, and eq 5.? may be written as 

(corrected £xum ref 36): 

( dt ) 
J' = 

m 
m+~ 

The neutral and inversion velocity profiles for 6, 

10, and 20 fps were normalized and plotted on log-log 

graph paper to determine the slope of their curves which 

also is the value of the exponent m in eq 5.5 and eq 5.8 • 

In all the neutral flow profiles t-he average- m was found 

(see Figo 24) to be 70 In the inversion 20 ips, m was 7 

(see Fig. 25). In the 10 fps inversion the average m·was 

6.9. In 6 ips inversion the average mwas found to have 

a value of 5.4 (see Fig. 25). 

In Fig. 27 is shown on arithmetic grid the theoreti

cal line for the turbulent" boundary- layer grow IIh as postu

lated by Reynolds et- al (36). Also on tlhe same figure 

~re shuwn laminar lines of Olson (37) and Eckert and 
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Drake (30). -These men (30, 37) obtained two different 

laminar curve-s- as they assume-d slightly different shaped 

velocity profiles. The ~xperimental data as obtained for 

the Colorado St-ate University wind tunnel is also shown o~ 

this same plot. To obtain a be~er picture of the theory 

--and data relation, Ft-g. 27 was put on a log-log plot t-o 

obtain Fig. 28. Using a value of m = 7 in eq 508 gives: 

'" 8l1d 1:or1D. = 5, eq 508 gives : 

( dt) 
[ 5.10 

These two equations 509 and 5010 are shown plotted on 

Figo 28 with the data points between them41 It is to be 

noted on Fig. 28 that the a~eement between theory and 

data----impIioves -a.-s-the boundary layers become1llore fully 

developed. 

4. Monin Log + Linear (Velocity Profile) "Law" with 

Att-endant Similar "Law" for -Temperature Profile 

As mentioned before, Monirr' s wu-rk (1954), the 

log + linear Ulaw" for velocity profiles (eq 3.19), was 

used as a basis to model the velocity-data obtained in 

4 

this research. Therefore, it was feasible to investigate 

how this velocity relationship would match a temperature 
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relationship (eq 3020) based on "the same reasoning. This 

-was d-one ~ur three s LatIons for- the three different-

v~locities (6, 10, 20 fps) , using the left--hand sides of 

eq 3.19 fur- the dimensiuniess- ve-locrt±es and eq 3.20 for 

the dimensionless ~emperatures. These plo~s are' shown as 

Figs. 29, 30, and 31, and the solid lin-es represent- the 

theory. The raw data voints indicated that the matching 

is poor a~ the- wall and f-ar from the- wallo In b-etween it 

was noted that go'od matching is obtained so that the use 

of these relationships is valid for use with wind tunnel 

data as has been indirect-l:- pointed out in Figso 8 through 

13 in the region -as noted. 

5. Diffusion Data 

a. Vertical Spread Data 

Using assu.med values of 13, Ii ,and lZo , 

theoretical equation 3.56 of this dissertation was solved 

as detailed in Chapte-r III.. Equation 3.56 relates the 

dim.ensionless the-ore tical vertical difius-ion to the di-

mensionless downwind distance. The similar relation 

(eq 3.59) of .onin (11.), expanded by Gifford (13), was 

similarly solved by a computer program for the same 

values of 13 , f, and 1;,. The Monin-Gifford theoreti

cal relationship is graphically exhibited in Figs. 34 

(where -9 = 1) and 38 (where -$ =,6). The "theoretical 

relationship of this dissertration is graphically portrayed 

in Figs. 32 (where e = 1) and 36 (where 6' = 6). 
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Graphically, the greatest difference between these two 

equations, aside from the derivations, is found in the 

pattern of the spreads downwind from the point of injec

tion_ Graphically, the theory presented in this disserta

tion shows that away from the point of injection the 

vertical dispersion is less than that shown by Gifford's 

theory (13). On the other hand, fairly close to the point 

of injection, it can be seen that the pattern of the 

vertioal dispersion for both theories is fairly similar. 

On Figs. 33, 35, 37, and 39 are plotted the data 

points with roughness data line for 6, 10, and 20 fps as 

obtained in this study. In order to locate the dimension

less vertical spreads of these data points, one must solve 
'" kbx 

for the dimensionless downwind distance e = -, where 
L 

k is von Karman's constant equal to 0.4, and b is Batche-

lorIs constant (12), the value of which has not been 

firmly established as yet. Gifford (13) suggests in his 

paper that b is equal to the ratio of the mean vertical 

velocity of a particle under adiabatic conditions to the 

friction velocity u*. Cermak (14) used a value of b = 0.1 

for his neutral and unstable data and got good agreement 

with his theory using that value. However, in this dis

sertation for the work related to inversion flow, the 

value of Batchelor's constant was taken to be 0.4. This 

b-value of 0.4 was proposed by Ellison (34), provided that 

a K-theory of diffusion is valid such that K = KM = ku.;~z • 
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This value of 0 0 4 gave goad agreement with the research 

data. !fhe raw concentration data for the vertical spread 

(z at 5~ Cmax or z50) is shown an Figs. 48 and 49. 

Using the appropriate values of Land tJ (see Figs. 

14 and 20), as discussed previousl,-, along with t-he verti

cal spread data and roughness Zo of t'he Colorado State 

Universi1:;y large wind tunnel, the results were obtained 

as shown on Figs. 33, 35, 37, and 39. Looking at these 

same figures, one can not-e that there is fairly- good agree. 

1JIent-with the tiIeor:y- for t-he vertical spread of the 10 and 

20 fps velocity-concentrations. The 5 and 6 fps do not 

give as good agreement, and this could indicate that a 

value of b = 0&4 is too large for the lower velocitieso 

However, it is 'to be' noted 'that the data has the sam-e 

slope as the the-ore-neal curve for dimensionless roughness 

of 6 fps whereas this same data is in much poorer agree

ment with the roughness dat-a line calculated by use of 

Gifford's theoretical equation. Here, as the theoretical 

spread becomes larger with downwind distance, the differ

ence becomes greater between the theoretical line and the 

data for 5 and 6 fps <J The vertical dispersion poj.r.i.ts for 

5, 6, 10, and 20 fps velocities are shown for downwind 

distances of x equal to 50, 60, 70, and 78 ft. The 5 and 

6 fps have some int-ermediat-e points at- 65 and 75 ft also. 

In addition to averaged values of jJ and L in the vertieal 

direction, averaged values of L and z50 in the downwind 

direction were used as shown in Figs. 14, 48, and 49. 
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bo Maximum Flo-or"line Concentration Decay- Data 
"'-

Using assumed values of -g , IZ, and 1Ze:; , 

equation 3.62 which repr-esent-s tire -theureti"c-al mean 

concentration at ground level as a function of downwind 

distance, as presented in a dimensionless form in this 

study -- was solved as detailed in ChapiJer III. "The 

similar relation, eq 3.64 of Gifford (13), was similarly 

solved by a computer program for the same values of t9 , 
f , and t It Using t-he averaged values of P = 1 for 

6 and 10 fps and the averaged value of -$ = 6 for 20 fps, 

the above results are graphically shown on" Figs. 40, 42, 

44, and 46. In Figs. 40 and 42 the slopes of the curves 

are fairly similar. However, it is t-o be noted "that as 

the value of the dimensionless roughness beco"mes larger, 

the dimensionless concen"tration lines in Gifford's work 

are more affected than those in this present" work. When 

t9 = 6, Fig. 46 of Gifford's theor,rshows that the larger 

roughness value affects concentration lines to an even 

greater extent 6 Fig. 44 of this analysis shows· that $ = 6 

has an opposite effect, and the dimensionless concentra

tion lines come closer together or undergo a reverse 

effect. 

The theoretical concentration points for 5, 6, 

and 7 fps and 5, 6, 10, -and 20 fps are shown" on Figs. 50 

and 51& The concentration data for 5, 6, 7 ~ps was taken 

with the injection probe at x = 65 ft and a separation 

distance of up to 10 feet. The concentration data for 5, 
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6, 10, and 20 fps was taken with the injection probe at 

x = 40 ft and a separation distance of up to 38 fto Using 

averaged values of tJ, L, and u" in the vertical direc-
~~ 

tion -- as well as averaged values of L, u~E-' and Cb in the 

downstream direction -- as shown on Figso 14, 18, 50, and 

51, the experimental peak floorline concentration data 

points were plotted on Figs. 41, 43, 45, and 47. Compar

ing the graphical analysis shown in Figo 41 with that of 

Gifford's shown in Fig. 43 for 5, 6, 7, and 10 fps, one 

can note that the agreement of the data with the theories 

are approximately equivalent. It is to be noted that the 

data fallon the low side of the dimensionless roughness 

line for this theory and fallon the high side of the same 

roughness line for Gifford's (13). However, when com-
.-

paring Fig. 45 with 47 for 19 = 6, one can note that the 

data is more in agreement with this theory than with 

Gifford's. 

It is to be noted further that at the higher veloci

ties (i.e., 20 fps) when the flow with temperature-inversion 

has a negligible effect on the turbulence, the value of ~ 

is no longer in agreement with the values obtained at 6 and 

10 fps. 

Complete velocity profiles were taken for 6, 10, and 

20 fps. Then, the values of u~~ I L, and ~ were computed 

for all those velocities. Those that were obtained for 6 

fps and 10 fps were extrapolated for the 5 and 7 fps con-

centration data since there were no velocity profiles 
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taken for 5 and ? fps. The values of thoseextrapolated 

parameters that were obtained from 6 fps and 10 fp5 were 

determined to be suitable for the 5 and ? f~s runs. This 

determination was based on a study- of vertical spread and 

floorline maximum concentration decay data of the 5, 6, 

and ? fps runs after noting the closeness of all concen

tration values at similar locations. 



CHAPTER VI 

CONCLUSIONS 

This study of turbulent diffusion in a stable boundary 

layer over a smooth surface in the wind tunnel was used to 

develop a vertical diffusion theory. This theory is based 

on the hypothesis of Lagrangian similarity as applied to a 

turbulent atmospheric surface layer in which the flow 

characteristics are all determined entirely by the friction 

veloci ty u~~ and a length L as defined in eq 1.7. 

This Lagrangian sirr.dlarity concept in conjunction with 

a log + linear "law" for both temperature and velocity 

profiles as shown by eqs 3.51 and 3.53 was used to solve a 

form of the turbulent energy equation in order to obtain 

eq 3.56 which predicts the dimensionless vertical spread 

(height) as a function of the dimensionless downwind 

distance. This equation 3~56 is similar to one that has 

been developed and derived by Gifford, who used the 

Lagrangian similarity method. 

Similarly, based on physical reasoning (40) and some 

of the above-mentioned concepts concerning u~~ , L , and 

log + linear relations, a theory of mean concentration 

decay was developed. This is presented as eq 3.62 which 

relates the dimensionless concentration to the dimension

less downwind distance. 

82 



83 

From the agreement- between theory and data as shown 

in this work, one can r-easonably- predict- the vertical 

spread and maxiEUm ground level decay a£ a gas or pol

lutant under inversion conditions o This can now be done 

experiment-ally- in the wind tunnel using the same scaling 

parameters determined previously with field datao 

A method 0[- averagingr- simultaneous equations was 

used to solve for the values of u. , T. , ~ , and L using 

the log + linear relationships for- velocity and tempera

tureo Then, using these calculated values, it was shown 

that it is possible to confirm the work of Monin and 

Obukhov with wind tunnel data as had been previously 

done with field data. 
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APPENDIX A 

CONFIRMATION OF VELOCITY PROFILES 

I. Deacon's Equation 

In Fig. 52 is presented a graph of eq 2.45 showing a 

comparison based on data obtained by Deacon and by this 

author 0 It. is to be noted that there is fairly close 

agreement in the two sets of data points. 

On Fig. 53 are shown the velocity-gradient slopes 

and temperature-gradient slopes as a function of downwind 

distance as obtained in this studyo The average value 

for ~ (velocity-gradient slope) for 6 fps was 0.77; for 

10 fps, 0.78; and for 20 fps, 00930 The average value 

for lrt (temperature-gradient slope) for 6 fps was 0.72; 

for 10 fp's, 0.73-, for- 20 fps, 0 .. 90. Both the dT and du rz ClZ 
slopes were obtained from the if-z and u-z profiles at 

distances of about one-half to one inch to about 7 to 8 

inches from the floor of the wind tunnel. Beyond 8 inch

es the slopes obtained from the data points deviated 

greatly from the general trend of the points and could 

not be used to obtain the curve (slope) of best fit. 
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II. Monin's Stability Parameter t 
Based on Monin's presentation described below, the 

velocity profile data for inversion flow of 6, IO~ and 20 

fps for three different stations in the Colorado St-ate 

University wind tunnel are shown in Figso 54, 55, and 56. 

These data are plotted as ~ (us - ur ) vs. n where ur is 

the reference velocity at a reference height of 5 inches 

as used in this- stud~ and t, is a stability parameter 

suggested by Monin. The universal curve~ 

A-I 

is shown on all three plots, Figso 54, 55, and 56, as a 

solid lineo As can be seen from the plots, all three 

velocities give three different curveso This is due to 

using a fixed reference height Z 0 If a reference height 

was used that was a fixed percentage of L, all curves 

would intercept t-he x-axis at the same point and the 

curves would coincide over a great portion of their arcs o 

'As can be seen on Fig 56, as the stability lengt-h L 

approaches twice the value of the reference height, the 

data points coincide with Monin's theor~tical curve 

mentioned above o This is so for 6 fps~ 
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III. Swinbank's Equation 

Swinbank's experimental curve, eq 2.49, is plotted 

on semi-log paper on Figs. 57, 58, and 59 as solid lines. 

Based on t-he reference height- of 5 inches, the velocity 

difference of zero for each veloci~ profile again gave 

three different- curves for the three velocit-ies (data) as 

were similarly obtained using Monin's work cited previous

ly (Appendix A-II). If a reference height t-hat was a 

proportion of L was used, these three curves on each 

graph would intercept- the y-axis at the same point, and 

the curves would merge as one. Looking at all three 

figures, one can see that the data from velocity profiles 

of 6 and 10 fps confirm Swinbank's curve that he previous

ly confirmed with field data. In all three plots it can 

be noted that the 20 fps is not as good a match to the 

theor e tical curve as are the plots at 6 and 10 fps. 



APPENDIX B 

PRELIJlINARY EXPERIJlENf.rAL &!UDIES 

I. Concentration Studies 

A. Introduction 

Prior to the use of the mass spectrometer type of 

leak detector, this writer had to develop in the labora

tory a program-to check for the stability, response, and 

accuracy of the mass spectrometer and related equipment. 

Foremost of all, this writer had to determine the feasi

bility of using this machine and had to determine how the 

results obtained with itr compared with the then in use 

chemical analysis method using ammonia gas. Itr was found 

in all counts that the use of the mass spectrom.eter was 

more reliable, accurate, stable, less time-consuming, and 

less arduous. 

B. Operation of MB9 (Mass Spectrometer) 

Basically, the mass spectrometer is a two-vacuum. 

system a high vacuum and a low vacuum. The vee-tube 

is in tbe low vacuum side, which has a cold trap filled 

with liquid nitrogen to condense any condensable gases 

and va~ors and allow the fore pump ~o operate more effi

ciently. The cold trap also makes for more efficient 

evacuating of the "vee" tube, which depends on a high 

ionizing voltage to ionize the gases and accelerate the 

ions toward the counter. A schematic of the lIS9 and vee 
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tube is sh.own in Figs. 6 and 29 of the Mass- Spectrometer 

Handbook (29). A complete description of the operation 

and maintenance of the MS9 and vee tube is given in the 

Series MB9 Uanual (28, 29) published by the manufacturer. 

c. Stability or Drift Test 

Two drift tests were performed by ~eeding O.~ 

helium gas at 1 CFPH to the MB9 via a U~" connection and 

SOL. The first test- last-ed 80 minut-es· wit-h r-eadings taken 

every 10 minutes after t-he machine had come to -equilibrium 

condition and the inlet flow of gas had stabilized. A 

maximum deviation of :!: 4% was noted for this test. A 

second drift test was made for- a period of over five hours 

with readings taken every 15 minutes. ~he maximum devia

tion for this trial was ±3-%. 

D. Response ~ime 

The response time of the MS9 was d~termined using 

different size tygon (I.D.) tubing, tube lengths, and 

suction velocit-ies. ~he time obtained included t-he 12-15 

sec. lag timetbat it- took for the machine to' respond tlo 

a concentration obtained right at the inlet side of the 

standard calibrated leak (SOL). As was expected, the 

smaller siz-e tubing gave the lesser response tlime. The 

best results were obtained using 1/16" tubing as shown on 

Fig. 61. However, in actual operatiorr i~was discovered 

that no readings were obtained -with the standard thickness 

wall 1/16" tubing due to the atmospheric weight of the 
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ambient air pressing down on the thin wall tubing and 

collapsing it. Special he-avy-- wall tubing -was ordered, 

and this initial problem was resolved. 

On all tes-t runs a constant gas input of 1 CFPH was 

fed via a "Ttl to the SOL attached to the MS9. One side 

of the "Ttl was open to the atmosphere to have inlet con

ditions as close to ambient pressure as possible since 

the concentration readings depend both on temperature and 

pressure 0 The response time, as mentioned previously, 

also depended on which SOL (leak rate) was us-ed. The 

largest SCL had the least response time and the largest 

reading for the same concentrations. This concentration 

reading can be again not-ed in Fig. 60 The largest SOL 

also allowed one to take concentration data far down

stream from the injection source with a minimum injection 

mass flow. This minimum mass flow rate would prevent the 

ambient free-stream helium concentration from building up 

too rapidly. 

E. Continuous Recording of Concentration 

Initially, an att-empt was made "to obtain continu

ous concentration data by connecting the elec:trical out

put of the MB9 to the input of an X-Y plotter. As-ample 

representation of the results obtained is shown in Fig. 

62. With a motor speed of 12 min./20 in. or 0.6 min./in. 

and a distance of 9 feet between injector and sampler, a 

large lag time was noted in the response. By installing 
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slower speed motors on the traversing device (20 min 0 linG ), 

much better response time and results were obtained as 

shown on Fig. 63. These results are with a separation 

distance of 2 feet with arc height up to 6;2 inches. An 

attempt was made to use the geometry of similar triangle-s 

and geometric projections after establishing known concen

trations at three known heigh:1;s, but the results obtained 

were not sufficiently accurate due to the ever-present 

lag time of the machine responseo However, one should 

note that far downs~eam where the concentrations are 

much less, the degree of accuracy obtained with the slow 

speed motor was -fairly good. 

F. Ualibration of MS9 (Mass Spectrometer) 

As was mentioned earlier, the MS9 was calibrated 

using three standard gases and three standard leaks. Two 

component special gases were used and consisted of helium 

and nitrogen. The percentages of helium (with guarantee, 

see Fig. 64) in the standard mixtures were 0.05% ± 0.005% , 

0.2% ± 0.02%, and 0.5% :!: 0.05%. In actual parts per 

million by volume this is 500 ± 50, 2000 ± 200, and 

5000 :!: 500. As can be easily found by a simple calcula

tion, the manufacturer only guarantees the gas to have an 

accurate count wi thin 20% or ± 10% from the mean concentra

tion. The three SCL's were SCLI?30 (3)JCFPH), SCLI?33 

(15PCFPH), and SCL1?35 (86PCFPH). As can be seen from 

Fig. 6, straight lines are obtained with a slope 
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approximately equal to one on log-log graph papero Based 

on this and later studies, it was assumed that this linear 

parallel relationship would be valid for ranges above and 

beLOW the calibration points 0 

G. Concentrations, Maximum' and Minimum 

A test was performed to determine the maximum con

centration that could be recorded on the M89, using a 

fixed injection mass flow· rateo This was done to deter

mine the limits of sampling distance both closest and 

furthest from the injectoro This was accomplished by 

using the different capacity SCL's and recording readings 

from the upper scale limit to the smallest scale division 

on the leak indicator& 

H. Reproducibility of Results 

Many tests were performed to determine the repro

ducibility of results. It was'found that reproducibility 

of results varied from ± 3% to ± 30%. However, if one 

were testing over a short- period of time, if the outside 

turbulence level was low, and if the machine was operating 

stably, one could then expect results to be within a range 

of :!: 8% to :!: 10% • 

I. Variation Test 

A variation test was performed by letting the 

sampler record gas concentration (X-Y plotter on time 
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basis) at a fixed positiono This was done only for the 

stable flow for this test (UQP = 5 fps). The probe was 

set at x = 65 ft (x = 40) close to the floor (z = 1/8 ft
), o 

and readings were taken for 8 minutes -- one minute per 

reading. The eight-minute plot on the graph paper was 

divided in eight sections. The mean of the high section 

scale reading was 3004, and the mean of the low section 

scale reading was 26.4 0 The mean of the eight readings 

was 28.3. The percent variation between high and low 

mean scale readings was about 12 % when converted into 

concentration, or ± 6% 0 A similar time run (8 minutes) 

was made at the same x-position, but z now at 7 inches. 

The mean of the high scale reading was 8.80, and the mean 

of the low was 6.30. The mean of the eight readings was 

?55. The percent variation between the high and low 

means for this eight-minute time interval was about 35% or 

± 1?5~ when converted into concentration readings. This 

and similar studies showed that reproducibility of turbu

lent diffusion dat'a was also very dependent on the S"aJI[.-

pIing time as well as on the time interval between tests. 

A graphical picture of these results is shown on Fig. 65. 

From this above test it was decided that each concen-

tration reading should be taken for a minimum of 3 minutes 

after equilibrium was attained at any position. However, 

if the sampling time could be ext-ended, the degree of 

reliability could be increased. However, then the time 

element became prohibitive when trying to cover a great 
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range of downwind distances, velocities, and other varia-

bles that were being evaluated during the research. 

II. Other Studies 

A. Natural Buoyancy Effect of Helium Gas 

A study was made to determine the natural buoyancy 

effect, if any, that the molecular weight of the tracer has 

had on the ooncentration readings. A calculation was made 

to determine what size heat exchanger would have to be made 

to get optimum cooling of helium gas if cooled with liquid 

nitrogen at -3200F. Assumdng that helium was a perfect gas 

at 75°F., the calculations showed that the best that could 

be done would be to increase the density of helium by 2 so 

that the molecular weight ratio would be about 8/29 rather 

than 4/29. Assuming that the designed coil was analogous 

to a single pass condenser (having a constant temperature 

medium at rest -- liquid nitrogen), the cross-sectioned 

area came out, to be about 4 sq. inches /I A coil was made to 

give more than twice the calculated cooling surface required 

and was installed in a one-quart dewar jar filled with liq

uid nitrogen. The greatest reduction that actually could 

be obtained was 50oF. from the ambient room temperature of 

75°F. This could be due to heat gains and inefficient 

"heat" transfer. 

A neutral and oooled helium test was made obtaining 

Cmax vs. x and vertical concentration profiles for both 

flow conditions at 6 fps (x = 6~). The neutral 
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helium went through tne same coil (no coolant) so that the 

same swirl and exit- velocity (as determined by the flow

meter) could be obtained 0 

In Fig. 66 is plotted Go vSo x for neutral and cooled 

heliumo The maximum floorline decay was found to be~ 

When the vertical spre"ads were plott-ad against x (see 

Figo 67), the following results were obtained~ 

(cooled helium) 

(neutral helium) 

B-1 

B-2 

B-3 

There definitely appeared to be a difference in spreads 

which was more noticeable at 5 and 10 fto The cooled 

helium seemed to diffuse in the vertical less readilY9 

and this is what one'would expect since its temperature 

was lowero 

Dimensionless plots of ~ vs. k for both cases were 

plotted on Figso 68 and 690 The plot of neutral helium 

showed less scatter and was more closely aligned with the 

normal distribution than the plot of cooled helium gas o 

Even though there appears t·o be a natural buoyancy 

effect in the use of helium gas as a tracer, the data was 

not corrected for this buoyant- effect since it appears to 

be within the range of the day-to-day reproducibilityo 



100 

B. Leakage Control of the Wind Tunnel 

A study was devo"tred to leak-testing of the wind 

tunnel to reduce or minimize the creation of secondary 

circulation as much as possible. Seams along the walls 

and floor of the wind tunne~l were sealed with masking 

tape, and this seemed to-reduce some of these effects 

detrimental to low flow under both neutral and stable flow 

conditions 0 Smoke was also injected into the wind tunnel 

by means of a smoke generator. The smoke injector probe 

was placed on the floor at Xo = 40 ft and 18 inches to 

the east and then 18 inches to the west of the centerline. 

The smoke on the east side seemed to hug the floor for 

ten or more feet and then seemed to diffuse evenly toward 

the east wall and centerline of the tunnelo When the 

smoke injection probe was placed on the west side, it was 

noted that the smoke had a tendency to drift eastwardly 

after ten or more feetG This seemed to indicate that the 

flow was not uniformly distributed on a cross-section 

normal to the flow. The tunnel was run at 5 fps inversion 

flow conditions for this smoke study. 

In line with this same study a concentration tJoff

set tl study was made. The gas injection probe was set at 

x ::: 40 ft, 19 t1 west of the centerline on the floor. Hori

zontal floor concentrations were taken at 15 ft, 25 ft, 

and 35 ft. Vertical concentrations were also taken at the 

maximum floor horizontal concentration. Then, a three

dimensional plot drawn to scale was drawn of the 
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concentration versus distance effect& At this stable flow 

velocity of 5 fps, a definite effect of secondar,y circu

lation could be noted in the strange concentration pro

files obtained. The effect of me-andering was also noted 

from 1Ihe indicat-ion of the movemen1l o-f- 1Ihe horizontal 

floor maximum concentrationo From the above portions of 

the second study, a good indication was obtained as to the 

problems tbat could be encountered in low velocity inver

sion flowo 
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Fig. 9? Velocity and temperature profiles (6 fps, 3 ft) 
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